Closest Pair of Points Algorithms

Martin Rau and Tobias Nipkow

October 13, 2025

Abstract

This entry provides two related verified divide-and-conquer algo-
rithms solving the fundamental Closest Pair of Points problem in Com-
putational Geometry. Functional correctness and the optimal running
time of O(nlogn) are proved. Executable code is generated which is
empirically competitive with handwritten reference implementations.
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1 Common

theory Common
imports
HOL— Library. Going-To-Filter
Akra-Bazzi. Akra- Bazzi-Method
Akra-Bazzi. Akra-Bazzi- Approximation
HOL- Library. Code-Target-Numeral
Root-Balanced-Tree. Time-Monad
begin

type-synonym point = int * int

1.1 Auxiliary Functions and Lemmas

1.1.1 Time Monad

lemma time-distrib-bind:
time (bind-tm tm f) = time tm + time (f (val tm))
unfolding bind-tm-def by (simp split: tm.split)

lemmas time-simps = time-distrib-bind tick-def
lemma bind-tm-cong[fundef-cong]:
assumes A\v. v =wvaln = fv=govm=n

shows bind-tm m f = bind-tm n g
using assms unfolding bind-tm-def by (auto split: tm.split)

1.1.2 Landau Auxiliary

The following lemma expresses a procedure for deriving complexity proper-
ties of the form ¢ € O[m going-to at-top within A](f o m) where

o tis a (timing) function on same data domain (e.g. lists),
e m is a measure function on that data domain (e.g. length),
e t’is a function on nat,

e A is the set of valid inputs for the data domain. One needs to show
that

o tis bounded by ¢’ o m for valid inputs
o t' € O(f) to conclude the overall property ¢ € O[m going-to at-top
within A](f o m).

lemma bigo-measure-trans:
fixes ¢t :: '/a = real and t’ :: nat = real and m :: 'a = nat and [ :nat = real
assumes A\z. 1€ A =tz < (t'om)z



and ¢’ € O(f)
and A\z. 2 € A= 0<tx
shows t € O[m going-to at-top within A](f o m)
proof —
have 0: N\z. x € A = 0 < (t' 0 m) z by (meson assms(1,3) order-trans)
have 1: t € O[m going-to at-top within A](t' o m)
apply(rule bigolI[where c=1]) using assms 0
by (simp add: eventually-inf-principal going-to-within-def)
have 2: t' 0 m € O[m going-to at-top](f o m)
unfolding o-def going-to-def
by (rule landau-o.big. filtercomap[OF assms(2)])
have 3: t' o m € O[m going-to at-top within A)(f o m)
using landau-o.big.filter-mono[OF -2] going-to-mono[OF -subset-UNIV]| by
blast
show ?thesis by (rule landau-o.big-trans[OF 1 3])
qed

lemma const-1-bigo-n-In-n:
(A(n:nat). 1) € O(An. n * In n)
proof —
have IN. V(n:nat) > N. (Az. I <z *xinz)n
proof —
have V (n:nat) > 3. (Az. 1 <z xlnzx)n
proof standard
fix n
show 8 < n — 1 < real n * In (real n)
proof standard
assume 3 < n
hence A: 1 < real n
by simp
have B: I < In (real n)
using In-In-nonneg’ <3 < n» by simp
show 1 < real n x In (real n)
using mult-mono [OF A B] by simp
qed
qed
thus ?thesis
by blast
qed
thus ?thesis
by auto
qged

1.1.3 Miscellaneous Lemmas

lemma set-take-drop-i-le-j:

i < j = set xs = set (take j xs) U set (drop i xs)
proof (induction xs arbitrary: i j)

case (Cons z zs)



show ?Zcase
proof (cases i = 0)
case True
thus ?thesis
using set-take-subset by force
next
case Fulse
hence set zs = set (take (j — 1) zs) U set (drop (i — 1) zs)
by (simp add: Cons diff-le-mono)
moreover have set (take j (z # xs)) = insert x (set (take (j — 1) zs))
using False Cons.prems by (auto simp: take-Cons’)
moreover have set (drop i (z # xs)) = set (drop (i — 1) zs)
using Fualse Cons.prems by (auto simp: drop-Cons’)
ultimately show #thesis
by auto
qged
qed simp

lemma set-take-drop:
set xs = set (take n zs) U set (drop n xs)
using set-take-drop-i-le-j by fast

lemma sorted-wrt-take-drop:
sorted-wrt f xs = VY x € set (take n xs). Yy € set (drop n zs). fz y
using sorted-wrt-append|of f take n xs drop n xs| by simp

lemma sorted-wrt-hd-less:
assumes sorted-wrt f s \z. fz x
shows Vz € set zs. f (hd xs)
using assms by (cases xs) auto

lemma sorted-wrt-hd-less-take:
assumes sorted-wrt f (z # xs) \z. fz z
shows Vy € set (take n (z # x5)). fzy
using assms sorted-wrt-hd-less [of f <z # xs)] in-set-takeD [of - n <z # z8)]
by auto

lemma sorted-wrt-take-less-hd-drop:
assumes sorted-wrt f xs n < length xs
shows Yz € set (take n zs). fx (hd (drop n xs))
using sorted-wrt-take-drop assms by fastforce

lemma sorted-wrt-hd-drop-less-drop:
assumes sorted-wrt fzs \z. fz x
shows Yz € set (drop n xs). f (hd (drop n zs))
using assms sorted-wrt-drop sorted-wrt-hd-less by blast

lemma length-filter- P-impl-Q:
(ANz. Pz = Q z) = length (filter P xs) < length (filter Q xs)



by (induction zs) auto

lemma filter-Un:
set xs = AU B = set (filter Pas) ={zx€ A. Px}U{z€ B. Pz}
by (induction xs) (auto, metis Unll insert-iff, metis Unl2 insert-iff)

1.1.4 length

fun length-tm :: 'a list = nat tm where
length-tm [| =1 return 0
| length-tm (x # xs) =1
do {
l <— length-tm xs;
return (1 + 1)

lemma length-eq-val-length-tm:
val (length-tm zs) = length xs
by (induction xs) auto

lemma time-length-tm:
time (length-tm xs) = length xs + 1
by (induction zs) (auto simp: time-simps)

fun length-it’ :: nat = ’'a list = nat where
length-it’ acc [] = acc
| length-it’" acc (z#xs) = length-it’ (acc+1) zs

definition length-it :: ‘a list = nat where
length-it s = length-it’ 0 xs

lemma length-conv-length-it":
length s + acc = length-it’ acc xs
by (induction acc zs rule: length-it".induct) auto

lemma length-conv-length-it[code-unfold):
length zs = length-it xs
unfolding length-it-def using length-conv-length-it’ add-0-right by metis

1.1.5 rev

fun rev-it’ :: 'a list = 'a list = 'a list where
rev-it’ acc [| = acc
| rev-it" acc (xftxs) = rev-it’ (z#acc) s

definition rev-it :: ‘a list = 'a list where
rev-it xs = rev-it’ [| s

lemma rev-conv-rev-it”:
rev s @ acc = rev-it’ acc xs



by (induction acc xs rule: rev-it".induct) auto

lemma rev-conv-rev-it|code-unfold):
rev T8 = rev-it TS
unfolding rev-it-def using rev-conv-rev-it’ append-Nil2 by metis

1.1.6 take

fun take-tm :: nat = 'a list = ’a list tm where
take-tm n [| =1 return ||
| take-tm n (z # xs) =1
(case n of
0 = return ||
| Suc m = do {
ys <— take-tm m zs;
return (x # ys)
}
)

lemma take-eq-val-take-tm:
val (take-tm n xs) = take n xs
by (induction zs arbitrary: n) (auto split: nat.split)

lemma time-take-tm:
time (take-tm n zs) = min n (length zs) + 1
by (induction xs arbitrary: n) (auto simp: time-simps split: nat.split)

1.1.7  filter

fun filter-tm :: (‘a = bool) = 'a list = 'a list tm where
filter-tm P [| =1 return ||
| filter-tm P (x # xs) =1
(if P x then
do {
ys <— filter-tm P xs;
return (x # ys)
}
else
filter-tm P zs

)

lemma filter-eq-val-filter-tm:
val (filter-tm P xs) = filter P xs
by (induction zs) auto

lemma time-filter-tm:
time (filter-tm P xs) = length xs + 1

by (induction zs) (auto simp: time-simps)

fun filter-it’ :: 'a list = ('a = bool) = 'a list = 'a list where



filter-it" acc P[] = rev acc
| filter-it’ acc P (xftxzs) = (
if P x then
filter-it’ (z#tacc) P xs
else
filter-it" acc P zs
)

definition filter-it :: ('a = bool) = 'a list = 'a list where
filter-it P xs = filter-it’ [] P xs

lemma filter-conv-filter-it”:
rev acc @ filter P xs = filter-it’ acc P xs
by (induction acc P zs rule: filter-it’.induct) auto

lemma filter-conv-filter-it[code-unfold):
filter P xs = filter-it P xs
unfolding filter-it-def using filter-conv-filter-it’ append-Nil rev.simps(1) by
metis

1.1.8 split-at

fun split-at-tm :: nat = ‘a list = (‘a list x 'a list) tm where

split-at-tm n [| =1 return ([], [])
| split-at-tm n (z # xzs) =1 (
case n of
0 = return ([], = # xs)
| Suc m =
do {

(zs', ys") <— split-at-tm m xs;
return (z # xs', ys’)
}
)

fun split-at :: nat = 'a list = 'a list x 'a list where
split-at n [| = ([], [])
| split-at n (z # xs) = (
case n of
0= ([], z # zs)
| Suc m =
let (ws', ys') = split-at m zs in
(z # xs', ys’)

)

lemma split-at-eq-val-split-at-tm:
val (split-at-tm n xs) = split-at n zs
by (induction xs arbitrary: n) (auto split: nat.split prod.split)

lemma split-at-take-drop-conv:



split-at n xs = (take n s, drop n xs)
by (induction zs arbitrary: n) (auto simp: split: nat.split)

lemma time-split-at-tm:
time (split-at-tm n xs) = min n (length xs) + 1

by (induction xzs arbitrary: n) (auto simp: time-simps split: nat.split prod.split)

fun split-at-it’ :: 'a list = nat = 'a list = ('a list x 'a list) where

split-at-it" acc n [| = (rev ace, [])
| split-at-it" acc n (z#xs) = (
case n of

0 = (rev acc, x#xs)
| Suc m = split-at-it’ (z#acc) m xs

)

definition split-at-it :: nat = 'a list = ('a list x 'a list) where
split-at-it n xs = split-at-it’ [| n s

lemma split-at-conv-split-at-it":
assumes (ts, ds) = split-at n xs (ts', ds’) = split-at-it’ acc n xs
shows rev acc Q ts = ts’
and ds = ds’
using assms
by (induction acc n s arbitrary: ts rule: split-at-it’.induct)
(auto simp: split: prod.splits nat.splits)

lemma split-at-conv-split-at-it-prod:
assumes (ts, ds) = split-at n xs (ts’, ds’) = split-at-it n xs
shows (ts, ds) = (ts’, ds’)
using assms unfolding split-at-it-def
using split-at-conv-split-at-it’ rev.simps(1) append-Nil by fast+

lemma split-at-conv-split-at-it| code-unfold):
split-at n xs = split-at-it n s
using split-at-conv-split-at-it-prod surj-pair by metis

declare split-at-tm.simps [simp del]
declare split-at.simps [simp del]
1.2 Mergesort

1.2.1 Functional Correctness Proof

definition sorted-fst :: point list = bool where
sorted-fst ps = sorted-wrt (Apo p1. fst po < fst p1) ps

definition sorted-snd :: point list = bool where
sorted-snd ps = sorted-wrt (Apg p1. snd po < snd p1) ps

fun merge-tm :: ('b = 'a::linorder) = 'b list = 'b list = 'b list tm where



merge-tm.  (z # 75) (y # v5) =1 (
if fo < fy then
do {
tl <— merge-tm f xs (y # ys);
return (z # )

}

else
do {
tl <— merge-tm f (x # x3) ys;
return (y # tl)
}
)
| merge-tm f [| ys =1 return ys
| merge-tm f xs [| =1 return s

fun merge :: ('b = 'a::linorder) = 'b list = 'b list = 'b list where

merge f (x # as) (y # ys) = (
if fo < fy then
x # merge f zs (y # ys)
else
y # merge f (z # xs) ys

| merge f [ ys = ys
| merge fzs || = zs

lemma merge-eq-val-merge-tm:
val (merge-tm f xs ys) = merge f xs ys
by (induction f xs ys rule: merge.induct) auto

lemma length-merge:
length (merge f xs ys) = length xs + length ys
by (induction f xs ys rule: merge.induct) auto

lemma set-merge:
set (merge f xs ys) = set xs U set ys
by (induction f zs ys rule: merge.induct) auto

lemma distinct-merge:
assumes set zs N set ys = {} distinct zs distinct ys
shows distinct (merge f xs ys)

using assms by (induction f zs ys rule: merge.induct) (auto simp: set-merge)

lemma sorted-merge:
assumes P = Az y. fz < fy)

shows sorted-wrt P (merge f zs ys) «— sorted-wrt P xs A\ sorted-wrt P ys
using assms by (induction f zs ys rule: merge.induct) (auto simp: set-merge)

declare split-at-take-drop-conv [simp)

10



function (sequential) mergesort-tm :: ('b = 'a::linorder) = 'b list = 'b list tm
where
mergesort-tm f [| =1 return []
| mergesort-tm f [z] =1 return [z]
| mergesort-tm faxs =1 (
do {
n <— length-tm xs;
(zs1, xsy) <— split-at-tm (n div 2) wxs;
I <— mergesort-tm f xsy;
r <— mergesort-tm f xs,;
merge-tm fl T
}
)

by pat-completeness auto
termination mergesort-tm
by (relation Wellfounded.measure (\(-, zs). length xs))
(auto simp add: length-eg-val-length-tm split-at-eg-val-split-at-tm)

fun mergesort :: ('b = 'a:linorder) = 'b list = 'b list where
mergesort f [| = []
| mergesort f [z] = [z]
| mergesort f xs = (
let n = length zs div 2 in
let (I, r) = split-at n zs in
merge f (mergesort f 1) (mergesort f r)

)

declare split-at-take-drop-conv [simp del]

lemma mergesort-eq-val-mergesort-tm:
val (mergesort-tm f xs) = mergesort f xs
by (induction f xs rule: mergesort.induct)
(auto simp add: length-eq-val-length-tm split-at-eq-val-split-at-tm merge-eq-val-merge-tm
split: prod.split)

lemma sorted-wrt-mergesort:

sorted-wrt (A\x y. fx < fy) (mergesort f xs)

by (induction [ zs rule: mergesort.induct) (auto simp: split-at-take-drop-conv
sorted-merge)

lemma set-mergesort:
set (mergesort f xs) = set xs
by (induction f xs rule: mergesort.induct)
(simp-all add: set-merge split-at-take-drop-conv, metis list.simps(15) set-take-drop)

lemma length-mergesort:

length (mergesort f xs) = length s
by (induction f s rule: mergesort.induct) (auto simp: length-merge split-at-take-drop-conv)

11



lemma distinct-mergesort:
distinct xs = distinct (mergesort f xs)
proof (induction f xs rule: mergesort.induct)
case (3 fz y xs)
let ?zs’' =z # y # xs
obtain | r where Ir-def: (I, r) = split-at (length ?zs’ div 2) %xs’
by (metis surj-pair)
have distinct [ distinct r
using 3.prems split-at-take-drop-conv distinct-take distinct-drop lr-def by (metis
prod.sel)+
hence distinct (mergesort f 1) distinct (mergesort f r)
using 3.IH lr-def by auto
moreover have set [ N set r = {}
using 3.prems split-at-take-drop-conv Ir-def by (metis append-take-drop-id dis-
tinct-append prod.sel)
ultimately show ?case
using Ir-def by (auto simp: distinct-merge set-mergesort split: prod.splits)
qed auto

lemmas mergesort = sorted-wrt-mergesort set-mergesort length-mergesort distinct-mergesort

lemma sorted-fst-take-less-hd-drop:

assumes sorted-fst ps n < length ps

shows Vp € set (take n ps). fst p < fst (hd (drop n ps))

using assms sorted-wrt-take-less-hd-drop[of Apo p1. fst po < fst p1] sorted-fst-def
by fastforce

lemma sorted-fst-hd-drop-less-drop:

assumes sorted-fst ps

shows V p € set (drop n ps). fst (hd (drop n ps)) < fst p

using assms sorted-wrt-hd-drop-less-drop[of Apo p1. fst po < fst p1] sorted-fst-def
by fastforce

1.2.2 Time Complexity Proof

lemma time-merge-tm:
time (merge-tm f xs ys) < length xs + length ys + 1
by (induction f xs ys rule: merge-tm.induct) (auto simp: time-simps)

function mergesort-recurrence :: nat = real where

mergesort-recurrence 0 = 1
| mergesort-recurrence 1 = 1
| 2 < n = mergesort-recurrence n = 4 + 3 * n + mergesort-recurrence (nat
lreal n / 2]) +

mergesort-recurrence (nat [real n / 27)

by force simp-all

termination by akra-bazzi-termination simp-all

lemma mergesort-recurrence-nonneg|simpl:

12



0 < mergesort-recurrence n
by (induction n rule: mergesort-recurrence.induct) (auto simp del: One-nat-def)

lemma time-mergesort-conv-mergesort-recurrence:
time (mergesort-tm f xs) < mergesort-recurrence (length xs)
proof (induction f xs rule: mergesort-tm.induct)
case (1 f)
thus ?case by (auto simp: time-simps)
next
case (2 fx)
thus ?case using mergesort-recurrence.simps(2) by (auto simp: time-simps)
next
case (3 fz y xs’)

define zs where zs = = # y # zs’

define n where n = length xs

obtain [ r where Ir-def: (I, r) = split-at (n div 2) zs
using prod.collapse by blast

define I’ where [’ = mergesort f |

define r’ where r’ = mergesort f r

note defs = xs-def n-def Ir-def I'-def r'-def

have IHL: time (mergesort-tm f 1) < mergesort-recurrence (length 1)

using defs 8.IH (1) by (auto simp: length-eg-val-length-tm split-at-eg-val-split-at-tm)
have IHR: time (mergesort-tm f r) < mergesort-recurrence (length r)

using defs 8.IH(2) by (auto simp: length-eq-val-length-tm split-at-eg-val-split-at-tm)

have x: length | = n div 2 length r = n — n div 2
using defs by (auto simp: split-at-take-drop-conv)
hence (nat |real n / 2|) = length I (nat [real n / 2]) = length r
by linarith+
hence IH: time (mergesort-tm f 1) < mergesort-recurrence (nat |real n / 2])
time (mergesort-tm f r) < mergesort-recurrence (nat [real n / 27)

using IHL IHR by simp-all

have n = length | + length r
using * by linarith
hence time (merge-tm f1' r') < n + 1
using time-merge-tm defs by (metis length-mergesort)

have time (mergesort-tm f xs) = 1 + time (length-tm xzs) + time (split-at-tm (n
div 2) zs) +
time (mergesort-tm f 1) + time (mergesort-tm f r) + time (merge-tm f1’
r’)
using defs by (auto simp add: time-simps length-eg-val-length-tm merge-
sort-eq-val-mergesort-tm
split-at-eq-val-split-at-tm
split: prod.split)
also have ... < 4 + 8 % n + time (mergesort-tm f 1) + time (mergesort-tm f r)

13



using time-length-tm[of xs] time-split-at-tm[of n div 2 zs] n-def <time (merge-tm
flU'ry<n+ 1> by simp
also have ... < 4/ + &8 % n + mergesort-recurrence (nat |real n / 2|) + merge-
sort-recurrence (nat [real n / 27)
using IH by simp
also have ... = mergesort-recurrence n
using defs by simp
finally show ?case
using defs by simp
qged

theorem mergesort-recurrence:
mergesort-recurrence € O(An. n * In n)
by (master-theorem) auto

theorem time-mergesort-tm-bigo:

(Azs. time (mergesort-tm fzs)) € Ollength going-to at-top]((An. n x Inn) o length)
proof —

have 0: Azs. time (mergesort-tm f xs) < (mergesort-recurrence o length) xs

unfolding comp-def using time-mergesort-conv-mergesort-recurrence by blast

show ?thesis

using bigo-measure-trans|OF 0] by (simp add: bigthetaD1 mergesort-recurrence)
qed

1.2.3 Code Export

lemma merge-zs-Nil[simp]:
merge fxs [| = xs
by (cases xs) auto

fun merge-it’ :: ('b = ‘a::linorder) = 'b list = 'b list = 'b list = 'b list where
merge-it’ f acc || [| = rev acc
| merge-it’ f acc (x#wxs) [| = merge-it’ f (z#tacc) s ||
| merge-it’ f acc || (y#ys) = merge-it’ f (y#acc) ys []
| merge-it’ f acc (z#xs) (y#ys) = (
if fo < fythen
merge-it’ f (z#acc) xs (y#ys)
else
merge-it’ [ (y#acc) (z#xs) ys
)

definition merge-it :: ('b = 'a::linorder) = 'b list = 'b list = 'b list where
merge-it f xs ys = merge-it’ f [| zs ys

lemma merge-conv-merge-it”:
rev acc @ merge f zs ys = merge-it’ f acc xs ys

by (induction f acc xs ys rule: merge-it’.induct) auto

lemma merge-conv-merge-it] code-unfold):

14



merge f xs ys = merge-it f xs ys
unfolding merge-it-def using merge-conv-merge-it’ rev.simps(1) append-Nil by
metis

1.3 Minimal Distance

definition sparse :: real = point set = bool where
sparse § ps +— (Vpo € ps. Vp1 € ps. po # p1 — 0 < dist po p1)

lemma sparse-identity:
assumes sparse 6 (set ps) Vp € set ps. § < dist pg p
shows sparse 6 (set (po # ps))
using assms by (simp add: dist-commute sparse-def)

lemma sparse-update:
assumes sparse 6 (set ps)
assumes dist pg p1 < 0 Vp € set ps. dist pg p1 < dist po p

shows sparse (dist po p1) (set (po # ps))
using assms by (auto simp: dist-commute sparse-def, force+)

lemma sparse-mono:
sparse A P = § < A = sparse 6 P
unfolding sparse-def by fastforce

1.4 Distance

lemma dist-transform:
fixes p :: point and § :: real and [ :: int
shows dist p (I, sndp) <d+—= 1l —0<fstpANfstp<l+4
proof —
have dist p (I, snd p) = sqrt ((real-of-int (fst p) — 1)?)
by (auto simp add: dist-prod-def dist-real-def prod.case-eq-if)
thus ?thesis
by auto
qged

fun dist-code :: point = point = int where
dist-code po p1 = (fst po — fst p1)* + (snd po — snd p;)?

lemma dist-eq-sqrt-dist-code:
fixes pg :: point
shows dist py p1 = sqrt (dist-code pg p1)
by (auto simp: dist-prod-def dist-real-def split: prod.splits)

lemma dist-eq-dist-code-lt:
fixes pg :: point
shows dist py p1 < dist pa p3 «— dist-code pg p1 < dist-code ps ps3
using dist-eq-sqrt-dist-code real-sqrt-less-iff by presburger

lemma dist-eq-dist-code-le:
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fixes pg :: point
shows dist pg p1 < dist po p3 <— dist-code pg p1 < dist-code ps p3
using dist-eq-sqrt-dist-code real-sqrt-le-iff by presburger

lemma dist-eq-dist-code-abs-lIt:
fixes pg :: point
shows |c| < dist pg p1 +— ¢ < dist-code py p1
using dist-eq-sqrt-dist-code
by (metis of-int-less-of-int-power-cancel-iff real-sqrt-abs real-sqrit-less-iff)

lemma dist-eq-dist-code-abs-le:
fixes pg :: point
shows dist py p1 < |c| +— dist-code py p1 < c?
using dist-eq-sqrt-dist-code
by (metis of-int-power-le-of-int-cancel-iff real-sqrt-abs real-sqrt-le-iff)

lemma dist-fst-abs:
fixes p :: point and [ :: int
shows dist p (I, snd p) = |fst p — |
proof —
have dist p (I, snd p) = sqrt ((real-of-int (fst p) — 1)?)
by (simp add: dist-prod-def dist-real-def prod.case-eq-if)
thus ?thesis
by simp
qed

declare dist-code.simps [simp del]

1.5 Brute Force Closest Pair Algorithm

1.5.1 Functional Correctness Proof

fun find-closest-bf-tm :: point = point list = point tm where
find-closest-bf-tm - [| =1 return undefined
| find-closest-bf-tm - [p] =1 return p
| find-closest-bf-tm p (po # ps) =1 (
do {
p1 <— find-closest-bf-tm p ps;
if dist p pg < dist p p1 then
return po
else
return py
¥

)

fun find-closest-bf :: point = point list = point where
find-closest-bf - [| = undefined
| find-closest-bf - [p] = p
| find-closest-bf p (po # ps) = (
let p1 = find-closest-bf p ps in
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if dist p po < dist p p1 then
Do
else

P1

)

lemma find-closest-bf-eq-val-find-closest-bf-tm:
val (find-closest-bf-tm p ps) = find-closest-bf p ps
by (induction p ps rule: find-closest-bf .induct) (auto simp: Let-def)

lemma find-closest-bf-set:
0 < length ps = find-closest-bf p ps € set ps
by (induction p ps rule: find-closest-bf .induct)
(auto simp: Let-def split: prod.splits if-splits)

lemma find-closest-bf-dist:
YV q € set ps. dist p (find-closest-bf p ps) < dist p q
by (induction p ps rule: find-closest-bf .induct)
(auto split: prod.splits)

fun closest-pair-bf-tm :: point list = (point X point) tm where
closest-pair-bf-tm [| =1 return undefined
| closest-pair-bf-tm [-] =1 return undefined
| closest-pair-bf-tm [po, p1] =1 return (po, p1)
| closest-pair-bf-tm (po # ps) =1 (
do {
(co::point, ci::point) <— closest-pair-bf-tm ps;
p1 <— find-closest-bf-tm po ps;
if dist cg ¢y < dist pg p1 then
return (co, ¢1)
else

return (po, p1)
}
)

fun closest-pair-bf :: point list = (point * point) where
closest-pair-bf [| = undefined
| closest-pair-bf [-] = undefined
| closest-pair-b [po, p1] = (po, 1)
| closest-pair-bf (po # ps) = (
let (co, ¢1) = closest-pair-bf ps in
let p1 = find-closest-bf pg ps in
if dist co c1 < dist pg p1 then
(co, c1)
else
) (po, p1)

lemma closest-pair-bf-eq-val-closest-pair-bf-tm:
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val (closest-pair-bf-tm ps) = closest-pair-bf ps
by (induction ps rule: closest-pair-bf .induct)
(auto simp: Let-def find-closest-bf-eq-val-find-closest-bf-tm split: prod.split)

lemma closest-pair-bf-c0:
1 < length ps = (co, ¢1) = closest-pair-bf ps => ¢ € set ps
by (induction ps arbitrary: co c1 rule: closest-pair-bf .induct)
(auto simp: Let-def find-closest-bf-set split: if-splits prod.splits)

lemma closest-pair-bf-c1:
1 < length ps = (co, ¢1) = closest-pair-bf ps => ¢ € set ps
proof (induction ps arbitrary: co c¢1 rule: closest-pair-bf .induct)
case (4 po p2 p3 ps)
let ?ps = pa # p3 # ps
obtain ¢y ¢; where co-def: (co, ¢1) = closest-pair-bf ?ps
using prod.collapse by blast
define p; where pi-def: py = find-closest-bf py ?ps
note defs = co-def p1-def
have ¢ € set ?ps
using 4.IH defs by simp
moreover have p; € set 7ps
using find-closest-bf-set defs by blast
ultimately show ?case
using 4 .prems(2) defs by (auto simp: Let-def split: prod.splits if-splits)
qed auto

lemma closest-pair-bf-c0-ne-c1:
1 < length ps = distinct ps = (co, ¢1) = closest-pair-bf ps = co # 1
proof (induction ps arbitrary: co c1 rule: closest-pair-bf .induct)
case (4 po p2 p3 ps)
let 7ps = pa # p3 # ps
obtain ¢g ¢; where co-def: (co, ¢1) = closest-pair-bf ?ps
using prod.collapse by blast
define p; where pi-def: p1 = find-closest-bf py ?ps
note defs = co-def py-def
have ¢y # 1
using 4.IH /4 .prems(2) defs by simp
moreover have py # p;
using find-closest-bf-set 4 .prems(2) defs
by (metis distinct.simps(2) length-pos-if-in-set list.set-intros(1))
ultimately show ?case
using 4.prems(3) defs by (auto simp: Let-def split: prod.splits if-splits)
qed auto

lemmas closest-pair-bf-c0-c1 = closest-pair-bf-c0 closest-pair-bf-c1 closest-pair-bf-c0-ne-c1
lemma closest-pair-bf-dist:

assumes 1 < length ps (co, ¢1) = closest-pair-bf ps
shows sparse (dist co c¢1) (set ps)
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using assms
proof (induction ps arbitrary: co c¢1 rule: closest-pair-bf .induct)
case (4 po p2 p3 ps)
let 7ps = pa # p3 # ps
obtain ¢g ¢; where co-def: (co, ¢1) = closest-pair-bf ?ps
using prod.collapse by blast
define p; where pi-def: p1 = find-closest-bf py ?ps
note defs = co-def py-def
hence TH: sparse (dist ¢y c¢1) (set 7ps)
using 4 co-def by simp
have x: Vp € set ?ps. (dist po p1) < dist po p
using find-closest-bf-dist defs by blast
show ?Zcase
proof (cases dist ¢y ¢1 < dist py p1)
case True
hence Vp € set ?ps. dist ¢y ¢1 < dist pg p
using * by auto
hence sparse (dist co c1) (set (po # ?ps))
using sparse-identity IH by blast
thus ?thesis
using True 4 .prems defs by (auto split: prod.splits)
next
case Fulse
hence sparse (dist po p1) (set (po # ?ps))
using sparse-update[of dist ¢y ¢1 ?ps po p1] IH * defs by argo
thus ?thesis
using False 4 .prems defs by (auto split: prod.splits)
qed
qed (auto simp: dist-commute sparse-def)

1.5.2 Time Complexity Proof

lemma time-find-closest-bf-tm:
time (find-closest-bf-tm p ps) < length ps + 1
by (induction p ps rule: find-closest-bf-tm.induct) (auto simp: time-simps)

lemma time-closest-pair-bf-tm:
time (closest-pair-bf-tm ps) < length ps x length ps + 1
proof (induction ps rule: closest-pair-bf-tm.induct)
case (4 po p2 p3 ps)
let ?ps = pa # p3 # ps
have time (closest-pair-bf-tm (po # ?ps)) = 1 + time (find-closest-bf-tm po ?ps)
+ time (closest-pair-bf-tm ?ps)
by (auto simp: time-simps split: prod.split)
also have ... < 2 + length ?ps + time (closest-pair-bf-tm ?ps)
using time-find-closest-bf-tm[of po ?ps] by simp
also have ... < 2 + length ?ps + length ?ps * length ?ps + 1
using 4.I/H by simp
also have ... < length (po # ?ps) = length (po # 7ps) + 1
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by auto
finally show ?case
by blast
qed (auto simp: time-simps)

1.5.3 Code Export

fun find-closest-bf-code :: point = point list = (int * point) where
find-closest-bf-code p || = undefined
| find-closest-bf-code p [po] = (dist-code p po, po)
| find-closest-bf-code p (po # ps) = (
let (61, p1) = find-closest-bf-code p ps in
let §g = dist-code p pgy in
Zf dp < 81 then
(80, Po)
else

(613 Pl)
)

lemma find-closest-bf-code-dist-eq:
0 < length ps = (0, ¢) = find-closest-bf-code p ps = § = dist-code p c
by (induction p ps rule: find-closest-bf-code.induct)
(auto simp: Let-def split: prod.splits if-splits)

lemma find-closest-bf-code-eq:
0 < length ps = ¢ = find-closest-bf p ps = (0, ¢') = find-closest-bf-code p ps
= c=c'
proof (induction p ps arbitrary: ¢ 6’ ¢’ rule: find-closest-bf .induct)
case (3 p po p2 ps)
define g do’ where dg-def: 69 = dist p pg 09’ = dist-code p pg
obtain ¢; p; 61’ p1’/ where §1-def: 01 = dist p py p1 = find-closest-bf p (pa #
ps)
(617, p1) = find-closest-bf-code p (pa # ps)
using prod.collapse by blast+
note defs = dg-def 61-def
have *: p; = py’
using 3.IH defs by simp
hence d¢ < §; +— 9o’ < 61’
using find-closest-bf-code-dist-eq[of pa # ps 61’ p1’ p]
dist-eq-dist-code-lt defs
by simp
thus ?case
using 3.prems(2,3) x defs by (auto split: prod.splits)
qed auto

declare find-closest-bf-code.simps [simp del]

fun closest-pair-bf-code :: point list = (int * point * point) where
closest-pair-bf-code [| = undefined

20



| closest-pair-bf-code [po] = undefined
| closest-pair-bf-code [po, p1] = (dist-code po p1, po, P1)
| closest-pair-bf-code (po # ps) = (
let (., co, ¢1) = closest-pair-bf-code ps in
let (8, p1) = find-closest-bf-code py ps in
if 0c < 6y then
(507 Co, cl)
else
(6ps Pos P1)

lemma closest-pair-bf-code-dist-eq:
1 < length ps = (0, cq, c1) = closest-pair-bf-code ps = § = dist-code ¢y 1
proof (induction ps arbitrary: 6 co ¢y rule: closest-pair-bf-code.induct)
case (4 po p2 p3 ps)
let 7ps = py # p3 # ps
obtain 0. ¢g ¢; where d.-def: (0., co, ¢1) = closest-pair-bf-code ?ps
by (metis prod-cases3)
obtain §, p; where d6,-def: (0, p1) = find-closest-bf-code py ?ps
using prod.collapse by blast
note defs = d.-def ,-def
have §. = dist-code ¢y cq
using 4.IH defs by simp
moreover have 0, = dist-code pg p1
using find-closest-bf-code-dist-eq defs by blast
ultimately show “case
using 4 .prems(2) defs by (auto split: prod.splits if-splits)
qed auto

lemma closest-pair-bf-code-eq:
assumes 1 < length ps
assumes (cg, ¢1) = closest-pair-bf ps (87, co’, ¢1’) = closest-pair-bf-code ps
shows ¢y = ¢cg’ A ¢c1 = ¢/
using assms
proof (induction ps arbitrary: co ¢1 6’ co’ ¢1’ rule: closest-pair-bf-code.induct)
case (4 po p2 p3 ps)
let ?ps = py # p3 # ps
obtain ¢ ¢1 6.’ co’ ¢1’ where d.-def: (co, ¢1) = closest-pair-bf ?ps
(6.7, o’y ¢1) = closest-pair-bf-code ?ps
by (metis prod-cases3)
obtain p; §,’ p1’ where d,-def: p1 = find-closest-bf py ?ps
(0,', p1) = find-closest-bf-code py ?ps
using prod.collapse by blast
note defs = d.-def 0,-def
have A: ¢cg = cg/ N c1 = ¢’
using 4.IH defs by simp
moreover have B: p; = py’
using find-closest-bf-code-eq defs by blast
moreover have 0.’ = dist-code ¢y’ ¢1’
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using defs closest-pair-bf-code-dist-eq[of ?ps] by simp
moreover have 0," = dist-code py p1’
using defs find-closest-bf-code-dist-eq by blast
ultimately have dist co ¢1 < dist pg p1 +— 0.' < 8,/
by (simp add: dist-eq-dist-code-le)
thus ?Zcase
using /.prems(2,3) defs A B by (auto simp: Let-def split: prod.splits)
qed auto

1.6 Geometry
1.6.1 Band Filter

lemma set-band-filter-auz:
fixes ¢ :: real and ps :: point list
assumes pg € psp p1 € psSr Po £ p1 dist pg p1 < & set ps = psp U psg
assumes Vp € psp. fst p < I Vp € psp. | < fstp
assumes ps’ = filter (Ap. | — 6 < fstp A fst p < 1+ ) ps
shows pg € set ps’ A p1 € set ps’
proof (rule ccontr)
assume — (pg € set ps’ A py1 € set ps’)
then consider (A4) pg ¢ set ps’ A\ p1 ¢ set ps’
| (B) po € set ps’ A p1 & set ps’
| (C) po ¢ set ps’ A p1 € set ps’
by blast
thus Fulse
proof cases
case A
hence fst po <1 -V I+ d<fstpyfstpr <l —06VI+6<fstp
using assms(1,2,5,8) by auto
hence fst pg <1 —0 1+ < fst py
using assms(1,2,6,7) by force+
hence § < dist (fst po) (fst p1)
using dist-real-def by simp
hence § < dist pg p1
using dist-fst-le[of po p1] by (auto split: prod.splits)
then show ?thesis
using assms(4) by fastforce
next
case B
hence fst py <1 -5V I+ < fstp
using assms(2,5,8) by auto
hence | + § < fst py
using assms(2,7) by auto
moreover have fst py < [
using assms(1,6) by simp
ultimately have § < dist (fst po) (fst p1)
using dist-real-def by simp
hence § < dist pg p1
using dist-fst-le[of po p1] less-le-trans by (auto split: prod.splits)
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thus ?thesis
using assms(4) by simp
next
case C
hence fst po <1 — 5V I+ < fstpg
using assms(1,2,5,8) by auto
hence fst pg <1 — ¢
using assms(1,6) by auto
moreover have | < fst p;
using assms(2,7) by simp
ultimately have § < dist (fst po) (fst p1)
using dist-real-def by simp
hence § < dist pg p1
using dist-fst-le[of po p1] less-le-trans by (auto split: prod.splits)
thus ?thesis
using assms(4) by simp
qed
qed

lemma set-band-filter:
fixes 9 :: real and ps :: point list
assumes py € set ps p1 € set ps pg £ p1 dist pg p1 < § set ps = psp, U psgr
assumes sparse 0 psy, sparse 0 pSr
assumes Vp € psp. fst p < IVp € psp. I < fstp
assumes ps’ = filter (Ap. 1 — 6 < fstp A fst p < 1+ §) ps
shows pg € set ps’ A p1 € set ps’
proof —
have po ¢ psr. V p1 & psL po & psr V p1 & PSR
using assms(3,4,6,7) sparse-def by force+
then consider (A4) py € psy, A p1 € psg | (B) po € psg A p1 € psy,
using assms(1,2,5) by auto
thus ?thesis
proof cases
case A
thus ?Zthesis
using set-band-filter-aux assms(3,4,5,8,9,10) by (auto split: prod.splits)
next
case B
moreover have dist p; pg < 0
using assms(4) dist-commute by metis
ultimately show #thesis
using set-band-filter-aux assms(3)[symmetric] assms(5,8,9,10) by (auto split:
prod.splits)
qed
qed

1.6.2 2D-Boxes and Points

lemma cbox-2D:
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fixes zg :: real and yq :: real
shows cboz (z9, yo) (1, y1) ={ (z, 9). 2o <z Az <z1 Ay <yAy<y }
by fastforce

lemma mem-cboz-2D:
fixes z :: real and y :: real
shows 70 <z Az <21 Ayo <y Ay <y < (2,9) € cbox (w0, yo) (T1, Y1)
by fastforce

lemma cboz-top-un:
fixes zg :: real and yq :: real
assumes Yo < Y1 Y1 < Y2

shows cbox (9, yo) (21, y1) U cbox (70, y1) (21, y2) = cbozx (20, yo) (71, y2)
using assms by auto

lemma cbox-right-un:
fixes zg :: real and yq :: real
assumes g < 1 1 < 22

shows cboz (zo, yo) (71, y1) U cbox (z1, yo) (w2, y1) = cbox (o, yo) (2, Y1)
using assms by auto

lemma cbox-maz-dist:
assumes po = (z, y) p1 = (¢ + 0, y + 0)
assumes (zg, yo) € cboz po p1 (z1, y1) € cbox pg p1 0 < 6
shows dist (zo, yo) (21, y1) < sqrt 2 x 6
proof —
have X: dist xg 21 < ¢
using assms dist-real-def by auto
have Y: dist yo y1 <
using assms dist-real-def by auto

have dist (zg, yo) (71, y1) = sqrt ((dist zo z1)? + (dist yo y1)?)
using dist-Pair-Pair by auto

also have ... < sqrt (62 + (dist yo y1)?)
using X power-mono by fastforce

also have ... < sqrt (62 + 62)
using Y power-mono by fastforce

also have ... = sqrt 2 * sqrt (6?)
using real-sqrt-mult by simp
also have ... = sqrt 2 x §

using assms(5) by simp
finally show ?thesis .
qed

1.6.3 Pigeonhole Argument

lemma card-le-1-if-pairwise-eq:
assumes Vz € S.Vye S. z =y
shows card S < 1
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proof (rule ccontr)
assume - card S < 1
hence 2 < card S
by simp
then obtain 7 where x: T C S A card T = 2
using ez-card by metis
then obtain z y where t € TNy e T Nz #£y
by (meson card-2-iff ')
then show Fulse
using * assms by blast
qed

lemma card-Int-if-either-in:
assumes Ve € S.Vye S.a=yVae g TVyegT
shows card (SN T) < 1
proof (rule ccontr)
assume - (card (SN T) < 1)
then obtain z y where x: z € SN TAyeSNT ANz #y
by (meson card-le-1-if-pairwise-eq)
hence x € Tye T
by simp-all
moreover have x ¢ TV y ¢ T
using assms * by auto
ultimately show Fulse
by blast
qed

lemma card-Int-Un-le-Sum-card-Int:
assumes finite S
shows card (AN US) < (OB € S. card (AN B))
using assms
proof (induction card S arbitrary: S)
case (Suc n)
then obtain B T where »: S={ B} U Tcard T=nB ¢ T
by (metis card-Suc-eq Suc-eg-plusl insert-is-Un)
hence card (AN US)=card ( ANUYU{ B}UT))
by blast
also have ... < card (AN B) 4+ card (ANYT)
by (simp add: card-Un-le inf-sup-distribl)
also have ... < card (AN B) + (3B € T. card (A N B))
using Suc * by simp
also have ... < (> B € S. card (AN B))
using Suc.prems * by simp
finally show ?Zcase .
qed simp

lemma pigeonhole:

assumes finite TS C|JT card T < card S
shows dz € S.dye S. X e T. s ynze X NyeX
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proof (rule ccontr)
assume - (Jz € S.Jye S.IX e T.z#yAnze X NyeX)
hence x: VX € T. card (SN X) < 1
using card-Int-if-either-in by metis
have card T < card (SN U T)
using Int-absorb2 assms by fastforce
also have ... < (3-X € T. card (S N X))
using assms(1) card-Int-Un-le-Sum-card-Int by blast
also have ... < card T
using * sum-mono by fastforce
finally show Fulse by simp
qed

1.6.4 Delta Sparse Points within a Square

lemma maz-points-square:
assumes Vp € ps. p € cboz (z, y) (x + d, y + §) sparse 6 ps 0 < §
shows card ps < 4
proof (cases § = 0)
case True
hence { (z, y) } = cbozx (z, y) (x + 6, y + 9)
using cboz-def by simp
hence Vp € ps. p = (z, y)
using assms(1) by blast
hence Vp € ps. Vq € ps. p = q
apply (auto split: prod.splits) by (metis of-int-eq-iff )+
thus ?thesis
using card-le-1-if-pairwise-eq by force
next
case Fulse
hence §: 0 < ¢
using assms(3) by simp
show ?thesis
proof (rule ccontr)
assume A: - (card ps < 4)
define PS where PS-def: PS = (A=, y). (real-of-int x, real-of-int y)) * ps
have inj-on (\(z, y). (real-of-int x, real-of-int y)) ps
using inj-on-def by fastforce
hence x: = (card PS < /)
using A PS-def by (simp add: card-image)

let 2/ =z +6/ 2
let 2y =y + 39/ 2

let 21l = cbox (z, y) (%2’ , %y )
let ?lu = cbozx (x, 2y’) (22’ |, y + 0)
let ?rl = cbox (?z', y) (xz+ 0, 2y’ )
let ?ru = cbox (%z', 2y’) (z + 6, y + 9)
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let %sq = { 2ll, ?lu, ?rl, %ru }

have card-le-4: card ?sq < 4
by (simp add: card-insert-le-m1)

have cbox (z, y) (?z', y + ) = 2l U %lu
using cboz-top-un assms( ) by auto
moreover have cbox (%z', y) (z + 6,y +0) = 2rl U %ru
using cboz-top-un assms(8) by auto
moreover have cboz (z, y) (?z', y + ) U cbozx (?z’, y) (z + 9, y + §) = cbox

(z,y) (x+ 0,y +9)
using cboz-right-un assms(3) by simp
ultimately have 21l U ?lu U ?rl U ?ru = cbox (z, y) (z + J, y + 0)
by blast

hence PS C |J(%sq)
using assms(1) PS-def by (auto split: prod.splits)
moreover have card ?sq < card PS
using * card-insert-le-m1 card-le-4 by linarith
moreover have finite ?sq
by simp
ultimately have Ipy € PS. 3p; € PS. 385 € %?sq. (po # p1 N po € S A p1 €
S)
using pigeonhole|of ?sq PS] by blast
then obtain S py p; where #: pg € PSp1 € PSS € ?sq po # p1 po € S p1
es
by blast

have D: 0 <0 / 2
using assms(3) by simp
have LL: Vpg € 21l.Vpy € ?ll. dist po p1 < sqrt 2 = (6 | 2)
using cboz-maz-dist[of (z, y) zy (?z', ?y") 6 / 2] D by auto
have LU: Vpy € ?lu. Vp1 € ?lu. dist po p1 < sqrt 2 = (6 / 2)
using cboz-maz-dist[of (z, ?y’) = 2y’ (?z’', y + §) 6 / 2] D by auto
have RL: Vpg € ?rl. Vp1 € 2rl. dist po p1 < sqrt 2 = (6 / 2)
using cboz-maz-distlof (?z', y) %z’ y (x + &, ?y’) § / 2] D by auto
have RU: Vpg € ?ru. Vp1 € ?ru. dist po p1 < sqrt 2 x (6 / 2)
using cboz-maz-dist[of (?z', ?y’) %z’ 2y’ (x + d, y + 0) 6 / 2] D by auto

have Vpy € S.Vp1 € S. dist po p1 < sqrt 2 x (6 / 2)
using # LL LU RL RU by blast
hence dist po p1 < (sqrt 2 / 2) % §
using # by simp
moreover have (sqrt 2 / 2) x§ < ¢
using sqrt2-less-2 § by simp
ultimately have dist pg p1 < 9
by simp
moreover have § < dist pg p1
using assms(2) # sparse-def PS-def by auto
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ultimately show Fulse
by simp
qed
qed

end

2 Closest Pair Algorithm

theory Closest-Pair
imports Common
begin

Formalization of a slightly optimized divide-and-conquer algorithm solv-
ing the Closest Pair Problem based on the presentation of Cormen et al.

[1].

2.1 Functional Correctness Proof
2.1.1 Combine Step

fun find-closest-tm :: point = real = point list = point tm where
find-closest-tm - - [| =1 return undefined
| find-closest-tm - - [p] =1 return p
| find-closest-tm p 6 (po # ps) =1 (
if 0 < snd pg — snd p then
return po
else
do {
p1 <— find-closest-tm p (min § (dist p po)) ps;
if dist p po < dist p p1 then

return po
else
return py
}
)
fun find-closest :: point = real = point list = point where
find-closest - - [| = undefined

| find-closest - - [p] = p
| find-closest p 6 (po # ps) = (
if 0 < snd pg — snd p then
bo
else
let py = find-closest p (min 0 (dist p pp)) ps in
if dist p po < dist p p1 then
Do
else
y4!
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)

lemma find-closest-eq-val-find-closest-tm:
val (find-closest-tm p § ps) = find-closest p § ps
by (induction p § ps rule: find-closest.induct) (auto simp: Let-def)

lemma find-closest-set:
0 < length ps = find-closest p § ps € set ps
by (induction p ¢ ps rule: find-closest.induct)

(auto simp: Let-def)

lemma find-closest-dist:
assumes sorted-snd (p # ps) 3q € set ps. dist p ¢ < ¢
shows V ¢ € set ps. dist p (find-closest p § ps) < dist p q
using assms
proof (induction p 6 ps rule: find-closest.induct)
case (3 p 6 po p2 ps)
let ?ps = po # p2 # ps
define p; where pi-def: p1 = find-closest p (min § (dist p po)) (p2 # ps)
have A: = § < snd pg — snd p
proof (rule ccontr)
assume B: -~ § < snd pg — snd p
have V ¢ € set %ps. snd p < snd q
using sorted-snd-def 3.prems(1) by simp
moreover have V¢ € set ?ps. § < snd ¢ — snd p
using sorted-snd-def 3.prems(1) B by auto
ultimately have V ¢ € set ?ps. § < dist (snd p) (snd q)
using dist-real-def by simp
hence V ¢ € set %ps. § < dist p q
using dist-snd-le order-trans
apply (auto split: prod.splits) by fastforce+
thus Fulse
using 3.prems(2) by fastforce
qed
show ?Zcase
proof cases
assume Jq € set (pa # ps). dist p ¢ < min § (dist p po)
hence V q € set (pa # ps). dist p p1 < dist p q
using 3.IH 3.prems(1) A p1-def sorted-snd-def by simp
thus ?thesis
using pi-def A by (auto split: prod.splits)
next
assume B: - (g € set (p2 # ps). dist p g < min ¢ (dist p po))
hence dist p py <
using 3.prems(2) pi-def by auto
hence C: Vg € set ?ps. dist p po < dist p q
using p;-def B by auto
have p; € set (p2 # ps)
using p;-def find-closest-set by blast
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hence dist p py < dist p py
using p;-def C by auto
thus ?thesis
using pi-def A C by (auto split: prod.splits)
qged
qed auto

declare find-closest.simps [simp del]

fun find-closest-pair-tm :: (point x point) = point list = (point X point) tm where

find-closest-pair-tm (co, ¢1) [] =1 return (co, ¢1)
| find-closest-pair-tm (co, ¢1) [-] =1 return (cq, c1)
| find-closest-pair-tm (co, c1) (po # ps) =1 (
do {

p1 <— find-closest-tm po (dist co c1) ps;
if dist co 1 < dist pg p1 then
find-closest-pair-tm (co, ¢1) ps
else
find-closest-pair-tm (po, p1) ps
}
)

fun find-closest-pair :: (point * point) = point list = (point X point) where
find-closest-pair (cq, c1) [] = (co, ¢1)
| find-closest-pair (cq, c1) [-] = (co, ¢1)
| find-closest-pair (co, c1) (po # ps) = (
let py = find-closest pgy (dist co ¢1) ps in
if dist cg c¢1 < dist pg p1 then
find-closest-pair (co, c1) ps
else
find-closest-pair (po, p1) ps
)

lemma find-closest-pair-eq-val-find-closest-pair-tm:
val (find-closest-pair-tm (co, c¢1) ps) = find-closest-pair (co, ¢1) ps
by (induction (co, ¢1) ps arbitrary: co c1 rule: find-closest-pair.induct)
(auto simp: Let-def find-closest-eq-val-find-closest-tm)

lemma find-closest-pair-set:
assumes (Cy, C1) = find-closest-pair (co, c1) ps
shows (Cy € set ps A Cq1 € set ps) V (Co = co A C1 = ¢1)
using assms
proof (induction (co, c1) ps arbitrary: co ¢ Co Cq rule: find-closest-pair.induct)
case (3 ¢o ¢1 po p2 PS)
define p; where p;-def: p1 = find-closest pg (dist co ¢1) (p2 # ps)
hence A: py € set (p2 # ps)
using find-closest-set by blast
show Zcase
proof (cases dist ¢y ¢1 < dist pg p1)
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case True
obtain Cy’ C;’ where C'-def: (Cy’, C1') = find-closest-pair (cq, c1) (p2 #
ps)
using prod.collapse by blast
note defs = pi-def C'-def
hence (Cy’ € set (pa # ps) A C1’ € set (p2 # ps)) V (Co' = co A C1' = ¢1)
using 3.hyps(1) True pi-def by blast
moreover have Cy = Cy' C1 = C;'
using defs True 3.prems by (auto split: prod.splits, metis Pair-inject)+
ultimately show ?Zthesis
by auto
next
case Fulse
obtain Cy’ C1’ where C’'-def: (Cy’, C1') = find-closest-pair (po, p1) (p2 #
ps)
using prod.collapse by blast
note defs = pi-def C'-def
hence (Cy’ € set (pa # ps) A C1' € set (p2 # ps)) V (Co’ = po A C1' = p1)
using 3.hyps(2) p1-def False by blast
moreover have Cog = Cy' C1 = Cy’
using defs False 3.prems by (auto split: prod.splits, metis Pair-inject)+
ultimately show Zthesis
using A by auto
qed
qed auto

lemma find-closest-pair-c0-ne-c1:
co # ¢ = distinct ps = (Cy, C1) = find-closest-pair (co, ¢1) ps = Co #
C1
proof (induction (co, c1) ps arbitrary: co c1 Co Cq rule: find-closest-pair.induct)
case (8 ¢o ¢1 po p2 Ps)
define p; where p;-def: p1 = find-closest pg (dist co ¢1) (p2 # ps)
hence A: py # p;
using 3.prems(1,2)
by (metis distinct.simps(2) find-closest-set length-pos-if-in-set list.set-intros(1))
show ?case
proof (cases dist ¢y ¢1 < dist py p1)
case True
obtain Cy’ Cy’ where C’-def: (Cy’, C1') = find-closest-pair (cq, c¢1) (p2 #
ps)
using prod.collapse by blast
note defs = pi-def C'-def
hence Cy’' # Cy’
using 3.hyps(1) 3.prems(1,2) True p,-def by simp
moreover have Cq = Cy’' C1 = Oy’
using defs True 3.prems(3) by (auto split: prod.splits, metis Pair-inject)+
ultimately show ¢thesis
by simp
next
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case Fulse
obtain Cy’ C1’ where C'-def: (Cy’, C1') = find-closest-pair (po, p1) (p2 #
ps)
using prod.collapse by blast
note defs = pi-def C'-def
hence Cy’' # Cy’
using 3.hyps(2) 3.prems(2) A False p1-def by simp
moreover have Cy = Cy' C1 = C;'
using defs False 3.prems(3) by (auto split: prod.splits, metis Pair-inject)+
ultimately show ?Zthesis
by simp
qed
qed auto

lemma find-closest-pair-dist-mono:
assumes (Cy, C1) = find-closest-pair (co, c1) ps
shows dist Cy C1 < dist ¢g ¢1
using assms
proof (induction (co, c1) ps arbitrary: co c1 Co Cq rule: find-closest-pair.induct)
case (8 ¢y ¢1 po p2 ps)
define p; where p;-def: p1 = find-closest pg (dist co c¢1) (p2 # ps)
show ?case
proof (cases dist ¢y ¢1 < dist pg p1)
case True
obtain Cy’ C;’ where C'-def: (Cy’, C1') = find-closest-pair (cq, c1) (p2 #
ps)
using prod.collapse by blast
note defs = pi-def C'-def
hence dist Cy’ C1’ < dist ¢ c1
using 3.hyps(1) True pi-def by simp
moreover have Cog = Cy' C1 = C’
using defs True 3.prems by (auto split: prod.splits, metis Pair-inject)+
ultimately show ¢thesis
by simp
next
case Fulse
obtain Cy’ C1’ where C’'-def: (Cy', C1') = find-closest-pair (po, p1) (p2 #
ps)
using prod.collapse by blast
note defs = py-def C’-def
hence dist Cy’' C1’ < dist py p1
using 3.hyps(2) False pi-def by blast
moreover have Cq = Cy’ C1 = C¢’
using defs False 3.prems(1) by (auto split: prod.splits, metis Pair-inject)+
ultimately show #thesis
using Fualse by simp
qed
qed auto
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lemma find-closest-pair-dist:
assumes sorted-snd ps (Co, C1) = find-closest-pair (cq, c1) ps
shows sparse (dist Cy Cy) (set ps)
using assms
proof (induction (cg, c1) ps arbitrary: co c1 Co C1 rule: find-closest-pair.induct)
case (3 ¢o ¢1 po p2 PS)
define p; where p;-def: p1 = find-closest po (dist co ¢1) (p2 # ps)
show ?Zcase
proof cases
assume Jp € set (pa # ps). dist po p < dist ¢ ¢
hence A: Vp € set (pas # ps). dist po p1 < dist po p dist po p1 < dist co ¢1
using p;-def find-closest-dist 3.prems(1) le-less-trans by blast+
obtain Cy’ C1’ where C'-def: (Cy’, C1') = find-closest-pair (po, p1) (p2 #
ps)
using prod.collapse by blast
hence B: (Cy’', C1') = find-closest-pair (co, c1) (po # p2 # ps)
using A(2) pi-def by simp
have sparse (dist Co’ C1') (set (pa # ps))
using 3.hyps(2)[of p1 Co’ C1'] p1-def C'-def 3.prems(1) A(2) sorted-snd-def
by fastforce
moreover have dist Co’ C1’ < dist py p1
using C’-def find-closest-pair-dist-mono by blast
ultimately have sparse (dist Co’ C1') (set (po # p2 # ps))
using A sparse-identity order-trans by blast
thus ?thesis
using B by (metis 3.prems(2) Pair-inject)
next
assume A: - (Ip € set (pa # ps). dist po p < dist ¢y c1)
hence B: dist ¢y ¢1 < dist pg p1
using find-closest-set[of pa # ps po dist ¢ ¢1] p1-def by auto
obtain Cy’ C;’ where C'-def: (Cy’, C1’) = find-closest-pair (cq, c1) (p2 #
ps)
using prod.collapse by blast
hence C: (Cy’, C1’) = find-closest-pair (co, c1) (po # p2 # ps)
using B pi-def by simp
have sparse (dist Co’ C1") (set (p2 # ps))
using 3.hyps(1)[of p1 Co’ C1'] p1-def C'-def B 8.prems sorted-snd-def by
stmp
moreover have dist Cy’ C1’ < dist ¢ ¢1
using C'-def find-closest-pair-dist-mono by blast
ultimately have sparse (dist Co' C1’) (set (po # p2 # ps))
using A sparse-identity[of dist Co’' C1' pa # ps po| order-trans by force
thus ?thesis
using C by (metis 3.prems(2) Pair-inject)
qed
qed (auto simp: sparse-def)

declare find-closest-pair.simps [simp del]
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fun combine-tm :: (point x point) = (point X point) = int = point list = (point
X point) tm where
combine-tm (por, p1r) (Por, p1r) I ps =1 (
let (co, c1) = if dist por, p1z < dist por p1r then (por, p1r) else (por, P1R) in
do {
ps’ <— filter-tm (Ap. dist p (I, snd p) < dist ¢y c¢1) ps;
find-closest-pair-tm (cg, c1) ps’
}
)

fun combine :: (point X point) = (point X point) = int = point list = (point x
point) where
combine (por, p1r) (Por, P1r) I ps = (
let (co, ¢1) = if dist por, p11, < dist por p1r then (por, p1r) else (por, P1R) N
let ps’ = filter (Ap. dist p (I, snd p) < dist co ¢1) ps in
find-closest-pair (co, c1) ps’

)

lemma combine-eq-val-combine-tm:

val (combine-tm (por, p1r) (Por, P1r) | ps) = combine (por, p1r) (Por, P1R) !
DS

by (auto simp: filter-eq-val-filter-tm find-closest-pair-eg-val-find-closest-pair-tm)

lemma combine-set:
assumes (cg, ¢1) = combine (por, p1r) (Por, P1r) I DS
shows (co € set ps A ¢1 € set ps) V (co = por. A ¢1 = p11) V (co = por N 1
= piR)
proof —
obtain Cy’ C,’ where C'-def: (Co’', C1") = (if dist por, p1r < dist por P1R
then (por, p1z) else (por, P1R))
by metis
define ps’ where ps’-def: ps’ = filter (Ap. dist p (1, snd p) < dist Cy’ C1’) ps
obtain Cy Cy where C-def: (Cy, C1) = find-closest-pair (Cy', C1') ps’
using prod.collapse by blast
note defs = C'-def ps’-def C-def
have (Cy € set ps’ A C1 € set ps’) vV (Co = Co' A C1 = C1)
using C-def find-closest-pair-set by blast+
hence (Cy € set ps A C1 € set ps)V (Cop = Co’ A C1 = Cy)
using ps’-def by auto
moreover have Cy = ¢y C7 = ¢
using assms defs apply (auto split: if-splits prod.splits) by (metis Pair-inject)+
ultimately show “thesis
using C'-def by (auto split: if-splits)
qed

lemma combine-cO-ne-c1:

assumes po;, # P11 Por # P1r distinct ps
assumes (co, ¢1) = combine (por, pir) (Por, P1Rr) | Ps
shows ¢y # ¢

34



proof —
obtain Cy’ C,’ where C'-def: (Co’', C1") = (if dist por, p1r < dist por P1R
then (por, p11) else (por, P1R))
by metis
define ps’ where ps’-def: ps’ = filter (Ap. dist p (I, snd p) < dist Co’ C1’) ps
obtain Cy Cy where C-def: (Cy, C1) = find-closest-pair (Cy', C1’) ps’
using prod.collapse by blast
note defs = C'-def ps’-def C-def
have Cy # C;
using defs find-closest-pair-cO-ne-c1[of Co' C1' ps’| assms by (auto split:
if-splits)
moreover have Cyg = ¢g C1 = 1
using assms(4) defs apply (auto split: if-splits prod.splits) by (metis Pair-inject)+
ultimately show ?thesis
by blast
qed

lemma combine-dist:
assumes sorted-snd ps set ps = psp, U psgr
assumes Vp € psp. fst p < IVp € psp. | < fstp
assumes sparse (dist por, p11) psr sparse (dist por P1R) PSR
assumes (cg, ¢1) = combine (por, p11) (Por, pP1r) I DS
shows sparse (dist co c¢1) (set ps)
proof —
obtain Cy’ C,’ where C'-def: (Co’', C1") = (if dist por p1r < dist por P1R
then (por, p11) else (por, P1R))
by metis
define ps’ where ps’-def: ps’ = filter (Ap. dist p (1, snd p) < dist Cy’ C1’) ps
obtain Cy C; where C-def: (Cy, C1) = find-closest-pair (Co’, C1’) ps’
using prod.collapse by blast
note defs = C’'-def ps’-def C-def
have EQ: CO = Co 01 = C1
using defs assms(7) apply (auto split: if-splits prod.splits) by (metis Pair-inject)+
have ps”: ps’ = filter (A\p. | — dist Co’ C1' < fst p A fst p < | + dist Co’ C1”)
ps
using ps’-def dist-transform by simp
have psy: sparse (dist Co’ C1”) psp
using assms(3,5) C'-def sparse-def apply (auto split: if-splits) by force+
have psg: sparse (dist Co’ C1') psg
using assms(4,6) C'-def sparse-def apply (auto split: if-splits) by force+
have sorted-snd ps’
using ps’-def assms(1) sorted-snd-def sorted-wrt-filter by blast
hence *: sparse (dist Cy C1) (set ps’)
using find-closest-pair-dist C-def by simp
have V pg € set ps. Vp1 € set ps. pg # p1 A dist pg p1 < dist Co’ C1' — pg €
set ps’ A\ p1 € set ps’
using set-band-filter ps’ psy psr assms(2,3,4) by blast
moreover have dist Cy C1 < dist Cy' C1'
using C-def find-closest-pair-dist-mono by blast
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ultimately have V py € set ps. Vp1 € set ps. pg # p1 N dist pg p1 < dist Cy
C1 — po € set ps’ A\ p1 € set ps’
by simp
hence sparse (dist Cq C1) (set ps)
using sparse-def * by (meson not-less)
thus ?thesis
using FQ by blast
qed

declare combine.simps [simp del]
declare combine-tm.simps[simp del]

2.1.2 Divide and Conquer Algorithm

declare split-at-take-drop-conv [simp add]

function closest-pair-rec-tm :: point list = (point list X point X point) tm where
closest-pair-rec-tm zs =1 (
do {
n <— length-tm zs;
if n < 3 then
do {

ys <— mergesort-tm snd zs;
p <— closest-pair-bf-tm xs;
return (ys, p)

else
do {

(zsp, xsp) <— split-at-tm (n div 2) xs;
(ysr, por, p1r) <— closest-pair-rec-tm sr;
(ysr, Por, P1r) <— closest-pair-rec-tm xsg;
ys <— merge-tm snd ySy, YSg;
(po, p1) <— combine-tm (por, p1r) (Por, P1r) (fst (hd zsRr)) ys;

}

}
)

by pat-completeness auto
termination closest-pair-rec-tm
by (relation Wellfounded.measure (Azs. length xs))
(auto simp add: length-eq-val-length-tm split-at-eq-val-split-at-tm)

function closest-pair-rec :: point list = (point list * point * point) where
closest-pair-rec xs = (
let n = length xs in
if n < 8 then
(mergesort snd xs, closest-pair-bf s)
else
let (wsp, zsg) = split-at (n div 2) zs in
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let (ysr, por, p1r) = closest-pair-rec xsy, in
let (ysgr, Por, P1rR) = closest-pair-rec Tsg in
let ys = merge snd ysp, ysr in
) (ys, combine (por, pir) (Por, P1r) (fst (hd zsg)) ys)
by pat-completeness auto
termination closest-pair-rec
by (relation Wellfounded.measure (Axs. length xs))
(auto simp: Let-def)

declare split-at-take-drop-conv [simp del]

lemma closest-pair-rec-simps:

assumes n = length zs = (n < 8)

shows closest-pair-rec s = (
let (zsp, xsgr) = split-at (n div 2) zs in
let (ysr, por, p11) = closest-pair-rec xsy, in
let (ysr, Por, P1R) = closest-pair-rec zsg in
let ys = merge snd ysp, ysg in
(ys, combine (por, pir) (Por, P1r) (fst (hd zsg)) ys)

)

using assms by (auto simp: Let-def)
declare closest-pair-rec.simps [simp del]

lemma closest-pair-rec-eq-val-closest-pair-rec-tm:
val (closest-pair-rec-tm xzs) = closest-pair-rec s
proof (induction rule: length-induct)
case (1 zs)
define n where n = length xs
obtain zs;, xsp where zs-def: (zsr, zsg) = split-at (n div 2) zs
by (metis surj-pair)
note defs = n-def zs-def
show ?Zcase
proof cases
assume n < &
then show ?thesis
using defs
by (auto simp: length-eq-val-length-tm mergesort-eq-val-mergesort-tm
closest-pair-bf-eq-val-closest-pair-bf-tm closest-pair-rec.simps)
next
assume asm: " n < 8§
have length xs;, < length xs length xsrp < length xs
using asm defs by (auto simp: split-at-take-drop-conv)
hence wval (closest-pair-rec-tm zsy,) = closest-pair-rec sy,
val (closest-pair-rec-tm zsg) = closest-pair-rec xsg
using 1./H by blast+
thus ?thesis
using asm defs
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apply (subst closest-pair-rec.simps, subst closest-pair-rec-tm.simps)
by (auto simp del: closest-pair-rec-tm.simps
simp add: Let-def length-eq-val-length-tm merge-eq-val-merge-tm
split-at-eq-val-split-at-tm combine-eq-val-combine-tm
split: prod.split)
qed
qed

lemma closest-pair-rec-set-length-sorted-snd:
assumes (ys, p) = closest-pair-rec s
shows set ys = set xs A length ys = length s A sorted-snd ys
using assms
proof (induction xs arbitrary: ys p rule: length-induct)
case (1 zs)
let ?n = length zs
show ?Zcase
proof (cases ?n < 3)
case True
thus ?thesis using 1.prems sorted-snd-def
by (auto simp: mergesort closest-pair-rec.simps)
next
case Fulse

obtain XS; XSp where XSy r-def: (XS, XSgr) = split-at (9n div 2) xs
using prod.collapse by blast

define L where L = fst (hd XSRg)

obtain YS; P; where YSPy-def: (YSL, Pr) = closest-pair-rec XSy,
using prod.collapse by blast

obtain YSp Pr where YSPgr-def: (YSg, Pr) = closest-pair-rec XSr
using prod.collapse by blast

define YS where YS = merge (Ap. snd p) YSp YSg

define P where P = combine P;, Pr L YS

note defs = XSy r-def L-def YSPr-def YSPr-def YS-def P-def

have length XS < length zs length XSk < length zs
using Fulse defs by (auto simp: split-at-take-drop-conv)
hence IH: set XS, = set YS[ set XSgr = set YSg
length XS1 = length YSp length XS = length YSg
sorted-snd YSy, sorted-snd YSg
using 1.IH defs by metis+

have set s = set XS, U set XSk

using defs by (auto simp: set-take-drop split-at-take-drop-conv)
hence SET: set xs = set YS

using set-merge IH(1,2) defs by fast

have length s = length XS, + length XSg

using defs by (auto simp: split-at-take-drop-conv)
hence LENGTH: length s = length YS
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using [H(3,4) length-merge defs by metis

have SORTED: sorted-snd YS
using IH(5,6) by (simp add: defs sorted-snd-def sorted-merge)

have (YS, P) = closest-pair-rec xs
using Fualse closest-pair-rec-simps defs by (auto simp: Let-def split: prod.split)
hence (ys, p) = (YS, P)
using 1.prems by argo
thus ?thesis
using SET LENGTH SORTED by simp
qed
qed

lemma closest-pair-rec-distinct:
assumes distinct zs (ys, p) = closest-pair-rec xs
shows distinct ys
using assms
proof (induction xs arbitrary: ys p rule: length-induct)
case (1 zs)
let ?n = length zs
show ?Zcase
proof (cases ?n < 3)
case True
thus ?thesis using 1.prems
by (auto simp: mergesort closest-pair-rec.simps)
next
case Fulse

obtain XS; XSr where XS r-def: (XS, XSgr) = split-at (?n div 2) xs
using prod.collapse by blast

define L where L = fst (hd XSRg)

obtain YS; P; where YSPy-def: (YSL, Pr) = closest-pair-rec XS,
using prod.collapse by blast

obtain YSp Pr where YSPgr-def: (YSg, Pr) = closest-pair-rec XSr
using prod.collapse by blast

define YS where YS = merge (Ap. snd p) YSp YSg

define P where P = combine P;, Pr L YS

note defs = XS g-def L-def YSPr-def YSPgr-def YS-def P-def

have length XS < length zs length XSk < length zs

using Fulse defs by (auto simp: split-at-take-drop-conv)
moreover have distinct XS distinct XSg

using 1.prems(1) defs by (auto simp: split-at-take-drop-conv)
ultimately have IH: distinct YS distinct YSg

using 1.IH defs by blast+

have set XSy, N set XSr = {}
using 1.prems(1) defs by (auto simp: split-at-take-drop-conv set-take-disj-set-drop-if-distinct)
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moreover have set XSy = set YS, set XSr = set YSgp
using closest-pair-rec-set-length-sorted-snd defs by blast+
ultimately have set S N set YSg = {}
by blast
hence DISTINCT: distinct YS
using distinct-merge IH defs by blast

have (YS, P) = closest-pair-rec xs
using False closest-pair-rec-simps defs by (auto simp: Let-def split: prod.split)
hence (ys, p) = (YS, P)
using 1.prems by argo
thus ?thesis
using DISTINCT by blast
qed
qed

lemma closest-pair-rec-c0-c1:
assumes 1 < length zs distinct zs (ys, co, ¢1) = closest-pair-rec xs
shows ¢y € set s N\ ¢1 € set xs A\ ¢g # 1
using assms
proof (induction s arbitrary: ys co c¢1 rule: length-induct)
case (1 zs)
let ?n = length xs
show ?Zcase
proof (cases ?n < 3)
case True
hence (cg, ¢1) = closest-pair-bf xs
using 1.prems(3) closest-pair-rec.simps by simp
thus ?thesis
using 1.prems(1,2) closest-pair-bf-c0-c1 by simp
next
case Fulse

obtain XS; XSr where XSy r-def: (XS, XSg) = split-at (?n div 2) xs
using prod.collapse by blast
define L where L = fst (hd XSR)

obtain YS; Cor Cyp where YSCoyp-def: (YSyL, Cor, C11) = closest-pair-rec
XSy,
using prod.collapse by metis
obtain YSg Cyr C1r where YSCoyg-def: (YSgr, Cor, C1r) = closest-pair-rec
XSgr
using prod.collapse by metis

define YS where YS = merge (Ap. snd p) YS YSg
obtain Cy C; where Cgi-def: (Co, C1) = combine (Cor, C11) (Cor, Cir)
LYS

using prod.collapse by metis
note defs = XSLR—def L—def YSCOlL—dBf YSCOlR—dEf YS—def C(n—def
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have 1 < length XS length XS < length xs distinct XSy,
using False 1.prems(2) defs by (auto simp: split-at-take-drop-conv)
hence Cyy, € set XS, Cip € set XSp and [HL1: Cyp # Cqp,
using 1.IH defs by metis+
hence IHL2: Cy, € set xzs C1p € set zs
using split-at-take-drop-conv in-set-takeD fst-conv defs by metis+

have 1 < length XSgr length XSr < length zs distinct XSg
using Fualse 1.prems(2) defs by (auto simp: split-at-take-drop-conv)
hence Cyi € set XSg C1r € set XSk and [HR1: Cor # Cigr
using 1.IH defs by metis+
hence IHR2: Cor € set s C1p € set xs
using split-at-take-drop-conv in-set-dropD snd-conv defs by metis+

have x: (YS, Co, C1) = closest-pair-rec s

using False closest-pair-rec-simps defs by (auto simp: Let-def split: prod.split)

have YS: set xs = set YS distinct YS

using 1.prems(2) closest-pair-rec-set-length-sorted-snd closest-pair-rec-distinct
* by blast+

have C\ € set s C'1 € set xs
using combine-set IHL2 THR2 YS defs by blast+
moreover have Cy # C;
using combine-cO-ne-c1 IHL1(1) IHR1(1) YS defs by blast
ultimately show ¢thesis
using 1.prems(8) * by (metis Pair-inject)
qed
qed

lemma closest-pair-rec-dist:
assumes 1 < length zs sorted-fst xs (ys, co, ¢1) = closest-pair-rec s
shows sparse (dist co c¢1) (set xs)
using assms
proof (induction xs arbitrary: ys co c1 rule: length-induct)
case (1 zs)
let ?n = length xs
show ?Zcase
proof (cases ?n
case True
hence (¢, ¢1) = closest-pair-bf xs
using 1.prems(3) closest-pair-rec.simps by simp
thus ?thesis
using 1.prems(1,3) closest-pair-bf-dist by metis
next
case Fulse

IN

3)

obtain XS; XSi where XS r-def: (XS, XSgr) = split-at (?n div 2) xs
using prod.collapse by blast
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define L where L = fst (hd XSR)

obtain YS; Cor C1p where YSCo1p-def: (YSL, Cor, C11) = closest-pair-rec
XSy
using prod.collapse by metis
obtain YSr Cor C1r where YSCyr-def: (YSgr, Cor, C1r) = closest-pair-rec
XSgr
using prod.collapse by metis

define YS where YS = merge (Ap. snd p) YSy YSg
obtain Cy C; where Cqyi-def: (Co, C1) = combine (Cor, C11) (Cor, C1ir)
LYS

using prod.collapse by metis
note defs = XSy g-def L-def YSCy11-def YSCo1gr-def YS-def Cy1-def

have XSLR: XS = take (%n div 2) zs XSr = drop (?n div 2) s
using defs by (auto simp: split-at-take-drop-conv)

have 1 < length XS length XS < length xs

using False XSLR by simp-all
moreover have sorted-fst XSy,

using 1.prems(2) XSLR by (auto simp: sorted-fst-def sorted-wrt-take)
ultimately have L: sparse (dist Cor C11) (set XSp)

set XSy, = set YS,
using 1 closest-pair-rec-set-length-sorted-snd closest-pair-rec-c0-c1
YSCOlL-def by blast+

hence IHL: sparse (dist Cor, C1p) (set YSL)

by argo

have 1 < length XS length XSk < length zs

using False XSLR by simp-all
moreover have sorted-fst XSg

using 1.prems(2) XSLR by (auto simp: sorted-fst-def sorted-wrt-drop)
ultimately have R: sparse (dist Cor C1r) (set XSg)

set XSr = set YSg
using 1 closest-pair-rec-set-length-sorted-snd closest-pair-rec-c0-c1
YSCOlR-def by blast+

hence IHR: sparse (dist Cor C1r) (set YSR)

by argo

have x: (YS, Co, C1) = closest-pair-rec s
using Fualse closest-pair-rec-simps defs by (auto simp: Let-def split: prod.split)

have set zs = set YS sorted-snd YS

using 1.prems(2) closest-pair-rec-set-length-sorted-snd closest-pair-rec-distinct
*x by blast+

moreover have Vp € set YS,. fst p < L

using False 1.prems(2) XSLR L-def L(2) sorted-fst-take-less-hd-drop by simp

moreover have Vp € set YSir. L < fst p
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using Fualse 1.prems(2) XSLR L-def R(2) sorted-fst-hd-drop-less-drop by simp
moreover have set YS = set Sy U set YSg
using set-merge defs by fast
moreover have (Cy, C1) = combine (Cor, C11) (Cor, C1r) L YS
by (auto simp add: defs)
ultimately have sparse (dist Cy C1) (set zs)
using combine-dist IHL IHR by auto
moreover have (YS, Cy, C1) = (ys, co, ¢1)
using 1.prems(3) * by simp
ultimately show ?Zthesis

by blast

qed
qed
fun closest-pair-tm :: point list = (point * point) tm where

closest-pair-tm [| =1 return undefined
| closest-pair-tm [-] =1 return undefined
| closest-pair-tm ps =1 (

do {

xs <— mergesort-tm fst ps;
(-, p) <— closest-pair-rec-tm xs;
return p
¥
)

fun closest-pair :: point list = (point * point) where
closest-pair [| = undefined
| closest-pair [-] = undefined
| closest-pair ps = (let (-, p) = closest-pair-rec (mergesort fst ps) in p)

lemma closest-pair-eq-val-closest-pair-tm:
val (closest-pair-tm ps) = closest-pair ps
by (induction ps rule: induct-list012)
(auto simp del: closest-pair-rec-tm.simps mergesort-tm.simps
simp add: closest-pair-rec-eq-val-closest-pair-rec-tm mergesort-eq-val-mergesort-tm
split: prod.split)

lemma closest-pair-simps:

1 < length ps = closest-pair ps = (let (-, p) = closest-pair-rec (mergesort fst
ps) in p)

by (induction ps rule: induct-list012) auto

declare closest-pair.simps [simp del]

theorem closest-pair-c0-c1:
assumes ! < length ps distinct ps (co, c1) = closest-pair ps
shows ¢y € set ps ¢1 € set ps cg # 1
using assms closest-pair-rec-c0-c1|of mergesort fst ps)
by (auto simp: closest-pair-simps mergesort split: prod.splits)
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theorem closest-pair-dist:

assumes 1 < length ps (co, ¢1) = closest-pair ps

shows sparse (dist co 1) (set ps)

using assms sorted-fst-def closest-pair-rec-dist[of mergesort fst ps] closest-pair-rec-c0-c1|of
mergesort fst ps]

by (auto simp: closest-pair-simps mergesort split: prod.splits)

2.2 Time Complexity Proof
2.2.1 Core Argument

lemma core-argument:
fixes ¢ :: real and p :: point and ps :: point list
assumes distinct (p # ps) sorted-snd (p # ps) 0 < § set (p # ps) = psp U psgr
assumes Vq € set (p # ps). | —d < fstqNfstq<l+0
assumes Vq € psy. fst g < IVq € psg. | < fstq
assumes sparse § psy sparse 0 psy
shows length (filter (Aq. snd ¢ — snd p < 0) ps) < 7
proof —
define PS where PS = p # ps
define R where R = chox (I — 4, snd p) (I + 0, snd p + )
define RPS where RPS = { pc set PS.pe R}
define LSQ where LSQ = cbozx (I — 6, snd p) (I, snd p + 9)
define LSQPS where LSQPS = { p € psy,. p € LSQ }
define RSQ where RSQ = cbox (I, snd p) (I + 8, snd p + 9)
define RSQPS where RSQPS = { p € psg. p € RSQ }
note defs = PS-def R-def RPS-def LSQ-def LSQPS-def RSQ-def RSQPS-def

have R = LSQ U RSQ
using defs cbozx-right-un by auto
moreover have Vp € ps;. p € RSQ — p € LSQ
using RSQ-def LSQ-def assms(6) by auto
moreover have Vp € psg. p € LSQ) — p € RSQ
using RSQ-def LSQ-def assms(7) by auto
ultimately have RPS = LSQPS U RSQPS
using LSQPS-def RSQPS-def PS-def RPS-def assms(4) by blast

have sparse § LSQPS
using assms(8) LSQPS-def sparse-def by simp
hence CLSQPS: card LSQPS < 4
using maz-points-square[of LSQPS | — 6 snd p 8] assms(8) LSQ-def LSQPS-def
by auto

have sparse § RSQPS
using assms(9) RSQPS-def sparse-def by simp
hence CRSQPS: card RSQPS < 4
using maz-points-square[of RSQPS | snd p 0] assms(3) RSQ-def RSQPS-def
by auto
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have CRPS: card RPS < 8
using CLSQPS CRSQPS card-Un-le[of LSQPS RSQPS] <RPS = LSQPS U
RSQPS) by auto

have set (p # filter (Aq. snd ¢ — snd p < 0) ps) C RPS
proof standard
fix ¢
assume *: ¢ € set (p # filter (Aq. snd ¢ — snd p < §) ps)
hence CPS: q € set PS
using PS-def by auto
hence snd p < snd ¢ snd q < snd p + §
using assms(2,3) PS-def sorted-snd-def = by (auto split: if-splits)
moreover have | — § < fst qfst ¢ <1+ §
using CPS assms(5) PS-def by blast+
ultimately have ¢ € R
using R-def mem-cbox-2D[of | — § fst ¢ 1 + & snd p snd q snd p + 0]
by (simp add: prod.case-eq-if)
thus ¢ € RPS
using CPS RPS-def by simp
qed
moreover have finite RPS
by (simp add: RPS-def)
ultimately have card (set (p # filter (A\q. snd q — snd p < §) ps)) < 8
using CRPS card-mono[of RPS set (p # filter (Aq. snd ¢ — snd p < §) ps)]
by simp
moreover have distinct (p # filter (Aq. snd ¢ — snd p < 0) ps)
using assms(1) by simp
ultimately have length (p # filter (Aq. snd ¢ — snd p < §) ps) < 8
using assms(1) PS-def distinct-card by metis
thus ?thesis
by simp
qed

2.2.2 Combine Step

fun t-find-closest :: point = real = point list = nat where
t-find-closest - - [| = 1
| t-find-closest - - [-] = 1
| t-find-closest p § (po # ps) = 1 + (
if 6 < snd pg — snd p then 0
else t-find-closest p (min § (dist p po)) ps

)

lemma t-find-closest-eq-time-find-closest-tm:
t-find-closest p § ps = time (find-closest-tm p § ps)
by (induction p 6 ps rule: t-find-closest.induct)
(auto simp: time-simps)

lemma t-find-closest-mono:
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0" < § = t-find-closest p 0’ ps < t-find-closest p & ps
by (induction rule: t-find-closest.induct)
(auto simp: Let-def min-def)

lemma t-find-closest-cnt:
t-find-closest p 6 ps < 1 + length (filter (Aq. snd ¢ — snd p < §) ps)
proof (induction p 0 ps rule: t-find-closest.induct)
case (3 p 6 po p2 ps)
show ?case
proof (cases § < snd py — snd p)
case True
thus ?thesis
by simp
next
case Fulse
hence *x: snd pg — sndp <9
by simp
have t-find-closest p § (po # p2 # ps) = 1 + t-find-closest p (min & (dist p
o)) (p2 # ps)
using Fualse by simp
also have ... < I + 1 + length (filter (Aq. snd ¢ — snd p < min § (dist p pg))
(p2 # ps))
using False 3 by simp
also have ... < 1 + 1 + length (filter (Aq. snd ¢ — snd p < 9) (p2 # ps))
using * by (meson add-le-cancel-left length-filter-P-impl-Q min.bounded-iff)
also have ... < 1 + length (filter (Aq. snd g — snd p < 0) (po # p2 # ps))
using Fulse by simp
ultimately show #thesis
by simp
qed
qed auto

corollary t-find-closest-bound:

fixes ¢ :: real and p :: point and ps :: point list and [ :: int

assumes distinct (p # ps) sorted-snd (p # ps) 0 < § set (p # ps) = psp U psr

assumes Vp' € set (p# ps). l—d < fstp' Afstp' <146

assumes Vp € psp. fst p < I Vp € psp. | < fst p

assumes sparse 0 psy, sparse 0 psg

shows t-find-closest p § ps < 8

using assms core-arqgument|of p ps § psp, psgr | t-find-closest-cnt[of p § ps] by
linarith

fun t-find-closest-pair :: (point * point) = point list = nat where
t-find-closest-pair - || = 1
| t-find-closest-pair - [-] = 1
| t-find-closest-pair (co, ¢1) (po # ps) = 1 + (
let p1 = find-closest pgy (dist co 1) ps in
t-find-closest py (dist co c1) ps + (
if dist cg c1 < dist pg p1 then

46



t-find-closest-pair (co, c1) ps
else
t-find-closest-pair (po, p1) ps
)

lemma t-find-closest-pair-eq-time-find-closest-pair-tm:
t-find-closest-pair (co, c1) ps = time (find-closest-pair-tm (co, ¢1) ps)
by (induction (co, c¢1) ps arbitrary: co c1 rule: t-find-closest-pair.induct)
(auto simp: time-simps find-closest-eq-val-find-closest-tm t-find-closest-eq-time-find-closest-tm)

lemma t-find-closest-pair-bound:
assumes distinct ps sorted-snd ps 0 = dist ¢y ¢y set ps = psp U psg
assumes Vp € setps. | — A< fstp A fstp <l + A
assumes Vp € psp. fst p < IVp € psp. I < fstp
assumes sparse A psy, sparse A psgp 6 < A
shows t-find-closest-pair (co, ¢1) ps < 9 * length ps + 1
using assms
proof (induction (cg, c1) ps arbitrary: 6 co ¢1 psr, psg rule: t-find-closest-pair.induct)
case (3 ¢o ¢1 po p2 PS)
let ?ps = po # ps
define p; where p,-def: p; = find-closest pg (dist co c¢1) ?ps
define PS; where PSp-def: PS;, = psp, — { po }
define PSi where PSgi-def: PSgr = psp — { po }
note defs = py-def PSp-def PSp-def
have x: 0 < A
using 3.prems(3,10) zero-le-dist[of co c1] by argo
hence t-find-closest pg A ?ps < 8
using t-find-closest-bound[of po ?ps A psy, psr] 3.prems by blast
hence A: t-find-closest pg (dist co ¢1) ?ps < 8
by (metis 3.prems(3,10) order-trans t-find-closest-mono)
have B: distinct ?ps sorted-snd ¢ps
using 3.prems(1,2) sorted-snd-def by simp-all
have C: set ?ps = PS; U PSg
using defs 3.prems(1,4) by auto
have D: Vp € set %ps. | — A < fstp A fstp<l+ A
using 3.prems(5) by simp
have E: Vp € PSp. fstp < IVpe PSgr. 1< fstp
using defs 3.prems(6,7) by simp-all
have F: sparse A PSy sparse A PSg
using defs 3.prems(8,9) sparse-def by simp-all
show ?Zcase
proof (cases dist ¢y ¢1 < dist py p1)
case True
hence t-find-closest-pair (co, c1) %ps < 9 * length ?ps + 1
using 3.hyps(1) 3.prems(3,10) defs(1) B C D E F by blast
moreover have t-find-closest-pair (co, c1) (po # ps) =
1 + t-find-closest po (dist co ¢1) ?ps + t-find-closest-pair (co, c1)
?ps
using defs True by (auto split: prod.splits)
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ultimately show ¢thesis
using A by auto
next
case Fualse
moreover have 0 < dist py py
by auto
ultimately have t-find-closest-pair (po, p1) ?ps < 9 * length ?ps + 1
using 3.hyps(2) 3.prems(3,10) defs(1) B C D E F by auto
moreover have t-find-closest-pair (co, ¢1) (po # ?ps) =
1 + t-find-closest po (dist co ¢1) ?ps + t-find-closest-pair (po, p1)
?ps
using defs False by (auto split: prod.splits)
ultimately show #thesis
using A by simp
qed
qed auto

fun t-combine :: (point * point) = (point * point) = int = point list = nat where
t-combine (por, p1z) (Por, P1r) I ps =1 + (
let (co, c1) = if dist por, p11, < dist por p1r then (porL, p1r) else (por, P1R) N
let ps’ = filter (Ap. dist p (I, snd p) < dist co ¢1) ps in
time (filter-tm (Ap. dist p (I, snd p) < dist ¢ ¢1) ps) + t-find-closest-pair (co,
c1) ps’

)

lemma t-combine-eq-time-combine-tm:

t-combine (por, p1r) (Por, P1r) | ps = time (combine-tm (por, p1r) (Por, P1R)
I ps)

by (auto simp: combine-tm.simps time-simps t-find-closest-pair-eg-time-find-closest-pair-tm
filter-eq-val-filter-tm)

lemma t-combine-bound:
fixes ps :: point list
assumes distinct ps sorted-snd ps set ps = psp, U psp
assumes Vp € psp. fst p < IVp € psp. I < fstp
assumes sparse (dist por, p11) psr sparse (dist por P1R) PSR
shows t-combine (por, p1r) (Por, P1r) I s < 10 x length ps + 3
proof —
obtain ¢y ¢; where c-def:
(co, 1) = (if dist por, p11 < dist por p1r then (por, p1L) else (por, p1r)) by
metis
let 2P = (Ap. dist p (I, snd p) < dist ¢y ¢1)
define ps’ where ps’-def: ps’ = filter ?P ps
define ps;’ where psy,’-def: ps,’ = { p € psp. P p }
define psg’ where psg’-def: psp’ = { p € psg. ?Pp }
note defs = c-def ps’-def psy,'-def psr’-def
have sparse (dist ¢y ¢1) psg, sparse (dist co ¢1) pSr
using assms(6,7) sparse-mono c-def by (auto split: if-splits)
hence sparse (dist co c1) psp’ sparse (dist ¢y c1) psr’
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using psy'-def psgr’-def sparse-def by auto

moreover have distinct ps’
using ps’-def assms(1) by simp

moreover have sorted-snd ps’
using ps’-def assms(2) sorted-snd-def sorted-wrt-filter by blast

moreover have 0 < dist ¢y ¢
by simp

moreover have set ps’ = psp,’ U psg’
using assms(3) defs(2,3,4) filter-Un by auto

moreover have Vp € set ps’. | — dist cg ¢c1 < fst p A fst p < | + dist ¢y 1
using ps’-def dist-transform by force

moreover have Vp € psp’. fst p < IVp e psp’. I < fstp
using assms(4,5) psp’-def psg’-def by blast+

ultimately have t-find-closest-pair (co, ¢1) ps’ < 9 * length ps’ + 1
using t-find-closest-pair-bound by blast

moreover have length ps’ < length ps
using ps’-def by simp

ultimately have *: ¢-find-closest-pair (co, c¢1) ps’ < 9 x length ps + 1
by simp

have t-combine (por, pir) (Por, P1r) | ps =

1 + time (filter-tm 2P ps) + t-find-closest-pair (co, c1) ps’

using defs by (auto split: prod.splits)

also have ... = 2 + length ps + t-find-closest-pair (co, c1) ps’
using time-filter-tm by auto

finally show ?thesis
using * by simp

qged

declare t-combine.simps [simp del]

2.2.3 Divide and Conquer Algorithm

lemma time-closest-pair-rec-tm-simps-1:

assumes length rs < 3

shows time (closest-pair-rec-tm xs) = 1 + time (length-tm xs) + time (mergesort-tm
snd xs) + time (closest-pair-bf-tm xs)

using assms by (auto simp: time-simps length-eq-val-length-tm)

lemma time-closest-pair-rec-tm-simps-2:
assumes — (length zs < 3)
shows time (closest-pair-rec-tm xs) = 1 + (
let (xsr,, xsg) = val (split-at-tm (length zs div 2) xs) in
let (ysr, pr) = wval (closest-pair-rec-tm xsr) in
let (ysr, pr) = val (closest-pair-rec-tm xzsg) in
let ys = val (merge-tm (Ap. snd p) ysp ysgr) in
time (length-tm xs) + time (split-at-tm (length xs div 2) xs) + time (closest-pair-rec-tm
xsp) +
time (closest-pair-rec-tm xsg) + time (merge-tm (Ap. snd p) ysp ysg) +
t-combine pr, pr (fst (hd zsgr)) ys
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)

using assms
apply (subst closest-pair-rec-tm.simps)
by (auto simp del: closest-pair-rec-tm.simps
simp add: time-simps length-eq-val-length-tm t-combine-eq-time-combine-tm
split: prod.split)

function closest-pair-recurrence :: nat = real where
n < 8 = closest-pair-recurrence n = 8 + n + mergesort-recurrence n + n * n
| 3 < n = closest-pair-recurrence n = 7 + 18 x n +
closest-pair-recurrence (nat |real n / 2]) + closest-pair-recurrence (nat [real n
/ 21)
by force simp-all
termination by akra-bazzi-termination simp-all

lemma closest-pair-recurrence-nonneg[simpl:
0 < closest-pair-recurrence n
by (induction n rule: closest-pair-recurrence.induct) auto

lemma time-closest-pair-rec-conv-closest-pair-recurrence:
assumes distinct ps sorted-fst ps
shows time (closest-pair-rec-tm ps) < closest-pair-recurrence (length ps)
using assms
proof (induction ps rule: length-induct)
case (1 ps)
let ?n = length ps
show ?Zcase
proof (cases ?n < 3)
case True
hence time (closest-pair-rec-tm ps) = 1 + time (length-tm ps) + time (mergesort-tm
snd ps) + time (closest-pair-bf-tm ps)
using time-closest-pair-rec-tm-simps-1 by simp
moreover have closest-pair-recurrence ?n = 3 + ?n + mergesort-recurrence
n 4+ n x ?n
using True by simp
moreover have time (length-tm ps) < I + ?n time (mergesort-tm snd ps) <
mergesort-recurrence n
time (closest-pair-bf-tm ps) < 1 4+ %n x n
using time-length-tm[of ps] time-mergesort-conv-mergesort-recurrence|of snd
ps] time-closest-pair-bf-tm[of ps| by auto
ultimately show #thesis
by linarith
next
case Fulse

obtain XS; XSr where XS-def: (XS, XSg) = val (split-at-tm (?n div 2)

ps)
using prod.collapse by blast
obtain YS; Cyr C1p where CP-def: (YSyL, Cor, C11) = val (closest-pair-rec-tm
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XS1)
using prod.collapse by metis
obtain YSr Cor C1r where CPg-def: (YSgr, Cor, C1r) = val (closest-pair-rec-tm
XSgr)
using prod.collapse by metis
define YS where YS = val (merge-tm (Ap. snd p) YSL YSgr)
obtain Cy C; where Cy;-def: (Co, C1) = val (combine-tm (Cor, C11) (Cor,
Ci) (fst (hd XSg) YS)
using prod.collapse by metis
note defs = XS-def CPp,-def CPgr-def YS-def Cy1-def

have XSLR: XS, = take (?n div 2) ps XSg = drop (?n div 2) ps
using defs by (auto simp: split-at-take-drop-conv split-at-eq-val-split-at-tm)
hence length XSy, = ?n div 2 length XSr = %n — ?n div 2
by simp-all
hence x: (nat |real n / 2]) = length XSy, (nat [real ?n / 2]) = length XSg
by linarith—+
have length XS = length YS length XSg = length YSg
using defs closest-pair-rec-set-length-sorted-snd closest-pair-rec-eq-val-closest-pair-rec-tm
by metis+
hence L: ?n = length YSy + length YSg
using defs XSLR by fastforce

have 1 < length XS length XS < length ps
using False XSLR by simp-all
moreover have distinct XSy, sorted-fst XSy,
using XSLR 1.prems(1,2) sorted-fst-def sorted-wri-take by simp-all
ultimately have time (closest-pair-rec-tm XSp) < closest-pair-recurrence
(length XS1,)
using 1./H by simp
hence IHL: time (closest-pair-rec-tm XSp) < closest-pair-recurrence (nat |real

using * by simp

have 1 < length XSg length XSgi < length ps
using False XSLR by simp-all
moreover have distinct XSg sorted-fst XSg
using XSLR 1.prems(1,2) sorted-fst-def sorted-wrt-drop by simp-all
ultimately have time (closest-pair-rec-tm XSg) < closest-pair-recurrence
(length XSR)
using 1./H by simp
hence IHR: time (closest-pair-rec-tm XSg) < closest-pair-recurrence (nat [real

using * by simp

have (YS, Cy, C1) = val (closest-pair-rec-tm ps)

using Fulse closest-pair-rec-simps defs by (auto simp: Let-def length-eq-val-length-tm
split!: prod.split)

hence set ps = set YS length ps = length YS distinct YS sorted-snd YS
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using 1.prems closest-pair-rec-set-length-sorted-snd closest-pair-rec-distinct
closest-pair-rec-eq-val-closest-pair-rec-tm by auto
moreover have Vp € set YS. fst p < fst (hd XSg)
using False 1.prems(2) XSLR <length XS, < length ps» «length XS, = length
ps div 2»
CPy-def sorted-fst-take-less-hd-drop closest-pair-rec-set-length-sorted-snd
closest-pair-rec-eq-val-closest-pair-rec-tm by metis
moreover have Vp € set YSg. fst (hd XSg) < fst p
using Fualse 1.prems(2) XSLR CP r-def sorted-fst-hd-drop-less-drop
closest-pair-rec-set-length-sorted-snd closest-pair-rec-eq-val-closest-pair-rec-tm
by metis
moreover have set YS = set YS; U set YSg
using set-merge defs by (metis merge-eq-val-merge-tm)
moreover have sparse (dist Cor, C11) (set YSp)
using CPyp-def <1 < length XSy <distinct XS <sorted-fst XSp»
closest-pair-rec-dist closest-pair-rec-set-length-sorted-snd
closest-pair-rec-eq-val-closest-pair-rec-tm by auto
moreover have sparse (dist Cop C1R) (set YSR)
using CPg-def <1 < length XSg» <distinct XSg> <sorted-fst XSgr»
closest-pair-rec-dist closest-pair-rec-set-length-sorted-snd
closest-pair-rec-eq-val-closest-pair-rec-tm by auto
ultimately have combine-bound: t-combine (Cor, C11) (Cor, C1r) (fst (hd
XSR)) YS <8+ 10 x %n
using t-combine-bound|of YS set VS, set YSg fst (hd XSg)] by (simp add:
add.commute)
have time (closest-pair-rec-tm ps) = 1 + time (length-tm ps) + time (split-at-tm
(?n div 2) ps) +
time (closest-pair-rec-tm XSy1) + time (closest-pair-rec-tm XSg) + time
(merge-tm (Ap. snd p) YSp YSg) +
t-combine (COL7 CIL) (COR7 CIR) (fSt (hd XSR)) YsS
using time-closest-pair-rec-tm-simps-2[OF False] defs
by (auto simp del: closest-pair-rec-tm.simps simp add: Let-def split: prod.split)
also have ... < 7 + 13 % ?n + time (closest-pair-rec-tm XSp) + time
(closest-pair-rec-tm XSg)
using time-merge-tm[of (Ap. snd p) YSL YSg] L combine-bound by (simp
add: time-length-tm time-split-at-tm)
also have ... < 7 + 13 * ?n + closest-pair-recurrence (nat |real ?n / 2]) +
closest-pair-recurrence (nat [real ?n / 21)
using IHL IHR by simp
also have ... = closest-pair-recurrence (length ps)
using Fualse by simp
finally show ?thesis
by simp
qed
qed

theorem closest-pair-recurrence:

closest-pair-recurrence € O(An. n * In n)
by (master-theorem) auto
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theorem time-closest-pair-rec-bigo:

(Azs. time (closest-pair-rec-tm xs)) € Ollength going-to at-top within { ps. distinct
ps A sorted-fst ps }](An. n * In n) o length)
proof —

have 0: Aps. ps € { ps. distinct ps N\ sorted-fst ps } =

time (closest-pair-rec-tm ps) < (closest-pair-recurrence o length) ps

unfolding comp-def using time-closest-pair-rec-conv-closest-pair-recurrence by
auto

show ?thesis

using bigo-measure-trans| OF 0] bigthetaD1[OF closest-pair-recurrence] of-nat-0-le-iff
by blast
qed

definition closest-pair-time :: nat = real where
closest-pair-time n = 1 + mergesort-recurrence n + closest-pair-recurrence n

lemma time-closest-pair-conv-closest-pair-recurrence:
assumes distinct ps
shows time (closest-pair-tm ps) < closest-pair-time (length ps)
using assms
unfolding closest-pair-time-def
proof (induction rule: induct-list012)
case (3 y zs)
let %ps = x # y # zs
define zs where zs = val (mergesort-tm fst ?ps)
have x: distinct xs sorted-fst xs length xs = length ?ps
using zs-def mergesort(4)[OF 3.prems, of fst| mergesort(1)[of fst ?ps|] merge-
sort(3)[of fst ?ps]
sorted-fst-def mergesort-eq-val-mergesort-tm by metis+
have time (closest-pair-tm ?ps) = 1 + time (mergesort-tm fst ?ps) + time
(closest-pair-rec-tm xs)
using zs-def by (auto simp del: mergesort-tm.simps closest-pair-rec-tm.simps
stmp add: time-simps split: prod.split)
also have ... < 1 4 mergesort-recurrence (length ?ps) + time (closest-pair-rec-tm
xs)
using time-mergesort-conv-mergesort-recurrencelof fst ?ps| by simp
also have ... < I + mergesort-recurrence (length ?ps) + closest-pair-recurrence
(length ?ps)
using time-closest-pair-rec-conv-closest-pair-recurrencelof xs| * by auto
finally show ?case
by blast
qed (auto simp: time-simps)

corollary closest-pair-time:

closest-pair-time € O(An. n * In n)

unfolding closest-pair-time-def

using mergesort-recurrence closest-pair-recurrence sum-in-bigo(1) const-1-bigo-n-in-n
by blast
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corollary time-closest-pair-bigo:
(Aps. time (closest-pair-tm ps)) € Ollength going-to at-top within { ps. distinct
ps H((An. n % In n) o length)
proof —
have 0: Aps. ps € { ps. distinct ps } =
time (closest-pair-tm ps) < (closest-pair-time o length) ps
unfolding comp-def using time-closest-pair-conv-closest-pair-recurrence by
auto
show ?thesis
using bigo-measure-trans|OF 0] closest-pair-time by fastforce
qed

2.3 Code Export
2.3.1 Combine Step

fun find-closest-code :: point = int = point list = (int x point) where
find-closest-code - - [| = undefined
| find-closest-code p - [pg] = (dist-code p po, po)
| find-closest-code p 6 (po # ps) = (
let 69 = dist-code p pg in
if 6 < (snd po — snd p)? then
(603 pO)
else
let (61, p1) = find-closest-code p (min & dy) ps in
Zf (50 S (51 then
(0, Po)
else
(61, p1)
)

lemma find-closest-code-dist-eq:
0 < length ps = (0., ¢) = find-closest-code p 6 ps => 6. = dist-code p ¢
proof (induction p 0 ps arbitrary: . c rule: find-closest-code.induct)
case (3 p o po p2 ps)
show ?case
proof cases
assume § < (snd py — snd p)?
thus ?thesis
using 3.prems(2) by simp
next
assume A: — § < (snd py — snd p)*
define ¢y where §y-def: 69 = dist-code p pg
obtain §; p; where §;1-def: (61, p1) = find-closest-code p (min § §g) (p2 # ps)
by (metis surj-pair)
note defs = dg-def 01-def
have §; = dist-code p pq
using 3.IH[of ¢ 61 p1] A defs by simp
thus ?thesis
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using defs 3.prems by (auto simp: Let-def split: if-splits prod.splits)
qed
qed simp-all

declare find-closest.simps [simp add]

lemma find-closest-code-eq:
assumes 0 < length ps § = dist ¢y ¢y &' = dist-code cq ¢1 sorted-snd (p # ps)
assumes ¢ = find-closest p 6 ps (8., ¢’) = find-closest-code p &’ ps
shows ¢ = ¢’
using assms
proof (induction p 0 ps arbitrary: 6’ co c1 ¢ 0. ¢’ rule: find-closest.induct)
case (3 p 6 po p2 ps)
define 4y Jo’ where dg-def: 69 = dist p pg 6o’ = dist-code p pg
obtain p; §1’ p1’ where §;-def: p1 = find-closest p (min § do) (p2 # ps)
(617, p1’) = find-closest-code p (min 6’ do") (p2 # ps)
by (metis surj-pair)
note defs = dg-def 61-def
show ?Zcase
proof cases
assume *: § < snd pg — snd p
hence ¢’ < (snd py — snd p)?
using 3.prems(2,3) dist-eq-dist-code-abs-le by fastforce
thus ?thesis
using * 3.prems(5,6) by simp
next
assume *: = 6 < snd pg — snd p
moreover have 0 < snd pg — snd p
using 3.prems(4) sorted-snd-def by simp
ultimately have A: = §’ < (snd py — snd p)?
using 3.prems(2,3) dist-eq-dist-code-abs-le[of co ¢1 snd py — snd p] by simp
have min 6 dg = 6 +— min 0’ 6o’ = 6’ min 6 69 = dg +— min &' 6y’ = dgy’
by (metis 3.prems(2,3) defs(1,2) dist-eq-dist-code-le min.commute min-def )+
moreover have sorted-snd (p # pa2 # ps)
using 3.prems(4) sorted-snd-def by simp
ultimately have B: p; = p;’
using 3.IH[of ¢y ¢1 6’ p1 01" p1’] 8. IH[of p po 00’ p1 01" p1] 8.prems(2,3)
defs x by auto
have 0’ = dist-code p p1’
using find-closest-code-dist-eq defs by blast
hence 6§y < dist p p1 +— 6o’ < 61’
using defs(1,2) dist-eq-dist-code-le by (simp add: B)
thus ?thesis
using 3.prems(5,6) x A B defs by (auto simp: Let-def split: prod.splits)
qed
qed auto

fun find-closest-pair-code :: (int = point x point) = point list = (int x point x
point) where
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find-closest-pair-code (9, co, ¢1) [] = (9, co, ¢1)
| find-closest-pair-code (3, co, c1) [p] = (9, co, 1)
| find-closest-pair-code (9, co, c1) (po # ps) = (
let (67, p1) = find-closest-code py & ps in
if & <6/ then
find-closest-pair-code (3, cg, ¢1) ps
else
find-closest-pair-code (6, po, p1) ps
)

lemma find-closest-pair-code-dist-eq:
assumes § = dist-code ¢g ¢1 (A, Co, C1) = find-closest-pair-code (8, co, ¢1) ps
shows A = dist-code Cy C4
using assms
proof (induction (8, co, c1) ps arbitrary: 6 co c1 A Cy Cy rule: find-closest-pair-code.induct)
case (3 9 ¢y c1 po p2 Ps)
obtain 0’ p; where ¢'-def: (8, p1) = find-closest-code py § (p2 # ps)
by (metis surj-pair)
hence A: §' = dist-code py p1
using find-closest-code-dist-eq by blast
show ?Zcase
proof (cases § < ¢§)
case True
obtain A’ Cy’ Cy’ where A’-def: (A, Cy’, C1') = find-closest-pair-code (4,
co, c1) (p2 # ps)
by (metis prod-casess)
note defs = §'-def A'-def
hence A’ = dist-code Cy’ C1’
using 3.hyps(1)[of (8', p1) 8’ p1] 3.prems(1) True &6'-def by blast
moreover have A = A’ Cy = Cy' C1 = Cy’
using defs True 3.prems(2) apply (auto split: prod.splits) by (metis Pair-inject)+
ultimately show ?thesis
by simp
next
case Fulse
obtain A’ Cy’ €1’ where A’-def: (A, Cy’, C1') = find-closest-pair-code (8,
po, p1) (p2 # ps)
by (metis prod-casess)
note defs = ¢’-def A’-def
hence A’ = dist-code Cy' C1’
using 3.hyps(2)[of (6', p1) 8’ p1] A False §'-def by blast
moreover have A = A’ Cyg = Cy' C1 = C4’
using defs False 3.prems(2) apply (auto split: prod.splits) by (metis Pair-inject)+
ultimately show ¢thesis
by simp
qed
qed auto

declare find-closest-pair.simps [simp add)
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lemma find-closest-pair-code-eq:
assumes § = dist ¢y ¢1 6’ = dist-code cy ¢ sorted-snd ps
assumes (Cy, C1) = find-closest-pair (cg, c1) ps
assumes (A’ Cy/, C1") = find-closest-pair-code (6, cg, c1) ps
shows CO = 00//\ 01 = 01/
using assms
proof (induction (co, c1) ps arbitrary: 6 &' ¢y ¢c1 Co C1 A’ Co’ C1' rule: find-closest-pair.induct)
case (8 ¢y ¢1 po p2 ps)
obtain p; d,’ p1’ where §,-def: p1 = find-closest py § (p2 # ps)
(0,', p1) = find-closest-code py ' (p2 # ps)
by (metis surj-pair)
hence A: §,’ = dist-code py p1’
using find-closest-code-dist-eq by blast
have B: p; = py’
using 3.prems(1,2,3) 0,-def find-closest-code-eq by blast
show ?case
proof (cases 6 < dist pg p1)
case True
hence C: §' < §,’
by (simp add: 3.prems(1,2) A B dist-eq-dist-code-le)
obtain OOi 011‘ Ai/ COi/ 012‘/ where Ai—def:
(Coi, C1i) = find-closest-pair (co, c1) (p2 # ps)
(A7, Coi’, C1i) = find-closest-pair-code (§', co, c1) (p2 # ps)
by (metis prod-cases3)
note defs = d,-def A;-def
have sorted-snd (p2 # ps)
using 3.prems(3) sorted-snd-def by simp
hence COi = COi/ AN Cli = Cli/
using 3.hyps(1) 3.prems(1,2) True defs by blast
moreover have Cy = Cy; C1 = Cq;
using defs(1,3) True 3.prems(1,4) apply (auto split: prod.splits) by (metis
Pair-inject)+
moreover have A’ = A;’ Cy' = Cy;’ C1' = C1;’
using defs(2,4) C 3.prems(5) apply (auto split: prod.splits) by (metis
Pair-inject)+
ultimately show Zthesis
by simp
next
case Fulse
hence C: - §’' < §,’
by (simp add: 3.prems(1,2) A B dist-eq-dist-code-le)
obtain 001‘ CM Ai/ COi/ 011‘/ where Ai—def:
(Cois Cui) = find-closest-pair (po, p1) (s # ps)
(A;', Coi’, C1;') = find-closest-pair-code (0", po, p1’) (p2 # ps)
by (metis prod-cases3)
note defs = d,-def A;-def
have sorted-snd (pa # ps)
using 3.prems(3) sorted-snd-def by simp
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hence COi = Coi/ N Cli = Cli/
using 3.prems(1) 3.hyps(2) A B False defs by blast
moreover have Cy = Cy; C1 = Cq;
using defs(1,8) False 3.prems(1,4) apply (auto split: prod.splits) by (metis
Pair-inject)+
moreover have A’ = A;’ Cy' = Co;’ C1' = Cq;’
using defs(2,4) C 3.prems(5) apply (auto split: prod.splits) by (metis
Pair-inject)+
ultimately show #thesis
by simp
qed
qed auto

fun combine-code :: (int * point x point) = (int * point * point) = int = point
list = (int % point = point) where
combine-code (61, por, p1r) (OR, Por, P1R) | ps = (
let (8, co, c1) = if 6 < dgr then (0r, por, p11) else (Or, Por, P1R) N
let ps’ = filter (\p. (fst p — 1) < §) ps in
find-closest-pair-code (3, cg, ¢1) ps’

)

lemma combine-code-dist-eq:
assumes 07, = dist-code por, p11, Or = dist-code por P1R
assumes (9, cg, ¢1) = combine-code (01, por, P1.) (Or, Por, P1r) I Ps
shows § = dist-code co ¢
using assms by (auto simp: find-closest-pair-code-dist-eq split: if-splits)

lemma combine-code-eq:
assumes ;' = dist-code por, p11, Or’ = dist-code por p1r sorted-snd ps
assumes (¢, ¢1) = combine (por, p1r) (Por, P1R) I DS
assumes (8’, ¢o’, c1’) = combine-code (01", por, 1) (Or’, Por, P1R) | DS
shows ¢y = cg’ A ¢c1 = ¢
proof —
obtain COi CM Ai/ C()i/ CM/ where Ai—def:
(Coi, Cr4) = (if dist por, p11 < dist por p1r then (por, pir) else (por, P1R))
(A;', Coi’, Cvi’) = (if 6" < 0g’ then (01", por, p1L) else (Or', Por, P1R))
by metis
define ps’ ps’’ where ps’-def:
ps’ = filter (\p. dist p (I, snd p) < dist Co; C1;) ps
ps'' = filter (\p. (fst p — )2 < A;') ps
obtain Cy C1 A’ Cy’ C1’ where A-def:
(Co, C1) = find-closest-pair (Co;, C1;) ps’
(A, Co’, C1') = find-closest-pair-code (A;', Co;’, C14) ps”
by (metis prod-cases3)
note defs = A;-def ps’-def A-def
have x: C()i = C()il Cli = Cli/ Ail = dist-code C()i, Cli/
using A;-def assms(1,2,3,4) dist-eq-dist-code-lt by (auto split: if-splits)
hence Ap. |fst p — 1| < dist Co; C1i +— (fstp — )% < A;’
using dist-eq-dist-code-abs-It by (metis (mono-tags) of-int-abs)
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hence ps’ = ps”’
using ps’-def dist-fst-abs by auto
moreover have sorted-snd ps’
using assms(3) ps’-def sorted-snd-def sorted-wrt-filter by blast
ultimately have Cy = Cy' C; = Cy’
using x find-closest-pair-code-eq A-def by blast+
moreover have Cyg = ¢g C1 = 1
using assms(4) defs(1,3,5) apply (auto simp: combine.simps split: prod.splits)
by (metis Pair-inject)+
moreover have Cy' = ¢y’ C1' = ¢’
using assms(5) defs(2,4,6) apply (auto split: prod.splits) by (metis prod.inject)+
ultimately show ?thesis
by blast
qed

2.3.2 Divide and Conquer Algorithm

function closest-pair-rec-code :: point list = (point list x int x point x point)
where
closest-pair-rec-code 1s = (
let n = length xs in
if n < 3 then
(mergesort snd xs, closest-pair-bf-code xs)
else
let (wsp, xsg) = split-at (n div 2) xs in
let | = fst (hd zsgr) in

let (ysp, pr) = closest-pair-rec-code xsy, in
let (ysgr, pr) = closest-pair-rec-code zsg in

let ys = merge snd ysy, ysg in
(ys, combine-code pr, pr 1 ys)
)
by pat-completeness auto
termination closest-pair-rec-code
by (relation Wellfounded.measure (Azs. length xs))
(auto simp: split-at-take-drop-conv Let-def)

lemma closest-pair-rec-code-simps:

assumes n = length s = (n < 3)

shows closest-pair-rec-code s = (
let (zsp, xsg) = split-at (n div 2) s in
let | = fst (hd zsg) in
let (ysr, pr) = closest-pair-rec-code xsy, in
let (ysgr, pr) = closest-pair-rec-code zsg in
let ys = merge snd ysp, ysg in
(ys, combine-code pr, pr 1 ys)

)

using assms by (auto simp: Let-def)
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declare combine.simps combine-code.simps closest-pair-rec-code.simps [simp del]

lemma closest-pair-rec-code-dist-eq:
assumes I < length zs (ys, d, co, ¢1) = closest-pair-rec-code xs
shows § = dist-code co 1
using assms
proof (induction xs arbitrary: ys 6 co c1 rule: length-induct)
case (1 zs)
let ?n = length zs
show ?Zcase
proof (cases ?n < 3)
case True
hence (4, cg, ¢1) = closest-pair-bf-code xs
using 1.prems(2) closest-pair-rec-code.simps by simp
thus ?thesis
using 1.prems(1) closest-pair-bf-code-dist-eq by simp
next
case Fulse

obtain XS; XSi where XS r-def: (XS, XSgr) = split-at (?n div 2) xs
using prod.collapse by blast
define L where L = fst (hd XSR)

obtain YSL AL COL CIL where YSCOlL—def: (YSL, AL, COL7 ClL) =
closest-pair-rec-code XS,

using prod.collapse by metis

obtain YSR AR COR ClR where YSCOlR—dEf: (YSR, AR, COR, ClR) =
closest-pair-rec-code XSg

using prod.collapse by metis

define YS where YS = merge (Ap. snd p) YS, YSgr
obtain A Cy C; where Cyi-def: (A, Co, C1) = combine-code (A, Cor,
ClL) (AR, Cor, ClR) LYS
using prod.collapse by metis
note defs = XSy g-def L-def YSCy1-def YSCo1gr-def YS-def Cy1-def

have 1 < length XS length XS < length s

using False 1.prems(1) defs by (auto simp: split-at-take-drop-conv)
hence IHL: Aj, = dist-code Cor, C1r

using 1.IH defs by metis+

have 1 < length XS length XSgr < length xs

using False 1.prems(1) defs by (auto simp: split-at-take-drop-conv)
hence IHR: Ar = dist-code Cor C1r

using 1.IH defs by metis+

have x: (YS, A, Co, C1) = closest-pair-rec-code s
using Fualse closest-pair-rec-code-simps defs by (auto simp: Let-def split:
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prod.split)
moreover have A = dist-code Cy C1
using combine-code-dist-eq IHL THR Cgy1-def by blast
ultimately show ?thesis
using 1.prems(2) * by (metis Pair-inject)
qed
qed

lemma closest-pair-rec-ys-eq:
assumes 1 < length zs
assumes (ys, co, ¢1) = closest-pair-rec xs
assumes (ys', ¢, co’, ¢1’) = closest-pair-rec-code s
shows ys = ys’
using assms
proof (induction s arbitrary: ys co c1 ys' 8’ co’ ¢1’ rule: length-induct)
case (1 zs)
let %n = length zs
show ?Zcase
proof (cases ?n < 3)
case True
hence ys = mergesort snd xs
using 1.prems(2) closest-pair-rec.simps by simp
moreover have ys’ = mergesort snd zs
using 1.prems(38) closest-pair-rec-code.simps by (simp add: True)
ultimately show #thesis
using 1.prems(1) by simp
next
case Fulse

obtain XS; XSr where XS r-def: (XS, XSgr) = split-at (?n div 2) xs
using prod.collapse by blast
define L where L = fst (hd XSRg)

obtain YSL COL ClL YSL/AL/ COL, ClL’where YSCOlL—def:
(YSy, Cor, C11) = closest-pair-rec XSy,
(YSL/, AL, Cor’, C11’) = closest-pair-rec-code XS,
using prod.collapse by metis

obtain YSR COR ClR YSR/AR/ COR/ ClR’where YSCOlR-defZ
(YSgr, Cor, C1r) = closest-pair-rec XSg
(YSRr', Ar’, Cor’, C1r') = closest-pair-rec-code XS
using prod.collapse by metis

define YS YS’ where YS-def:
YS = merge (Ap. snd p) YSL YSg
YS’ = merge (Ap. snd p) YS;' YSg’
obtain Cy C1 A’ Cy’ C1’ where Cq1-def:
(Co, Cl) = combine (CQL, CIL) (CQR, CIR) LYS
(A/, Co/, 01/) = combine-code (AL/, COL/, ClL/) (AR/, CORly ClR/) LYS'
using prod.collapse by metis
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note defs = XSy p-def L-def YSCor1-def YSCorp-def YS-def Cor-def

have 1 < length XS length XS < length xs

using Fualse 1.prems(1) defs by (auto simp: split-at-take-drop-conv)
hence IHL: YS; = YS.’

using 1.IH defs by metis

have 1 < length XSg length XSg < length zs

using Fualse 1.prems(1) defs by (auto simp: split-at-take-drop-conv)
hence IHR: YSr = YSg'’

using 1.IH defs by metis

have (YS, Cy, C1) = closest-pair-rec xs
using False closest-pair-rec-simps defs(1,2,3,5,7,9)
by (auto simp: Let-def split: prod.split)

moreover have (YS', A’, Cy/, C1’) = closest-pair-rec-code s
using False closest-pair-rec-code-simps defs(1,2,4,6,8,10)
by (auto simp: Let-def split: prod.split)

moreover have YS = VS’
using IHL IHR YS-def by simp

ultimately show ?Zthesis
by (metis 1.prems(2,3) Pair-inject)

qed
qed

lemma closest-pair-rec-code-eq:
assumes 1 < length xs
assumes (ys, co, ¢1) = closest-pair-rec xs
assumes (ys’, ', co’, ¢1’) = closest-pair-rec-code s
shows cg = co/ A c1 = ¢1’
using assms
proof (induction xs arbitrary: ys co ¢1 ys' &' co’ c1’ rule: length-induct)
case (1 zs)
let ?n = length zs
show ?Zcase
proof (cases ?n
case True
hence (co, ¢1) = closest-pair-bf xs
using 1.prems(2) closest-pair-rec.simps by simp
moreover have (87, ¢/, ¢1’) = closest-pair-bf-code xs
using 1.prems(3) closest-pair-rec-code.simps by (simp add: True)
ultimately show ?thesis
using 1.prems(1) closest-pair-bf-code-eq by simp
next
case Fulse

IA

3)

obtain XS; XSi where XS g-def: (XS, XSgr) = split-at (?n div 2) xs
using prod.collapse by blast
define L where L = fst (hd XSRg)
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obtain YSL COL ClL YSL/AL/ COL, ClL’where YSCOlL—def:
(YSy, Cor, C11) = closest-pair-rec XSy,
(YSL/, AL, Cor’, C11’) = closest-pair-rec-code XS,
using prod.collapse by metis

obtain YSR COR ClR YSR/AR/ COR/ ClR’where YSCOlR-defZ
(YSg, Cor, C1r) = closest-pair-rec XSg
(YSRr', Ar’, Cor’, C1r') = closest-pair-rec-code XS
using prod.collapse by metis

define YS YS’ where YS-def:
YS = merge (Ap. snd p) YS, YSgr
YS’ = merge (Ap. snd p) YS.' YSg’
obtain Cy C1 A’ Cy’ C1’ where Cq1-def:
(Co, Cl) = combine (CQL, CIL) (CQR, CIR) LYS
(A/, Col, 01/) = combine-code (AL/, COL/, ClL/) (AR/, COR/, ClR/) LYS'
using prod.collapse by metis
note defs = XSpg-def L-def YSCo1p-def YSCo1g-def YS-def Cy1-def

have 1 < length XS, length XS < length s

using Fulse 1.prems(1) defs by (auto simp: split-at-take-drop-conv)
hence IHL: COL = COL, ClL = ClL/

using 1.IH defs by metis+

have 1 < length XS length XSk < length zs

using Fualse 1.prems(1) defs by (auto simp: split-at-take-drop-conv)
hence IHR: COR = COR/ ClR = ClRl

using 1.IH defs by metis+

have sorted-snd YSy, sorted-snd YSg
using closest-pair-rec-set-length-sorted-snd YSCo1r-def(1) YSCo1r-def(1)
by blast+
hence sorted-snd YS
using sorted-merge sorted-snd-def YS-def by blast
moreover have YS = VS’
using defs <1 < length XSp» <1 < length XSg» closest-pair-rec-ys-eq by blast
moreover have A’ = dist-code Cor,’ Ci11,’ Ar’ = dist-code Cor' C1r’
using defs <1 < length XSp» <1 < length XSgr» closest-pair-rec-code-dist-eq
by blast+
ultimately have Co = Cy’ C; = Cy’
using combine-code-eq IHL IHR Cy1-def by blast+
moreover have (YS, Cy, C1) = closest-pair-rec xs
using False closest-pair-rec-simps defs(1,2,3,5,7,9)
by (auto simp: Let-def split: prod.split)
moreover have (YS’, A’, Cy’, C’) = closest-pair-rec-code xs
using Fulse closest-pair-rec-code-simps defs(1,2,4,6,8,10)
by (auto simp: Let-def split: prod.split)
ultimately show %thesis
using 1.prems(2,3) by (metis Pair-inject)
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qed
qed

declare closest-pair.simps [simp add)]

fun closest-pair-code :: point list = (point x point) where

closest-pair-code [| = undefined
| closest-pair-code [-] = undefined
| closest-pair-code ps = (let (-, -, co, ¢1) = closest-pair-rec-code (mergesort fst ps)
in (co, c1))

lemma closest-pair-code-eq:
closest-pair ps = closest-pair-code ps
proof (induction ps rule: induct-list012)
case (3 y 2s)
obtain ys ¢g ¢1 ys' ¢’ ¢o’ ¢1’ where x:
(ys, co, c1) = closest-pair-rec (mergesort fst (x # y # 2s))
(ys’, 87, co’, e1’) = closest-pair-rec-code (mergesort fst (x # y # 2s))
by (metis prod-cases3)
moreover have 1 < length (mergesort fst (v # y # zs))
using length-mergesort|of fst © # y # zs] by simp
ultimately have cy = ¢g' ¢ = ¢1’
using closest-pair-rec-code-eq by blast+
thus ?case
using * by (auto split: prod.splits)
qed auto

export-code closest-pair-code in OCaml
module-name Verified

end

3 Closest Pair Algorithm 2

theory Closest-Pair-Alternative
imports Common
begin

Formalization of a divide-and-conquer algorithm solving the Closest Pair
Problem based on the presentation of Cormen et al. [1].

3.1 Functional Correctness Proof

3.1.1 Core Argument

lemma core-argument:

assumes distinct (po # ps) sorted-snd (po # ps) 0 < & set (po # ps) = psg, U
DPSr

assumes Vp € set (po # ps). | — 6 < fstp AN fstp <1+
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assumes Vp € psp. fst p < I Vp € psp. | < fstp
assumes sparse 0 psy, sparse 0 PSr
assumes p; € set ps dist pg p1 <
shows py € set (take 7 ps)
proof —
define PS where PS = py # ps
define R where R = cboz (I — 9, snd po) (I + 9, snd po + 9)
define RPS where RPS ={ pc set PS.p € R}
define LSQ where LSQ = cbox (I — 4, snd po) (I, snd po + 0)
define LSQPS where LSQPS = { p € ps;. p € LSQ }
define RSQ where RSQ = cbozx (I, snd po) (I + &, snd po + 0)
define RSQPS where RSQPS = { p € psg. p € RSQ }
note defs = PS-def R-def RPS-def LSQ-def LSQPS-def RSQ-def RSQPS-def

have R = LSQ U RSQ
using defs cboz-right-un by auto
moreover have Vp € ps;,. p € RSQ — p € LSQ
using RSQ-def LSQ-def assms(6) by auto
moreover have Vp € psp. p € LSQ — p € RSQ
using RSQ-def LSQ-def assms(7) by auto
ultimately have RPS = LSQPS U RSQPS
using LSQPS-def RSQPS-def PS-def RPS-def assms(4) by blast

have sparse § LSQPS
using assms(8) LSQPS-def sparse-def by simp
hence CLSQPS: card LSQPS < /
using max-points-square[of LSQPS | — ¢ snd py 8] assms(3) LSQ-def LSQPS-def
by auto

have sparse § RSQPS
using assms(9) RSQPS-def sparse-def by simp
hence CRSQPS: card RSQPS < j
using maz-points-square[of RSQPS | snd py 6] assms(3) RSQ-def RSQPS-def
by auto

have CRPS: card RPS < 8
using CLSQPS CRSQPS card-Un-le[of LSQPS RSQPS] <RPS = LSQPS U
RSQPS» by auto

have RPS C set (take 8 PS)
proof (rule ccontr)
assume — (RPS C set (take 8 PS))
then obtain p where x: p € set PS p € RPS p ¢ set (take 8 PS) p € R
using RPS-def by auto

have Vpy € set (take 8 PS). Vp1 € set (drop 8 PS). snd pg < snd p;
using sorted-wrt-take-droplof Apo p1. snd pg < snd p; PS 8] assms(2)
sorted-snd-def PS-def by fastforce
hence Vp’ € set (take 8 PS). snd p' < snd p
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using append-take-drop-id set-append Un-iff x(1,3) by metis
moreover have snd p < snd pg + §
using «p € Ry R-def mem-cboz-2D by (metis (mono-tags, lifting) prod.case-eq-if)
ultimately have Vp € set (take 8 PS). snd p < snd pg + ¢
by fastforce
moreover have Vp € set (take 8 PS). snd py < snd p
using sorted-wrt-hd-less-take[of Apg p1. snd po < snd p1 po ps 8] assms(2)
sorted-snd-def PS-def by fastforce
moreover have Vp € set (take 8 PS). | — 0 < fstp A fstp <1+ 6
using assms(5) PS-def by (meson in-set-takeD)
ultimately have Vp € set (take 8 PS). p € R
using R-def mem-cboz-2D by fastforce

hence set (take 8§ PS) C RPS
using RPS-def set-take-subset by fastforce
hence NINE: { p } U set (take 8 PS) C RPS
using * by simp

have 8 < length PS

using *(1,3) nat-le-linear by fastforce
hence length (take 8 PS) = 8

by simp

have finite { p } finite (set (take 8 PS))
by simp-all
hence card ({ p } U set (take 8 PS)) = card ({ p }) + card (set (take 8 PS))
using *(3) card-Un-disjoint by blast
hence card ({ p } U set (take 8 PS)) = 9
using assms(1) «length (take 8 PS) =
tinct-take[of PS] PS-def by fastforce
moreover have finite RPS
using RPS-def by simp
ultimately have 9 < card RPS
using NINE card-mono by metis
thus Fulse
using CRPS by simp
qged

8 distinct-card|of take 8 PS] dis-

have dist (snd po) (snd p1) < 6
using assms(11) dist-snd-le le-less-trans by (metis (no-types, lifting) prod.case-eq-if
snd-conv)
hence snd p1 < snd pg + §
by (simp add: dist-real-def)
moreover have | — § < fstpy fstp1 <1+
using assms(5,10) by auto
moreover have snd pg < snd py
using sorted-snd-def assms(2,10) by auto
ultimately have p; € R
using mem-cboz-2D[of | — § fst p1 | + & snd po snd p1 snd pg + §] defs
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by (simp add: <l — § < fst p1» <snd pg < snd p1» prod.case-eq-if )
moreover have p; € set PS
using PS-def assms(10) by simp
ultimately have p, € set (take 8 PS)
using RPS-def <RPS C set (take 8 PS)» by auto
thus ?thesis
using assms(1,10) PS-def by auto
qed

3.1.2 Combine step

lemma find-closest-bf-dist-take-7:
assumes Jp; € set ps. dist pg p1 < O
assumes distinct (po # ps) sorted-snd (po # ps) 0 < length ps 0 < § set (pg #
ps) = psp U psg
assumes Vp € set (po # ps). | — < fstp A fstp <1+ 0
assumes Vp € psp. fst p < IVp € psp. | < fst p
assumes sparse 0 psy, sparse 0 PSr
shows V p; € set ps. dist py (find-closest-bf py (take 7 ps)) < dist po p1
proof —
have dist po (find-closest-bf py ps) < ¢
using assms(1) dual-order.strict-trans?2 find-closest-bf-dist by blast
moreover have find-closest-bf pg ps € set ps
using assms(4) find-closest-bf-set by blast
ultimately have find-closest-bf py ps € set (take 7 ps)
using core-argument|of po ps § psy psr | find-closest-bf py ps| assms by blast
moreover have V p; € set (take 7 ps). dist po (find-closest-bf po (take 7 ps)) <
dist po p1
using find-closest-bf-dist by blast
ultimately have Vp; € set ps. dist pg (find-closest-bf py (take 7 ps)) < dist po
b1
using find-closest-bf-dist order.trans by blast
thus ?thesis .
qed

fun find-closest-pair-tm :: (point x point) = point list = (point X point) tm where
find-closest-pair-tm (co, c¢1) [] =1 return (co, ¢1)
| find-closest-pair-tm (co, ¢1) [-] =1 return (cq, c1)
| find-closest-pair-tm (co, c1) (po # ps) =1 (
do {
ps’ <— take-tm 7 ps;
p1 <— find-closest-bf-tm pg ps’;
if dist cg c1 < dist pg p1 then
find-closest-pair-tm (co, ¢1) ps
else
find-closest-pair-tm (pg, p1) ps
}

)
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fun find-closest-pair :: (point * point) = point list = (point x point) where
find-closest-pair (co, ¢1) [] = (co, 1)
| find-closest-pair (cq, c1) [-] = (co, ¢1)
| find-closest-pair (cq, c1) (po # ps) = (
let p1 = find-closest-bf py (take 7 ps) in
if dist co c1 < dist pg p1 then
find-closest-pair (co, c1) ps
else
find-closest-pair (po, p1) ps
)

lemma find-closest-pair-eq-val-find-closest-pair-tm:
val (find-closest-pair-tm (co, c¢1) ps) = find-closest-pair (co, ¢1) ps
by (induction (co, ¢1) ps arbitrary: co c1 rule: find-closest-pair.induct)
(auto simp: Let-def find-closest-bf-eq-val-find-closest-bf-tm take-eq-val-take-tm)

lemma find-closest-pair-set:
assumes (Cy, C1) = find-closest-pair (co, c1) ps
shows (Cy € set ps A C1 € set ps) V (Co = co AN C1 = 1)
using assms
proof (induction (cg, c1) ps arbitrary: co c1 Co C1 rule: find-closest-pair.induct)
case (3 ¢o ¢1 po p2 PS)
define p; where p,-def: p1 = find-closest-bf py (take 7 (p2 # ps))
hence A: p; € set (p2 # ps)
using find-closest-bf-set|of take 7 (p2 # ps)] in-set-takeD by fastforce
show ?Zcase
proof (cases dist ¢y ¢1 < dist pg p1)
case True
obtain Cy’ C;’ where C’-def: (Cy’, C1') = find-closest-pair (cq, c1) (p2 #
ps)
using prod.collapse by blast
note defs = pi-def C'-def
hence (Cy’ € set (p2 # ps) A C1’ € set (pa # ps)) V (Co' = cog A C1’ = ¢1)
using 3.hyps(1) True p1-def by blast
moreover have Cy = Cy' C1 = C¢'
using defs True 3.prems apply (auto split: prod.splits) by (metis Pair-inject)+
ultimately show Zthesis
by auto
next
case Fulse
obtain Cy’ C1' where C'-def: (Cy', C1’) = find-closest-pair (po, p1) (p2 #
ps)
using prod.collapse by blast
note defs = pi-def C'-def
hence (Cy’ € set (p2 # ps) A C1' € set (p2 # ps)) V (Co’ =po A C1' = p1)
using 3.hyps(2) p1-def False by blast
moreover have Cog = Cy' C1 = Cy’
using defs False 3.prems apply (auto split: prod.splits) by (metis Pair-inject)+
ultimately show Zthesis
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using A by auto
qed
qed auto

lemma find-closest-pair-c0-ne-c1:
co # ¢ = distinct ps = (Cy, C1) = find-closest-pair (co, ¢1) ps = Co #
C1
proof (induction (co, c1) ps arbitrary: co c1 Co Cq rule: find-closest-pair.induct)
case (8 ¢y ¢1 po p2 ps)
define p; where pi-def: p1 = find-closest-bf py (take 7 (p2 # ps))
hence p; € set (p2 # ps)
using find-closest-bf-set|of take 7 (pa # ps)| in-set-takeD by fastforce
hence A: py # p1
using 3.prems(1,2) by auto
show ?case
proof (cases dist ¢y ¢1 < dist pg p1)
case True
obtain Cy’ Cy’ where C'-def: (Cy’, C1') = find-closest-pair (co, c1) (p2 #
ps)
using prod.collapse by blast
note defs = pi-def C'-def
hence Cy’' # Cy’
using 3.hyps(1) 3.prems(1,2) True p,-def by simp
moreover have Cq = Cy’' C; = Oy’
using defs True 3.prems(3) apply (auto split: prod.splits) by (metis Pair-inject)+
ultimately show ¢thesis
by simp
next
case Fulse
obtain Cy’ C1’ where C'-def: (Cy’, C1') = find-closest-pair (po, p1) (p2 #
ps)
using prod.collapse by blast
note defs = py-def C’-def
hence Cy’' # C,’
using 3.hyps(2) 3.prems(2) A False p1-def by simp
moreover have Cqg = Cy' C1 = Cy’
using defs False 3.prems(3) apply (auto split: prod.splits) by (metis Pair-inject)+
ultimately show %thesis
by simp
qed
qed auto

lemma find-closest-pair-dist-mono:
assumes (Cyp, C1) = find-closest-pair (co, c1) ps
shows dist Co C1 < dist ¢y ¢
using assms
proof (induction (cg, c¢1) ps arbitrary: co ¢1 Co C1 rule: find-closest-pair.induct)
case (3 ¢o ¢1 po p2 PS)
define p; where pi-def: p1 = find-closest-bf py (take 7 (p2 # ps))
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show ?case
proof (cases dist ¢y ¢1 < dist pg p1)
case True
obtain Cy’ €y’ where C'-def: (Cy’, C1') = find-closest-pair (cq, c1) (p2 #
ps)
using prod.collapse by blast
note defs = pi-def C'-def
hence dist Cy’' C1' < dist ¢ c1
using 3.hyps(1) True pi-def by simp
moreover have Cog = Cy' C1 = C4’
using defs True 3.prems apply (auto split: prod.splits) by (metis Pair-inject)+
ultimately show ¢thesis
by simp
next
case Fulse
obtain Cy’ C;’ where C'-def: (Cy’, C1') = find-closest-pair (po, p1) (p2 #
ps)
using prod.collapse by blast
note defs = py-def C’-def
hence dist Cy’' C1’ < dist py p1
using 3.hyps(2) False pi-def by blast
moreover have Cqg = Cy’ C1 = C¢’
using defs False 3.prems(1) apply (auto split: prod.splits) by (metis Pair-inject)+
ultimately show ¢thesis
using Fualse by simp
qged
qged auto

lemma find-closest-pair-dist:
assumes sorted-snd ps distinct ps set ps = psp, U psg 0 < 9§
assumes Vp € setps. | — < fstp AN fstp <1+ 9
assumes Vp € psp. fst p < I Vp € psp. | < fstp
assumes sparse § psy, sparse 0 psg dist cg ¢; < 9
assumes (Cy, C1) = find-closest-pair (co, c1) ps
shows sparse (dist Cy Cy) (set ps)
using assms
proof (induction (cq, c1) ps arbitrary: co ¢1 Co C1 psg, psg rule: find-closest-pair.induct)
case (1 ¢y ¢1)
thus ?case unfolding sparse-def
by simp
next
case (2 ¢y ¢1 uuw)
thus ?case unfolding sparse-def
by (metis length-greater-0-conv length-pos-if-in-set set-ConsD)
next
case (3 ¢o ¢1 po p2 PS)
define p; where pi-def: p1 = find-closest-bf poy (take 7 (p2 # ps))
define PS; where PSy-def: PS;, = psp, — { po }
define PSi where PSg-def: PSgr = psp — { po }
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have assms: sorted-snd (p2 # ps) distinct (p2 # ps) set (p2 # ps) = PSp U
PSg
Vp € set (pa#ps).l—0<(fstp)A(fstp) <Il+94
Vpe PSp. fstp < IVpe PSr. L < fstp
sparse 0 PSy, sparse 0 PSR
using 3.prems(1—29) sparse-def sorted-snd-def PSy-def PSgr-def by auto

show ?case
proof cases
assume C1: Ip € set (pa # ps). dist po p < 9
hence A: Vp € set (pa # ps). dist po p1 < dist po p
using p;-def find-closest-bf-dist-take-7 3.prems by blast
hence B: dist pg p1 < 9
using C1 by auto
show ?thesis
proof cases
assume (C2: dist ¢cg ¢1 < dist pg p1
obtain Cy’ C1’ where def: (Cy’, C1’) = find-closest-pair (co, c1) (p2 # ps)
using prod.collapse by blast
hence sparse (dist Co' C1') (set (p2 # ps))
using 3.hyps(1)[of p1 PSr, PSgr] C2 py-def 8.prems(4,10) assms by blast
moreover have dist Cy’ C1’ < dist ¢ ¢1
using def find-closest-pair-dist-mono by blast
ultimately have sparse (dist Co' C1’) (set (po # p2 # ps))
using A C2 sparse-identity|of dist Co’ C1’ pa # ps po] by fastforce
moreover have Cy' = Cy C1' = C;
using def 3.prems(11) C2 pi-def apply (auto) by (metis prod.inject)+
ultimately show ?thesis
by simp
next
assume C2: - dist cg ¢1 < dist pg p1
obtain Cy’ Cy’ where def: (Cy’, C1') = find-closest-pair (po, p1) (p2 # ps)
using prod.collapse by blast
hence sparse (dist Co' C1’) (set (p2 # ps))
using 3.hyps(2)[of p1 PSr PSg| C2 p1-def 3.prems(4) assms B by auto
moreover have dist Co’ C1' < dist pg p1
using def find-closest-pair-dist-mono by blast
ultimately have sparse (dist Co’ C1') (set (po # p2 # ps))
using A sparse-identity order-trans by blast
moreover have Cy' = Cy C1' = Oy
using def 3.prems(11) C2 py-def apply (auto) by (metis prod.inject)+
ultimately show ?Zthesis
by simp
qed
next
assume C1: = (Ip € set (pa # ps). dist po p < 9)
show ?thesis
proof cases
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assume C2: dist cq ¢1 < dist pg p1
obtain Cy’ C1’ where def: (Cy’, C1') = find-closest-pair (co, c1) (p2 # ps)
using prod.collapse by blast
hence sparse (dist Co' C1') (set (p2 # ps))
using 3.hyps(1)[of pr PSL PSg| C2 pi-def 3.prems(4,10) assms by blast
moreover have dist Cy’ C1’ < dist cg ¢1
using def find-closest-pair-dist-mono by blast
ultimately have sparse (dist Co' C1’) (set (po # p2 # ps))
using 3.prems(10) C1 sparse-identity|of dist Co’ C1’ pa # ps po] by force
moreover have Cy' = Cy C1' = Oy
using def 3.prems(11) C2 pi-def apply (auto) by (metis prod.inject)+
ultimately show ?thesis
by simp
next
assume C2: — dist ¢ ¢1 < dist pg p1
obtain Cy’ Cy’ where def: (Cy’, C1') = find-closest-pair (po, p1) (p2 # ps)
using prod.collapse by blast
hence sparse (dist Co' C1') (set (p2 # ps))
using 3.hyps(2)[of p1 PSr PSg] C2 p1-def 3.prems(4,10) assms by auto
moreover have dist Cy’ C1’ < dist py p1
using def find-closest-pair-dist-mono by blast
ultimately have sparse (dist Co' C1') (set (po # p2 # ps))
using 3.prems(10) C1 C2 sparse-identity|of dist Co’ C1' pa # ps po] by
force
moreover have Cy' = Cy C1' = Oy
using def 3.prems(11) C2 py-def apply (auto) by (metis prod.inject)+
ultimately show ?Zthesis
by simp
qed
qed
qed

declare find-closest-pair.simps [simp del]

fun combine-tm :: (point x point) = (point x point) = int = point list = (point
X point) tm where
combine-tm (por, pir) (por, p1r) I ps =1 (

let (co, 1) = if dist por, p11 < dist por p1r then (por, p11) else (por, P1r) in
do {

ps’ <— filter-tm (Ap. dist p (I, snd p) < dist cg ¢1) ps;
find-closest-pair-tm (co, c¢1) ps’
¥
)

fun combine :: (point * point) = (point * point) = int = point list = (point x
point) where
combine (por, pir) (Por, P1R) I ps = (

let (co, c1) = if dist por, p1r < dist por p1r then (por, piL) else (por, P1r) in
let ps’ = filter (Ap. dist p (I, snd p) < dist ¢y ¢1) ps in
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/

find-closest-pair (co, ¢1) ps

)

lemma combine-eq-val-combine-tm:

val (combine-tm (por, p1r) (Por, P1r) I ps) = combine (por, pir) (Por, P1r) |
ps
by (auto simp: filter-eq-val-filter-tm find-closest-pair-eg-val-find-closest-pair-tm)

lemma combine-set:
assumes (¢, ¢1) = combine (por, p1r) (Por, P1r) I DS
shows (¢ € set ps A ¢1 € set ps) V (co = por, A ¢1 = pir) V (co = por N ¢1
= piR)
proof —
obtain Cy’ C,’ where C’-def: (Co’', C1") = (if dist por, p1r < dist por P1R
then (por, p1z) else (por, P1R))
by metis
define ps’ where ps’-def: ps’ = filter (Ap. dist p (1, snd p) < dist Cy’ C1’) ps
obtain Cy C; where C-def: (Cy, C1) = find-closest-pair (Co’, C1’) ps’
using prod.collapse by blast
note defs = C’'-def ps’-def C-def
have (Cy € set ps’ A C1 € set ps’) v (Co = Co' A C1 = C1)
using C-def find-closest-pair-set by blast+
hence (Cy € set ps A C1 € set ps)V (Co = Co' A C1 = C1)
using ps’-def by auto
moreover have Cy = ¢ C1 = 1
using assms defs apply (auto split: if-splits prod.splits) by (metis Pair-inject)+
ultimately show %thesis
using C'-def by (auto split: if-splits)
qed

lemma combine-c0O-ne-c1:
assumes por, # P1L Por 7# P1r distinct ps
assumes (cg, ¢1) = combine (por, 1) (Por, pP1r) I DS
shows ¢y # ¢
proof —
obtain Cy’ C,’ where C’-def: (Co’', C1") = (if dist por, p1 < dist por P1R
then (por, p1z) else (por, P1R))
by metis
define ps’ where ps’-def: ps’ = filter (Ap. dist p (1, snd p) < dist Cy’ C1’) ps
obtain Cy C; where C-def: (Cy, C1) = find-closest-pair (Co’, C1’) ps’
using prod.collapse by blast
note defs = C’-def ps’-def C-def
have CO 75 01
using defs find-closest-pair-cO-ne-c1[of Co' C1’ ps’] assms by (auto split:
if-splits)
moreover have Co = ¢g C1 = ¢
using assms defs apply (auto split: if-splits prod.splits) by (metis Pair-inject)+
ultimately show ?thesis
by blast
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qed

lemma combine-dist:

assumes distinct ps sorted-snd ps set ps = psy, U psr

assumes Vp € psp. fst p < IVp € psp. | < fstp

assumes sparse (dist por, p11) psr sparse (dist por P1R) PSR

assumes (cg, ¢1) = combine (por, p11) (Por, P1r) I Ps

shows sparse (dist co c1) (set ps)
proof —

obtain Col Cl/ where C’-def: (CO/, C1 /) = (Zf dist por P1r < dist POR P1R
then (por, p11) else (por, P1R))

by metis
define ps’ where ps’-def: ps’ = filter (Ap. dist p (I, snd p) < dist Co’ C1’) ps
define PSy where PSp-def: PSp, = { p € psr. dist p (I, snd p) < dist Cy’ Cy’

define PSr where PSgi-def: PSp = { p € psg. dist p (I, snd p) < dist Co’ Cy’
}
obtain Cy C; where C-def: (Cy, C1) = find-closest-pair (Co’, C1’) ps’
using prod.collapse by blast
note defs = C’'-def ps’-def PSy-def PSr-def C-def
have FQ: Co = ¢9 C1 = ¢
using defs assms(8) apply (auto split: if-splits prod.splits) by (metis Pair-inject)+
have ps” ps’ = filter (Ap. I — dist Co' C1' < fst p A fst p < 1 + dist Cy' C17)
ps
using ps’-def dist-transform by simp
have psy: sparse (dist Co’ C1’) psp
using assms(6,8) C'-def sparse-def apply (auto split: if-splits) by force+
hence PSy: sparse (dist Co’ C1') PSy,
using PSy-def by (simp add: sparse-def)
have psg: sparse (dist Cy’ C1') psr
using assms(5,7) C'-def sparse-def apply (auto split: if-splits) by force+
hence PSg: sparse (dist Cy' C1’) PSgr
using PSgr-def by (simp add: sparse-def)
have sorted-snd ps’
using ps’-def assms(2) sorted-snd-def sorted-wrt-filter by blast
moreover have distinct ps’
using ps’-def assms(1) distinct-filter by blast
moreover have set ps’ = PS;, U PSg
using ps’-def PSy-def PSgr-def assms(3) filter-Un by auto
moreover have 0 < dist Co’ Cy'
by simp
moreover have Vp € set ps’. | — dist Co' C1' < fst p A fst p < 1 + dist Cy’
Ccy'
using ps’ by simp
ultimately have x: sparse (dist Cy C1) (set ps’)
using find-closest-pair-dist[of ps’ PSy PSg dist Cy' C1'1 Cy' C1'] C-def PSy,
PSg
by (simp add: PSp-def PSgr-def assms(4,5))
have V py € set ps. Vp1 € set ps. pg # p1 A dist pg p1 < dist Co’ C1/ — pg €
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set ps’ A\ p1 € set ps’
using set-band-filter ps’ psy, psr assms(3,4,5) by blast
moreover have dist Cy C1 < dist Cy’ Cy'
using C-def find-closest-pair-dist-mono by blast
ultimately have Vpy € set ps. Vp1 € set ps. pg # p1 N dist pg p1 < dist Cy
C1 — po € set ps’ A p1 € set ps’
by simp
hence sparse (dist Co C1) (set ps)
using sparse-def * by (meson not-less)
thus %thesis
using EQ by blast
qed

declare combine.simps [simp del]
declare combine-tm.simps [simp del]

3.1.3 Divide and Conquer Algorithm

declare split-at-take-drop-conv [simp add)

function closest-pair-rec-tm :: point list = (point list X point X point) tm where
closest-pair-rec-tm zs =1 (
do {
n <— length-tm xs;
if n < 3 then
do {

ys <— mergesort-tm snd zs;
p <— closest-pair-bf-tm zs;
return (ys, p)

else
do {

(zsp, xsr) <— split-at-tm (n div 2) zs;
(ysr, por, p1L) <— closest-pair-rec-tm xsr;
(ysR, POR, le) <— closest-pair-rec-tm sg;
ys <— merge-tm snd yS;, YSg;
(po, p1) <— combine-tm (por, p1r) (Por, P1r) (fst (hd xsgr)) ys;
return (ys, po, P1)

}

}
)

by pat-completeness auto
termination closest-pair-rec-tm
by (relation Wellfounded.measure (Axs. length xs))
(auto simp add: length-eg-val-length-tm split-at-eg-val-split-at-tm)

function closest-pair-rec :: point list = (point list * point * point) where

closest-pair-rec xs = (
let n = length zs in
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if n < 3 then
(mergesort snd xs, closest-pair-bf s)
else
let (wsp, xsg) = split-at (n div 2) zs in
let (ysL, por, p1) = closest-pair-rec zsy, in
let (ysr, Por, P1rR) = closest-pair-rec Tsg in
let ys = merge snd ysy, ysr in
(ys, combine (por, p11.) (pors p1r) (fst (hd a5p)) ys)

by pat-completeness auto
termination closest-pair-rec
by (relation Wellfounded.measure (Axs. length xs))
(auto simp: Let-def)

declare split-at-take-drop-conv [simp del]

lemma closest-pair-rec-simps:

assumes n = length s = (n < 3)

shows closest-pair-rec xs = (
let (xs,, xsg) = split-at (n div 2) zs in
let (ysL, por, p1L) = closest-pair-rec zsy, in
let (ysr, Por, P1R) = closest-pair-rec xsg in
let ys = merge snd ysy, ysr in
(ys, combine (poz, prz) (por, pir) (fst (hd 55R)) 4s)

using assms by (auto simp: Let-def)
declare closest-pair-rec.simps [simp del]

lemma closest-pair-rec-eq-val-closest-pair-rec-tm:
val (closest-pair-rec-tm xs) = closest-pair-rec xs
proof (induction rule: length-induct)
case (1 zs)
define n where n = length xs
obtain zs;, zsp where zs-def: (zsg, zsg) = split-at (n div 2) zs
by (metis surj-pair)
note defs = n-def zs-def
show ?Zcase
proof cases
assume n < 3
then show ?thesis
using defs
by (auto simp: length-eq-val-length-tm mergesort-eq-val-mergesort-tm
closest-pair-bf-eq-val-closest-pair-bf-tm closest-pair-rec.simps)
next
assume asm: - n < &
have length zs;, < length xs length xsgp < length xs
using asm defs by (auto simp: split-at-take-drop-conv)
hence val (closest-pair-rec-tm xsy) = closest-pair-rec zsy,
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val (closest-pair-rec-tm xsg) = closest-pair-rec xsg
using 1./H by blast+
thus ?thesis

using asm defs

apply (subst closest-pair-rec.simps, subst closest-pair-rec-tm.simps)

by (auto simp del: closest-pair-rec-tm.simps
simp add: Let-def length-eq-val-length-tm merge-eq-val-merge-tm

split-at-eq-val-split-at-tm combine-eq-val-combine-tm
split: prod.split)
qged
qged

lemma closest-pair-rec-set-length-sorted-snd:
assumes (ys, p) = closest-pair-rec s
shows set ys = set xs A length ys = length xs N sorted-snd ys
using assms
proof (induction xs arbitrary: ys p rule: length-induct)
case (1 zs)
let ?n = length xs
show ?Zcase
proof (cases n < 3)
case True
thus ?thesis using 1.prems sorted-snd-def
by (auto simp: mergesort closest-pair-rec.simps)
next
case Fulse

obtain XS XSi where XSy r-def: (XS, XSgr) = split-at (?n div 2) xs
using prod.collapse by blast

define L where L = fst (hd XSR)

obtain YS; Pp where YSP-def: (YSL, Pr) = closest-pair-rec XSy,
using prod.collapse by blast

obtain YSr Pr where YSPgr-def: (YSgr, Pr) = closest-pair-rec XSr
using prod.collapse by blast

define YS where YS = merge (Ap. snd p) VS YSg

define P where P = combine Py, Pr L YS

note defs = XSy g-def L-def YSP-def YSPg-def YS-def P-def

have length XS < length zs length XSr < length zs
using Fulse defs by (auto simp: split-at-take-drop-conv)
hence IH: set XS, = set YS set XSr = set YSg
length XS, = length YSp length XS = length YSg
sorted-snd YSy sorted-snd YSgr
using 1.IH defs by metis+

have set zs = set XS, U set XSgr

using defs by (auto simp: set-take-drop split-at-take-drop-conv)
hence SET: set xs = set YS

using set-merge TH(1,2) defs by fast
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have length s = length XS, + length XSk

using defs by (auto simp: split-at-take-drop-conv)
hence LENGTH: length zs = length YS

using [H(3,4) length-merge defs by metis

have SORTED: sorted-snd YS
using [H(5,6) by (simp add: defs sorted-snd-def sorted-merge)

have (YS, P) = closest-pair-rec xs
using Fualse closest-pair-rec-simps defs by (auto simp: Let-def split: prod.split)
hence (ys, p) = (YS, P)
using 1.prems by argo
thus %thesis
using SET LENGTH SORTED by simp
qged
qed

lemma closest-pair-rec-distinct:
assumes distinct zs (ys, p) = closest-pair-rec xs
shows distinct ys
using assms
proof (induction xs arbitrary: ys p rule: length-induct)
case (1 zs)
let ?n = length zs
show ?Zcase
proof (cases n < 3)
case True
thus ?thesis using 1.prems
by (auto simp: mergesort closest-pair-rec.simps)
next
case Fulse

obtain XSy XSp where XSy r-def: (XS, XSgr) = split-at (9n div 2) xs
using prod.collapse by blast

define L where L = fst (hd XSR)

obtain YS; P; where YSP-def: (YSy, Pr) = closest-pair-rec XSy,
using prod.collapse by blast

obtain YSr Pr where YSPgr-def: (YSgr, Pr) = closest-pair-rec XSr
using prod.collapse by blast

define YS where YS = merge (Ap. snd p) YSp YSgr

define P where P = combine P, Pr L YS

note defs = XSy g-def L-def YSP-def YSPgr-def YS-def P-def

have length XS < length zs length XSg < length zs

using Fulse defs by (auto simp: split-at-take-drop-conv)
moreover have distinct XS distinct XSg

using 1.prems(1) defs by (auto simp: split-at-take-drop-conv)
ultimately have [H: distinct YS distinct YSg
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using 1.IH defs by blast+

have set XS, N set XSp = {}
using 1.prems(1) defs by (auto simp: split-at-take-drop-conv set-take-disj-set-drop-if-distinct)
moreover have set XSy = set YS, set XSr = set YSgp
using closest-pair-rec-set-length-sorted-snd defs by blast+
ultimately have set YS N set YSg = {}
by blast
hence DISTINCT: distinct YS
using distinct-merge IH defs by blast

have (YS, P) = closest-pair-rec xs
using Fualse closest-pair-rec-simps defs by (auto simp: Let-def split: prod.split)
hence (ys, p) = (YS, P)
using 1.prems by argo
thus ?thesis
using DISTINCT by blast
qed
qed

lemma closest-pair-rec-c0-c1:
assumes I < length zs distinct zs (ys, co, c1) = closest-pair-rec s
shows ¢y € set s A ¢1 € set s A\ ¢g # 1
using assms
proof (induction s arbitrary: ys co ¢1 rule: length-induct)
case (1 zs)
let %n = length zs
show ?Zcase
proof (cases ?n
case True
hence (¢, ¢1) = closest-pair-bf xs
using 1.prems(3) closest-pair-rec.simps by simp
thus ?thesis
using 1.prems(1,2) closest-pair-bf-c0-c1 by simp
next
case False

IN

3)

obtain XS; XSr where XSy r-def: (XS, XSg) = split-at (¢n div 2) s
using prod.collapse by blast
define L where L = fst (hd XSR)

obtain YS; Cor C1p where YSCoyp-def: (YSL, Cor, C11) = closest-pair-rec
XSyt
using prod.collapse by metis
obtain YSr Cor C1r where YSCy1g-def: (YSr, Cor, C1r) = closest-pair-rec
XSgr
using prod.collapse by metis

define YS where YS = merge (Ap. snd p) VS, YSg

79



obtain Co 01 where Col—defi (Co, 01) = combine (C()L, ClL) (C()R, ClR)
LYS
using prod.collapse by metis
note defs = XSy g-def L-def YSCy1-def YSCy1gr-def YS-def Cy1-def

have 1 < length XSy, length XS < length xs distinct XSy,
using False 1.prems(2) defs by (auto simp: split-at-take-drop-conv)
hence Cyy, € set XS, C1p € set XSp, and [HL1: Cyp, # C1p,
using 1.IH defs by metis+
hence IHL2: Cyy, € set xzs C1p, € set xs
using split-at-take-drop-conv in-set-takeD fst-conv defs by metis+

have 1 < length XSgr length XSi < length zs distinct XSg
using False 1.prems(2) defs by (auto simp: split-at-take-drop-conv)
hence Cogr € set XSgr Ci1r € set XSr and IHR1: Cygr 75 Cir
using 1.IH defs by metis+
hence IHR2: Cyr € set s C1p € set xs
using split-at-take-drop-conv in-set-dropD snd-conv defs by metis+

have x: (YS, Co, C1) = closest-pair-rec s

using Fualse closest-pair-rec-simps defs by (auto simp: Let-def split: prod.split)

have YS: set xs = set YS distinct YS

using 1.prems(2) closest-pair-rec-set-length-sorted-snd closest-pair-rec-distinct
x by blast+

have Cy € set zs C € set s
using combine-set IHL2 IHR2 YS defs by blast+
moreover have Cy # (4
using combine-cO-ne-c1 IHL1(1) IHR1(1) YS defs by blast
ultimately show #thesis
using 1.prems(3) * by (metis Pair-inject)
qed
qed

lemma closest-pair-rec-dist:
assumes ! < length zs distinct xs sorted-fst xs (ys, co, ¢1) = closest-pair-rec xs
shows sparse (dist co c1) (set xs)
using assms
proof (induction xs arbitrary: ys co c¢1 rule: length-induct)
case (1 zs)
let ?n = length zs
show ?Zcase
proof (cases ?n
case True
hence (cg, ¢1) = closest-pair-bf xs
using 1.prems(4) closest-pair-rec.simps by simp
thus ?thesis
using 1.prems(1,4) closest-pair-bf-dist by metis
next

IN

3)
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case Fulse

obtain XS; XSr where XSy r-def: (XS, XSg) = split-at (?n div 2) zs
using prod.collapse by blast
define L where L = fst (hd XSR)

obtain YS; Cor C1p where YSCo1p-def: (YSy, Cor, C11) = closest-pair-rec
XSy,
using prod.collapse by metis
obtain YSg Cor C1r where YSCo1g-def: (YSgr, Cor, C1r) = closest-pair-rec
XSgr
using prod.collapse by metis

define YS where YS = merge (Ap. snd p) YS YSg
obtain Co Cl where COl-def: (CQ, Cl) = combine (COL; ClL) (COR, ClR)
LYS

using prod.collapse by metis
note defs = XSpg-def L-def YSCo1p-def YSCo1g-def YS-def Cy1-def

have XSLR: XSy, = take (?n div 2) xs XSr = drop (?n div 2) xs
using defs by (auto simp: split-at-take-drop-conv)

have 1 < length XS length XS < length xs

using False XSLR by simp-all
moreover have distinct XSy, sorted-fst XS,

using 1.prems(2,3) XSLR by (auto simp: sorted-fst-def sorted-wrt-take)
ultimately have L: sparse (dist Cor, C11) (set XSp)

set XSy = set YS,
using 1 closest-pair-rec-set-length-sorted-snd closest-pair-rec-c0-c1
YSCOlL—def by blast+

hence THL: sparse (dist Cor, C11) (set YSL)

by argo

have 1 < length XSg length XSg < length zs

using False XSLR by simp-all
moreover have distinct XSg sorted-fst XSg

using 1.prems(2,8) XSLR by (auto simp: sorted-fst-def sorted-wrt-drop)
ultimately have R: sparse (dist Cor C1r) (set XSg)

set XSr = set YSg
using 1 closest-pair-rec-set-length-sorted-snd closest-pair-rec-c0-c1
YSCOlR-de by blast+

hence ITHR: sparse (dist Cor Cir) (set YSR)

by argo

have x: (YS, Cy, C1) = closest-pair-rec s
using Fualse closest-pair-rec-simps defs by (auto simp: Let-def split: prod.split)

have set s = set YS distinct YS sorted-snd YS
using 1.prems(2) closest-pair-rec-set-length-sorted-snd closest-pair-rec-distinct
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x by blast+
moreover have Vp € set YSp. fstp < L
using False 1.prems(8) XSLR L-def L(2) sorted-fst-take-less-hd-drop by simp
moreover have Vp € set YSg. L < fst p
using False 1.prems(8) XSLR L-def R(2) sorted-fst-hd-drop-less-drop by simp
moreover have set YS = set YS; U set YSg
using set-merge defs by fast
moreover have (Cy, C1) = combine (Cor, C11) (Cor, C1r) L YS
by (auto simp add: defs)
ultimately have sparse (dist Co C1) (set xs)
using combine-dist IHL IHR by auto
moreover have (YS, Cy, C1) = (ys, co, 1)
using 1.prems(4) * by simp
ultimately show #thesis
by blast
qged
qed

fun closest-pair-tm :: point list = (point * point) tm where

closest-pair-tm [| =1 return undefined
| closest-pair-tm [-] =1 return undefined
| closest-pair-tm ps =1 (
do {

xs <— mergesort-tm fst ps;
(-, p) <— closest-pair-rec-tm xs;
return p
}
)

fun closest-pair :: point list = (point * point) where
closest-pair [| = undefined
| closest-pair [-] = undefined
| closest-pair ps = (let (-, co, ¢1) = closest-pair-rec (mergesort fst ps) in (co, ¢1))

lemma closest-pair-eq-val-closest-pair-tm:
val (closest-pair-tm ps) = closest-pair ps
by (induction ps rule: induct-list012)
(auto simp del: closest-pair-rec-tm.simps mergesort-tm.simps
simp add: closest-pair-rec-eq-val-closest-pair-rec-tm mergesort-eq-val-mergesort-tm
split: prod.split)

lemma closest-pair-simps:

1 < length ps = closest-pair ps = (let (-, co, ¢1) = closest-pair-rec (mergesort
st ps) in (co, 1))

by (induction ps rule: induct-list012) auto

declare closest-pair.simps [simp del]

theorem closest-pair-c0-c1:
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assumes 1 < length ps distinct ps (co, ¢1) = closest-pair ps
shows ¢y € set ps ¢1 € set ps cg # ¢1

using assms closest-pair-rec-c0-c1|of mergesort fst ps)

by (auto simp: mergesort closest-pair-simps split: prod.splits)

theorem closest-pair-dist:

assumes 1 < length ps distinct ps (co, ¢1) = closest-pair ps

shows sparse (dist co c1) (set ps)

using assms closest-pair-rec-dist[of mergesort fst ps| closest-pair-rec-c0-c1|of
mergesort fst ps]

by (auto simp: sorted-fst-def mergesort closest-pair-simps split: prod.splits)

3.2 Time Complexity Proof
3.2.1 Combine Step

lemma time-find-closest-pair-tm:
time (find-closest-pair-tm (co, c1) ps) < 17 * length ps + 1
proof (induction ps rule: find-closest-pair-tm.induct)
case (3 ¢o ¢1 po p2 Ps)
let ?ps = po # ps
let ?p; = wval (find-closest-bf-tm po (val (take-tm 7 ?ps)))
have x: length (val (take-tm 7 ?ps)) < 7
by (subst take-eq-val-take-tm, simp)
show ?Zcase
proof cases
assume C1: dist cg ¢1 < dist pg ?p1
hence time (find-closest-pair-tm (co, c1) (po # ps)) = 1 + time (take-tm 7
?ps) +
time (find-closest-bf-tm po (val (take-tm 7 ?ps))) + time (find-closest-pair-tm
(co, c1) ?ps)
by (auto simp: time-simps)
also have ... < 17 + time (find-closest-pair-tm (co, c1) ?ps)
using time-take-tm[of 7 ?ps] time-find-closest-bf-tm[of po val (take-tm 7 ?ps)]
* by auto
also have ... < 17 4+ 17 * (length ?ps) + 1
using 3.7H(1) C1 by simp

also have ... = 17 x length (po # ?ps) + 1
by simp
finally show ?thesis .
next

assume C1: — dist ¢ ¢q < dist pg ?py
hence time (find-closest-pair-tm (co, c1) (po # ps)) = 1 + time (take-tm 7
?ps) +
time (find-closest-bf-tm po (val (take-tm 7 ?ps))) + time (find-closest-pair-tm
(po, ?p1) ?ps)
by (auto simp: time-simps)
also have ... < 17 + time (find-closest-pair-tm (pg, ?p1) ?ps)
using time-take-tm[of 7 ?ps] time-find-closest-bf-tm[of po val (take-tm 7 ?ps)]
* by auto
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also have ... < 17 + 17 * (length ?ps) + 1
using 3.IH(2) C1 by simp

also have ... = 17 x length (po # ?ps) + 1
by simp
finally show ?thesis .
qed

qed (auto simp: time-simps)

lemma time-combine-tm:
fixes ps :: point list
shows time (combine-tm (por, pir) (Por, p1r) [ ps) < & + 18 * length ps
proof —
obtain ¢y ¢; where c-def:
(co, c1) = (if dist por, p1r < dist por p1r then (por, p1r) else (por, p1r)) by
metis
let 2P = (Ap. dist p (I, snd p) < dist ¢y c1)
define ps’ where ps’ = val (filter-tm ¢P ps)
note defs = c-def ps’-def
hence time (combine-tm (por, p1r) (Por, P1r) | ps) = 1 + time (filter-tm ?P
ps) +
time (find-closest-pair-tm (co, c1) ps’)
by (auto simp: combine-tm.simps Let-def time-simps split: prod.split)
also have ... = 2 + length ps + time (find-closest-pair-tm (co, ¢1) ps’)
using time-filter-tm by auto
also have ... < 8 + length ps + 17 x length ps’
using defs time-find-closest-pair-tm by simp
also have ... < 8 + 18 x length ps
unfolding ps’-def by (subst filter-eg-val-filter-tm, simp)
finally show ?thesis
by blast
qed

3.2.2 Divide and Conquer Algorithm

lemma time-closest-pair-rec-tm-simps-1:

assumes length rs < 3

shows time (closest-pair-rec-tm xs) = 1 + time (length-tm xs) + time (mergesort-tm
snd xzs) + time (closest-pair-bf-tm xs)

using assms by (auto simp: time-simps length-eq-val-length-tm)

lemma time-closest-pair-rec-tm-simps-2:
assumes — (length zs < 3)
shows time (closest-pair-rec-tm xs) = 1 + (
let (wsp, zsg) = val (split-at-tm (length zs div 2) xs) in
let (ysr, pr) = val (closest-pair-rec-tm xsr,) in
let (ysg, pr) = val (closest-pair-rec-tm zsg) in
let ys = wval (merge-tm (Ap. snd p) ysp ysg) in
time (length-tm xs) + time (split-at-tm (length xs div 2) xs) + time (closest-pair-rec-tm
xsp) +
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time (closest-pair-rec-tm xzsg) + time (merge-tm (Ap. snd p) ysp ysr) + time
(combine-tm pr, pr (fst (hd zsg)) ys)
)
using assms
apply (subst closest-pair-rec-tm.simps)
by (auto simp del: closest-pair-rec-tm.simps
simp add: time-simps length-eq-val-length-tm
split: prod.split)

function closest-pair-recurrence :: nat = real where
n < 8 = closest-pair-recurrence n = 3 + n + mergesort-recurrence n + n * n
| 8 < n=> closest-pair-recurrence n = 7 + 21 % n + closest-pair-recurrence (nat
real n / 2]) +
closest-pair-recurrence (nat [real n / 2])
by force simp-all
termination by akra-bazzi-termination simp-all

lemma closest-pair-recurrence-nonneg|simpl:
0 < closest-pair-recurrence n
by (induction n rule: closest-pair-recurrence.induct) auto

lemma time-closest-pair-rec-conv-closest-pair-recurrence:
time (closest-pair-rec-tm ps) < closest-pair-recurrence (length ps)
proof (induction ps rule: length-induct)
case (1 ps)
let ?n = length ps
show ?Zcase
proof (cases ?n < 3)
case True
hence time (closest-pair-rec-tm ps) = 1 + time (length-tm ps) + time (mergesort-tm
snd ps) + time (closest-pair-bf-tm ps)
using time-closest-pair-rec-tm-simps-1 by simp
moreover have closest-pair-recurrence ?n = 3 + ?n + mergesort-recurrence
n 4+ n x ?n
using True by simp
moreover have time (length-tm ps) < I + ?n time (mergesort-tm snd ps) <
mergesort-recurrence n
time (closest-pair-bf-tm ps) < 1 4+ %n x n
using time-length-tm[of ps] time-mergesort-conv-mergesort-recurrence|of snd
ps] time-closest-pair-bf-tm[of ps| by auto
ultimately show #thesis
by linarith
next
case Fulse

obtain XS; XSr where XS-def: (XS, XSg) = val (split-at-tm (?n div 2)

ps)
using prod.collapse by blast
obtain YS; Cyr C1p where CP-def: (YSyL, Cor, C11) = val (closest-pair-rec-tm

85



XS1)
using prod.collapse by metis
obtain YSr Cor C1r where CPg-def: (YSgr, Cor, C1r) = val (closest-pair-rec-tm
XSgr)
using prod.collapse by metis
define YS where YS = val (merge-tm (Ap. snd p) YSL YSgr)
obtain Cy C; where Cy;-def: (Co, C1) = val (combine-tm (Cor, C11) (Cor,
Ci) (fst (hd XSg) YS)
using prod.collapse by metis
note defs = XS-def CPp,-def CPgr-def YS-def Cy1-def

have XSLR: XS, = take (?n div 2) ps XSg = drop (?n div 2) ps
using defs by (auto simp: split-at-take-drop-conv split-at-eq-val-split-at-tm)
hence length XS, = ?n div 2 length XSr = n — n div 2
by simp-all
hence x: (nat |real n / 2]) = length XSy, (nat [real ?n / 2]) = length XSg
by linarith—+
have length XS = length YS length XSg = length YSg
using defs closest-pair-rec-set-length-sorted-snd closest-pair-rec-eq-val-closest-pair-rec-tm
by metis+
hence L: ?n = length YSy + length YSg
using defs XSLR by fastforce

have 1 < length XS length XS < length ps
using False XSLR by simp-all
hence time (closest-pair-rec-tm XSp) < closest-pair-recurrence (length XSp,)
using 1.IH by simp
hence IHL: time (closest-pair-rec-tm XSp) < closest-pair-recurrence (nat |real
on | 2))

using * by simp

have 1 < length XSg length XSgr < length ps
using False XSLR by simp-all

hence time (closest-pair-rec-tm XSg) < closest-pair-recurrence (length XSr)
using 1./H by simp

hence IHR: time (closest-pair-rec-tm XSg) < closest-pair-recurrence (nat [real

using * by simp

have (YS, Co, C1) = val (closest-pair-rec-tm ps)
using False closest-pair-rec-simps defs by (auto simp: Let-def length-eq-val-length-tm
split!: prod.split)
hence length ps = length YS
using closest-pair-rec-set-length-sorted-snd closest-pair-rec-eq-val-closest-pair-rec-tm
by auto
hence combine-bound: time (combine-tm (Cor, C11) (Cor, Cir) (fst (hd
XSR)) YS) <3+ 18 x ?n
using time-combine-tm by simp
have time (closest-pair-rec-tm ps) = 1 + time (length-tm ps) + time (split-at-tm
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(%n div 2) ps) +
time (closest-pair-rec-tm XSp) + time (closest-pair-rec-tm XSg) + time
(merge-tm (Ap. snd p) YSp YSg) +
time (combz'ne-tm (C()L7 CIL) (COR; CIR) (fst (hd XSR)) YS)
using time-closest-pair-rec-tm-simps-2[OF False] defs
by (auto simp del: closest-pair-rec-tm.simps simp add: Let-def split: prod.split)
also have ... < 7 + 21 x ?n + time (closest-pair-rec-tm XSp) + time
(closest-pair-rec-tm XSg)
using time-merge-tm[of (Ap. snd p) YSL YSg] L combine-bound by (simp
add: time-length-tm time-split-at-tm)
also have ... < 7 + 21 x ?n + closest-pair-recurrence (nat |real ?n | 2]) +
closest-pair-recurrence (nat [real ?n /| 27)
using IHL IHR by simp
also have ... = closest-pair-recurrence (length ps)
using Fualse by simp
finally show ?thesis
by simp
qed
qed

theorem closest-pair-recurrence:
closest-pair-recurrence € O(An. n * In n)
by (master-theorem) auto

theorem time-closest-pair-rec-bigo:

(Azs. time (closest-pair-rec-tm xs)) € Ollength going-to at-top]((An. n x In n) o
length)
proof —

have 0: Aps. time (closest-pair-rec-tm ps) < (closest-pair-recurrence o length)
ps

unfolding comp-def using time-closest-pair-rec-conv-closest-pair-recurrence by
auto

show ?thesis

using bigo-measure-trans|OF 0] bigthetaD1[OF closest-pair-recurrence] of-nat-0-le-iff
by blast
qed

definition closest-pair-time :: nat = real where
closest-pair-time n = 1 + mergesort-recurrence n + closest-pair-recurrence n

lemma time-closest-pair-conv-closest-pair-recurrence:
time (closest-pair-tm ps) < closest-pair-time (length ps)
unfolding closest-pair-time-def
proof (induction rule: induct-list012)
case (3 y zs)
let ?ps = x # y # zs
define zs where zs = val (mergesort-tm fst ?ps)
have x: length xs = length ?ps
using zs-def mergesort(3)[of fst ?ps] mergesort-eq-val-mergesort-tm by metis
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have time (closest-pair-tm %ps) = 1 + time (mergesort-tm fst ?ps) + time
(closest-pair-rec-tm xs)
using zs-def by (auto simp del: mergesort-tm.simps closest-pair-rec-tm.simps
simp add: time-simps split: prod.split)
also have ... < I + mergesort-recurrence (length ?ps) + time (closest-pair-rec-tm
xs)
using time-mergesort-conv-mergesort-recurrence[of fst ?ps] by simp
also have ... < I + mergesort-recurrence (length ?ps) + closest-pair-recurrence
(length ?ps)
using time-closest-pair-rec-conv-closest-pair-recurrencelof xs| * by auto
finally show ?case
by blast
qed (auto simp: time-simps)

corollary closest-pair-time:

closest-pair-time € O(An. n x In n)

unfolding closest-pair-time-def

using mergesort-recurrence closest-pair-recurrence sum-in-bigo(1) const-1-bigo-n-ln-n
by blast

corollary time-closest-pair-bigo:
(Aps. time (closest-pair-tm ps)) € Ollength going-to at-top]((An. n * In n) o
length)
proof —
have 0: A\ps. time (closest-pair-tm ps) < (closest-pair-time o length) ps
unfolding comp-def using time-closest-pair-conv-closest-pair-recurrence by
auto
show ?thesis
using bigo-measure-trans|OF 0] closest-pair-time by simp
qed

3.3 Code Export
3.3.1 Combine Step

fun find-closest-pair-code :: (int x point x point) = point list = (int x point x
point) where
find-closest-pair-code (9, co, ¢1) [] = (9, co, ¢1)
| find-closest-pair-code (3, co, c1) [p] = (0, co, c1)
| find-closest-pair-code (3, co, c1) (po # ps) = (
let (6', p1) = find-closest-bf-code po (take 7 ps) in
if & <06/ then
find-closest-pair-code (6, co, ¢1) ps
else
find-closest-pair-code (8, po, p1) ps
)

lemma find-closest-pair-code-dist-eq:
assumes § = dist-code c¢g ¢1 (A, Co, C1) = find-closest-pair-code (8, co, ¢1) ps
shows A = dist-code Cy C1
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using assms
proof (induction (8, co, c1) ps arbitrary: § ¢y ¢c1 A Co C1 rule: find-closest-pair-code.induct)
case (3 d ¢o c1 po p2 Ps)
obtain ¢’ p; where ¢'-def: (0/, p1) = find-closest-bf-code py (take 7 (p2 # ps))
by (metis surj-pair)
hence A: §' = dist-code pg p1
using find-closest-bf-code-dist-eq[of take 7 (p2 # ps)] by simp
show ?Zcase
proof (cases § < ¢§)
case True
obtain A’ Cy’ €1’ where A'-def: (A’, Cy', C1') = find-closest-pair-code (9,
co, c1) (p2 # ps)
by (metis prod-casess )
note defs = §'-def A'-def
hence A’ = dist-code Cy’ C1’
using 3.hyps(1)[of (6', p1) 8’ p1] 3.prems(1) True 6'-def by blast
moreover have A = A’ Cy = Cy’' C1 = Cy’
using defs True 3.prems(2) apply (auto split: prod.splits) by (metis Pair-inject)+
ultimately show #thesis
by simp
next
case Fulse
obtain A’ Cy’ Cy' where A'-def: (A’, Cy’, C1') = find-closest-pair-code (8,
po, p1) (p2 # ps)
by (metis prod-casess)
note defs = §'-def A'-def
hence A’ = dist-code Cy' C;’
using 3.hyps(2)[of (§', p1) ¢’ p1] A Fualse §'-def by blast
moreover have A = A’ Cy = Cy' C1 = Cy'
using defs False 3.prems(2) apply (auto split: prod.splits) by (metis Pair-inject)+
ultimately show ?thesis
by simp
qed
qed auto

declare find-closest-pair.simps [simp add)

lemma find-closest-pair-code-eq:
assumes § = dist ¢y ¢1 0’ = dist-code ¢y c1
assumes (Cy, C1) = find-closest-pair (co, c1) ps
assumes (A’ Cy/, C1") = find-closest-pair-code (8, cg, ¢1) ps
shows Cog = Co' A C1 = C4'
using assms
proof (induction (cq, c1) ps arbitrary: 6 §' ¢ ¢1 Co C1 A’ Co' Cy' rule: find-closest-pair.induct)
case (3 ¢o ¢1 po p2 PS)
obtain p; §,’ p1’ where d,-def: p1 = find-closest-bf po (take 7 (p2 # ps))
(0,', p1) = find-closest-bf-code po (take 7 (p2 # ps))
by (metis surj-pair)
hence A: §,’ = dist-code py p1’
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using find-closest-bf-code-dist-eq[of take 7 (p2 # ps)] by simp
have B: p; = py’
using 3.prems(1,2,3) 0,-def find-closest-bf-code-eq by auto
show ?case
proof (cases 0 < dist po p1)
case True
hence C: ¢’ < §,’
by (simp add: 3.prems(1,2) A B dist-eq-dist-code-le)
obtain C()i Clz’ Ai/ COZ‘/ Cli/ where Ai-def:
(Coiy C1i) = find-closest-pair (co, c1) (p2 # ps)
(A7, Coi’, C1;) = find-closest-pair-code (8, cq, c1) (p2 # ps)
by (metis prod-cases3)
note defs = §p-def A;-def
have Cy; = Cpi' A C1; = Cq;'
using 3.hyps(1)[of p1] 3.prems True defs by blast
moreover have Cy = Cy; C1 = Cq;
using defs(1,3) True 8.prems(1,3) apply (auto split: prod.splits) by (metis
Pair-inject)+
moreover have A’ = A;’ Cy' = Co;’ C1' = Cq;’
using defs(2,4) C 8.prems(4) apply (auto split: prod.splits) by (metis
Pair-inject)+
ultimately show Zthesis
by simp
next
case Fulse
hence C: = §’' < §,’
by (simp add: 3.prems(1,2) A B dist-eq-dist-code-le)
obtain COi Oli Ai/ 001’/ Cli/ where Ai—def:
(Coi, C1i) = find-closest-pair (po, p1) (p2 # ps)
(A7, Coi/y C1i) = find-closest-pair-code (6,', po, p1’) (p2 # ps)
by (metis prod-cases3)
note defs = d,-def A;-def
have COi = C()i//\ Cli = Cli/
using 3.prems 3.hyps(2)[of p1] A B Fulse defs by blast
moreover have Cy = Cy; C1 = Cq;
using defs(1,8) False 3.prems(1,3) apply (auto split: prod.splits) by (metis
Pair-inject)+
moreover have A’ = A;’ Cy' = Co;’ C1' = Cq;’
using defs(2,4) C 3.prems(4) apply (auto split: prod.splits) by (metis
Pair-inject)+
ultimately show #thesis
by simp
qed
qed auto

fun combine-code :: (int * point x point) = (int * point * point) = int = point
list = (int % point = point) where
combine-code (81, por, pir) (Or, por, P1r) L ps = (
let (8, co, c1) = if 6 < dgr then (0L, por, p11) else (Or, Por, P1R) N
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let ps’ = filter (\p. (fst p — 1)? < &) ps in
find-closest-pair-code (3, cg, c¢1) ps’

)

lemma combine-code-dist-eq:
assumes 07, = dist-code por, P11, Or = dist-code por P1R
assumes (9, cg, ¢1) = combine-code (01, por, P1.) (Or, Por, P1r) I DS
shows § = dist-code ¢y ¢
using assms by (auto simp: find-closest-pair-code-dist-eq split: if-splits)

lemma combine-code-eq:
assumes ;' = dist-code por, p1, Or’ = dist-code por P1R
assumes (cg, ¢1) = combine (por, p15) (Por, P1r) | Ps
assumes (8’, ¢o’, ¢1’) = combine-code (61", por, 1) (Or’, Por, P1R) | DS
shows cg = co/ AN c1 = ¢1’
proof —
obtain COi CU Ai/ COi/ 017;/ where Ai—def:
(Coi, Cri) = (if dist por p1r < dist por p1r then (por, p1L) else (por, P1R))
(A;', Coi’y, Cvi’) = (if 6" < 0r’ then (01", por, p1r) else (Or', Por, P1R))
by metis
define ps’ ps’’ where ps’-def:
ps’ = filter (\p. dist p (I, snd p) < dist Co; C1;) ps
ps'" = filter (\p. (fst p — )2 < A;') ps
obtain Cy C1 A’ Cy’ C1’ where A-def:
(Co, C1) = find-closest-pair (Co;, C1;) ps’
(A, Cy’, C1') = find-closest-pair-code (A;', Co;', C1i’) ps”’
by (metis prod-casesd)
note defs = A;-def ps’-def A-def
have x: Co; = Co;’ C1; = C1;' A;' = dist-code Co;’ C1i'
using A;-def assms(1,2,3,4) dist-eq-dist-code-lt by (auto split: if-splits)
hence Ap. |fstp — I| < dist Co; C1i +— (fstp — 1)? < A}/
using dist-eq-dist-code-abs-It by (metis (mono-tags) of-int-abs)
hence ps’ = ps”’
using ps’-def dist-fst-abs by auto
hence Cy = Cy' C1 = C¢'
using * find-closest-pair-code-eq A-def by blast+
moreover have Cy = ¢g C1 = 1
using assms(3) defs(1,3,5) apply (auto simp: combine.simps split: prod.splits)
by (metis Pair-inject)+
moreover have Co' = ¢y’ C1' = ¢’
using assms(4) defs(2,4,6) apply (auto split: prod.splits) by (metis prod.inject)+
ultimately show “thesis
by blast
qed

3.3.2 Divide and Conquer Algorithm

function closest-pair-rec-code :: point list = (point list x int x point x point)
where
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closest-pair-rec-code zs = (
let n = length xs in
if n < 3 then
(mergesort snd xs, closest-pair-bf-code xs)
else
let (zsp, zsg) = split-at (n div 2) zs in
let | = fst (hd zsg) in

let (ysr, pr) = closest-pair-rec-code xsy, in
let (ysgr, pr) = closest-pair-rec-code xsg in

let ys = merge snd ysy, ysr in
(ys, combine-code pr, pr 1 ys)
)
by pat-completeness auto
termination closest-pair-rec-code
by (relation Wellfounded.measure (Axs. length xs))
(auto simp: split-at-take-drop-conv Let-def)

lemma closest-pair-rec-code-simps:

assumes n = length s = (n < 8)

shows closest-pair-rec-code 1s = (
let (xsp, zsg) = split-at (n div 2) zs in
let | = fst (hd zsg) in
let (ysr, pr) = closest-pair-rec-code xsy, in
let (ysgr, pr) = closest-pair-rec-code xsg in
let ys = merge snd ysy, ysg in
(ys, combine-code pr, pr 1l ys)

)

using assms by (auto simp: Let-def)
declare combine.simps combine-code.simps closest-pair-rec-code.simps [simp del]

lemma closest-pair-rec-code-dist-eq:
assumes I < length zs (ys, 0, co, ¢1) = closest-pair-rec-code s
shows § = dist-code ¢y ¢
using assms
proof (induction xs arbitrary: ys § co c¢1 rule: length-induct)
case (1 zs)
let ?n = length zs
show ?Zcase
proof (cases ?n < 3)
case True
hence (4, cg, ¢1) = closest-pair-bf-code xs
using 1.prems(2) closest-pair-rec-code.simps by simp
thus ?thesis
using 1.prems(1) closest-pair-bf-code-dist-eq by simp
next
case Fulse
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obtain XS; XSr where XSy r-def: (XS, XSg) = split-at (?n div 2) zs
using prod.collapse by blast
define L where L = fst (hd XSg)

obtain YS; Ap Cor Cip where YSCoyp-def: (YSL, A, Cor, Ci11) =
closest-pair-rec-code XS,

using prod.collapse by metis

obtain YSR AR COR CIR where YSCQ1R-d€fZ (YSR, AR, COR, ClR) =
closest-pair-rec-code XSgr

using prod.collapse by metis

define YS where YS = merge (Ap. snd p) VS YSp
obtain A Cy C; where Cyi-def: (A, Co, C1) = combine-code (Ay, Cor,
Cir) (AR, Cor, Cir) L YS
using prod.collapse by metis
note defs = XSy r-def L-def YSCy1r-def YSCo1g-def YS-def Co1-def

have 1 < length XS length XS < length xs

using Fualse 1.prems(1) defs by (auto simp: split-at-take-drop-conv)
hence IHL: A;, = dist-code Cor, C1p,

using 1.IH defs by metis+

have 1 < length XSg length XSk < length zs

using Fualse 1.prems(1) defs by (auto simp: split-at-take-drop-conv)
hence IHR: Ar = dist-code Cor Cir

using 1.IH defs by metis+

have x: (YS, A, Cy, C1) = closest-pair-rec-code s
using Fualse closest-pair-rec-code-simps defs by (auto simp: Let-def split:
prod.split)
moreover have A = dist-code Cy C;
using combine-code-dist-eq IHL IHR Cy,-def by blast
ultimately show #thesis
using 1.prems(2) * by (metis Pair-inject)
qed
qed

lemma closest-pair-rec-ys-eq:
assumes 1 < length xs
assumes (ys, co, ¢1) = closest-pair-rec s
assumes (ys’, 0/, co’, ¢1’) = closest-pair-rec-code s
shows ys = ys’
using assms

proof (induction s arbitrary: ys co c1 ys' 8’ co’ ¢1’ rule: length-induct)
case (1 zs)
let ?n = length zs
show ?Zcase
proof (cases ?n < 3)
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case True
hence ys = mergesort snd xs
using 1.prems(2) closest-pair-rec.simps by simp
moreover have ys’ = mergesort snd zs
using 1.prems(3) closest-pair-rec-code.simps by (simp add: True)
ultimately show %thesis
using 1.prems(1) by simp
next
case Fulse

obtain XS; XSr where XS r-def: (XS, XSg) = split-at (¢n div 2) s
using prod.collapse by blast
define L where L = fst (hd XSR)

obtain YSL COL CIL YSL/ AL/ COLI ClL’Where YSCOlL-defZ
(YSL, Cor, C11) = closest-pair-rec XSy,
(YSL', AL, Cor’, C11") = closest-pair-rec-code XS,
using prod.collapse by metis

obtain YSR C()R CIR YSR/ ARI COR/ ClR’where YSCOlR-dCfI
(YSg, Cor, C1r) = closest-pair-rec XSg
(YSRr', Ar’, Cor', C1r') = closest-pair-rec-code XSp
using prod.collapse by metis

define YS YS’ where YS-def:
YS = merge (Ap. snd p) YSp YSgr
VS’ = merge (Ap. snd p) YSL' YSg’
obtain Cy C1 A’ Cy’ C1’ where Cq1-def:
(00, 01) = combine (CQL, ClL) (COR, ClR) LYS
(A, Cy’, C1') = combine-code (AL’, Cor’, C11") (ARr’, Cor’, C1r’) L YS’
using prod.collapse by metis
note defs = XSy g-def L-def YSCy1p-def YSCo1gr-def YS-def Cy1-def

have 1 < length XS length XS < length xs

using False 1.prems(1) defs by (auto simp: split-at-take-drop-conv)
hence [HL: YS; = YS.'

using 1.IH defs by metis

have 1 < length XS length XSr < length xs

using False 1.prems(1) defs by (auto simp: split-at-take-drop-conv)
hence IHR: YSr = YSR'

using 1.IH defs by metis

have (YS, Cy, C1) = closest-pair-rec xs
using False closest-pair-rec-simps defs(1,2,3,5,7,9)
by (auto simp: Let-def split: prod.split)

moreover have (YS’, A/, Cy’, C1’) = closest-pair-rec-code xs
using Fulse closest-pair-rec-code-simps defs(1,2,4,6,8,10)
by (auto simp: Let-def split: prod.split)

moreover have YS = Y5’
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using [HL IHR YS-def by simp
ultimately show ¢thesis
by (metis 1.prems(2,3) Pair-inject)
qed
qed

lemma closest-pair-rec-code-eq:
assumes 1 < length xs
assumes (ys, co, ¢1) = closest-pair-rec s
assumes (ys’, 0/, co’, ¢1’) = closest-pair-rec-code s
shows ¢y = cg’ A ¢c1 = ¢’
using assms
proof (induction zs arbitrary: ys co ¢1 ys' 8’ co’ ¢1’ rule: length-induct)
case (1 zs)
let ?n = length zs
show ?Zcase
proof (cases 7n
case True
hence (cg, ¢1) = closest-pair-bf xs
using 1.prems(2) closest-pair-rec.simps by simp
moreover have (0, ¢/, ¢1’) = closest-pair-bf-code xs
using 1.prems(3) closest-pair-rec-code.simps by (simp add: True)
ultimately show #thesis
using 1.prems(1) closest-pair-bf-code-eq by simp
next
case Fulse

IN

3)

obtain XS; XSr where XSy r-def: (XS, XSg) = split-at (?n div 2) s
using prod.collapse by blast
define L where L = fst (hd XSR)

obtain YSL CQL ClL YSL/ AL/ COL/ CIL/ where YSCOlL—def:
(YSr, Cor, C11) = closest-pair-rec XSy,
(YSL/, AL, Cor’, C11") = closest-pair-rec-code XS,
using prod.collapse by metis

obtain YSR OOR ClR YSR/ AR/ COR/ ClR'Where YSCOlR-def:
(YSgr, Cor, C1r) = closest-pair-rec XSr
(YSr', Ar', Cor’, C1r') = closest-pair-rec-code XSg
using prod.collapse by metis

define YS YS’ where YS-def:
YS = merge (Ap. snd p) YSL YSg
YS’' = merge (Ap. snd p) YS.' YSR'
obtain Cy C; A’ Cy’ C1’ where Cy-def:
(Co, Cl) = combine (COL; ClL) (CORv ClR) LYS
(A/7 COI, Cll) = combine-code (AL/, COL/v ClLl) (AR/, CORI, ClR/) L YS/
using prod.collapse by metis
note defs = XS’LR—def L—d@f YSCOlL—dBf YSCOlR-de YS—def 001—def
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have 1 < length XS length XS < length xs

using False 1.prems(1) defs by (auto simp: split-at-take-drop-conv)
hence IHL: COL = COL’ C1L = ClLI

using 1.IH defs by metis+

have 1 < length XS length XSgr < length xs

using False 1.prems(1) defs by (auto simp: split-at-take-drop-conv)
hence IHR: COR = OOR/ ClR = ClR/

using 1.IH defs by metis+

have YS = VS’
using defs <1 < length XS <1 < length XSg»> closest-pair-rec-ys-eq by blast
moreover have Ay’ = dist-code Co,' C11' AR’ = dist-code Cor’ C1r’
using defs <1 < length XSp» <1 < length XSgr» closest-pair-rec-code-dist-eq
by blast+
ultimately have Cq = Cy' C1 = C;’
using combine-code-eq IHL IHR Cy1-def by blast+
moreover have (YS, Cy, C1) = closest-pair-rec xs
using Fulse closest-pair-rec-simps defs(1,2,8,5,7,9)
by (auto simp: Let-def split: prod.split)
moreover have (YS/, A’, Cy’, Cy') = closest-pair-rec-code xs
using False closest-pair-rec-code-simps defs(1,2,4,6,8,10)
by (auto simp: Let-def split: prod.split)
ultimately show ¢thesis
using 1.prems(2,3) by (metis Pair-inject)
qged
qged

declare closest-pair.simps [simp add)

fun closest-pair-code :: point list = (point x point) where

closest-pair-code || = undefined
| closest-pair-code [-] = undefined
| closest-pair-code ps = (let (-, -, co, ¢1) = closest-pair-rec-code (mergesort fst ps)
in (co, c1))

lemma closest-pair-code-eq:
closest-pair ps = closest-pair-code ps
proof (induction ps rule: induct-list012)
case (3 y zs)
obtain ys cg c1 ys’ 0’ co’ ¢1’ where *:
(ys, co, ¢1) = closest-pair-rec (mergesort fst (x # y # 2s))
(ys', &', co’, c1”) = closest-pair-rec-code (mergesort fst (x # y # 2s))
by (metis prod-cases3)
moreover have 1 < length (mergesort fst (z # y # 2s))
using length-mergesort|of fst © # y # zs] by simp
ultimately have ¢y = c¢q’ ¢1 = ¢1’
using closest-pair-rec-code-eq by blast+
thus ?case
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using * by (auto split: prod.splits)
qed auto

export-code closest-pair-code in OCaml
module-name Verified

end
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