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Abstract

This article provides a formalization of elements of the theory of universal constructions
for 1-categories (such as limits, adjoints and Kan extensions) in the object logic ZFC' in
HOL ([13], also see [11]) of the formal proof assistant Isabelle [12].
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1 Introduction

This article provides a formalization of further elements of the theory of 1-categories without
an additional structure. More specifically, this article explores canonical universal constructions
[1]' and their properties, building upon the formalization of the foundations of category theory

in [10].

"https://ncatlab.org/nlab/show /universal+construction


https://ncatlab.org/nlab/show/universal+construction

2 Universal arrow

2.1 Background

The following section is based, primarily, on the elements of the content of Chapter III-1 in [9].

named-theorems ua-field-simps

definition UObj : V where [ua-field-simps]: UObj = 0
definition UArr :: V where [ua-field-simps]: UArr = Iy

lemma [cat-cs-simps]:
shows UObj-simp: [a, b]o(UObj) = a
and UArr-simp: [a, blo(UArr) = b
unfolding ua-field-simps by (simp-all add: nat-omega-simps)

2.2 Universal map

The universal map is a convenience utility that allows treating a part of the definition of the
universal arrow as an arrow in the category Set.

2.2.1 Definition and elementary properties

definition umap-of = V=V =>V=>V=V=>V
where umap-of §F crud =

(Mf'eoc Hom (F(HomDoml) r d. F(ArrMap))(f') © AF( HomCod)) u),
Hom (F(HomDom)) r d,
| Hom (F(HomCod)) ¢ (F(ObjiMap))(d))

definition umap-fo = V=V =V=V=V=>VV
where umap-fo § ¢ ru d = umap-of (op-¢f §) crud

Components.

lemma (in is-functor) umap-of-components:
assumes u : ¢ ~q §(0bjMap|)(r)
shows umap-of § ¢ ru d(ArrVal]) = (\f'ecHom A r d. F(ArrMap))(f') casg w)
and umap-of § ¢ ru d(ArrDom|) = Hom A r d
and umap-of § ¢ r u d(|ArrCod)) = Hom B ¢ (F(0bjMap))(d])
unfolding umap-of-def arr-field-simps
by (simp-all add: cat-cs-simps nat-omega-simps)

lemma (in is-functor) umap-fo-components:
assumes u : §(ObjiMap))(r]) —e ¢
shows umap-fo § ¢ ru d(ArrVal) = (\f'ecHom A d r. u o a5 F(ArrMap))(f'))
and umap-fo § ¢ r u d(ArrDom|) = Hom 2 d r
and umap-fo § ¢ v u d(ArrCod]) = Hom B (F(0bjiMap))(d)) c
unfolding
umap-fo-def
is-functor.umap-of-components|
OF is-functor-op, unfolded cat-op-simps, OF assms
]
proof(rule vsv-eql)
fix f" assume ' e Do (Af'ecHom A d r. F(ArrMap)(f') 0 a0p-cat 3 ©)
then have f" f': d —y r by simp
then have §f" F(ArrMap))(f') : F(ObjMap))(d]) —p F(ObMap|)(r)
by (auto intro: cat-cs-intros)



from f’ show
(Af'ecHom 2 d 1. F(ArrMap) (") 0app-cat 8 @) =
(M'ecHom A d r. u 095 F(ArrMap)(f))(f ")
by (simp add: HomCod.op-cat-Comp[ OF assms §f'])
qed simp-all

Universal maps for the opposite functor.

lemma (in is-functor) op-umap-of|cat-op-simps]: umap-of (op-cf §) = umap-fo §
unfolding umap-fo-def by simp

lemma (in is-functor) op-umap-fo| cat-op-simps]: umap-fo (op-cf §) = umap-of §
unfolding umap-fo-def by (simp add: cat-op-simps)

lemmas [cat-op-simps] =
is-functor.op-umap-of
is-functor.op-umap-fo

2.2.2 Arrow value

lemma umap-of-ArrVal-vsv[ cat-cs-intros]: vsv (umap-of § ¢ r u d(ArrVal))
unfolding umap-of-def arr-field-simps by (simp add: nat-omega-simps)

lemma umap-fo-ArrVal-vsv| cat-cs-intros]: vsv (umap-fo § ¢ r u d(ArrVal)))
unfolding umap-fo-def by (rule umap-of-ArrVal-vsv)

lemma (in is-functor) umap-of-ArrVal-vdomain:
assumes u : ¢~ §(0bjMap|)(r)
shows D, (umap-of § ¢ ru d(ArrVal)) = Hom A r d
unfolding umap-of-components| OF assms] by simp

lemmas [cat-cs-simps] = is-functor.umap-of-ArrVal-vdomain

lemma (in is-functor) umap-fo-ArrVal-vdomain:
assumes u : §(ObjMap))(r]) e ¢
shows D, (umap-fo § ¢ ru d(ArrVal)) = Hom A d r
unfolding umap-fo-components[ OF assms] by simp

lemmas [cat-cs-simps] = is-functor.umap-fo-ArrVal-vdomain

lemma (in is-functor) umap-of-ArrVal-app:
assumes f': 17 o d and u: ¢ =g F(ObjMap|)(r])
shows umap-of § ¢ ru d(ArrVal)(f') = F(ArrMap)(f') cags u
using assms(1) unfolding umap-of-components[ OF assms(2)] by simp

lemmas [cat-cs-simps] = is-functor.umap-of-ArrVal-app

lemma (in is-functor) umap-fo-ArrVal-app:
assumes f': d —»o r and u : F(ObjMap))(r) —g c
shows umap-fo § ¢ ru d(ArrVal)(f") = v oasg F(ArrMap))(f')
proof-
from assms have F(ArrMap))(f') : §(ObjMap|)(d)) ~z F(ObiMap|)(r])
by (auto intro: cat-cs-intros)
from this assms(2) have §f'[simp]:
F(ArrMap)(f') ©aop-cat B v = u oagy F(ArrMap)(f)
by (simp add: cat-op-simps)
from
is-functor-azioms
is-functor.umap-of-ArrVal-app(



OF is-functor-op, unfolded cat-op-simps,
OF assms
]
show ?thesis
by (simp add: cat-op-simps cat-cs-simps)
qed

lemmas [cat-cs-simps] = is-functor.umap-fo-ArrVal-app

lemma (in is-functor) umap-of-ArrVal-vrange:
assumes u : ¢~ §(0bjMap|)(r)
shows R, (umap-of § ¢ ru d(ArrVal)) co Hom B ¢ (F(0bjMap))(d))
proof(intro vsubset-antisym vsubsetl)
interpret vsv <umap-of § ¢ r u d(ArrVal])»
unfolding umap-of-components[ OF assms] by simp
fix g assume g €, Ro (umap-of § ¢ r u d(ArrVal])
then obtain f’
where g-def: g = umap-of § ¢ r u d(ArrVal)(f’)
and " f' e, Do (umap-of § ¢ ru d(ArrVal)))
unfolding umap-of-components[ OF assms] by auto
then have f" f': r gy d
unfolding umap-of-ArrVal-vdomain[ OF assms] by simp
then have §f" F(ArrMap))(f') : F(ObjMap)(r) —og F(ObiMapl])(d])
by (auto intro!: cat-cs-intros)
have g-def: g = F(ArrMap))(f') cags v
unfolding g-def umap-of-ArrVal-app[ OF f' assms]..
from Ff' assms show g €, Hom 9B ¢ (F(0bjMap|)(d|)
unfolding g-def by (auto intro: cat-cs-intros)
qed

lemma (in is-functor) umap-fo-ArrVal-vrange:
assumes u : §(ObjMap))(r) —g ¢
shows R, (umap-fo § ¢ r u d(ArrVal)) <o Hom B (F(0bjMap))(d)) ¢
by
(
rule is-functor.umap-of-ArrVal-vrange|
OF is-functor-op, unfolded cat-op-simps, OF assms, folded umap-fo-def

]
)

2.2.3 Universal map is an arrow in the category Set

lemma (in is-functor) cf-arr-Set-umap-of:
assumes category o 2A
and category a B
and r: 7 €, A(0bj)
and d: d €, 20(]0bj)
and u: u : ¢ =g F(ObMap)) (7]
shows arr-Set o (umap-of § ¢ ru d)
proof(intro arr-Setl)
interpret HomDom: category « 2 by (rule assms(1))
interpret HomCod: category a B by (rule assms(2))
note umap-of-components = umap-of-components| OF u]
from u d have c: ¢ €, B(0bj]) and Fd: (F(0bjMap))(d))) €. B(Obj)
by (auto intro: cat-cs-intros)
show ufsequence (umap-of § ¢ v u d) unfolding umap-of-def by simp
show vcard (umap-of § c¢ru d) = 3N
unfolding umap-of-def by (simp add: nat-omega-simps)

10



from umap-of-ArrVal-vrange[ OF u] show
Ro (umap-of § ¢ ru d(ArrVal)) So umap-of § ¢ v u d(ArrCod))
unfolding umap-of-components by simp
from r d show umap-of § ¢ r v d(ArrDom]) €, Vset «
unfolding umap-of-components by (intro HomDom.cat-Hom-in-Vset)
from ¢ §d show umap-of § ¢ r u d(ArrCod)) €, Vset a
unfolding umap-of-components by (intro HomCod.cat-Hom-in-Vset)
qged (auto simp: umap-of-components| OF u])

lemma (in is-functor) cf-arr-Set-umap-fo:
assumes category o 2A
and category o ‘B
and 1: 7 €, A(0bj)
and d: d €, 20(]0bj)
and w: u : F(ObjiMap))(r]) = ¢
shows arr-Set o (umap-fo § ¢ r u d)
proof-
from assms(1) have 2: category o (op-cat )
by (auto intro: cat-cs-intros)
from assms(2) have B: category a (op-cat B)
by (auto intro: cat-cs-intros)
show ?thesis
by
(
rule
is-functor.cf-arr-Set-umap-of |
OF is-functor-op, unfolded cat-op-simps, OF A B r d u
]
)

qed

lemma (in is-functor) cf-umap-of-is-arr:
assumes category o 2A
and category o ‘B
and 7 €, A(0bj)
and d ¢, 2A(0bj)
and u : ¢ =g §(ObjMap|)(r])
shows umap-of § crud: Hom A rd 44 60t o Hom B ¢ (F(ObjMap|)(d]))
proof(intro cat-Set-is-arrl)
show arr-Set a (umap-of § ¢ r u d)
by (rule cf-arr-Set-umap-of [ OF assms])
qed (simp-all add: umap-of-components| OF assms(5)])

lemma (in is-functor) cf-umap-of-is-arr":
assumes category o A
and category a B
and r €, A(Obj)
and d ¢, A(0bj)
and u : ¢~ F(ObjMap|)(r])
and A = Hom A r d
and B = Hom B ¢ (F(ObjMap))(d))
and € = cat-Set o
shows umap-of § crud: A »¢ B
using assms(1-5) unfolding assms(6-8) by (rule cf-umap-of-is-arr)

lemmas [cat-cs-intros] = is-functor.cf-umap-of-is-arr’

lemma (in is-functor) cf-umap-fo-is-arr:

11



assumes category o A
and category a ‘B
and r €, A(Obj)
and d ¢, 2A(0bj)
and u : §(ObjMap))(7]) = ¢
shows umap-fo § ¢ ru d: Hom A dr 41601 o Hom B (F(ObjMap))(d))) ¢
proof(intro cat-Set-is-arrl)
show arr-Set « (umap-fo § ¢ ru d)
by (rule cf-arr-Set-umap-fo[ OF assms])
qed (simp-all add: umap-fo-components[ OF assms(5)])

lemma (in is-functor) cf-umap-fo-is-arr":
assumes category o A
and category a ‘B
and r €, A(Obj)
and d ¢, A(0bj)
and u : F(ObjMap))(r]) —e ¢
and A = Hom A dr
and B = Hom B (F(ObjMap))(d]) ¢
and € = cat-Set o
shows umap-foF crud: A g B
using assms(1-5) unfolding assms(6-8) by (rule cf-umap-fo-is-arr)

lemmas [cat-cs-intros] = is-functor.cf-umap-fo-is-arr’

2.3 Universal arrow: definition and elementary properties

See Chapter III-1 in [9].

definition universal-arrow-of = V. = V = V = V = bool
where universal-arrow-of § ¢ r u «—
(
r € §(HomDoml|)(Obj) A

u:c HSGHOTILCOdD 3(|Ob]MGPD(|7"D A

vor'u'
r' €, §(HomDom]|)(Obj)) —
u': ¢ 25 HomCod) S(ObMap)(r') —
Ay fer = %(HomDom) ' A u' = umap-of §F crur'(ArrVal)(f))
)
)

definition universal-arrow-fo = V.= V = V = V = bool
where universal-arrow-fo § ¢ r u = universal-arrow-of (op-cf §) ¢ ru

Rules.

mk-ide (in is-functor) rf
universal-arrow-of-def[where §=F, unfolded cf~-HomDom cf-HomCod]
|intro universal-arrow-ofI|
|dest universal-arrow-ofD[ dest]
|elim universal-arrow-ofE[ elim]|

lemma (in is-functor) universal-arrow-fol:
assumes 1 €, A(0bj)
and u : §(ObjMap))(r]) —e ¢
and Ar' v’ [[ ' e A(O0bj]); u': F(ObiMap))(r') = ¢ ]| =
L ey r AU = umap-fo § ¢ u r'(ArrVal) (f7)

shows universal-arrow-fo § ¢ r u

12



by
(
simp add:
is-functor.universal-arrow-ofI

OF is-functor-op,
folded universal-arrow-fo-def,
unfolded cat-op-simps,
OF assms
]
)

lemma (in is-functor) universal-arrow-foD[dest]:
assumes universal-arrow-fo § ¢ v u
shows r €, A(0bj)
and u : F(ObjMap))(r) —op
and Ar' v’ [ ' e A(Obj]); u': F(ObiMap)(r') —p ¢ || =
L ey r A ' = umap-fo § ¢ rou r'(ArrVal) (f)
by
(
auto sitmp:
is-functor.universal-arrow-ofD

OF is-functor-op,
folded universal-arrow-fo-def,
unfolded cat-op-simps,
OF assms
]
)

lemma (in is-functor) universal-arrow-foE[ elim]:
assumes universal-arrow-fo § ¢ r u
obtains r €, A(0bj)
and u : F(ObjMap))(r]) —e ¢
and Ar' v’ [[ 7' e A(O0bj]); u': F(ObiMap))(r') = ¢ ]| =
i ey r AU = umap-fo § e u r'(ArrVal) (f7)

using assms by (auto simp: universal-arrow-foD)

Elementary properties.

lemma (in is-functor) op-cf-universal-arrow-of| cat-op-simps]:
universal-arrow-of (op-cf §) ¢ r u <— universal-arrow-fo § ¢ r u
unfolding universal-arrow-fo-def ..

lemma (in is-functor) op-cf-universal-arrow-fo[ cat-op-simps]:
universal-arrow-fo (op-c¢f §F) ¢ r u «— universal-arrow-of § ¢ ru
unfolding universal-arrow-fo-def cat-op-simps ..

lemmas (in is-functor) [cat-op-simps] =

is-functor. op-cf-universal-arrow-of
is-functor.op-cf-universal-arrow-fo

2.4 Uniqueness

The following properties are related to the uniqueness of the universal arrow. These properties
can be inferred from the content of Chapter III-1 in [9)].

lemma (in is-functor) cf-universal-arrow-of-ex-is-iso-arr:

13



— The proof is based on the ideas expressed in the proof of Theorem 5.2 in Chapter Introduction in
[6].

assumes universal-arrow-of § ¢ r v and universal-arrow-of F ¢ v’ u’

obtains f where f : r »;,,9 " and u' = umap-of § ¢ ru r'(ArrVal))(f]
proof-

note ual = universal-arrow-ofD[ OF assms(1)]
note ua?2 = universal-arrow-of D[ OF assms(2)]

from wal(1) have Ar: A(CILd)(r)) : r —g 7 by (auto intro: cat-cs-intros)
from wal(1) have F(ArrMap))(A(CId)(r)) = B(CId)(F(ObiMap]) ()]
by (auto intro: cat-cs-intros)
with uwal(1,2) have u-def: u = umap-of § ¢ v u r(ArrVal)(A(CId) (7))
unfolding umap-of-ArrVal-app[ OF Ar ua1(2)] by (auto simp: cat-cs-simps)

from wa2(1) have Ar" A(CILd)(r") : v’ —g v’ by (auto intro: cat-cs-intros)
from wa?2(1) have F(ArrMap|)(A(CId)(r")) = B(CId)(F(ObiMap])(rD]
by (auto intro: cat-cs-intros)
with wa2(1,2) have u'-def: u' = umap-of § c v’ u' r'(ArrVal) (A(CId])(r")]
unfolding umap-of-ArrVal-app[ OF 2Ar’ uwa2(2)] by (auto simp: cat-cs-simps)

from Ar u-def universal-arrow-ofD(3)[ OF assms(1) ual(1,2)] have eq-Cld-rI:
[ f":r o u=umap-of § ¢ rur(ArrVal)(f) ] = f" = A(CId)(r)
for f’
by blast
from Ar’ u’-def universal-arrow-ofD(3)[ OF assms(2) ua2(1,2)] have eq-CId-r'I:
[ f:r" oy rs u' = umap-of § cr' v r'(ArrVal)(f') ]| =
[T =(crdh(rD
for f’
by blast

from ual(3)[OF ua2(1,2)] obtain f
where f: f:r g 1’
and u'-def: u' = umap-of § ¢ ru r'(ArrVal))(f)
and g: r =g ' = u' = umap-of § crur'(ArVal)(g) = f =9
for g
by metis
from ua?2(3)[ OF ual(1,2)] obtain f’
where [ f':r g
and u-def: u = umap-of § ¢ r' v’ r(ArrVal)(f’)
and g: r' g 1= u = umap-of § cr’ v r(ArrVal)(g) = f'=g¢
for ¢
by metis

have f: 1 ;509 7'
proof(intro is-iso-arrl is-inversel)
show f: f: r —g 1’ by (rule f)
show f": f': r" —»o r by (rule f)
show f : r =y r’' by (rule f)
from f’ have §f" F(ArrMap)(f’) : F(ObiMap|)(r') ~ F(ObiMap|)(r)
by (auto intro: cat-cs-intros)
from f have §f: §(ArrMap))(f) : F(ObiMap|)(r) o5 F(ObjMap))(r’)
by (auto intro: cat-cs-intros)
note u’-def’ = u’-def[ symmetric, unfolded umap-of-ArrVal-app[ OF f ual(2)]]
and u-def’ = u-def[ symmetric, unfolded umap-of-ArrVal-app[ OF f' ua2(2)]]
show f’ o9 f = A(CId|)(r])
proof(rule eq-CId-rI)
from f f' show f'f: floag f:r g 7

14



by (auto intro: cat-cs-intros)
from wal(2) §f' §f show u = umap-of § ¢ ru r(ArrVal)(f’ oag f)
unfolding umap-of-ArrVal-app[ OF f'f ua1(2)] cf-ArrMap-Comp|[ OF f' f]
by (simp add: HomCod.cat-Comp-assoc u'-def’ u-def"’)
qed
show f oaqg f' = A(CId)(r')
proof(rule eq-CId-r'T)
from f ' show ff" foag f':r" g 1’
by (auto intro: cat-cs-intros)
from wa2(2) §f' §f show v’ = umap-of § ¢ v’ v’ r'(ArrVal)(f cag f')
unfolding umap-of-ArrVal-app[ OF ff' wa2(2)] cf-ArrMap-Comp[ OF f f]
by (simp add: HomCod.cat-Comp-assoc u'-def’ u-def")
qed
qged

with u’-def that show ?thesis by auto
qed

lemma (in is-functor) cf-universal-arrow-fo-ex-is-iso-arr:
assumes universal-arrow-fo § ¢ r u
and universal-arrow-fo § ¢ v’ u’
obtains f where f : r’' —;,,9 7 and u' = umap-fo § ¢ r u r'(ArrVal))(f)
by
(
elim
is-functor. cf-universal-arrow-of-ex-is-iso-arr|
OF is-functor-op, unfolded cat-op-simps, OF assms
]
)

lemma (in is-functor) cf-universal-arrow-of-unique:

assumes universal-arrow-of § ¢ r u

and universal-arrow-of § ¢ v’ u’

shows 3!f". f':r g r' A uw' = umap-of § ¢ rur'(ArrVal)(f')
proof-

note ual = universal-arrow-ofD[ OF assms(1)]

note ua2 = universal-arrow-of D[ OF assms(2)]

from wal(8)[OF ua2(1,2)] show ?thesis .
qed

lemma (in is-functor) cf-universal-arrow-fo-unique:

assumes universal-arrow-fo § ¢ r u

and universal-arrow-fo § ¢ r' v’

shows 3!f". f':r' =g r A u' = umap-fo § ¢ ru r'(ArrVal)(f)
proof-

note ual = universal-arrow-foD[ OF assms(1)]

note ua2 = universal-arrow-foD[ OF assms(2)]

from wal(8)[OF ua2(1,2)] show ?thesis .
qed

lemma (in is-functor) cf-universal-arrow-of-is-iso-arr:
assumes universal-arrow-of § ¢ r u
and universal-arrow-of § ¢ v’ u’
and f: 1 g 1’
and u’ = umap-of §F ¢ ru r'(ArrVal)(f)
shows f: 71 =09 1’
proof-
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from assms(3,4) cf-universal-arrow-of-unique[ OF assms(1,2)] have eq:
g:r g r'= u'=umap-of § crur'(ArrVal)(g) = f = g for g
by blast

from assms(1,2) obtain f’
where iso-f" f': 1 g0 T’

and u'-def: u' = umap-of § ¢ ru r'(ArrVal) ()

by (auto elim: cf-universal-arrow-of-ex-is-iso-arr)

then have f" f': r —g r' by auto

from iso-f’' show ?thesis unfolding eq[ OF f' u'-def, symmetric].

qed

lemma (in is-functor) cf-universal-arrow-fo-is-iso-arr:
assumes universal-arrow-fo § ¢ r u
and universal-arrow-fo § ¢ v’ u’
and f: 7' g 1
and v’ = umap-fo § ¢ ru r'(ArrVal) (f)
shows f: 1" >0 T
by
(
rule
is-functor. cf-universal-arrow-of-is-iso-arr|
OF is-functor-op, unfolded cat-op-simps, OF assms
]
)

lemma (in is-functor) universal-arrow-of-if-universal-arrow-of:
assumes universal-arrow-of § ¢ r u
and f: 7 g0 1’
and u’ = umap-of §F ¢ ru r'(ArrVal)(f)
shows universal-arrow-of § ¢ r' u’
proof(intro universal-arrow-ofI assms(2))

note ua = universal-arrow-ofD[ OF assms(1)]
note f = is-iso-arrD(1)[ OF assms(2)]
from assms(8) ua(1,2) f have u'-def: v’ = F(ArrMap|)(f]) casg u
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from wa(2) f show u” u': c = F(ObiMap|)(r’)
unfolding u’-def by (cs-concl cs-intro: cat-cs-intros)

from f(1) show r'e, A(Obj) by auto
fix r'" u'" assume prems: r'" €, A(Obj)) u'": ¢ =5 F(ObMap|)(r")

from ua(3)[ OF prems] obtain f’
where f’: f’ Ir =9 7“”
and u'’-def: u"" = umap-of §F ¢ ru r""(ArrVal)(f')
and f’-unique: Af".
[ f":r g r's u' = umap-of § ¢ rur”"(ArrVal)(f") ] =
f‘// — f/
by metis

from u'’-def f" ua(2) have [cat-cs-simps]: F(ArrMap)(f') cagy v = u”’
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros) simp

show IIf" f:r' o "' A u" = umap-of § ¢ r’ v’ r""(ArrVal)(f")
proof(intro ex1I conjl; (elim conjE)?)
from f' assms(2) f show f'oaq flog i 1 Py 1
by (cs-concl cs-intro: cat-cs-intros cat-arrow-cs-intros)
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have
F(ArrMap) (f') oagg (F(ArrMap)(f~ cg() oagg u') =
F(ArrMap)(f') oags (S(ArrMap) (/" o) oass (F(ArrMap)(f) cag w))
unfolding u’-def ..
also from f' assms(2) v’ f ua(2) have
o = S(ArMap) () o (F(ArrMap)(f ™ coq oag D) oasp u
by
(
cs-concl
cs-simp: cat-cs-simps cs-intro: cat-arrow-cs-intros cat-cs-intros
)

also from f' assms(2) fua(2) have ... = u”’
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
finally have [cat-cs-simps]:
F(ArrMap)(f) oasg (F(ArrMap)(f~' g cags u’) = u'"
from [’ assms(2) u’ f show
u'" = umap-of § ¢’ u' r"(ArrVal)(f oag T on))
by
(
cs-concl
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-arrow-cs-intros
)

fix g assume prems”:
g:r g r" u' = umap-of F cr’u r"(ArrVal])(g)
from prems’(1) f have gf: goag f: 1 g 1"
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from prems’(2,1) assms(2) v’ have u'' = F(ArrMap))(g]) casg v’
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
also from prems’(1) f ua(2) have
.. = §(ArrMap))(g)) casg F(ArrMap))(f]) casy u
by (cs-concl cs-simp: cat-cs-simps u'-def u'’-def cs-intro: cat-cs-intros)
also from prems’(1) f ua(2) have
. = umap-of § ¢ rur”"(ArrVal)(g cag f)
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
finally have u"’ = umap-of § ¢ ru r"'(ArrVal)(g cag f])-
from f’-unique[ OF gf this] have g oag f = f'.
then have (g oA f) oA f_lcQ[ =f' oA f_l o9l by simp
from this assms(2) prems’'(1) u' fua(2) show g = f"oag fog
by
(
cs-prems
cs-simp: cat-cs-simps cs-intro: cat-arrow-cs-intros cat-cs-intros
)

qed
qed

lemma (in is-functor) universal-arrow-fo-if-universal-arrow-fo:
assumes universal-arrow-fo § ¢ r u
and f: 1" g0 T
and u’ = umap-fo § ¢ r u r'(ArrVal)(f)
shows universal-arrow-fo § ¢ r’ u’
by
(
rule is-functor.universal-arrow-of-if-universal-arrow-of |
OF is-functor-op, unfolded cat-op-simps, OF assms
]
)
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2.5 Universal natural transformation

2.5.1 Definition and elementary properties

The concept of the universal natural transformation is introduced for the statement of the
elements of a variant of Proposition 1 in Chapter III-2 in [9].

definition nicf-ua-of = V=V =>V=>V=V=V
where ntcf-ua-of a § ¢ u =

(AdeoF(HomDom|)(Obj). umap-of § ¢ ru d),
Homo.cas§(HomDoml)(r,-),

Homo. cad(HomCod))(c,—) ocr 3,
F(HomDom]),

cat-Set

]o

definition nicf-ua-fo:: V=V=>V=>V=>V=>TV
where ntcf-ua-fo a § ¢ r u = ntef-ua-of « (op-¢f F) cru

Components.

lemma nicf-ua-of-components:
shows ntcf-ua-of a § ¢ r u(NTMap)) = (Ade.F(HomDom|)(Obj]). umap-of § ¢ ru d)
and ntcf-ua-of a § ¢ r u(NTDom|) = Homo. caS(HomDoml|)(r,—)
and nicf-ua-of a § ¢ r u(NTCod]) = Homo,.caS(HomCod|)(c,-) ccr §
and nicf-ua-of a § ¢ r u(NTDGDoml)) = F(HomDom]|)
and ntcf-ua-of a §F ¢ r u(NTDGCod)) = cat-Set «
unfolding ntcf-ua-of-def ni-field-simps by (simp-all add: nat-omega-simps)

lemma nitcf-ua-fo-components:

shows nicf-ua-fo a § ¢ r u(NTMap|) = (AdeoF(HomDom|)(Obj]). umap-fo § ¢ r u d)
and ntcf-ua-fo a § ¢ r u(NTDom|) = Homo. coop-cat (F(HomDoml))(r,—)
and ntcf-ua-fo a § ¢ r u(NTCod)) =

Homo coop-cat (F(HomCod)))(c,—) ocr op-cf §

and ntcf-ua-fo a § ¢ r u(NTDGDom|) = op-cat (F(HomDom)))
and nicf-ua-fo a § ¢ r u(NTDGCod)) = cat-Set «

unfolding ntcf-ua-fo-def ntcf-ua-of-components umap-fo-def cat-op-simps

by simp-all

context is-functor
begin

lemmas ntcf-ua-of-components’ =
nicf-ua-of-components[where a=a and §=F, unfolded cat-cs-simps]

lemmas [cat-cs-simps] = ntcf-ua-of-components’(2-5)

lemma ntcf-ua-fo-components”:
assumes ¢ €, B(0bj) and r €, A(Obj)
shows ntcf-ua-fo a § ¢ r u(NTMap|) = (Ade.2A(Obj)). umap-fo F ¢ r u d)
and [cat-cs-simps]:
nitcf-ua-fo a F ¢ r u(NTDom|) = Homo. caA(-,r)
and [ cat-cs-simps]:
ntef-ua-fo a § ¢ r u(NTCod)) = Homo.caB(-,c) ocr op-¢f §
and [cat-cs-simps]: ntcf-ua-fo a § ¢ r u(NTDGDom|) = op-cat A
and [cat-cs-simps]: ntef-ua-fo a § ¢ r u(NTDGCod)) = cat-Set o
unfolding
ntcf-ua-fo-components cat-cs-simps
HomDom.cat-op-cat-cf-Hom-snd[ OF assms(2)]
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HomCod.cat-op-cat-cf-Hom-snd[ OF assms(1)]
by simp-all

end

lemmas [cat-cs-simps] =
is-functor.ntcf-ua-of-components’( 2—5)
is-functor.ntcf-ua-fo-components'(2-5)

2.5.2 Natural transformation map

mk-VLambda (in is-functor)
ntcf-ua-of-components(1)[where a=a and §=F, unfolded cf-HomDom]
|vsv ntcf-ua-of-NTMap-vsv|
|vdomain ntcf-ua-of-NTMap-vdomain|
|app ntcf-ua-of-NTMap-app|

context is-functor
begin

context

fixes cr

assumes 7: r €, A(0bj]) and ¢: ¢ €, B(0bj)
begin

mk-VLambda ntcf-ua-fo-components’(1)[ OF ¢ r]
|vsv nitcf-ua-fo-NTMap-vsv|
|vdomain ntcf-ua-fo-NTMap-vdomain|
|app ntcf-ua-fo-NTMap-app|

end
end

lemmas [cat-cs-intros] =
is-functor.ntcf-ua-fo-NTMap-vsv
is-functor.ntcf-ua-of-NTMap-vsv

lemmas [cat-cs-simps] =
is-functor.nitcf-ua-fo-NTMap-vdomain
is-functor.ntcf-ua-fo-NTMap-app
is-functor.ntcf-ua-of-NTMap-vdomain
is-functor.ntcf-ua-of-NTMap-app

lemma (in is-functor) ntcf-ua-of-NTMap-vrange:
assumes category o A
and category a ‘B
and r €, A(0bj)
and u : ¢~ F(ObjMap|)(r])
shows R, (ntcf-ua-of a § ¢ r u(NTMap))) Co cat-Set a(Arr)
proof(rule vsv.vsv-vrange-vsubset, unfold ntcf-ua-of-NTMap-vdomain)
show wvsv (ntcf-ua-of a §F ¢ r u(NTMap))) by (rule ntcf-ua-of-NTMap-vsv)
fix d assume prems: d €, 2(Obj)
with category-cat-Set is-functor-axioms assms show
ntcf-ua-of a § ¢ r u(NTMap|)(d|) €, cat-Set a(Arr|
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qed
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2.5.3 Commutativity of the universal maps and hom-functions

lemma (in is-functor) cf-umap-of-cf-hom-commute:
assumes category o 2
and category a ‘B
and c €, B(0bj)
and r €, A(Obj)
and u : ¢ = §(ObjMap|)(r)
and f:a g b
shows
umap-of F ¢ T u b oA gt o f-hom A [A(CIA)(r), flo =
cf-hom B [BACIA)(e), SQArrMap)(f)]e ©agap-et o wmap-of § ¢ v u a
(is <Zuof-b o4 pyt-Set o 71f = 2¢f ©Acqt-Set o fuof-ar)
proof-

from is-functor-azioms category-cat-Set assms(1,2,4—6) have b-rf:
2u0f-b 0 4 cqr-Set o 71+ Hom A r a = 0i 6ot o Hom B ¢ (F(ObiMap)) (b))
by
(
cs-concl cs-shallow
cs-intro: cat-cs-intros cat-op-intros cat-prod-cs-intros
)

from is-functor-azioms category-cat-Set assms(1,2,4-6) have cf-a:
%cf oA cat-Set o fuof-a s Hom A 1 a = .41 Gor o Hom B ¢ (F(ObiMapl)) (b))
by (cs-concl cs-intro: cat-cs-intros cat-op-intros cat-prod-cs-intros)

show ?thesis
proof(rule arr-Set-eql[of a])
from b-rf show arr-Set-b-rf: arr-Set o (?uof-b 4 cut-Set o 77f)
by (auto dest: cat-Set-is-arrD(1))
from b-rf have dom-lhs:
Do ((2uof-b oapgi-Set o 7rf)(ArrVal)) = Hom A r a
by (cs-concl cs-shallow cs-simp: cat-cs-simps)+
from cf-a show arr-Set-cf-a: arr-Set o (7cf oA cgt-Set o Zu0f-a)
by (auto dest: cat-Set-is-arrD(1))
from cf-a have dom-rhs:
D, ((7cf oacgt-Set o Zuof-a)(ArrVal)) = Hom A ra
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
show (2uof-b o4 cur-Set o 77f)(ArrVal]) = (2¢f oapgp-Set o Zuof-a)(ArrVal])
proof(rule vsv-eql, unfold dom-lhs dom-rhs in-Hom-iff)
fix ¢ assume ¢ : 7 =g a
with is-functor-azioms category-cat-Set assms show
(?UOf—b OAcat-Set o Qrf) (|AT’7"VCZZD (|Q|) =
(?Cf OAcat-Set « ?uof—a)(|A7“7“Val|)(|q|)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros cat-prod-cs-intros
)

qed (use arr-Set-b-rf arr-Set-cf-a in auto)
qed (use b-rf cf-a in <cs-concl cs-shallow cs-simp: cat-cs-simpsy)+
qed

lemma cf-umap-of-cf-hom-unit-commute:
assumes category a €
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and category o ©

and §: € >0 D

and & : D »>oq €

and n: c¢f-id € »op G ogp F: Coy €

and g: ¢ g c

and f: d —qg d’
shows

umap-of & ¢’ (F(ObjMap)(c')) (n(NTMap)(c')) d" oacat-set o

cf-hom D [§(ArrMap)(g), flo =
cf-hom € [g, (ArrMap)(f)]o ©4 cat-Set o
umap-of & ¢ (§(0bjMap))(cl)) (n(NTMap)(c)) d
(is «?uof-c'd" o g cut-Set o 7B9f = 29Bf 0A cqt-Set o Zuof-cd»)
proof-

interpret 7: is-ntcf a € € <c¢f-id € B ocp § n by (rule assms(5))

from assms have ¢'d’-Fgf: ?uof-c'd" o4 q1-Set o 759
Hom D (§(0bjMap))(cl)) d = ¢44-Set o Hom € ¢’ (&(0bjMap])(d'))

by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros cat-prod-cs-intros
)

then have dom-lhs:
D, ((Puof-c'd" oaut-Set o 789f)(ArrVal])) = Hom © (F(ObiMap|)(c))) d
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
from assms have g&f-cd: 29&f 04 .4t-Set o Fuof-cd :
Hom ® (§10biMap)(c)) d =gy 501 o Hom € ¢ (S(0bjMap)(d’))
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros cat-prod-cs-intros

then have dom-rhs:
Do ((29Bf 04 cat-Set o Zuof-cd)(ArrVal))) = Hom ® (F(0bjMap))(c))) d
by (cs-concl cs-shallow cs-simp: cat-cs-simps)

show ?thesis
proof(rule arr-Set-eqI[of a])
from c¢'d’-Fgf show arr-Set-c'd’-Fgf:
arr-Set o (?uof-c'd" o4 cut-Set o 789f)
by (auto dest: cat-Set-is-arrD(1))
from ¢&f-cd show arr-Set-g®f-cd:
arr-Set a (298f 04 qt-Set o Zuof-cd)
by (auto dest: cat-Set-is-arrD(1))
show
(Puof-c'd" o g cqr-Set o 7S9f)(ArrVal)) =
(298f 04 cqt-Set o Zuof-cd)(ArrVal])
proof(rule vsv-eql, unfold dom-lhs dom-rhs in-Hom-iff)
fix h assume prems: h : F(ObjMap|)(c)) »o d
from n.ntcf-Comp-commute[ OF assms(6)] assms have [ cat-cs-simps]:
n(NTMap))(c)) cag g = &(ArrMap))(F(ArrMap)(g)) cag n(NTMap))(c’)
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cat-op-simps cs-intro: cat-cs-intros
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)

from assms prems show
(Puof-c'd" o a cut-Set o 789f)(ArrVal)(h) =
(298f 0 cat-Set o uof-cd)(ArrVall)(h])
by
(
cs-concl
cs-intro: cat-cs-intros cat-op-intros cat-prod-cs-intros
cs-simp: cat-cs-simps
)

qed (use arr-Set-c'd’-Fgf arr-Set-g&f-cd in auto)
qed (use ¢'d"-Fgf g&f-cd in <cs-concl cs-shallow cs-simp: cat-cs-simpsy )+
qed

2.5.4 Universal natural transformation is a natural transformation

lemma (in is-functor) cf-ntcf-ua-of-is-ntcf:
assumes 1 €, 2A(0bj)
and u : ¢ =g §(ObjMap|)(r])
shows ntcf-ua-of o § cru:
Homo co2l(r,=) »cr Homo. caB(c,-) ocr § : A = cq cat-Set «
proof(intro is-ntcfl”)
let Zua = <ntcf-ua-of a § ¢ r w
show ufsequence (ntcf-ua-of a § ¢ r ) unfolding ntcf-ua-of-def by simp
show vcard ?ua = 5y unfolding nitcf-ua-of-def by (simp add: nat-omega-simps)
from assms(1) show Homo co2(r,—) : 2 »—cq cat-Set a
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from is-functor-azioms assms(2) show
Homo.caB(c,—) ocp § : A = cq cat-Set a
by (cs-concl cs-intro: cat-cs-intros)
from is-functor-axioms assms show D, (2ua(NTMapl))) = A(Obj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
show 2ua(NTMapl)(al) :
Homo.ca2U(r,~)(0biMap))(a) = cut-Set o (Homo. ca®B(c,-) ocr §)(0biMapl)(al)
if a ¢, A(Obj) for a
using is-functor-azioms assms that
by (cs-concl cs-simp: cat-cs-simps cat-op-simps cs-intro: cat-cs-intros)
show Zua(NTMap))(b) o4 cut-Set o Homo.ca24(r,=)(ArrMap))(f]) =
(Homo.ca®B(c,-) occr §)(ArrMap)(f]) ©acat-Set o Zua(NTMap|)(al)
iff:amg bforabf
using is-functor-axioms assms that
by
(
cs-concl
cs-simp: cf-umap-of-cf-hom-commute cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros

qed (auto simp: ntcf-ua-of-components cat-cs-simps)

lemma (in is-functor) cf-ntcf-ua-fo-is-ntcf:
assumes 7 €, 2A(0bj)) and v : F(ObiMap|)(r) —p c
shows ntcf-ua-fo a § ¢ ru:
Homo.caU(—,r) »cr Homo.caB(-,c) ocr op-cf §:
op-cat A g cat-Set a
proof-
from assms(2) have c: ¢ €, B(0bj) by auto
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show ?thesis
by
(

rule is-functor.cf-ntcf-ua-of-is-ntcf

OF is-functor-op,

unfolded cat-op-simps,

OF assms(1,2),

unfolded
HomDom.cat-op-cat-cf-Hom-snd[ OF assms(1)]
HomCod.cat-op-cat-cf-Hom-snd[ OF c]
ntcf-ua-fo-def [ symmetric]

]

)
qed

2.5.5 Universal natural transformation and universal arrow

The lemmas in this subsection correspond to variants of elements of Proposition 1 in Chapter
I1I-2 in [9].

lemma (in is-functor) cf-nicf-ua-of-is-iso-ntcf:
assumes universal-arrow-of § ¢ r u
shows ntcf-ua-of a § cru:
Homo.co2(r,-) »or.iso Homo. ca®B(c,—) ocr § : A —»cq cat-Set a
proof-

have r: r €, 2A(0bj)
and w u: ¢~ F(ObjMap|)(r)
and bij: Ar’ .
I
r’ e, A(0bj);
u': ¢ g F(ObjMap))(r)
[ = 3l for ey ' A u' = umap-of § ¢ rur'(ArrVal)(f')
by (auto introl: universal-arrow-ofD[ OF assms(1)])

show ?thesis
proof(intro is-iso-ntcfI)
show ntcf-ua-of a § cru:
Homo col(r,=) »cr Homo. caB(c,—) ocr § : A = cq cat-Set «
by (rule cf-ntcf-ua-of-is-ntcf[ OF r u])
fix a assume prems: a €, A(Obj)
from is-functor-azioms prems r u have [simp]:
umap-of § crua: Hom A r a4 600 o Hom B ¢ (F(ObjMap|)(al)))
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
then have dom: D, (umap-of § ¢ r u a(ArrVal)) = Hom A r a
by (cs-concl cs-simp: cat-cs-simps)
have umap-of § cru a: Hom A 1 a =is0p0t-Set o Hom B ¢ (§(ObjMap))(al))
proof(intro cat-Set-is-iso-arrl, unfold dom)

show umof-a: v11 (umap-of § ¢ r u a(ArrVal))
proof(intro vsv.vsv-valeqg-v11I, unfold dom in-Hom-iff)
fix g f assume prems”:
g:rieoa
fire=ga
umap-of § ¢ ru a(ArrVal)(g) = umap-of §F ¢ v u a(ArrVal)(f)
from is-functor-axioms r u prems’(1) have §g:
S(ArrMap)(g) casg u : ¢ =g F(ObjMapl)(al)
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by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from bij[ OF prems Fg] have unique:
[
f’ T }—)Q[ a;
S(ArrMap|)(g)) cass u = umap-of § ¢ ru a(ArrVal)(f')
I=yg=f
for f’' by (metis prems’(1) u umap-of-ArrVal-app)
from is-functor-axioms prems’(1,2) u have Fg-u:
S(ArrMap))(g) cags u = umap-of § c ru a(ArrVal))(f])
by (cs-concl cs-simp: prems’(3)[ symmetric] cat-cs-simps)
show g = f by (rule unique[ OF prems’(2) §g-u])
qged (auto simp: cat-cs-simps cat-cs-intros)

interpret umof-a: v11 <umap-of § ¢ r u a(ArrVal)) by (rule umof-a)

show R, (umap-of § ¢ ru a(ArrVal))) = Hom B ¢ (F(ObjMap))(al)))
proof(intro vsubset-antisym)
from u show R, (umap-of § ¢ r u a(ArrVal)) <o Hom B ¢ (F(0bjiMap|)(a)))
by (rule umap-of-ArrVal-vrange)
show Hom B ¢ (F(O0bjMap))(al)) So Ro (umap-of § ¢ r u a(ArrVal]))
proof(rule vsubsetl, unfold in-Hom-iff )
fix f assume prems” f: ¢ »g F(ObjMap)(al
from bij[ OF prems prems’] obtain f'
where " f':r g a
and f-def: f = umap-of § ¢ ru a(ArrVal)(f’)
by auto
from is-functor-azioms prems prems’ u f’ have
"€ Do (umap-of §F ¢ ru aArrVal)))
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from this show [ €, R, (umap-of § ¢ r u a(ArrVal])
unfolding f-def by (rule umof-a.vsv-vimagel2)
qed

qed
qed simp-all

from is-functor-azioms prems r u this show
ntef-ua-of a § ¢ r u(NTMap))(a) :
Homo.ca(r,~)(0bjMap))(a) =isocqt-Set o
(Homo.ca®B(c,~) ocr §)(0bjMap))(a))
by
(
cs-concl
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros

)
qed

qed
lemmas [cat-cs-intros] = is-functor.cf-ntcf-ua-of-is-iso-ntcf
lemma (in is-functor) cf-nicf-ua-fo-is-iso-ntcf:

assumes universal-arrow-fo § ¢ r u

shows ntcf-ua-fo a F cru:

Homo.caU(=,r) »cF.iso Homo.caB(-,c) occp op-cf §:
op-cat A —— ¢ cat-Set a
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proof-
from universal-arrow-foD[ OF assms] have r: r €, 2(Obj)) and c: ¢ €, B(0bj))
by auto
show ?thesis
by
(

rule is-functor.cf-ntcf-ua-of-is-iso-ntcf

OF is-functor-op,

unfolded cat-op-simps,

OF assms,

unfolded
HomDom. cat-op-cat-cf-Hom-snd[ OF r]
HomCod.cat-op-cat-cf-Hom-snd[ OF ¢]
nicf-ua-fo-def[ symmetric)

)

qed
lemmas [cat-cs-intros] = is-functor.cf-ntcf-ua-fo-is-iso-ntcf

lemma (in is-functor) cf-ua-of-if-nitcf-ua-of-is-iso-ntcf:
assumes 1 €, A(Obj)
and u : ¢ =g §(ObjMap|)(r))
and nicf-ua-of a F cru:
Homo.co2(r,-) »cr.iso Homo.caB(c,—) ocr §F : A = cq cat-Set a
shows universal-arrow-of § c r u
proof(rule universal-arrow-ofI)
interpret ua-of-u: is-iso-ntcf
«
A
<cat-Set a»
<Homo.caA(r,—)»
(Homo.caB(c,~) occr &
<ntef-ua-of a § ¢ T w
by (rule assms(8))
fix v’ u" assume prems: v’ €, A(Obj)) u’: ¢ =5 F(ObjMap))(r’)
have ntcf-ua-of a § ¢ r u(NTMap))(r’) :
Homo.ca(r,=)(0bjMap) (') =isocat-Set o
(Homo.ca®B(c,~) ocr §)(0bjMap))(r')
by (rule is-iso-ntcf.iso-ntcf-is-iso-arr[ OF assms(3) prems(1)])
from this is-functor-axzioms assms(1-2) prems have uof-r"
umap-of F crur’: Hom A r 1’ =is0cat-Set o Hom B ¢ (F(ObiMap))(r'))
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-op-intros)
note uof-r’ = cat-Set-is-iso-arrD[ OF wof-r']
interpret uof-r”: vi1 «umap-of F ¢ r u r'(ArrVal])> by (rule uof-r'(2))
from
wof-r’.vl1-vrange-ex1-eq[

THEN iffD1, unfolded uof-r'(3,4) in-Hom-iff, OF prems(2)

show 3" f':r g ' A uw' = umap-of § ¢ ru r'(ArrVal)(f')
by metis
qged (intro assms)+

lemma (in is-functor) cf-ua-fo-if-ntcf-ua-fo-is-iso-ntcf:
assumes 1 €, A(Obj)
and u : §(ObjMap))(r]) —e ¢
and nicf-ua-foa § cru:
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Homo.caU(=,) »cr.iso Homo.ca®B(-,c) ocr op-cf §:
op-cat A —»—cq cat-Set a
shows universal-arrow-fo § ¢ r u
proof-
from assms(2) have c: ¢ €, B(0bj) by auto
show ?thesis
by
(
rule is-functor.cf-ua-of-if-ntcf-ua-of-is-iso-ntcf
[
OF is-functor-op,
unfolded cat-op-simps,
OF assms(1,2),
unfolded
HomDom.cat-op-cat-cf-Hom-snd[ OF assms(1)]
HomCod.cat-op-cat-cf-Hom-snd[ OF c]
ntcf-ua-fo-def [ symmetric],
OF assms(3)
]

)
qed

lemma (in is-functor) cf-universal-arrow-of-if-is-iso-ntcf:
assumes r €, A(Obj)
and c €, B(00bj)
and ¢ :
Homo.co2U(r,=) =»cr.iso Homo.ca®B(c,—) ocr § : A »cq cat-Set o
shows universal-arrow-of § ¢ r (o(NTMap))(r)(ArrVal) (2A(CId)(r)]))
(is «universal-arrow-of § ¢ r ?u»)
proof-

interpret : is-iso-nicf
a 2A <cat-Set v «Homo. co(r,-) <Homo.caB(c,—) occr & ¢
by (rule assms(3))

show ?thesis
proof(intro universal-arrow-ofl assms)

from assms(1,2) show u: 7u : ¢ =g F(ObiMap))(r)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-op-simps cs-intro: cat-cs-intros
)

fix v’ u" assume prems: r’ €, A(Obj) u’: ¢~ F(ObjMap|)(r')
have or’-ArrVal-app[ symmetric, cat-cs-simps]:
e(NTMap)(r')(ArrVal)(f') =
$(ArrMap)(f') cags (NTMap|)(r)(ArrVal) (2] CId)(r]]
if f':r g r' for f’
proof-
have ¢(NTMap)(r') ©agyp-er o Homo. ca(r,-)(ArrMap) (f) =
(Homo. ca®(c,-) ocr $)LAMap)(f) o4 cat.set o PINTMap)(r)
using that by (intro p.ntcf-Comp-commute)
then have
@(NTMap)(r') ©4cqr-set o cf-hom A [A(CL)(r), flo =
cf-hom B [BICTID (D, SQArrMap) (FD]e 4 car. et o PANTMap)(r)
using assms(1,2) that prems
by
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(

cs-prems cs-shallow
cs-simp: cat-cs-simps cat-op-simps cs-intro: cat-cs-intros

then have
(e(NTMap)(r') °4cat-Set o
cf-hom 2L [A(CI) (7)), f']o)(ArrVal) (A(CId) (7)) =
(cf-hom B [B(CId)(c), SIArrMap)(FD]o A car-set o
@(NTMap))(r())(ArrVal) (2] CId) ()]
by simp
from this assms(1,2) u that show ?thesis
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros cat-prod-cs-intros

)
qed

show 3!f". f':r g ' A u' = umap-of § ¢ r ?u r'(ArrVal)(f')
proof(intro ex1I conjI; (elim conjE)?)
from assms prems show
(pUNTMap) (7)™ ¢ cat-Set o (ArrVal) (') = 7 g '
by
(
cs-concl
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-arrow-cs-intros
)
with assms(1,2) prems show v’ =
umap-of § ¢ r 2u r'(ArrVal) ((@(NTMap) (r')) ™ ¢ cat-Set o (ArrVal)(u'))
by
(
cs-concl cs-shallow
cs-simp: cat-cs-stmps cat-op-simps
cs-intro: cat-arrow-cs-intros cat-cs-intros cat-op-intros
)
fix f’ assume prems”.
fl: r ’_>Ql ,r,/
u' = umap-of § ¢ r (p(NTMap))(r)(ArrVal)(A(CId)(r))) r'(ArrVal)(f')
from prems’(2,1) assms(1,2) have u'-def:
u’ = §(ArrMap (1) o (NTMap)(r)(ArrVal)(2(CId)(r))
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros

from prems’ show [’ = (<p(|NTMapD(|7"’|))’1ccat_set o (ArrVal]) (u')
unfolding u’-def @r’-ArrVal-app[ OF prems’(1)]
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-arrow-cs-intros cat-cs-intros cat-op-intros

)

qed
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qed
qed

lemma (in is-functor) cf-universal-arrow-fo-if-is-iso-nicf:
assumes 1 €, A(Obj)
and c €, B(0bj)
and ¢ :
Homo.caU(=,r) »cr.iso Homo.ca®B(-,c) ocr op-cf § :
op-cat A —~cq cat-Set «
shows universal-arrow-fo § ¢ r (e(NTMap))(r) (ArrVal]) (A(CId) (7))
by
(
rule is-functor.cf-universal-arrow-of-if-is-iso-ntcf
[
OF is-functor-op,
unfolded cat-op-simps,
OF assms(1,2),
unfolded
HomDom.cat-op-cat-cf-Hom-snd[ OF assms(1)]
HomCod.cat-op-cat-cf-Hom-snd[ OF assms(2)]
ntcf-ua-fo-def [ symmetric],
OF assms(3)
]
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3 Limits and colimits

3.1 Background

named-theorems cat-lim-cs-simps
named-theorems cat-lim-cs-intros

3.2 Limit and colimit

3.2.1 Definition and elementary properties

The concept of a limit is introduced in Chapter I1I-4 in [9]; the concept of a colimit is introduced
in Chapter III-3 in [9)].

locale is-cat-limit = is-cat-cone a r JEFufora JEF ru +
assumes cat-lim-ua-fo: Au' r'. w1 <cF. cone § 1 J P ca € =
i e r A u = w Ny o ntef-const J € f

syntax -is-cat-limit = V=V = V=V = V = V = bool
(((-:f - <crpaim -1 - o1 -0 [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-limit = is-cat-limit
translations v : 7 <gpyim 51 J P ca € =
CONST is-cat-limit « J € F ru

locale is-cat-colimit = is-cat-cocone ar JEFufora JEF ru+
assumes cat-colim-ua-of: Au’' r’. v’ 1 §F >cF.cocone 7' J Pcoa € =
L frir e v A u = ntef-const JC fonror u

syntax -is-cat-colimit = V=V = V=V = V = V = bool
(«(- ) - >cr.cotim - 3 - 1 -) [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-colimit = is-cat-colimit
translations v : § >cr.cotim 7 J oo €=
CONST is-cat-colimit a« J € §F r u

Rules.

lemma (in is-cat-limit) is-cat-limit-axioms'[ cat-lim-cs-intros]:
assumes o' =aand r’'=rand J'=Jand ¢'=Cand §' = F
shows u : 7' <¢p.1im &'+ 3" o, €
unfolding assms by (rule is-cat-limit-axioms)

mk-ide rf is-cat-limit-def [ unfolded is-cat-limit-axioms-def]
|intro is-cat-limit]|
|dest is-cat-limitD[ dest]|
|elim is-cat-limit E[ elim]|

lemmas [ cat-lim-cs-intros] = is-cat-limitD(1)

lemma (in is-cat-colimit) is-cat-colimit-azioms'[ cat-lim-cs-intros]:
assumes o' =aand r’'=rand J'=Jand ¢'=Cand §' = F
shows v : §' >cr. cotim 7' J’ inangerv <’
unfolding assms by (rule is-cat-colimit-azioms)

mk-ide rf is-cat-colimit-def [ unfolded is-cat-colimit-azioms-def]
|intro is-cat-colimitl|
|dest is-cat-colimitD[ dest]|

|elim is-cat-colimitE[ elim]|

lemmas [cat-lim-cs-intros] = is-cat-colimitD(1)
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Limits, colimits and universal arrows.

lemma (in is-cat-limit) cat-lim-is-universal-arrow-fo:
universal-arrow-fo (Acrp a J €) (¢f-map F) r (ntcf-arrow u)
proof(intro is-functor.universal-arrow-fol)

define § where 0 = a + w
have §: Z f and af: a &

by (simp-all add: B-def Z-Limit-oaw Z-w-oaw Z-def Z-a-aw)
then interpret 5: Z 8 by simp

show AgrpaJe€: ¢ adadel: cat-FUNCT o J €
by
(
initro

B ap
cf-diagonal-is-functor
NTDom.HomDom.category-axioms
NTDom.HomCod.category-axioms

)

show r €, €(0bj) by (intro cat-cone-obj)
then show ntcf-arrow u : Acr a J €(O0biMap)(7) & ot FUNCT o 3 @ cfmap §
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)

fix v’ v’ assume prems:

7" € €(Obj) u': Acr aJ €(0bjMap)(r') = ot FUNCT o 5 ¢ cf-map §
from prems(1) have [cat-cs-simps]:

cf-of-cf-map J € (cf-map §) = §

cf-of-cf-map J € (cf-map (cf-const J € r')) = cf-const J € r'

by (cs-concl cs-simp: cat-FUNCT-cs-simps cs-intro: cat-cs-intros)+
from prems(2,1) have

u': cf-map (cf-const J € ') = 0r PUNCT o 3 @ ¢f-map §

by (cs-prems cs-shallow cs-simp: cat-cs-simps)
note u'[unfolded cat-cs-simps] = cat-FUNCT-is-arrD[ OF this]

from cat-lim-ua-fo[ OF is-cat-conel[ OF u'(1) prems(1)]] obtain f
where f: f:r/ e 1
and [symmetric, cat-cs-simps]:
ntcf-of-ntef-arrow J € u' = u «y7oF nicf-const J € f
and f-unique:
([
f/ -~ e T
ntcf-of-ntcf-arrow J € u' = u -yTop ntef-const J € f’
Il=1f'=f
for f’
by metis

show 3!f’.
flir'ee A
u' = umap-fo (Acr a J €) (c¢f-map §) r (ntcf-arrow u) r'(ArrVal)(f')
proof(intro ex1I conjl; (elim conjE)?)
show f : 1’ g r by (rule f)
with af cat-cone-obj show u'-def:
u’ = umap-fo (Acr a J €) (¢f-map §) r (ntcf-arrow u) r'(ArrVal) (f)
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by
(
cs-concl
cs-simp: u'(2)[symmetric] cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)
fix f/ assume prems”:
fler'oer
uw' = umap-fo (Acr a J €) (¢f-map §F) r (nicf-arrow u) r'(ArrVal)(f)
from prems’(2) af f prems’ cat-cone-obj have u'-def":
u' = ntcf-arrow (v +NToF ntcf-const J € f7)
by
(
cs-prems
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros

from prems’(1) have nicf-of-ntcf-arrow J € u' = u -y 7coF nicf-const J € f'
by
(
cs-concl
cs-simp: cat-FUNCT-cs-simps u'-def’ cs-intro: cat-cs-intros
)

from f-unique[ OF prems’(1) this] show f'=f .
qed
qed

lemma (in is-cat-cone) cat-cone-is-cat-limit:
assumes universal-arrow-fo (Acp a J €) (c¢f-map §) ¢ (nicf-arrow N)
shows N : ¢ <gp.iim T :J »~ca €

proof-

define 5 where 5 = o + w
have 5: Z f and af: a &

by (simp-all add: B-def Z-Limit-aw Z-w-aw Z-def Z-a-aw)
then interpret g: Z § by simp

show ?thesis
proof(intro is-cat-limitl is-cat-cone-axioms)
fix v’ ¢’ assume prems: u': ¢’ <GF.cone §:J Pca €

interpret u” is-cat-cone a ¢’ J € F u’ by (rule prems)

from u’.cat-cone-obj have u’-is-arr:
ntcf-arrow u’: Agp o J €(0bjMap)(c) = cor. FUNCT o 3 € Sf-map §
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)

from is-functor.universal-arrow-foD(3)

[
OF

cf-diagonal-is-functor|
OF B af NTDom.HomDom.category-azioms NTDom.HomCod.category-axioms
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]

assms
u’.cat-cone-obj
u'-is-arr
]
obtain f where f: f: ¢/ ¢ ¢
and u'-def” ntcf-arrow u' =
umap-fo (Acr a J €) (cf-map §) ¢ (ntef-arrow N) c'(ArrVal])(f)
and f’-unique:

[ e o
ntcf-arrow u' =
umap-fo (Acr a J €) (c¢f-map §) ¢ (ntef-arrow N) ¢'(ArrVal))(f)
I=1f'=f
for [’
by metis

from u’-def’ a8 f cat-cone-obj have u'-def:
uw' =N -yror ntcf-const J € f
by
(
cs-prems
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros

)

show 3!f". f': ¢/ g c A u' =N nyrop ntcf-const J € f'
proof(intro ex1l conjI; (elim conjE)?, (rule f)?, (rule u'-def)?)
fix f'' assume prems”:
fl'oc' e cu' =N yrop ntef-const J € f7
from af prems’ have
ntef-arrow u' =
umap-fo (Acp a J €) (¢f-map §) ¢ (ntef-arrow N) '(ArrVal) (f")
by
(
cs-concl
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)
from f’-unique[ OF prems’(1) this] show f'' = f.
qed

qed
qed

lemma (in is-cat-colimit) cat-colim-is-universal-arrow-of:
universal-arrow-of (Acp a J €) (cf-map §) r (ntcf-arrow u)
proof(intro is-functor.universal-arrow-ofT)

define 5 where 5 = o + w
have 5: Z f and af: a & 8

by (simp-all add: B-def Z-Limit-aw Z-w-aw Z-def Z-a-aw)
then interpret 8: Z § by simp

show AgrpaJe€: € dadel:: cat-FUNCT o J €

by
(
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intro
B ap
cf-diagonal-is-functor
NTDom.HomDom.category-azxioms
NTDom.HomCod.category-axioms

)

show r €, €(O0bj) by (intro cat-cocone-obyj)

then show ntcf-arrow u : cf-map § = ot FUNCT o 5 ¢ Dor a I €(0biMap))(r)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-FUNCT-cs-intros

)

fix r’ u’ assume prems:

r' e €(Obj) w’: cf-map § = o FUNCT o 5 € Dor @I E(ObMap)(r')
from prems(1) have [cat-cs-simps]:

cf-of-cf-map J € (cf-map §) = §

cf-of-cf-map J € (cf-map (cf-const J € r')) = ¢f-const J € r’

by (cs-concl cs-simp: cat-FUNCT-cs-simps cs-intro: cat-cs-intros)+
from prems(2,1) have

u': cfmap § & o FUNCT o 3 @ ¢f-map (cf-const 3 € r')

by (cs-prems cs-shallow cs-simp: cat-cs-simps)
note u'[unfolded cat-cs-simps] = cat-FUNCT-is-arrD[ OF this]

from cat-colim-ua-of [ OF is-cat-coconel[ OF u'(1) prems(1)]] obtain f
where f: f:r =g 1’
and [symmetric, cat-cs-simps]:
ntcf-of-ntef-arrow J € u' = ntcf-const J € f -yToF U
and f-unique:

floroerh
ntcf-of-ntcf-arrow J € u' = nicf-const J € f' -yroF u
Il=1f=f

for f'

by metis

show 3!f".

flireer' A

u' = umap-of (Acr a J €) (¢f-map §) r (ntef-arrow u) r'(ArrVal)(f)
proof(intro ex1I conjl; (elim conjE)?)

show f: r =g r' by (rule f)
with af cat-cocone-obj show u'-def:
u' = umap-of (Acr aJ €) (¢f-map §) r (ntcf-arrow u) r'(ArrVal))(f)
by
(
cs-concl
cs-simp: u'(2)[symmetric] cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros

)

fix f/ assume prems”:

f’: r '_>€ ,r/

u' = umap-of (Acr aJ €) (¢f-map §) r (ntef-arrow u) r'(ArrVal])(f')
from prems’(2) af f prems’ cat-cocone-obj have u'-def":
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u' = ntcf-arrow (ntcf-const J € f'yroF u)
by
(
cs-prems
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros

from prems’(1) have nicf-of-ntcf-arrow J € u' = ntcf-const J € f' nror u
by
(
cs-concl cs-shallow
cs-simp: cat-FUNCT-cs-simps u'-def’ cs-intro: cat-cs-intros
)

from f-unique[ OF prems’(1) this] show f'=f .
qged
qed

lemma (in is-cat-cocone) cat-cocone-is-cat-colimit:
assumes universal-arrow-of (Acp a J €) (¢f-map F) ¢ (nicf-arrow M)
shows M : § >cr.cotim ¢ J =»rca €

proof-

define 8 where 0 = a + w
have : Z g and af: a &

by (simp-all add: B-def Z-Limit-aw Z-w-aw Z-def Z-a-aw)
then interpret g: Z § by simp

show ?thesis
proof(intro is-cat-colimitl is-cat-cocone-axioms)

fix u’ ¢/ assume prems: v’ : F >cF.cocone ¢ 1 F Pca €

interpret u”:

is-cat-cocone a ¢’ J € F u’ by (rule prems)
from u’.cat-cocone-obj have u'-is-arr:
ntef-arrow u': cf-map § = - FUNCT o e Acral ¢(ObjMap))(c’)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)

from is-functor.universal-arrow-ofD(3)
[
OF
cf-diagonal-is-functor|
OF B af NTDom.HomDom.category-axioms NTDom.HomCod.category-axioms
]
assms
u’.cat-cocone-obj
u'-is-arr
]
obtain f where f: f: ¢ —»¢ ¢’
and u'-def” ntcf-arrow u' =
umap-of (Acr aJ €) (¢f-map F) ¢ (ntef~arrow N) '(ArrVal])(f)
and f’-unique:
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I
flierme ch
ntcf-arrow u' =
umap-of (Acrp aJ €) (¢f-map §F) ¢ (ntef-arrow N) c'(ArrVal)(f')
Il=1/r=f
for f’
by metis

from u’-def’ af f cat-cocone-obj have u'-def:
u’ = ntcf-const JC f -yrocr N
by
(
cs-prems
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros

)

show 3!f". f': c »g ¢'" A u' = ntcf-const JE f'nror N
proof(intro ex1I conjl; (elim conjE)?, (rule f)?, (rule u'-def)?)
fix f'" assume prems”:
["ere ¢ u' = ntefconst JE f" yror N
from aof3 prems’ have
ntcf-arrow u' =
umap-of (Acr aJ €) (¢f-map F) ¢ (ntcf-arrow M) '(ArrVal) (f")
by
(
cs-concl
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros

from f’-unique[ OF prems’(1) this] show f'' = f.
qed

qed

qed

Duality.

lemma (in is-cat-limit) is-cat-colimit-op:
op-ntcf u : op-cf § >cF.colim T 1 op-cat J =+ cq op-cat €
proof(intro is-cat-colimitl)
show op-ntcf u : op-¢f § >CF.cocone T ¢ 0Op-cat J —>cq op-cat €
by (cs-concl cs-shallow cs-simp: cs-intro: cat-op-intros)
fix u' r’ assume prems:
u': 0p—Cf S >CF.cocone r': op-cat J »eca op-cat €
interpret u” is-cat-cocone a v’ <op-cat J» <op-cat € <op-cf > u’
by (rule prems)
from cat-lim-ua-fo[ OF u'.is-cat-cone-op[ unfolded cat-op-simps]] obtain f
where f: f:r/ e 1
and op-u’-def: op-ntcf u' = u Ny cF ntcf-const J € f
and f-unique:
[f':r" =g r op-ntefu' =u-nror ntcf-const J € f/ ]| =
fr=1r
for f'
by metis
from op-u’-def have op-ntcf (op-ntcf u’) = op-ntcf (u -nyToF ntcf-const J € f)
by simp
from this f have u'-def:
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u' = ntef-const (op-cat J) (op-cat €) f -nTcoF op-ntef u
by (cs-prems cs-simp: cat-op-simps cs-intro: cat-cs-intros)
show J!f".
frar " op-cat € r’ A
u’ = ntef-const (op-cat J) (op-cat €) f' -yTcoF op-nicf u
proof(intro ex1I conjl; (elim conjE)?, (unfold cat-op-simps) ?)
fix f’ assume prems”:
flor'oer
u’ = nicf-const (op-cat J) (op-cat €) f'+NToF op-nicf u
from prems’(2) have
op-ntef u' = op-nicf (ntcf-const (op-cat J) (op-cat €) f' -yror op-ntcf u)
by simp
from this prems’(1) have op-ntcf v’ = u -y o p ntcf-const J € f'
by
(
cs-prems
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros

from f-unique[ OF prems’(1) this] show f' = f.
qed (intro u'-def f)+
qed

lemma (in is-cat-limit) is-cat-colimit-op'[ cat-op-intros]:
assumes §' = op-¢f § and J' = op-cat J and €’ = op-cat €
shows op-ntcf u: §' >cr cotim 73 »rca €
unfolding assms by (rule is-cat-colimit-op)

lemmas [ cat-op-intros] = is-cat-limit.is-cat-colimit-op’

lemma (in is-cat-colimit) is-cat-limit-op:
op-ntef u : r <cgp.iim op-c¢f § i op-cat J oo op-cat €
proof(intro is-cat-limitl)
show op-ntcf u: r <gp.cone op-cf § : op-cat J »—cq op-cat €
by (cs-concl cs-shallow cs-simp: cs-intro: cat-op-intros)
fix u’ r’ assume prems:
w' T <oF. cone Op-¢f § : op-cat J =g op-cat €
interpret u” is-cat-cone a v’ <op-cat J» <op-cat € <op-cf F u’
by (rule prems)
from cat-colim-ua-of [ OF u'.is-cat-cocone-op|unfolded cat-op-simps]] obtain f
where f: f:r —»g 1’
and op-u'-def: op-nicf u' = ntcf-const J € f -NroF U
and f-unique:
[ f':r =g op-ntef u' = ntef-const J € f'yror u ]| =
fr=r
for f’
by metis
from op-u’-def have op-ntcf (op-ntcf u') = op-ntcf (ntcf~const J € f yToF )
by simp
from this f have u'-def:
u' = op-ntef u +nyToF ntcf-const (op-cat J) (op-cat €) f
by (cs-prems cs-simp: cat-op-simps cs-intro: cat-cs-intros)
show J!f’.
frer! Pop-cat € T A
u' = op-ntcf u -y ToF ntcf-const (op-cat J) (op-cat €) f'
proof(intro ex1I conjl; (elim conjE)?, (unfold cat-op-simps)?)
fix f/ assume prems”:
f’ r HQ: ,r/
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u' = op-ntcf u -y ToF ntcf-const (op-cat J) (op-cat €) f'
from prems’(2) have
op-ntef u' = op-nicf (op-ntcf u +nyTcF nicf-const (op-cat J) (op-cat €) f7)
by simp
from this prems’(1) have op-ntcf u’ = ntcf-const J € f' yror u
by
(
cs-prems
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros
)
from f-unique[ OF prems’(1) this] show f' = f.
qed (intro u'-def f)+
qed

lemma (in is-cat-colimit) is-cat-colimit-op'[ cat-op-intros]:
assumes §' = op-¢f § and J' = op-cat J and €’ = op-cat €
shows op-ntcf u: 1T <cp.jim § 3 =~ca €
unfolding assms by (rule is-cat-limit-op)

lemmas [cat-op-intros] = is-cat-colimit.is-cat-colimit-op’

3.2.2 Universal property

lemma (in is-cat-limit) cat-lim-unique-cone”:
assumes v’ : 17’ <op. cone § 1 J o €
shows
LS e v A (Y je3(0b)). w/(NTMap)) () = w(NTMap)(j) oac f7)
by (fold helper-cat-cone-Comp-nicf-vcomp-iff [ OF assms(1)])
(intro cat-lim-ua-fo assms)

lemma (in is-cat-limit) cat-lim-unique:
assumes v’ : r' <cpim F:J Pca €
shows 3!f". f':r' e r Au' = u-yrcr ntcf-const J € f'
by (intro cat-lim-ua-fo[ OF is-cat-limitD(1)[ OF assms]])

lemma (in ds-cat-limit) cat-lim-unique”:
assumes v’ : ' <cp.im §: 3 Pca €
shows
AL e A (Ve[ 0b)). u'(NTMap))(j) = w(NTMap))(j) oag ')
by (intro cat-lim-unique-cone’[ OF is-cat-limitD(1)[ OF assms]])

lemma (in is-cat-colimit) cat-colim-unique-cocone:
assumes u': §F >cF.cocone 7' Y Pca €
shows 3!f". f':r =g r' A u' = ntef-const J € f'nroF u
proof-
interpret u” is-cat-cocone a ' J € F u' by (rule assms(1))
from u’.cat-cocone-obj have op-r": r' €, op-cat €(Obj)
unfolding cat-op-simps by simp
from
is-cat-limit. cat-lim-ua-fo[
OF is-cat-limit-op u'.is-cat-cone-op, folded op-ntcf-nitcf-const

obtain f’ where f" f': r’ P op-cat € T
and [ cat-cs-simps]:
op-ntcf u' = op-nicf u +nTor op-ntcf (nicf-const J € f7)
and unique:

i
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! “op-cat € T3
op-nicf u' = op-ntcf u -y o op-ntcf (ntcf-const J € f'')
= "=

for "'

by metis

show ?thesis
proof(intro ex1I conjI; (elim conjE)?)
from f’ show f" f': r »y r’ unfolding cat-op-simps by simp
show u’ = ntcf-const J € f' ~yror u
by (rule eq-op-ntef-iff THEN iffD1], insert f')
(cs-concl cs-intro: cat-cs-intros cs-simp: cat-cs-simps cat-op-simps)+
fix f" assume prems: f"': r =g v u' = ntcf-const JE f" nror u
from prems(1) have f"": r’ = op-cat ¢ T unfolding cat-op-simps by simp
moreover from prems(1) have
op-ntef u' = op-nicf u +nTcor op-ntef (nicf-const J € f')
unfolding prems(2)
by (cs-concl cs-intro: cat-cs-intros cs-simp: cat-cs-simps cat-op-simps)
ultimately show [’ = f’ by (rule unique)
qed
qed

lemma (in is-cat-colimit) cat-colim-unique-cocone”:
assumes u': § >cr.cocone I 1 J »>coa €
shows
e e v A (Ve J(0b)). u' (NTMap))(j) = f' oag uw(NTMap))(j))
by (fold helper-cat-cocone-Comp-nicf-vcomp-iff [ OF assms(1)])
(intro cat-colim-unique-cocone assms)

lemma (in is-cat-colimit) cat-colim-unique:
assumes u': § >cr.cotim ' J »ca €
shows 3!f". f':r =g r' A u' = ntef-const JC f'nroF u
by (intro cat-colim-unique-cocone[ OF is-cat-colimitD(1)[ OF assms]])

lemma (in is-cat-colimit) cat-colim-unique”:
assumes u': g >CF.colim r’: 3 inddole ¢
shows
e e v A (Ve J(0b)). u' (NTMap))(j) = f' oag uw(NTMap))(j))
proof-
interpret u” is-cat-colimit o J € F r’ v’ by (rule assms(1))
show ?thesis
by (fold helper-cat-cocone-Comp-ntcf-vcomp-iff [ OF u'.is-cat-cocone-axioms])
(intro cat-colim-unique assms)
qed

lemma cat-lim-ex-is-iso-arr:
assumes U : 7 <gpm 3 :J oo Cand v <op pim T J 2 ca €
obtains f where f : 1’ iso¢ T and u' = u-ypor ntcf-const J € f
proof-
interpret w: is-cat-limit « J € § r u by (rule assms(1))
interpret u” is-cat-limit o J € § v’ v’ by (rule assms(2))
define 5 where 5 = o + w
have §: Z g and af: a &
by (simp-all add: B-def u.Z-Limit-ow u.Z-w-aw Z-def u.Z-a-aw)
then interpret 5: Z 8 by simp
have A: Agrpa Je€: ¢ ndadeli: cat-FUNCT a J €
by
(

intro
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B ap
cf-diagonal-is-functor
u.NTDom.HomDom.category-azxioms
u.NTDom.HomCod.category-azxioms
)
then interpret A: is-functor f € <cat-FUNCT a3 © (Acp a J € by simp
from is-functor.cf-universal-arrow-fo-ex-is-iso-arr|
OF A wu.cat-lim-is-universal-arrow-fo u’.cat-lim-is-universal-arrow-fo
]
obtain f where f: f: 1’ =00 T
and u” ntcf-arrow v’ =
umap-fo (Acr a J €) (¢f-map §) r (ntcf-arrow u) r'(ArrVal))(f)
by auto
from f have f: r’ —g r by auto
from v’ this have v’ = u -y 7o ntcf-const J € f
by
(
cs-prems
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)
with f that show ?thesis by simp
qed

lemma cat-lim-ex-is-iso-arr”:
assumes U : 7 <crimS:Jrroa Cand v r <cRim § 1 e ca €
obtains f where [ : 1’ —; .0 T
and Aj. j € J(Obj) = uw'(NTMap)) () = u(NTMap)(j) cag f
proof-
interpret w: is-cat-limit « J € § r u by (rule assms(1))
interpret u” is-cat-limit « J € F r’ v’ by (rule assms(2))
from assms obtain f
where iso-f: f : ' =500 r and u'-def: u' = u Ny ntcf-const J € f
by (rule cat-lim-ex-is-iso-arr)
then have f: f : ' > r by auto
then have u'(NTMap))(j)) = u(NTMap))(j) cag f if j €s J(Ob))) for j
by
(
intro u.helper-cat-cone-ntcf-vcomp-Comp|
OF u'.is-cat-cone-azxioms f u'-def that
]
)
with iso-f that show ?thesis by simp
qed

lemma cat-colim-ez-is-iso-arr:
assumes U : § >cr.colim T :J P—ca €
and u': S >CF.colim r': 3 indudele’ ¢
obtains f where f : r —»;5,¢ r' and u’ = ntcf-const J € f -nrop u
proof-
interpret w: is-cat-colimit o« J € § r u by (rule assms(1))
interpret u” is-cat-colimit « J € F r’ v’ by (rule assms(2))
obtain f where f: f: r’ S isoop-cat € T
and [cat-cs-simps]:
op-ntcf u' = op-nicf u -nTcoF ntef-const (op-cat J) (op-cat €) f
by
(

elim cat-lim-ex-is-iso-arr|
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OF u.is-cat-limit-op u'.is-cat-limit-op
]
)
from f have iso-f: f : r —=;5,¢ r’ unfolding cat-op-simps by simp
then have f: f : r »¢ 7’ by auto
have u' = ntcf-const J € f -NrcF u
by (rule eq-op-ntcf-iff THEN iff D1], insert f)
(cs-concl cs-intro: cat-cs-intros cs-simp: cat-cs-simps cat-op-simps)+
from iso-f this that show %thesis by simp
qed

lemma cat-colim-ez-is-iso-arr":
assumes U : 8 >cr.colim T :J P~ oa €
and u': 5 >CF.colim r': 3 == Cca ¢
obtains f where f : 1 ;¢ 7’
and Aj. j €& J(Obj)) = uw'(NTMap)(j) = f oae u(NTMap))(J)
proof-
interpret w: is-cat-colimit « J € § r u by (rule assms(1))
interpret u” is-cat-colimit a« J € F r’ v’ by (rule assms(2))
from assms obtain f
where iso-f: f: 1 =500 7’ and u'-def: u' = ntcf-const J € f nroF U
by (rule cat-colim-ex-is-iso-arr)
then have f: f : r »¢ 7’ by auto
then have u'(NTMap))(j)) = f cag w(NTMap|)(j) if j €. J(Obj)) for j
by
(
intro u.helper-cat-cocone-ntcf-vcomp-Comp|
OF u'.is-cat-cocone-azioms f u'-def that
]
)
with iso-f that show ?thesis by simp
qed

3.2.3 Further properties

lemma (in is-cat-limit) cat-lim-is-cat-limit-if-is-iso-arr:
assumes [ : 1’ =ig00 T
shows u -yrcp ntef-const J € f:r' <cpiim §:J ==ca €
proof-
note f = is-iso-arrD(1)[ OF assms(1)]
from f(1) interpret u": is-cat-cone o ' J € F «u xR ntcf-const J € fr
by (cs-concl cs-intro: cat-lim-cs-intros cat-cs-intros)
define § where 0 = a + w
have §5: Z f and af: a &
by (simp-all add: B-def Z-Limit-aw Z-w-oaw Z-def Z-a-aw)
then interpret §: Z § by simp
show ?thesis
proof
(
intro u’.cat-cone-is-cat-limit,
rule is-functor.universal-arrow-fo-if-universal-arrow-fo,
rule cf-diagonal-is-functor[ OF 8 af],
rule NTDom.HomDom.category-axioms,
rule NTDom.HomCod.category-azxioms,
rule cat-lim-is-universal-arrow-fo
)
show f: 1’ =500 7 by (rule assms(1))
from af f show

40



ntef-arrow (u -yrop ntcf-const J € f) =
umap-fo (Acr a J €) (c¢f-map §) r (ntef-arrow u) r'(ArrVal)(f)
by
(
cs-concl
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)
qged
qed

lemma (in is-cat-colimit) cat-colim-is-cat-colimit-if-is-iso-arr:
assumes f : 1 500 1’
shows ntcf-const J € f -nrcr U F >cF.colim T+ J Pca €
proof-
note f = is-iso-arrD[ OF assms(1)]
from f(1) interpret u” is-cat-cocone a v’ J € §F «ntcf-const J € f +nToF w
by (cs-concl cs-intro: cat-lim-cs-intros cat-cs-intros)
from f have [symmetric, cat-op-simps]:
op-ntcf (ntef-const J € f -yror u) =
op-ntcf u «nToF ntcf-const (op-cat J) (op-cat €) f
by
(
cs-concl cs-shallow
cs-simp: cat-op-simps cs-intro: cat-cs-intros cat-op-intros
)
show ?thesis
by
(
rule is-cat-limit.is-cat-colimit-op
[
OF is-cat-limit. cat-lim-is-cat-limit-if-is-iso-arr|
OF is-cat-limit-op, unfolded cat-op-simps, OF assms(1)
1
unfolded cat-op-simps
]

)
qed

lemma nitcf-cf-comp-is-cat-limit-if-is-iso-functor:
assumes U : 7 <gp.pm 8 B rroag Cand & : A >0 00 B
shows u onrcr-cr & : 7 <cF.1im § °cr & : ™A »coq €
proof(intro is-cat-limitl)
interpret w: is-cat-limit o B € F r u by (rule assms(1))
interpret &: is-iso-functor a A B & by (rule assms(2))
note [c¢f-cs-simps] = is-iso-functor-is-iso-arr(2,3)
show u®: v oyrcr-cr & 1 7 <CF.cone § °cF © : A g €
by (intro is-cat-conel)
(cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
fix u’ v’ assume prems: v’ : 7' <gF.cone § ocF & : A gy €
then interpret u”: is-cat-cone a v’ A € (F ocrp &) u' by simp
have u’ ONTCF-CF Z.’ﬂ/U—Cf &' <CF.cone S B PP Ca <
by (intro is-cat-conel)
(
cs-concl
cs-simp: cat-cs-simps cf-cs-simps
cs-intro: cat-cs-intros cf-cs-intros

)
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from is-cat-limit. cat-lim-ua-fol OF assms(1) this] obtain f
where f: f:r' g 7
and u'-&: u' oyrop_cr inv-¢f & = u -y7coF ntcf-const B € f
and f'f:

fror o
w onror_cr imv-c¢f & = u -yrcr nicf-const B € f'
Il=1f=f
for f'
by metis
from u'-® have u'-inv®-8:
(u" onror-cr iv-cf &) oxrorp-cr ® = (u -NyroF ntef-const B € f) onrop-cr &
by simp
show 3!f". f':r'»e rAu'=uwoyror-cr & ‘Nrcrp ntcf-const A € f'
proof(intro ex1I conjI; (elim conjE)?)
show f : 1’ g r by (rule f)
from u’-inv®-® f show u' = woypcop_cr & ‘NTcF ntcf-const A € f
by
(
cs-prems
cs-simp:
cf-cs-simps cat-cs-simps
ntcf-cf-comp-ntcf-cf-comp-assoc
ntef-vcomp-ntef-cf-comp[ symmetric)
cs-intro: cat-cs-intros cf-cs-intros
)
fix f/ assume prems:
flir'eeru =uonror-cr ® ‘nror ntef-const A € f'
from prems(2) have
u' oyror-cr inv-cf & =
(u onTcF-cF O ‘NTcoF ntcf-const A € f’) oNTcF-cF thv-cf &
by simp
from this f prems(1) have u' oyrop-cF inv-¢f & = u -yrcop ntcf-const B € f’
by
(
cs-prems
cs-simp:
cat-cs-stmps cf-cs-simps
ntef-vecomp-ntef-cf-comp[ symmetric)
ntcf-cf-comp-ntcf-cf-comp-assoc
cs-intro: cf-cs-intros cat-cs-intros
)
then show [’ = f by (intro f'f prems(1))
qed
qed

lemma nicf-cf-comp-is-cat-limit-if-is-iso-functor'[ cat-lim-cs-intros]:
assumes u : r <gp.ym § B »oa €
and & : A > 500 B
and A'=F ocr &
shows u onrcor-cr & : 1 <cp.iim A A o €
using assms(1,2)
unfolding assms(3)
by (rule ntcf-cf-comp-is-cat-limit-if-is-iso-functor)
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3.3 Small limit and small colimit

3.3.1 Definition and elementary properties

The concept of a limit is introduced in Chapter I1I-4 in [9]; the concept of a colimit is introduced
in Chapter III-3 in [9]. The definitions of small limits were tailored for ZFC in HOL.

locale is-tm-cat-limit = is-tm-cat-cone a r JEFufora JEF ru +
assumes tm-cat-lim-ua-fo:
Au'r'ou" 1 <gr. cone § 1T P ca € =
i e r AU = uwNyror ntcef-const J € f'

syntax -is-tm-cat-limit = V=V =V = V = V = V = bool
((-:) - <CF.tm.tim -] - >~ caml - [51, 51, 51, 51, 51] 51)
syntax-consts -is-tm-cat-limit = is-tm-cat-limit
translations v : 7 <gp. tm.iim S J P C.tma € =
CONST is-tm-cat-limit « J € § ru

locale is-tm-cat-colimit = is-tm-cat-cocone a r JEFufora JEF ru +
assumes tm-cat-colim-ua-of:
Au'r'ou': F >CF.cocone r':J P oq €=
i e v A u = ntef-const JE fMenror u

syntax -is-tm-cat-colimit = V=V = V = V = V = V = bool
(=) = >Cr.im.cotim -3 - o c.eml <) [51, 51, 51, 51, 51] 51)
syntax-consts -is-tm-cat-colimit = is-tm-cat-colimit
translations u : § >cr.tm.colim 7 * J P> ciima €=
CONST is-tm-cat-colimit « J € F ru

Rules.

lemma (in is-tm-cat-limit) is-tm-cat-limit-axioms'[ cat-lim-cs-intros):
assumes o' =aand r'=rand J'=Jand ¢'=Cand §' = §
shows u : 1" <cp.im.iim § 3 P cimy €
unfolding assms by (rule is-tm-cat-limit-azioms)

mk-ide rf is-tm-cat-limit-def[ unfolded is-tm-cat-limit-axioms-def
|intro is-tm-cat-limitl|
|dest is-tm-cat-limitD[ dest]|
|elim is-tm-cat-limitE[ elim]

lemmas [ cat-lim-cs-intros| = is-tm-cat-limitD(1)

lemma (in is-tm-cat-colimit) is-tm-cat-colimit-azioms'| cat-lim-cs-intros]:
assumes o' =aand r'=rand J'=Jand ¢'=Cand §' = F
shows u : §' >cr tm.cotim 7' 1 I =0 tmgr €
unfolding assms by (rule is-tm-cat-colimit-azioms)

mk-ide rf is-tm-cat-colimit-def [ unfolded is-tm-cat-colimit-axioms-def |
|intro is-tm-cat-colimitl|
|dest is-tm-cat-colimitD[ dest]
|elim is-tm-cat-colimitE[ elim]|

lemmas [cat-lim-cs-intros| = is-tm-cat-colimitD(1)

lemma is-tm-cat-limitl "
assumes U : 1 <gf.tm.cone ¥ : J > .tma €
and /\’LL’ ’f”. u,: 7”, <CF.tm.cone 13: : 3 == Citma ¢ =
i e r AU = u ey ntcf-const 3 € f'
shows u : 7 <cr.tm.iim § : J »=C.tma €
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proof(rule is-tm-cat-limitl, rule assms(1))
interpret is-tm-cat-cone a r J € F u by (rule assms(1))
fix r’ u' assume prems: u': ' <cF.cone I =P ca €
then interpret v is-cat-cone a ' J € F u' .
have v’ : ' <CF.tm.cone §:J > oima €
by
(
intro
is-tm-cat-conel
NTCod.is-tm-functor-axioms
u’.cat-cone-obj
u’.is-ntcf-axioms
)
then show 3!f". f':r' = r A u'=u -yrop ntcf-const J € f'
by (rule assms(2))
qed

lemma is-tm-cat-colimitl":
assumes u : 3 >CF.tm.cocone T * :j == Ctma ¢
! 4 I . I .
and Au' 7. v’ § >cF.tm.cocone ' 1 T P Ctma € =
3 f e v AU = ntef-const JE fenror u
shows u : § >cp.im.colim T3 J =P c.ima €
proof(intro is-tm-cat-colimitl, rule assms(1))
interpret is-tm-cat-cocone o r J € F u by (rule assms(1))
fix v’ v’ assume prems: u': F >cF.cocone T 1 J Pca €
then interpret u”: is-cat-cocone a 7' J € F u’ .
,. 1o~
have u’: S >CF.tm.cocone T *J 2P0 tma ¢
by
intro
1s-tm-cat-coconel
NTDom.is-tm-functor-axioms
u’. cat-cocone-obj
u’.is-ntcf-axioms

then show 3!f". f': r =g ' A u' = ntcf-const € f'nror u
by (rule assms(2))
qed

Elementary properties.

sublocale is-tm-cat-limit < is-cat-limit
by (intro is-cat-limitl, rule is-cat-cone-azioms, rule tm-cat-lim-ua-fo)

sublocale is-tm-cat-colimit < is-cat-colimit
by (intro is-cat-colimitl, rule is-cat-cocone-axioms, rule tm-cat-colim-ua-of)

lemma (in is-cat-limit) cat-lim-is-tm-cat-limit:
assumes § : J =0 tma €
shows u : r <CF.tm.lim 8 J =P C.tma €
proof(intro is-tm-cat-limitl)
interpret §: is-tm-functor a J € § by (rule assms)
show u : r <CF.tm.cone g : 3 = Cotma ¢
by (intro is-tm-cat-conel assms is-ntcf-azioms cat-cone-obj)
fix ' v’ assume prems: v’ : ' <gF.cone §:J =»~ca €
show 3!f". f":r' =g r Au'=u -ypop ntef-const J € f'
by (rule cat-lim-ua-fo[ OF prems])
qed
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lemma (in is-cat-colimit) cat-colim-is-tm-cat-colimit:
assumes § : J »=oima €
shows u : g >CF.tm.colim T * 3 == Cotma ¢
proof(intro is-tm-cat-colimitl)
interpret §: is-tm-functor a J € § by (rule assms)
show u : 3 >CF.tm.cocone T * 3 PO tma ¢
by (intro is-tm-cat-coconel assms is-ntcf-axioms cat-cocone-obj)
fix ' v’ assume prems: u': F >cF.cocone T 1 J Pca €
show 3" f':r e r' A u' = ntef-const € f yror u
by (rule cat-colim-ua-of [ OF prems])
qed

Limits, colimits and universal arrows.

lemma (in is-tm-cat-limit) tm-cat-lim-is-universal-arrow-fo:
universal-arrow-fo (Acr.tm o J €) (¢f-map §) r (ntef-arrow u)
proof(intro is-functor.universal-arrow-fol )

show Acp.im @ J €: € o cat-Funct a J €
by
(
intro
tm-cf-diagonal-is-functor
NTCod.HomDom.tiny-category-axioms
NTDom.HomCod.category-axioms

)

show r €, €(0bj|) by (intro cat-cone-obj)
then show ntcf-arrow u : Acp.im o J C(ObMap) (7)) = cor-Punct o 5 ¢ cfmap §
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros

)

fix r’ u' assume prems:

e C(Ob) u': Acp.im @ J CQOMap)(r") = cai-Funct o 5 ¢ cfmap §
from prems(1) have [cat-cs-simps]:

cf-of-cf-map J € (¢f-map §) = §

cf-of-cf-map J € (cf-map (cf-const J € r')) = cf-const J € r'

by (cs-concl cs-simp: cat-FUNCT-cs-simps cs-intro: cat-cs-intros)+
from prems(2,1) have

u': cf-map (cf-const I € 1') = ot Punct o 3 ¢ ¢f-map §

by (cs-prems cs-shallow cs-simp: cat-cs-simps)
note u'[unfolded cat-cs-simps] = cat-Funct-is-arrD[ OF this]

from
tm-cat-lim-ua-fo[
OF is-cat-conel [ OF is-tm-ntcfD(1)[ OF u'(1)] prems(1)]
]
obtain f
where f: f:r' g 1
and [symmetric, cat-cs-simps]:
ntcf-of-ntcf-arrow J € v’ = u -y cp ntcf-const J € f
and f-unique:
I
flror o
ntcf-of-ntcf-arrow J € uw' = u -y7cop ntef-const J € f’
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Il=1f'=f
for f'
by metis

show 3!f’.
flir'eera
u' = umap-fo (Acr.tm @ J €) (¢f-map F) r (ntcf-arrow uw) r'(ArrVal)(f’)
proof(intro ex1I conjI; (elim conjE)?)
show f : 1’ =g r by (rule f)
with cat-cone-obj show u'-def:
u’ = umap-fo (Acp.itm a3 €) (¢f-map §) r (ntcf-arrow u) r'(ArrVal) (f)
by
(
cs-concl
cs-simp: u'(2)[symmetric] cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros
)
fix f’ assume prems”:
flir'oer
u' = umap-fo (Acrp.tm a J €) (¢f-map F) r (ntcf-arrow u) r'(ArrVal)(f')
from prems’(2) f prems’ cat-cone-obj have u’-def"
u' = ntcf-arrow (v +NToF ntcf-const J € f)
by
(
cs-prems
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros
)
from prems’(1) have nicf-of-ntcf-arrow J € u' = u -y 7coF ntcf-const J € f'
by (cs-concl cs-simp: cat-FUNCT-cs-simps u'-def’ cs-intro: cat-cs-intros)
from f-unique[ OF prems’(1) this] show f'=f .

qed
qed

lemma (in is-tm-cat-cone) tm-cat-cone-is-tm-cat-limit:

assumes universal-arrow-fo (Acp.tm @ J €) (cf-map §) ¢ (ntcf-arrow N)
shows N : ¢ <gr.tm.1im § : J == c.tma €

proof(intro is-tm-cat-limitl’ is-tm-cat-cone-azioms)

fix u’ ¢’ assume prems: v’ : ¢’ <cp.tm.cone § I P c.ima €
interpret u” is-tm-cat-cone o ¢’ J € F u’ by (rule prems)

from u’.tm-cat-cone-obj have u'-is-arr:
ntef-arrow u’: Acr.im o J C(ObiMap)(c') & cot-Funct o 5 ¢ cfmap §
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros

)

from is-functor.universal-arrow-foD(3)

[
OF

tm-cf-diagonal-is-functor|
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OF NTCod.HomDom.tiny-category-azioms NTDom.HomCod.category-azioms
]
assms
u’.cat-cone-obj
u'-is-arr
]
obtain f where f: f: ¢/ =g ¢
and u'-def": ntcf-arrow u’ =
umap-fo (Acr.tm a J €) (¢f-map §) ¢ (ntcf-arrow N) ¢'(ArrVal]) (f])
and f’-unique:
[
free! ——
ntcf-arrow u' =
umap-fo (Acp.tm a J €) (¢f-map §) ¢ (ntef-arrow N) ¢'(ArrVal)(f)
I=1f=f
for '
by metis

from u’-def’ f cat-cone-obj have u'-def: u' =N -y 7o ntcf-const J € f
by
(
cs-prems
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros

)

show 3If". f': ¢’ »g c A u' =M yror ntef-const J € f/
proof(intro ex1I conjl; (elim conjE)?, (rule f)?, (rule u'-def)?)
fix f'/ assume prems”:
f'"c' e cu' =N yror ntef-const J € f
from prems’ have
ntef-arrow u' =
umap-fo (Acp.tm a J €) (c¢f-map §) ¢ (ntcf-arrow N) c'(ArrVal)(f"')
by
(
cs-concl
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros
)
from f’-unique[ OF prems’(1) this] show f'' = f.
qed

qed

lemma (in is-tm-cat-colimit) tm-cat-colim-is-universal-arrow-of:
universal-arrow-of (Acp.im o J €) (¢f-map §) r (ntcf-arrow u)
proof(intro is-functor.universal-arrow-ofI)

show Acp.im a J C: € »>poq cat-Funct a J €
by
(
intro
tm-cf-diagonal-is-functor
NTDom.HomDom.tiny-category-axioms
NTDom.HomCod.category-axioms

)

show r €, €(0bj]) by (intro cat-cocone-oby)
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then show ntcf-arrow w : cf-map § = ot Funct o 5 ¢ AcF.om @ J €(ObiMap))(r)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros

)

fix v’ v’ assume prems:

'€ €(O0bj) u": cf-map § = cat-Funct o je Acrimad ¢(ObjMap)(r')
from prems(1) have [cat-cs-simps]:

cf-of-cf-map J € (¢f-map §) = §

cf-of-cf-map J € (cf-map (cf-const J € 1)) = ¢f-const J € r’

by (cs-concl cs-simp: cat-FUNCT-cs-simps cs-intro: cat-cs-intros)+
from prems(2,1) have

u': cfmap § = cot-Funct o 3 ¢ ¢f-map (cf-const 3 € r')

by (cs-prems cs-shallow cs-simp: cat-cs-simps)
note u'[unfolded cat-cs-simps] = cat-Funct-is-arrD[ OF this]

from cat-colim-ua-of [ OF is-cat-coconel[ OF is-tm-ntcfD(1)[ OF u'(1)] prems(1)]]
obtain f
where f: f:r =g 1’
and [symmetric, cat-cs-simps]:
ntcf-of-ntcf-arrow J € u' = ntcf-const J € f -yTCoF U
and f-unique:
I
floreerh
ntcf-of-ntcf-arrow J € u' = nitcf-const J € f' -yroF u
Il=1r=f
for f'
by metis

show 3!f".

flireer' A

u' = umap-of (Acp.im aJ €) (¢f-map §F) r (ntef-arrow uw) r'(ArrVal)(f)
proof(intro ex1I conjI; (elim conjE)?)

show f: r =g r' by (rule f)

with cat-cocone-obj show u'-def:
u' = umap-of (Acr.tm o J €) (¢f-map §F) r (ntcf-arrow u) r'(ArrVal])(f]
by
(
cs-concl
cs-simp: u'(2)[symmetric] cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros

)

fix f/ assume prems”:
f’: r HQ: r/
u' = umap-of (Acp.im aJ €) (¢f-map §) r (ntef-arrow w) r'(ArrVal])(f)
from prems’(2) f prems’ cat-cocone-obj have u’-def"
u' = ntcf-arrow (ntcf-const J € f'yroF u)
by
(
cs-prems
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
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cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros

from prems’(1) have nicf-of-ntcf-arrow J € u' = ntcf-const J € f' nrcor u
by
(
cs-concl cs-shallow
cs-simp: cat-FUNCT-cs-simps u'-def’ cs-intro: cat-cs-intros
)

from f-unique[ OF prems’(1) this] show f'=f .
qged
qed

lemma (in is-tm-cat-cocone) tm-cat-cocone-is-tm-cat-colimit:
assumes universal-arrow-of (Acp.tm o J €) (cf-map §) ¢ (ntcf-arrow MN)
shows 91 : % >CF.tm.colim C* 3 =P Ctma ¢

proof(intro is-tm-cat-colimitl" is-tm-cat-cocone-axioms)

fix u' ¢’ assume prems: u':F >CcF.tm.cocone € 1T PP Citma €
interpret u” is-tm-cat-cocone a ¢’ J € §F u' by (rule prems)

from u’.tm-cat-cocone-obj have u'-is-arr:
ntef-arrow u’: cf-map § = ot Funct o 3 € Acr.am aJ €(ObiMap))(c’)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros

)

from is-functor.universal-arrow-ofD(3)
[
OF
tm-cf-diagonal-is-functor|
OF NTDom.HomDom.tiny-category-azioms NTDom.HomCod.category-axioms
]
assms
u’.cat-cocone-obj
u'-is-arr
]
obtain f where f: f: ¢ —»¢ ¢’
and u'-def" ntcf-arrow u’ =
umap-of (Acp.tm @ J €) (cf-map §F) ¢ (ntcf-arrow N) '(ArrVal])(f)
and f’-unique:
[
flicme
ntcf-arrow u' =
umap-of (Acr.tm @ J €) (¢f-map §F) ¢ (ntcf-arrow N) '(ArrVal)(f')
Il=1f-=f
for f'
by metis

from u’-def’ f cat-cocone-obj have u’-def: u' = nicf-const J € f +n7ocr N
by
(

cs-prems
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cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros

)

show 3" f': c =g ¢’ Au' = ntcf-const JE [/ yror N
proof(intro ex1I conjl; (elim conjE)?, (rule f)?, (rule u'-def)?)
fix f'/ assume prems”:
[ ¢ u' = ntefconst JC [ yror N
from prems’ have
ntcf-arrow u' =
umap-of (Acp.im o J €) (¢f-map F) ¢ (ntef-arrow N) '(ArrVal) (f")
by
(
cs-concl
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros

from f’-unique[ OF prems’(1) this] show f'' = f.
qged

qed

Duality.

lemma (in is-tm-cat-limit) is-tm-cat-colimit-op:
Op-’]’Lth’LL : Op-Cf 3' >CF.tm.colim T * OP'Cat 3 P Cotma op-cat <
proof(intro is-tm-cat-colimitl")
show op-ntcfu : Op-Cf § >CF.tm.cocone Tt Op-cat J =+ yma op-cat €
by (cs-concl cs-shallow cs-simp: cs-intro: cat-op-intros)
fix u’ r’ assume prems:
u': op-¢f §F>CF.tm.cocone ' Op-cat J ¢ pma op-cat €
interpret u” is-tm-cat-cocone o ' (op-cat J> <op-cat € <op-cf T u’
by (rule prems)
from tm-cat-lim-ua-fo[ OF u'.is-cat-cone-op[unfolded cat-op-simps]] obtain f
where f: f 1 r' g T
and op-u’-def: op-nicf u' = u N7 coF nicf-const J € f
and f-unique:
[f:r" =g r op-ntefu' = u-nyror ntef-const J € f' ]| =
fr=f
for f'
by metis
from op-u’-def have op-ntcf (op-ntcf u’) = op-ntef (u -nyToF ntcf-const J € f)
by simp
from this f have u'-def:
u' = ntef-const (op-cat J) (op-cat €) f +yTcor op-nicf u
by (cs-prems cs-simp: cat-op-simps cs-intro: cat-cs-intros)
show 3!f’.
frer = op-cat
u’ = ntef-const (op-cat J) (op-cat €) f'+yror op-nicf u
proof(intro ex1l conjl; (elim conjE)?, (unfold cat-op-simps)?)
fix f/ assume prems”:
flir'oer
u’ = ntef-const (op-cat J) (op-cat €) f'~yrcor op-nicf u
from prems’(2) have op-ntcf v’ =
op-ntcf (ntcf-const (op-cat J) (op-cat €) f' -nTcoF op-ntef u)
by simp
from this prems’(1) have op-ntcf v’ = u -y TcF ntcf-const J € f/
by
(

Q:T,/\
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cs-prems
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros
)
from f-unique[ OF prems’(1) this] show f' = f.
qed (intro u'-def f)+
qed

lemma (in is-tm-cat-limit) is-tm-cat-colimit-op'[ cat-op-intros):
assumes §' = op-¢f § and J' = op-cat J and €' = op-cat €
shows op—ntcfu : 3, >CF.tm.colim T * :‘/ PP Citma Q:’
unfolding assms by (rule is-tm-cat-colimit-op)

lemmas [cat-op-intros] = is-tm-cat-limit.is-tm-cat-colimit-op’

lemma (in is-tm-cat-colimit) is-tm-cat-limit-op:
op-ntcf u: T <CF.m.iim op-cf F i op-cat I ¢ ima op-cat €
proof(intro is-tm-cat-limitl")
show op-ntcf u: r <cp.tm.cone Op-cf § : op-cat J = tma Op-cat €
by (cs-concl cs-shallow cs-simp: cs-intro: cat-op-intros)
fix ' r’ assume prems:
(A <CF.tm.cone Op-Cf %’: Op'cat 3 =P Citma op—cat <
interpret u” is-tm-cat-cone o r' (op-cat J»> <op-cat € (op-cf T u’
by (rule prems)
from tm-cat-colim-ua-of [ OF w'.is-cat-cocone-op|unfolded cat-op-simps]] obtain f
where f: f:r g 1’
and op-u’-def: op-nicf u' = ntcf-const J € f -NroF U
and f-unique:
[ f':r =g op-ntef u' = ntef-const JC f nrepu ]l = f'=f
for f’
by metis
from op-u’-def have op-ntcf (op-ntcf u') = op-ntcf (ntcf-const J € f +yror w)
by simp
from this f have u'-def:
u' = op-ntef u «yToF ntcf-const (op-cat J) (op-cat €) f
by (cs-prems cs-simp: cat-op-simps cs-intro: cat-cs-intros)
show 3!f’.
frar! Pop-cat € T A
u' = op-ntef u «nyToF ntcf-const (op-cat J) (op-cat €) f'
proof(intro ex1I conjl; (elim conjE)?, (unfold cat-op-simps) ?)
fix f/ assume prems”:
f/ cr '_)Q ,),./
u' = op-ntcf u -y TcoF nicf-const (op-cat J) (op-cat €) f'
from prems’(2) have op-ntcf u' =
op-ntef (op-ntcf u «nrcor ntef-const (op-cat J) (op-cat €) f)
by simp
from this prems’(1) have op-ntcf u' = nicf-const J € f' -yroF u
by
(
cs-prems
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros
)
from f-unique[ OF prems'(1) this] show f' = f.
qed (intro u'-def f)+
qed

lemma (in is-tm-cat-colimit) is-tm-cat-colimit-op'[ cat-op-intros]:
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assumes §' = op-¢f § and J' = op-cat J and €’ = op-cat €
shows op-ntcf u: r <cr.tm.iim §' 3" >0 tma €
unfolding assms by (rule is-tm-cat-limit-op)

lemmas [cat-op-intros] = is-tm-cat-colimit.is-tm-cat-colimit-op’

3.3.2 Further properties

lemma (in is-tm-cat-limit) tm-cat-lim-is-tm-cat-limit-if-iso-arr:
assumes [ : 1’ g0 T
shows u -y or ntcf-const J € f 1" <crym.iim 3 == c.ima €
proof-
note f = is-iso-arrD(1)[ OF assms]
from f(1) interpret u": is-tm-cat-cone a ' J € F «u -y rcr ntcf-const J € f»
by (cs-concl cs-intro: cat-small-cs-intros cat-cs-intros)
show ?thesis
proof
(
intro u’.tm-cat-cone-is-tm-cat-limit,
rule is-functor.universal-arrow-fo-if-universal-arrow-fo,
rule tm-cf-diagonal-is-functor,
rule NTCod.HomDom.tiny-category-axioms,
rule NTDom.HomCod.category-azioms,
rule tm-cat-lim-is-universal-arrow-fo
)
show f: 1’ 500 7 by (rule assms)
from f show nicf-arrow (u -y 7cr ntcf-const J € f) =
umap-fo (Acr.im @ J €) (cf-map §) r (ntef-arrow uw) r'(ArrVal) (f]
by
(
cs-concl
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros
)
qed
qed

lemma (in is-tm-cat-colimit) tm-cat-colim-is-tm-cat-colimit-if-iso-arr:
assumes f : 1 500 1’
shows ntcf-const J € fnror u:F >CFr.tm.cotim 7'+ J PP tma €
proof-
note f = is-iso-arrD(1)[ OF assms]
from f(1) interpret "
is-tm-cat-cocone o v’y € F «ntcf-const € f yroF w
by (cs-concl cs-intro: cat-small-cs-intros cat-cs-intros)
from f have [symmetric, cat-op-simps]:
op-ntcf (ntcf-const J € f -yrorp u) =
op-ntcf u «n 7o F ntef-const (op-cat J) (op-cat €) f
by
(
cs-concl cs-shallow
cs-simp: cat-op-simps cs-intro: cat-cs-intros cat-op-intros
)

show ?thesis
by
(

rule is-tm-cat-limit.is-tm-cat-colimit-op

[
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OF is-tm-cat-limit.tm-cat-lim-is-tm-cat-limit-if-iso-arr|
OF is-tm-cat-limit-op, unfolded cat-op-simps, OF assms(1)
I8
unfolded cat-op-simps
]

)
qed

3.4 Finite limit and finite colimit

locale is-cat-finite-limit =
is-cat-limit o J € § r u + NTDom.HomDom: finite-category o J
foraJEFru

syntax -is-cat-finite-limit = V=V = V=V = V = V = bool
(-3 - <criim.gin - - =1 =) [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-finite-limit = is-cat-finite-limit
translations v : 7 <¢p.im.fin § 1 J Pca €=
CONST is-cat-finite-limit « J € F r u

locale is-cat-finite-colimit =
is-cat-colimit o J € F r u + NTDom.HomDom: finite-category o J
foraJEFru

syntax -is-cat-finite-colimit = V=V =V = V = V = V = bool
(- - >CP.cotim.fin - 3| - »c1 =) [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-finite-colimit = is-cat-finite-colimit
translations v : § >cr.cotim.fin 7 J Pca €=
CONST is-cat-finite-colimit « J € § r u

Rules.

lemma (in is-cat-finite-limit) is-cat-finite-limit-axioms'[ cat-lim-cs-intros]:
assumes o' =aand r'=rand J'=Jand ¢'=¢Cand §' = F
shows u : 7' <¢p.iim.fin §' 1 3 P, €
unfolding assms by (rule is-cat-finite-limit-azioms)

mk-ide rf is-cat-finite-limit-def
|intro is-cat-finite-limit|
|dest is-cat-finite-limit D[ dest]|
|elim is-cat-finite-limitE[ elim]|

lemmas [cat-lim-cs-intros| = is-cat-finite-limitD

lemma (in is-cal-finite-colimit)
is-cat-finite-colimit-axioms'[ cat-lim-cs-intros]:
assumes o' =aand r’'=rand J'=Jand ¢'=Cand §' = F
shows v : gl >CFAColim.fin r’: 3, '_”_’Ca’ ¢’
unfolding assms by (rule is-cat-finite-colimit-azioms)

mk-ide rf is-cat-finite-colimit-def [ unfolded is-cat-colimit-axioms-def]
|intro is-cat-finite-colimitl|
|dest is-cat-finite-colimitD[ dest]|
|elim is-cat-finite-colimitE[ elim]|

lemmas [cat-lim-cs-intros] = is-cat-finite-colimitD
Duality.

lemma (in is-cat-finite-limit) is-cat-finite-colimit-op:
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op—ntcfu : OP—Cf 3' >CF.colim.fin T * OP'Cat 3 inangele’ 010-06175 ¢
by
(
cs-concl cs-shallow
cs-intro: is-cat-finite-colimitl cat-op-intros cat-small-cs-intros
)

lemma (in is-cat-finite-limit) is-cat-finite-colimit-op'[ cat-op-intros]:
assumes §' = op-¢f § and J' = op-cat J and €' = op-cat €
shows op-ntcf u : §' >cr.cotim.fin 713 Prca €
unfolding assms by (rule is-cat-finite-colimit-op)

lemmas [cat-op-intros] = is-cat-finite-limit.is-cat-finite-colimit-op’

lemma (in is-cat-finite-colimit) is-cat-finite-limit-op:
op-ntcf u T <cF.1im.fin OP-cf § : op-cat J =+ cq op-cat €
by
(
cs-concl cs-shallow
cs-intro: is-cat-finite-limitl cat-op-intros cat-small-cs-intros
)

lemma (in is-cat-finite-colimit) is-cat-finite-colimit-op'[ cat-op-intros]:
assumes §' = op-c¢f § and J' = op-cat J and €' = op-cat €
shows op-ntcf u: r <crp.im.fin § 3 ==ca €
unfolding assms by (rule is-cat-finite-limit-op)

lemmas [cat-op-intros] = is-cat-finite-colimit.is-cat-finite-colimit-op’

Elementary properties.

sublocale is-cat-finite-limit ¢ is-tm-cat-limit
by
(
intro
is-tm-cat-limit]
is-tm-cat-conel
is-ntcf-axioms
cat-lim-ua-fo
cat-cone-obj
NTCod.cf-is-tm-functor-if-HomDom-finite-category[
OF NTDom.HomDom.finite-category-azxioms
]
)

sublocale is-cat-finite-colimit € is-tm-cat-colimit
by
(
intro
is-tm-cat-colimit]
is-tm-cat-coconel
is-ntcf-axioms
cat-colim-ua-of
cat-cocone-obj
NTDom.cf-is-tm-functor-if-HomDom-finite-category|
OF NTDom.HomDom.finite-category-azioms

]
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3.5 Creation of limits

See Chapter V-1 in [9].

definition cf-creates-limits = V = V = V = bool
where cf-creates-limits a« & § =
(
YT b
T:b<cr.iim ®ocr §: §(HomDom|) ——cq &(HomCod) —
(
(
dloa. 3o a. oa = (o, a) A
0:a<cF.cone S S(HomDom|) ——cq F(HomCod|) A
T=8ocp-NTCF O A
b = &(0bjMap)|)(a)
) A
(

Vo a.

0:a<cF.cone 5 S(HomDom)) oo F(HomCod]) —
T=8ocp-NTCF O —

b = 6(0bjMap))(a) —

o:a<cr.iim S S(HomDom|) = cq F(HomCod)

)
)
)

Rules.

context
fixesaJABGF
assumes §: § : J o A
and : & : A o4 B
begin

interpretation §: is-functor a J A § by (rule §)
interpretation &: is-functor a A B & by (rule ®)

mk-ide rf cf-creates-limits-def|
where a=a and §=F and &=6, unfolded cat-cs-simps
]
|intro cf-creates-limitsl|
|dest cf-creates-limitsD|
|elim cf-creates-limitsE’|

end

lemmas cf-creates-limitsD[dest!] = cf-creates-limitsD'[ rotated 2]
and cf-creates-limitsE[ elim!] = cf-creates-limitsE'[rotated 2]

lemma cf-creates-limitsE"":
assumes cf-creates-limits a & §
and 7 : b <gF.iim ® ocr § : J P coa B
and §:J »—coq A
and & : A »—>cq B
obtains ¢ r where o : r <gp.im §: J P ca U
and 7 = & ogp_NTCF O
and b = &(0bjiMap|)(r)
proof-
note c¢fiD = cf-creates-limitsD[ OF assms]
from conjunct1[ OF ¢fiD] obtain o r
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where 0: 0 : 7 <gF.cone § : J P—ca A
and 7-def: 7= & ogp_NTCF O
and b-def: b = &(0bjMap))(r)
by metis
moreover have o : 7 <gr.im §: J »coa A
by (rule conjunct2[ OF c¢fiD, rule-format, OF o T-def b-def])
ultimately show ?thesis using that by auto
qed

3.6 Preservation of limits and colimits

3.6.1 Definitions and elementary properties

See Chapter V-4 in [9].

definition cf-preserves-limits = V. = V = V = bool
where cf-preserves-limits o & § =

(

Yo a.
o:a<cr.iim §: §(HomDom|) —r cq §(HomCod]) —
& ocp_nror 0 &(0bjiMap))(a)) <cF.1im © ocr § : F(HomDom|) =+ cq &(HomCCod)
)

definition cf-preserves-colimits = V. = V = V = bool
where cf-preserves-colimits a« & § =
(
Vo a.
0:F >cF.cotim 0 S(HomDom|) —rcq §(HomCod]) —
G ocr-NTCcF 08 ock § >CF. cotim ©(0biMap))(al) : F(HomDom|) = ca &(HomCod))
)

Rules.

context
fixesa JAB B F
assumes §: § : J oo A
and : & : A o4 B
begin

interpretation §: is-functor a J A § by (rule §)
interpretation &: is-functor a A B & by (rule &)

mk-ide rf cf-preserves-limits-def|
where a=a and §=F and &=6, unfolded cat-cs-simps
]
|intro cf-preserves-limitsl|
|dest cf-preserves-limitsD’|
|elim cf-preserves-limitsE’|
mk-ide rf cf-preserves-colimits-def|
where a=a and §=F and 6=6&, unfolded cat-cs-simps
]
|intro cf-preserves-colimitsl |
|dest cf-preserves-colimitsD'|
|elim cf-preserves-colimitsE’|

end

lemmas cf-preserves-limitsD[ dest!] = cf-preserves-limitsD'[ rotated 2]
and cf-preserves-limitsE[ elim!] = cf-preserves-limitsE'[rotated 2]
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lemmas cf-preserves-colimitsD[dest!] = cf-preserves-colimitsD'[ rotated 2]
and cf-preserves-colimitsE[elim!] = cf-preserves-colimitsE '[rotated 2]

Duality.

lemma cf-preserves-colimits-op[ cat-op-simps]:
assumes § : J oo A and & A »>0q B
shows
cf-preserves-colimits a (op-cf &) (op-cf F) «—
cf-preserves-limits a & §
proof

interpret §: is-functor a J 2 § by (rule assms(1))
interpret &: is-functor a A B & by (rule assms(2))

show cf-preserves-limits a & §
if cf-preserves-colimits a (op-cf &) (op-¢f §F)
proof(rule cf-preserves-limitsl, rule assms(1), rule assms(2))
fix o rassume 0 : 7 <cr.iim 33 »coa A
then interpret o: is-cat-limit a JAF r o .
show & ocr_yrcr 0@ &(0bjMap))(r) <cr.1im & ocr &+ J »—ca B
by
(
rule is-cat-colimit.is-cat-limit-op
[
OF cf-preserves-colimitsD
[
OF that o.is-cat-colimit-op §.is-functor-op &.is-functor-op,
folded op-cf-cf-comp op-nicf-cf-nicf-comp
b
unfolded cat-op-simps
]

)
qed

show cf-preserves-colimits o (op-cf &) (op-¢f F)
if cf-preserves-limits a & §
proof
(
rule cf-preserves-colimitsl,
rule §.is-functor-op,
rule &.is-functor-op,
unfold cat-op-simps
)
fix o r assume o : op-cf § >cF.colim T : 0op-cat J —r>cq op-cat A
then interpret o: is-cat-colimit o <op-cat J» <op-cat A> <op-cf T r o .
show op-cf & ocop_NTCOF O -
op-cf & ocr op-c¢f § >cF. cotim B(O0biMap|)(r]) : op-cat J =~ cq op-cat B
by
(

rule is-cat-limit.is-cat-colimit-op

OF cf-preserves-limitsD[
OF that o.is-cat-limit-op[ unfolded cat-op-simps]| assms(1,2)

I,

unfolded cat-op-simps
]
)
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qed
qed

lemma cf-preserves-limits-op[ cat-op-simps|:
assumes § : J o oq A and & A »—>oq B
shows
cf-preserves-limits a (op-cf &) (op-cf §) <—
cf-preserves-colimits o & §
proof

interpret §: is-functor a J 2A §F by (rule assms(1))
interpret &: is-functor a A B & by (rule assms(2))

show cf-preserves-colimits a & §
if cf-preserves-limits a (op-cf &) (op-cf §)
proof(rule cf-preserves-colimitsl, rule assms(1), rule assms(2))
fix o rassume 0 : § >cr.cotim T3 2—ca A
then interpret o: is-cat-colimit a JAF r o .
show & ocp_nror 0: & ocr § >crF.cotim ©(0biMap)(r]) : J »+ca B
by
(
rule is-cat-limit.is-cat-colimit-op
[
OF cf-preserves-limitsD
[
OF that o.is-cat-limit-op §.is-functor-op &.is-functor-op,
folded op-cf-cf-comp op-ntcf-cf-ntcf-comp
unfolded cat-op-simps
]

)
qed

show cf-preserves-limits o (op-cf &) (op-¢f §F)
if cf-preserves-colimits o & §
proof
(
rule cf-preserves-limitsl,
rule §.is-functor-op,
rule &.is-functor-op,
unfold cat-op-simps
)
fix o r assume o : r <gp.;im op-¢f §F : op-cat J ——cq op-cat A
then interpret o: is-cat-limit o <op-cat J» <op-cat A> <op-cf T> r o .
show op-¢cf & ocop_NTCoF 0 :
&(ObiMap)) (7)) <cF.1im op-cf & ocp op-cf § : op-cat J =+ cq op-cat B
by
(

rule is-cat-colimit.is-cat-limit-op

OF cf-preserves-colimitsD|
OF that o.is-cat-colimit-op[ unfolded cat-op-simps] assms(1,2)

I,

unfolded cat-op-simps
]

)
qed
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qed

3.6.2 Further properties

lemma cf-preserves-limits-if-cf-creates-limits:
— See Theorem 2 in Chapter V-4 in [9].
assumes & : A oo B
and §: J »—coq A
and ¢ : b <cp.iim ® ocrp § 1 J »ca B
and cf-creates-limits a« & §
shows cf-preserves-limits a & §
proof-

interpret &: is-functor a A B & by (rule assms(1))
interpret §: is-functor a J 2A § by (rule assms(2))
interpret : is-cat-limit a J B <& ocp § b Y

by (intro is-cat-limit.cat-lim-is-tm-cat-limit assms(3,4))

show ?thesis
proof

(

intro cf-preserves-limitsl
rule §.is-functor-azioms,
rule &.is-functor-axioms

)

fix o a assume prems: 0 : a <gp.1im 8§ 3 PPoa U
then interpret o: is-cat-limit a J A F a o .

obtain 7 A
where 7: 7 : A <griim §:J »=ca U
and ¢-def: ) = & ogp_NTCF T
and b-def: b = B(0bjMap))(4)
by
(

rule cf-creates-limitsE"’

[
OF

assms(4)
.is-cat-limit-axioms
§.is-functor-axioms
&.is-functor-axioms
]
)
from 7 interpret 7: is-cat-limit « JAF A 7.
from cat-lim-ex-is-iso-arr[ OF 7.is-cat-limit-azioms prems] obtain f
where f: f: a =509 A and o-def: 0 = 7 -yTCF nicf-const JA f
by auto

note f = fis-iso-arrD(1)[ OF f]
from f(2) have ® ocp-nrcor 0+ 8(0biMap))(a) <cF.cone & ocr §:J »rca B
by (intro is-cat-conel)

(cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

from a—def have & OCF-NTCF O = & OCF-NTCF (7’ ‘NTCF ntcf—const 3 QIf)
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by simp
also from f(2) have ... = ¢ -yrcoF ntcf-const J B (S(ArrMap))(f))
by (cs-concl-step cf-nicf-comp-nicf-vcomp)
(
cs-concl
cs-simp: cat-cs-simps -def [ symmetric] cs-intro: cat-cs-intros
)
finally have &o: & ocp_yToF 0 = ¥ ‘nToF ntcf-const 3 B (S(ArrMap))(f]) -

show & ocp_nror o : 6(0biMap))(a) <cr.iim & ocr §:J »—ca B
by
(
rule . cat-lim-is-cat-limit-if-is-iso-arr
[
OF ®.cf-ArrMap-is-iso-arr[ OF f(1), folded b-def],
folded &o
]
)

ged

qed

3.7 Continuous and cocontinuous functor
3.7.1 Definition and elementary properties

definition is-cf-continuous = V.= V = bool
where is-cf-continuous a & «—
(VFJ.§:3 »ca 8(HomDom|) — cf-preserves-limits a & §)

definition is-cf-cocontinuous = V= V = bool
where is-cf-cocontinuous o & «—
(VF 3. §:3 »ca 8(HomDom|) — cf-preserves-colimits a & )

Rules.

context
fixesaJABGF
assumes 6: 6 : A >0 B
begin

interpretation &: is-functor a A B & by (rule &)

mk-ide rf is-cf-continuous-def[where a=a and &=86, unfolded cat-cs-simps]
|intro is-cf-continuousl|
|dest is-cf-continuousD’|
|elim is-cf-continuousE|

mk-ide rf is-cf-cocontinuous-def[where a=a and &=6, unfolded cat-cs-simps]
|intro is-cf-cocontinuousl|
|dest is-cf-cocontinuousD’|
|elim is-cf-cocontinuousE’|

end

lemmas is-cf-continuousD[ dest!] = is-cf-continuousD’[ rotated)]
and is-cf-continuousE[ elim!] = is-cf-continuousE [ rotated)]
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lemmas is-cf-cocontinuousD| dest!] = is-cf-cocontinuousD'[ rotated]
and is-cf-cocontinuousE[ elim!] = is-cf-cocontinuousE [rotated)

Duality.

lemma is-cf-continuous-op[ cat-op-simps]:
assumes & : A —»—>cq B
shows is-cf-continuous o (op-cf &) «— is-cf-cocontinuous a &
proof
interpret &: is-functor o A B & by (rule assms(1))
show is-cf-cocontinuous o & if is-cf-continuous « (op-cf &)
proof(intro is-cf-cocontinuousl, rule assms)
fix § J assume prems: F: J »oq A
then interpret §: is-functor a J A § .
show cf-preserves-colimits a & §
by
(
rule cf-preserves-limits-op
[
THEN iffD1,
OF
prems’
assms(1)
is-cf-continuousD[ OF that §.is-functor-op &.is-functor-op]
]
)
qed
show is-cf-continuous « (op-cf &) if is-cf-cocontinuous o &
proof(intro is-cf-continuousl, rule &.is-functor-op)
fix § J assume prems” §F : J = cq op-cat A
then interpret §: is-functor a J <op-cat 2> § .
from that assms have op-op-bundle:
is-cf-cocontinuous o (op-cf (op-cf &))
op-cf (op-cf &) : A »>ca B
unfolding cat-op-simps .
show cf-preserves-limits o (op-cf &) §
by
(

rule cf-preserves-colimits-op

THEN iffD1,
OF
§.is-functor-axioms
&.is-functor-op
is-cf-cocontinuousD
[
OF
op-op-bundle(1)
§.is-functor-op[ unfolded cat-op-simps]
op-op-bundle(2)

]
)

qed
qed

lemma is-cf-cocontinuous-op| cat-op-simps]:

assumes & : A >4 B
shows is-cf-cocontinuous o (op-c¢f &) «— is-cf-continuous o &
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proof
interpret &: is-functor o A B & by (rule assms(1))
show is-cf-continuous o & if is-cf-cocontinuous « (op-cf &)
proof(intro is-cf-continuousl, rule assms)
fix § J assume prems: F: J »oq A
then interpret §: is-functor a J A F .
show cf-preserves-limits a & §
by
(
rule cf-preserves-colimits-op
[
THEN iffD1,
OF
prems’
assms(1)
is-cf-cocontinuousD[ OF that §.is-functor-op &.is-functor-op]
]
)
qged
show is-cf-cocontinuous o (op-cf &) if is-cf-continuous o &
proof(intro is-cf-cocontinuousl, rule &.is-functor-op)
fix § J assume prems” § : J =g op-cat A
then interpret §: is-functor a J <op-cat 2> § .
from that assms have op-op-bundle:
is-cf-continuous a (op-cf (op-cf &))
op-cf (op-cf B) : A »>cq B
unfolding cat-op-simps .
show cf-preserves-colimits a (op-c¢f &) F
by
(
rule cf-preserves-limits-op
[
THEN iffD1,
OF
§.is-functor-axioms
&.is-functor-op
is-cf-continuousD
[
OF
op-op-bundle(1)
§.is-functor-op[unfolded cat-op-simps]
op-op-bundle(2)
]
]
)

qged
qed

3.7.2 Category isomorphisms are continuous and cocontinuous

lemma (in is-iso-functor) iso-cf-is-cf-continuous: is-cf-continuous o §
proof(intro is-cf-continuousl)
fix J & assume prems: & : J o A
then interpret &: is-functor a J2A & .
show cf-preserves-limits o § &
proof(intro cf-preserves-limitsl)
fix a c assume 0 : a <cp.jim ® 1 J op>ca AU
then interpret o: is-cat-limit a JA & a o .
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show § ocr-nrcr 0 : §(0bjMap))(a) <cr.1im § ocr & : J =»rca B
proof(intro is-cat-limitl)
fix ' 7 assume 7 : 1’ <CF . cone § °cF & J »ca B
then interpret 7: is-cat-cone a 7' J B «F ogr & T .
note [cat-cs-simps] = cf-comp-assoc-helper|
where H=<inv-¢f § and &=F and §=& and Q=<cf-id >
]
have inv-1: inv-¢f § cop_nTCOFR T :
inv-cf FQObMap))(r') <cF.cone & : J = ca A
by
(
cs-concl
cs-simp: cat-cs-simps cf-cs-simps
cs-intro: cat-cs-intros cf-cs-intros
)
from is-cat-limit. cat-lim-unique-cone'| OF o.is-cat-limit-azioms inv-T|
obtain f where f: f : inv-c¢f F(ObjMap|)(r') —g a
and fup: Aj. j € J(Obj) =
(inv-cf § ocr-nrcr T)(NTMap)(j) = o(NTMap) (i) cag f
and f-unique:
I
[ inv-cf F(ObjMap))(r') —yg a;
Ni- j € J(0bj) =
(inv-cf § ccr-nrcr T)(NTMap)(j) = o(NTMap)) () oag [’
I=1f-=f
for f’
by metis
have [cat-cs-simps]: F(ArrMap|) (o (NTMap))(j)) casgy F(ArrMap))(f) = 7(NTMap))(j)
if j €5 J(Obj)) for j
proof-
from f-up[ OF that] that have
inv-cf F(ArrMap|)(T(NTMap)(j))) = o(NTMap))(j) oag f
by (cs-prems cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
then have
S ArrMapl) (inv-cf F(ArrMap)(r(NTMap) (D)) -
S(ArrMap) (o (NTMap)) (i) oasg fD
by simp
from this that f show ?thesis
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cf-cs-simps cs-intro: cat-cs-intros
)

stmp
qed
show 3J!f".
frir' g §(ObjMap)(a)) A T =F occr-nTCF 0 *NTCF ntcf-const B f’
proof(intro ex1I conjI; (elim conjE)?)
from f have
S ArrMap) (f) = F(ObMap) (inv-cf F(ObMap)(rD) —g FObiMap)(a)
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
then show §(ArrMap|)(f]) : r" —g §(ObjMap)(al
by (cs-prems cs-shallow cs-simp: cf-cs-simps cs-intro: cat-cs-intros)
show 7 = F ocp_nTcF 0 ‘NTCoF ntef-const I B (F(ArrMap))(f])
proof(rule ntef-eql, rule T.is-ntcf-axioms)
from f show § oor-nTcoF 0 ‘NTCOF ntcf-const J B (F(ArrMap))(f)) :
cf-const B r' mop Focr &1 F poa B
by
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(

cs-concl
cs-simp: cat-cs-simps cf-cs-simps cs-intro: cat-cs-intros

then have dom-rhs:
Do ((§ ccr-nTCF 0 *NTCF ntcf-const J B (F(ArrMap))(f)))) (NTMap)) =
300b)
by (cs-concl cs-simp: cat-cs-simps)
show
T(NTMap)) = (§ ccr-nrcF 0 *nrcrF nicf-const I B (F(ArrMap))(f))(NTMap)
proof(rule vsv-eql, unfold T.ntcf~-NTMap-vdomain dom-rhs)
fix j assume j €, J(Obj)
with f show 7(NTMap))(j) =
(§ ccr-NTCOF 0 *NTCF ntef-const I B (F(ArrMap))(f]))) (NTMap)) ()
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qed (cs-concl cs-intro: V-cs-intros cat-cs-intros)+
qed simp-all
fix f/ assume prems”:
£ 17 gy 3008 Mapl)(al
T =8 ocr-NTCF O *NTCF ntcf-const B f'
have 7j-defs T(NTMap)(j) = §(ArrMap) (o (NTMaph (7)) oags f'
if j €, J(Obj)) for j
proof-
from prems’(2) have
T(NTMap))(j)) = (§ ccr-NTCF 0 *NTCF ntcf-const I B fY(NTMap))(j)
by simp
from this prems’(1) that show ?thesis
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qed
have inv-c¢f F(ArrMap)(f’) = f
proof(rule f-unique)
from prems’(1) show
inv-cf F(ArrMap))(f') : inv-cf F(ObjMap)(r’) ~g a
by
(
cs-concl
cs-simp: cf-cs-simps cs-intro: cat-cs-intros cf-cs-intros

fix j assume j €, J(Obj)
from this prems’(1) show
(inv-cf § ocr-nrcr T)(NTMap)(j) =
o(NTMap) () cag inv-cf F(ArrMap)(f’)
by
(
cs-concl
cs-simp: cat-cs-simps cf-cs-simps Tj-def
cs-intro: cat-cs-intros cf-cs-intros

)
qed
then have F(ArrMap)|)(inv-cf F(ArrMap)(f')) = F(ArrMap))(f]) by simp
from this prems’(1) show f' = F(ArrMap))(f)
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cf-cs-simps cs-intro: cat-cs-intros
)

qed
qged (cs-concl cs-intro: cat-cs-intros cat-lim-cs-intros)
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qed (intro prems is-functor-azioms)+
qed (rule is-functor-azioms)

lemma (in is-iso-functor) iso-cf-is-cf-cocontinuous: is-cf-cocontinuous o §
using is-iso-functor.iso-cf-is-cf-continuous[ OF is-iso-functor-op]
by (cs-prems cs-shallow cs-simp: cat-op-simps cs-intro: cat-cs-intros)

3.8 Tiny-continuous and tiny-cocontinuous functor
3.8.1 Definition and elementary properties

definition is-tm-cf-continuous = V = V = bool
where is-tm-cf-continuous o & =
(VFJ.§:3 »ec.tma ©(HomDom|) — cf-preserves-limits a & F)

Rules.

context
fixesa JAB B F
assumes &: & : A >0 B
begin

interpretation &: is-functor a A B & by (rule &)

mk-ide rf is-tm-cf-continuous-def[where a=a and &=6, unfolded cat-cs-simps]
|intro is-tm-cf-continuousl|
|dest is-tm-cf-continuousD’|
|elim is-tm-cf-continuousE’|

end

lemmas is-tm-cf-continuousD[dest!] = is-tm-cf-continuousD [ rotated]
and is-tm-cf-continuousE[ elim!] = is-tm-cf-continuousE [rotated)]

Elementary properties.

lemma (in is-functor) cf-continuous-is-tm-cf-continuous:
assumes is-cf-continuous a §
shows is-tm-cf-continuous a §
proof(intro is-tm-cf-continuousl, rule is-functor-azioms)
fix §'J assume §': J =0 pma A
then interpret §" is-tm-functor a J A §'.
show cf-preserves-limits a § §'
by
(
intro is-cf-continuousD[ OF assms(1) - is-functor-azioms],
rule §'.is-functor-azioms

)

qed
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4 Initial and terminal objects as limits and colimits

4.1 Initial and terminal objects as limits/colimits of an empty diagram

4.1.1 Definition and elementary properties

See [1]%, [1]? and Chapter X-1 in [9)].

locale is-cat-obj-empty-terminal = is-cat-limit o cat-0 € <cf-0 & z 3
fora €23

syntax -is-cat-obj-empty-terminal = V. = V = V = V = bool

(((- Z/ -<CcF.1 OC’F 2/ OC Indudol! -)) [51, 51] 51)
syntax-consts -is-cat-obj-empty-terminal = is-cat-obj-empty-terminal
translations 3 : 2 <gp.1 Ocr : Oc »Hoq € =

CONST is-cat-obj-empty-terminal o € z 3

locale is-cat-obj-empty-initial = is-cat-colimit « cat-0 € <cf-0 € z 3
fora €z 3

syntax -is-cat-obj-empty-initial = V = V = V = V = bool
(«(-:/ Ocr >cr.0 -:] 0c »—c1-) [51, 51] 51)
syntax-consts -is-cat-obj-empty-initial = is-cat-obj-empty-initial
translations 3 : Ocr >cr.o0 2: 0c »Hcoa € =
CONST is-cat-obj-empty-initial o € z 3

Rules.

lemma (in is-cat-obj-empty-terminal)
is-cat-obj-empty-terminal-azioms'] cat-lim-cs-intros):
assumes o' = o and 2z’ = zand ¢’ = €
shows 3 : 2" <¢cp.1 Ocr : Oc e, €
unfolding assms by (rule is-cat-obj-empty-terminal-azioms)

mk-ide rf is-cat-obj-empty-terminal-def
|intro is-cat-obj-empty-terminall|
|dest is-cat-obj-empty-terminalD[ dest]
|elim is-cat-obj-empty-terminal B[ elim]|

lemmas [ cat-lim-cs-intros] = is-cat-obj-empty-terminalD

lemma (in is-cat-obj-empty-initial)
is-cat-obj-empty-initial-axioms’] cat-lim-cs-intros]:
assumes o' = o and z'=zand €' =€
shows 3 : Ocr >cF.0 2" Oc ndndeI] ¢’
unfolding assms by (rule is-cat-obj-empty-initial-azioms)

mk-ide rf is-cat-obj-empty-initial-def
|intro is-cat-obj-empty-initiall|
|dest is-cat-obj-empty-initial D[ dest]|
|elim is-cat-obj-empty-initial B[ elim]|

lemmas [cat-lim-cs-intros] = is-cat-obj-empty-initialD

Duality.

lemma (in is-cat-obj-empty-terminal) is-cat-obj-empty-initial-op:
op-ntcf 3 : Ocp >cr.0 2: 0¢ »—cq op-cat €

https://ncatlab.org/nlab/show /initial+-object
®https://ncatlab.org/nlab/show/terminal+-object
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by (intro is-cat-obj-empty-initiall )
(
cs-concl cs-shallow
cs-simp: cat-op-simps op-cf-cf-0 cs-intro: cat-cs-intros cat-op-intros
)

lemma (in is-cat-obj-empty-terminal) is-cat-obj-empty-initial-op'[ cat-op-intros]:
assumes ¢’ = op-cat €
shows op-nicf 3 : Ocr >cr.0 z2: 0¢c =»—>ca €
unfolding assms by (rule is-cat-obj-empty-initial-op)

lemmas [ cat-op-intros] = is-cat-obj-empty-terminal.is-cat-obj-empty-initial-op’

lemma (in is-cat-obj-empty-initial) is-cat-obj-empty-terminal-op:
op-ntcf 3: z<cgp.1 Ocp : O¢ »—>cq op-cat €
by (intro is-cat-obj-empty-terminall)
(
cs-concl cs-shallow
cs-simp: cat-op-simps op-cf-cf-0 cs-intro: cat-cs-intros cat-op-intros
)

lemma (in is-cat-obj-empty-initial) is-cat-obj-empty-terminal-op'[ cat-op-intros]:
assumes €’ = op-cat €
shows op-nicf 3 : z <cp.1 Ocr : O¢ =»—ca €
unfolding assms by (rule is-cat-obj-empty-terminal-op)

lemmas [ cat-op-intros] = is-cat-obj-empty-initial.is-cat-obj-empty-terminal-op’

Elementary properties.

lemma (in is-cat-obj-empty-terminal) cat-oet-ntcf-0: 3 = ntcf-0 €
by (rule is-ntcf-is-ntcf-0-if-cat-0)
(cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

lemma (in is-cat-obj-empty-initial) cat-oei-ntcf-0: 3 = ntef-0 €
by (rule is-ntcf-is-ntcf-0-if-cat-0)
(cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

4.1.2 Initial and terminal objects as limits/colimits of an empty diagram are initial
and terminal objects

lemma (in category) cat-obj-terminal-is-cat-obj-empty-terminal:
assumes obj-terminal € z
shows ntcf-0 € : z <gp.1 Ocp : Oc »—>ca €

proof-

from assms have z: z €, €(Obj]) by auto
from 2 have [cat-cs-simps]: cf-const cat-0 € z = ¢f-0 €

by (intro is-functor-is-cf-0-if-cat-0) (cs-concl cs-intro: cat-cs-intros)
note obj-terminalD = obj-terminalD[ OF assms]

show “thesis
proof

(
intro is-cat-obj-empty-terminall is-cat-limitl is-cat-conel,
unfold cat-cs-simps

)
show 3!f". f':r' »¢ 2 A u' = ntef-0 € -yror ntcf-const cat-0 € f'
if u': 1" <cF.cone ¢f-0 € : cat-0 »—>cq € for v’ r’
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proof-—
interpret u” is-cat-cone « r' cat-0 € <cf-0 €& u' by (rule that)
from z have [cat-cs-simps]: cf-const cat-0 € r' = ¢f-0 €
by (intro is-functor-is-cf-0-if-cat-0)
(cs-concl cs-shallow cs-intro: cat-cs-intros)
have u’-def: v’ = nicf-0 €
by
(
rule is-ntcf-is-nicf-0-if-cat-0[
OF u'.is-ntcf-axioms, unfolded cat-cs-simps
]
)
from obj-terminalD(2)[ OF u'.cat-cone-obj] obtain f'
where [ f': 1 ¢ 2
and f’-unique: f"': ' »g 2 = f"" = f'
for "'
by auto
from f’ have [cat-cs-simps]: ntcf-const cat-0 € f' = nicf-0 €
by (intro is-ntcf-is-ntcf-0-if-cat-0(1))
(cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show ?thesis
proof(intro ex1l conjI; (elim conjE)?)
show u’ = ntcf-0 € -y 7or ntcf-const cat-0 € f'
by
(
cs-concl cs-shallow
cs-simp: u’-def cat-cs-simps cs-intro: cat-cs-intros

fix f"" assume prems:
[ e zu' = ntef-0 € <nypop ntef-const cat-0 € f'
show [ = f" by (rule f"-unique[ OF prems(1)])
qged (rule f)
qed
qed (cs-concl cs-simp: cat-cs-simps cs-intro: z cat-cs-intros)

qed

lemma (in category) cat-obj-initial-is-cat-obj-empty-initial:
assumes obj-initial € 2
shows ntcf-0 € : Ocp >cp.o 2: 0c »—ca €
proof-
have z: obj-terminal (op-cat €) z unfolding cat-op-simps by (rule assms)
show ?thesis
by
(
rule is-cat-obj-empty-terminal.is-cat-obj-empty-initial-op
[
OF category. cat-obj-terminal-is-cat-obj-empty-terminal|
OF category-op z, folded op-ntcf-ntcf-0
1
unfolded cat-op-simps op-ntcf-nitcf-0
]

)
qed

lemma (in is-cat-obj-empty-terminal) cat-oet-obj-terminal: obj-terminal € 2

proof-
show obj-terminal € 2z
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proof(rule obj-terminall)
fix a assume prems: a €, €(0bj|
have [cat-cs-simps]: cf-const cat-0 € a = ¢f-0 €
by (rule is-functor-is-cf-0-if-cat-0)
(cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros prems)
from prems have nicf-0 € : a <cp.cone ¢f-0 € : cat-0 »~>cqo €
by (intro is-cat-conel)
(cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from cat-lim-ua-fo[ OF this] obtain f'
where " f':a ¢ 2
and ntcf-0 € = 3 -yrcF ntef-const cat-0 € f'
and f’-unique:
[f":awg 2 ntef-0 € =3 yrorp ntcf-const cat-0 € f" ]| =

by metis

show 3If". f':a ¢ 2

proof(intro ex1I)
fix f'" assume prems” f"': a »g 2
from prems’ have ntcf-0 € = ntcf-0 € -y rcr ntcf-const cat-0 € f'

by (c¢s-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

from f’-unique[ OF prems’, unfolded cat-oet-ntcf-0, OF this]
show "' = f'.

qed (rule f)

qed (rule cat-cone-obj)
qed

lemma (in is-cat-obj-empty-initial) cat-oei-obj-initial: obj-initial € z
by
(
rule is-cat-obj-empty-terminal. cat-oet-obj-terminal|
OF is-cat-obj-empty-initial.is-cat-obj-empty-terminal-op[
OF is-cat-obj-empty-initial-azioms
I,
unfolded cat-op-simps
]
)

lemma (in category) cat-is-cat-obj-empty-terminal-obj-terminal-iff:
(ntef-0 €: 2z <cp.1 Ocr : O¢ = ca €) «— obj-terminal € z
using
cat-obj-terminal-is-cat-obj-empty-terminal
is-cat-obj-empty-terminal. cat-oet-obj-terminal
by auto

lemma (in category) cat-is-cat-obj-empty-initial-obj-initial-iff:
(ntef-0 €: Ocp >cr.o 2: 0c = ca €) «— obj-initial € 2z
using
cat-obj-initial-is-cat-obj-empty-initial
1s-cat-obj-empty-initial. cat-oei-obj-initial
by auto

4.2 Initial cone and terminal cocone

4.2.1 Definitions and elementary properties

definition nicf-initial = V= V = V
where ntcf-initial € z =
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(Abe.€(Obj)). THE f. f: 2z =g b),
cf-const € € 2,
cf-id €,
Q:v
¢
lo

definition nicf-terminal = V= V = V
where ntcf-terminal € z =

[
(Abe.€(Obj)). THE f. f: b =g 2),
cf-id €,
cf-const € € z,
¢,
¢

Io

Components.

lemma ntcf-initial-components:

shows ntcf-initial € 2(NTMap|) = (Ace.€(Obj)). THE f. f : z ¢ ¢)
and nicf-initial € z(NTDom)) = cf-const € € 2
and nicf-initial € z(NTCod|) = cf-id €
and ntcf-initial € z(NTDGDom]) = €
and ntcf-initial € z(NTDGCod)) = €

unfolding ntcf-initial-def nt-field-simps

by (simp-all add: nat-omega-simps)

lemmas [cat-lim-cs-simps]| = nicf-initial-components(2-5)

lemma nicf-terminal-components:

shows ntcf-terminal € z(NTMap|) = (Ace.€(Obj)). THE f. f : ¢ =g 2)
and nicf-terminal € z(NTDoml) = c¢f-id €
and ntcf-terminal € z(NTCod)) = cf-const € € z
and ntcf-terminal € z(NTDGDom|) = €
and ntcf-terminal € z(NTDGCod)) = €

unfolding ntcf-terminal-def nt-field-simps

by (simp-all add: nat-omega-simps)

lemmas [ cat-lim-cs-simps] = ntcf-terminal-components(2-5)

Duality.

lemma nicf-initial-op| cat-op-simps]:
op-nicf (ntef-initial € z) = nicf-terminal (op-cat €) z
unfolding
ntcf-initial-def nicf-terminal-def op-nicf-def
nt-field-simps cat-op-simps
by (auto simp: nat-omega-simps cat-op-simps)

lemma ntcf-cone-terminal-op| cat-op-simps]:
op-ntcf (ntef-terminal € z) = ntcf-initial (op-cat €) z
unfolding
ntcf-initial-def ntcf-terminal-def op-nicf-def
nt-field-simps cat-op-simps
by (auto simp: nat-omega-simps cat-op-simps)
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4.2.2 Natural transformation map

mk-VLambda nitcf-initial-components(1)
|vsv ntcf-initial-vsv[ cat-lim-cs-intros]|
|vdomain ntcf-initial-vdomain[ cat-lim-cs-simps]|
|app ntcf-initial-app|

mk-VLambda ntcf-terminal-components(1)
|vsv ntcf-terminal-vsv[ cat-lim-cs-intros]|
|vdomain ntef-terminal-vdomain| cat-lim-cs-simps||
|app nicf-terminal-app|

lemma (in category)
assumes obj-initial € z and ¢ €, €(Obj)
shows ntcf-initial-NTMap-app-is-arr:
ntcf-initial € z(NTMap))(c)) : z —»¢ ¢
and nicf-initial-NTMap-app-unique:
AN 1z e ¢ = [ = ntcf-initial € z(NTMap))(c)
proof-
from obj-initialD(2)[ OF assms(1,2)] obtain f
where f: f: 2 =g ¢
and funique: f': z »g c = f'=f
for f'
by auto
show is-arr: ntcf-initial € z(NTMap|)(c)) : z =g ¢
proof(cs-concl-step ntcf-initial-app, rule assms(2), rule thel)
fix f' assume f': z »¢ ¢
from f-unique[ OF this] show f' = f.
qed (rule f)
fix f'assume f': z »¢ ¢
from f-unique[ OF this, folded f-unique[ OF is-arr]]
show [’ = ntef-initial € z(NTMapl)(c).
qed

lemma (in category) ntcf-initial-NTMap-app-is-arr’| cat-lim-cs-intros]:
assumes obj-initial € z
and c €, €(0bj)

and ¢'=¢
and 2’ = 2
and ¢’ = ¢

shows nitcf-initial € z(NTMap|)(c]) : 2" =g ¢’
using assms(1,2)

unfolding assms(3-5)

by (rule ntcf-initial-NTMap-app-is-arr)

lemma (in category)
assumes obj-terminal € z and ¢ €, €(0bj))
shows ntcf-terminal-NTMap-app-is-arr:
ntcf-terminal € z(NTMap|)(c)) : ¢ =g 2
and nicf-terminal-NTMap-app-unique:
N e e 2 = f' = ntcf-terminal € z(NTMapl)(|c|)
proof-
from obj-terminalD(2)[ OF assms(1,2)] obtain f
where f: f: c g 2
and funique: f': c g 2= f'=f
for f’
by auto
show is-arr: ntcf-terminal € z(NTMap|)(c)) : ¢ »¢ 2z
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proof(cs-concl-step ntcf-terminal-app, rule assms(2), rule thel)
fix f" assume f': ¢ »¢ 2z
from f-unique[ OF this] show f' = f.

qed (rule f)

fix f' assume f': ¢ »¢ 2

from f-unique[ OF this, folded f-unique[ OF is-arr]]

show f' = ntef-terminal € z(NTMap|)(c).

qed

lemma (in category) ntcf-terminal-NTMap-app-is-arr'[ cat-lim-cs-intros):
assumes obj-terminal € z
and c €, €(0bj)

and ¢' = ¢
and 2z’ = 2
and ¢’ = ¢

shows ntcf-terminal € 2(NTMap|)(c) : ¢’ +=gr 2’
using assms(1,2)

unfolding assms(5-5)

by (rule ntcf-terminal-NTMap-app-is-arr)

4.3 Initial and terminal objects as limits/colimits of the identity functor

4.3.1 Definition and elementary properties

See [1]%, [1]° and Chapter X-1 in [9].

locale is-cat-obj-id-initial = is-cat-limit o € € <c¢f-id € z 3 for a € 2 3

syntax -is-cat-obj-id-initial = 'V = V = V = V = bool
(«(-:/ - <cp.o ide i »>c1 ) [51, 51, 51] 51)
syntax-consts -is-cat-obj-id-initial = is-cat-obj-id-initial
translations 3 : 2 <gp.g idc : Poa €=
CONST is-cat-obj-id-initial o € z 3

locale is-cat-obj-id-terminal = is-cat-colimit a € € <cf-id € z 3 for a € 2 3

syntax -is-cat-obj-id-terminal = V = V = V = V = bool
(«(-:/ idc >cp.1 -] =1 - [51, 51, 51] 51)
syntax-consts -is-cat-obj-id-terminal = is-cat-obj-id-terminal
translations 3 : idg >cr.1 2 o €=
CONST is-cat-obj-id-terminal o € z 3

Rules.

lemma (in is-cat-obj-id-initial)
is-cat-obj-id-initial-azioms'[ cat-lim-cs-intros]:
assumes o' = o and 2z’ = zand €' = €
shows 3 : 2z <¢op.g idg : »cq €
unfolding assms by (rule is-cat-obj-id-initial-axioms)

mk-ide rf is-cat-obj-id-initial-def
|intro is-cat-obj-id-initiall|
|dest is-cat-obj-id-initial D[ dest]|
|elim is-cat-obj-id-initial B[ elim]|

lemmas [ cat-lim-cs-intros] = is-cat-obj-id-initialD

“https://ncatlab.org/nlab/show /initial+object
®https://ncatlab.org/nlab/show /terminal+object
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lemma (in is-cat-obj-id-terminal)
is-cat-obj-id-terminal-azioms'[ cat-lim-cs-intros]:
assumes o' = o and 2z’ = zand ¢' = €
shows 3 : idc >crp.1 2t =gy €
unfolding assms by (rule is-cat-obj-id-terminal-azioms)

mk-ide rf is-cat-obj-id-terminal-def
|intro is-cat-obj-id-terminall|
|dest is-cat-obj-id-terminal D[ dest]|
|elim is-cat-obj-id-terminalE [ elim]|

lemmas [cat-lim-cs-intros] = is-cat-obj-id-terminalD

Duality.

lemma (in is-cat-obj-id-initial) is-cat-obj-id-terminal-op:
op-ntcf 3 1 ide >cp.1 2 = o op-cat €
by (intro is-cat-obj-id-terminall)
(cs-concl cs-shallow cs-simp: cat-op-simps cs-intro: cat-op-intros)

lemma (in is-cat-obj-id-initial) is-cat-obj-id-terminal-op’| cat-op-intros]:
assumes €’ = op-cat €
shows op-nitcf 3 :idc >cr.1 2 »ca €
unfolding assms by (rule is-cat-obj-id-terminal-op)

lemmas [cat-op-intros] = is-cat-obj-id-initial.is-cat-obj-id-terminal-op’

lemma (in is-cat-obj-id-terminal) is-cat-obj-id-initial-op:
op-ntcf 3 : 2z <cp.o idc : = cq op-cat €
by (intro is-cat-obj-id-initiall)
(cs-concl cs-shallow cs-simp: cat-op-simps cs-intro: cat-op-intros)

lemma (in is-cat-obj-id-terminal) is-cat-obj-id-initial-op'| cat-op-intros]:
assumes €’ = op-cat €
shows op-ntcf 3 : 2z <gp.g idg : »—ca €
unfolding assms by (rule is-cat-obj-id-initial-op)

lemmas [cat-op-intros] = is-cat-obj-id-terminal.is-cat-obj-id-initial-op’

4.3.2 Initial and terminal objects as limits/colimits are initial and terminal objects

lemma (in category) cat-obj-initial-is-cat-obj-id-initial:
assumes obj-initial € z
shows ntcf-initial € z : z <gp.g idg : »~>cq €
proof(intro is-cat-obj-id-initiall is-cat-limitl)

from assms have z: z €, €(Obj]) by auto
note obj-initialD = obj-initial D[ OF assms]

show ntcf-initial € z : z <cp. cone cf-id € : € »>gq €
proof(intro is-cat-conel is-ntcfl’, unfold cat-lim-cs-simps)
show ufsequence (nitcf-initial € 2)
unfolding ntcf-initial-def by auto
show wvcard (ntcf-initial € z) = 5N
unfolding ntcf-initial-def by (simp add: nat-omega-simps)
show ntcf-initial € 2z(NTMap))(al) :
cf-const € € z(ObjMap))(a)) —¢ cf-id €(ObiMap])(al)
if a €, €(0bj)) for a
using that assms(1)
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by
(
cs-concl
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-lim-cs-intros
)
show
ntcf-initial € z(NTMap))(b]) oag cf-const € € z(ArrMap))(f]) =
cf-id C(ArrMap|)(f)) cag ntcf-initial € z(NTMapl)(al)
iffrawgbforabdf
proof-—
from that assms(1) have
[ oag ntcf-initial € z(NTMap|)(a)) : z »¢ b
by (cs-concl cs-intro: cat-cs-intros cat-lim-cs-intros)
note [cat-cs-simps] = nicf-initial-NTMap-app-unique[
OF assms(1) cat-is-arrD(3)[ OF that] this

from that assms(1) show ?thesis
by
(
cs-concl
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-lim-cs-intros
)

qed
qged (use z in <cs-concl cs-intro: cat-cs-intros cat-lim-cs-introsy )+
then interpret i: is-cat-cone a z € € «cf-id & «ntcf-initial € z» .

fix u r assume u : r <gp.cone Cf-id € : € oo €
then interpret u: is-cat-cone a r € € «¢f-id & u .

from obj-initialD(2)[ OF wu.cat-cone-obj] obtain f
where f: f : 2 »>¢ 7 and f-unique: f': 2 =g r = f'= f for f’
by auto

note u.cat-cone-Comp-commute[ cat-cs-simps del]

from w.ntcf-Comp-commute[ OF f] f have u(NTMap))(r|) = f oag uw(NTMap)(z|
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

show 3!f’.
fliree zA
u = ntef-initial € z -y 7o nicf-const € € f'
proof(intro ex1I conjl; (elim conjE)?)
from f show u(NTMap))(z)) : r »¢ 2
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show u = ntcf-initial € z -y cp ntef-const € € (u(NTMapl)(z))
proof(rule ntcf-eql, rule u.is-ntcf-axioms)
show ntcef-initial € z -y rop nicf-const € € (u(NTMap))(z)) :
cf-const CE 1T —>op cf-id €: € »—aq €
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from z have dom-rhs:
D, ((ntef-initial € z <y por ntef-const € € (u(NTMap))(z)))(NTMap))) =
e(obj)
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show u(NTMap)) =
(ntcf-initial € z <y or nicf-const € € (u(NTMap))(2))(NTMap))
proof(rule vsv-eql, unfold dom-rhs u.ntcf~-NTMap-vdomain)
fix ¢ assume prems: ¢ €, €(Obj))
then have ic: ntcf-initial € 2(NTMap))(c)) : z »¢ ¢
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from u.ntcf-Comp-commute[ OF ic] ic have [ cat-cs-simps]:
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ntcf-initial € z(NTMap|)(c) oag u(NTMap))(z)) = u(NTMap))(c|
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros) simp
from prems z show u(NTMap|)(c|) =
(ntef-initial € z «y 7o F ntcf-const € € (u(NTMap))(z])))(NTMap))(c|
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qged (auto intro: cat-cs-intros)
qed simp-all
fix f’ assume prems:
fliree 2
u = nitcf-initial € z -y 17cF nicf-const € € f'
from z have ntcf-initial € 2(NTMap))(z)) : z —»¢ 2
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
note [cat-cs-simps] = cat-obj-initial-CId[ OF assms this, symmetric]
from prems(2) have
w(NTMap|)(z) = (ntcf-initial € z -y Tcor nicf-const € € fY(NTMap))(z])
by simp
from this prems(1) show f' = u(NTMap|)( 2|
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros) simp
qged
qed

lemma (in category) cat-obj-terminal-is-cat-obj-id-terminal:
assumes obj-terminal € z
shows ntcf-terminal € z : idg >cp.1 2 »—ca €
by
(
rule is-cat-obj-id-initial.is-cat-obj-id-terminal-op
|
OF category. cat-obj-initial-is-cat-obj-id-initial[
OF category-op op-cat-obj-initial| THEN iffD2, OF assms(1)]
1,
unfolded cat-op-simps
]
)

lemma cat-cone-CIld-obj-initial:
assumes 3 : 2 <¢gr.cone ¢f-id €: € »>cq € and 3(NTMap)(z) = €(CId])(z)
shows obj-initial € 2
proof(intro obj-initiall)
interpret 3: is-cat-cone a z € € <cf-id € 3 by (rule assms(1))
show z €, €(Obj) by (cs-concl cs-intro: cat-cs-intros)
fix ¢ assume prems: ¢ €, €(0bj)
show 3!f. f: 2 ¢ ¢
proof(intro ex1I)
from prems show 3c¢: 3(NTMap))(c) : z —¢ ¢
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
fix f assume prems” f: z =g ¢
from 3.ntcf-Comp-commute[ OF prems’] prems’ 3¢ show f = 3(NTMap))(c|)
by (cs-prems cs-simp: cat-cs-simps assms(2) cs-intro: cat-cs-intros) simp
qed
qed

lemma cat-cocone-Cld-obj-terminal:
assumes 3 : ¢f-id € >cp cocone 2 : € »oq € and 3(NTMap))(z) = €(CId)(z)
shows obj-terminal € z
proof-
interpret 3: is-cat-cocone « z € € <cf-id € 3 by (rule assms(1))
show ?thesis
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by
(
rule cat-cone-Cld-obj-initial
[
OF 3.is-cat-cone-op|unfolded cat-op-simps],
unfolded cat-op-simps,
OF assms(2)
]

)
qed

lemma (in is-cat-obj-id-initial) cat-oii-obj-initial: obj-initial € z
proof(rule cat-cone-Cld-obj-initial, rule is-cat-cone-axioms)
from cat-lim-unique-cone'[ OF is-cat-cone-azioms] obtain f
where f: f: 2 =g 2
and 35 \j. j € €(Ob) —> 3(NTMap)(f) = 3ONTMap) (i) oac f
and f-unique:

f'z e 2
Ni- j € €(0bj)) = 3(NTMap|)(j) = 3(NTMap)(j) ca¢ f’
I=1r=f
for f'
by metis
have CId-z: €(|CId])(z)) : z ~¢ 2
by (cs-concl cs-intro: cat-cs-intros)
have 3(NTMap)(j) = 3(NTMap)(j) oag €(CI)(2) if j € €(Ob]) for j
using that by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from f-unique[ OF CId-z this] have CId-f: €(CId)(z)) = f .
have 3z: 3(NTMap|) (2 : z »¢ 2
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
have 3(NTMap|)(c) = 3(NTMap)(c) cag 3(NTMap))(2) if ¢ €, €(Obj) for c
proof—
from that have 3c¢: 3(NTMap))(c) : z —¢ ¢
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
note cat-cone-Comp-commute[ cat-cs-simps del]
from ntcf-Comp-commute[ OF 3¢] 3¢ show
3(NTMap)(c) = 3(NTMap)(c) oae 3(NTMap)(2)
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qed
from f-unique[ OF 3z this] have 3(NTMap|)(z]) = f .
with CId-f show 3(NTMap))(z) = €(CId)(z|) by simp
qed

lemma (in is-cat-obj-id-terminal) cat-oit-obj-terminal: obj-terminal € z
by
(
rule is-cat-obj-id-initial. cat-oii-obj-initial|
OF is-cat-obj-id-initial-op, unfolded cat-op-simps
]
)

lemma (in category) cat-is-cat-obj-id-initial-obj-initial-iff:
(ntef-initial € 2 : z <gp.o ido : »=coa €) < obj-initial € z
using
cat-obj-initial-is-cat-obj-id-initial
1s-cat-obj-id-initial. cat-oii-obj-initial
by auto
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lemma (in category) cat-is-cat-obj-id-terminal-obj-terminal-iff:
(ntef-terminal € z 1 idg >cr.1 2t »coq €) < obj-terminal € z
using
cat-obj-terminal-is-cat-obj-id-terminal
is-cat-obj-id-terminal. cat-oit-obj-terminal
by auto
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5 Products and coproducts as limits and colimits

5.1 Product and coproduct

5.1.1 Definition and elementary properties

The definition of the product object is a specialization of the definition presented in Chapter
I11-4 in [9]. In the definition presented below, the discrete category that is used in the definition
presented in [9] is parameterized by an index set and the functor from the discrete category is
parameterized by a function from the index set to the set of the objects of the category.

locale is-cat-obj-prod =
is-cat-limit o« ;¢ D € ¢>: T A& P w+ cf-discrete o [ A €
fora ITAC P

syntax -is-cat-obj-prod = V =V =V =V = V = V = bool
(«(-:/ -<crqp - -P=cor -0 [61, 51, 51, 51, 51] 51)
syntax-consts -is-cat-obj-prod = is-cat-obj-prod
translations 7 : P <gpqq A: I »—cq €=
CONST is-cat-obj-prod o« I A € P

locale is-cat-obj-coprod =
is-cat-colimit o <:¢c > € <> [ A& U w + c¢f-discrete a [ A €
foralACUn

syntax -is-cat-obj-coprod = V=V = V = V = V = V = bool
(-2 ->crqp - -P=cor -0 [61, 51, 51, 51, 51] 51)
syntax-consts -is-cat-obj-coprod = is-cat-obj-coprod
translations 7 : A >cpy U: I »—0q €=
CONST is-cat-obj-coprod o [ A € U

Rules.

lemma (in is-cat-obj-prod) is-cat-obj-prod-azioms’| cat-lim-cs-intros]:
assumes o' =aand P'= Pand A’'=Aand I'=Tand ¢'=¢
shows 7 : P/ <gp.qq A"+ ' =g, €
unfolding assms by (rule is-cat-obj-prod-azioms)

mk-ide rf is-cat-obj-prod-def
|intro is-cat-obj-prodI|
|dest is-cat-obj-prodD[ dest]|
|elim is-cat-obj-prodE[ elim]]

lemmas [cat-lim-cs-intros| = is-cat-obj-prodD

lemma (in is-cat-obj-coprod) is-cat-obj-coprod-azioms'[ cat-lim-cs-intros]:
assumes o' =aand U'=Uand A’=Aand I'=Tand ¢'=¢
shows 7 : A" >cpq Ut 1" =g, &
unfolding assms by (rule is-cat-obj-coprod-azioms)

mk-ide rf is-cat-obj-coprod-def
|intro is-cat-obj-coprodl|
|dest is-cat-obj-coprodD[ dest]|
|elim is-cat-obj-coprodE| elim]|

lemmas [ cat-lim-cs-intros] = is-cat-obj-coprodD

Duality.

lemma (in is-cat-obj-prod) is-cat-obj-coprod-op:
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op-ntef m: A>cpq P 1 —»—cq op-cat €
using cf-discrete-vdomain-vsubset- Vset
by (intro is-cat-obj-coprodl)
(
cs-concl cs-shallow
cs-simp: cat-op-simps cs-intro: cat-cs-intros cat-op-intros
)

lemma (in is-cat-obj-prod) is-cat-obj-coprod-op'[ cat-op-intros]:
assumes &’ = op-cat €
shows op-ntef m: A>cpq P: 1o €
unfolding assms by (rule is-cat-obj-coprod-op)

lemmas [cat-op-intros] = is-cat-obj-prod.is-cat-obj-coprod-op’

lemma (in is-cat-obj-coprod) is-cat-obj-prod-op:
op-ntef m: U <cpqq A: 1 —»—cq op-cat €
using cf-discrete-vdomain-vsubset- Vset
by (intro is-cat-obj-prodl)
(
cs-concl cs-shallow
cs-simp: cat-op-simps cs-intro: cat-cs-intros cat-op-intros
)

lemma (in is-cat-obj-coprod) is-cat-obj-prod-op'[ cat-op-intros]:
assumes &' = op-cat €
shows op-ntef m: U <cpp A: I »ca €
unfolding assms by (rule is-cat-obj-prod-op)

lemmas [cat-op-intros] = is-cat-obj-coprod.is-cat-obj-prod-op’

5.1.2 Universal property

lemma (in is-cat-obj-prod) cat-obj-prod-unique-cone”:
assumes 7' : P ' <cr.cone > I A€ ::c I g €
shows 3!f". f': P' =g P A (Vjel. ' (NTMap))(j) = m(NTMap))(j) cag f')
by
(
rule cat-lim-unique-cone’[
OF assms, unfolded the-cat-discrete-componenits(1)

]
)

lemma (in is-cat-obj-prod) cat-obj-prod-unique:
assumes 7' : P'<gpq A: I »con €
shows 3!f". f': P' ¢ P A7’ =7 nroF ntcf-const (:c I) € f'
by (intro cat-lim-unique[ OF is-cat-obj-prodD(1)[ OF assms]])

lemma (in is-cat-obj-prod) cat-obj-prod-unique”:
assumes 7' : P'<gpq A: I »cn €
shows 3!f". f': P' =g P A (Vie . m'(NTMap)) (i) = (NTMap))(i)) cag f')
proof-
interpret 7" is-cat-obj-prod o I A € P' w' by (rule assms(1))
show ?thesis
by
(
rule cat-lim-unique’[
OF 7' is-cat-limit-azioms, unfolded the-cat-discrete-components(1)
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]
)

qed

lemma (in is-cat-obj-coprod) cat-obj-coprod-unique-cocone”:
assumes 7' : > I A € >cr cocone Ut ic I »>ca €
shows 3!f". f': U =g U' A (VjeoI. m'(NTMap))(j) = f' oag m(NTMap))(j))
by
(
rule cat-colim-unique-cocone’[
OF assms, unfolded the-cat-discrete-components(1)

]
)

lemma (in is-cat-obj-coprod) cat-obj-coprod-unique:
assumes 7' : A>cpq Ut I »oq €
shows 3!f". f': U =g U' A7’ = ntcf-const ;¢ I) € f yrcorp T
by (intro cat-colim-unique[ OF is-cat-obj-coprodD(1)[ OF assms]])

lemma (in is-cat-obj-coprod) cat-obj-coprod-unique”:
assumes 7' : A >cpq Ui I »oq €
shows 3!f". f': U =g U' A (VjeoI. n'(NTMap))(j) = f' oag m(NTMap))(j))
by
(
rule cat-colim-unique’[
OF is-cat-obj-coprodD(1)[ OF assms], unfolded the-cat-discrete-components

]
)

lemma cat-obj-prod-ex-is-iso-arr:
assumes 7: P<gp A: I —rcq Cand n’': P'<gpqq A: I »-ca €
obtains f where f: P’ —;,,¢ P and 7' = w -y pcr ntcf-const (:¢ I) € f
proof-
interpret m: is-cat-obj-prod a I A € P w by (rule assms(1))
interpret 7" is-cat-obj-prod o I A € P’ ' by (rule assms(2))
from that show ?thesis
by
(
elim cat-lim-ex-is-iso-arr|
OF m.is-cat-limit-azioms w'.is-cat-limit-axioms
]

)
qed

lemma cat-obj-prod-ezx-is-iso-arr":
assumes 7: P<gpq A: I »rcoq Cand 1’ : P <gpqq A: I e €
obtains f where f: P’ »;,,¢ P
and Aj. j €, I = 7' (NTMap|)(j) = 7(NTMap))(j) cag f
proof-
interpret m: is-cat-obj-prod a I A € P w by (rule assms(1))
interpret 7" is-cat-obj-prod o I A € P’ ' by (rule assms(2))
from that show ?thesis
by
(
elim cat-lim-ex-is-iso-arr'[
OF 7.is-cat-limit-axioms '.is-cat-limit-azioms,
unfolded the-cat-discrete-components(1)

]
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)
qed

lemma cat-obj-coprod-ex-is-iso-arr:
assumes 7: A>cp g U:Imeoq Cand ' A>epqp Ui I »0a €
obtains f where f: U ~;5,¢ U’ and 7’ = ntcf-const (:¢ I) € f nrorp ©
proof-
interpret m: is-cat-obj-coprod a I A € U 7 by (rule assms(1))
interpret 7" is-cat-obj-coprod « I A € U’ 7’ by (rule assms(2))
from that show ?thesis
by
(
elim cat-colim-ex-is-iso-arr|
OF 7 .is-cat-colimit-axioms w'.is-cat-colimit-azioms
]

)
qed

lemma cat-obj-coprod-ez-is-iso-arr'”:
assumes m: A>op U: I eoq Cand ' A>epqp Ui I »o0q €
obtains f where [ : U ;500 U’
and Aj. j € I = 7'(NTMap|)(j)) = f cag m(NTMap])(j)
proof-
interpret m: is-cat-obj-coprod a I A € U 7 by (rule assms(1))
interpret 7" is-cat-obj-coprod « I A € U’ 7’ by (rule assms(2))
from that show ?thesis
by
(
elim cat-colim-ex-is-iso-arr'|
OF 7.is-cat-colimit-axioms m'.is-cat-colimit-axioms,
unfolded the-cat-discrete-components(1)
]

)
qed

5.2 Small product and small coproduct

5.2.1 Definition and elementary properties

locale is-tm-cat-obj-prod =
is-cat-limit o ¢ > € <> T A € P 7w + tm-cf-discrete « [ A €
fora IACPnr

syntax -is-tm-cat-obj-prod = V=V = V =V = V = V = bool
(«(-:/ - <cramq - - cam - [51, 51, 51, 51, 51] 51)
syntax-consts -is-tm-cat-obj-prod = is-tm-cat-obj-prod
translations 7 : P <¢p.tm.q 41 »~c.tma €=
CONST is-tm-cat-obj-prod o I A € P 1

locale is-tm-cat-obj-coprod =
is-cat-colimit o <:¢ D> € ¢—>: [T A & U w + tm-cf-discrete o [ A €
foralAC U

syntax -is-tm-cat-obj-coprod = V=V = V =V = V = V = bool
(-2 ->crema -3 -Prcoeml o) [01, 51, 51, 51, 51] 51)
syntax-consts -is-tm-cat-obj-coprod = is-tm-cat-obj-coprod
translations 7 : A >cp tm.qp Uil =»—cima €=
CONST is-tm-cat-obj-coprod o I A € U
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Rules.

lemma (in is-tm-cat-obj-prod) is-tm-cat-obj-prod-axioms'[ cat-lim-cs-intros]:
assumes ' =aand P'=Pand A’=Aand I'=Tand €' = ¢
shows 7 : P/ <gp.imq A" 1" = cipmyr €
unfolding assms by (rule is-tm-cat-obj-prod-azioms)

mk-ide rf is-tm-cat-obj-prod-def
|intro is-tm-cat-obj-prodl|
|dest is-tm-cat-obj-prodD| dest]|
|elim is-tm-cat-obj-prodE[ elim]|

lemmas [ cat-lim-cs-intros] = is-tm-cat-obj-prodD

lemma (in is-tm-cat-obj-coprod)
is-tm-cat-obj-coprod-axioms'| cat-lim-cs-intros]:
assumes o' =aand U'=Uand A’=Aand I'=Tand ¢'=¢
shows 7 : A" >cpimy U I oociimy, €
unfolding assms by (rule is-tm-cat-obj-coprod-azioms)

mk-ide rf is-tm-cat-obj-coprod-def
|intro is-tm-cat-obj-coprodl|
|dest is-tm-cat-obj-coprodD[ dest]|
|elim is-tm-cat-obj-coprodE| elim]|

lemmas [cat-lim-cs-intros| = is-tm-cat-obj-coprodD

Elementary properties.

sublocale is-tm-cat-obj-prod < is-cat-obj-prod
by
(
intro is-cat-obj-prodl,
rule is-cat-limit-axioms,
rule cf-discrete-axioms

)

lemmas (in is-tm-cat-obj-prod) tm-cat-obj-prod-is-cat-obj-prod =
is-cat-obj-prod-axioms

sublocale is-tm-cat-obj-coprod < is-cat-obj-coprod
by
(
intro is-cat-obj-coprodl,
rule is-cat-colimit-axioms,
rule cf-discrete-axioms

)

lemmas (in is-tm-cat-obj-coprod) tm-cat-obj-coprod-is-cat-obj-coprod =
is-cat-obj-coprod-axioms

sublocale is-tm-cat-obj-prod ¢ is-tm-cat-limit o ¢:¢c > € ¢> T A& P
by
(
iniro

is-tm-cat-limit]
is-tm-cat-conel
is-ntcf-axioms
tm-cf-discrete-the-cf-discrete-is-tm-functor
cat-cone-obj
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cat-lim-ua-fo

)

lemmas (in is-tm-cat-obj-prod) tm-cat-obj-prod-is-tm-cat-limit =
is-tm-cat-limit-azioms

sublocale is-tm-cat-obj-coprod € is-tm-cat-colimit o <:¢ I» € > T A& U
by
(
ntro

is-tm-cat-colimit]
is-tm-cat-coconel
is-ntcf-axioms
tm-cf-discrete-the-cf-discrete-is-tm-functor
cat-cocone-obj
cat-colim-ua-of

)

lemmas (in is-tm-cat-obj-coprod) tm-cat-obj-coprod-is-tm-cat-colimit =
is-tm-cat-colimit-axioms

Duality.

lemma (in is-tm-cat-obj-prod) is-tm-cat-obj-coprod-op:
op-ntef m: A>cr.imqy P 1 ~»~c.tma op-cat €
using cf-discrete-vdomain-vsubset- Vset
by (intro is-tm-cat-obj-coprodl )
(es-concl cs-simp: cat-op-simps cs-intro: cat-op-intros)

lemma (in is-tm-cat-obj-prod) is-tm-cat-obj-coprod-op'[ cat-op-intros]:
assumes ¢’ = op-cat €
shows op-ntef m: A>cpimqy P I »~c.ima €
unfolding assms by (rule is-tm-cat-obj-coprod-op)

lemmas [cat-op-intros] = is-tm-cat-obj-prod.is-tm-cat-obj-coprod-op’

lemma (in is-tm-cat-obj-coprod) is-tm-cat-obj-coprod-op:
op-ntcf m: U <cp.imqm A1 =»—c tma op-cat €
using cf-discrete-vdomain-vsubset- Vset
by (intro is-tm-cat-obj-prodl)
(cs-concl cs-simp: cat-op-simps cs-intro: cat-op-intros)

lemma (in is-tm-cat-obj-coprod) is-tm-cat-obj-prod-op'[ cat-op-intros]:
assumes €’ = op-cat €
shows op-ntcf 7: U <¢cp.imp 4 : 1 = tma €
unfolding assms by (rule is-tm-cat-obj-coprod-op)

lemmas [cat-op-intros] = is-tm-cat-obj-coprod.is-tm-cat-obj-prod-op’

5.3 Finite product and finite coproduct

locale is-cat-finite-obj-prod = is-cat-obj-prod « [ A € P
foralACPr+
assumes cat-fin-obj-prod-indez-in-w: I €, w

syntax -is-cat-finite-obj-prod = V=V = V = V = V = V = bool

(«(-:/ -<cr.q1.fin -3 -==c1 =) [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-finite-obj-prod = is-cat-finite-obj-prod
translations 7 : P <cpq.fin A1 »cq €=
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CONST is-cat-finite-obj-prod « 1 A € P

locale is-cat-finite-obj-coprod = is-cat-obj-coprod a« [ A € U w
foraITAC U+

assumes cat-fin-obj-coprod-indezr-in-w: I €, w

syntax -is-cat-finite-obj-coprod = V=V =V =V = V = V = bool
-/ ->cr.11.pin - - o1 <) [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-finite-obj-coprod = is-cat-finite-obj-coprod
translations 7 : A >cpq1.pin U ] oo €=
CONST is-cat-finite-obj-coprod o I A € U w

lemma (in is-cat-finite-obj-prod) cat-fin-obj-prod-indez-vfinite: vfinite I
using cat-fin-obj-prod-indez-in-w by auto

sublocale is-cat-finite-obj-prod c I: finite-category o <:¢ I»
by (intro finite-categoryl ")
(
auto
simp: NTDom.HomDom.category-azioms the-cat-discrete-components
introl: cat-fin-obj-prod-index-vfinite

)

lemma (in is-cat-finite-obj-coprod) cat-fin-obj-coprod-index-vfinite:
vfinite 1
using cat-fin-obj-coprod-indez-in-w by auto

sublocale is-cat-finite-obj-coprod € I: finite-category o <:¢ I»
by (intro finite-categoryl ")
(
auto
simp: NTDom.HomDom.category-axioms the-cat-discrete-components
introl: cat-fin-obj-coprod-index-vfinite

)
Rules.

lemma (in is-cat-finite-obj-prod)
is-cat-finite-obj-prod-azioms'| cat-lim-cs-intros]:
assumes ' = and P'=Pand A’=Aand I'=Tand ¢'=¢
shows 7 : P’ <¢pp.fin A"t ' €
unfolding assms by (rule is-cat-finite-obj-prod-axioms)

mk-ide rf
is-cat-finite-obj-prod-def[ unfolded is-cat-finite-obj-prod-axioms-def]
|intro is-cat-finite-obj-prodl|
|dest is-cat-finite-obj-prodD[ dest]|
|elim is-cat-finite-obj-prodE[ elim]|

lemmas [ cat-lim-cs-intros] = is-cat-finite-obj-prodD

lemma (in is-cat-finite-obj-coprod)
is-cat-finite-obj-coprod-axioms'[ cat-lim-cs-intros]:
assumes o' =cand U'=Uand A'=Aand ['=7Tand ¢' = ¢
shows 7 : A" >cpqy fin U': I' g, €
unfolding assms by (rule is-cat-finite-obj-coprod-azioms)

mk-ide rf
is-cat-finite-obj-coprod-def[ unfolded is-cat-finite-obj-coprod-azioms-def]
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|intro is-cat-finite-obj-coprodl|
|dest is-cat-finite-obj-coprodD[ dest]|
|elim is-cat-finite-obj-coprodE[ elim]|

lemmas [ cat-lim-cs-intros| = is-cat-finite-obj-coprodD

Duality.

lemma (in is-cal-finite-obj-prod) is-cat-finite-obj-coprod-op:
op-ntcf m:+ A >cp.qy.fin P 1 =»—ca op-cal €
by (intro is-cat-finite-obj-coprodl)
(
cs-concl cs-shallow
cs-simp: cat-op-simps
cs-intro: cat-fin-obj-prod-indezx-in-w cat-cs-intros cat-op-intros

)

lemma (in is-cat-finite-obj-prod) is-cat-finite-obj-coprod-op'| cat-op-intros]:
assumes &' = op-cat €
shows op-ntef m: A >cpqy.fin P: I ca €
unfolding assms by (rule is-cat-finite-obj-coprod-op)

lemmas [cat-op-intros] = is-cat-finite-obj-prod.is-cat-finite-obj-coprod-op’

lemma (in is-cat-finite-obj-coprod) is-cat-finite-obj-prod-op:
op-ntcf m: U <cp.r1.pin A I »cq op-cat €
by (intro is-cat-finite-obj-prodl)
(
cs-concl cs-shallow
cs-simp: cat-op-simps
cs-intro: cat-fin-obj-coprod-indez-in-w cat-cs-intros cat-op-intros

)

lemma (in is-cat-finite-obj-coprod) is-cat-finite-obj-prod-op'| cat-op-intros]:
assumes ¢’ = op-cat €
shows op-ntef m: U <cp.q1.fin A: I »ca €
unfolding assms by (rule is-cat-finite-obj-prod-op)

lemmas [cat-op-intros] = is-cat-finite-obj-coprod.is-cat-finite-obj-prod-op’

5.4 Product and coproduct of two objects

5.4.1 Definition and elementary properties

locale is-cat-obj-prod-2 = is-cat-obj-prod a <2n> if2 a b> € P w
foraabC P

syntax -is-cat-obj-prod-2 : V=V =V =V = V = V = bool
(«(-:) -<cr.x {~}: 2¢c »—c1 -0 [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-obj-prod-2 = is-cat-obj-prod-2
translations 7 : P <¢p.«x {a,b} : 2¢ >0 € =
CONST is-cat-obj-prod-2 . a b € P

locale is-cat-obj-coprod-2 = is-cat-obj-coprod o <2n» <if2 a by € P 1
foraabCPm

syntax -is-cat-obj-coprod-2 =V =V = V=V =V = V = bool

((-:/ {--} >cr.w - 2¢ »—c1 - [61, 51, 51, 51, 51] 51)
syntax-consts -is-cat-obj-coprod-2 = is-cat-obj-coprod-2
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translations 7 : {a,b} >cpw U: 2¢ Pp—ca € =
CONST is-cat-obj-coprod-2 o a b € U

abbreviation proj-fst where proj-fst m = vpfst (r(NTMap)))
abbreviation proj-snd where proj-snd 7 = vpsnd (w(NTMap)))

Rules.

lemma (in is-cat-obj-prod-2) is-cat-obj-prod-2-azioms'[ cat-lim-cs-intros):
assumes o' = and P'=Pand a'=cand b'=band ¢'=¢C
shows 7 : P/ <¢gp.« {a',0'} : 20 »oq €
unfolding assms by (rule is-cat-obj-prod-2-axioms)

mk-ide rf is-cat-obj-prod-2-def
|intro is-cat-obj-prod-21|
|dest is-cat-obj-prod-2D[ dest]|
|elim is-cat-obj-prod-2E] elim]|

lemmas [cat-lim-cs-intros] = is-cat-obj-prod-2D

lemma (in is-cat-obj-coprod-2) is-cat-obj-coprod-2-axioms’| cat-lim-cs-intros]:
assumes o' =aand P'=Pand a'=eand b'=band €' =€
shows 7 : {a’ b} >cp.w P': 20 »ca €
unfolding assms by (rule is-cat-obj-coprod-2-axioms)

mk-ide rf is-cat-obj-coprod-2-def
|intro is-cat-obj-coprod-2I|
|dest is-cat-obj-coprod-2D[ dest]|
|elim is-cat-obj-coprod-2E[ elim ]|

lemmas [ cat-lim-cs-intros]| = is-cat-obj-coprod-2D

Duality.

lemma (in is-cat-obj-prod-2) is-cat-obj-coprod-2-op:
op-nitcf 7 : {a,b} >cr.w P: 2¢c »—ca op-cat €
by (rule is-cat-obj-coprod-2I[ OF is-cat-obj-coprod-op])

lemma (in is-cat-obj-prod-2) is-cat-obj-coprod-2-op'[ cat-op-intros]:
assumes €' = op-cat €
shows op-ntcf m: {a,b} >cpw P: 20 »—ca €
unfolding assms by (rule is-cat-obj-coprod-2-op)

lemmas [cat-op-intros] = is-cat-obj-prod-2.is-cat-obj-coprod-2-op’

lemma (in is-cat-obj-coprod-2) is-cat-obj-prod-2-op:
op-ntcf m: P <cp.x {a,b} : 2¢ »—cq op-cat €
by (rule is-cat-obj-prod-2I[ OF is-cat-obj-prod-op])

lemma (in is-cat-obj-coprod-2) is-cat-obj-prod-2-op'[ cat-op-intros]:
assumes €' = op-cat €
shows op-nicf m: P <cp.x {a,b} : 2¢ »—coa €’
unfolding assms by (rule is-cat-obj-prod-2-op)

lemmas [ cat-op-intros] = is-cat-obj-coprod-2.is-cat-obj-prod-2-op’

Product/coproduct of two objects is a finite product/coproduct.

sublocale is-cat-obj-prod-2 < is-cat-finite-obj-prod o 25> <if2 a by € P
proof(intro is-cat-finite-obj-prodl)
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show 2y €, w by simp
ged (cs-concl cs-shallow cs-simp: two[ symmetric] cs-intro: cat-lim-cs-intros)

sublocale is-cat-obj-coprod-2 c is-cat-finite-obj-coprod o <2n> <if2 a by € P 7w
proof(intro is-cat-finite-obj-coprodl)

show 2y €, w by simp
ged (cs-concl cs-shallow cs-simp: two[ symmetric] cs-intro: cat-lim-cs-intros)

Elementary properties.

lemma (in is-cat-obj-prod-2) cat-obj-prod-2-ir-in-Obj:
shows cat-obj-prod-2-left-in- Obj[ cat-lim-cs-intros]: a €, €(Obj))
and cat-obj-prod-2-right-in-Obj[ cat-lim-cs-intros]: b €, €(Obj))
proof-
have 0: 0 ¢, 2Ny and I: IN € 2N by simp-all
show a €, €(0bj) and b €, €(0bj)
by
(
intro
cf-discrete-selector-vrange[ OF 0, simplified]
cf-discrete-selector-vrange[ OF 1, simplified]
)+

qed
lemmas [ cat-lim-cs-intros] = is-cat-obj-prod-2.cat-obj-prod-2-lr-in-Obj

lemma (in is-cat-obj-coprod-2) cat-obj-coprod-2-lr-in-Obj:
shows cat-obj-coprod-2-left-in- Obj| cat-lim-cs-intros]: a €, €(Obj)
and cat-obj-coprod-2-right-in-Obj[ cat-lim-cs-intros]: b €, €(Obj))
by
(
intro is-cat-obj-prod-2.cat-obj-prod-2-lr-in- Obj[
OF is-cat-obj-prod-2-op, unfolded cat-op-simps
]
)+

lemmas [ cat-lim-cs-intros] = is-cat-obj-coprod-2. cat-obj-coprod-2-lr-in-Obj

Utilities/help lemmas.

lemma helper-12-proj-fst-proj-snd-iff:
(¥ jeo2n. 7 (NTMap)(j) = m(NTMaph (i) oa¢ f')
(proj-fst ™" = proj-fst m oag f' A proj-snd w' = proj-snd 7 o f')
unfolding two by auto

lemma helper-12-proj-fst-proj-snd-iff :
(¥ jeu2n. T ANTMap)(j) = ' 0a¢ T(NTMap) (7)) —
(proj-fst @' = f" oag proj-fst @ A proj-snd ©' = f' ox¢ proj-snd m)
unfolding two by auto

5.4.2 Universal property

lemma (in is-cat-obj-prod-2) cat-obj-prod-2-unique-cone’:
assumes 7' : P' <cp cone = (2N) (if2 a b) €::¢ (2N) »Pca €
shows
L f Pl eg P A
proj-fst ' = proj-fst m oage f' A
proj-snd w' = proj-snd 7 o f’
by
(
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rule cat-obj-prod-unique-cone’[
OF assms, unfolded helper-12-proj-fst-proj-snd-iff
]
)

lemma (in is-cat-obj-prod-2) cat-obj-prod-2-unique:
assumes 7' : P/ <gp .« {a,b} : 2¢ »—ca €
shows 3!f". f': P' ¢ P A 7' =7 -yroF ntcf-const (:c (2x)) € f/
by (rule cat-obj-prod-unique[ OF is-cat-obj-prod-2D[ OF assms]])

lemma (in is-cat-obj-prod-2) cat-obj-prod-2-unique”:
assumes 7': P/ <gp .« {a,b} : 2¢ »ca €
shows
L fePleg P A
proj-fst ' = proj-fst m oae f' A
proj-snd ©' = proj-snd 7 o f’
by
(
rule cat-obj-prod-unique’|
OF is-cat-obj-prod-2D[ OF assms],
unfolded helper-12-proj-fst-proj-snd-iff
]
)

lemma (in is-cat-obj-coprod-2) cat-obj-coprod-2-unique-cocone”:
assumes 7' : :>: (2N) (if2 a D) € >cF. cocone P10 (2N) Pca €
shows
L f P g PIA
proj-fst ©' = f' oag proj-fst m A
proj-snd w' = f" ox¢ proj-snd w
by
(
rule cat-obj-coprod-unique-cocone’|
OF assms, unfolded helper-12-proj-fst-proj-snd-iff’
]
)

lemma (in is-cat-obj-coprod-2) cat-obj-coprod-2-unique:
assumes 7' : {a,b} >cr.y P': 2¢ »—ca €
shows 3!f". f': P »¢ P' A 7' = ntcf-const (:¢ (2n)) € f'nror ™
by (rule cat-obj-coprod-unique[ OF is-cat-obj-coprod-2D[ OF assms]])

lemma (in is-cat-obj-coprod-2) cat-obj-coprod-2-unique':
assumes 7' : {a,b} >cr.y P': 2¢ »p—ca €
shows
U f P g PA
proj-fst ©' = f' oae proj-fst m A
proj-snd ©' = f' oa¢ proj-snd w
by
(
rule cat-obj-coprod-unique’[
OF is-cat-obj-coprod-2D[ OF assms],
unfolded helper-12-proj-fst-proj-snd-iff’
]
)

lemma cat-obj-prod-2-ex-is-iso-arr:
assumes 7 : P <gp.x {a,b} : 2¢ = o €
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and 7': P/ <cor.x {a,b} : 20 »ca €
obtains f where f: P’ —»;,,¢ P and 7' = 7 -y pcF ntcf-const (:¢ (2n)) € f
proof-
interpret 7 is-cat-obj-prod-2 o a b € P 7 by (rule assms(1))
interpret 7" is-cat-obj-prod-2 oo a b € P' w' by (rule assms(2))
from that show ?thesis
by
(
elim cat-obj-prod-ex-is-iso-arr|
OF 7 .is-cat-obj-prod-azioms 7' is-cat-obj-prod-azioms
]
)

qed

lemma cat-obj-coprod-2-ez-is-iso-arr:
assumes 7 : {a,b} >cp.w U: 2¢c »—ca €
and 7': {a,b} >cr.w U': 2¢ »—ca €
obtains f where f: U ~;0¢ U’ and 7’ = ntcf-const (:¢ (2n)) € f *nTCF T
proof-
interpret 7 is-cat-obj-coprod-2 o a b € U 7 by (rule assms(1))
interpret 7" is-cat-obj-coprod-2 o a b € U’ 7’ by (rule assms(2))
from that show ?thesis
by
(
elim cat-obj-coprod-ex-is-iso-arr|
OF 7 .is-cat-obj-coprod-axioms w'.is-cat-obj-coprod-axioms
]
)

qed

5.5 Projection cone

5.5.1 Definition and elementary properties

definition ntcf-obj-prod-base = V=V = (V=>V)=>V=>(V=>V)=>V
where ntcf-obj-prod-base € [ F P f =
[(Neoio I(Obj)). f4), cf-const ¢ I) € P, i I F € :c I, €]

definition ntcf-obj-coprod-base = V=V = (V=>V)=>V=>(V=>V)=>V
where ntcf-obj-coprod-base € I F P f =
[(Neoio T(Obj)). f4), = I F €, cf-const (:¢ I) € P, :c I, €]

Components.

lemma ntcf-obj-prod-base-components:

shows nicf-obj-prod-base € I F P f(NTMap|) = (Njeo:c T1(Obj)). f7)
and ntcf-obj-prod-base € I F' P f(NTDoml|) = cf-const (:¢c I) € P
and nicf-obj-prod-base € [ F P f(NTCod|) = :>: [ F €
and ntcf-obj-prod-base € I F P f{(NTDGDom|) = :¢c I
and ntcf-obj-prod-base € I F P f(NTDGCod)) = €

unfolding ntcf-obj-prod-base-def nt-field-simps

by (simp-all add: nat-omega-simps)

lemma nicf-obj-coprod-base-components:
shows ntcf-obj-coprod-base € I F P f(NTMap|) = (Njeo:c I1(Obj)). f7)
and ntcf-obj-coprod-base € I F P f(NTDom|) = :>: I F €
and ntcf-obj-coprod-base € I F P f(NTCod|) = cf-const (:¢ I) € P
and nitcf-obj-coprod-base € I F P f(NTDGDom)) = :¢c I
and nicf-obj-coprod-base € I F P f(NTDGCod)) = €
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unfolding ntcf-obj-coprod-base-def ni-field-simps
by (simp-all add: nat-omega-simps)

Duality.

lemma (in cf-discrete) op-ntcf-nicf-obj-coprod-base[ cat-op-simps]:
op-ntcf (ntcf-obj-coprod-base € I F P f) =
nicf-obj-prod-base (op-cat €) [ F P f
proof-
note [cat-op-simps] = the-cat-discrete-op[ OF cf-discrete-vdomain-vsubset- Vset]
show ?thesis
unfolding
ntcf-obj-prod-base-def nicf-obj-coprod-base-def op-ntcf-def nt-field-simps
by (simp add: nat-omega-simps cat-op-simps)
qed

lemma (in cf-discrete) op-ntcf-nicf-obj-prod-base] cat-op-simps]:
op-nicf (ntef-obj-prod-base € I F P f) =
nicf-obj-coprod-base (op-cat €) I F P f
proof-
note [cat-op-simps] = the-cat-discrete-op[ OF cf-discrete-vdomain-vsubset- Vset]
show ?thesis
unfolding
ntcf-obj-prod-base-def ntcf-obj-coprod-base-def op-ntcf-def nt-field-simps
by (simp add: nat-omega-simps cat-op-simps)
qed

5.5.2 Natural transformation map

mk-VLambda ntcf-obj-prod-base-components(1)
|vsv nicf-obj-prod-base-NTMap-vsv| cat-cs-intros]|
|vdomain ntef-obj-prod-base-NTMap-vdomain| cat-cs-simps]|
|app ntcf-obj-prod-base-NTMap-app| cat-cs-simps]|

mk-VLambda ntcf-obj-coprod-base-components(1)
|vsv nicf-obj-coprod-base-NTMap-vsv] cat-cs-intros]|
|vdomain ntef-obj-coprod-base-NTMap-vdomain| cat-cs-simps]|
lapp nicf-obj-coprod-base-NTMap-app| cat-cs-simps]|

5.5.3 Projection natural transformation is a cone

lemma (in tm-cf-discrete) tm-cf-discrete-ntcf-obj-prod-base-is-cat-cone:
assumes P ¢, €(0bj) and Aa. a €, [ = fa: P g Fa
shows ntcf-obj-prod-base € [ F P f: P <gp.cone > I F €::c ] »gq €
proof(intro is-cat-conel is-tm-ntcfl’ is-ntcfl’)
from assms(2) have [cat-cs-intros]:
lae I; PP=P,Fa=Fa]]= fa: P'—g Fafor a P' Fu
by simp
show ufsequence (ntcf-obj-prod-base € I F P f)
unfolding ntcf-obj-prod-base-def by auto
show wvcard (ntcf-obj-prod-base € I F P f) = 5N
unfolding ntcf-obj-prod-base-def by (auto simp: nat-omega-simps)
from assms show cf-const (:¢ I) € P::¢ [ »oq €
by
(
cs-concl
cs-intro:
cf-discrete-vdomain-vsubset- Vset
cat-discrete-cs-intros
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cat-cs-intros

)

show (> [ F C::c [ >0 €
by (cs-concl cs-shallow cs-intro: cat-discrete-cs-intros)

show ntcf-obj-prod-base € I F P f(NTMap|)(a)) :
cf-const (:¢ I) € P(ObjMap|)(|al) —¢ :—: I F €(ObjMap])(al)

if a €, :¢ 1(Obj)) for a
proof-
from that have a €, I unfolding the-cat-discrete-components by simp

from that this show ?thesis

by
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-discrete-cs-simps cs-intro: cat-cs-intros

)
qged
show
ntcf-obj-prod-base € I F P f(NTMap))(b]) cag
cf-const (:¢ 1) € P(ArrMap))(g)) =
>0 I F €(ArrMap))(g)) oag ntcf-obj-prod-base € I F P f(NTMapl)(al)

ifg:am,, rbforabyg
proof—

note g = the-cat-discrete-is-arrD[ OF that]

from that g(4)[unfolded g(7-9)] g(1)[unfolded g(7-9)] show ?thesis

unfolding ¢(7-9)

by
(

cs-concl
cs-simp: cat-cs-simps cat-discrete-cs-simps

cs-intro:
cf-discrete-vdomain-vsubset- Vset

cat-cs-intros cat-discrete-cs-intros

)
qed
qed
(

auto simp:

assms
ntcf-obj-prod-base-components
tm-cf-discrete-the-cf-discrete-is-tm-functor

)

lemma (in tm-cf-discrete) tm-cf-discrete-ntcf-obj-coprod-base-is-cat-cocone:
assumes P ¢, €(0bj) and Aa. a €, [ = fa: Faw—g P

shows ntcf-obj-coprod-base € I F P f :

= I F ¢ >CF.cocone P C I == Cca ¢

proof-
note [cat-op-simps] =
the-cat-discrete-op| OF cf-discrete-vdomain-vsubset- Vset]

cf-discrete.op-ntcf-ntcf-obj-prod-base[ OF cf-discrete-op]
cf-discrete.cf-discrete-the-cf-discrete-op[ OF cf-discrete-op]

have op-nicf (ntcf-obj-coprod-base € I F P f) :
P <cp.cone op-cf (= I F €): op-cat (:¢ I) »—cq op-cat €

unfolding cat-op-simps

by

(
rule tm-cf-discrete.tm-cf-discrete-ntcf-obj-prod-base-is-cat-cone[
OF tm-cf-discrete-op, unfolded cat-op-simps, OF assms
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]
)
from is-cat-cone.is-cat-cocone-op[ OF this, unfolded cat-op-simps]
show ?thesis .
qed

lemma (in tm-cf-discrete) tm-cf-discrete-ntcf-obj-prod-base-is-cat-obj-prod:
assumes P ¢, €(0bj))
and A\a. a & I = fa: P g Fa
and Au’ r'.
[[ u':r! <CF.cone ‘™ IFe: C I o € ]] g
JIf
flir'me P A
u' = ntef-obj-prod-base € I F P f «xyrop ntef-const (¢ 1) € f'
shows ntcf-obj-prod-base C I F P f: P <cpqnq F:Iw-caqC
proof
(
intro
1s-cat-obj-prodl
is-cat-limait]
tm-cf-discrete-ntcf-obj-prod-base-is-cat-cone| OF assms(1,2), simplified]
assms(1,3)
)
show cf-discrete a I F €
by (cs-concl cs-shallow cs-intro: cat-small-discrete-cs-intros)
qed

lemma (in tm-cf-discrete) tm-cf-discrete-ntcf-obj-coprod-base-is-cat-obj-coprod:
assumes P €, €(0bj))
and Aa. aec I = fa: Fawrg P
and Au' . [[u' > TF €>cF cocone 7' i ic I »oa € ]| =
31
f'-P e r’ A
u’ = ntef-const (:¢ I) € f' -NroF ntef-obj-coprod-base € I F P f
shows ntcf-obj-coprod-base € I F P f: F >cpq P: 1 ——cq €
(is<?nc: F>cpq P:I»ca®)
proof-
let ?np = <ntcf-obj-prod-base (op-cat €) I F' P f»
interpret is-cat-cocone a P <:¢ > € ¢—»: [ F & ?nc
by (intro tm-cf-discrete-ntcf-obj-coprod-base-is-cat-cocone[ OF assms(1,2)])
note [cat-op-simps] =
the-cat-discrete-op[ OF cf-discrete-vdomain-vsubset- Vset|
cf-discrete.op-ntcf-ntcf-obj-prod-base[ OF cf-discrete-op]
cf-discrete.cf-discrete-the-cf-discrete-op[ OF cf-discrete-op]
have 3!f’.
f’! P e T A
u = np yrcr ntcf-const (:¢ I) (op-cat €) f’
if u:r <gp cone > IF (op-cat €) ::¢ I »—>gq op-cat € for u r
proof—
interpret u: is-cat-cone o r ;¢ I» <op-cat € <—: I F (op-cat €)) u
by (rule that)
from assms(3)[ OF w.is-cat-cocone-op[ unfolded cat-op-simps]] obtain g
where g: g: P =g 1
and op-u: op-ntcf u = nicf-const (:¢ I) € g +nror ?nc
and g-unique:
[ g': P g r;op-ntcf u = ntcf-const (:¢ I) € g' yrcr Pnc ]| =
9'=9
for g’
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by metis
show ?thesis
proof(intro ex1I conjl; (elim conjE)?)
from op-u have
op-ntcf (op-ntef u) = op-ntcf (ntcf-const (:¢ I) € g -NTor ?nc)
by simp
from this g show u = ?np -y 7o ntef-const (:¢ I) (op-cat €) g
by (cs-prems cs-simp: cat-op-simps cs-intro: cat-cs-intros)
fix ¢’ assume prems:
g'tPogr
u = np -nror ntcf-const (:¢ I) (op-cat €) g’
from prems(2) have
op-nicf u = op-ntcf (?np nTcoF nicf-const (:¢ I) (op-cat €) g')
by simp
from this prems(1) g have op-ntcf u = ntef-const (¢ I) € g’ *NTor nc
by
(
subst (asm)
the-cat-discrete-op[ OF cf-discrete-vdomain-vsubset-Vset, symmetric]
)

(

cs-prems
cs-simp:
cat-op-simps
op-nicf-ntef-vcomp| symmetric]
is-ntcf .ntcf-op-nicf-op-ntcf
op-ntcf-ntcf-obj-coprod-base[ symmetric)
op-ntef-ntcf-const[ symmetric]
cs-intro: cat-cs-intros cat-op-intros
)
from g-unique[ OF prems(1) this] show ¢’ = g .
qed (rule g)
qed
from is-cat-obj-prod.is-cat-obj-coprod-op

OF tm-cf-discrete.tm-cf-discrete-nitcf-obj-prod-base-is-cat-obj-prod
[
OF tm-cf-discrete-op,
unfolded cat-op-simps,
OF assms(1,2) this,
folded op-ntcf-ntcf-obj-coprod-base
unfolded cat-op-simps
]
show ?nc: F >cpy P:1 ~»—cq C.
qed
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6 Pullbacks and pushouts as limits and colimits

6.1 Pullback and pushout

6.1.1 Definition and elementary properties

The definitions and the elementary properties of the pullbacks and the pushouts can be found,
for example, in Chapter III-3 and Chapter I1I-4 in [9].

locale is-cat-pullback =
is-cat-limit o (=—c> € ((a—>g—of<b)ope> X z +
cf-scospan a a gofb e
foraagofb¢ Xz

syntax -is-cat-pullback = V=V =V =>V=>V=>V=V=V =V = bool
(«(-:/ - <cp.pp === 1 -0 [51, 51, 51, 51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-pullback = is-cat-pullback
translations z : X <¢p pp a»g=0<f<b »oq €=
CONST is-cat-pullback a a go fb € X x

locale is-cat-pushout =
is-cat-colimit o <«<+—¢> € ((ag«o->f>b)cpe> X z +
cf-sspan v a go fb €
foraagofb€ Xz

syntax -is-cat-pushout = V=V ==V =>V=V=V= V=V =V = bool
(«(-:) —-->->->0p.po - Pl o) [01, 51, 51, 51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-pushout = is-cat-pushout
translations z : a<g<o->f-b >cp po X »cq €=
CONST is-cat-pushout c a go fb € Xz

Rules.

lemma (in is-cat-pullback) is-cat-pullback-azioms’] cat-lim-cs-intros):
assumes o' = «

and a’=a
and g’ =g
and o' = o
and ' = |
and b’ =0
and ¢' = ¢
and X' = X

shows z : X' <gp pp a'=g'>0'f<b" >p 1 '
unfolding assms by (rule is-cat-pullback-axioms)

mk-ide rf is-cat-pullback-def
|intro is-cat-pullbackl|
|dest is-cat-pullbackD[ dest]|
|elim is-cat-pullbackE| elim]|

lemmas [cat-lim-cs-intros] = is-cat-pullbackD

lemma (in is-cat-pushout) is-cat-pushout-azioms’[ cat-lim-cs-intros]:
assumes o' = «

and a’' = a
and g’ =g
and o’ =0
and f' = |
and b’ =0
and ¢'=¢
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and X' = X
shows z : a'<g'«0'>f'>b">cp po X' g, €
unfolding assms by (rule is-cat-pushout-azioms)

mk-ide rf is-cat-pushout-def
|intro is-cat-pushoutl|
|dest is-cat-pushoutD[ dest]
|elim is-cat-pushoutE[ elim]|

lemmas [ cat-lim-cs-intros] = is-cat-pushoutD

Duality.

lemma (in is-cat-pullback) is-cat-pushout-op:
op-nitcf x : ag<o—>f>b >cp po X = cq op-cat €
by (intro is-cat-pushoutl)
(cs-concl cs-shallow cs-simp: cat-op-simps cs-intro: cat-op-intros)+

lemma (in is-cat-pullback) is-cat-pushout-op'[ cat-op-intros]:
assumes €' = op-cat €
shows op-ntcf © : ag«o—>f>b >cp o X »—>cq €
unfolding assms by (rule is-cat-pushout-op)

lemmas [cat-op-intros| = is-cat-pullback.is-cat-pushout-op’

lemma (in is-cat-pushout) is-cat-pullback-op:
op-ntcf x + X <cp.pp a=>g=0<f<b »cq op-cat €
by (intro is-cat-pullbackl)
(cs-concl cs-shallow cs-simp: cat-op-simps cs-intro: cat-op-intros)+

lemma (in is-cat-pushout) is-cat-pullback-op'[ cat-op-intros]:
assumes €’ = op-cat €
shows op-ntcf v : X <cp.pp a>g—>0f<b »>cq €’
unfolding assms by (rule is-cat-pullback-op)

lemmas [cat-op-intros] = is-cat-pushout.is-cat-pullback-op’

Elementary properties.

lemma cat-cone-cospan:
assumes z : X <¢p.cone (a2g=0<f<b)opg : ><c Prcoa €
and cf-scospan a a gofb €
shows z(NTMap))(oss)) = g cag 2(NTMap))(ass)
and z(NTMap|)(oss)) = f oag 2(NTMap))(bss)
and g oa¢ s(NTMap))(ass)) = f oag (NTMap))(bss])
proof-
interpret x: is-cat-cone a X (=< € ((a=>g->0<f<b)ore) @
by (rule assms(1))
interpret cospan: cf-scospan o a g o f b € by (rule assms(2))
have ggg: gss : 059 P> 055 and fgg: fgg 1 bss P 055
by (cs-concl cs-intro: cat-ss-cs-intros)+
note z.cat-cone-Comp-commute[ cat-cs-simps del]
from z.ntcf-Comp-commute][ OF gss] gss fss show
r(NTMap))(oss)) = g cag 2(NTMap|)(ass)
by
(
cs-prems cs-shallow
cs-simp: cat-ss-cs-simps cat-cs-simps cs-intro: cat-cs-intros
)

moreover from z.ntcf-Comp-commute[ OF fss] gss fss show
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z(NTMap))(oss)) = f oag z(NTMap|)(bss)
by

(

cs-prems cs-shallow
cs-simp: cat-ss-cs-simps cat-cs-simps cs-intro: cat-cs-intros
)
ultimately show g oa¢ z(NTMap|)(ass) = f oag (NTMap))(bss)) by simp
qed

lemma (in is-cat-pullback) cat-pb-cone-cospan:
shows z(NTMap))(oss]) = g oag z(NTMap)(ass)
and z(NTMap))(oss) = f oag z(NTMap))(bss))
and g oag z(NTMap))(ass) = f oag z(NTMap))(bss)
by (all<rule cat-cone-cospan| OF is-cat-cone-axioms cf-scospan-azioms]»)

lemma cat-cocone-span:
assumes z : (a<g<0—=>f=>b)cre >CF.cocone X : <=¢c = €
and cf-sspan a agofb €
shows z(NTMap|)(oss|) = (NTMap))(ass)) cag 8
and z(NTMap))(loss)) = (NTMap))(bss) cag |
and z(NTMap))(ass)) cag g = 2(NTMap))(bss)) cag |
proof-
interpret z: is-cat-cocone a X (<= € (a<g<o->f->b)opgr
by (rule assms(1))
interpret span: c¢f-sspan « a g o0 f b € by (rule assms(2))
note op =
cat-cone-cospan
[
OF
x.1s-cat-cone-op[unfolded cat-op-simps]
span.cf-scospan-op,
unfolded cat-op-simps

]
from op(1) show z(NTMap|)(oss|) = 2(NTMap))(ass]) cag @
by

cs-prems
cs-simp: cat-ss-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-ss-cs-intros

moreover from op(2) show z(NTMap))(oss)) = 2(NTMap|)(bss) oag f
by

cs-prems
cs-simp: cat-ss-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-ss-cs-intros

ultimately show z(NTMap|)(ass]) cag g = 2(NTMap))(bss|) cag f by auto
qed

lemma (in is-cat-pushout) cat-po-cocone-span:
shows z(NTMap|)(oss|) = (NTMap))(ass)) cag 8
and z(NTMap))(loss)) = (NTMap|)(bss) cag |
and z(NTMap))(ass)) cag g = 2(NTMap))(bss)) cag f
by (all<rule cat-cocone-span| OF is-cat-cocone-azioms cf-sspan-azxioms]»)
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6.1.2 Universal property

lemma is-cat-pullbackl "
assumes z : X <gp.cone (a=g=0<f<b)opg : ><c »rca €
and cf-scospan c a go fb €
and Az’ X'. 2’ X' <¢p.cone (a=>g—=0f<b)opg : > Proq € =
31
f’ 9. ¢ ind XA
z'(NTMap)(ass) = z(NTMap))(ass]) cag f' A
z'(NTMap)) (bss) = e(NTMap))(bss) cag [’
shows 7 : X <gp.pp a»g—0<f<b »coq €
proof(intro is-cat-pullbackl is-cat-limitl)

show 2 : X <¢p.cone (a=g=0<f<b)opg : ><c Prca €
by (rule assms(1))

interpret z: is-cat-cone a X <= € ((a>g—>0<f<b)crer
by (rule assms(1))

show cf-scospan o a g 0 § b € by (rule assms(2))

interpret cospan: cf-scospan o a g o f b € by (rule assms(2))

fix u' r’ assume prems:

/. 4 .
u' ' <oF.cone (a2g20fb)ope 1 >0 Poa €

interpret u” is-cat-cone a v’ <><c» € ((a>goo—f<b)oper u’
by (rule prems)

from assms(3)[ OF prems] obtain f’
where [ f': 1 e X
and u’-ags: u'(NTMap))(ass]) = 2(NTMap|)(ass) oag f'
and u'-bss: u'(NTMap))(bss)) = 2(NTMap))(bss)) cag f'
and unique-f: Af".

f//: ,],,/ '_)Et X’

uw'(NTMap))(ass)) = 2(NTMap))(ass)) cag f'
]]u’QNTMapD(IbssD = z(NTMap))(bss)) cag f"

—_— f// — f/

show 3!f’. f': ¢/ e X Au' =1z -nyror nicf-const =g € f’
proof(intro ex1I conjl; (elim conjE)?)

show u' = z -y rcF nicf-const »<¢c € f'
proof(rule ntcf-eql)
show u': cf-const »«<¢c € 1’ »cp (a>g—0<f<b)opg : ><c »>ca €
by (rule u'.is-ntcf-azioms)
from f’ show
T -NTCF nicf-const > € f:
cf-const »—c € r' >op (a>go<f<b)ope -
e o €
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from f’ have dom-rhs:
Do ((z -NTCF nicf-const »<—¢ € fY(NTMap))) = —<c(0bj)
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show u'(NTMap|) = (z -NTcF ntef-const »<—¢ € fY(NTMap))
proof(rule vsv-eql, unfold cat-cs-simps dom-rhs)
fix a assume prems” a €, =< (0bj)
from this f' z.is-nitcf-axioms show
w'(NTMap|)(a)) = (z -y TcF ntcf-const »<—¢ € fY(NTMap))(al)
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by (elim the-cat-scospan-ObjE; simp only:)
(
cs-concl
cs-simp:
cat-cs-simps cat-ss-cs-simps
u-bgs u'-aggs
cat-cone-cospan(1)[ OF assms(1,2)]
cat-cone-cospan(1)[ OF prems assms(2)]
cs-intro: cat-cs-intros cat-ss-cs-intros
)+
qged (cs-concl cs-intro: cat-cs-intros | auto)+
qed simp-all

fix f'' assume prems:
f'"r' e Xu' =z yror ntef-const > C f"'
have ags: ass €0 >+ ¢(Obj) and bgs: bgs €5 =< (0bj)
by (cs-concl cs-intro: cat-ss-cs-intros)+
have u'(NTMap))(a]) = c(NTMap|)(al) cag f" if a €, =< (0bj)) for a
proof-
from prems(2) have
w'(NTMap))(a) = (z nTcF ntcf-const »<c € f'Y(NTMap))(al)
by simp
from this that prems(1) show u'(NTMap))(a)) = 2(NTMap))(a]) oag f"'
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qed
from unique-f'[ OF prems(1) this[OF agg] this[OF bgg]] show ' = f'.

qed (intro f)
qed

lemma is-cat-pushoutl "
assumes z : (a<g<0—=>f=>b)cre >cF.cocone X ' <=c = €
and cf-sspan aagofb €
and /\xl X'z (c“_g(_o%f_)b)CFQ: >CF.cocone X' e PP Ca ¢ =
JIf
f’ .4 e X' A
z'(NTMap) (ass) = ' oag 2(NTMap])(ass]) A
z'(NTMap))(bss)) = f oag 2(NTMap)(bss)
shows z : a«g«o0—->f=b >cp o X »>ca €
proof-
interpret x: is-cat-cocone a X (<= € (a<g<o->f>b)oper
by (rule assms(1))
interpret span: cf-sspan o a g 0 f b € by (rule assms(2))
have assms-3"
JIf
[l X »e XA
z'(NTMap))(ass) = e(NTMap))(ass) ©aop-cat ¢ f' A
z'(NTMap))(bss)) = 2(NTMap|)(bss) ©a0p-cat ¢ f'
if 2" X' <CF.cone <a_)g_>0<_f<_b>CFop_cat ¢ e PP e Op'cat <
for z’ X’
proof—
from that(1) have [cat-op-simps]:
f’: X ind X' A
¢'(NTMap))(ass) = e(NTMap))(ass) ©aop-cat ¢ f* A
#'(NTMap))(bss) = (NTMap)(bss) oap-cat ¢ [/
f/ : X il X' A
z'(NTMap))(ass)) = f" cag 2(NTMap))(ass]) A
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z'(NTMap))(bss)) = f oag 2(NTMap)(bss)
for f'
by (intro iffT conjI; (elim conjE)?)
(
cs-concl
cs-simp: category.op-cat-Comp| symmetric] cat-op-simps cat-cs-simps
cs-intro: cat-cs-intros cat-ss-cs-intros
)+
interpret z"
is-cat-cone a X' <—>+c» <op-cat & (a>grofeb)cropcar ¢ 2
by (rule that)
show ?thesis
unfolding cat-op-simps
by
(
rule assms(3)[
OF z'.is-cat-cocone-op[unfolded cat-op-simps],
unfolded cat-op-simps
]
)
qed
interpret op-z: is-cat-pullback o a g o § b <op-cat & X <op-ntcf x>
using
is-cat-pullbackl’
(
OF z.is-cat-cone-op[unfolded cat-op-simps]
span.cf-scospan-op,
unfolded cat-op-simps,
OF assms-3’
]
by simp
show z : a<g«o0—>f=>b >cp po X »ca €
by (rule op-z.is-cat-pushout-op[unfolded cat-op-simps])
qed

lemma (in is-cat-pullback) cat-pb-unique-cone:
assumes z': X' <¢p cone (A=>g—20f<b)opg : ><c Prca €
shows 3!f".
[l X o X A
z'(NTMap) (ass) = z(NTMap))(ass)) cag f' A
a'(NTMap))(bss) = z(NTMap))(bss]) oag f’
proof-
interpret z" is-cat-cone o X' <= € ((a—»g—o<f<b)oper o’
by (rule assms)
from cat-lim-ua-fo[ OF assms] obtain f’
where [ f": X' ¢ X
and z’-def: ©' = z N7 oF ntcf-const -« € f’
and unique-f= Nf".
[f": X" oe X5 2" =2 -nyror ntcf-const ¢ € f']] =
f// - f/
by auto
have aggs: ags €, >« ¢(0bj]) and bgg: bgg €, =+« (0bj)
by (cs-concl cs-intro: cat-ss-cs-intros)+
show ?thesis
proof(intro ex1I conjI; (elim conjE)?)
show f': X' =g X by (rule f')
have z'(NTMap))(a]) = 2(NTMap))(a]) oag f'if a €c =< c(0bj)) for a
proof-
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from z’-def have
a'(NTMap)(al) = (2 nTcr ntef-const —<c € f')(NTMapl)(a)
by simp
from this that f' show z'(NTMap))(al) = 2(NTMap|)(a)) cag f’
by (cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qed
from this[ OF agg] this[ OF bgs] show
z'(NTMap))(ass) = (NTMap|)(ass) cag f’
¢'(NTMap))(bss) = z(NTMap|)(bss)) cag [’
by auto
fix f'/ assume prems”:
f// . XI ’_>€ X
z'(NTMap))(ass) = (NTMap|)(ass) oag f”
¢'(NTMap))(bss) = z(NTMap|)(bss]) cag [
have z' = z -y oF nicf-const >« € f"
proof(rule ntcf-eql)
show z': ¢f-const »«—¢c € X' »cop (amg—0—f<b)opg : »<c »rca €
by (rule z'.is-ntcf-azxioms)
from prems’(1) show
T NTCF nicf-const > € f':
cf-const »«—c € X' »cp (amg-ofeb)opg :
e o €
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
have dom-lhs: D, (x'(NTMapl|)) = —+<c(0bj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
from prems’(1) have dom-rhs:
Do ((z -nTcF ntcf-const >« € f"Y(NTMap))) = —<«c(0bj)
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show z'(NTMap)) = (z -yTcF nicf-const »«—¢c € f'Y(NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix a assume prems’": a €, >« c(0bj))
from this prems’(1) show
z'(NTMap))(a) = (z -NTcF ntef-const »<—¢ € f'"Y(NTMap|)(al
by (elim the-cat-scospan-ObjE; simp only:)
(
cs-concl
cs-simp:
prems’(2,3)
cat-cone-cospan(1,2)[ OF assms cf-scospan-axioms]
cat-pb-cone-cospan
cat-ss-cs-simps cat-cs-simps
cs-intro: cat-ss-cs-intros cat-cs-intros
)+
qged (auto simp: cat-cs-intros)
qed simp-all
from unique-f'[ OF prems’(1) this] show f" = f'.
qged
qed

lemma (in is-cat-pullback) cat-pb-unique:
assumes z': X' <gp pp a=>g—0<f<b »cq €
shows 3!f". f": X' ¢ X A2’ =2 -nyrop ntcf-const ><—c € f'
by (rule cat-lim-unique[ OF is-cat-pullbackD(1)[ OF assms]])

lemma (in is-cat-pullback) cat-pb-unique”:
assumes z': X' <gp pp a—>g—0<f<b »cq €
shows 3!f".
[l X e X A
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¢ (NTMap)(ass) = z(NTMap)(ass) oae /' A
a'(NTMap))(bss) = z(NTMap))(bss]) oag f’
proof-
interpret z: is-cat-pullback c a g o f b € X' 2’ by (rule assms(1))
show ?thesis by (rule cat-pb-unique-cone[ OF z'.is-cat-cone-axioms])
qed

lemma (in is-cat-pushout) cat-po-unique-cocone:
assumes z': (a<g<0->f>b)crg >cF.cocone X' < =>¢o »oa €
shows 3!f".
[ X e X' A
z'(NTMap))(ass) = f' oag z(NTMap))(ass) A
z'(NTMap))(bss) = f" oag 2(NTMap))(bss)
proof-
interpret z" is-cat-cocone a X' <<= € ((aegeo—=f=b)ope) 2’
by (rule assms(1))
have [cat-op-simps]:
f’ X indy X' A
z'(NTMap)) (ass) = 2(NTMap))(ass) ©aop-cat ¢ £ A
o (NTMap)) (bss) = 2(NTMap))(bss) ©app-cat ¢ [ <
ffe X pe X' A
z'(NTMap))(ass)) = f' cag z(NTMap))(ass]) A
z'(NTMap)(bss)) = f' oag z(NTMap))(bss)
for f’
by (intro iffT conjI; (elim conjE)?)
(
cs-concl
cs-simp: category.op-cat-Comp[ symmetric] cat-op-simps cat-cs-simps
cs-intro: cat-cs-intros cat-ss-cs-intros
)+
show ?thesis
by
(
rule is-cat-pullback.cat-pb-unique-cone[
OF is-cat-pullback-op z'.is-cat-cone-op[unfolded cat-op-simps],
unfolded cat-op-simps
]
)

qed

lemma (in is-cat-pushout) cat-po-unique:
assumes z': a<g<o0->f->b >cp o X Pcoa €
shows 3!f". f': X »¢ X' A 2’ = ntcf-const ——c € f nrcop @
by (rule cat-colim-unique[ OF is-cat-pushoutD(1)[ OF assms]])

lemma (in is-cat-pushout) cat-po-unique”:
assumes z': a—g<o0->f->b >cp o X Pcoa €
shows 3!f".
f’ : X e X' A
z'(NTMap))(ass) = f' oag 2(NTMap))(ass]) A
z'(NTMap))(bss) = f" oag 2(NTMap))(bss)
proof-
interpret z" is-cat-pushout o a g o f b € X'z’ by (rule assms(1))
show ?thesis by (rule cat-po-unique-cocone[ OF z'.is-cat-cocone-azioms])
qed

lemma cat-pullback-ex-is-iso-arr:
assumes 7 : X <gp pp a=g—=0<f<b o €
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and z': X' <gp pp a>g=0<f<b »oq €
obtains f where f: X' ;¢ X
and z’ = z -y rcF nicf-const »<¢g € f
proof-
interpret z: is-cat-pullback o a g o § b € X 2 by (rule assms(1))
interpret z” is-cat-pullback v a g o § b € X' 2" by (rule assms(2))
from that show ?thesis
by
(
elim cat-lim-ex-is-iso-arr|
OF x.is-cat-limit-axioms x'.is-cat-limit-axioms
]

)
qed

lemma cat-pullback-ex-is-iso-arr”:
assumes 7 : X <cp. pp a=>g=0<f<b »oq €
and z’: X' <gp. pp aogo0fe<b »oq €
obtains f where f: X' —»;,,¢ X
and z'(NTMap))(ass) = 2(NTMap))(ass]) cag f
and 2'(NTMap))(bss)) = 2(NTMap))(bss) oag f
proof-
interpret z: is-cat-pullback a a g o f b € X z by (rule assms(1))
interpret z" is-cat-pullback . a g o f b € X' 2" by (rule assms(2))
obtain f where f: f: X' ;.60 X
and j €, =< (0bj)) = z'(NTMap))(j)) = z(NTMap))(j) cag f for j
by
(
elim cat-lim-ex-is-iso-arr’[
OF x.is-cat-limit-axioms x'.is-cat-limit-axioms
]
)
then have
a'(NTMap))(ass) = z(NTMap))(ass)) oag f
o (NTMap))(bss) = (NTMap)(bss) cag f
by (auto simp: cat-ss-cs-intros)
with f show ?thesis using that by simp
qed

lemma cat-pushout-ex-is-iso-arr:
assumes 7 : a<g<0—>f=>b >op po X »rcoq €
and z’: a<g<o—->f->b >cp 0 X' Poa €
obtains f where [ : X ;00 X'
and z’ = nicf-const «<—¢c € f +n7cF T
proof-
interpret x: is-cat-pushout a a g 0 § b € X x by (rule assms(1))
interpret z": is-cat-pushout « a g o f b € X' 2’ by (rule assms(2))
from that show ?thesis
by
(
elim cat-colim-ex-is-iso-arr|
OF z.is-cat-colimit-axioms x'.is-cat-colimit-axioms
]

)
qed

lemma cat-pushout-ez-is-iso-arr”:
assumes 7 : a<g<o0—>f=>b >op o X =»cq €
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and z': acg<o->f>b >cp po X' oo €
obtains f where [ : X ;00 X'
and z'(NTMap|)(ass|) = f oag ©(NTMap))(ass)
and z'(NTMap|)(bss]) = f cag z(NTMap))(bss)
proof-
interpret z: is-cat-pushout o a g o f b € X z by (rule assms(1))
interpret z": is-cat-pushout a« a g o f b € X' z' by (rule assms(2))
obtain f where f: f: X —;5,¢ X’
and j €&, <o {(O0bj) = 2 (NTMap)(j) =  oae s(NTMap)(j) for j
by
(
elim cat-colim-ex-is-iso-arr'[
OF z.is-cat-colimit-azioms x'.is-cat-colimit-axioms

]

then have z'(NTMap))(ass)) = f cag z(NTMap|)(ass)
and z'(NTMap|)(bss]) = f oag z(NTMap))(bss)
by (auto simp: cat-ss-cs-intros)
with f show ?thesis using that by simp
qed
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7 Equalizers and coequalizers as limits and colimits

7.1 Equalizer and coequalizer

7.1.1 Definition and elementary properties

See [2]°.

locale is-cat-equalizer =
is-cat-limit « <ﬂc (upL F) (pr F) F ¢ <ﬂ—>ﬂcp ¢ (apL F) (pr F) Fab F» E g +
F'" vsv F'
foraab FF' €FEe+
assumes cat-eq-F-in- Vset[ cat-lim-cs-intros]: F €, Vset «
and cat-eq-F-ne| cat-lim-cs-intros]: F # 0
and cat-eq-F'-vdomain| cat-lim-cs-simps]: D, F' = F
and cat-eq-F'-app-is-arr( cat-lim-cs-intros]: f € F == F'(f)) : a »¢ b

syntax -is-cat-equalizer = V=V =V =V =V =V =V = V = bool
(«(-:/ - <cF.eq "(-=-") i) e o1 -0 [61, 51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-equalizer = is-cat-equalizer
translations € : E <cp.eq (0,0,F,F') : ¢ »>ca € =
CONST is-cat-equalizer c a b F F' € F ¢

locale is-cat-coequalizer =
is-cat-colimit o ¢ (bpp F) (app F) F) € f>fop € (bpr F) (ap, F) Fba F» Ee +
F'vsv F'
foraab FF' € Fe+
assumes cat-coeq-F-in-Vset| cat-lim-cs-intros]: F €, Vset «
and cat-coeq-F-ne[ cat-lim-cs-intros]: F # 0
and cat-coeg-F'-vdomain[ cat-lim-cs-simps]: D, F' = F
and cat-coeq-F'-app-is-arr| cat-lim-cs-intros]: f €, F == F'(f) : b »¢ a

syntax -is-cat-coequalizer =V =V =V =V =V =V =V = V = bool
(<(- 2/ "(--7-") >CF.coeq - T ==t -)» [51, 51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-coequalizer = is-cat-coequalizer
translations ¢ : (a,6,F,F') >cp coeq E: ¢ »=ca €=
CONST is-cat-coequalizer c a b F F' € E ¢

Rules.

lemma (in is-cat-equalizer) is-cat-equalizer-azioms’| cat-lim-cs-intros):
assumes o' = «

and ' = F
anda’'=a
and b’ =b
and "= F
and """ = F’'
and ¢' = ¢

shows ¢ : B/ <¢p.cq (a0, F" F") : o g, &
unfolding assms by (rule is-cat-equalizer-azioms)

mk-ide rf is-cat-equalizer-def[ unfolded is-cat-equalizer-axioms-def |
|intro is-cat-equalizer]|
|dest is-cat-equalizerD[ dest]|
|elim is-cat-equalizerE[ elim]|

lemmas [ cat-lim-cs-intros] = is-cat-equalizerD( 1)

Shttps://en.wikipedia.org /wiki/Equaliser _(mathematics)
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lemma (in is-cat-coequalizer) is-cat-coequalizer-azioms'[ cat-lim-cs-intros]:
assumes o' = «

and ' = F
anda’'=a
and b’ =b
and "= F
and I = F’'
and ¢' = ¢

shows ¢ : (a’,b",F""\F"") >cF coeq E': floc oy €
unfolding assms by (rule is-cat-coequalizer-azioms)

mk-ide rf is-cat-coequalizer-def [ unfolded is-cat-coequalizer-azioms-def]
|intro is-cat-coequalizerl|
|dest is-cat-coequalizerD[ dest]|
|elim is-cat-coequalizerE| elim]|

lemmas [cat-lim-cs-intros] = is-cat-coequalizerD( 1)

Elementary properties.

lemma (in is-cat-equalizer)
cat-eg-a[ cat-lim-cs-intros]: a €, €(Obj))
and cat-eq-b[ cat-lim-cs-intros]: b €, €(0bj|)

proof-
from cat-eq-F-ne obtain § where §: | €, F' by force
have F'(f]) : a »¢ b by (rule cat-eq-F'-app-is-arr[ OF f])
then show a €, €(0bj)) b €, €(0bj) by auto

qed

lemma (in is-cat-coequalizer)
cat-coeq-a[ cat-lim-cs-intros]: a €, €(0bj))
and cat-coeg-b[ cat-lim-cs-intros]: b €, €(0bj)

proof-
from cat-coeq-F-ne obtain | where f: § ¢, F' by force
have F'(f) : b =g a by (rule cat-coeq-F'-app-is-arr[ OF f])
then show a ¢, €(0bj]) b €, €(0bj) by auto

qed

sublocale is-cat-equalizer € cf-parallel o <apy F) <bpy F» Fab F'¢€
by (intro cf-parallell cat-parallell)
(
auto simp:
cat-lim-cs-simps cat-parallel-cs-intros cat-lim-cs-intros cat-cs-intros
)

sublocale is-cat-coequalizer ¢ cf-parallel o <bpy F> <apyp, F» Fba F'¢€
by (intro cf-parallell cat-parallell)
(
auto simp:
cat-lim-cs-simps cat-parallel-cs-intros cat-lim-cs-intros cat-cs-intros
)

Duality.

lemma (in is-cat-equalizer) is-cat-coequalizer-op:
op-ntcf € : (a,0,F,F") >cp.coeq E: ¢ »ca op-cat €
by (intro is-cat-coequalizerl)
(
cs-concl
cs-simp: cat-lim-cs-simps cat-op-simps
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cs-intro: V-cs-intros cat-op-intros cat-lim-cs-intros

)+

lemma (in is-cat-equalizer) is-cat-coequalizer-op'| cat-op-intros]:
assumes &' = op-cat €
shows op-ntcf € : (a,6,F,F") >cF.coeq E: o »~ca €
unfolding assms by (rule is-cat-coequalizer-op)

lemmas [cat-op-intros] = is-cat-equalizer.is-cat-coequalizer-op’

lemma (in is-cat-coequalizer) is-cat-equalizer-op:
op-ntcf € : E <cp.eq (a,6,F,F') : ¢ »—ca op-cat €
by (intro is-cat-equalizerl)
(
cs-concl
cs-simp: cat-lim-cs-simps cat-op-simps
cs-intro: V-cs-intros cat-op-intros cat-lim-cs-intros

)+

lemma (in is-cat-coequalizer) is-cat-equalizer-op'[ cat-op-intros]:
assumes &' = op-cat €
shows op-ntcf € : E <cp.cq (a,6,F,F') : ¢ »—ca €'
unfolding assms by (rule is-cat-equalizer-op)

lemmas [cat-op-intros] = is-cat-coequalizer.is-cat-equalizer-op’

Further properties.

lemma (in category) cat-cf-parallel-ab:
assumes vsv F'
and F ¢, Vset «
and D, F'=F
and A\f. fec F = F'(f) :a g b
and a €, €(0bj)
and b €, €(Obj)
shows cf-parallel o (apg, F) (bpr F) Fab F'¢
proof-
have ap; F e, Vset a bpy F e, Vset a
by (simp-all add: Aziom-of-Pairing bpr-def apr-def assms(2))
then show ?thesis
by (intro cf-parallell cat-parallell)
(simp-all add: assms cat-parallel-cs-intros cat-cs-intros)
qed

lemma (in category) cat-cf-parallel-ba:
assumes vsv F'
and F ¢, Vset «
and D, F'=F
and Af. fec F = F'(f) : b —g a
and a €, €(0bj)
and b €, €(Obj)
shows cf-parallel o (bpy, F) (apy F) Fba F'¢€
proof-
have ap; F e, Vset a bpy F e, Vset a
by (simp-all add: Aziom-of-Pairing bpr-def apr-def assms(2))
then show ?thesis
by (intro cf-parallell cat-parallell)
(simp-all add: assms cat-parallel-cs-intros cat-cs-intros)
qed
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lemma cat-cone-cf-par-eps-NTMap-app:
assumes ¢ :
E <cr.cone 1=fcr € (apy F) (bpr, F) Fab F':
o (apr F) (bpr F) F —»ca €
and vsv F'
and F' ¢, Vset «

and D, F'= F
and Af. fe. F == F'(f) :a g b
and f e, F

shows e(NTMap|)(bpr F|) = F'(f) cag e(NTMap))(apr F))
proof-
let ¢II = (ﬂc (ClpL F) (pr F) Fy
and ?II-1] = (\»>fcr € (apr F) (bpy F) Fab F)
interpret e: is-cat-cone « E ?2II € ?II-II ¢ by (rule assms(1))
from assms(5,6) have a: a €, €(0bj]) and b: b €, €(0bj]) by auto
interpret par: cf-parallel o <apy F> <bpyp F> Fab F'C
by (intro e. NTDom.HomCod.cat-cf-parallel-ab assms a b)
from assms(6) have f: f : apy, F o (app F) (bpy F) FOPLF
by (simp-all add: par.the-cat-parallel-is-arr-abF)
note ¢.cat-cone-Comp-commute| cat-cs-simps del]
from e.ntcf-Comp-commute[ OF f] assms(6) show ?thesis
by
(
cs-prems
cs-simp: cat-parallel-cs-simps cat-cs-simps
cs-intro: cat-cs-intros cat-parallel-cs-intros

)

qed

lemma cat-cocone-cf-par-eps-NTMap-app:
assumes ¢ :
ﬂ_)ﬂCF ¢ (bPL F) (aPL F) FbaF' >CF.cocone E:
fic (bpr F) (app F) F =0q €
and vsv F'
and F e, Vset o

and D, F'= F
and Af. fec F = F'(f) : b ~g a
and f ¢, F

shows e(NTMap|)(bpr F|) = e(NTMap))(apr F|) cag F'(f)
proof-
let ¢II = <ﬂc (pr F) (apL F) F
and ?II-II = f{>ficr € (bpr F) (apy F) Fba F
interpret e: is-cat-cocone a E ?II € ?II-1I € by (rule assms(1))
from assms(5,6)
have a: a €, €(Obj)) and b: b &, €(Obj)) and F'f: F'(f) : b —»¢ a
by auto
interpret par: cf-parallel o <bpy F» <apy F> Fba F'C
by (intro e. NTDom.HomCod.cat-cf-parallel-ba assms a b)
note e-NTMap-app =
cat-cone-cf-par-eps-NTMap-app[
OF e.is-cat-cone-op| unfolded cat-op-simps],
unfolded cat-op-simps,
OF assms(2-6),
simplified
]
from e-NTMap-app F'f show ?thesis
by
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(

cs-concl cs-shallow
cs-simp: cat-parallel-cs-simps category.op-cat-Comp| symmetric)
cs-intro: cat-cs-intros cat-parallel-cs-intros

)
qed

lemma (in is-cat-equalizer) cat-eq-eps-NTMap-app:
assumes § €, F
shows EGNTMapD(Ipr FD = F’(Iﬂ) OAQ E(INTMapD(IapL FD
by
(
intro cat-cone-cf-par-eps-NTMap-app|
OF
1s-cat-cone-axioms
F'.vsv-azioms
cat-eq-F-in- Vset
cat-eq-F'-vdomain
cat-eq-F'-app-is-arr
assms
]
)+

lemma (in is-cat-coequalizer) cat-coeq-eps-NTMap-app:
assumes § €, F
shows EGNTMapD(Ipr FD = EQNTMQPD(IGPL FD CA@ F'(|f|)
by
(
intro cat-cocone-cf-par-eps-NTMap-app|
OF is-cat-cocone-axioms
F'.vsv-azioms
cat-coeq-F-in-Vset
cat-coeq-F'-vdomain
cat-coeq-F'-app-is-arr
assms
]
)+

lemma (in is-cat-equalizer) cat-eq-Comp-eq:
assumes g €, F and | e, F
shows F'(g) cag e(NTMap)(apr F)) = F'(f) cag e(NTMap))(apr F))
using cat-eg-eps-NTMap-app[ OF assms(1)] cat-eq-eps-NTMap-app[ OF assms(2)]
by auto

lemma (in is-cat-coequalizer) cat-coeq-Comp-eq:
assumes g €, F'and f ¢, F
shows sQNTMapMapL F|) CA@ F’(Igl) = €<|NTMap|)<|apL FD CA@ F,(|f|)
using cat-coeq-eps-NTMap-app[ OF assms(1)] cat-coeq-eps-NTMap-app[ OF assms(2)]
by auto

7.1.2 Universal property

lemma is-cat-equalizerl ":
assumes ¢ :
E <cr.cone 1=fcr € (apy F) (bpy F) Fab F':
o (apr F) (bpr F) F =cq €
and vsv F'
and F ¢, Vset «
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and D, F'=F
and AJ. f €0 F —> F/(f) : a g b
and § & F
and NAe' E'. ¢
E'"<cF.cone 1=Ncr € (apr F) (bpy F) Fab F':
e (app F) (bpr F) F =ipq € =
A f B ee E A e'(NTMap))(apr F)) = e(NTMap|)(apr F)) coag f'
shows ¢ : K <CF.eq (Clil,F,F’) : ﬂC o €
proof-

let ¢II = <ﬂc (apL F) (pr F) P

and ?II-1] = (\~ficr € (apy F) (bpy F) Fab F)
interpret e: is-cat-cone o E ?2II € 2II-II ¢ by (rule assms(1))
from assms(5,6) have a: a €, €(0bj]) and b: b €, €(0bj]) by auto
interpret par: cf-parallel a <apy F> <bpy F» Fab F' €

by (intro e. NTDom.HomCod.cat-cf-parallel-ab assms a b) simp

show ?thesis
proof(intro is-cat-equalizerl is-cat-limitl assms(1-38))
fix v’ r’ assume prems: u': v’ <gp.cone Il : 21 oo €
interpret u” is-cat-cone « r' ?II € ?II-1I v’ by (rule prems)
from assms(7)[ OF prems] obtain f’
where " f':r' e E
and u'-NTMap-app-a: w'(NTMap))(apr, F|) = e(NTMap)(apr F)) cag f’
and unique-f"
A"
I
f” -~ — E;
uw'(NTMap|)(apr, F|) = e(NTMap)(apr F|) oag f”
Il=f"=f
by metis
show 3If". f':r'»e E A u' =c¢ Nyror ntcf-const ?II € f'
proof(intro ex1l conjI; (elim conjE)?)
show u' = ¢ -y 7o ntef-const 211 € f'
proof(rule ntcf-eql)
show u’: cf-const ?I € v’ —gp ?II-1] : 711 »>gq €
by (rule u'.is-ntcf-axioms)
from [’ show ¢ -y rcr ntcf-const 211 € f':
cf-const 2II € v’ w—gp P11 : 211 »oq €
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros )
have dom-lhs: D, (u'(NTMap|)) = ?II(Obj))
unfolding cat-cs-simps by simp
from f’ have dom-rhs:
D, ((¢ *NTcF ntef-const 21T € f'Y(NTMap))) = 211(Obj)
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show u'(NTMap)) = (¢ NTcF nicf-const 2II € fY(NTMap)|)
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix a assume prems” a €, ?11(0bj)
note [ cat-parallel-cs-simps] =
cat-cone-cf-par-eps-NTMap-app[
OF u'.is-cat-cone-azioms assms(2-5), simplified
]
cat-cone-cf-par-eps-NTMap-app[ OF assms(1-5), simplified]
u'-NTMap-app-a
from prems’ f' assms(6) show
u'(NTMap|)(a) = (¢ -nTcF ntef-const 211 € f)(NTMap))(al))
by (elim the-cat-parallel-ObjE; simp only:)

(
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cs-concl
cs-simp: cat-parallel-cs-simps cat-cs-simps
cs-intro: cat-cs-intros cat-parallel-cs-intros
)
qed (cs-concl cs-intro: V-cs-intros cat-cs-intros)+
qed simp-all
fix ' assume prems’"
f":r'»g Eu'=¢ nyrop ntef-const 211 € f
from prems'’(2) have u'-NTMap-a:
u'(NTMap|)(a) = (¢ *nTcF ntef-const 211 € f'"Y(NTMap))(al))
for a
by simp
have u'(NTMap))(apr F|) = e(NTMap|)(apr F)) cag f"'
using u'-NTMap-a[of <app F»] prems’’(1)
by
(
cs-prems
cs-simp: cat-parallel-cs-simps cat-cs-simps
cs-intro: cat-parallel-cs-intros cat-cs-intros

from unique-f'[ OF prems’'(1) this] show f'" = f'.
qed (rule f)
qed (use assms in fastforce)+

qed

lemma is-cat-coequalizerl
assumes ¢ :
ﬂ_)ﬂCF ¢ (bPL F) (aPL F) FbaF' >CF.cocone E:
o (bpr F) (app F) F »cq €
and vsv F’'
and F e, Vset «
and D, F'= F
and AJ. f &, F = F/(f) : b > a
and § & F
and Ae' E'. ¢
t=fcr € (bpr F) (apr F) Fba F'>cr.cocone E':
e (pr F) (CLPL F) F ooy € —
H'f’ f’: FE e E' A E’(INTM(ZPDGCIPL FD = f’ CAg@ E(lNTMapD(]U.pL FD
shows ¢ : (0,6,F,F') >cF.coeq £ ¢ »ca €
proof-

let ?Op—II = (ﬂc (pr F) (apL F) F

and %op-II-1I = f—~fcp € (bpy F) (apr F) Fba F"

and ?I] = <ﬂc (ClpL F) (pr F) F

and ?II-11 = (\>ficr (op-cat €) (apr F) (bpy F) Fab F"
interpret e: is-cat-cocone a E 2op-II € 2op-II-1I € by (rule assms(1))
from assms(5,6) have a: a €, €(0bj]) and b: b €, €(0bj]) by auto
interpret par: cf-parallel o <bpy F» <apy F> Fba F'C

by (intro e. NTDom.HomCod.cat-cf-parallel-ba assms a b) simp

interpret op-par: cf-parallel o <apy F» <bpy F» F ab F’ <op-cat &
by (rule par.cf-parallel-op)
have assms-4"
3Uf'2 B e B A NTMap)(apy, F) = 2(NTMap)(aps, F) 040p-cat ¢ /'
ife’: B <cr.cone ?H-II : 211 w+>cq op-cat € for €’ E’
proof-
have [cat-op-simps]:
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'+ E g E'Ae'(NTMap)(app F) = e(NTMap)(apr F) ©aop-cat ¢ '
f’: E e E' A é"(INTMapD(IapL Fl) = f’ cA@ 5(|NTMap|)QapL FD
for f'
by (intro iffl conjl; (elim conjE)?)
(
cs-concl cs-shallow
cs-simp: category.op-cat-Comp[ symmetric] cat-op-simps cat-cs-simps
cs-intro: cat-cs-intros cat-parallel-cs-intros
)+
interpret ¢” is-cat-cone o E' ?II <op-cat € ?II-II ' by (rule that)
show ?thesis
unfolding cat-op-simps
by

rule assms(7)[
OF ¢&'.is-cat-cocone-op[unfolded cat-op-simps],
unfolded cat-op-simps
]

)
qed

interpret op-e: is-cat-equalizer a a b F F' (op-cat €& E <op-ntcf e
by
(
rule
is-cat-equalizerl’
[
OF e.is-cat-cone-op[unfolded cat-op-simps],
unfolded cat-op-simps,
OF assms(2-6) assms-4’,
simplified
]
)

show ?thesis by (rule op-e.is-cat-coequalizer-op[ unfolded cat-op-simps])
qed

lemma (in is-cat-equalizer) cat-eq-unique-cone:
assumes ¢’ :
E' <cr.cone (=fcr € (apy F) (bpr F) Fab F': fi¢ (apy F) (bpy F) F »—ca €
(is <€’ E' <¢p.cone ?I-IT 2 211 —>gq )
shows 3!f". f': E' »¢ E A ¢'(NTMap))(apr F|) = e(NTMap))(apr, F)) oag f'
proof-

interpret e" is-cat-cone o E' 211 € ?II-1I ' by (rule assms(1))
from cat-lim-ua-fo[ OF assms(1)] obtain f’ where f" f': E' »¢ E
and ¢'-def: ¢’ = € -y TR nicf-const 2II € f'
and unique:
[f":E'»g E;e'=¢cnror ntef-const 211 € f'" ]| = f"" = f'
for [
by auto
from cat-eq-F-ne obtain f where §: | €, F' by force

show ?thesis
proof(intro ex1I conjI; (elim conjE)?)
show [ f': E' »¢ E by (rule f')
from ¢’-def have ¢'(NTMap))(apr F)) = (¢ ‘nTcFr ntef-const 211 € fY(NTMap))(apr F))
by simp
from this f' show ¢’-NTMap-app-I: ¢'(NTMap))(apr, F|) = e(NTMap|)(apr F)) cag f’
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by
(

cs-prems

cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-parallel-cs-intros

fix f'/ assume prems:
[ E'—g E '(NTMap))(apr F|) = e(NTMap|)(apr, F)) cag f"'
have ¢’ = ¢ -y 7o nicf-const ?I1 € f"
proof(rule ntcf-eqgI[ OF ])
show ¢’ : cf-const 2II € E' —gp 2II-1I : 2I] »gq €
by (rule e'.is-ntcf-axioms)
from f’ prems(1) show ¢ -y cF ntcf-const 21 € '
cf-const 2II € E' —gp 2II-II : 21 g €
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show ¢'(NTMap)) = (¢ ‘nTcF ntcf-const 211 € f'"Y(NTMap))
proof(rule vsv-eql, unfold cat-cs-simps)
show vsv ((¢ ‘N cF ntef-const 211 € f")(NTMap)))
by (cs-concl cs-intro: cat-cs-intros)
from prems(1) show ?II(0bj)) = D, ((¢ -nTcF ntcf-const 211 € f'Y(NTMap))
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
fix a assume prems” a €, ?II(Obj))
note [cat-cs-simps] =
cat-eq-eps-NTMap-app[ OF §]
cat-cone-cf-par-eps-NTMap-app
[
OF
e’ is-cat-cone-azioms
F' vsv-azioms
cat-eq-F-in-Vset
cat-eq-F'-vdomain
cat-eq-F'-app-is-arr f,
simplified

from prems’ prems(1) f have [cat-cs-simps]:
e'(NTMap))(a) = e(NTMap))(al) cag f"
by (elim the-cat-parallel-ObjE; simp only:)
(

cs-concl
cs-simp: cat-cs-simps cat-parallel-cs-simps prems(2)
cs-intro: cat-cs-intros cat-parallel-cs-intros
)+
from prems’ prems show
e'(NTMap))(a)) = (¢ -NTcF ntcf-const 211 € f"Y(NTMap))(al))
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qed auto
qed simp-all
from unique[ OF prems(1) this] show f'' = f'.
qed

qed

lemma (in is-cat-equalizer) cat-eq-unique:
assumes ¢’ : E' <¢p g (a,0,F,F') : ¢ »>ca €
shows

3 f i E e Ene’ =€ yror ntcf-const (¢ (apr F) (bpr F) F) € f/
by (rule cat-lim-unique[ OF is-cat-equalizerD(1)[ OF assms]])

lemma (in is-cat-equalizer) cat-eq-unique”:
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assumes ¢’ : E' <cp.cq (a,0,F,F') : o »>ca €

shows 3!f". f': E' »¢ E A '(NTMap))(apr F|) = e(NTMap))(apr, F)) oag f'
proof-

interpret e" is-cat-equalizer « a b F F' € E' ¢’ by (rule assms(1))

show ?thesis by (rule cat-eq-unique-cone[ OF €'.is-cat-cone-axioms])
qed

lemma (in is-cat-coequalizer) cat-coeq-unique-cocone:
assumes ¢’ :
ﬂﬁﬂCF ¢ (bPL F) (aPL F) FbaF' >crcocone B
e (bpr F) (app F) F »cq €
(is <e’: ?II-11 >0F. cocone B’ 711 »oq ©)
shows 3!f". f': E »¢ E' A ¢'(NTMap))(apr F|) = f' oag e(NTMap))(apr F|
proof-
interpret ¢ is-cat-cocone a E' ?II € ?II-1I ¢’ by (rule assms(1))
have [cat-op-simps]:
'+ Ewg B'ne'(NTMap)(apr, F) = e(NTMap)(apr F) 0app-cat ¢ [ <
f’: E il E' A 5’(|NTMap|)(|apL FD = f’ CA@ 5(|NTMap|)(|apL FD
for '
by (intro iffI conjI; (elim conjE)?)
(
cs-concl cs-shallow
cs-simp: category.op-cat-Comp[ symmetric] cat-op-simps cat-cs-simps
cs-intro: cat-cs-intros cat-parallel-cs-intros
)+
show ?thesis
by
(
rule is-cat-equalizer. cat-eq-unique-cone|
OF is-cat-equalizer-op €'.is-cat-cone-op[unfolded cat-op-simps],
unfolded cat-op-simps
]

)
qed

lemma (in is-cat-coequalizer) cat-coeq-unique:
assumes ¢’ : (a,0,F,F") >cFp coeq B : o P»ca €
shows 3!f".
f'+ E =g E'"A e’ = ntcf-const (e (bpr F) (app F) F) € f'nror e
by (rule cat-colim-unique[ OF is-cat-coequalizerD(1)[ OF assms]])

lemma (in is-cat-coequalizer) cat-coeg-unique”:

assumes ¢’ : (a,0,F,F") >cr coeq E': o »—>ca €

shows 3!f". f': E »¢ E' A ¢'(NTMap))(apr, F|) = f' ong e(NTMap))(apr F)
proof-

interpret £ is-cat-coequalizer « a b F F' € E' ¢’ by (rule assms(1))

show ?thesis by (rule cat-coeg-unique-cocone[ OF &'.is-cat-cocone-azioms])
qed

lemma cat-equalizer-ex-is-iso-arr:
assumes ¢ : E <cp ¢q (0,0,F,F') : ¢ »ca €
and ¢': E' <cp.cq (a,0,F,F') : ¢ »—>ca €
obtains f where [ : E' =00 E
and ¢’ = ¢ -y roF nitcf-const (¢ (apr F) (bpr F) F) € f
proof-
interpret e: is-cat-equalizer ao a b F F' € E ¢ by (rule assms(1))
interpret " is-cat-equalizer « a b F F' € E' £’ by (rule assms(2))
from that show ?thesis
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by
(
elim cat-lim-ex-is-iso-arr|
OF e.is-cat-limit-axioms €'.is-cat-limit-azioms
]

)
qed

lemma cat-equalizer-ex-is-iso-arr'”
assumes ¢ : E <cp ¢q (0,0,F,F') : ¢ »ca €
and ¢': E' <cp.cq (a,6,F,F') : ¢ »—>ca €
obtains f where [ : E' ;¢ E
and e'(NTMap))(apr F|) = e(NTMap|)(apr F|) oac f
and </(NTMap)(bp1, F) = e(NTMap) (bp1, F) ose f
proof-
interpret e: is-cat-equalizer « a b F F' € E ¢ by (rule assms(1))
interpret ¢ is-cat-equalizer « a b F F' € E' &' by (rule assms(2))
obtain f where f: f: E' »;5,¢ F
and j & f¢ (apy F) (bpr F) F(Obj) = ¢'(NTMap))(j) = e(NTMap))(j)) cag f for j
by
(
elim cat-lim-ex-is-iso-arr’[
OF e.is-cat-limit-azioms €'.is-cat-limit-azioms
]
)

then have
EI(INTMaquCLPL FD = E(INTMCLPD(IGPL FD cA@ f
e'(NTMap)(bpr F|) = e(NTMap)(bpr F)) cag f
unfolding the-cat-parallel-components by auto
with f show ?thesis using that by simp
qed

lemma cat-coequalizer-ex-is-iso-arr:
assumes ¢ : (0,6,F,F") >cp coeq E: o »~ca €
and ¢’ : (a,6,F,F') >cp.coeq E': ¢ PP ca €
obtains f where f : F ;5,0 E’
and ¢’ = nitcf-const (¢ (bpr F) (apr, F) F) € f npor e
proof-
interpret e: is-cat-coequalizer « a b F F' € F ¢ by (rule assms(1))
interpret e is-cat-coequalizer a a b F F' € E' ¢’ by (rule assms(2))
from that show ?thesis
by
(
elim cat-colim-ex-is-iso-arr|
OF e.is-cat-colimit-azioms e'.is-cat-colimit-azioms
]

)
qed

lemma cat-coequalizer-ex-is-iso-arr":
assumes ¢ : (0,6,F,F") >cp coeq £ ¢ »~ca €
and ¢': (a,0,F,F') >cp.coeq E': ¢ »~ca €
obtains f where f : E ;5,0 E’
and ¢'(NTMap))(apr F|) = f cag e(NTMap))(apr F))
and ¢'(NTMap))(bpr F|) = f oag e(NTMap|)(bpr F)
proof-
interpret e: is-cat-coequalizer « a b F F' € E ¢ by (rule assms(1))
interpret ¢ is-cat-coequalizer  a b F F' € E' ¢’ by (rule assms(2))
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obtain f where f: f: E =50 E'
and j & f¢ (bpr F) (app F) F(Obj) = ¢'(NTMap))(j) = f oag e(NTMap))(j) for j
by
(
elim cat-colim-ex-is-iso-arr’[
OF ¢.is-cat-colimit-azioms €'.is-cat-colimit-azioms
]
)
then have
6’(|NTMap|)(|CLPL FD = f CAQ €(|NTMap|)(|apL FD
5’(|NTMap|)(|pr FD = f CAQ S(INTMaqupr FD
unfolding the-cat-parallel-components by auto
with f show ?thesis using that by simp
qed

7.1.3 Further properties

lemma (in is-cat-equalizer) cat-eq-is-momnic-arr:
— See subsection 3.3 in [3].
e(NTMap))(apr F) : E »pmong
proof(intro is-monic-arrl)
show e(NTMap)(apr F)) : E —g a
by
(
cs-concl
cs-simp: cat-cs-simps cat-parallel-cs-simps
cs-intro: cat-cs-intros cat-parallel-cs-intros
)
fix fga
assume prems:
f La |—)€ B
g:aw—g B
e(NTMap|)(apr, F) oag f = e(NTMap)(apr F)) ocag g
define ¢’ where ¢’ = ¢ -y oF nicf-const (¢ (app F) (bpr F) F) € f
from prems(1) have ¢’ :
a <cF.cone 1=Ncr € (apy F) (bpy F) Fab F':
o (apr F) (bpr F) F —»ca €
unfolding ¢’-def
by (cs-concl cs-shallow cs-intro: is-cat-conel cat-cs-intros)
from cat-eq-unique-cone[ OF this] obtain f’
where " f': a ~¢ E
and ¢’-a: ¢'(NTMap))(apr F|) = e(NTMap))(apr F)) cag f'
and unique-f= Nf'".
[f"+a~e B e'(NTMap)(apr F) = e(NTMap)(apr F) oae /"1 =
=1
by meson
from prems(1) have unique-f: e'(NTMap))(apy, F|) = e(NTMap))(apr F)) ocag f
unfolding &’-def
by
(
cs-concl
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-parallel-cs-intros
)
from prems(1) have unique-g: ¢’ (NTMap))(apr F)) = e(NTMap))(apr F) cag g
unfolding ¢’-def
by
(

cs-concl
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cs-simp: prems(3) cat-cs-simps
cs-intro: cat-cs-intros cat-parallel-cs-intros
)
show f =g
by
(

rule unique-f'

OF prems(1) unique-f,
unfolded unique-f'[ OF prems(2) unique-g, symmetric]
]
)

qed

lemma (in is-cat-coequalizer) cat-coeq-is-epic-arr:
e(NTMap))(apr F)) : a »epig E
by
(
rule is-cat-equalizer.cat-eq-is-monic-arr|
OF is-cat-equalizer-op, unfolded cat-op-simps
]
)

7.2 Equalizer and coequalizer for two arrows

7.2.1 Definition and elementary properties

See [2]".

locale is-cat-equalizer-2 =
is-cat-limit a (Mt¢ apr2 bpr2 gpr fr) € <M=>Mcr € apr2 bpro gpr frrabgip Ee
foraabgfC Ee+
assumes cat-eq-g[ cat-lim-cs-intros]: g : a »¢ b
and cat-eq-f[ cat-lim-cs-intros]: f : a =g b

syntax -is-cat-equalizer-2 = V=V = V =V =V =V =V = V = bool
(«(-:/ - <cF.eq (----") o Mo =1 - [51, 51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-equalizer-2 = is-cat-equalizer-2
translations ¢ : F <cp ¢4 (0,0,0,f) : Mo »ca € =
CONST is-cat-equalizer-2 a a b g f € E ¢

locale is-cat-coequalizer-2 =
is-cat-colimit
a Mc bpre apre frr 9pry € M->1Mor Cbpre apr2 frrgpr bafe Ec
foraabgfC Ee+
assumes cat-coeq-g| cat-lim-cs-intros]: g : b =g a
and cat-coeq-f[ cat-lim-cs-intros]: f : b ¢ a

syntax -is-cat-coequalizer-2 =V =V =V =V =V =V =V = V = bool
(¢(- 3/ "(--7-") >CF.coeq -] 1o P =) [61, 51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-coequalizer-2 = is-cat-coequalizer-2
translations ¢ : (0,b,9,f) >cr.coeq £ : o »ca €=
CONST is-cat-coequalizer-2 a« a b g f € E ¢

Rules.

lemma (in is-cat-equalizer-2) is-cat-equalizer-2-axzioms'] cat-lim-cs-intros]:
assumes o' = «

"https://en.wikipedia.org/wiki/Equaliser _(mathematics)
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and £' = F

and a’=a
and b'=10
and g' =g
and ' = f
and ¢'=¢

shows ¢ : B/ <gp.cq (a'0',9"f) : 1o =o€
unfolding assms by (rule is-cat-equalizer-2-axioms)

mk-ide rf is-cat-equalizer-2-def[unfolded is-cat-equalizer-2-axioms-def]
|intro is-cat-equalizer-21|
|dest is-cat-equalizer-2D[ dest]|
|elim is-cat-equalizer-2E[ elim]|

lemmas [cat-lim-cs-intros] = is-cat-equalizer-2D(1)

lemma (in is-cat-coequalizer-2) is-cat-coequalizer-2-axioms'] cat-lim-cs-intros:
assumes o' = «

and F'= F
and a’'=a
and b’ =0
and g’ =g
and {’' = |

and ¢'=¢

shows ¢ : (alvblyglv]c,) >CF.coeq E,: TTC’ '_"_’Ca’ Q:,
unfolding assms by (rule is-cat-coequalizer-2-azioms)

mk-ide rf is-cat-coequalizer-2-def[ unfolded is-cat-coequalizer-2-axioms-def]
|intro is-cat-coequalizer-21|
|dest is-cat-coequalizer-2D| dest]|
|elim is-cat-coequalizer-2E| elim]|

lemmas [ cat-lim-cs-intros] = is-cat-coequalizer-2D( 1)

Helper lemmas.

lemma cat-eq-F'-helper:
(Meoset {fpr, gpL}. (f=grL 79:1)) =

(Afeoset {fpr, gpr}- (f =frL 77 0))
using cat-PL2-gf by (simp add: VLambda-vdoubleton)

Elementary properties.

sublocale is-cat-equalizer-2 ¢ cf-parallel-2 « apps bpro gpr fprabgf €
by (intro cf-parallel-21 cat-parallel-21)
(simp-all add: cat-parallel-cs-intros cat-lim-cs-intros cat-cs-intros)

sublocale is-cat-coequalizer-2 < cf-parallel-2 o bprs apre fpr gpr bafg€
by (intro cf-parallel-21 cat-parallel-21)
(
auto simp:
cat-parallel-cs-intros cat-lim-cs-intros cat-cs-intros
cat-PL2-ineq[ symmetric]

)

lemma (in is-cat-equalizer-2) cat-equalizer-2-is-cat-equalizer:
[

E <cp.eq (ab,set {gpr, fro},(Meoset {gpr, frr}. (f =frL ?f:9))):
o »ca €

by
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(
intro is-cat-equalizerl,
rule is-cat-limit-axioms|
unfolded the-cf-parallel-2-def the-cat-parallel-2-def aprs-def bppo-def
]
)

(auto simp: Limit-vdoubleton-in-Vsetl cat-parallel-cs-intros)

lemma (in is-cat-coequalizer-2) cat-coequalizer-2-is-cat-coequalizer:
g :
(ab,set {gpr, frot.(Mfeoset {gpr, frr}. (f =frL 7:9))) >cF.coeq £+
e »rcoa €
proof
(
intro is-cat-coequalizerl
fold the-cf-parallel-2-def the-cat-parallel-2-def apro-def bprs-def
)
show ¢ :
M>Mcor €bpr2 apr2 gpr frL b a g f >cr. cotim E:
Mc bprz apr2 gpL frL Pca €
by
(
subst the-cat-parallel-2-commute,
subst cf-parallel-2-the-cf-parallel-2-commute[ symmetric)
)
(intro is-cat-colimit-axioms)
qged (auto simp: Limit-vdoubleton-in-Vsetl cat-parallel-cs-intros)

lemma cat-equalizer-is-cat-equalizer-2:
assumes ¢ :
E <cp.cq (a,bset {gpr, fro},(Meoset {gpL, frL}. (f = frr 21:9))):
e »Pca €
shows ¢ : E <cp.cq (a,0,8,) : 1o »ca €
proof-
interpret e: is-cat-equalizer
aabset {gpL, frr}p «(Mfeoset {gpr, frr}- (f =frL ?f:9)» € E ¢
by (rule assms)
have prI pr €, set {gpL, pr} and grL: 9PL €o set {gpL, pr} by auto
show ?thesis
using e.cat-eq-F'-app-is-arr[ OF gpr] €.cat-eq-F'-app-is-arr[ OF fpr]
by
(
intro
is-cat-equalizer-21
€.is-cat-limit-axioms
[
folded
the-cf-parallel-2-def the-cat-parallel-2-def appo-def bpro-def
]
)

(auto simp: cat-PL2-gf)
qed

lemma cat-coequalizer-is-cat-coequalizer-2:
assumes ¢ :
(ab,set {gpr, frot.(Mfeoset {gpr, frr}. (f =frL 71:8))) >cF.coeq E:
e »~ca €
shows ¢ : (a,0,0.f) >cr.coeq £ 11c »ca €
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proof-
interpret is-cat-coequalizer
aabset {gpr, frrh «(Meoset {gpr, frrt. (f=frL ?f:9)) € E¢
by (rule assms)
interpret cf-parallel-2 o bprs apro gpr frL bagfcC
by
(
rule cf-parallel-is-cf-parallel-2[
OF cf-parallel-azioms cat-PL2-gf, folded appo-def bpro-def
]
)

show ¢ : (0,6,9,f) >cF.coeq £ : Mo »rca €
by
(
intro is-cat-coequalizer-21,
subst the-cat-parallel-2-commute,
subst cf-parallel-2-the-cf-parallel-2-commute| symmetric],
rule is-cat-colimit-azioms|
folded aprs-def bpro-def the-cat-parallel-2-def the-cf-parallel-2-def
]
)
(simp-all add: cf-parallel-f’ cf-parallel-g”)
qed

Duality.

lemma (in is-cat-equalizer-2) is-cat-coequalizer-2-op:
op-ntcf € : (0,6,8,f) >cF.coeq E: Mc = ca op-cat €
unfolding is-cat-equalizer-def
by
(
rule cat-coequalizer-is-cat-coequalizer-2
[
OF is-cat-equalizer.is-cat-coequalizer-op[
OF cat-equalizer-2-is-cat-equalizer
]
]
)

lemma (in is-cat-equalizer-2) is-cat-coequalizer-2-op'[ cat-op-intros]:
assumes ¢’ = op-cat €
shows op-ntcf € : (a,6,9,f) >cr.coeq £ : 1o »=>ca €
unfolding assms by (rule is-cat-coequalizer-2-op)

lemmas [cat-op-intros] = is-cat-equalizer-2.is-cat-coequalizer-2-op’

lemma (in is-cat-coequalizer-2) is-cat-equalizer-2-op:
op-ntcf € : B <cF.eq (a,0,,) : 11c »—ca op-cat €
unfolding is-cat-coequalizer-def
by
(
rule cat-equalizer-is-cat-equalizer-2
[
OF is-cat-coequalizer.is-cat-equalizer-op[
OF cat-coequalizer-2-is-cat-coequalizer
]
]
)
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lemma (in is-cat-coequalizer-2) is-cat-equalizer-2-op'[ cat-op-intros]:
assumes €' = op-cat €
shows op-ntcf € : E <gp.eq (0,0,8,f) : 1o »ca €
unfolding assms by (rule is-cat-equalizer-2-op)

lemmas [cat-op-intros] = is-cat-coequalizer-2.is-cat-equalizer-2-op’

Further properties.

lemma (in category) cat-cf-parallel-2-cat-equalizer:
assumes g:a+—g band f:aw~gb
shows cf-pamllel-,? a apro bPLQ agrL pr ab g f ¢
using assms
by (intro cf-parallel-21 cat-parallel-21)
(auto simp: cat-parallel-cs-intros cat-cs-intros)

lemma (in category) cat-cf-parallel-2-cat-coequalizer:
assumes g: b »gaand f: b g a
shows cf—pamllel—,? o bPLQ apro fPL gPL ba f g ¢
using assms
by (intro cf-parallel-21 cat-parallel-21)
(simp-all add: cat-parallel-cs-intros cat-cs-intros cat-PL2-ineq| symmetric])

lemma cat-cone-cf-par-2-eps-NTMap-app:
assumes ¢ :
E <cF.cone M=>Mcr €apre bpre gpr frrabgf: Mo apr2 bpra gpr frL »ca €
andg:awrghb
and f:a~g b
shows
e(NTMap)(bpL2) = g oag e(NTMap)(apL2)
e(NTMap))(bpr2) = f oag e(NTMap))(ap L))
proof-
let ?II = (Mt¢c apr2 bpre gpr frr
and ?2II-1I = (Mt—>tcr Capra bpre gpr fra b gp
and 7F = (set {gPL, pr})
interpret e: is-cat-cone o E ?II € ?II-II € by (rule assms(1))
from e.cat-PL2-f €.cat-PL2-g have gf: 7F ¢, Vset o
by (intro Limit-vdoubleton-in-Vsetl) auto
from assms(2,3) have
(AT ' €0 7F == (Afea?F. (f = fpr, 2 9))(FD : @ ¢ b)
by auto
note cat-cone-cf-par-eps-NTMap-app = cat-cone-cf-par-eps-NTMap-app
[
OF
assms(1)[
unfolded
the-cat-parallel-2-def the-cf-parallel-2-def apro-def bppa-def
1,
folded ClPLg-def prg-def, OF - gf - thz’s,
simplified
]
from
cat-cone-cf-par-eps-NTMap-app[of gpr, simplified)
cat-cone-cf-par-eps-NTMap-app[of fpr, simplified]
cat-PL2-gf
show
e(NTMap)(bpL2) = g oag e(NTMap)(apL2)
e(NTMap)(bpr2) = f oag e(NTMap))(apr2)
by fastforce+
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qed

lemma cat-cocone-cf-par-2-eps-NTMap-app:
assumes ¢ :
M=>ttcr €bpra apr2 frL gPL b a f g >cFr.cocone B :
Me bpre apre frL 9pL »ca €
and g: b rga
and f: b ¢ a
shows
6(|NTMap|)(|bPLQD = E(INTMCL])I)(IQPLQD CAQ g
e(NTMap))(bpr2) = e(NTMap)(apr2) cag f
proof-
let ?II = (tt¢c bpr2 apre frr gpPr
and ?II-II = (M>Mcr Cbpra apre fpr gpr b af g
and ?F = <set {EPL7 pr})
have fg-gf: {frL, 9rL} = {grL, frL} by auto
interpret e: is-cat-cocone o E 211 € ?II-II € by (rule assms(1))
from e.cat-PL2-f e.cat-PL2-g have gf: ?F ¢, Vset o
by (intro Limit-vdoubleton-in-Vsetl) auto
from assms(2,3) have
(AT 7€ 7F —> (M. (f = gps 79 D)) : b e a)
by auto
note cat-cocone-cf-par-eps-NTMap-app = cat-cocone-cf-par-eps-NTMap-app
[
OF assms(1)
[
unfolded
the-cat-parallel-2-def
the-cf-parallel-2-def
aprz-def bpro-def
insert-commute,
unfolded fg-gf

1,
folded appa-def bppa-def,

OF - gf - this,
simplified
]
from

cat-cocone-cf-par-eps-NTMap-app[of gpr, simplified]
cat-cocone-cf-par-eps-NTMap-app|of fpr, simplified]
cat-PL2-gf
show

e(NTMap))(bpr2) = e(NTMap)(apr2) oag o
e(NTMap))(bpr2) = e(NTMap)(apr2) cag |
by fastforce+

qed

lemma (in is-cat-equalizer-2) cat-eq-2-eps-NTMap-app:
e(NTMap))(bpr2)) = g ocag e(NTMap))(apr2))
e(NTMap)(bpr2) = f oag e(NTMap))(apr2))
proof—
have gpr: gpr € set {gpr, frr} and fpr: fpr € set {gpr, frr} by auto
note cat-eq-eps-NTMap-app = is-cat-equalizer.cat-eq-eps-NTMap-app
[
OF cat-equalizer-2-is-cat-equalizer,
folded ClpLQ-def prg-def
]

from cat-eq-eps-NTMap-app[ OF gp1] cat-eq-eps-NTMap-app| OF fp1] cat-PL2-gf show
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e(NTMap)(bpr2) = g cag e(NTMap)(apL2)
e(NTMap)(bpr2) = f oag e(NTMap))(apr2))
by auto

qed

lemma (in is-cat-coequalizer-2) cat-coeq-2-eps-NTMap-app:
e(NTMap))(bpL2) = e(NTMap|)(apLz) oag @
E(]NTMG,])D(IEJPLQD = 5(|NTMap|)(]apL2D oA i
proof-
have gp;: gpr € set {gpL, pr} and fpp: fpL € set {gpL, fPL} by auto
note cat-eq-eps-NTMap-app = is-cat-coequalizer.cat-coeq-eps-NTMap-app
[
OF cat-coequalizer-2-is-cat-coequalizer,
folded upLg-def prg-def
]
from cat-eq-eps-NTMap-app| OF gpr] cat-eq-eps-NTMap-app[ OF fp1] cat-PL2-gf show
e(NTMap))(bpr2) = e(NTMap)(apr2) oag o
e(NTMap))(bprz2) = e(NTMap)(apr2) cag |
by auto
qed

lemma (in is-cat-equalizer-2) cat-eq-2-Comp-eq:
g oag e(NTMap))(aprzl) = f oag e(NTMap|)(apra2)
f cA@ E(|NTMaquClpL2D =g %ag E(INTMG])D(IC[PLQD
unfolding cat-eq-2-eps-NTMap-app| symmetric] by simp-all

lemma (in is-cat-coequalizer-2) cat-coeq-2-Comp-eq:
e(NTMap|)(apra) coag 9 = e(NTMap)(apr2)) oag |
E(INTM&pD(IClPLzD cAg f = E(INTMapD(IClpLQD oAg 9
unfolding cat-coeg-2-eps-NTMap-app[ symmetric] by simp-all

7.2.2 Universal property

lemma is-cat-equalizer-21":
assumes ¢ :
E <cr.cone 1M>MMcr €apre bpra gpr frLa b gf: Mo apr2 bpre gpr frL »—ca €
and g:awrgb
and f:a g b
and N\e’ E'. ¢’
E'<cF.cone 1=>Mcer €apra bpra gpr frLa b gf:
Me apre bpra gpL fPL PP oo € =
Aff' B g E A e'(NTMap))(apr2)) = e(NTMap)(aprz)) cag f
shows ¢ : E <crp.¢q (0,0,9,f) : M1 »rca €
proof-
let ?II = (1tc apr2 bpre gpL fPL
and ?I-II = «M->1cr Capro bpre gpr fPLabgh
and ¢F = «set {gpr, frL}’
interpret e: is-cat-cone o E ?II € ?II-II € by (rule assms(1))
from e.cat-PL2-f €.cat-PL2-g have gf: 7F ¢, Vset o
by (intro Limit-vdoubleton-in-Vsetl) auto
from assms(2,3) have (Afe.?F. (f = fpr ?§:9))(f) :a g b
if f' e, ?F for §’
using that by simp
note is-cat-equalizerl’ = is-cat-equalizerl’
[
OF
assms(1)[
unfolded

122



the-cat-parallel-2-def the-cf-parallel-2-def apro-def bppo-def
I,
folded apro -def prg-def,
OF

of

this

assms(4)[ unfolded the-cf-parallel-2-def the-cat-parallel-2-def],

of 8prrL,
simplified

show ?thesis by (rule cat-equalizer-is-cat-equalizer-2[ OF is-cat-equalizerI'])
qed

lemma is-cat-coequalizer-2I"
assumes ¢ :
M->Mcer €bpre apre frL gPL b af g >cF.cocone B -
e bpre apra fPL 9pL PP ca €
and g: b g a
and f: b —»g a
and N\e' E'. ¢’
M>tter €bpra apra frL 9PL b 0§ 8 >CF cocone B
Me bpre apr2 fPL 9pL PP oo € =
H'f, f’: E gy E' A EI(INTMapD(ICLPLQD = f’ CAQ 6(|NTMap|)(|CLPL2D
shows ¢ : (a,0,0.f) >cr.coeq E: Mo »=ca €
proof-
let ?II = (1t¢c bpr2 apra fPr gpPL
and ?2II-II = (M=t cr Cbpra apre fpr grr b af g
and ¢F = «set {gpr, frPL}
have fg-gf: {fpL, 9rL} = {grL, frL} by auto
interpret e: is-cat-cocone o E 211 € ?II-II € by (rule assms(1))
from e.cat-PL2-f e.cat-PL2-g have gf: ?F ¢, Vset o
by (intro Limit-vdoubleton-in-Vsetl) auto
from assms(2,3) have (Mfe.set {gpr, frr}. (f =oprL 29:§))(fD):brga
lff, €, set {gpL, pr} for f,
using that by simp
note is-cat-coequalizerl’

OF assms(1)[
unfolded
the-cat-parallel-2-def the-cf-parallel-2-def apro-def bpra-def fg-gf
1,
folded appa-def bppa-def,
OF

of

this

assms(4)[unfolded the-cf-parallel-2-def the-cat-parallel-2-def fg-gf],

of grL,
simplified

]

with cat-PL2-gf have
€:(a,0,2F (M ?F. (f =frr 7§:9))) >cF.coeq E: e »ca €
by (auto simp: VLambda-vdoubleton)
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from cat-coequalizer-is-cat-coequalizer-2[ OF this] show ?thesis by simp
qed

lemma (in is-cat-equalizer-2) cat-eq-2-unique-cone:
assumes ¢’ :
E'<cr.cone 11=Mor € apra bpra gpr frL abgi:
Mo apr2 bpre gpr frr »>ca €
shows 3!f". f': E' ¢ E A e'(NTMap))(aprs)) = e(NTMap)(apra) oag [’
by
(
rule is-cat-equalizer.cat-eq-unique-cone
|
OF cat-equalizer-2-is-cat-equalizer,
folded apLg-def prg-def,
OF assms[unfolded the-cf-parallel-2-def the-cat-parallel-2-def]

]
)

lemma (in is-cat-equalizer-2) cat-eq-2-unique:
assumes ¢’ E' <¢p g (a,6,9,f) : 11¢c »—ca €
shows
A f' B =g EANe'=¢e nyror ntcf-const (11¢ apr2 bpra gpr frr) € f'
proof-
interpret ¢ is-cat-equalizer-2 a a b g f € E' ¢’ by (rule assms)
show ?thesis
by
(
rule is-cat-equalizer. cat-eq-unique
[
OF cat-equalizer-2-is-cat-equalizer,
fOlded apLz—def prg—def,
OF ¢'.cat-equalizer-2-is-cat-equalizer,
folded the-cat-parallel-2-def
]

)
qed

lemma (in is-cat-equalizer-2) cat-eq-2-unique”:
assumes ¢’ : E' <¢p o (0,0,9,f) : 11¢c »ca €
shows 3!f". f': E' =g E A e'(NTMap))(apr2)) = e(NTMap)(apra) oag [’
proof-
interpret ¢ is-cat-equalizer-2 a a b g f € E' ¢’ by (rule assms)
show ?thesis
by
(
rule is-cat-equalizer. cat-eq-unique’
[
OF cat-equalizer-2-is-cat-equalizer,
folded apLg—def prQ—def,
OF ¢’'.cat-equalizer-2-is-cat-equalizer,
folded the-cat-parallel-2-def
]

)
qed

lemma (in is-cat-coequalizer-2) cat-coeg-2-unique-cocone:

assumes ¢’ :
M=>Meor €bpre apre frr 9PL b af g >cF.cocone E':
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Me bpre apre frL 9pL »ca €
shows 3!f". f': E »¢ E' A ¢'(NTMap))(apr2)) = f' cag e(NTMap))(ap L2
by
(
rule is-cat-coequalizer. cat-coeq-unique-cocone
[
OF cat-coequalizer-2-is-cat-coequalizer,
folded aprs-def bpps-def insert-commute,
OF assms|
unfolded
the-cf-parallel-2-def the-cat-parallel-2-def cat-eq-F'-helper
]
]
)

lemma (in is-cat-coequalizer-2) cat-coeg-2-unique:
assumes ¢’ : (a,0,0,f) >cr.coeq E': 11 »ca €
shows 3!f".
f’ B ind E' A
e’ = ntef-const (Me bpre apre frr 9pL) € f' *Nror €
proof-
interpret e is-cat-coequalizer-2 a a b g f € E’ ¢’ by (rule assms)
show ?thesis
by
(
rule is-cat-coequalizer.cat-coeq-unique
|
OF cat-coequalizer-2-is-cat-coequalizer,
folded apLg-def prQ-def,
OF ¢’ cat-coequalizer-2-is-cat-coequalizer,
folded the-cat-parallel-2-def the-cat-parallel-2-commute
]

)
qed

lemma (in is-cat-coequalizer-2) cat-coeg-2-unique”:
assumes ¢’ : (a,0,9,f) >cF.coeq E': 1c »—>ca €
shows 3!f". f': E =g E' A ¢'(NTMap))(apr2)) = f' cag e(NTMap))(ap L2
proof-
interpret e is-cat-coequalizer-2 aw a b g f € E’ ¢’ by (rule assms)
show ?thesis
by
(
rule is-cat-coequalizer. cat-coeq-unique’
|
OF cat-coequalizer-2-is-cat-coequalizer,
folded apLg—def prg—def,
OF ¢'.cat-coequalizer-2-is-cat-coequalizer,
folded the-cat-parallel-2-def
]

)
qed

lemma cat-equalizer-2-ez-is-iso-arr:
assumes ¢ : F <gp ¢y (0,0,9,f) : Mo »ca €
and ¢': E’ <CF.eq (a,b,g,f) Mo »ecoa €©
obtains f where f : E' ;¢ E
and ¢’ = ¢ -yror ntcf-const (11c apr2 bpra gpr frL) € f
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proof-
interpret e: is-cat-equalizer-2 a a b g §f € E ¢ by (rule assms(1))
interpret e” is-cat-equalizer-2 a a b g § € E' &’ by (rule assms(2))
show ?thesis
using that
by
(
rule cat-equalizer-ex-is-iso-arr
[
OF
e.cat-equalizer-2-is-cat-equalizer
e'.cat-equalizer-2-is-cat-equalizer,
folded apro-def bpro-def the-cat-parallel-2-def
]

)
qed

lemma cat-equalizer-2-ex-is-iso-arr”:

assumes ¢ : E <gp.¢q (a,0,9,f) : 1Mo »ca €

and ¢': E' <gp.eq (0,6,9,f) : Mo »ca €
obtains f where f : E' 5,0 F

and e'(NTMap))(aprz) = e(NTMap)(apL2) oac f

and e'(NTMap))(bpr2)) = e(NTMap)(bpr2)) cag f

proof-

interpret e: is-cat-equalizer-2 o a b g § € E ¢ by (rule assms(1))
interpret " is-cat-equalizer-2 o a b g § € E' ¢’ by (rule assms(2))
show ?thesis

using that

by

(
rule cat-equalizer-ex-is-iso-arr’
[
OF
€. cat-equalizer-2-is-cat-equalizer
¢'.cat-equalizer-2-is-cat-equalizer,
folded apro-def bprs-def the-cat-parallel-2-def
]

)
qed

lemma cat-coequalizer-2-ex-is-iso-arr:
assumes ¢ : (0,0,9,f) >cr.coeq £ : 1o »rca €
and 5’ : (a,b,g,f) >CF.coeq E, : TTC’ Indudole Q:
obtains f where [ : F ;5,0 E’
and ¢’ = ntcf-const (1tc bpre apre frr 9pL) € f *NTCF €
proof-
interpret e: is-cat-coequalizer-2 a a b g f € E ¢ by (rule assms(1))
interpret £ is-cat-coequalizer-2 o a b g § € E' ¢’ by (rule assms(2))
show ?thesis
using that
by
(
rule cat-coequalizer-ex-is-iso-arr
[
OF
€. cat-coequalizer-2-is-cat-coequalizer
¢’. cat-coequalizer-2-is-cat-coequalizer,
folded
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apro-def bpro-def the-cat-parallel-2-def the-cat-parallel-2-commute

]

)
qed

lemma cat-coequalizer-2-ex-is-iso-arr'”:
assumes ¢ : (0,6,0,f) >cF.coeq E: Mo »ca €
and ¢": (a,b,gaf) >CF.coeq E': Mo »rcoa €
obtains f where f : F ;.0 E’
and ¢'(NTMap|)(apr2) = f cag e(NTMap))(apr2)
and ¢'(NTMap))(bpr2)) = f coag e(NTMap))(bpr2)
proof-
interpret e: is-cat-coequalizer-2 oo a b g f € E € by (rule assms(1))
interpret e is-cat-coequalizer-2 o a b g f € E' ¢’ by (rule assms(2))
show ?thesis
using that
by
(
rule cat-coequalizer-ex-is-iso-arr’
|
OF
€.cat-coequalizer-2-is-cat-coequalizer
e'.cat-coequalizer-2-is-cat-coequalizer,
folded
apro-def bpro-def the-cat-parallel-2-def the-cat-parallel-2-commute
]

)
qed

7.2.3 Further properties

lemma (in is-cat-equalizer-2) cat-eq-2-is-monic-arr:
e(NTMap))(apr2) : E ~mong a
by
(
rule is-cat-equalizer.cat-eq-is-monic-arr|
OF cat-equalizer-2-is-cat-equalizer, folded apyo-def
]
)

lemma (in is-cat-coequalizer-2) cat-coeg-2-is-epic-arr:
e(NTMap))(aprz)) : a »epigc £
by
(
rule is-cat-coequalizer.cat-coeq-is-epic-arr|
OF cat-coequalizer-2-is-cat-coequalizer, folded aps-def
]
)

7.3 Equalizer cone

7.3.1 Definition and elementary properties

definition nitcf-equalizer-base = V=V =V =>V=>V=>V=>(V=>V)=> TV
where ntcf-equalizer-base € a b gf E e =
[
(Azet e apre bpre gpL fPL(Ob)). e ),
cf-const (MM¢ apre bpra gpL frr) € E,
M->1cr €Capre bpr gpL fPL a b g,
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e apre bproe gpr fPL,
¢

]o

Components.

lemma ntcf-equalizer-base-components:
shows nicf-equalizer-base € a b g f E e(NTMap)|) =
(Azettc apre bpro gpr fPL(Ob)). e )
and [cat-lim-cs-simps]: ntcf-equalizer-base € a b g f E e(NTDom|) =
cf-const (11c apre bpro gpr frr) € E
and [ cat-lim-cs-simps]: ntcf-equalizer-base € a b g §f E e(NTCod)) =
M—=Mcr €apr2 bpra gpr fPLa b gf
and [ cat-lim-cs-simps]:
ntcf-equalizer-base € a b g f E e(NTDGDom|) = t11¢ apr2 bpra 9pL fPL
and [cat-lim-cs-simps]:
ntcf-equalizer-base € a b g f E e(NTDGCod|) = €
unfolding ntcf-equalizer-base-def nt-field-simps
by (simp-all add: nat-omega-simps)

7.3.2 Natural transformation map

mk-VLambda nicf-equalizer-base-components(1)
|vsv ntcf-equalizer-base-NTMap-vsv| cat-lim-cs-intros]|
|vdomain ntcf-equalizer-base-NTMap-vdomain[ cat-lim-cs-simps]|
|app nicf-equalizer-base-NTMap-app[ cat-lim-cs-simps]|

7.3.3 Equalizer cone is a cone

lemma (in category) cat-ntcf-equalizer-base-is-cat-cone:
assumes ¢ aprz : B =g a
and e bpro : E =g b
and e bpro = g oqg € apr2
and e bpro = foag e apro
and g:awrg b
and f:a g b
shows ntcf-equalizer-base €a b gf Ee:
E <cr.cone M=>Mcr €apra bpro gpr frLab gf:
Mec apr2 bpr2 gpL frL »ca €
proof-
interpret par: cf-parallel-2 oo apro bpro gpr frLabgf €
by (intro cf-parallel-2I cat-parallel-21 assms(5,6))
(simp-all add: cat-parallel-cs-intros cat-cs-intros)
show ?thesis
proof(intro is-cat-conel is-tm-ntcfl’ is-ntcfI’)
show ufsequence (ntcf-equalizer-base € a b g f F ¢)
unfolding ntcf-equalizer-base-def by auto
show wvcard (ntcf-equalizer-base € a b g f F e) = 5N
unfolding ntcf-equalizer-base-def by (simp add: nat-omega-simps)
from assms(2) show
cf-const (1t¢ apra bpra 9pL fPr) € E: ¢ apr2 bpre gpL frL = ca €
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-small-cs-intros cat-parallel-cs-intros cat-cs-intros
)
from assms show
M->Mcr Capr2 bprz gpr frL a b g f:11c apr2 bpr2 grL frL »—ca €
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by (cs-concl cs-intro: cat-parallel-cs-intros cat-small-cs-intros)
show
ntcf-equalizer-base € a b g f E e(NTMapl) () :
cf-const (TTC apre bpre gpL pr) ¢ EQObjMapl)qll) e
M=>Mcr €apra bpra gpr frr a b g f(ObiMapl) (7))
if i ec Mo apr2 bpre gpr frL(Ob))) for i
proof-
from that assms(1,2,5,6) show ?thesis
by (elim the-cat-parallel-2-ObjE; simp only:)
(
cs-concl
cs-simp: cat-lim-cs-simps cat-cs-simps cat-parallel-cs-simps
cs-intro: cat-cs-intros cat-parallel-cs-intros
)
qed
show
ntcf-equalizer-base € a b g f E e(NTMap))(d') cag
cf-const (11c apr2 bpra gpr frr) € E(ArrMap))(f') =
M-tcor €apro bpre gpr frr a b g f(ArrMap)(f') cag
nicf-equalizer-base € a b g f E e(NTMap))(a’)
i /70" =16 aprs bprs gro frL b' for a’ b" f'
using that assms(1,2,5,6)
by (elim par.the-cat-parallel-2-is-arrE; simp only:)
(
cs-concl
cs-simp:
cat-cs-simps
cat-lim-cs-simps
cat-parallel-cs-simps
assms(8,4)[ symmetric]
cs-intro: cat-parallel-cs-intros
)+
qed
(
use assms(2) in
¢
cs-concl
cs-intro: cat-lim-cs-intros cat-cs-intros
cs-simp: cat-lim-cs-simps

)+

qed
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8 Pointed arrows and natural transformations

8.1 Pointed arrow

The terminology that is used in this section deviates from convention: a pointed arrow is merely
an arrow in Set from a singleton set to another set.

8.1.1 Definition and elementary properties

See Chapter III-2 in [9].

definition ntcf-paa = V=V =V =V
where ntcf-paa a B b = [(Aasoset {a}. b), set {a}, Blo

Components.

lemma ntcf-paa-components:
shows nicf-paa a B b(ArrVal]) = (Aae,set {a}. b)
and [cat-cs-simps]: ntcf-paa a B b(ArrDom)) = set {a}
and [cat-cs-simps]: ntef-paa a B b(ArrCod)) = B
unfolding ntcf-paa-def arr-field-simps by (simp-all add: nat-omega-simps)

8.1.2 Arrow value

mk-VLambda ntcf-paa-components(1)
|vsv ntcf-paa-ArrVal-vsv[ cat-cs-intros]|
|vdomain ntcf-paa-Arr Val-vdomain[ cat-cs-simps]|
|app nicf-paa-ArrVal-app[unfolded vsingleton-iff, cat-cs-simps]|

8.1.3 Pointed arrow is an arrow in Set

lemma (in Z) nicf-paa-is-arr:
assumes a €, cat-Set a(|Obj) and A €, cat-Set a(Obj]) and a €, A
shows ntcf-paa a A a : set {a} = 41-Get o 4
proof(intro cat-Set-is-arrl arr-Setl cat-cs-intros, unfold cat-cs-simps)
show ufsequence (ntcf-paa a A a) unfolding nicf-paa-def by simp
show vcard (ntcf-paa a A a) = 3n
unfolding nicf-paa-def by (simp add: nat-omega-simps)
show R, (ntcf-paa a A a(ArrVal)) c, A
unfolding ntcf-paa-components by (intro vrange-VLambda-vsubset assms)
qged (use assms in <auto simp: cat-Set-components(1) Limit-vsingleton-in-VsetI»)

lemma (in Z) ntcf-paa-is-arr’[ cat-cs-intros]:

assumes a €, cat-Set a(Obj)
and A €, cat-Set a(Obj))
and a €, A
and A’ = set {a}
and B'= A
and €' = cat-Set a

shows ntcf-paa a A a: A"y B’

using assms(1-3) unfolding assms(4-6) by (rule ntcf-paa-is-arr)

lemmas [cat-cs-intros] = Z.ntcf-paa-is-arr’

8.1.4 Further properties

lemma ntcf-paa-injective| cat-cs-simps]:
ntef-paa a A b = ntcf-paa a A c «— b =c
proof
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assume ntcf-paa a A b = nicf-paa a A ¢
then have ntcf-paa a A b(ArrVal)(a) = ntcf-paa a A c(ArrVal))(a) by simp
then show b = ¢ by (cs-prems cs-simp: cat-cs-simps)

qed simp

lemma (in Z) nicf-paa-ArrVal:
assumes F' : set {a} =01 60 o X
shows ntcf-paa a X (F(ArrVal)(a) = F
proof-
interpret F: arr-Set a F'
rewrites [cat-cs-simps]: F(ArrDom|) = set {a}
and [cat-cs-simps]: F(ArrCod]) = X
by (auto simp: cat-Set-is-arrD[ OF assms])
from F.arr-Par-ArrDom-in-Vset have a: a €, Vset a by auto
from assms a F.arr-Par-ArrCod-in-Vset have lhs-is-arr:
ntcf-paa a X (F(ArrVal)(a))) : set {a} — X
by
(
cs-concl cs-shallow
cs-simp: cat-Set-components(1)
cs-intro: V-cs-intros cat-Set-cs-intros cat-cs-intros
)
then have dom-lhs: D, (ntcf-paa a X (F(ArrVal)(a))(ArrVal)) = set {a}
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
from assms have dom-rhs: D, (F(ArrVal)) = set {a}
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
show ?thesis
proof(rule arr-Set-eql)
from [lhs-is-arr assms
show arr-Set-lhs: arr-Set o (ntef-paa a X (F(ArrVal])(a]))
and arr-Set-rhs: arr-Set a F
by (auto dest: cat-Set-is-arrD)
show nitcf-paa a X (F(ArrVal)(a))(ArrVal) = F(ArrVal)
proof(rule vsv-eql, unfold dom-lhs dom-rhs vsingleton-iff; (simp only:) ?)
show ntcf-paa a X (F(ArrVal)(a)))(ArrVal)(a) = F(ArrVal)(a])
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qed (use arr-Set-lhs arr-Set-rhs in auto)
qed (use assms in <cs-concl cs-shallow cs-simp: cat-cs-simpsy )+
qed

cat-Set o

lemma (in Z) ntcf-paa-ArrVal”:
assumes I : set {a} = .41 6pt o X and a = a
shows nitcf-paa a X (F(ArrVal)(a)) = F
using assms(1) unfolding assms(2) by (rule ntcf-paa-ArrVal)

lemma (in Z) nicf-paa-Comp-right[ cat-cs-simps]:
assumes F': A 16 o B
and a €, cat-Set o Obj))
and a & A
shows F o4 41-Set o Ncf-paa a A a = ntef-paa a B (F(ArrVal])(al))
proof-
from assms have F-paa:
F ogcut-Set o Mef-paa a A a: set {a} = 1.Got o B
by (cs-concl cs-intro: cat-cs-intros)
then have dom-lhs: Do ((F 04 cqp-Set o NMcf-paa a A a)(ArrVal) = set {a}
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
from assms have paa: ntcf-paa a B (F(ArrVal)(a)) : set {a} = 1-Set o
by (cs-concl cs-shallow cs-intro: cat-Set-cs-intros cat-cs-intros)

B
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then have dom-rhs: D, ((ntcf-paa a B (F(ArrVal)(a)))(ArrVal)) = set {a}
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
show ?thesis
proof(rule arr-Set-eqI’)
from F-paa paa assms
show arr-Set-lhs: arr-Set o (F 04 p41-Set o Mtcf-paa a A a)
and arr-Set-rhs: arr-Set o (ntef-paa a B (F(ArrVal)(al))
by (auto dest: cat-Set-is-arrD)
show
(F o4 cqt-Set o Ntef-paa a A a)(ArrVal]) =
ntef-paa a B (F(ArrVal)(al))(ArrVal))
proof(rule vsv-eql, unfold dom-lhs dom-rhs vsingleton-iff; (simp only:)?)
from assms show
(F o4 cgt-Set o Ntef-paa a A a)(ArrVal])(a]) =
ntcf-paa a B (F(ArrVal))(a]))(ArrVal]) (a])
by (c¢s-concl cs-simp: cat-cs-simps cs-intro: V-cs-intros cat-cs-intros)
qed (use arr-Set-lhs arr-Set-rhs in auto)
qed (use F-paa paa in <cs-concl cs-shallow cs-simp: cat-cs-simps))+
qed

lemmas [cat-cs-simps]| = Z.ntcf-paa-Comp-right

8.2 Pointed natural transformation

8.2.1 Definition and elementary properties

See Chapter III-2 in [9].

definition ntcf-pointed = V = V = V
where ntcf-pointed o a =

[

(
Az, cat-Set o Objl).

(MeoHom (cat-Set «) (set {a}) z. f(ArrVal])(a])),
Hom (cat-Set o) (set {a}) z,

lo
),
Homo.cacat-Set a(set {a},-),
cf-id (cat-Set o),
cat-Set a,
cat-Set o

lo

Components.

lemma ntcf-pointed-components:
shows nicf-pointed o a(NTMap)) =

(
Az, cat-Set o Objl).

(AfeocHom (cat-Set «) (set {a}) z. f(ArrVal)(a]),
Hom (cat-Set o) (set {a}) z,

lo
)

and [ cat-cs-simps]: ntcf-pointed o a(NTDom|) = Homo. cqcat-Set aset {a},~)
and [cat-cs-simps]: ntef-pointed o a(NTCod|) = cf-id (cat-Set «)
and [cat-cs-simps]: nicf-pointed o a(NTDGDom|) = cat-Set o
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and [cat-cs-simps]: nicf-pointed o a(NTDGCod)) = cat-Set «
unfolding ntcf-pointed-def ni-field-simps by (simp-all add: nat-omega-simps)

8.2.2 Natural transformation map

mk-VLambda ntcf-pointed-components(1)
|vsv nicf-pointed-NTMap-vsv[ cat-cs-intros]|
|vdomain ntcf-pointed-NTMap-vdomain[ cat-cs-simps]|
|app ntcf-pointed-NTMap-app'|

lemma (in Z) ntcf-pointed-NTMap-app-ArrVal-app| cat-cs-simps]:
assumes X €, cat-Set a(Obj) and F : set {a} = 41 6ot o X
shows nicf-pointed o a(NTMap|)(X|)(ArrVal)(F)) = F(ArrVal])(a)
by (simp add: assms(2) ntcf-pointed-NTMap-app’| OF assms(1)] arr-Rel-components)

lemma (in Z) nicf-pointed-NTMap-app-is-iso-arr:
assumes a €, cat-Set a(Obj)) and X €, cat-Set a(Obj))
shows ntcf-pointed oo a(NTMap)) (X)) :
Hom (cat-Set a) (set {a}) X =isocat-Set o X
proof-
interpret Set: category « <cat-Set oy by (rule category-cat-Set)
note app-X = ntcf-pointed-NTMap-app'| OF assms(2)]
show ?thesis
proof(intro cat-Set-is-iso-arrl cat-Set-is-arrl arr-Setl)
show ArrVal-vsv: vsv (ntcf-pointed o a(NTMapl|)( X)) (ArrVal]))
unfolding app-X arr-Rel-components by simp
show vcard (ntcf-pointed oo a(NTMap|)( X)) = In
unfolding app-X arr-Rel-components by (simp add: nat-omega-simps)
show ArrVal-vdomain:
D, (ntcf-pointed o a(NTMap|)( X)) (ArrVal])) = Hom (cat-Set «) (set {a}) X
unfolding app-X arr-Rel-components by simp
show vrange-left:
Ro (ntef-pointed o a(NTMap))( X)) (ArrVal)) <,
ntef-pointed o a(NTMap))(X|)(ArrCod))
unfolding app-X arr-Rel-components
by
(
auto
simp: in-Hom-iff
intro: cat-Set-cs-intros
intro!: vrange-VLambda-vsubset
)
show R, (ntcf-pointed o a(NTMap))(X])(ArrVal)) = X
proof(intro vsubset-antisym)
show X ¢, R, (ntcf-pointed o a(NTMap|)( X)) (ArrVal)))
proof(intro vsubsetl)
fix z assume prems: x €, X
from assms prems have F-in-vdomain:
ntef-paa a X © €, Do ((ntef-pointed o a(NTMap|) (X)) (ArrVal))))
unfolding app-X arr-Rel-components vdomain-V_Lambda in-Hom-iff
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from assms prems have z-def:
z = nicf-pointed o a(NTMapl))(X])(ArrVal])(ntcf-paa a X x|
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show z €, R, (ntcf-pointed o a(NTMap|)(X|)(ArrVal))
by (subst a-def) (intro vsv.vsv-vimagel2 F-in-vdomain ArrVal-vsv)
qed
qed (use vrange-left in «simp add: app-X arr-Rel-components))
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from assms show ntcf-pointed o a(NTMap)) (X)) (ArrDom)) €, Vset «
unfolding app-X arr-Rel-components cat-Set-components(1)
by (intro Set.cat-Hom-in-Vset| OF - assms(2)])
(auto simp: cat-Set-components(1))
show v11 (ntcf-pointed oo a(NTMapl)(X|)(ArrVal]))
proof(intro vsv.vsv-valeg-v11Il ArrVal-vsv, unfold ArrVal-vdomain in-Hom-iff)
fix F' G assume prems:
F:set {a} =t Set o X
G :set {a} = ogpger o X
nicf-pointed o a(NTMap)) (X)) (ArrVal)(F)) =
ntcf-pointed o a(NTMap))( X)) (ArrVal) (G
note F = cat-Set-is-arrD[ OF prems(1)] and G = cat-Set-is-arrD[ OF prems(2)]
from prems(3,1,2) assms have F-ArrVal-G-ArrVal: F(ArrVal)(a) = G(ArrVal])(a)
by (cs-prems cs-simp: cat-cs-simps)
interpret F: arr-Set a F + G: arr-Set a G by (simp-all add: F G)
show F = G
proof(rule arr-Set-eql’)
show arr-Set o F arr-Set o G
by (intro F.arr-Set-axioms G.arr-Set-azioms)+
show F(ArrVal) = G(ArrVal
by
(
rule vsv-eql,
unfold F.arr-Set-ArrVal-vdomain G.arr-Set-ArrVal-vdomain F(2) G(2)
)
(auto simp: F-ArrVal-G-ArrVal)
qed (simp-all add: F G)
qed
qed (use assms in <auto simp: app-X arr-Rel-components cat-Set-components(1)r)
qed

lemma (in Z) ntcf-pointed-NTMap-app-is-iso-arr’| cat-cs-intros]:
assumes a €, cat-Set a(Obj)
and X €, cat-Set a(Obj)
and A’ = Hom (cat-Set «) (set {a}) X
and B'= X
and €' = cat-Set «
shows ntcf-pointed o a(NTMap))( X)) : A" =isopr B’
using assms(1,2)
unfolding assms(5-5)
by (rule ntef-pointed-NTMap-app-is-iso-arr)

lemmas [cat-cs-intros] = Z.ntcf-pointed-NTMap-app-is-iso-arr’

lemmas (in Z) ntcf-pointed-NTMap-app-is-arr'| cat-cs-intros] =
is-iso-arrD(1)[ OF Z.ntcf-pointed-NTMap-app-is-iso-arr’]

lemmas [cat-cs-intros] = Z.nicf-pointed-NTMap-app-is-arr’

8.2.3 Pointed natural transformation is a natural isomorphism

lemma (in Z) ntcf-pointed-is-iso-ntcf:
assumes a €, cat-Set a(Obj))
shows ntcf-pointed o a :
Homo cocat-Set a(set {a},—) =»cr.iso cf-id (cat-Set @) :
cat-Set o =+ cat-Set a
proof(intro is-iso-nicfI is-ntcfI")
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note a = assms[unfolded cat-Set-components(1)]
from assms have set-a: set {a} €, cat-Set a(Obj))
unfolding cat-Set-components by auto

show ufsequence (ntcf-pointed o a) unfolding nicf-pointed-def by auto
show vcard (ntcf-pointed a a) = 5y
unfolding nicf-pointed-def by (auto simp: nat-omega-simps)
from assms set-a show
Homo.cacat-Set a(set {a},—) : cat-Set a »—>cq cat-Set «
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
show ntcf-pointed o a(NTMap))(|al) :
Homo.cacat-Set a(set {a},~)(ObjMap)(a) = cus-Set o
cf-id (cat-Set o)(|ObjMap))(al)
if a €, cat-Set a(Obj)) for a
using assms that set-a
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-op-intros
)
show
ntcf-pointed o a(NTMap)(B) ©4 car-5et o
Homo. cocat-Set o (set {a},—)(ArrMap))(f]) =
of-id (cat-Set a)(ArrMap)(f) ©a qr-et o ntef-pointed a a(NTMap)(a)
iffravw .60t Oforabdf
proof—
let ?pb = «ntcf-pointed o a(NTMapl)(b])>
and ?pa = ¢<nicf-pointed o a(NTMap))(al)
and ?hom = <cf-hom (cat-Set «) [cat-Set a(CId)(set {a}]), f]o»
from assms set-a that have pb-hom:
Db 04 cut-Set o hom : Hom (cat-Set «) (set {a}) a = pt-Set o 0
by
(
cs-concl cs-shallow
cs-intro: cat-cs-intros cat-op-intros cat-prod-cs-intros
)

then have dom-lhs:
Do ((2pb 0 cgt-Set o Zhom)(ArrVal))) = Hom (cat-Set o) (set {a}) a
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
from assms set-a that have f-pa:
[ oAcat-Set o ?pa: Hom (cat-Set o) (set {a}) a = p4-Set o 0
by (cs-concl cs-intro: cat-cs-intros)
then have dom-rhs:
Do ((f ©acat-Set o 7pa)(ArrVal)) = Hom (cat-Set o) (set {a}) a
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
have [cat-cs-simps]: 2pb o4 cqr-Set o hom = f 04 cut-Set o PO
proof(rule arr-Set-eql)
from pb-hom show arr-Set-pb-hom: arr-Set « (?pb 04 cot-Set o 7hom)
by (auto dest: cat-Set-is-arrD(1))
from f-pa show arr-Set-f-pa: arr-Set o (f 04 cqt-Set o 7P0)
by (auto dest: cat-Set-is-arrD(1))
show (2pb o4 c4t-Set o Zhom)(ArrVal) = (f 04 cgt-Set o 7pa)(ArrVal])
proof(rule vsv-eql, unfold dom-lhs dom-rhs in-Hom-iff)
fix g assume g : set {a} = 11 -Set o @
with assms a set-a that show
](a?pb °Acat-Set o Thom)(ArrVal)(g) = (f 0acat-set o Pa)(ArrVall)(g)
Yy
(
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cs-concl cs-shallow
cs-simp: V-cs-simps cat-cs-simps
cs-intro:
V-cs-intros cat-cs-intros cat-op-intros cat-prod-cs-intros
)

qged (use arr-Set-pb-hom arr-Set-f-pa in auto)
qed (use pb-hom f-pa in <(cs-concl cs-shallow cs-simp: cat-cs-simps» )+
from assms that set-a show ?thesis
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-op-simps cs-intro: cat-cs-intros
)

qged
show ntcf-pointed o a(NTMap))(al) :
Homo.cqcat-Set a(set {a},—)(ObiMap))(a) ~isocat-Set o
cf-id (cat-Set o)(ObjMap))(al)
if a €, cat-Set a(Obj)) for a
using assms a set-a that
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-op-simps cs-intro: cat-cs-intros
)

qed (auto simp: ntcf-pointed-components intro: cat-cs-intros)

lemma (in Z) ntef-pointed-is-iso-ntcf | cat-cs-intros]:

assumes a €, cat-Set a(Obj)
and §' = Homo.cacat-Set a(set {a},~)
and &' = ¢f-id (cat-Set «)
and 2" = cat-Set «
and B’ = cat-Set «
and o' = «

shows nicf-pointed o a : F' = cr.iso &' A g B

using assms(1) unfolding assms(2-6) by (rule ntcf-pointed-is-iso-nicf)

lemmas [cat-cs-intros| = Z.ntcf-pointed-is-iso-ntcf’

8.3 Inverse pointed natural transformation

8.3.1 Definition and elementary properties

See Chapter III-2 in [9].

definition nicf-pointed-inv = V = V = V
where ntcf-pointed-inv o a =
[
(
AXe, cat-Set a|Obj)).
[(Aze. X. ntcf-paa a X z), X, Hom (cat-Set ) (set {a}) X]o

),
cf-id (cat-Set o),
Homo. cocat-Set a(set {a},—),
cat-Set «,
cat-Set a

]o

Components.
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lemma nitcf-pointed-inv-components:
shows ntcf-pointed-inv « a(NTMap)) =
(
AXe,cat-Set aObj)).
[(Azeo X. ntcf-paa a X z), X, Hom (cat-Set o) (set {a}) X]o
)

and [cat-cs-simps]: ntcf-pointed-inv oo a(NTDom)) = cf-id (cat-Set «)
and [cat-cs-simps]:
ntcf-pointed-inv o a(NTCod]) = Homo.cacat-Set aset {a},-)
and [cat-cs-simps]: ntcf-pointed-inv o a(NTDGDom|) = cat-Set «
and [ cat-cs-simps]: nicf-pointed-inv o a(NTDGCod)) = cat-Set o
unfolding ntcf-pointed-inv-def nit-field-simps
by (simp-all add: nat-omega-simps)

8.3.2 Natural transformation map

mk-VLambda ntcf-pointed-inv-components(1)
|vsv nicf-pointed-inv-NTMap-vsv[ cat-cs-intros]|
|vdomain ntcf-pointed-inv-NTMap-vdomain| cat-cs-simps]|
lapp ntcf-pointed-inv-NTMap-app’|

lemma (in Z) ntef-pointed-inv-NTMap-app-Arr Val-app[ cat-cs-simps]:
assumes X €, cat-Set a(Obj]) and z €, X
shows ntcf-pointed-inv o a(NTMap|)( X)) (ArrVal)(z) = ntef-paa a X x
by
(
simp add:
assms(2) ntef-pointed-inv-NTMap-app’[ OF assms(1)] arr-Rel-components

)

lemma (in Z) nicf-pointed-inv-NTMap-app-is-arr:
assumes a €, cat-Set a(0bj]) and X €, cat-Set a(Obj)
shows ntcf-pointed-inv o a(NTMap|)( X)) :
X = ut-Set o Hom (cat-Set «) (set {a}) X
proof-
interpret Set: category « <cat-Set ay by (rule category-cat-Set)
note app-X = nicf-pointed-inv-NTMap-app'[ OF assms(2)]
show ?thesis
proof(intro cat-Set-is-arrl arr-Setl)
show ArrVal-vsv: vsv (ntcf-pointed-inv o a(NTMap)) (X)) (ArrVal)))
unfolding app-X arr-Rel-components by simp
show wvcard (ntcf-pointed-inv o a(NTMap|) (X)) = 3n
unfolding app-X arr-Rel-components by (simp add: nat-omega-simps)
show ArrVal-vdomain:
D, (ntcf-pointed-inv o a(NTMap)) (X)) (ArrVal])) =
ntcf-pointed-inv o a(NTMapl|) (X)) (ArrDom])
unfolding app-X arr-Rel-components by simp
from assms show vrange-left:
Ro (ntef-pointed-inv o a(NTMap|) (X)) (ArrVal)) o
ntef-pointed-inv o a(NTMapl) (X)) (ArrCod))
unfolding app-X arr-Rel-components by (auto intro: cat-cs-intros)
from assms show nicf-pointed-inv o a(NTMap|)(X|)(ArrCod]) €, Vset «
unfolding app-X arr-Rel-components cat-Set-components(1)
by (intro Set.cat-Hom-in-Vset[ OF - assms(2)])
(auto simp: cat-Set-components(1))
qed (use assms in <auto simp: app-X arr-Rel-components cat-Set-components(1))
qed
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lemma (in Z) ntef-pointed-inv-NTMap-app-is-arr’[ cat-cs-intros]:
assumes a €, cat-Set a(Obj)
and X €, cat-Set a(Obj))
and A'= X
and B’ = Hom (cat-Set «) (set {a}) X
and ¢’ = cat-Set «
shows ntcf-pointed-inv o a(NTMap|)( X)) : A" =¢r B’
using assms(1,2)
unfolding assms(8-5)
by (rule ntcf-pointed-inv-NTMap-app-is-arr)

lemmas [cat-cs-intros] = Z.ntcf-pointed-inv-NTMap-app-is-arr’

lemma (in Z) is-inverse-nicf-pointed-inv-NTMap-app:
assumes a €, cat-Set a(0bj)) and X €, cat-Set a(Obj))
shows
1s-tnverse
(cat-Set «)
(ntef-pointed-inv o a(NTMap|) (X))
(ntef-pointed a a(NTMap))(X])
(is «is-inverse (cat-Set o) ?bwd ?fwd>)
proof(intro is-inversel)

let ?Hom = «Hom (cat-Set ) (set {a}) X>
interpret Set: category « <cat-Set oy by (rule category-cat-Set)

from assms(1) have set-a: set {a} €, cat-Set a(Obj))
unfolding cat-Set-components(1) by blast
have Hom-aX: ?Hom €, cat-Set a(Obj))
by
(
auto
simp: cat-Set-components(1)
introl: Set.cat-Hom-in-Vset set-a assms(2)

)

from assms show ?bwd : X v 1 604 o PHom
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from assms show ?fwd : ?Hom v~ ., ot o X
by (cs-concl cs-shallow cs-intro: cat-cs-intros)

from assms set-a Hom-aX have lhs-is-arr:
2bwd 04 cut-Set o Hfwd 2 PHom v oy cor o, PHom
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
then have dom-lhs: Do ((?bwd o4 cg4-Set o “fwd)(ArrVal) = 2Hom
by (cs-concl cs-shallow cs-simp: cat-cs-simps)

from Hom-aX have rhs-is-arr: cat-Set a(CId)(?Hom|) : ?Hom = .41 5o o 7Hom
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

then have dom-rhs: D, ((cat-Set a(CId|)(?Hom|))(ArrVal])) = ?Hom
by (cs-concl cs-shallow cs-simp: cat-cs-simps)

show 2bwd o4 .p1-Set o Yfwd = cat-Set a(CId|)(?Hom])
proof(rule arr-Set-eql)
from lhs-is-arr show arr-Set-lhs: arr-Set o (2bwd 04 ut-Get o Yfwd)
by (auto dest: cat-Set-is-arrD)
from rhs-is-arr show arr-Set-rhs: arr-Set o (cat-Set a(CId))(?Hom)))
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by (auto dest: cat-Set-is-arrD)
show (2bwd 0 p41-6et o 2fwd)(ArrVal)) = cat-Set a(CId|) (| ?Hom|)(ArrVal))
proof(rule vsv-eql, unfold dom-lhs dom-rhs in-Hom-iff)
fix F' assume F : set {a} — X
with assms Hom-aX show
(2bwd 04 cut-Set o Hfwd)(ArrVal)(F)) = cat-Set a(CId|)(|?Hom))(ArrVal])(F])
by
(
cs-concl
cs-simp: cat-cs-simps nicf-paa-ArrVal
cs-intro: V-cs-intros cat-Set-cs-intros cat-cs-intros

cat-Set «

)

qed (use arr-Set-lhs arr-Set-rhs in auto)
qed (use lhs-is-arr rhs-is-arr in (cs-concl cs-shallow cs-simp: cat-cs-simpsy )+

from assms have lhs-is-arr: 2fwd o4 .41.Got o 7dWd * X & 0t ot o X
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
then have dom-lhs: Do ((?fwd 04 cut-Set o 7dwd)(ArrVal)) = X
by (cs-concl cs-shallow cs-simp: cat-cs-simps)

from assms have rhs-is-arr: cat-Set a(|CId)( X)) : X = c0r-Set o X

by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
then have dom-rhs: D, ((cat-Set a(CId)(X]))(ArrVal)) = X

by (cs-concl cs-shallow cs-simp: cat-cs-simps)

show ?2fwd o4 .ut-Set o 7bwd = cat-Set o Cld|) (| X])
proof(rule arr-Set-eqI’)
from (hs-is-arr show arr-Set-lhs: arr-Set o (?fwd o pgp-Set o ?bwd)
by (auto dest: cat-Set-is-arrD)
from rhs-is-arr show arr-Set-rhs: arr-Set a (cat-Set a(|CId])(X]))
by (auto dest: cat-Set-is-arrD)
show (2fwd o4 41-Set o 7dwd)(ArrVal) = cat-Set o CId)( X|)(ArrVal])
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix z assume z ¢, X
with assms show
(?fwd oA pgp-Set o 2bwd)(ArrVal)(z)) = cat-Set a(|CId) (X)) (ArrVal) (x|
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qed (use arr-Set-lhs arr-Set-rhs in auto)
qed (use lhs-is-arr rhs-is-arr in (cs-concl cs-shallow cs-simp: cat-cs-simps) )+

qed

8.3.3 Inverse pointed natural transformation is a natural isomorphism

lemma (in Z) nicf-pointed-inv-is-ntcf:
assumes a €, cat-Set a(Obj))
shows ntcf-pointed-inv o a :
cf-id (cat-Set ) »cp Homo. cocat-Set a(set {a},-) :
cat-Set o o cat-Set a
proof(intro is-ntcfl’)

interpret Set: category « <cat-Set oy by (rule category-cat-Set)
note a = assms[unfolded cat-Set-components(1)]
from assms have set-a: set {a} €, cat-Set a(Obj))

unfolding cat-Set-components by auto

show ufsequence (ntcf-pointed-inv o a)
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unfolding nicf-pointed-inv-def by simp

show wvcard (ntcf-pointed-inv o a) = 5N
unfolding nicf-pointed-inv-def by (simp add: nat-omega-simps)

from set-a show Homo cocat-Set a(set {a},—) : cat-Set o »—cq cal-Set «
by (cs-concl cs-shallow cs-intro: cat-cs-intros)

show ntcf-pointed-inv o a(NTMapl)(al) :
of-id (cat-Set @) (ObjMap)(a) =gt
Homo.cacat-Set a(set {a},—)(ObiMap])(al)
if a €, cat-Set a(O0bj)) for a
using that assms set-a
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-op-intros
)

show
ntcf-pointed-inv o a(NTMap))(B)) ©4 cqt-Set o ¢f-id (cat-Set a)(ArrMap|)(F|) =
Homo.cacat-Set a(set {a},—)(ArrMap)(F]) A cqr-Set o
ntcf-pointed-inv o a(NTMap|) (A
if F:Aw 64 q Bfor ABF
proof-
let ?pb = (ntcf-pointed-inv o a(NTMapl)(B])>
and ?pa = ¢ntcf-pointed-inv o a(NTMapl]) (A])>
and ?hom = <cf-hom (cat-Set «) [cat-Set a(CId))(set {a}]), F]o»
from assms set-a that have pb-F:
b oncar-Set o F 0 A P eat-Set o Hom (cat-Set o) (set {a}) B
by (cs-concl cs-shallow cs-intro: cat-cs-intros cat-prod-cs-intros)
then have dom-lhs: Do ((2pb 04 p4p-Set o F)(ArrVal])) = A
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
from that assms set-a that have hom-pa:
Zhom o4 car-Set o PO A = or-Set o Hom (cat-Set a) (set {a}) B
by (cs-concl cs-intro: cat-cs-intros cat-prod-cs-intros cat-op-intros)
then have dom-rhs: Do ((?hom o4 ut-Set o 7Pa)(ArrVal))) = A
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
have [cat-cs-simps]: 2pb oA q1-Set o F = 7hom 04 qp-Set o 2P0
proof(rule arr-Set-eql’)
from pb-F show arr-Set-pb-F: arr-Set a (7pb 04 cgs-Set o F)
by (auto dest: cat-Set-is-arrD(1))
from hom-pa show arr-Set-hom-pa: arr-Set o (hom 04 ¢41-Set o 7P0)
by (auto dest: cat-Set-is-arrD(1))
show (7pb o4 cqs-Set o F)(ArrVall) = (Phom o c4p.Set o ?pa)(ArrVal)
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix a assume a ¢, A
with assms a set-a that show
(7pb 04 cqt-Set o F)(ArrVal))(a) = (2hom o4 cgi-Set o 7pa)(ArrVal])(al)

by
cs-concl
cs-simp: cat-cs-simps
cs-intro:

cat-Set-cs-intros
cat-cs-intros
cat-prod-cs-intros
cat-op-intros

)

qed (use arr-Set-pb-F arr-Set-hom-pa in auto)
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qed (use pb-F hom-pa in <cs-concl cs-shallow cs-simp: cat-cs-simps) )+
from assms that set-a show ?thesis
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-op-simps cs-intro: cat-cs-intros
)

qed
ged (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)+

lemma (in Z) ntef-pointed-inv-is-ntcf | cat-cs-intros]:

assumes a €, cat-Set a(Obj)
and §' = ¢f-id (cat-Set @)
and &' = Homo. cocat-Set a(set {a},—)
and 2" = cat-Set «
and B’ = cat-Set «
and o' = «

shows nicf-pointed-inv o a : F' =corp &' A g1 B’

using assms(1) unfolding assms(2-6) by (rule ntcf-pointed-inv-is-nicf)

lemmas [cat-cs-intros] = Z.ntcf-pointed-inv-is-nicf’

lemma (in Z) inv-ntcf-ntcf-pointed| cat-cs-simps]:

assumes a €, cat-Set a(Obj))

shows inv-ntcf (ntcf-pointed o a) = ntcf-pointed-inv o a

by

(

rule iso-ntcf-if-is-inverse(3)[ symmetric],
rule is-iso-ntcfD(1)[ OF nicf-pointed-is-iso-ntcf[ OF assms]],
rule ntef-pointed-inv-is-ntcf[ OF assms],
rule is-inverse-ntcf-pointed-inv-NTMap-app[ OF assms)]

)

lemma (in Z) inv-ntcf-ntef-pointed-inv| cat-cs-simps]:

assumes a €, cat-Set a(Obj))

shows inv-ntcf (ntcf-pointed-inv « a) = ntcf-pointed o a

by

(

rule iso-ntcf-if-is-inverse(4)[ symmetric],
rule is-iso-ntcfD(1)[ OF nicf-pointed-is-iso-ntcf[ OF assms]],
rule ntcf-pointed-inv-is-ntcf[ OF assms],
rule is-inverse-ntcf-pointed-inv-NTMap-app[ OF assms)]

)

lemma (in Z) nicf-pointed-inv-is-iso-nicf:
assumes a €, cat-Set a(Obj))
shows ntcf-pointed-inv o a :
cf-id (cat-Set o) = iso Homo, cocat-Set a(set {a},~) :
cat-Set o =~ cat-Set a
by
(
rule iso-ntcf-if-is-inverse(2),
rule is-iso-ntcfD(1)[ OF ntcf-pointed-is-iso-ntcf[ OF assms]],
rule ntcf-pointed-inv-is-ntcf[ OF assms],
rule is-inverse-ntcf-pointed-inv-NTMap-app[ OF assms)]

)

141



lemma (in Z) ntcf-pointed-inv-is-iso-ntcf | cat-cs-intros]:

assumes a €, cat-Set a(Obj)
and §' = ¢f-id (cat-Set )
and &' = Homo. cqcat-Set a(set {a},—)
and A’ = cat-Set «
and B’ = cat-Set «
and o' = «

shows nicf-pointed-inv a a : F' = cr.iso &' A g 0 B’

using assms(1) unfolding assms(2-6) by (rule ntcf-pointed-inv-is-iso-nicf)

lemmas [cat-cs-intros] = Z.nicf-pointed-inv-is-iso-ntcf’
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9 Representable and corepresentable functors

9.1 Representable and corepresentable functors

9.1.1 Definitions and elementary properties

See Chapter III-2 in [9] or Section 2.1 in [14].

definition cat-representation = V= V = V = V = bool
where cat-representation a § ¢ ¥ «—
¢ € F(HomDom|)(Obj]) A
¥ : Homo.caF(HomDom))(¢,=) »orF.iso § : §(HomDom|) —~cq cat-Set «

definition cat-corepresentation =V = V = V = V = bool
where cat-corepresentation o § ¢ 1 «—
¢ € F(HomDom|)(Obj) A
Y : Homo, caop-cat (F(HomDom|))(=,¢) »oF.iso § @ S(HomDom|) ——cq cat-Set o

Rules.

context

fixes a € §

assumes §: § : € > cat-Set a
begin

interpretation §: is-functor a € <cat-Set a» §F by (rule §)

mk-ide rf cat-representation-def[where a=a and §F=F, unfolded cat-cs-simps]
|intro cat-representationl|
|dest cat-representationD’|
|elim cat-representationE’|

end

lemmas cat-representationD|dest] = cat-representationD’| rotated]
and cat-representationE[elim] = cat-representationE '[rotated]

lemma cat-corepresentationl:
assumes category o €
and § : op-cat € —»—cq cat-Set a
and c €, €(0bj)
and ¢ : Homo.ca€(—,¢) P oF.iso § & op-cat € = cq, cat-Set a
shows cat-corepresentation a § ¢ ¢
proof-
interpret category o € by (rule assms(1))
interpret §: is-functor o <op-cat € <cat-Set a» §F by (rule assms(2))
note [cat-op-simps] = §. HomDom.cat-op-cat-cf-Hom-snd[
symmetric, unfolded cat-op-simps, OF assms(3)
]
show ?thesis
unfolding cat-corepresentation-def
by (intro conjl, unfold cat-cs-simps cat-op-simps; intro assms)
qed

lemma cat-corepresentationD:
assumes cat-corepresentation o § ¢ VP
and category a €
and § : op-cat € »—cq cat-Set a
shows ¢ €, €(0bj)
and ¢ : Homo.ca®(-,¢) »oF.iso § & op-cat € =g, cat-Set a
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proof-
interpret category o € by (rule assms(2))
interpret §: is-functor a <op-cat € <cat-Set oy §F by (rule assms(3))
note ¢y = cat-corepresentation-def|
THEN iffD1, OF assms(1), unfolded cat-cs-simps cat-op-simps
]
from cy(1) show c: ¢ €, €(Obj]) by auto
note [cat-op-simps] = §. HomDom.cat-op-cat-cf-Hom-snd[
symmetric, unfolded cat-op-simps, OF c

show ¥ : Homo. ca®(—,¢) »cr.iso § : op-cat € »—>cq cat-Set «
by (rule conjunct2[ OF ci, unfolded cat-op-simps])
qed

lemma cat-corepresentationk:
assumes cat-corepresentation o § ¢ Y
and category a €
and § : op-cat € »—cq cat-Set a
obtains ¢ ¢, €(0bj)
and ¢ : Homo.ca®(-,¢) »oF.iso § & op-cat € =g, cat-Set a
by (simp add: cat-corepresentationD[ OF assms])

9.1.2 Representable functors and universal arrows

lemma universal-arrow-of-if-cat-representation:
— See Proposition 2 in Chapter I1I-2 in [9].
assumes R : € » o cat-Set «
and cat-representation o K v Y
and a €, cat-Set a(Obj)
shows universal-arrow-of
R (set {a}) r (ntcf-paa a (R(ObiMap))(r)) (P (NTMap))(r)(ArrVal)(€(CId)(r))))
proof-
note i = cat-representationD[ OF assms(2,1)]
interpret £: is-functor o € (cat-Set av R by (rule assms(1))
interpret v: is-iso-ntcf a € (cat-Set a» <Homo.ca€(r,—) & ¢
by (rule m(2))
from assms(3) have set-a: set {a} €, cat-Set a(Obj|)
by (simp add: Limit-vsingleton-in-Vsetl cat-Set-components(1))
from
ntcf-cf-comp-is-iso-ntcf |
OF R.ntcf-pointed-inv-is-iso-ntcf[ OF assms(8)] assms(1)
]
have aR: ntcf-pointed-inv o a oyrop_cr R :
R =or.iso Homo cocat-Set a (set {a},—) ogp R : € »oq cat-Set a
by (cs-prems cs-simp: cat-cs-simps)
from iso-ntcf-is-iso-arr(1)[ OF aR] r¢ assms(3) have [cat-cs-simps]:
((ntef-pointed-inv o a oyrop-cr B *Nror ¥)(NTMap)(r) (ArrVal)(C(CId) (7)) =
ntcf-paa a (R(ObjMap)(r) (Y (NTMap)(r)(ArrVal)(€(CLd)(r)))
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-Set-cs-intros cat-cs-intros cat-op-intros
)
show universal-arrow-of
& (st {a}) r (ntcf-paa o (R(ObMap)(r)) ($(NTMap)(r)(ArrVal)(€(CIA)(rDD))
by
(
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rule R.cf-universal-arrow-of-if-is-iso-ntcf
[
OF r(1) set-a ntcf-vcomp-is-iso-ntcf/[ OF af ri(2)],
unfolded cat-cs-simps
]

)
qed

lemma universal-arrow-of-if-cat-corepresentation:

— See Proposition 2 in Chapter I1I-2 in [9].
assumes category o €

and R : op-cat € =g cal-Set a

and cat-corepresentation o K v Y

and a €, cat-Set a(Obj))
shows universal-arrow-of

R (set {a}) r (ntcf-paa a (R(ObjMap)(r]) (Y (NTMap)(r)(ArrVal)(€(CLd)(r))))

proof-

interpret €: category a € by (rule assms(1))
note ry = cat-corepresentationD[ OF assms(3,1,2)]
note [cat-op-simps] = €.cat-op-cat-cf-Hom-snd[ OF ri(1)]
have rep: cat-representation o K r ¥

by (intro cat-representationl, rule assms(2), unfold cat-op-simps; rule )
show ?thesis

by

(
rule universal-arrow-of-if-cat-representation|
OF assms(2) rep assms(4), unfolded cat-op-simps
]
)

qed

lemma cat-representation-if-universal-arrow-of:
— See Proposition 2 in Chapter I1I-2 in [9].
assumes R : € >0 cat-Set «
and a €, cat-Set a(Obj)
and universal-arrow-of & (set {a}) ru
shows cat-representation o & v ( Yoneda-arrow o K v (u(ArrVal])(a))))
proof-

let ?Y = «Yoneda-component & r (u(ArrVal)(a))>
interpret £ is-functor a € <cat-Set oy & by (rule assms(1))
note ua = R.universal-arrow-ofD[ OF assms(3)]

from ua(2) have ua: u(ArrVal)(a)) €, K]ObjMap))(r)
by
(
cs-concl cs-shallow
cs-intro: V-cs-intros cat-Set-cs-intros cat-cs-intros
)

have [cat-cs-simps]: Yoneda-arrow a & r (u(ArrVal)(a))(NTMap))(c) = ¢Y ¢
if ¢ ¢, €(0bj)) for ¢
using that
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

from wa(1) have [cat-cs-simps]: Homo. ca€(r,—)(ObiMap|)(c]) = Hom € r ¢
if ¢ €, €(Obj) for ¢
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using that
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-op-intros)

show ?thesis
proof
(
intro cat-representationl is-iso-nicfI,
rule assms(1),
rule ua(1),
rule 8. HomDom.cat-Yoneda-arrow-is-ntcf[ OF assms(1) ua(1) ua],
rule cat-Set-is-iso-arrl,
stmp-all only: cat-cs-simps

)

fix ¢ assume prems: ¢ €, €([Obj|)
with ua(1,2) show Ye: ?Y ¢ : Hom € 1 ¢ = 41601 o R(ObIMap))(c))
by
(

cs-concl cs-shallow
cs-intro: V-cs-intros cat-Set-cs-intros cat-cs-intros
)
note YeD = cat-Set-is-arrD[ OF Yc]
interpret Ye: arr-Set a <?Y ¢ by (rule YeD(1))

show dom-Ye: Dy (2Y c(ArrVal)) = Hom € r ¢
by (simp add: &. Yoneda-component-ArrVal-vdomain)

show v11 (?Y c(ArrVal])
proof(intro Yc.ArrVal.vsv-valeq-v11I, unfold dom-Yc in-Hom-iff)

fix g f assume prems”
g:regcfiree e ?Y c(ArmVal)(g) = 2Y c(ArrVal)(f)

from prems have c: ¢ €, €(0bj) by auto

from prems’(3,1,2) have Kgua-Rfua:

R(ArrMap))(g) (ArrVal) (u(ArrVal) (a)) = R(ArrMap)(f) (ArrVal) (u( ArrVal) (aD))

by (cs-prems cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

from prems’(1,2) uwa(1,2) have Rg-u:
QAT Map)(9) 0 cap-et o ¢ Set {0} > cat-et o RIOBMap) (c)
and Rf-w:
R(ArrMap)(f) ©acqr-Set o @ set {a} = cop5er o R(ObMap))(cl)

by (c¢s-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)+
then have dom-lhs: Do ((R(ArrMap)(9) ©a cat-Set o ©)(ArrVal)) = set {a}

and dom-rhs: Do ((R(ArrMap)(f]) ©a cut-Set o ©)(ArrVal)) = set {a}

by (c¢s-concl cs-shallow cs-simp: cat-cs-simps)+

have R¢-Rf: R(ArrMap))(9]) ©a cat-Set o & = RIArrMap)(f]) ©4 cat-Set o
proof(rule arr-Set-eql)
from Rg-u show arr-Set-Rg-u: arr-Set o (R(ArrMap))(g) ©A cat-Set o )
by (auto dest: cat-Set-is-arrD)
from Rf-u show arr-Set-Rf-u: arr-Set o (R(ArrMap)(f]) ©A cat-Set o @)
by (auto dest: cat-Set-is-arrD)
show

(R(ArrMap)) (g 4 car-Set o w)(ArrVal]) =
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(R(ArrMap) (f) ©4 cap-Set o ) (ArrVal)
proof(rule vsv-eql, unfold dom-lhs dom-rhs vsingleton-iff; (simp only:) ?)
from prems’(1,2) ua(2) show
(R(ArrMap) (9 ©4 cat-Set o w)(ArrVal)(a) =
(R(ArrMap) (f) 4 cat-Set o w)(ArrVal])(a])
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps Kgua-Kfua
cs-intro: V-cs-intros cat-cs-intros
)
qed (use arr-Set-Rg-u arr-Set-Rf-u in auto)
qed (use Rg-u Kf-u in <cs-concl cs-shallow cs-simp: cat-cs-simps) )+
from prems’(1) ua(2) have
R(ArrMap)(9) ©a cat-Set o @ et {a} = ci-Set o R(ObMap))(c))
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from wa(3)[OF c this] obtain h where h: h: 1 ¢ ¢
and Rg-u-def:
R(ArrMap)(9) ©4 cat-Set o © = umap-of R (set {a}) r u c(ArrVal])(h])
and h-unique: Ah'.
I
h':r g c
R(ArrMap)(9) 04 car-Set o & = wmap-of K (set {a}) r u c(ArrVal)(h')
I=nh"=h
by metis
from prems’(1,2) ua(2) have
R(ArrMap)(9) 04 cgi-Set o & = umap-of 8 (set {a}) r u c(ArrVal))(g)
R(ArrMap)(9) 04 cai-Set o @ = umap-of 8 (set {a}) r u c(ArrVal])(f)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps Kg-RKf cs-intro: cat-cs-intros
)+
from h-unique[ OF prems’(1) this(1)] h-unique[ OF prems’(2) this(2)] show
g=1f
by simp
qed

show R, (?Y c(ArrVal)) = R(ObjMap))(c)
proof
(
intro
vsubset-antisym Yc.arr-Par-ArrVal-vrange[ unfolded YcD)
vsubset]
)
fix y assume prems” y €, K] 0bjMap])(c)
from prems have Re: R 0bjMap)|)(c|) €, cat-Set a(Obj))
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from wa(3)[ OF prems R.ntcf-paa-is-arr[ OF assms(2) fc prems’]] obtain f
where f: f : 7 =g ¢
and nicf-paa-y:
nicf-paa a (R(ObjMap))(c])) y = umap-of & (set {a}) r u c(ArrVal])(f)
and f-unique: Af'.
i
flireea
ntcf-paa a (R(ObjMap))(c))) y = umap-of R (set {a}) r u c(ArrVal)(f')
l=1=f
by metis
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from ntcf-paa-y f ua(2) have
ntcf-paa o (R(ObMap))(c)) y = R(ArrMap)(f) ©4 cos-Set o v
by (cs-prems cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
then have
ntcf-paa a (R(ObiMap))(c])) y(ArrVal)(a) =
(R(ArrMap) (f) ©4 car-Set o w)(ArrVal])(a)
by simp
from this f ua(2) have [symmetric, cat-cs-simps]:
y = R(ArrMap)) (f)) (ArrVal]) (u( ArrVal]) (a])])
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cs-intro: V-cs-intros cat-cs-intros
)

show y €, R, (?2Y c(ArrVal))
by (intro Yc.ArrVal.vsv-vimagel2')
(
use f in
¢
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros

)

)+

qed
qed

qed

lemma cat-corepresentation-if-universal-arrow-of:
— See Proposition 2 in Chapter I1I-2 in [9].
assumes category a €
and R : op-cat € g cat-Set o
and a €, cat-Set a(Obj))
and universal-arrow-of 8 (set {a}) ru
shows cat-corepresentation o R r (Yoneda-arrow a & r (u(ArrVal)(a])))
proof-
interpret €: category o € by (rule assms(1))
interpret £ is-functor a <op-cat € <cat-Set a» & by (rule assms(2))
note ua = R.universal-arrow-of D[ OF assms(4), unfolded cat-op-simps]
note [cat-op-simps] = €.cat-op-cat-cf-Hom-snd[ OF ua(1)]
show ?thesis
by
(
intro cat-corepresentationl,
rule assms(1),
rule assms(2),
rule ua(1),
rule cat-representationD(2)
|
OF
cat-representation-if-universal-arrow-of [ OF assms(2,3,4)]
assms(2),
unfolded cat-op-simps
]
)

qed
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9.2 Limits and colimits as universal cones

lemma is-tm-cat-limit-if-cat-corepresentation:
— See Definition 3.1.5 in Section 3.1 in [14].
assumes § : J = c ima €
and cat-corepresentation o (tm-cf-Cone o §) r )
(is <cat-corepresentation o ?Cone r 1))
shows ntcf-of-ntcf-arrow J € (Y(NTMap))(r])(ArrVal)(E(CId)(r)])) :
T <CF.tm.lim S : 3 = Cotma ¢
(is «ntcf-of-ntef-arrow J € 2rir : v <op.tm.iim § 2 3 20 tma ©)
proof-

let ?P = <ntcf-paa 0> and ?Funct = <cat-Funct a J €

interpret §: is-tm-functor « J € § by (rule assms(1))
interpret Funct: category a ¢Funct
by
(
cs-concl cs-shallow cs-intro:
cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros
)

note 7 = cat-corepresentationD|
OF assms(2) §.HomCod.category-azioms §.tm-cf-cf-Cone-is-functor
]
interpret v: is-iso-nicf a <op-cat € <cat-Set v <Homo. ca€(-,r)> ?Cone
by (rule rp(2))
have 0: 0 €, cat-Set a(Obj]) unfolding cat-Set-components by auto
note ua = universal-arrow-of-if-cat-corepresentation|
OF §.HomCod.category-axioms §.tm-cf-cf-Cone-is-functor assms(2) 0

]

show ?thesis
proof(rule is-tm-cat-limitl")

from r¢(1) have [cat-FUNCT-cs-simps]:
cf-of-cf-map J € (cf-map (cf-const J € 1)) = ¢f-const J € r
by
(
cs-concl
cs-simp: cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)
from .ntcf-NTMap-is-arr[unfolded cat-op-simps, OF r(1)] r(1) have
GINTMap) (1) :
Hom € r 1 w1 Set o Hom ?Funct (c¢f-map (cf-const J € r)) (cf-map §)
by
(
cs-prems
cs-simp: cat-small-cs-simps cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros

with (1) have ¢r-r:
Zprir . cf-map (cf-const J € 1) = opunet ¢f-map §
by
(

cs-concl cs-shallow cs-intro:
cat-Set-cs-intros cat-cs-intros in-Hom-iff [ symmetric]
)
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from r¢(1) cat-Funct-is-arrD(1)[ OF r-r, unfolded cat-FUNCT-cs-simps]
show nitcf-of-ntcf-arrow J € 2prir : r <or.im.cone 8§ 3 P C.tma €
by (intro is-tm-cat-conel)
(cs-concl cs-shallow cs-intro: cat-cs-intros cat-small-cs-intros)

fix r' v’ assume u': 7' <cp.tm.cone T I P Cima €
then interpret v is-tm-cat-cone a 7' J € F u’ .

have Cone-r": tm-cf-Cone o F(ObjMap|)(r') €5 cat-Set a(Obj))
by (cs-concl cs-intro: cat-lim-cs-intros cat-cs-intros cat-op-intros)
from ri(1) have Cone-r: tm-cf-Cone o F(ObjMap|)(r|) €, cat-Set a(Obj)
by (cs-concl cs-shallow cs-intro: cat-cs-intros cat-op-intros)
from r¢(1) have ¢rir:
Y(NTMap)) (r]) (ArrVal) (C(CLd) (7)) € tm-cf-Cone a F(ObjMap|)(r])
by
(
cs-concl cs-shallow
cs-simp: cat-small-cs-simps cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros
)
have u" nicf-arrow u’ €, ?Cone(ObjMapl)(r)
by
(
cs-concl
cs-simp: cat-small-cs-simps
cs-intro: cat-small-cs-intros cat-FUNCT-cs-intros cat-cs-intros

)

have [ cat-cs-simps]:
cf-of-cf-map J € (cf-map §) = §
cf-of-cf-map J € (cf-map (cf-const J € 1)) = cf-const J € r
by (cs-concl cs-simp: cat-FUNCT-cs-simps)+

from Cone-r 0 ¢rir ri(1) have Yrir-is-arr: Y(NTMap|)(r])(ArrVal)(C(CId) (7)) :
cf-map (cf-const J € 1) = opuner f-map §
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-small-cs-simps
cs-intro: cat-cs-intros cat-op-intros

)

from r¢(1) have [cat-cs-intros):
Hom ?Funct (cf-map (cf-const J € r)) (cf-map §) € cat-Set a(Obj)
unfolding cat-Set-components(1)
by (intro Funct.cat-Hom-in-Vset)

(

cs-concl
cs-simp: cat-FUNCT-cs-simps
cs-intro: cat-small-cs-intros cat-FUNCT-cs-intros cat-cs-intros

)+
note Yrir-is-arrD = cat-Funct-is-arrD[ OF rir-is-arr, unfolded cat-cs-simps]
from is-functor.universal-arrow-ofD(3)

[

OF §.tm-cf-cf-Cone-is-functor ua,
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unfolded cat-op-simps,
OF u/'.cat-cone-obj §.ntcf-paa-is-arr[ OF 0 Cone-r’ u’]
]
obtain f where f: f: 1’ g 1
and Pf: 2P (?Cone(|ObjMap)(r')) (ntcf-arrow u') =
umap-of ?Cone (set {0}) r (P (?Cone(ObjMap|)(r)) 2prir) r'(ArrVal])(f)
and f-unique: A\f'.
[
flror’oern
7P (2Cone(ObjMap)) (7)) (ntcf-arrow u') =
umap-of ?Cone (set {0}) r (?P (?Cone(ObjMap))(r)) 2prir) r'(ArrVal)(f')
Il=1f=f
by metis

show 3!f.
fir'merA
u' = ntef-of-nicf-arrow J € Zprir -yror ntcf-const J € f
proof(intro ex1I conjl; (elim conjE)?)
show f : r' =g r by (rule f)
from Pf Cone-r 0 f Yrir Yrir-is-arr Yrir-is-arrD(1) show
u’ = ntef-of-ntef-arrow J € Aprir -y ror nicf-const J € f
by (subst (asm) rir-is-arrD(2))
(
cs-prems
cs-simp: cat-FUNCT-cs-simps cat-small-cs-simps cat-cs-simps
cs-intro:
cat-small-cs-intros
cat-cs-intros
cat-FUNCT-cs-intros
cat-prod-cs-intros
cat-op-intros

)

fix f’ assume prems:
f/ . 7,,/ ’_)¢ r
u’ = ntcf-of-ntef-arrow J € %prir -y ror nicf-const J € f'
from Pf Cone-r 0 f Wrir Yrir-is-arr Yrir-is-arrD(1) prems(1) have
2P (2Cone(ObjMap))(r')) (ntef-arrow u') =
umap-of ?Cone (set {0}) r (?P (?Cone(ObjMap|)(r)) #prir) r'(ArrVal)(f')
by (subst Yrir-is-arrD(2))
(
cs-concl
cs-simp: cat-FUNCT-cs-simps cat-small-cs-simps cat-cs-simps prems(2)
cs-intro:
cat-small-cs-intros
cat-FUNCT-cs-intros
cat-cs-intros
cat-prod-cs-intros
cat-op-intros

from f-unique[ OF prems(1) this] show f' = f .
qed

qged
qed

lemma cat-corepresentation-if-is-tm-cat-limit:
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— See Definition 3.1.5 in Section 3.1 in [14].
assumes ¢ : 7 <¢F.tm.lim 8 * J P C.tma €
shows cat-corepresentation
a (tm-cf-Cone a §) r (Yoneda-arrow a (tm-cf-Cone a §) r (nicf-arrow 1))
(is «cat-corepresentation a ?Cone r Y 1))
proof-

let ?Funct = <cat-Funct oo J €»
and ?P-y = (ntcf-paa 0 (?Cone(ObiMap|)(r))) (ntcf-arrow ¥)»
and ?ntcf-of = «nicf-of-ntcf-arrow J &

interpret v: is-tm-cat-limit « J € § r ¢ by (rule assms(1))
interpret Funct: category o ?Funct
by
(
cs-concl cs-shallow cs-intro:
cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros
)

interpret Cone: is-functor a <op-cat € <cat-Set v «?Cones
by (rule 1. NTCod.tm-cf-cf-Cone-is-functor)

have 0: 0 €, cat-Set a(Obj]) unfolding cat-Set-components by auto
have ntcf-arrow-1:
ntcf-arrow v : cf-map (cf-const J € 1) = opyunet cf-map §
by (cs-concl cs-shallow cs-intro: cat-small-cs-intros cat-FUNCT-cs-intros)
from . cat-cone-obj 0 ntcf-arrow-» have P-i:
2P : set {0} — 2Cone(ObjMap))(r)
by
(
cs-concl cs-shallow
cs-intro: cat-cs-intros cat-op-intros
cs-simp: cat-small-cs-simps cat-FUNCT-cs-simps

cat-Set o

)

have universal-arrow-of ?Cone (set {0}) r ?P-)
proof(rule Cone.universal-arrow-ofI, unfold cat-op-simps, rule 1.cat-cone-obj)

from 0 1.cat-cone-obj show ?P-1) : set {0} —
by
(
cs-concl
cs-intro:
cat-small-cs-intros
cat-cs-intros
cat-FUNCT-cs-intros
cat-op-intros
cs-simp: cat-small-cs-simps

2Cone(ObjMap))(r)

cat-Set o

)

fix r’ u’ assume prems:
r' € C(Ob) u’: set {0} = 4p-Set o ?Cone(ObiMapl)(r')

let ?const-r’ = <cf-map (cf-const J € r'))
let ?Hom-r§ = <Hom ?Funct ?const-r’ (c¢f-map §)»
from prems(2,1) have u" u': set {0} — ?Hom-r§
by

(

cat-Set «
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cs-prems cs-shallow
cs-simp: cat-small-cs-simps cat-cs-simps cs-intro: cat-cs-intros
)
from prems(1) have [cat-FUNCT-cs-simps]:
cf-of-cf-map J € Zconst-r’ = cf-const J € r’
by
(
cs-concl
cs-simp: cat-cs-simps cat-FUNCT-cs-simps cs-intro: cat-cs-intros

)

from
cat-Set- ArrVal-app-vrange[ OF prems(2) vintersection-vsingleton]
prems(1)
have u'(ArrVal))(0) : Zconst-r' = opner cf-map §
by (cs-prems cs-shallow cs-simp: cat-small-cs-simps cat-cs-simps)
note u'0 = cat-Funct-is-arrD[ OF this, unfolded cat-FUNCT-cs-simps]

interpret u'0: is-tm-cat-cone o v’ J € F «?ntcf-of (u'(ArrVal])(0))>
by
(
rule is-tm-cat-conel |
OF is-tm-ntcfD(1)[ OF u'0(1)] ¥.NTCod.is-tm-functor-axioms prems(1)

)

from .tm-cat-lim-ua-fo| OF u'0.is-cat-cone-axioms] obtain f
where f: f:r' g 1
and u'0-def: ?ntcf-of (u'(ArrVal)(0) = ¢ nToF ntef-const J € f
and f-unique: Af’.
I
[l e
?ntef-of (u'(ArrVal)(0)) = ¢ -vTcF ntcf-const J € f/
Il=1f-=f
by metis

note [cat-FUNCT-cs-simps] =
Y.ntef-paa-ArrVal v'0(2)[ symmetric] u'0-def[ symmetric]

show J!f".
flir'ee v A u' = umap-of ?Cone (set {0}) r 2P-y r'((ArrVal)(f')
proof(intro ex1I conjI; (elim conjE)?; (rule f)?)

from f 0 u' nicf-arrow-y) show
u’ = umap-of ?Cone (set {0}) r 2P r'(ArrVal])(f]

by
cs-concl
cs-simp: cat-cs-simps
cs-intro:

cat-small-cs-intros
cat-FUNCT-cs-intros
cat-prod-cs-intros
cat-cs-intros
cat-op-intros
cs-simp: cat-FUNCT-cs-simps cat-small-cs-simps

)
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fix f’ assume prems”:
flor'mer
u’ = umap-of ?Cone (set {0}) r 2P r'(|ArrVal])(f)

let ?f' = <ntcf-const J € [

from prems’(2,1) 0 ntcf-arrow-p P have
u’ = ntef-paa 0 ?Hom-r§ (ntcf-arrow (¥ -nrcor ?f'))
unfolding
Cone.umap-of-ArrVal-app| unfolded cat-op-simps, OF prems'(1) P-i]
by
(
cs-prems
cs-simp: cat-FUNCT-cs-simps cat-small-cs-simps cat-cs-simps
cs-intro:
cat-small-cs-intros
cat-FUNCT-cs-intros
cat-prod-cs-intros
cat-cs-intros
cat-op-intros
)

then have
?ntef-of (u'(ArrVal)(0)) =
ntef-of ((ntef-paa 0 ?Hom-rF (ntef-arrow (Y ~yror ?f'))(ArrVal)(0)
by simp
from this prems'(1) have ?ntcf-of (u'(ArrVal)(0)) = ¢ nrcr ?f'
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cat-FUNCT-cs-simps cs-intro: cat-cs-intros
)

from funique[ OF prems’(1) this] show f'=f .
qed
ged
from

cat-corepresentation-if-universal-arrow-of |
OF .NTDom.HomCod.category-axioms Cone.is-functor-axioms 0 this

]

show cat-corepresentation o ?Cone r Y1)
by (cs-prems cs-shallow cs-simp: cat-cs-simps)

qed
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10 Completeness and cocompleteness

10.1 Limits by products and equalizers

lemma cat-limit-of-cat-prod-obj-and-cat-equalizer:
— See Theorem 1 in Chapter V-2 in [9].
assumes § : J P> tma €
and Aabgf [f:argbigiargb] =
JFe e F <CF.eq (avbagvf) Mo »roa €
and AA. tm-cf-discrete o (J(Obj))) A € =
3P w.w:P<corpq A:J(0bj) »ca €
and AA. tm-cf-discrete a (J(Arr])) A € =
JPm.m:P<opp A:J(Arr) »ca €
obtains r u where u : r <cp.im §:J P—ca €
proof-

let 2L =Au. F(ObiMap))(I(Cod))(u)))» and ?R =«\i. F(ObiMap))(i)>
interpret §: is-tm-functor o J € § by (rule assms(1))

have ?R j e, €(O0bj)) if j €, J(Obj|) for j
by (cs-concl cs-shallow cs-intro: cat-cs-intros that)

have tm-cf-discrete o (J(Obj)) ?R €
proof(intro tm-cf-discretel)
show F(O0biMap)) (i) €. €(Obj)) if i e, J(Ob)|) for @
by (cs-concl cs-shallow cs-intro: cat-cs-intros that)
show VLambda (J(Obj])) ?R €, Vset a
proof(rule vbrelation.vbrelation-Limit-in- Vset)
show R, (VLambda (J(Obj))) ?R) €, Vset a
proof-
have R, (VLambda (3(Obj)) ?R) So Ro (F(ObjiMap))
by (auto simp: §.cf-ObjMap-vdomain)
moreover have R, (F(0bjMap))) €, Vset a
by (force intro: vrange-in-Vsetl §.tm-cf-ObjMap-in-Vset)
ultimately show ?thesis by auto
qed
qed (auto simp: cat-small-cs-intros)
show (\ie,J(0bj]). €(CId) (F(ObjiMap))(i)]) € Vset «
proof(rule vbrelation.vbrelation-Limit-in- Vsetl)
show R, (Aie,J(Obj]). €(CId)(F(ObjMap))(i)]) €0 Vset a
proof-
have R, (\ie,J(Obj). €(CId)(F(O0biMap))(i)]) So Ro (F(ArrMap)))
proof(rule vrange- VLambda-vsubset)
fix r assume z: T €, J(Obj)
then have J(CId))(z]) € Do (F(ArrMap)))
by (auto intro: cat-cs-intros simp: cat-cs-simps)
moreover from z have €(CId))(§(0bjMap))(z)) = F(ArrMap))(I(CId]) ()]
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
ultimately show &(CId|)(F(ObiMap|)(z)]) €0 Ro (F(ArrMap)))
by (simp add: §.ArrMap.vsv-vimagel?2)
qed
moreover have R, (F(ArrMap))) €, Vset
by (force intro: vrange-in-Vsetl §.tm-cf-ArrMap-in-Vset)
ultimately show ?thesis by auto
qed
qed (auto simp: cat-small-cs-intros)
qed (auto intro: cat-cs-intros)
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from assms(3)[where A=¢?R), OF this] obtain Po mo
where TO O * PO <CF.TI ?R : S(IOb]D [ndmdols) ¢
by clarsimp

interpret mo: is-cat-obj-prod « <J(Obj))» R € Po wo by (rule mo)
have Po: Po € €(0bj) by (intro o.cat-cone-obj)

have ?L u e, €(0bj)) if u €, J(Arr) for u
proof—
from that obtain a b where u : a —3 b by auto
then show ?thesis
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qged

have tm-cf-discrete: tm-cf-discrete o (J(Arr])) 2L €
proof(intro tm-cf-discretel)
show F(0bjMap)) (J( Cod) (f)]) €. €(Ob)) if f €, J(Arr| for f
proof—
from that obtain a b where f : a »3 b by auto
then show ?thesis
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qed

show (Aue,J(Arr]). F(ObiMap))(J(Cod])(u))]) € Vset a
proof(rule vbrelation.vbrelation-Limit-in- Vsetl)
show R, (Aue,J(Arr]). 2L u) €, Vset a
proof-
have R, (Aue.J(Arr]). 2L u) S, Ro (F(O0bjMap)))
proof(rule vrange- VLambda-vsubset)
fix f assume f €, J(Arr)
then obtain a b where f : a =~ b by auto
then show §(0bjMap)) (I(Cod)(f)) € Ro (F(ObMap))
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: V-cs-intros cat-cs-intros
)

qed
moreover have R, (F(0ObjMap))) €, Vset a
by (auto intro: vrange-in-Vsetl §.tm-cf-ObjMap-in-Vset)
ultimately show ?thesis by auto
qed
qed (auto simp: cat-small-cs-intros)

show (\ie,J(Arr]). €(CId)(F(ObiMap)) (J(Cod) (i)])]) € Vset «
proof(rule vbrelation.vbrelation-Limit-in- Vsetl)
show R, (Aie,J(Arr)). €(CId)(F(0biMap)(IJ(Cod) (D)) €0 Vset o
proof-
have R, (Aie.J(Arr]). €(CId)(F(ObiMap)(I(Cod])(i)D])) So Ro (F(ArrMap])
proof(rule vrange- VLambda-vsubset)
fix f assume [ €, J(Arr|
then obtain a b where f: f : a »3 b by auto
then have J(CId) (b)) € Do (F(ArrMap)))
by (auto intro: cat-cs-intros simp: cat-cs-simps)
moreover from f have

¢(CId) (5 ObiMap) (3( Cod) (FDDD = S(ArrMap)(I(CId) (b))
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by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
ultimately show ¢(CId|)(F(O0bjMap))(3(Cod)(f))) €0 Ro (F(ArrMap))
by (simp add: §.ArrMap.vsv-vimagel?2)
qged
moreover have R, (F(ArrMap))) e, Vset a
by (force intro: vrange-in-Vsetl §.tm-cf-ArrMap-in-Vset)
ultimately show ?thesis by auto
qed
qed (auto simp: cat-small-cs-intros)
qed (auto intro: cat-cs-intros)

from assms(4)[where A=«?Ls, OF this, simplified] obtain P4 74
where m4: w4 Py <cp.p 7L : J(Arr) »ca €
by auto

interpret 7 4: is-cat-obj-prod o «J(Arr))y ?L &€ P4 wma by (rule w4)

let 2F = Qu. F(0bjMap|)(J(Cod)(u)])> and ?f = <Au. w7 o(NTMap])(I(Cod])(ul)])>
let 7o’ = <nicf-obj-prod-base € (:c (J(Arr))(Obj)) ?F Po 2>
have mo" %o’ :
Po <cp.cone = (3(Arr)) (. F10bMap)(3(Cod) (u))) €
o (J(Arr)) »=ca €
unfolding the-cat-discrete-components(1)
proof
(
intro
tm-cf-discrete.tm-cf-discrete-ntcf-obj-prod-base-is-cat-cone
tm-cf-discrete
)
fix f assume f €, J(Arr)
then obtain a b where f : a 5 b by auto
then show 7o (NTMap|) (3(Cod)(f)) : Po =¢ F(ObMap|)(3(Cod)(f))
by

(
cs-concl cs-shallow
cs-simp:
the-cat-discrete-components(1) cat-discrete-cs-simps cat-cs-simps
cs-intro: cat-cs-intros
)

qed (intro Po)

from 7 4.cat-obj-prod-unique-cone’| OF mo'] obtain f’
where f" f': Po »g Py
and 7o '-NTMap-app:
N j €0 J(Arr) = no'(NTMap)(j)) = ma(NTMap))(j) cag [’
and unique-f":

" Po g Pua;
Ni-J € J(Arr) = #ro/(NTMap))(j) = ma(NTMap)(j) oag "
:|:| N f// — f’
for [
by metis

have 7 o-NTMap-app-Cod:

To(NTMap)) (b)) = 7a(NTMap)(f) cag f if f:a gy bfor fabd
proof—

from that have f ¢, J(Arr) by auto
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from 7 o'-NTMap-app[ OF this] that show ?thesis
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps the-cat-discrete-components(1)
cs-intro: cat-cs-intros
)

qed

from this[ symmetric] have m4-NTMap-Comp-app:
TA(NTMap)(f) cag (f oag 9) = mo(NTMap))(b) oa¢ ¢
iff:aryband g: cg Pofor gfabec
using that f'
by (intro §.HomCod.cat-assoc-helper)
(
cs-concl cs-shallow
cs-simp:
cat-cs-simps cat-discrete-cs-simps the-cat-discrete-components(1)
cs-intro: cat-cs-intros

)+

let %9 = Au. F(ArrMap))(u)) oag To(NTMap))(I(Doml|)(ul)))>
let 2o’ = «ntef-obj-prod-base € (:¢ (J(Arr]))(Obj])) ?F Po ?¢

have 70" 10" : Po <oF.cone = (J(Arr])) 2L € : :¢ (J(Arr])) »ca €
unfolding the-cat-discrete-components(1)
proof
(
intro
tm-cf-discrete.tm-cf-discrete-ntcf-obj-prod-base-is-cat-cone
tm-cf-discrete

)
show §(ArrMap|)(f)) oag To(NTMap))(I(Dom)(f)) : Po =¢ F(ObiMap)(3(Cod)) (/D)
if f e, J(Arr| for f
proof-
from that obtain a b where f : a =3 b by auto
then show ?thesis
by
(
cs-concl
cs-simp:
cat-cs-simps cat-discrete-cs-simps
the-cat-discrete-components(1)
cs-intro: cat-cs-intros
)
qed
qed (intro Po)

from 7 4.cat-obj-prod-unique-cone’| OF 7o'’ obtain ¢’
where ¢" g': Pp =¢ Pa
and 7o "-NTMap-app:
N j €0 J(Arr) = no"(NTMap))(j) = ma(NTMap))(j) oa¢ 9’
and unique-g"
[
g": Po g Pa;
Ni-j €0 J(Arr) = ?mo""(NTMap))(j) = ma(NTMap)(j) cag 9"
Il=4"=4
for g"
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by (metis (lifting))

have F(ArrMap))(f) cag mo(NTMap|)(a) = 7 a(NTMap)(f]) oag g’
iff:amybfor fab
proof—
from that have [ €, J(Arr)) by auto
from 7o '"-NTMap-app[ OF this] that show ?thesis
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps the-cat-discrete-components(1)
cs-intro: cat-cs-intros
)
qged
then have 7wo-NTMap-app-Dom:
F(ArrMap)) (f]) cag (mo(NTMap))(a) oag q) =
(rA(NTMap)(f) oa¢ 9) cac @
iff:aryband g:c—g Poforqfabec
using that g’
by (intro §.HomCod.cat-assoc-helper)
(
cs-concl
cs-simp:
cat-cs-simps cat-discrete-cs-simps the-cat-discrete-components(1)
cs-intro: cat-cs-intros

)

from assms(2)[OF f' ¢'] obtain E ¢ where &:
€:E<cr.eq (Po,Pa,g’.f") i 1hc »rca €
by clarsimp

interpret e: is-cat-equalizer-2 a Po P4 g' f' € E € by (rule )

define y where u =
[(Aie.F(Obj]). mo(NTMap))(i)) cag e(NTMap))(aprz2)), cf-const J € E, §, J, €],

have p-components:
p(NTMap)) = (NieoJ(0bj). mo(NTMap))(i) oag e(NTMap)(apr2))
w(NTDom)) = cf-const J € E
u(NTCod) = §
w(NTDGDom|) = J
uw(NTDGCod)) = €
unfolding p-def ni-field-simps by (simp-all add: nat-omega-simps)

have [cat-cs-simps]:
p(NTMap)) (i) = mo(NTMap|) (i) oag e(NTMap))(apr2) if i € J(Ob)
for ¢
using that unfolding p-components by simp

have pi: E <¢F.iim §:J »~ca €
proof(intro is-cat-limitl)

show p: it E <gp.cone § 13 »=ca €
proof(intro is-cat-conel is-tm-ntcfl’ is-ntcfI’)
show vfsequence p unfolding p-def by simp
show vcard p = 5N unfolding p-def by (simp add: nat-omega-simps)
show cf-const JC E:J —»—coq €
by (cs-concl cs-intro: cat-cs-intros cat-lim-cs-intros)
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show § : J »~ca € by (cs-concl cs-shallow cs-intro: cat-cs-intros)
show pu(NTMap|)(a]) : cf-const J € E(ObjMap))(al) ¢ §(ObjMap))(al
if a €, J(Obj) for a
using that
by
(
cs-concl
cs-simp:
cat-cs-simps
cat-discrete-cs-simps
cat-parallel-cs-simps
the-cat-discrete-components(1)
cs-intro: cat-cs-intros cat-lim-cs-intros cat-parallel-cs-intros

)

show
p(NTMap)) (b)) oag cf-const J € E(ArrMap))(f]) =
S(ArrMap))(f]) cae p(NTMap)(a)
iff:amybforabdf
using that € ¢’ f'
by
(
cs-concl
cs-simp:
cat-parallel-cs-simps
cat-cs-simps
the-cat-discrete-components(1)
mo-NTMap-app-Cod
mo-NTMap-app-Dom
e.cat-eq-2-Comp-eq(1)
cs-intro: cat-lim-cs-intros cat-cs-intros cat-parallel-cs-intros

)

qed (auto simp: p-components cat-cs-intros)
interpret u: is-cat-cone o E 3 € F p by (rule p)

show 3!f". f':r' =g EAu' = p -nyrorp ntcf-const J € f'
ifu': 1" <cp.cone §:J P ca € for u' r’
proof-

interpret u” is-cat-cone « r' J € F u’ by (rule that)

let 2u’ = <\j. u'(NTMap)|)(j))>
let ?r’ = <ntcf-obj-prod-base € (J(Obj)) 7R r’ 2u’s

have ©'-NTMap-app: ?m'(NTMap))(j) = u'(NTMap))(j) if j € J(Obj)) for j
using that
unfolding nicf-obj-prod-base-components the-cat-discrete-components
by auto

have " 71" : 1’ <oF. cone = (J(ObI)) R € : :c (J(Ob))) »—ca €
unfolding the-cat-discrete-components(1)
proof(intro tm-cf-discrete.tm-cf-discrete-ntcf-obj-prod-base-is-cat-cone)
show tm-cf-discrete o (J(Obj])) ?R €
proof(intro tm-cf-discretel )
show F(0bjMap)) (i) €, €(Obj) if i €, J(Obf]) for i
by (cs-concl cs-simp: cat-cs-simps cs-intro: that cat-cs-intros)
show category a € by (auto intro: cat-cs-intros)
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from §.tm-cf-ObjMap-in-Vset show (Aze.J(Obj]). F(ObjMap))(z)) € Vset a
by (auto simp: §.cf-ObjMap-vdomain)
show (\ie,J(0bj]). €(CId) (F(ObjiMap)) (i)]) € Vset «
proof(rule vbrelation.vbrelation-Limit-in- VsetI)
have R, (\ie,J(0bj)). €(CId)(F(0biMap)(i)])) So Ro (F(ArrMap)))
proof(intro vsubsetl)
fix z assume z €, R, (Aie,J(Obj)). €(CId)(F(ObiMap))(i]))
then obtain ¢ where @ { €, J(Obj)
and z-def: z = €(CId|) (F(ObiMap]) ()]
by auto
from i have z = F(ArrMap))(J(CId]) (7))
by (simp add: x-def §.cf-ObjMap-CId)
moreover from i have J(CId)(i]) €. Do (F(ArrMapl|))
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros
)
ultimately show z €, R, (§(ArrMap)))
by (auto intro: F.ArrMap.vsv-vimagel2)
qed
then show R, (\ie,J(0bj)). €(CId)(F(ObjMap)) (i) € Vset a
by
(
auto simp:
$-tm-cf-ArrMap-in- Vset vrange-in- Vsetl vsubset-in- Vsetl
)

qed (auto intro: §.HomDom.tiny-cat-Obj-in- Vset)
qed
show w/(NTMap)(j) : ' ~¢ SObMap)() if j <. I(Obj) for 7
using that
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qged (auto simp: cat-cs-intros)

from 7 o.cat-obj-prod-unique-cone’| OF this] obtain h’
where b h': r' »¢ Po
and 7'-NTMap-app”:
N j € (3(0bj)) = #r'(NTMap)(j) = 7o(NTMap)(j) oag h’
and unique-h": Ah".
I
h” : r’ gy Po;
Ni. j € (3(0bj)) = ?n'(NTMap)(j) = mo(NTMap))(j)) cag A"
= hr"=h'
by metis

interpret 7"
is-cat-cone « r' <o (J(ObI) ) € ¢—=: (J(O))) (app (F(ObjMap)))) € 2x’
by (rule 7')

let 2u’" = Au. w'(NTMap))(J(Cod)) (u))>
let ?n'" = (ntcf-obj-prod-base € (J(Arr])) ¢L v’ 2u’

have 7'-NTMap-app: ?r""(NTMap))(f]) = v'(NTMap|) (b))
iff:amybfor fab
using that
unfolding ntcf-obj-prod-base-components the-cat-discrete-components
by
(
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cs-concl cs-shallow
cs-simp: V-cs-simps cat-cs-simps cs-intro: cat-cs-intros

)

have 7' %" : r' <op. cone = (J(Arr)) ?L € : :¢ (J(Arr) »>ca €
unfolding the-cat-discrete-components(1)
proof

(

miro
tm-cf-discrete.tm-cf-discrete-ntcf-obj-prod-base-is-cat-cone
tm-cf-discrete
)
fix f assume f €, J(Arr)
then obtain a b where f : a »5 b by auto
then show u'(NTMap))(J(Cod)(f])) : 7' =¢ §(ObjMap))(I(Cod))(f]]
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros
)

qged (simp add: cat-cs-intros)

from 7 4.cat-obj-prod-unique-cone’| OF this] obtain h"’
where A" ' : 1’ g Py
and 7"-NTMap-app":
Aj. § € 30Arr) = #x (NTMap) (i) = 7A(NTMap)(J) oa¢ b
and unique-h'": A",

h”,: ,r,l '_)Q: PA,
Ni- j €0 J(Arr) = #n"(NTMap))(j)) = ma(NTMap))(j)) cag h""
]] — hlll — h/l
by metis

interpret 7' is-cat-cone a v’ <o (J(Arr)) € ¢—: (J(Arr) 2L & 2x’’
by (rule ©'’)

have g'h'-f'h" g' oag h' = f oag h'
proof-

from ¢’ h' have g'h" g’ opg h': 1" g Py

by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from f' ' have f'h": fopg h': 1" >g Py

by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

have #r/(NTMap) (f) = TAQNTMap)(f) s (9 oag 1)
if f e, J(Arr) for f
proof-
from that obtain a b where f: f : a =5 b by auto
then have ?7"(NTMap|)(f]) = v'(NTMapl|)(b)
by (cs-concl cs-simp: ©"-NTMap-app cat-cs-simps)
also from f have ... = F(ArrMap|)(f)) cag ?r'(NTMap)(al
by
(
cs-concl
cs-simp: ©'-NTMap-app cat-cs-simps cat-lim-cs-simps
cs-intro: cat-cs-intros

)
also from f ¢’ h’' have ... = m4(NTMap))(f]) cag (9" cag h')
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by
(
cs-concl
cs-simp:
cat-cs-simps
cat-discrete-cs-simps
the-cat-discrete-components(1)
w'-NTMap-app’
wo-NTMap-app-Dom
cs-intro: cat-cs-intros
)
finally show ?thesis by simp
qed

from unique-h"'[ OF g'h’ this, simplified] have g'h’-h'"
g/ oag L= b
have #r"(NTMap)(f) = m4(NTMap) (f) oag (' oae ')
if f €, J(Arr) for f
proof-
from that obtain a b where f: f : a =5 b by auto
then have 77" (NTMap))(f]) = v (NTMap]) (b))
by (cs-concl cs-simp: 7"-NTMap-app cat-cs-simps)
also from f have ... = ?r'(NTMap|) (b))
by
(
cs-concl cs-shallow
cs-simp: m’-NTMap-app cs-intro: cat-cs-intros

also from f have ... = m1o(NTMap))(b) cag A’
by
(
cs-concl cs-shallow
cs-simp: ©'-NTMap-app’ cs-intro: cat-cs-intros
)

also from f ¢’ h' have ... = (ma(NTMap))(f]) cag f') cag b’
by
(

cs-concl cs-shallow
cs-simp: mo-NTMap-app-Cod cs-intro: cat-cs-intros

also from that f' h' have ... = T o(NTMap)(f]) cag (f ocag h')
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps the-cat-discrete-components(1)
cs-intro: cat-cs-intros
)
finally show ?thesis by simp
qed
from unique-h’'[ OF f'h' this, simplified] have f'h'-h""
f/ oag W= h'.
from g¢'h’-h"" f'L'-h"" show ?thesis by simp
qed

let 211 = (M¢ apre bpro gpr TP
and ?III = (M->Mer € apra bpre gpr frn Po Pa 9" D

define ¢’ where ¢’ =
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(M ?II(Obj). (f = apra ?h": (f'oag B))),
cf-const 211 € 1/,

2111,

211,

¢

lo

have ¢’-components:
e (NTMapl) = (Afeo ZII(OY). (f = aprz # 1's (' oag h')))
e'(NTDom)) = cf-const ?II € 1’
e'(NTCod)) = ?II-1T
e'(NTDGDom)) = 211
e'(NTDGCod)) = €
unfolding e¢’-def nt-field-simps by (simp-all add: nat-omega-simps)

have ¢'-NTMap-app-12: ¢'(NTMap))(z) = b’ if z = aprs for z
proof-
have z ¢, ?II(0bj)
unfolding that by (cs-concl cs-intro: cat-parallel-cs-intros)
then show ?thesis unfolding ¢’-components that by simp
qed

have ¢'-NTMap-app-sI2: e (NTMap))(z)) = f' oag h'if 2 = bppo for =
proof—
have z €, ?II(0bj)
unfolding that by (cs-concl cs-shallow cs-intro: cat-parallel-cs-intros)
with e.cat-parallel-ab show ?thesis
unfolding ¢’-components by (cs-concl cs-simp: V-cs-simps that)
qged

interpret par: cf-parallel-2 o aprs bpro gpr fpL Po Pa g’ f' €
by (intro cf-parallel-21 cat-parallel-2I)
(simp-all add: cat-cs-intros cat-parallel-cs-intros)

have ¢': r' <gr.cone ?II-II : 21 oo €
proof(intro is-cat-conel is-tm-ntcfl’ is-ntcfI’)
show ufsequence ¢’ unfolding e’-def by auto
show vcard ¢’ = 5N unfolding e'-def by (simp add: nat-omega-simps)
from A’ show cf-const (?1I) € r': 2II »—>cq €
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show ?II-I] : ?2I] »—cq €
by
(
cs-concl cs-shallow
cs-simp: cat-parallel-cs-simps cs-intro: cat-cs-intros
)

from A’ show £'(NTMap))(a) :
cf-const ?II € r'((ObjMap))(al) —»¢ ?II-1I(ObjMapl)(|a))
if a e, ?2I1(0Obj) for a
using that
by (elim the-cat-parallel-2-ObjE; simp only:)
(
cs-concl
cs-simp:
e’-NTMap-app-12 ¢'-NTMap-app-sI2
cat-cs-simps cat-parallel-cs-simps
cs-intro: cat-cs-intros cat-parallel-cs-intros
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)
from h' f' g'h'-f'h’ show
e'(NTMap|)(b)) cag cf-const ?II € r'(ArrMap))(f]) =
2II-II(ArrMap)) (f]) cag €' (NTMapl)(a)
iff:awgbforabdf
using that
by (elim e.the-cat-parallel-2-is-arrE; simp only:)
(

cs-concl
cs-intro: cat-cs-intros cat-parallel-cs-intros
cs-simp:
cat-cs-simps
cat-parallel-cs-simps
e'-NTMap-app-12
e'-NTMap-app-sI2
)+
qed
(
simp add: e’-components |
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-lim-cs-intros cat-cs-intros cat-small-cs-intros
)+
from e.cat-eq-2-unique-cone[ OF this] obtain ¢’
where t" t': r' ¢ E
and ¢-NTMap-app: €' (NTMap))(apr2)) = e(NTMap))(apr2)) coag t’
and unique-t":
[ 05" g B NTMaphapsah = c(NTMap{apez) oae ] =
t" =1
for t"
by metis

show 3If". f':r'»e EAu' = p -nrorp ntef-const J € f'
proof(intro ex1I conjl; (elim conjE)?, (rule t")?)
show [symmetric, cat-cs-simps]: u' = p -yToF ntcf-const J € t’
proof(rule ntcf-eqI[ OF u'.is-ntcf-axioms))
from ¢’ show
weNToF ntef-const I E ' cf-const JE ' mop FiJ pca €
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show u'(NTMap)) = (i *NToF ntcf-const J € t")(NTMap))
proof(rule vsv-eql)
show vsv ((1t *~NTcoF ntcf-const J € t"Y(NTMap)))
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from t’ show
D, (u'(NTMap))) = Do ((11 *nTcF ntcf-const J € t")Y(NTMap)))
by
(

cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros
)
show u'(NTMap))(a)) = (1 -nTcF ntef-const J € tY(NTMap))(al)
if a € Do (u'(NTMap)) for a
proof-—
from that have a €, J(Obj)
by (cs-prems cs-shallow cs-simp: cat-cs-simps)
with ¢’ show «'(NTMap|)(a)) = (1 v TcF ntcf-const J € t")(NTMap))(al)
by
(
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cs-concl

cs-simp:
cat-cs-simps
w'-NTMap-app
cat-parallel-cs-simps
the-cat-discrete-components(1)
e’-NTMap-app[ symmetric]
e’-NTMap-app-12
w'-NTMap-app'[ symmetric]

cs-intro: cat-cs-intros cat-parallel-cs-intros

)
qed
qed auto
qed simp-all

fix ¢t'" assume prems” t" : r' =g Eu' = p -yror ntef-const J € t"
then have u'-NTMap-app-=:
u'(NTMap)(z)) = (¢ *NTcoF ntcf-const I € t'")Y(NTMapl) ()
for z
by simp
have r/(NTMap)(j) = 7o(NTMap)(j) oae (QNTMap)(aps) oae t)
if j €, J(Obj) for j
using u'-NTMap-app-z[of j] prems’(1) that
by
(
cs-prems
cs-simp:
cat-cs-simps
cat-discrete-cs-simps
cat-parallel-cs-simps
the-cat-discrete-components(1)
cs-intro: cat-cs-intros cat-parallel-cs-intros
)
(simp add: ©'-NTMap-app[ OF that, symmetric])
moreover from prems’(1) have e(NTMap|)(apra)) oag t": ' =g Po
by
(
cs-concl
cs-simp: cat-cs-simps cat-parallel-cs-simps
cs-intro: cat-cs-intros cat-parallel-cs-intros
)
ultimately have [cat-cs-simps]: e(NTMap))(apr2)) oag t" = A’
by (intro unique-h') simp
show t"' = t’
by (rule unique-t’, intro prems’(1))
(cs-concl cs-shallow cs-simp: ¢’-NTMap-app-12 cat-cs-simps)
qed
qed

qed
then show ?thesis using that by clarsimp
qed
lemma cat-colimit-of-cat-prod-obj-and-cat-coequalizer:

— See Theorem 1 in Chapter V-2 in [9)].
assumes § : J == tma €

166



and Aabgf [f:brgag:brpal]l =
dE e e: (ﬂ>b,g7f) >CF.coeq E: TTC’ ingngele’ ¢
and AA. tm-cf-discrete a (J(Obj)) A € —
3P m . w:A>crpy P:JI(0bj) »ca €
and AA. tm-cf-discrete o (J(Arr))) A € =
3P w. w:A>crpy P:J(Arr]) »ca €
obtains r u where v : § >cr.cotim 71 J »roa €
proof-
interpret §: is-tm-functor a« J € § by (rule assms(1))
have 3E c. ¢ : E <gp.eq (a,0,9,f) : 11 »ca op-cat €
iff:bogag:bogaforabgf
proof—
from assms(2)[ OF that(1,2)] obtain F ¢
where €: ¢ : (0,6,9,f) >cF.coeq E: M »rca €
by clarsimp
interpret e: is-cat-coequalizer-2 a a b g f € E ¢ by (rule ¢)
from e.is-cat-equalizer-2-op[unfolded cat-op-simps] show ?thesis by auto
qed
moreover have 3P . 7 : P <cp.1 A: J(Obj) »—ca op-cat €
if tm-cf-discrete o (J(Obj])) A (op-cat €) for A
proof—
interpret tm-cf-discrete a «J(Obj])» A <op-cat € by (rule that)
from assms(3)[ OF tm-cf-discrete-op[unfolded cat-op-simps]] obtain P 7
where m: 7 : A >cpq P:J(0b)) »—ca €
by clarsimp
interpret m: is-cat-obj-coprod o <J(Obj))y A € P w by (rule )
from m.is-cat-obj-prod-op show ?thesis by auto
qed
moreover have 3P w. w: P <cp.q1 A: J(Arr) »—cq op-cat €
if tm-cf-discrete o (J(Arr])) A (op-cat €) for A
proof—
interpret tm-cf-discrete o <J(Arr])» A <op-cat € by (rule that)
from assms(4)[ OF tm-cf-discrete-op[unfolded cat-op-simps]] obtain P 7
where m: 7w : A >cp.q P:J(Arr) »—cq €
by clarsimp
interpret m: is-cat-obj-coprod o <J(Arr)y A € P 7 by (rule )
from m.is-cat-obj-prod-op show ?thesis by auto
qed
ultimately obtain u r where wu:
Ui T <op.im op-¢f §: op-cat J o op-cat €
by
(
rule cat-limit-of-cat-prod-obj-and-cat-equalizer|
OF §.is-tm-functor-op, unfolded cat-op-simps
]
)
interpret w: is-cat-limit « <op-cat J» <op-cat € <op-cf § r u by (rule u)
from wu.is-cat-colimit-op[unfolded cat-op-simps] that show ?thesis by simp
qed

10.2 Small-complete and small-cocomplete category

10.2.1 Definition and elementary properties

locale cat-small-complete = category o € for a € +
assumes cat-small-complete:

ARSI S:3ProctmaC=—3Jur. u:r<cgrpiims:Jr»~cal
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locale cat-small-cocomplete = category a € for a € +
assumes cat-small-cocomplete:
/\S J. 3 M =P Citma C=— Jur u: g >CF.colim T ¢ J == Cca ¢

Rules.

mk-ide rf cat-small-complete-def[unfolded cat-small-complete-azioms-def]
|intro cat-small-completel|
|dest cat-small-completeD[ dest]|
|elim cat-small-completeE[ elim]|

lemma cat-small-completeE'[ elim]:
assumes cat-small-complete o € and § : J >~ tma €
obtains u r where u : r <gp.jim § : J P~ca €
using assms by auto

mk-ide rf cat-small-cocomplete-def[unfolded cat-small-cocomplete-axioms-def]
|intro cat-small-cocompletel|
|dest cat-small-cocompleteD[ dest]|
|elim cat-small-cocompleteE[ elim]

lemma cat-small-cocomplete E'| elim]:
assumes cat-small-cocomplete o € and § : J =~ tma €
obtains u r where u : § >cr.cotim 7 J P—ca €
using assms by auto

10.2.2 Duality

lemma (in cat-small-complete) cat-small-cocomplete-op| cat-op-intros]:
cat-small-cocomplete o (op-cat €)
proof(intro cat-small-cocompletel )
fix § J assume § : J = 1ma op-cat €
then interpret §: is-tm-functor a J <op-cat € § .
from cat-small-complete] OF §.is-tm-functor-op[unfolded cat-op-simps]]
obtain u r where u: u : r <¢gp.jsm op-cf § : op-cat J »>—>cq €
by auto
then interpret u: is-cat-limit o <op-cat J» € <op-cf T 7 u .
from wu.is-cat-colimit-op[unfolded cat-op-simps] show
dur. u:F >cr.colim 7Y Poa op-cat €
by auto
qged (auto intro: cat-cs-intros)

lemmas [cat-op-intros] = cat-small-complete. cat-small-cocomplete-op

lemma (in cat-small-cocomplete) cat-small-complete-op| cat-op-intros]:
cat-small-complete o (op-cat €)
proof(intro cat-small-completel)
fix § J assume prems: § : J =~ ¢.tma op-cat €
then interpret §: is-tm-functor a J <op-cat © § .
from cat-small-cocomplete[ OF §.is-tm-functor-op[unfolded cat-op-simps]]
obtain u 7 where u: u : op-¢f § >cF.cotim T : op-cat J »—>cq €
by auto
interpret w: is-cat-colimit «a <op-cat J» € <op-c¢f F r u by (rule u)
from wu.is-cat-limit-op[unfolded cat-op-simps] show
Jur.u:r<cp.ilmd:dP—ca op-cat €
by auto
qged (auto intro: cat-cs-intros)

lemmas [cat-op-intros] = cat-small-cocomplete. cat-small-complete-op
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10.2.3 A category with equalizers and small products is small-complete

lemma (in category) cat-small-complete-if-eq-and-obj-prod:
— See Corollary 2 in Chapter V-2 in [9]
assumes Aabgf [f:argbgrareb] —
dEe e: E <CF.eq (aabagvf) : TTC inandele’ ¢
and AA I. tm-cf-discrete a A€ = AP m.m: P<cpq A: 1 =g €
shows cat-small-complete o €
proof(intro cat-small-completel)
fix § J assume prems: § : J == ¢c.tma €
then interpret §: is-tm-functor a J € § .
show Jur. u:r<gpiimS:J~~ca €
by (rule cat-limit-of-cat-prod-obj-and-cat-equalizer| OF prems assms(1)])
(auto intro: assms(2))
qed (auto simp: cat-cs-intros)

lemma (in category) cat-small-cocomplete-if-eq-and-obj-prod:
assumes Aabgf [f:breag:brgal]l =
JE e e:(a,6,0,f) >cr.coeq E: o »ca €
and AA I. tm-cf-discrete a A€ = AP . w: A>cpq P: 1 »ca €
shows cat-small-cocomplete o €
proof-
have 3E c. ¢ : E <gp.eq (a,6,8,f) : Mo = cq op-cat €
iff:brgaandg:bgaforabgf
proof—
from assms(1)[ OF that] obtain ¢ F where
g e (ﬂ,b,g,f) >CF.coeq E: TTC’ indngele" <
by clarsimp
interpret e: is-cat-coequalizer-2 a a b g f € E ¢ by (rule )
from e.is-cat-equalizer-2-op show ?thesis by auto
qged
moreover have 3P . 7 : P <gp.q A: 1 »—cq op-cat €
if tm-cf-discrete o I A (op-cat €) for A I
proof-
interpret tm-cf-discrete a I A <op-cat € by (rule that)
from assms(2)[ OF tm-cf-discrete-op[unfolded cat-op-simps]] obtain P w
where m: 7w : A>cp P: 1 —cq €
by auto
interpret m: is-cat-obj-coprod « I A € P 7 by (rule 7)
from 7.is-cat-obj-prod-op show ?thesis by auto
qed
ultimately interpret cat-small-complete o <op-cat €
by
(
rule category.cat-small-complete-if-eq-and-obj-prod[
OF category-op, unfolded cat-op-simps
]
)

show ?thesis by (rule cat-small-cocomplete-op[unfolded cat-op-simps])
qed

10.2.4 Existence of the initial and terminal objects in small-complete and small-
cocomplete categories

lemma (in cat-small-complete) cat-sc-ez-obj-initial:
— See Theorem 1 in Chapter V-6 in [9].
assumes A ¢, €(0bj))
and A €, Vset o
and Ac. ¢ & €(Obj)) = Ifa. acc ANf:argc
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obtains z where obj-initial € 2
proof-

interpret tcd: tm-cf-discrete a A id €
proof(intro tm-cf-discretel)
show (\ie, 4. €(CId])(id i) €x Vset «
unfolding id-def
proof(rule vbrelation.vbrelation-Limit-in- Vsetl)
from assms(1) have A ¢, D, (€(CId)) by (simp add: cat-Cld-vdomain)
then have R, (VLambda A (app (€(CId)))) = €(CId]) - A by auto
moreover have (Uoac,A. Uobec A. Hom € a b) €, Vset «
by (rule cat-Hom-vifunion-in-Vset[ OF assms(1,1,2,2)])
moreover have €(CId)) 5 A S, (UoacsA. Uobec A. Hom € a b)
proof(intro vsubsetl)
fix f assume f €, €(CId) %, A
then obtain a where a: a €, A and f-def: f = €(CId))(a]) by auto
from assms(1) a show f €, (UoaccA. UobecA. Hom € a b)
unfolding f-def by (intro vifunionl) (auto simp: cat-Cld-is-arr)
qed
ultimately show R, (VLambda A (app (€(CId)))) €, Vset a by auto
qed (simp-all add: assms(2))
qged
( .
use assms in
cauto simp: assms(2) Limit-vid-on-in-Vset intro: cat-cs-intros»

)

have ted: :>: A id € ::¢c A >0 tma €
by
(
cs-concl cs-shallow cs-intro:
cat-small-cs-intros
cat-cs-intros
cat-small-discrete-cs-intros
cat-discrete-cs-intros
)
from cat-small-complete[ OF this] obtain m w
where 7 : w <gp.jim >t Aid C: g Agoq €
by auto
then interpret 7: is-cat-obj-prod o A id € w
by (intro is-cat-obj-prodl ted.cf-discrete-axioms)

let ?ww = <Hom € w w»

have Cld-w: €(CId))(w]) € ?ww
by (cs-concl cs-intro: cat-cs-intros cat-lim-cs-intros)
then have ww-neg-vempty: ww # 0 by force

have wd: 3h. h: w —¢ d if d €, €(0bj]) for d
proof-
from assms(3)[ OF that] obtain g a where a: a ¢, Aand g: g: a ¢ d
by clarsimp
from 7.ntcf-NTMap-is-arr[unfolded the-cat-discrete-components, OF a] a g
have m(NTMap))(al) : w ¢ a
by
(
cs-prems cs-shallow cs-simp:
id-apply the-cat-discrete-components(1)
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cat-discrete-cs-simps cat-cs-simps
)
with ¢ have g oq¢ T(NTMap|)(a)) : w —»¢ d
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
then show %thesis by (intro exl)
qged

have cf-parallel o (apy ?ww) (bpr ww) ww w w (vid-on fww) €
by (intro cat-cf-parallel-ab 7.cat-cone-obj cat-Hom-in-Vset) simp-all
then have ff—>ficr € (apy ww) (bpr ww) fww w w (vid-on ?ww) :
ﬂc (ClpL ?ww) (pr ?ww) 2ww =0 tma ¢
by (intro cf-parallel.cf-parallel-the-cf-parallel-is-tm-functor)
from cat-small-complete[ OF this] obtain ¢ v where ¢: ¢ :
v<or.im T=Ner € (app fww) (bpp fww) 2ww w w (vid-on fww) :
ﬂc (CLPL ?ww) (pr ?ww) Zww —oa €
by clarsimp
from is-cat-equalizerI|
OF
this
cat-Hom-in-Vset[ OF 7.cat-cone-obj m.cat-cone-obj]
ww-neq-vempty
]
interpret ¢: is-cat-equalizer a w w ?ww <vid-on ?wwy € v € by auto
note c-is-monic-arr =
is-cat-equalizer. cat-eq-is-monic-arr[ OF ¢.is-cat-equalizer-azioms)
note e-is-monic-arrD = is-monic-arrD[ OF e-is-monic-arr]

show ?thesis
proof(rule, intro obj-initiall)

show v &, €(0bj)) by (rule e.cat-cone-obj)
then have CId-v: €(CId)(v)) : v =g v
by (cs-concl cs-shallow cs-intro: cat-cs-intros)

fix d assume prems: d €, €(Obj)
from wd[OF prems] obtain h where h: h: w —¢ d by auto

show 3!f. f: v g d
proof(rule ex1l)
define f where f = h os¢ e(NTMap|)(apr Zww))
from e-is-monic-arrD(1) h show f: f: v =g d
unfolding f-def by (cs-concl cs-shallow cs-intro: cat-cs-intros)
fix g assume prems” g: v g d
have cf-parallel-2 o apps bpre gpr frL vdgf €
by (intro cat-cf-parallel-2-cat-equalizer prems’ f)
then have 11->1tcr € apra bpre gpL fPL v d g f:
e apre bpre gpL fPL P 0 tma €
by (intro cf-parallel-2.cf-parallel-2-the-cf-parallel-2-is-tm-functor)
from cat-small-complete[ OF this] obtain &’ u
where ¢ :
u <cr.im M=>Mcr €Capra bpra gpr frovdgf:
Mec apr2 bpre gpL frL Prca €
by clarsimp
from is-cat-equalizer-2I[ OF this prems’ f] interpret ¢”
is-cat-equalizer-2 a vd g f € u €'.
note &’-is-monic-arr = is-cat-equalizer-2.cat-eg-2-is-monic-arr|
OF &'.is-cat-equalizer-2-azioms
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]
note e’-is-monic-arrD = is-monic-arrD[ OF &'-is-monic-arr]
then have u €, €(0bj) by auto
from wd[ OF this] obtain s where s: s : w —g u by clarsimp
from s e’-is-monic-arrD(1) e-is-monic-arrD(1) have ec’s:
e(NTMap))(apr, ?ww)) oag e’ (NTMap)(apra) oag s: w =g w
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from s e’-is-monic-arrD(1) e-is-monic-arrD(1) have ¢'se:
e'(NTMap)(apra) cag s oag e(NTMap))(apr, fww)) : v =g v
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from e-is-monic-arrD(1) e’-is-monic-arrD(1) s have
e(NTMap))(apr, ?ww)) oag (¢'(NTMap))(apr2)) cag s oag e(NTMap))(apr ?ww))) =
e(NTMap))(apr, ?ww)) oag e’ (NTMap))(apra) oag s cag e(NTMap))(apr ?wwl)
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
also from
e.cat-eq-Comp-eq
[
unfolded in-Hom-iff, OF cat-Cld-is-arr[ OF 7.cat-cone-obj] ee’s,
symmetric
]
ge's mw.cat-cone-obj e-is-monic-arr(1)
have ... = ¢(CId)(w]) cag e(NTMap))(apr ?ww)
by (cs-prems cs-shallow cs-simp: vid-on-atl cs-intro: cat-cs-intros)
also from e.cf-parallel-a’ e-is-monic-arrD(1) have
. = e(NTMap)(apr, ww)) oae €(CId])(v])
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
finally have
e(NTMap)(apr, ?ww)) oag (¢'(NTMap))(apr2)) cag s oag e(NTMap))(apr ?ww))) =
e(NTMap))(apr, 2ww)) oae €(CId)(v).
from
is-monic-arrD(2)[ OF e-is-monic-arr €'se Cld-v this]
e’-is-monic-arrD(1) s e-is-monic-arrD(1)
have ¢’'se-is-CId:
e'(NTMap)(apr2)) cag (s oag e(NTMap)(apr ?ww)) = €(CId)(v)
by (cs-prems cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
have ¢'-is-iso-arr: e’ (NTMap|)(apra)) : u =isog v
by
(
intro
cat-is-iso-arr-if-is-monic-arr-is-right-inverse
e'-is-monic-arr,
rule is-right-inversel [ OF - £'-is-monic-arrD(1) €'se-is-CId]
)
(
use s e-is-monic-arrD(1) in
<cs-concl cs-shallow cs-intro: cat-cs-intros»
)
from ¢’.cat-eq-2-Comp-eq(1) have
g oag €' (NTMap))(apral) cag (e’ (NTMap)(apra) ' ce =
foag e (NTMap)(apr2) oag (e'(NTMap)(apr2)) ' ce
by simp
from this f e’-is-monic-arrD(1) e’-is-iso-arr prems’ show g = f
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-arrow-cs-intros
)

qed
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qed
qed

lemma (in cat-small-cocomplete) cat-sc-ex-obj-terminal:

— See Theorem 1 in Chapter V-6 in [9].
assumes A ¢, €(0bj)

and A €, Vset o

and Ac. c & €(O0bj) = Ifa. acc ANf:icrga
obtains z where obj-terminal € 2
using that
by

(

rule cat-small-complete. cat-sc-ex-obj-initial[
OF cat-small-complete-op, unfolded cat-op-simps, OF assms, simplified

]
)

10.2.5 Creation of limits, continuity and completeness

lemma
— See Theorem 2 in Chapter V-4 in [9].
assumes & : A oo B
and cat-small-complete o B
and AT J. §:J P cima A = G ocp §:J »=c.tma B
and AF J. § : J »—c.tma A = cf-creates-limits a & §
shows is-tm-cf-continuous-if-cf-creates-limits: is-tm-cf-continuous o &
and cat-small-complete-if-cf-creates-limits: cat-small-complete o A
proof-

interpret &: is-functor a A B & by (rule assms(1))
interpret B: cat-small-complete o B by (rule assms(2))

show is-tm-cf-continuous a &
proof(intro is-tm-cf-continuousl, rule assms)
fix § J assume prems: § : J > tma A
then interpret §: is-tm-functor a J A § .
from cat-small-completeD(2)[ OF assms(2) assms(3)[ OF prems]] obtain ¢ r
where : ¢ 1 7 <gp.im & ocr §:J »ca B
by clarsimp
show cf-preserves-limits a & §
by
(
rule cf-preserves-limits-if-cf-creates-limits,
rule assms(1),
rule §.is-functor-axioms,
rule 1,
rule assms(4)[ OF prems)

)

qged

show cat-small-complete a A
proof(intro cat-small-completel &.HomDom.category-azioms)
fix § J assume prems: § : J > tma U
then interpret §: is-tm-functor a J A § .
from cat-small-completeD(2)[ OF assms(2) assms(3)[ OF prems]] obtain 1 r
where ¢: ¢ : 1 <cp.1im & ocr §: J Poa B
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by clarsimp
from cf-creates-limitsE''[
OF assms(4)[ OF prems] i §.is-functor-axioms assms(1)

show Jur. u:r <criim §:J »ca
by metis
qed

qed

10.3 Finite-complete and finite-cocomplete category

locale cat-finite-complete = category a € for o € +
assumes cat-finite-complete:
AT J. [ finite-category a J; §: J »—ca € ]| =
Jur.u:r<cp.iim S :Jea €

locale cat-finite-cocomplete = category a € for o € +
assumes cat-finite-cocomplete:
AT J. [ finite-category a J; §: J »—ca € ]| =
Jur. u:§ >cr.cotim 7 I Poa €

Rules.

mk-ide rf cat-finite-complete-def[ unfolded cat-finite-complete-azioms-def]
|intro cat-finite-completel]
|dest cat-finite-completeD[ dest]
|elim cat-finite-completeE | elim]|

lemma cat-finite-completeE'| elim]:
assumes cat-finite-complete o €
and finite-category a J
and §: J »c0a €
obtains u r where u : 7 <gr.jim § : J PPca €
using assms by auto

mk-ide rf cat-finite-cocomplete-def[unfolded cat-finite-cocomplete-azioms-def ]
|intro cat-finite-cocompletel|
|dest cat-finite-cocompleteD| dest]|
|elim cat-finite-cocompleteE[ elim]

lemma cat-finite-cocompleteE [ elim]:
assumes cat-finite-cocomplete o €
and finite-category o J
and § : J »rcoq €
obtains u r where u : § >cF. cotim T J P~ca €
using assms by auto

Elementary properties.

sublocale cat-small-complete € cat-finite-complete
proof(intro cat-finite-completel)
fix § J assume prems: finite-category a J § : J »—~ca €
interpret §: is-functor a J € § by (rule prems(2))
from cat-small-complete-axioms show Jur. u:r <cp.iim S :J »~rca €
by (auto intro: §.cf-is-tm-functor-if-HomDom-finite-category[ OF prems(1)])
qed (auto intro: cat-cs-intros)

sublocale cat-small-cocomplete S cat-finite-cocomplete
proof(intro cat-finite-cocompletel )
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fix § J assume prems: finite-category o« J § : J —»—~>ca €
interpret §: is-functor a J € §F by (rule prems(2))
from cat-small-cocomplete-axioms show Fu r. u:§ >cr.colim T J »~ca €
by (auto intro: §.cf-is-tm-functor-if-HomDom-finite-category| OF prems(1)])
qged (auto intro: cat-cs-intros)
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11 Comma categories and universal constructions

11.1 Relationship between the universal arrows, initial objects and terminal
objects

lemma (in is-functor) universal-arrow-of-if-obj-initial:
— See Chapter III-1 in [9].
assumes ¢ €, B(0bj) and obj-initial (¢ lcr §) [0, T, ulo
shows universal-arrow-of § ¢ r u
proof(intro universal-arrow-ofI)
have ru: [0, r, u]s € ¢ lcr F(Obj)
and f-unique: C & ¢ lop S(0bj) = 3If. f: [0, r, ulo =»¢ | on 5 C
for C
by (intro obj-initialD[ OF assms(2)])+
show 7: 1 €, A(0bj)) and u: u : ¢ =g F(ObiMap|)(r)
by (intro cat-obj-cf-comma-ObjD[ OF ru assms(1)])+
fix v’ u" assume prems: v’ €, A(Obj) u’: ¢ > F(ObMap))(r)
from assms(1) prems have r'v”: [0, v/, u']o € ¢ lor F(Ob)
by (cs-concl cs-shallow cs-intro: cat-comma-cs-intros)
from f-unique[ OF r'u’] obtain F'
where F: F': [0, v, ulo = |, 5 [0, 7, u']o
and F-unique: F': [0, 7, u]o g0, u]e= F'=F
for F’
by metis
from cat-obj-cf-comma-is-arrE[ OF F assms(1), simplified] obtain ¢
where F-def: F = [[0, r, ulo, [0, 7', u']o, [0, t]o]o
and t: t: 7 g 1’
and [cat-cs-simps]: F(ArrMap|)(t) oasg v = v’
by metis
show " f':r g ' A u' = umap-of § ¢ ru r'(ArrVal)(f')
proof(intro ex1I conjl; (elim conjE)?; (rule t)?)
from ¢ u show u’ = umap-of § ¢ r u r'(ArrVal]) ()
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
fix ¢t assume prems” t': r —o v’ u’ = umap-of §F ¢ r u r'(ArrVal))(t’)
from prems’(2,1) u have [symmetric, cat-cs-simps]:
u' = F(ArrMap))(t) cags u
by (cs-prems cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
define F' where F' = [[0, r, ulo, [0, 7', u']o, [0, t']o]o
from assms(1) prems’(1) u prems(2) have F"
FUf0,r ulo e pp 5 (0077, 0]o
unfolding F'-def
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-comma-cs-intros)
from F-unique[ OF this] show t’' = ¢t unfolding F’-def F-def by simp
qed
qed

Zeleor

lemma (in is-functor) obj-initial-if-universal-arrow-of:
— See Chapter III-1 in [9].
assumes universal-arrow-of § ¢ r u
shows obj-initial (¢ lcr §) [0, 7, u]o
proof-
from universal-arrow-ofD[ OF assms] have r: r €, 2A(Obj)
and w: u : ¢ =gy §(ObjMap|)(r)
and up: [ 7' e A(Obj]); u': ¢ =g F(ObMap)(r') ]| =
e ey ' A = umap-of § ¢ rur'(ArrVal)(f)
for r' v’
by auto
from u have ¢ ¢ €, B(0bj]) by auto
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show ?thesis
proof(intro obj-initiall)
from r u show [0, r, u], € ¢ Lcr F(Ob))
by (cs-concl cs-shallow cs-intro: cat-cs-intros cat-comma-cs-intros)
fix B assume prems: B €, ¢ |cr $(0bj))
from cat-obj-cf-comma-ObjE[ OF prems c] obtain r' u’
where B-def: B = [0, ', u']o
and 7" r' ¢, 2A(O0bj)
and u” u': ¢ =g F(ObMap))(r')
by auto
from up[OF r' u'] obtain f
where f: f:r =g 7'
and u'-def: u' = umap-of § ¢ ru r'(ArrVal)(f)
and up” [ f':r g v’y u' = umap-of § ¢ ru r'(ArrVal)(f) ]| =
fr=1r
for f’
by auto
from u’-def f u have [symmetric, cat-cs-simps]: u' = F(ArrMap))(f]) cagg v
by (cs-prems cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
define F' where F = [[0, 7, ulo, [0, 7', u']o, [0, f]o]o
show 3!f. f: [0, 7, ulo =»¢ | .5 B
unfolding B-def
proof(rule exll)
from c u fu'show F: [0, 7, ulo »¢ 5 [0, 7 u']o
unfolding F-def
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-comma-cs-intros
)

fix F’ assume prems” F': [0, r, ulo =, | . 5 [0, 7', u']o
from cat-obj-cf-comma-is-arrE[ OF prems’ c, simplified] obtain f’
where F'-def: F' = [[0, r, ulo, [0, 7/, u']o, [0, f']o]o
and f" f':i g 1!
and [cat-cs-simps]: F(ArrMap)(f') cagy v = v’
by auto
from f’ u have v’ = umap-of § ¢ ru r'(ArrVal)(f')
by (c¢s-concl cs-shallow cs-simp: cal-cs-simps cs-intro: cat-cs-intros)
from up'[ OF [’ this] show F'= F unfolding F'-def F-def by simp
qed
qged
qed

lemma (in is-functor) universal-arrow-fo-if-obj-terminal:
— See Chapter III-1 in [9)].
assumes c €, B(0bj) and obj-terminal (§F crl ¢) [r, 0, ulo
shows universal-arrow-fo § ¢ r u
proof-
let %op-§c = <op-cat (§ crl )
and Zc-0p-§ = «¢ Lcr (op-cf F)
and ?%iso = <op-cf-obj-comma § ©
from cat-cf-obj-comma-ObjD[ OF obj-terminalD(1)[ OF assms(2)] assms(1)]
have r: r €, A(0bj)) and wu: v : F(ObjMap|)(r]) —g c
by simp-all
interpret §c: is-iso-functor o Zop-§c ?c-op-§ ?iso
by (rule op-cf-obj-comma-is-iso-functor[ OF assms(1)])
have iso-cocontinuous: is-cf-cocontinuous o ?iso
by
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(
rule is-iso-functor.iso-cf-is-cf-cocontinuous|
OF Fc.is-iso-functor-axioms
]
)
have iso-preserves: cf-preserves-colimits a ?iso (cf-0 ?op-Fc)
by
(
rule is-cf-cocontinuousD
[
OF
150-cocontinuous
cf-0-is-functor[ OF §c. HomDom.category-azioms]
S c.is-functor-axioms
]
)
from category.cat-obj-initial-is-cat-obj-empty-initial|
OF Fc.HomDom.category-axioms op-cat-obj-initial| THEN ffD2, OF assms(2)]
]
interpret nicf-0-op-§c:
is-cat-obj-empty-initial o Zop-Fec «[r, 0, ulor <ntcf-0 Zop-Fo»
by simp
have cf-0 7op-Fc : cat-0 »—cq Zop-§c
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from
cf-preserves-colimitsD
[
OF
1so-preserves
ntcf-0-op-§ c.is-cat-colimit-axioms
this
Fc.is-functor-axioms

assms(1) r u
have ntcf-0 ?c-op-3 :
cf-0 2¢c-0p-§ >cF.cotim [0, 75 u]o ¢ cat-0 »—>cq ?c-0p-F
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cat-comma-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros
)
then have obj-initial-ru: obj-initial ?c-op-§ [0, r, u]o
by
(
rule is-cat-obj-empty-initial. cat-oei-obj-initial|
OF is-cat-obj-empty-initiall
]
)
from assms(1) have c €, op-cat B(0bj)
by (cs-concl cs-shallow cs-intro: cat-op-intros)
from
is-functor.universal-arrow-of-if-obj-initial[
OF is-functor-op this obj-initial-ru
]
have universal-arrow-of (op-cf §) ¢ ru
by simp
then show ?thesis unfolding cat-op-simps .
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qed

lemma (in is-functor) obj-terminal-if-universal-arrow-fo:
— See Chapter III-1 in [9)].
assumes universal-arrow-fo § ¢ r u
shows obj-terminal (§ crl ¢) [r, 0, uo
proof-
let 2op-§c = <op-cat (§ crl )
and Zc-op-§ = «¢ Lor (op-cf §)
and ?%iso = «inv-cf (op-cf-obj-comma § c¢)»
from universal-arrow-foD[ OF assms] have r: r €, (| Obj))
and w u : F(ObjMap))(r]) —e ¢
by auto
then have c: ¢ €, B(00bj)) by auto
from u have c-op-§: category a ?c-op-§
by
(
cs-concl cs-shallow cs-intro:
cat-cs-intros cat-comma-cs-intros cat-op-intros
)

interpret Fc: is-iso-functor a ?op-§c ?c-op-§ <op-cf-obj-comma § ©
by (rule op-cf-obj-comma-is-iso-functor[ OF c])
interpret inv-Fc: is-iso-functor a ?c-op-§ Zop-Fc Ziso
by (cs-concl cs-shallow cs-intro: cf-cs-intros)
have iso-cocontinuous: is-cf-cocontinuous a ?iso
by
(
rule is-iso-functor.iso-cf-is-cf-cocontinuous|
OF inv-§ c.is-iso-functor-azioms
]
)
have iso-preserves: cf-preserves-colimits a ?iso (¢f-0 ?c-op-F)
by
(
rule is-cf-cocontinuousD
|
OF
150-cocontinuous
cf-0-is-functor[ OF Fc.HomCod. category-axioms]
inv-g§c.is-functor-axioms
]
)

from assms have universal-arrow-of (op-cf §) ¢ r v unfolding cat-op-simps.
from is-cat-obj-empty-initial D
[
OF category. cat-obj-initial-is-cat-obj-empty-initial
[
OF c-op-F is-functor.obj-initial-if-universal-arrow-of |
OF is-functor-op this
]
]
]
have ntcf-0-c-op-F: ntef-0 ?c-op-§ :
cf-0 2c-0p-F >cF.cotim |0, 7, ulo : cat-0 »—>gq Zc-op-F.
have cf-0-c-op-§: cf-0 ?c-0p-F : cat-0 »—cq ?c-0p-§
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from
cf-preserves-colimitsD[
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OF iso-preserves ntcf-0-c-op-§ cf-0-c-op-§ inv-§c.is-functor-azioms
]
ru
have ntcf-0 ?op-Fc : cf-0 20p-Fc >crF.cotim [T5 0, ulo : cat-0 »—>cq ?op-Fc
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cat-comma-cs-simps §c.inv-cf-ObjMap-app
cs-intro: cat-cs-intros cat-comma-cs-intros cat-op-intros
)
from
is-cat-obj-empty-initial. cat-oei-obj-initial[
OF is-cat-obj-empty-initiall [ OF this]
]
show obj-terminal (F crl ¢) [r, 0, u]o
unfolding op-cat-obj-initial[ symmetric].
qed

11.2 A projection for a comma category constructed from a functor and an
object creates small limits

See Chapter V-6 in [9].

lemma cf-obj-cf-comma-proj-creates-limits:
assumes & : A >4 X
and is-tm-cf-continuous o &
and z €, X(0bj)
and S:JIPrcima T lcr ©
shows cf-creates-limits o« (z ol Mlcr &) §
proof(intro cf-creates-limitsl conjl alll impI)

interpret &: is-functor a A X ® by (rule assms(1))
interpret §: is-tm-functor a J «x lcr ® §F by (rule assms(4))
interpret z®&: is-functor a <z lcr & A <x ol 1cr &

by (rule &.cf-obj-cf-comma-proj-is-functor| OF assms(3)])

show § : J »—ca 2z lor 6 by (rule §.is-functor-axioms)
show z ol lcr & : z lop & »>cq A by (rule 28.is-functor-azioms)

define ¢ = V
where 9 =

[
(AjeoJ(0bj]). F(ObiMap)) () (2xD),
cf-const § X =z,
& ocr (z ollcr ® ocr §),

)

X
lo

have -components:
B(NTMap)) = (\je.300b7). F0bMap) (i) (2x))
W(NTDom)) = cf-const J X
Y(NTCod) = & ocr (z o lcr & ocr )
Y(NTDGDom)) = J
H(NTDGCod)) = X
unfolding -def ni-field-simps by (simp-all add: nat-omega-simps)

have ¢-NTMap-app: »(NTMap)) (j) = f
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if j €, J(Obj)) and F(ObiMap))(j) = [a, b, flo for a b fj
using that unfolding -components by (simp add: nat-omega-simps)

interpret v: is-cat-cone « £ J X <& ocp (z ol lcr & ocr F) ¥
proof(intro is-cat-conel is-ntcfI")
show vfsequence ¢ unfolding ¢ -def by clarsimp
show vcard v = 5N unfolding -def by (simp add: nat-omega-simps)
show (NTMap))(a)) :
cf-const J X z(ObjMap))(a) =5 (& ocr (z o lcr & ocr §))(ObjMap))(al)
if a e, J(Obj)) for a
proof—
from that have F(0bjMap)(a) € = Lcr &(Obj)
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from &.cat-obj-cf-comma-ObjE[ OF this assms(3)] obtain ¢ g
where Fa-def: F(ObjMap))(al) = [0, ¢, g]o
and ¢ ¢ € 2A(O0bj)
and ¢: g : z »y &(0bjMap))(c)
by auto
from ¢ g show ?thesis
using that
by
(
cs-concl
cs-simp: cat-comma-cs-simps cat-cs-simps §a-def V-NTMap-app
cs-intro: cat-cs-intros cat-comma-cs-intros
)
qed
show
W(NTMap|) (D)) ocax cf-const I X z(ArrMap))(f]) =
(& ocr (z olMcr & ocr §))(ArrMap)(f) oax »(NTMap))(a)
iff:amybforabdf
proof—
from that have §f: F(ArrMap)(f) : F(ObiMap))(a) —; . & F(ObiMap|)(b)
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from &.cat-obj-cf-comma-is-arrE[ OF this assms(8)] obtain ¢ h ¢’ h' k
where §f-def: F(ArrMap)(f]) = [[0, ¢, hlo, [0, ¢’, h']o, [0, k]o]o
and Fa-def: F(ObjMap))(al) = [0, ¢, h]o
and Fb-def: F(ObjMap|) (b)) = [0, ', h']o
and k: k: c g ¢
and h: h: z >y &(0bjMap))(c)
and h" h': z —»y &(0biMap|)(c’)
and [cat-cs-simps]: &(ArrMap)) (k) cax h = h'
by metis
from Ff k h h' that show ?thesis
unfolding §f-def §a-def Fb-def

by
(
cs-concl
cs-simp:
cat-cs-simps cat-comma-cs-simps
§f-def Fa-def Fb-def v-NTMap-app
cs-intro: cat-cs-intros
)
qed

qed (auto simp: assms(3) p-components intro: cat-cs-intros)

fix 7 b assume prems: 7 : b <gp.iim T ol 1lcr B ocr §:J »oa A
interpret 7: is-cat-limit « J A «x o lcr & oor & b 7 by (rule prems)
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note z&-§ = cf-comp-cf-obj-cf-comma-proj-is-tm-functor[ OF assms(1,4,3)]
have cf-preserves-limits « & (x ol lcr & ocr §)
by (rule is-tm-cf-continuousD [ OF assms(2) x®&-§ assms(1)])
then have &7: & ocop_N7T0oF T
B(0bjMap)) (b)) <cr.1im & ocr (v o 1cr & ocr §) 1 J »coa X
by
(

rule cf-preserves-limitsD|
OF - prems(1) is-tm-functorD(1)[ OF z&-F| assms(1)

)

from is-cat-limit. cat-lim-unique-cone’[ OF &1 1.is-cat-cone-axioms] obtain f
where f: f : z =y &(ObjMap|)(b)
and ¥-f: Aj. j € J(Obj) =
Y(NTMap))(j)) = (& ccr-nrcr T)(NTMap)(j)) coax f
and f-unique:
([
'z =y &(0biMapl)(b);
Nj- § € J(0bj) = P(NTMap))(j) = (& ccr-nvror 7)(NTMap) (i) oax f’
Il=1f=f
for f'
by metis

define o = V
where o =

[
(
Ajea3(Obj)).
[
[07 b7 f]oa
[0, (z oM cr & ocr §)(O0biMap) (), ¥ (NTMap))(5)]e,
[0, T(NTMap)) (5D ]

o

)
cf-const J (z Lor &) [0, b, flo,
8”
37
zlor @
]o

have o-components: o((NTMap)) =
(
AjeaJ3 (| Obj).
[
[0, b, flo,
[0, (z oM cr & ocr §)(O0biMap)) (), »(NTMap])(j)].,
[0, 7(NTMap) ()]

o

[ cat-cs-simps]: c(NTDom|) = cf-const J (x lor &) [0, b, flo
and [cat-cs-simps]: c(NTCod)) = §
and [cat-cs-simps]: o(NTDGDom)) = J
and [cat-cs-simps]: o(NTDGCod)) = z lcr &
unfolding o-def ni-field-simps by (simp-all add: nat-omega-simps)

)
and
d

have o-NTMap-app: o(NTMap))(j]) =
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[
[0, b, flo,
[0, (z oM cr & ocr §)(O0biMap)) (), »(NTMap]) ()],
[0, T(NTMap) ()]

Io
if j €, J(Obj) for j
using that unfolding o-components by simp

interpret o: is-cat-cone a <[0, b, flo> J <z Lor & F o
proof(intro is-cat-conel is-ntcfI")
show vfsequence o unfolding o-def by auto
show wvcard o = 5y unfolding o-def by (simp add: nat-omega-simps)
from f show cf-const J (z lor &) [0, b, flo : J P=ca 2 lor &
by
(
cs-concl cs-intro:
cat-cs-intros cat-lim-cs-intros cat-comma-cs-intros
)

show vsv (o(NTMap))) unfolding o-components by auto
show D, (c(NTMap))) = J(Obj) unfolding o-components by auto
from assms(3) show o(NTMapl|)(al) :
cf-const 3 (z Lcor ®) [0, b, flo(ObiMap))(a) =, .. & F(ObiMap))(a)
if a €, J(Obj)) for a
proof-
from that have Fa: F(ObjMap|)(a)) € z Lcr &(0b))
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from &.cat-obj-cf-comma-ObjE[ OF this assms(3)] obtain ¢ g
where Fa-def: F(ObjMap))(al) = [0, ¢, g]o
and ¢ ¢ € 2A(O0bj)
and ¢: g : 2 >y &(0bjMap))(c)
by auto
from -f[ OF that] that ¢ f g Fa have [symmetric, cat-cs-simps]:
g = &(ArrMap))(r(NTMap))(a)) oax f
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps Y-NTMap-app Fa-def cs-intro: cat-cs-intros

from that ¢ f g Sa show ?thesis
unfolding Fa-def
by
(
cs-concl
cs-simp:
cat-comma-cs-simps cat-cs-simps
Y-NTMap-app o-NTMap-app §a-def
cs-intro: cat-cs-intros cat-comma-cs-intros
)
qed
show
o(NTMap)(d) oay |p & cf-const I (z lor &) [0, b, flo(ArrMap))(g]) =
$(ArMap)(g) ong 1oy & CANTMap)(c)
ifg:crydforcdyg
proof—
from that have §g: §(ArrMap))(g)) : §(ObjMap)(c]) =4 | & F(ObiMap])(d])
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from &.cat-obj-cf-comma-is-arrE[ OF this assms(3)] obtain e h e’ h' k
where Fg-def: F(ArrMap))(g) = [[0, e, ko, [0, €', h']o, [0, k]o]o

183



and Fc-def: F(ObjMap))(c) = [0, e, hlo
and §d-def: F(ObiMap))(d)) = [0, €', h']o
and k: k: e g €
and h: h: z >y &(0bjMap)) (e
and " h': z =y &(0biMap|)(e’)
and [cat-cs-simps]: &(ArrMap|)(k]) oax h = h'
by metis
from that have c ¢, J(Obj]) by auto
from -f[ OF this] that k f h have [symmetric, cat-cs-simps]:
h = &(ArmMap)(r(NTMap) (c)) oax f
by
(
cs-prems
cs-simp: cat-cs-simps PY-NTMap-app Fc-def cs-intro: cat-cs-intros

from that have d €, J(Obj)by auto
from o-f[ OF this] that k f h' have [symmetric, cat-cs-simps]:
h' = &(ArrMap)) (T (NTMap)(d)) cax f
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps Y-NTMap-app Fd-def cs-intro: cat-cs-intros
)

note 7.cat-cone-Comp-commute[ cat-cs-simps del]
from 7.ntcf-Comp-commute| OF that] that assms(3) k h h'
have [symmetric, cat-cs-simps]: T(NTMap))(d]) = k oag T(NTMap))(c)
by
(
cs-prems
cs-simp: cat-comma-cs-simps cat-cs-simps §g-def §c-def §d-def
cs-intro: cat-cs-intros cat-comma-cs-intros
)
from that f §g k h h' show ?thesis
unfolding §g-def Fc-def Fd-def
by
(
cs-concl
cs-simp:
cat-comma-cs-simps cat-cs-simps
Y-NTMap-app o-NTMap-app §g-def §c-def §d-def
cs-intro: cat-cs-intros cat-comma-cs-intros
)
qed
qed
(
use f in
¢
cs-concl cs-shallow
cs-intro: cat-cs-intros cat-lim-cs-intros cat-comma-cs-intros
cs-stmp: cat-cs-simps
)

)+

have 70: 7 =z o[lcr ® ccp-NTCF O
proof(rule ntcf-eql)
show 7 : ¢f-const JA b —cp x ol locr B ocr §:Joa
by (rule T.is-ntcf-azioms)
from f show z O|_| CF & OCF-NTCF O
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cf-const JAb—crx ollor &ocr §:J »rca
by
(
cs-concl
cs-simp: cat-cs-simps cat-comma-cs-simps
cs-intro: cat-lim-cs-intros cat-cs-intros cat-comma-cs-intros
)
have dom-lhs: D, (1(NTMap))) = J(Obj))
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
have dom-rhs: Do ((z o Mcr & ocr-nTcor 0)(NTMap))) = J(Obj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show 7((NTMap)) = (z o[ Tcr 6 occr-nTor 0)(NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix a assume prems”: a €, J(Obj))
then have §(0bjMap|)(a)) € z lcr &(0bj)
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from &.cat-obj-cf-comma-ObjE[ OF this assms(3)] obtain ¢ g
where Fa-def: F(ObjMap))(a)) = [0, ¢, g]o
and ¢ c € A(0bj)
and ¢: g : 2 >y &(0bjMap))(c)
by auto
from ¢-f[ OF prems’] prems’ f g have [symmetric, cat-cs-simps]:
g = B(ArrMap) (r(NTMap)(a)) oax f
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps V-NTMap-app Fa-def cs-intro: cat-cs-intros
)

with assms(3) prems’ ¢ g f show
r(NTMap)(a) = (z oflcr & ocr-yrer o) (NTMap)(a)
by
(
cs-concl cs-shallow
cs-simp:
cat-comma-cs-simps cat-cs-simps
Fa-def v-NTMap-app o-NTMap-app
cs-intro: cat-cs-intros cat-comma-cs-intros

qed (simp-all add: T.ntcf-NTMap-vsv cat-cs-intros)
qed simp-all

from f have b-def: b = z o[1cr B(0biMap))(0, b, f))e
by (cs-concl cs-simp: cat-comma-cs-simps cs-intro: cat-cs-intros)

show ca-unique: 3loa. 0 a.
ca={o, a) A
0:0<CF.cone S :JP>caZlcr G A
7=z ollcr ® occr-nrcr 0 Ab =1 ol lcr &(0bjMapl)(al)
proof
(
intro exll[where a=«(o, [0, b, f]o)+] exI conjl, simp only:;
(elim exE conjE)?

)

show o : [Oa b7 f]o <CF.cone S : 3 indudole »JrCF (6]
by (rule o.is-cat-cone-azioms)
show 7 =z o[ l¢cr ® ccp_nTCF 0 by (rule 7o)
show b = z o[1cr B(0bjMap)) (0, b, f)e by (rule b-def)
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fix oa 0’ a assume prems”:
oa = {c’, a)
0"t a<cF.cone ST Pca T lcr ®
T=2ollcr ® occp-NTCF 0’
b=z ollcr B(0bjMap))(al)
interpret ¢ is-cat-cone o a J <z Locr & § o’ by (rule prems’(2))

from &.cat-obj-cf-comma-ObjE[ OF ¢'.cat-cone-obj assms(3)] obtain ¢ g
where a-def': a = [0, ¢, g]o
and c” ¢ & 2A(O0bj)
and ¢" ¢g: z —y &(0bjMap))(c)
by auto
from prems’(4) ¢’ g’ assms(3) have be: b = ¢
by
(
cs-prems cs-shallow
cs-simp: cat-comma-cs-simps a-def’’ cs-intro: cat-comma-cs-intros
)

with a-def’’ ¢’ ¢’ have a-def" a = [0, b, g]o
and b: b €, 2A(0bj)
and g: g : 5 -y G(0bjMap)(b)
by auto

from prems’(3) have 7-eq-z®-0":
T(NTMap) (i) = (z oM cr & occr-nrer o')(NTMap))(j) for j
by simp

have ¢(NTMap))(j) = (& ccr-nTcr T)(NTMap)(j) cax g
if j e, J(Obj)) for j
proof—
from that have o'-j: o' (NTMap))(j)) : [0, b, g9lo =4 | . & S(ObIMap))(j)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps a-def [ symmetric] cs-intro: cat-cs-intros
)

from &.cat-obj-cf-comma-is-arrE[ OF this] obtain e h k
where o'-j-def: o' (NTMap))(j) = [[0, b, glo, [0, €, h]o, [0, k]o]s
and §j-def: F(ObiMap))(j]) = [0, e, h]o
and k: k: by e
and h: h: z >y &(0bjMap)) (e
and [cat-cs-simps]: &(ArrMap))(k]) cax g=h
by (metis &.cat-obj-cf-comma-is-arrD(4,7) o'-j assms(3))
from that o’-j show ?thesis
unfolding o '-j-def
by
(
cs-concl cs-shallow
cs-simp:
cat-cs-simps cat-comma-cs-simps
o'-j-def ¥-NTMap-app §j-def prems’(3)
cs-intro: cat-cs-intros
)
qed
from f-unique[ OF g this] have gf: g = f.
with a-def” have a-def: a = [0, b, f]o by simp
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have go" 0 = ¢’
proof(rule ntcf-eql)
show o : ¢f-const J (z Lor &) [0, 0, flo Pcr F: I »ca T lcr ®
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
then have dom-lhs: D, (c(NTMap))) = J(Obj)
by (c¢s-concl cs-shallow cs-simp: cat-cs-simps)
show o' : ¢f-const J (z lop &) [0, b, flo Per §: T »rca zlecr ©
by (cs-concl cs-shallow cs-simp: a-def cs-intro: cat-cs-intros)
then have dom-rhs: D, (¢'(NTMapl))) = J(Obj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
show o(NTMap|) = o'(NTMap)|)
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix j assume prems’: j €, J(Obj)
then have o'-j: '(NTMap))(j)) : [0, b, flo =4 | op 6 S(ObIMap]) ()
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps a-def [ symmetric] gf[symmetric)
cs-intro: cat-cs-intros

from &.cat-obj-cf-comma-is-arrE[ OF this] obtain e h k

where o"j-def: o' (NTMap) (j) = [[0, b, flo, [0, €, hlo, [0, Ko]o
and §j-def: F(ObjMap))(j) = [0, e, hlo
and k: k: b g e
and h: h: z >y &(0bjMap)) (e
and [cat-cs-simps]: &(ArrMapl) (k) cax f=h

by (metis &.cat-obj-cf-comma-is-arrD(4,7) o'-j assms(3))

from prems” k h assms(8) f h show o(NTMap))(j) = o'(NTMap)) ()

by

(
cs-concl cs-shallow
cs-simp:
cat-cs-simps cat-comma-cs-simps
T-eq-18-0' )-NTMap-app o-NTMap-app Fj-def o'-j-def
cs-intro: cat-cs-intros cat-comma-cs-intros
)
qged (cs-concl cs-shallow cs-intro: V-cs-intros)
qed simp-all
show ca = (o, [[]o, b, f]o) unfolding prems’(1) oo’ a-def by simp
qed

show o' : a’' <cp.iim §:J »ca 2 lor &
ifo': a0’ <cr.cone &I Pca T lor ®
and 7 =z o[ lcr & occp-NTCF O’
and b = z ol cr B(0biMap))(a’)
for o’ a’
proof(rule is-cat-limitl)

interpret o” is-cat-cone o o' J <z locp & § o’ by (rule that(1))
from o.is-cat-cone-axioms To b-def that oa-unique have

(0-,7 a',> = <Ua [07 ba f:|°>

by metis
then have o’-def: ¢’ = o and a’-def: o’ = [0, b, f]o by simp-all

I . ! .
show o': a <CF.cone S g >=oa T loF (]
by (rule o'.is-cat-cone-axioms)
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fix o' o' assume prems: "' : ' <cF.cone 5 :J Pca T lor ®
then interpret o' is-cat-cone o a"' J <z lcr & F o'’
from &.cat-obj-cf-comma-ObjE[ OF ¢"'.cat-cone-obj assms(3)] obtain b’ f'
where a'’-def: o' = [0, b', f']o
and b" b’ €, A(Obj)
and f" f': z >y &(ObjMap))(b')
by auto
from b’ f' have 26-A" z o1 cr &(0ObiMap))(a’]) = b’
unfolding a'’-def
by
(
cs-concl cs-shallow
cs-simp: cat-comma-cs-simps cs-intro: cat-comma-cs-intros
)

from 7.cat-lim-unique-cone’[
OF cf-ntcf-comp-cf-cat-cone[ OF prems z®.is-functor-axioms],
unfolded x&-A’
]
obtain i where h: h: b" g b
and z8-0'"-app: Aj. j €, J(Obj) —
(z oMcr & ocp-nror o) (NTMap)(j) = T(NTMap)(j) oag h
and h-unique:
I
h': by b
Ni- J € 3(Obj) —
(z oMcr & ocp-nrer o) (NTMap)(j) = T(NTMap)(j) oag b’
= h'=h
for n’
by metis

define F where F = [a”, a', [0, h]5]o

show J!F".
F':ia" v, lop & a' Ao =c" -nyror ntef-const J (x lop ) F'
unfolding a'’-def a’-def o'-def
proof(intro ex1I conjI; (elim conjE)?)
from f’ h have &h-f" &(ArrMap))(h]) cax f': z »x &(ObjiMap]) (b))
by (cs-concl cs-shallow cs-intro: cat-cs-intros )
have (NTMap))(j)) = (& ccr-nrcr T)(NTMap)(j) cax (&(ArrMap))(h]) cax f')
if j <, 3(Obj) for j
proof-
from that have o’'-j:
o INTMap) () [0, V', 1) = | o & SUOHMap) ()
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps a’’-def [ symmetric]
cs-intro: cat-cs-intros
)
from &.cat-obj-cf-comma-is-arrE[ OF this] obtain e b’ k
where o''-j-def: c""(NTMap))(j) = [[0, b', [']o, [0, €, h']o, [0, k]o]o
and Fj-def: F(ObjMap))(j) = [0, e, h']o
and k: k: b g e
and [cat-cs-simps]: &(ArrMapl) (k) oayx f'=h'
by (metis &.cat-obj-cf-comma-is-arrD(4,7) o’'-j assms(3))
from that o''-j have ¢-NTMap-j: »(NTMap))(j) =
(B ocr-nrcr (z ol lcr ® occr-nrer o)) (NTMap)(j) cax f'
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unfolding o''-j-def §j-def
by
(
cs-concl cs-shallow
cs-simp:
cat-cs-simps cat-comma-cs-simps o''-j-def §j-def 1-NTMap-app
cs-intro: cat-cs-intros
)+
from that h f’ show ?thesis
unfolding v-NTMap-j
by
(
cs-concl cs-shallow
cs-simp:
cat-cs-simps
is-ntcf.cf-ntcf-comp-NTMap-app
z®-0""-app[ OF that]
cs-intro: cat-cs-intros
)
qed

from f-unique[ OF Gh-f' this] have [cat-cs-simps]:
&(ArrMap)) (k) cax f'= f-

from assms(3) h f' f show F: F: [0, 0", f'lo =y |op o [0, 0, flo
unfolding F-def a’'-def a’-def
by
(
cs-concl cs-shallow
cs-simp: cat-cs-stmps cs-intro: cat-comma-cs-intros
)

show ¢'' = 0 -yroF ntcf-const J (z lop &) F
proof(rule ntcf-eql)
show o' : ¢f-const J (z Locr &) 0" »er F:J »ca T lcr ®
by (rule o''.is-ntcf-axioms)
then have dom-lhs: D, (¢"(NTMap|)) = J(Obj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
from F show o -y7cF nicf-const J (z orp &) F :
cf-const 3 (z lcr ®) "' »op §:J »oca zlor ©
unfolding a'’-def by (cs-concl cs-shallow cs-intro: cat-cs-intros)
then have dom-rhs:
D, ((¢ *NTcF ntcf-const J (z Lor &) F)(NTMap))) = 3(Obj)
by (cs-concl cs-simp: cat-cs-simps)
show ¢"(NTMap|) = (0 ‘nToF ntcf-const J (z dor 6) F)(NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix j assume prems” j €, J(Obj))
then have o''-j:
o INTMap) (3D : [0, V', 'l =4 |0 & SUOKMap) ()
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps a''-def[ symmetric]
cs-intro: cat-cs-intros
)
from ®.cat-obj-cf-comma-is-arrE[ OF this] obtain e h' k
where o"'-j-def: o”(NTMap|) (j) = [[0, b', f']o, [0, e, h']o, [0, k]o]o
and §j-def: F(ObiMap))(j) = [0, e, h']o
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and k: k: b =g e
and h" h': z —y B(0biMap))(e)
and [cat-cs-simps]: &(ArrMap)) (k) oax f'=h'
by (metis &.cat-obj-cf-comma-is-arrD(4,7) o''-j assms(3))
from assms(3) prems’ F k h' h f f' show
a""(NTMap))(j]) = (o -NTcF ntcf-const J (z Lor &) F)(NTMap))(j)
by
(
cs-concl
cs-simp:
cat-cs-simps cat-comma-cs-simps
o''-j-def x&-c""-app[ OF prems’, symmetric]
o-NTMap-app F-def Fj-def a’’-def a’-def
cs-intro: cat-cs-intros cat-comma-cs-intros
cs-simp: ¥-f ¥-NTMap-app
)
qed (cs-concl cs-intro: V-cs-intros cat-cs-intros)+
qed simp-all
fix F' assume prems”:
P [Ov bl?f/]o Prlecr ® [07 b, f]o
o =0 nyror ntef-const J (x lop B) F’
from &.cat-obj-cf-comma-is-arrE[ OF prems’(1) assms(3), simplified]
obtain &
where F'-def: F' = [[0, b', f']o, [0, b, flo, [0, k]o]o
and k: k: b =g b
and [cat-cs-simps]: &(ArrMap)) (k) cax f'=f
by metis
have k = h
proof(rule h-unique[ OF k])
fix j assume prems’”: j €, J(Obj)
then have §(0bjMap|)(j) € z cr &(Obj)
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from &.cat-obj-cf-comma-ObjE[ OF this assms(3)] obtain ¢ g
where §j-def: F(ObjMap|)(j) = [0, ¢, glo
and ¢ ¢ €, A(0bj)
and ¢: g: z »x &(0biMap))(c|
by auto
from prems’ prems’(1) assms(3) ¢ g f show
(z ofMcr ® ocr-nTcr o' )(NTMap))(j) = T(NTMap))(j) oagy *
unfolding prems’(2) o F'-def
by
(
cs-concl
cs-simp: cat-comma-cs-simps cat-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros
cs-simp: ¥-f o-NTMap-app §j-def

)
qed
then show F’ = F unfolding F'-def F-def a'’-def a’-def by simp
qed
qged

qed
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12 Category Set and universal constructions

12.1 Discrete functor with tiny maps to the category Set

lemma (in Z) tm-cf-discrete-cat-Set-if- VLambda-in- Vset:
assumes VLambda I F ¢, Vset o
shows tm-cf-discrete a I F (cat-Set «)
proof(intro tm-cf-discretel)
from assms have vrange-F-in-Vset: Ro (VLambda I F) €, Vset o
by (auto intro: vrange-in-Vsetl)
show (\ie,I. cat-Set a(CId))(F i) €. Vset a
proof(rule vbrelation.vbrelation-Limit-in- Vsetl)
from assms show D, (Aie,I. cat-Set a(CId))(F i) €, Vset «
by (metis vdomain-VLambda vdomain-in-Vsetl)
define @ where
Qi=
(
ifi=0
then VPow ((Uoi€ol. F i) xo (Uoi€ol. F 7))
else set (F “ elts I)
)
for i =V
have R, (AieoI. cat-Set a(CId)(F i) So ([Totcs set {0, In, 2n}. Q 7)
proof(intro vsubsetl, unfold cat-Set-components)
fix y assume y €, Ro (Aic.I. VLambda (Vset «) id-Set(F i)
then obtain i where i: ¢ ¢,
and y-def: y = VLambda (Vset ) id-Set(F i)
by auto
from ¢ have F i ¢, R, (VLambda I F) by auto
with vrange-F-in-Vset have F i €, Vset o by auto
then have y-def: y = id-Set (F i) unfolding y-def by auto
show y & ([Toicoset {0, In, 2n}. Q %)
unfolding y-def
proof(intro vproductl, unfold Ball-def; (intro alll impI)?)
show D, (id-Rel (F 7)) = set {0, In, 2n}
by (simp add: id-Rel-def incl-Rel-def three nat-omega-simps)
fix j assume j €, set {0, In, 2N}
then consider j = 0) | <j = In> | <j = 2N by auto
then show id-Rel (F i)(j) €, Q j
proof cases
case 1
from i show ?thesis
unfolding 1
by
(
subst arr-field-simps(1)[ symmetric],
unfold id-Rel-components Q-def
)
force
next
case 2
from i show ?thesis
unfolding 2
by
(
subst arr-field-simps(2)[ symmetric],
unfold id-Rel-components Q)-def
)
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auto
next
case 3
from 7 show ?thesis
unfolding 3
by
(
subst arr-field-simps(3)[ symmetric],
unfold id-Rel-components Q-def
)
auto
qed
qed (auto simp: id-Rel-def cat-Set-cs-intros)
qed
moreover have ([].ic, set {0, In, 2n}. @ ©) €& Vset «
proof(rule Limit-vproduct-in-Vsetl)
show set {0, In, 2N} € Vset o unfolding three[ symmetric] by simp
from assms have VPow ((Uoi€ol. F i) xo (Uoicol. F 7)) €, Vset «
by
(
intro
Limit-VPow-in- Vset]
Limit-vtimes-in- Vset]
Limit-vifunion-in- Vset-if- VLambda-in- Vset]
)
auto
then show Q i €, Vset o if i €, set {0, In, 2n} for @
using that vrange-VLambda
by (auto intro: vrange-F-in-Vset simp: Q-def nat-omega-simps)
ged auto
ultimately show R, (\ie,I. cat-Set a(CId)(F i) €, Vset «
by (meson vsubset-in-Vsetl)
qged auto
fix 7 assume prems: i €, [
from assms have R, (VLambda I F) €, Vset a by (auto simp: vrange-in-Vsetl)
moreover from prems have F i €, R, (VLambda I F) by auto
ultimately show F i €, cat-Set a(Obj)) unfolding cat-Set-components by auto
ged (cs-concl cs-shallow cs-intro: cat-cs-intros assms)+

12.2 Product cone and coproduct cocone for the category Set

12.2.1 Definition and elementary properties

definition ntcf-Set-obj-prod = V=V = (V= V)=V
where ntcf-Set-obj-prod o I F = ntcf-obj-prod-base
(cat-Set ) I F ([1oi€ol. F i) (\i. vprojection-arrow I F i)

definition ntcf-Set-obj-coprod = V=V = (V=>V)=>V
where ntcf-Set-obj-coprod o I F = nicf-obj-coprod-base
(cat-Set o) I F (11oi€.l. F i) (Ai. veinjection-arrow I F 7)

Components.

lemma ntcf-Set-obj-prod-components:
shows ntcf-Set-obj-prod o I F(NTMap)) =
(Nieo:o I(Obj)). vprojection-arrow I F i)
and nitcf-Set-obj-prod o I F(NTDom)|) =
cf-const (:¢ I) (cat-Set o) (IToieol. F i)
and ntcf-Set-obj-prod o I F(NTCod)) = :—: I F (cat-Set )
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and nicf-Set-obj-prod o I F(NTDGDoml|) = :¢ I
and ntcf-Set-obj-prod o I F(NTDGCod)) = cat-Set «
unfolding ntcf-Set-obj-prod-def ntcf-obj-prod-base-components by simp-all

lemma nitcf-Set-obj-coprod-components:
shows ntcf-Set-obj-coprod o I F(NTMap)) =
(Nies:e I(Obj)). veinjection-arrow I F' 7)
and ntcf-Set-obj-coprod o« I F(NTDoml) = :—: I F (cat-Set «)
and nicf-Set-obj-coprod o I F(NTCod)) =
cf-const (¢ I) (cat-Set o) (11oi€I. F %)
and nicf-Set-obj-coprod o I F(NTDGDom|) = :¢c I
and ntcf-Set-obj-coprod oo I F(NTDGCod)) = cat-Set «
unfolding ntcf-Set-obj-coprod-def ntcf-obj-coprod-base-components by simp-all

12.2.2 Natural transformation map

mk-VLambda ntcf-Set-obj-prod-components(1)
|vsv nicf-Set-obj-prod-NTMap-vsv[ cat-cs-intros]|
|vdomain ntcf-Set-obj-prod-NTMap-vdomain| cat-cs-simps]|
|app ntcf-Set-obj-prod-NTMap-app| cat-cs-simps]|

mk-VLambda ntcf-Set-obj-coprod-components(1)
|vsv ntcf-Set-obj-coprod-NTMap-vsv| cat-cs-intros]|
|vdomain ntcf-Set-obj-coprod-NTMap-vdomain[ cat-cs-simps]|
|app ntcf-Set-obj-coprod-NTMap-app| cat-cs-simps]|

12.2.3 Product cone for the category Set is a universal cone and product cocone
for the category Set is a universal cocone

lemma (in Z) tm-cf-discrete-ntcf-obj-prod-base-is-cat-obj-prod:
— See Theorem 5.2 in Chapter Introduction in [6].
assumes VLambda I F ¢, Vset a
shows ntcf-Set-obj-prod o I F :
(TMoieol. F i) <cp.qp F: I »—cq cat-Set «
proof(intro is-cat-obj-prodl is-cat-limitl)

interpret Set: tm-cf-discrete a I I <cat-Set a»
by (rule tm-cf-discrete-cat-Set-if- VLambda-in- Vset[ OF assms])

let ?F = <ntcf-Set-obj-prod o I F»

show cf-discrete o I F (cat-Set )
by (auto simp: cat-small-discrete-cs-intros)
show F-is-cat-cone: 7F :
(TToi€ol. F i) <cF.cone = I F (cat-Set «) : :¢ I =g cat-Set «
unfolding ntcf-Set-obj-prod-def
proof(rule Set.tm-cf-discrete-nicf-obj-prod-base-is-cat-cone)
show ([]o.i€ol. F i) €, cat-Set a(Obj)
unfolding cat-Set-components
by
(
mniro
Limit-vproduct-in- Vset-if- VLambda-in- Vset]
Set.tm-cf-discrete-ObjMap-in- Vset
)
auto
qed (intro vprojection-arrow-is-arr Set.tm-cf-discrete-ObjMap-in-Vset)
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interpret F: is-cat-cone
a (Jloi€od. F iy ¢ D> <cat-Set oy <:—: I F (cat-Set «)y «2F»
by (rule F-is-cat-cone)

fix 7/ P’ assume prems:
7't P'<oF cone = I F (cat-Set ) : :¢ I »—gq cat-Set a

let ?n'i = <\i. @' (NTMap))())>

let ?up’ = <cat-Set-obj-prod-up I F P’ ?1'i»

interpret 7" is-cat-cone a P’ <:¢ I» <cat-Set ay ¢:—: I F (cat-Set ) 7’
by (rule prems(1))

show J!f".
f' P i-Set o (ITot€el. F i) A
' = 2F -y ror nicf-const (:¢ I) (cat-Set a) f'
proof(intro ex1l conjl; (elim conjE)?)
show up” 2up’: P' = .11 60t o (ITot€cl. F 1)
proof(rule cat-Set-obj-prod-up-cat-Set-is-arr)
show P’ ¢, cat-Set a(Obj]) by (auto intro: cat-cs-intros cat-lim-cs-intros)
fix ¢ assume 7 €, [
then show 7©'(NTMap|) (i) : P' = .41-Set o F' 1
by
(
cs-concl cs-shallow
cs-simp:
the-cat-discrete-components(1)
cat-cs-simps cat-discrete-cs-simps
cs-intro: cat-cs-intros
)

qed (rule assms)

then have P" P’ ¢, cat-Set a(Obj))
by (auto intro: cat-cs-intros cat-lim-cs-intros)

have 7n'i-i: o7’ i: P' Fiifie I for i

: cat-Set «

using
7' ntef-NTMap-is-arr[unfolded the-cat-discrete-components(1), OF that]
that

by

(

cs-prems cs-shallow cs-simp:
cat-cs-simps cat-discrete-cs-simps the-cat-discrete-components(1)
)

from cat-Set-obj-prod-up-cat-Set-is-arr[ OF P’ assms(1) w'i-i] have 7'i:
cat-Set-obj-prod-up I F P" ?r'i : P' = 01 6ot o (ITot€l. F i),

show 7/ = ?F -y o ntef-const (:¢ I) (cat-Set ) 2up’
proof(rule ntcf-eql, rule w'.is-ntcf-axioms)

from F-is-cat-cone 7'i show
?F -NTor ntef-const (¢ I) (cat-Set «) up’:
cf-const (:¢ I) (cat-Set o) P' —»¢gp > I F (cat-Set a) :
o I »oq cat-Set o
by (cs-concl cs-shallow cs-intro: cat-cs-intros)

have dom-lhs: D, (7'(NTMap))) = :c I(0bj)
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by (c¢s-concl cs-shallow cs-simp: cat-cs-simps)

from F-is-cat-cone ©'i have dom-rhs:
Do ((?F nTcoF ntef-const (¢ I) (cat-Set a) 2up”)(NTMap|)) = :c I(O0bj))
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

show ©'(NTMap|) = (?F -nrcr ntcf-const (:¢ I) (cat-Set o) 2up”)(NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix ¢ assume prems” i €, :¢ I(Obj)
then have i: i €, [ unfolding the-cat-discrete-components by simp
have [cat-cs-simps]:
vprojection-arrow I F i o4 .u-Set o 7up’ = m'(NTMap) (i)
by
(
rule cat-Set-cf-comp-proj-obj-prod-up[
OF P’ assms w'i-i i, symmetric
]
)
auto
from 7'i prems’ show 7'(NTMap)) (i) =
(?F -nTcF nicf-const (:¢ I) (cat-Set o) ?up”)(NTMap))(i])
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-Rel-cs-simps cs-intro: cat-cs-intros
)

qged (auto simp: cat-cs-intros)
qed simp-all

fix f’ assume prems:
P’ ™ cat-Set o (IToies 1. F4)
' = 2F -nypor ntef-const (:¢ I) (cat-Set o) f'
from prems(2) have n'-eq-F-f" w'(NTMap|) (i) (ArrVal)(a]) =
(?F -yTcor ntcf-const (:¢c I) (cat-Set o) f")Y(NTMapl) (i) (ArrVal])(a))
ifie, I and a €, P'for i a
by simp
have [cat-Set-cs-simps]: 7'(NTMapl) (i) (ArrVal])(a]) = f'(ArrVal])(al) ()
ifie, I and a ¢, P'for i a
using
7'-eq-F-f'[ OF that]
assms prems that
vprojection-arrow-is-arr[ OF that(1) assms]
by
(
cs-prems cs-shallow
cs-simp:
cat-Set-cs-simps
cat-cs-simps
vprojection-arrow-ArrVal-app
the-cat-discrete-components(1)
cs-intro: cat-Set-cs-intros cat-cs-intros

)

note f’ = cat-Set-is-arrD[ OF prems(1)]
note up’ = cat-Set-is-arrD[ OF up']

interpret f" arr-Set o f’ by (rule f'(1))
interpret u" arr-Set « <(cat-Set-obj-prod-up I F P’ (app (n'(NTMap)))))»
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by (rule up'(1))

show f' = %up’
proof(rule arr-Set-eqI[of «])
have dom-lhs: D, (f'(ArrVal)) = P’ by (simp add: cat-Set-cs-simps f')
have dom-rhs:
D, (cat-Set-obj-prod-up I F P’ (app (7'(NTMap))))(ArrVal)) = P’
by (simp add: cat-Set-cs-simps up’)
show f'(ArrVal]) = cat-Set-obj-prod-up I F P' (app (7'(NTMap))))(ArrVal)
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix a assume prems” a €, P’
from prems(1) prems’ have f'(ArrVal))(a]) € ([Toieol. F 7)
by (cs-concl cs-shallow cs-intro: cat-Set-cs-intros)
note f’a = vproductD[ OF this]
from prems’ have dom-rhs:
D, (cat-Set-obj-prod-up I F P’ (app (v (NTMap))))(ArrVal)(a)) = I
by (cs-concl cs-shallow cs-simp: cat-Set-cs-simps)
show f'(ArrVal))(al]) =
cat-Set-obj-prod-up I F P (app (7'(NTMap))))(ArrVal))(al)
proof(rule vsv-eql, unfold f'a dom-rhs)
fix 7 assume 7 €, [
with prems’ show f'(ArrVal])(a]) (i) =
cat-Set-obj-prod-up I F P’ (app (v'(NTMapl)))(ArrVal])(al) ()
by (cs-concl cs-shallow cs-simp: cat-Set-cs-simps)
qed (simp-all add: prems’ f'a(1) cat-Set-obj-prod-up-ArrVal-app)
qed auto
qed (simp-all add: cat-Set-obj-prod-up-components ' up’(1))

qed
qed

lemma (in Z) tm-cf-discrete-ntcf-obj-prod-base-is-tm-cat-obj-prod:
— See Theorem 5.2 in Chapter Introduction in [6].
assumes VLambda I F €, Vset «
shows ntcf-Set-obj-prod o I F :
(TMoteol. F i) <cp.tm.qq F: 1 »~c. tma cat-Set o
proof(intro is-tm-cat-obj-prodl)
from assms show tm-cf-discrete o I F (cat-Set «)
by (rule tm-cf-discrete-cat-Set-if- VLambda-in- Vset)
show ntcf-Set-obj-prod a I F :
vproduct I F <cp.jim = I F (cat-Set ) : :¢ I =g cat-Set a
by
(
rule is-cat-obj-prodD|[
OF tm-cf-discrete-ntcf-obj-prod-base-is-cat-obj-prod[ OF assms]
]

)
qed

lemma (in Z) tm-cf-discrete-nicf-obj-coprod-base-is-cat-obj-coprod:
— See Theorem 5.2 in Chapter Introduction in [6].
assumes VLambda I F €, Vset
shows ntcf-Set-obj-coprod o I F :
F>crq (Hoteol. Fi): I »cq cat-Set a
proof(intro is-cat-obj-coprodl is-cat-colimitl)

interpret Set: tm-cf-discrete o I F <cat-Set a»
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by (rule tm-cf-discrete-cat-Set-if- VLambda-in- Vset| OF assms])
let ?F = <ntcf-Set-obj-coprod o I F»

show cf-discrete o I F (cat-Set )
by (auto simp: cat-small-discrete-cs-intros)
show F-is-cat-cocone: ?F :
> T F (cat-Set @) >cF.cocone (Uoi€l. F i) ::c I »—>cq cat-Set a
unfolding ntcf-Set-obj-coprod-def
proof(rule Set.tm-cf-discrete-nicf-obj-coprod-base-is-cat-cocone)
show ([I.i€.l. F i) €, cat-Set a(|Obj)
unfolding cat-Set-components
by
(
mniro
Limit-vdunion-in- Vset-if- VLambda-in- Vset]
Set.tm-cf-discrete-ObjMap-in- Vset
)
auto
qed (intro vcinjection-arrow-is-arr Set.tm-cf-discrete-ObjMap-in-Vset)
then interpret F: is-cat-cocone
a Jlecieol. F iy <o D> ¢<cat-Set av ¢:—: I F (cat-Set o)y «?F» .

fix 7/ P’ assume prems:

7w’ I F (cat-Set @) >cF cocone P’ ic I »—cq cat-Set «

let ?7'i = <\i. ' (NTMap))(])>
let ?up’ = <cat-Set-obj-coprod-up I F P’ ?rw'iy

interpret 7" is-cat-cocone « P’ ¢:¢ Iy <cat-Set o» <:—: I F (cat-Set a)» 7'
by (rule prems(1))

show 3!f’.
[ VSigma I F » 41601 o P’ A
7' = ntef-const (:¢ I) (cat-Set @) f' +nTcoF ntcf-Set-obj-coprod o I F
proof(intro ex1I conjI; (elim conjE)?)
show up” 2up’: (Uoiccl. F i) = pt-Set o P’
proof(rule cat-Set-obj-coprod-up-cat-Set-is-arr)
show P’ e, cat-Set a(Obj)
by (auto intro: cat-cs-intros cat-lim-cs-intros)
fix 7 assume 7 €, [
then show 7'(NTMap|)(i]) : F i —
by
(
cs-concl cs-shallow
cs-simp:
cat-cs-simps cat-discrete-cs-simps
the-cat-discrete-components(1)
cs-intro: cat-cs-intros

Pl

cat-Set «

)

qed (rule assms)

then have P" P’ ¢, cat-Set a(Obj))

by (auto intro: cat-cs-intros cat-lim-cs-intros)
have 7'i-i: ?n'ii: F i~ P'if i e, I for i
using

7' ntef-NTMap-is-arr[unfolded the-cat-discrete-components(1), OF that]

cat-Set «
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that
by

(

cs-prems cs-shallow cs-simp:
cat-cs-simps cat-discrete-cs-simps the-cat-discrete-components(1)
)
from cat-Set-obj-coprod-up-cat-Set-is-arr| OF P’ assms(1) 7'i-i] have ='i:

fup”: (Loteol. F i) = cpt-Set o P

show 7' = ntcf-const (:¢ I) (cat-Set o) %up’ *yrcor ¢F
proof(rule ntcf-eql, rule w'.is-ntcf-axioms)
from F-is-cat-cocone 7'i show
ntcf-const (:¢c I) (cat-Set o) ?up’ -yrTop 7F :
> I F (cat-Set o) »cFp cf-const (:¢ I) (cat-Set o) P':
o I »H(oq cat-Set
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
have dom-lhs: Do (7'(NTMap|)) = :¢c 1(0bj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
from F-is-cat-cocone 7'i have dom-rhs:
Do ((?F nTcoF ntef-const (¢ I) (cat-Set o) 2up”)(NTMap|)) = :¢ I(O0bj))
by (c¢s-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show ©'(NTMap|) = (ntcf-const (:¢ I) (cat-Set ) ?up’ <yrcr ?F)(NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix ¢ assume prems” i €, :¢ I(Obj)
then have i: i €, I unfolding the-cat-discrete-components by simp
have [cat-cs-simps]:
up’ © 4 cat-Set o veinjection-arrow I F i = w'(NTMapl) (i)
by
(
simp add: cat-Set-cf-comp-coprod-up-vcia
OF P’ assms w'i-i i, symmetric
]
)
from 7'i prems’ show 7'(NTMap])(i]) =
(ntcf-const (:¢ I) (cat-Set ) ?2up’ *yror ?F)(NTMap)) (i)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-Rel-cs-simps cs-intro: cat-cs-intros
)

qged (cs-concl cs-simp: cat-cs-simps cs-intro: V-cs-intros cat-cs-intros)+
qed simp-all

fix f’ assume prems:
f1i(UoteoI. F i) = cal-Set o P’
7w’ = ntef-const (:¢ I) (cat-Set «) f' +nTcF 7F

from prems(2) have w'-eq-F-f" «'(NTMapl|) (i) (ArrVal])(a]) =
(ntcf-const (:¢ I) (cat-Set @) f' +nrcor 2F)(NTMap|) (i) (ArrVal]) (a])
ifie, T and a e, P'for ia
by simp

note f' = cat-Set-is-arrD[ OF prems(1)]

note up’ = cat-Set-is-arrD[ OF up']

interpret f" arr-Set o f' by (rule (1))

interpret u” arr-Set o «(cat-Set-obj-coprod-up I F P’ (app (7'(NTMap))))»
by (rule up'(1))

show [’ = Zup’

proof(rule arr-Set-eqI[of «])
have dom-lhs: D, (f'(ArrVal])) = (L oi€.I. F 1)
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by (simp add: cat-Set-cs-simps )
have dom-rhs:
D, (cat-Set-obj-coprod-up I F P’ (app (7'(NTMap))))(ArrVal])) =
(L oicol. F9)
by (simp add: cat-Set-cs-simps up’)
show f'(ArrVal]) = cat-Set-obj-coprod-up I F P’ (app (w'(NTMap))))(ArrVal])
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix iz assume prems” iz €, (11oi€ol. F 7)
then obtain i z where iz-def: iz = (i, z)
and 7: 7 €, [
and z: x €, F i
by auto
from assms prems(1) prems’ i x show f'(ArrVal])(iz]) =
cat-Set-obj-coprod-up I F P’ (app (7' (NTMapl|)))(ArrVal)) (iz])
unfolding iz-def prems(2)
by
(
cs-concl cs-shallow
cs-simp:
cat-Set-cs-simps cat-cs-simps the-cat-discrete-components(1)
cs-intro: cat-cs-intros
)
qed auto
qed (simp-all add: cat-Set-obj-coprod-up-components ' up'(1))

qed
qed

lemma (in Z) nicf-Set-obj-coprod-is-tm-cat-obj-coprod:
— See Theorem 5.2 in Chapter Introduction in [6].
assumes VLambda I F €, Vset o
shows ntcf-Set-obj-coprod o I F :
F>cpimy (Ueiel. Fi): I ¢ ima cat-Set o
proof(intro is-tm-cat-obj-coprodl )
from assms show tm-cf-discrete o I F (cat-Set «)
by (rule tm-cf-discrete-cat-Set-if- VLambda-in- Vset)
show nitcf-Set-obj-coprod o I F :
> [ F (cat-Set &) >cF cotim VSigma I F ::¢ I =g cat-Set o
by
(
rule is-cat-obj-coprod D[
OF tm-cf-discrete-ntcf-obj-coprod-base-is-cat-obj-coprod| OF assms)
]
)

qed

12.3 Equalizer for the category Set

12.3.1 Definition and elementary properties

abbreviation ntcf-Set-equalizer-map = V=V =V =V =V =V
where ntcf-Set-equalizer-map o a g f i =
(
i=apra ?
incl-Set (vequalizer a g f) a :
9 ©Acat-Set o ncl-Set (vequalizer a g f) a
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definition nicf-Set-equalizer = V=V =V =V =V =V
where ntcf-Set-equalizer a a b g f = ntcf-equalizer-base
(cat-Set ) a b g f (vequalizer a g f) (ntcf-Set-equalizer-map o a g f)

Components.

context
fixesagfa=V
begin

lemmas ntcf-Set-equalizer-components =
ntcf-equalizer-base-components|
where C=<cat-Set a»

and e=«ntcf-Set-equalizer-map a a g f>
and E=<vequalizer a g [>

and a=a¢ and g=¢g and f=f,

folded ntcf-Set-equalizer-def

]

end

12.3.2 Natural transformation map

mk-VLambda ntcf-Set-equalizer-components(1)
|vsv ntcf-Set-equalizer-NTMap-vsv[ cat-Set-cs-intros]|
|vdomain ntef-Set-equalizer-NTMap-vdomain[ cat-Set-cs-simps]|
|app ntcf-Set-equalizer-NTMap-app|

lemma nicf-Set-equalizer-2-NTMap-app-a] cat-Set-cs-simps]:
assumes T = apyps
shows
nicf-Set-equalizer « a b g f(NTMap))(z]) =
incl-Set (vequalizer a g f) a
unfolding assms the-cat-parallel-2-components(1) ntcf-Set-equalizer-components
by simp

lemma nicf-Set-equalizer-2-NTMap-app-b[ cat-Set-cs-simps]:

assumes = = bpo
shows

ntcf-Set-equalizer o a b g f(NTMap|)(z|) =

9 ©A cat-Set o ncl-Set (vequalizer a g f) a

unfolding assms the-cat-parallel-2-components(1) ntcf-Set-equalizer-components
using cat-PL2-ineq
by auto

12.3.3 Equalizer for the category Set is an equalizer

lemma (in Z) ntef-Set-equalizer-2-is-cat-equalizer-2:
assumes g : o . Ger o 0ANd fra = p 6000 b
shows ntcf-Set-equalizer o« a b g § :
vequalizer a g f <cp.eq (a,0,8,f) : 1Mo = ca cat-Set o
proof(intro is-cat-equalizer-21 is-cat-equalizerl is-cat-limitl)

let ?II-11 = (1>t o (cat-Set a) apra bpro gpr, frL a b g
and ?II = (t1tc apre bpre gpL fPL?

note g = cat-Set-is-arrD[ OF assms(1)]
interpret g: arr-Set a g
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rewrites g(ArrDom|) = a and g(ArrCod]) = b
by (rule g(1)) (simp-all add: g)
note f = cat-Set-is-arrD[ OF assms(2)]
interpret §: arr-Set o §
rewrites f(ArrDom]) = a and f(ArrCod]) = b
by (rule (1)) (simp-all add: )

note [cat-Set-cs-intros] = g.arr-Set-ArrDom-in-Vset f.arr-Set-ArrCod-in-Vset
let Zincl = <incl-Set (vequalizer a g f)

show abgf-is-cat-cone: ntcf-Set-equalizer a a b g § :
vequalizer a § f <cr.cone PII-1I = 211 =g cat-Set a
unfolding ntcf-Set-equalizer-def
proof
(
miro
category. cat-ntcf-equalizer-base-is-cat-cone
category.cat-cf-parallel-2-cat-equalizer
)
from assms show
(bpra = apr2 ? Zincl : g 0acqp-Set o ?incl)
vequalizer & g f = .41 Get o 0

by
(
cs-concl
cs-simp: V-cs-simps
cs-intro:

V-cs-intros cat-Set-cs-intros cat-cs-intros
cat-PL2-ineq| symmetric)
)
show
(bpra = apr2 ? Zincl : g oA pqp-Set o Zincl) =
9 %Acat-Set o (aPL2 = apr2 7 Zincl 9 oA cqp et o Pincl)
by
(
cs-concl
cs-simp: V-cs-simps
cs-intro:
V-cs-intros cat-Set-cs-intros cat-cs-intros
cat-PL2-ineq| symmetric)
)
from assms show
(bpr2 = apra 2 Zincl : g o4 cgi-Set o fincl) =
foacat-Set a (apL2 = apLy ? 7incl: g 0acqp Set o incl)
by
(
cs-concl
cs-simp: V-cs-simps cat-Set-incl-Set-commute
cs-intro: V-cs-intros cat-PL2-ineq symmetric]
)
qged
(
cs-concl
cs-intro: cat-cs-intros V-cs-intros cat-Set-cs-intros assms
cs-simp: V-cs-simps cat-cs-simps cat-Set-components(1)

)+
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interpret abgf: is-cat-cone
a vequalizer a g f» ?2II <cat-Set a» ?II-1I <nicf-Set-equalizer o a b g f»
by (rule abgf-is-cat-cone)

show 3!f’.
fhor' = i Set o vequalizer a g § A
u' = ntef-Set-equalizer o a b g f +nToF ntcf-const ?II (cat-Set «) f'
ifu 1" <cp.come PI-II : 2II ~+>cq cat-Set o for v’ r'

proof-—

interpret u” is-cat-cone o v’ 2II <cat-Set v ?II-1I w’ by (rule that(1))

have appy €, 2I1(Obj)
unfolding the-cat-parallel-2-components(1) by simp
from
u'.ntef-NTMap-is-arr[ OF this]
abgf. NTDom. HomCod. cat-cf-parallel-2-cat-equalizer[ OF assms)]
have u'-app-is-arr: w'(NTMap))(apr2)) : 7' = cot-Set o @
by (cs-prems-atom-step cat-cs-simps)
(
cs-prems
cs-simp: cat-parallel-cs-simps
cs-intro:
cat-parallel-cs-intros
cat-cs-intros
category. cat-cf-parallel-2-cat-equalizer
)
note u’-apy, = cat-Set-is-arrD[ OF u'-ap-is-arr]
interpret u'-apr: arr-Set a <u'(NTMap|)(aprz2))> by (rule u'-apr(1))

have pr2 €o ?]](|Ob]|)
by (cs-concl cs-shallow cs-intro: cat-parallel-cs-intros)

from
u'.ntcf-NTMap-is-arr[ OF this]
abgf. NTDom.HomCod. cat-cf-parallel-2-cat-equalizer[ OF assms]
have u'(NTMap)(bpr2) : 7' = cut-Set o 0
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cat-parallel-cs-simps
cs-intro: cat-parallel-cs-intros

)

note u’-gu’ = cat-cone-cf-par-2-eps-NTMap-app(1)[ OF that(1) assms]
define ¢ where ¢ = [u'(NTMap))(apr2))(ArrVal), v/, vequalizer a g f]o

have g-components| cat-Set-cs-simps]:
q(ArrVal) = w'(NTMap))(apL2)) (ArrVal)
q(ArrDoml) = r’
q(ArrCod|) = vequalizer a g f
unfolding ¢-def arr-field-simps by (simp-all add: nat-omega-simps)

from cat-cone-cf-par-2-eps-NTMap-app[ OF that(1) assms] have gu'-eq-fu”
(9 04 cqt-Set o W (NTMap))(apr2))(ArrVal)(z)) =

(F o4 cat-Set o w'(NTMap))(apr2))(ArrVal)(z)
for z
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by simp

show ?thesis
proof(intro ex1I conjI; (elim conjE)?)

have u'-NTMap-vrange: Ro (u'(NTMap))(aprz2))(ArrVal)) S, vequalizer a g §
proof(rule vsubsetl)
fix y assume prems: y €, Ro (u'(NTMap))(aprz2))(ArrVal))
then obtain z where 1: €, D, (v (NTMap))(apLa])(ArrVal])
and y-def: y = w'(NTMap|)(ap 2] (ArrVal]) (z]
by (blast dest: u'-apr.ArrVal.vrange-atD)
have z: x €, 1’
by (use z u’-app-is-arr in «cs-prems cs-shallow cs-simp: cat-cs-simps»)
from gu'-eq-fu’[of ] assms x uw'-app-is-arr have [simp]:
g(ArrVal) (u'(NTMap))(apr2)) (ArrVal) (=) =
f(ArrVal) (u'(NTMap|)(ap o) (Arr Val]) (z]))
by (cs-prems cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from prems u’-ap.arr-Set-ArrVal-vrange[ unfolded u'-apr] show
Y € vequalizer a g f
by (intro vequalizerl, unfold y-def) auto
qed

show g-is-arr: q : 1’ =4 Get o Vequalizer a g f
proof(intro cat-Set-is-arrl arr-Setl)
show q(ArrCod)) €, Vset a
by (auto simp: g-components intro: cat-cs-intros cat-lim-cs-intros)
qed
(
auto
simp:
cat-Set-cs-simps nat-omega-simps
u,—upL
q-def
u’-NTMap-vrange
abgf. NTDom.HomCod.cat-in-Obj-in- Vset
intro: cat-cs-intros cat-lim-cs-intros

)

from ¢-is-arr have a-g¢:
incl-Set (vequalizer a @ f) 6 0 acur-Set o 4° 7' > cat-Set a &
by
(
cs-concl
cs-simp: cat-cs-simps cat-Set-components(1)
cs-intro: V-cs-intros cat-cs-intros cat-Set-cs-intros
)
interpret arr-Set o (incl-Set (vequalizer a g f) a 04 c41-Set o O
using a-¢q by (auto dest: cat-Set-is-arrD)

show u’ = ntcf-Set-equalizer o a b g f -nToF ntcf-const ?II (cat-Set «) q
proof(rule ntcf-eql)
from g-is-arr show
ntcf-Set-equalizer a a b g f -ny o r ntef-const 211 (cat-Set «) q :
cf-const ?II (cat-Set o) v’ —cp
2II-I1 : ?2II @ cat-Set o
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
have dom-lhs: D, (v'(NTMap|)) = ?II( Obj))
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
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from g¢-is-arr have dom-rhs:
D,
(
(ntcf-Set-equalizer « a b g f ‘NTCF
ntcf-const 211 (cat-Set ) g
YINTMap)) = 211(Obj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show u'(NTMap|) =

ntcf-Set-equalizer a a b g f -y cop ntcf-const ?II (cat-Set o) ¢
)(NTMap)
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
show wsv ((
nicf-Set-equalizer a a b g f -y Tcor ntcf-const 211 (cat-Set «) q
Y(NTMap))
by (cs-concl cs-intro: cat-cs-intros)
fix a assume prems: a €, ?11(0bj)
have [symmetric, cat-Set-cs-simps]:
uw'(NTMap|)(apra)) = incl-Set (vequalizer a g f) @ 04 cgt-Set o 4
proof(rule arr-Set-eqI[of a])
from u’-ap-is-arr have dom-lhs: Dy (v'(NTMap))(apra))(ArrVal)) = r’
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros
)

from a-q have dom-rhs:
D, ((incl-Set (vequalizer a g f) a o4 p4p-Set o 1) (ArrVal)) =1’
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros

)
show u'(NTMap|)(apra])(ArrVal]) =
(incl-Set (vequalizer a g f) a oA pqp-Set o 1) (ArrVal)
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix a assume prems: a €, 1’
with u/-NTMap-vrange dom-lhs u'-apr.ArrVal.vsv-vimagel2 have
u'(NTMap))(aprol) (ArrVal)(a]) € vequalizer a g f
by blast
with prems ¢-is-arr u’-apy-is-arr show
u'(NTMap|)(apr2)) (ArrVal)(a) =
(incl-Set (vequalizer a g f) @ 04 qr-Set o 9)(ArrVal])(al)
by
(
cs-concl cs-shallow
cs-simp: cat-Set-cs-simps cat-cs-simps
cs-intro: V-cs-intros cat-cs-intros cat-Set-cs-intros
)
qed auto
qed
(
use u'-apy, a-q in ¢
cs-concl cs-shallow
cs-intro: cat-Set-is-arrD(1) cs-simp: cat-cs-simps
)
)+

from g-is-arr have u'-NTMap-app-I: w'(NTMap|)(aprz]) =
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(
nicf-Set-equalizer a a b g f -y cor ntcf-const 211 (cat-Set o) q
)(NTMap)(apr2)
by
(
cs-concl
cs-intro: cat-cs-intros cat-parallel-cs-intros
cs-simp: cat-Set-cs-simps cat-cs-simps V-cs-simps
)
from g¢-is-arr assms have u'-NTMap-app-sI: v (NTMap))(bpra|) =
(
ntef-Set-equalizer o a b g f -y roF ntcf-const ?II (cat-Set a) ¢
)(NTMap))(bpL2)
by
(
cs-concl
cs-simp: cat-Set-cs-simps cat-cs-simps u'-gu’
cs-intro:
V-cs-intros
cat-cs-intros
cat-Set-cs-intros
cat-parallel-cs-intros
)
from prems consider <a = apra) | <a = bpra
by (elim the-cat-parallel-2-ObjE)
then show
u'(NTMap))(al) =

ntcf-Set-equalizer c« a b g §f ‘nTCOF
ntcf-const ?II (cat-Set @) q
)(NTMap) (o)
by cases (simp-all add: u'-NTMap-app-I u'-NTMap-app-sI)
qed auto
qed (simp-all add: u'.is-ntcf-azioms)

fix f’ assume prems:
flor’ o utSet o vequalizer a g f
u’ = ntcf-Set-equalizer o a b g f -ny 7o ntcf-const 211 (cat-Set «) f'
from prems(2) have u’-NTMap-app:
u'(NTMap))(z) =
(ntef-Set-equalizer « a b g f NTCOF
ntcf-const 211 (cat-Set o) f)(NTMap))(z)
for z
by simp
have u'-f"
uw'(NTMap))(apra)) = incl-Set (vequalizer a g f) @ 04 cgi-Set o /'
using u'-NTMap-app|of apra] prems(1)
by
(
cs-prems
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-parallel-cs-intros
)
(

cs-prems cs-shallow
cs-simp: cat-Set-cs-simps cs-intro: cat-parallel-cs-intros
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note f' = cat-Set-is-arrD[ OF prems(1)]
note ¢ = cat-Set-is-arrD[ OF g¢-is-arr]

interpret f”: arr-Set a f' using prems(1) by (auto dest: cat-Set-is-arrD)
interpret ¢: arr-Set « ¢ using ¢ by (auto dest: cat-Set-is-arrD)

show [’ = ¢
proof(rule arr-Set-eqI[of «])
have dom-lhs: D, (f'(ArrVal)) = r' by (simp add: cat-Set-cs-simps f')
from g-is-arr have dom-rhs: D, (q(ArrVal)) = r’
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-Set-cs-intros

)
show f'(ArrVal]) = q(ArrVal])
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix { assume i €, 1’
with prems(1) show f'(ArrVal))(i]) = q(ArrVal]) (i)
by
(
cs-concl
cs-simp:
cat-Set-cs-simps cat-cs-simps
q-components u'-f" cat-Set-components(1)
cs-intro: V-cs-intros cat-cs-intros cat-Set-cs-intros
)
qed auto
qed
(
use prems(1) g-is-arr in ¢
cs-concl cs-shallow
cs-simp: cat-cs-stmps cs-intro: q cat-Set-is-arrD
>
)+
qed
qed

qed (auto intro: assms)

12.4 The category Set is small-complete

lemma (in Z) cat-small-complete-cat-Set: cat-small-complete o (cat-Set )
— This lemma appears as a remark on page 113 in [9].
proof(rule category.cat-small-complete-if-eq-and-obj-prod)
show 3E €. ¢ : E <gr.eq (a,0,9,f) : Mo »rca cat-Set o
iff:amiggerqbandg:arm g gy bforabgjy
using ntcf-Set-equalizer-2-is-cat-equalizer-2[ OF that(2,1)] by auto
show 3P m. m: P<cppq A: 1l »—cq cat-Set o
if tm-cf-discrete a I A (cat-Set «) for A T
proof(intro exl, rule tm-cf-discrete-ntcf-obj-prod-base-is-cat-obj-prod)
interpret tm-cf-discrete o I A <cat-Set o by (rule that)
show VLambda I A €, Vset a by (rule tm-cf-discrete-ObjMap-in- Vset)
qed
qed (rule category-cat-Set)
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13 Adjoints
13.1 Background

named-theorems adj-cs-simps
named-theorems adj-cs-intros
named-theorems adj-field-simps

definition AdjLeft :: V where [adj-field-simps]: AdjLeft = 0
definition AdjRight :: V where [adj-field-simps]: AdjRight = IN
definition AdjNT :: V where [adj-field-simps]: AdjNT = 2N

13.2 Definition and elementary properties

See subsection 2.1 in [4] or Chapter IV-1 in [9].

locale is-cf-adjunction =

Z o+

vfsequence @ +

L: category o € +

R: category a ® +

LR: is-functor a € D § +

RL: is-functor a © € & +

NT: is-iso-ntcf
o
<op-cat € xo D)
<cat-Set a»
<Homo . ca®@(F-,-)
<HOmo_CaQ:(—,Q5—)>
«D(AdJNTI)>
foraC®F6 D+

assumes cf-adj-length[ adj-cs-simps]: veard ® = 3y
and cf-adj-AdjLeft[ adj-cs-simps]: ®(AdjLeft]) = §F
and cf-adj-AdjRight[ adj-cs-simps]: P(AdjRight]) = &

syntax -is-cf-adjunction = V= V = V = V = V = V = bool
(((— L-=0F - - ==l —)) [517 51, 51, 51, 51] 51)
syntax-consts -is-cf-adjunction = is-cf-adjunction
translations ® : F=¢cr B : € =224 D =
CONST is-cf-adjunction a € D §F & O

lemmas [adj-cs-simps] =
is-cf-adjunction. cf-adj-length
is-cf-adjunction. cf-adj-AdjLeft
is-cf-adjunction.cf-adj- AdjRight

Components.

lemma cf-adjunction-components| adj-cs-simps]:
[37 &, 30]0(|AdjLeftD =35
(3, 8, ¢l.(AdjRight) = &
[S, &, 90]0(|AdjNTD =@
unfolding AdjLeft-def AdjRight-def AdjNT-def
by (simp-all add: nat-omega-simps)

Rules.

lemma (in is-cf-adjunction) is-cf-adjunction-axzioms’[ adj-cs-intros]:
assumes ¢’ =acand ¢'=Cand D' =D and F' =Fand &' =&
shows ¢ : ' =op &' : €' 220,/ D’
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unfolding assms by (rule is-cf-adjunction-azioms)
lemmas (in is-cf-adjunction) [adj-cs-intros] = is-cf-adjunction-azioms

mk-ide rf is-cf-adjunction-def[ unfolded is-cf-adjunction-axioms-def |
|intro is-cf-adjunctionl|
|dest is-cf-adjunctionD[ dest]|
|elim is-cf-adjunctionE[ elim]|

lemmas [adj-cs-intros]| = is-cf-adjunctionD(3-6)

lemma (in is-cf-adjunction) cf-adj-is-iso-ntcf":
assumes §' = Homo.ca@(F—,—)
and &' = Homo. ca€(-,6-)
and ' = op-cat € xg D
and B’ = cat-Set «
shows O(AdNT)) : §' = cF.iso & : A »>cq B’
unfolding assms by (auto intro: cat-cs-intros)

lemmas [adj-cs-intros| = is-cf-adjunction.cf-adj-is-iso-ntcf’
lemma cf-adj-eql:

assumes P : F = B : € =204 D
and ®': §' =cr &' : €' =2=20q D’

and € = ¢’
and © = D'
and § = §’
and 6 = &’
and ®(AdiNT) = &'(AdjNT))
shows ® = &’
proof-

interpret ®: is-cf-adjunction a € © §F & & by (rule assms(1))
interpret ®" is-cf-adjunction a €' D' F' &' &' by (rule assms(2))
show ?thesis
proof(rule vsv-eql)
have dom: D, ® = 3
by (cs-concl cs-shallow cs-simp: V-cs-simps adj-cs-simps)
show D, ® = D, &’
by (cs-concl cs-shallow cs-simp: V-cs-simps adj-cs-simps dom)
from assms(4-7) have sup:
®(AdjLeft) = '(AdjLeft)
®(AdjRight]) = ®'(AdjRight))
®(AdNT]) = ®'(AdjNT)
by (simp-all add: adj-cs-simps)
show a €, D, ® = ®(ja]) = ®'(a]) for a
by (unfold dom, elim-in-numeral, insert sup)
(auto simp: adj-field-simps)
qed (auto simp: ®.L.vsv-axioms @’ .vsv-axioms)
qed

13.3 Opposite adjunction

13.3.1 Definition and elementary properties

See [7] for further information.

abbreviation op-cf-adj-nt = V=V =V =V
where op-cf-adj-nt € D ¢ = inv-ntcf (bnt-flip (op-cat €) D )
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definition op-cf-adj = V = V
where op-cf-adj ® =
[
op-cf ((AdjRight])),
op-cf (P(AdjLeft])),
op-cf-adj-nt (P(AdjLeft)) (HomDoml)) (®(AdjLeft)(HomCod])) (P(AdiNT])
]o

lemma op-cf-adj-components:
shows op-cf-adj ®(AdjLeft]) = op-cf (P(AdjRight]))
and op-cf-adj ®(AdjRight]) = op-cf (P(AdjLeft]))
and op-cf-adj ®(AdjNT)|) =
op-cf-adj-nt (®(AdjLeft])(HomDom|)) (®(AdjLeft))(HomCod))) (P(AdNT))
unfolding op-cf-adj-def adj-field-simps by (simp-all add: nat-omega-simps)

lemma (in is-cf-adjunction) op-cf-adj-components:
shows op-cf-adj ®(AdjLeft) = op-cf &
and op-cf-adj ®(AdjRight]) = op-cf §
and op-cf-adj P(AdjNT)) = inv-nicf (bnt-flip (op-cat €) D (P(AdINT)))
unfolding op-cf-adj-components by (simp-all add: cat-cs-simps adj-cs-simps)

lemmas [cat-op-simps] = is-cf-adjunction.op-cf-adj-components

The opposite adjunction is an adjunction.

lemma (in is-cf-adjunction) is-cf-adjunction-op:
— See comments in subsection 2.1 in [4].
op-cf-adj @ : op-cf & =cp op-cf §: op-cat ® ==cq op-cat €
proof(intro is-cf-adjunctionl, unfold cat-op-simps, unfold op-cf-adj-components)
show ufsequence (op-cf-adj ©) unfolding op-cf-adj-def by simp
show wvcard (op-cf-adj @) = 3N
unfolding op-cf-adj-def by (simp add: nat-omega-simps)
note adj = is-cf-adjunctionD[ OF is-cf-adjunction-axioms]
from adj have f-p: bnt-flip (op-cat €) © (P(AdJNTY) :
Homo. coop-cat D(—,0p-cf §-) =cr.iso Homo.caop-cat €(op-cf &-,-) :
D x¢o op-cat € =g cat-Set «
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-op-intros
)

show op-cf-adj-nt € D (P(AdjNT)) :
Homo.caop-cat €(op-¢f &—,-) »cr.iso Homo. caop-cat D(—,0p-cf §-) :
D x¢ op-cat € g cat-Set «
by (rule CZH-ECAT-NTCF .iso-ntcf-is-iso-arr(1)[ OF f-¢])
qged (auto intro: cat-cs-intros cat-op-intros)

lemmas is-cf-adjunction-op =
is-cf-adjunction.is-cf-adjunction-op

lemma (in is-cf-adjunction) is-cf-adjunction-op'[ cat-op-intros]:
assumes &' = op-¢f &
and §' = op-¢f §
and D' = op-cat ©
and ¢’ = op-cat €
shows op-cf-adj @ : &' =gp §F': D' =2=2pq €’
unfolding assms by (rule is-cf-adjunction-op)

lemmas [cat-op-intros] = is-cf-adjunction.is-cf-adjunction-op’
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The operation of taking the opposite adjunction is an involution.

lemma (in is-cf-adjunction) cf-adjunction-op-cf-adj-op-cf-adj[ cat-op-simps]:
op-cf-adj (op-cf-adj ®) = @
proof(rule cf-adj-eql)
show @ op-cf-adj (op-cf-adj @) : F =cp G : € 2204 D
proof(intro is-cf-adjunctionl )
show ufsequence (op-cf-adj (op-cf-adj ®)) unfolding op-cf-adj-def by simp
from is-cf-adjunction-arioms show op-cf-adj (op-cf-adj ®)(AdjNT)) :
Homo.ca®(§-,-) »cor.iso Homo. ca€(-,6-) :
op-cat € xo D o cat-Set
by
(
cs-concl cs-shallow
cs-intro: cat-cs-intros cat-op-intros adj-cs-intros
cs-simp: cat-cs-simps cat-op-simps
)
show wvcard (op-cf-adj (op-cf-adj ®)) = 3N
unfolding op-cf-adj-def by (simp add: nat-omega-simps)
from is-cf-adjunction-azrioms show op-cf-adj (op-cf-adj ®)(AdjLeft]) = §
by (cs-concl cs-shallow cs-simp: cat-op-simps cs-intro: cat-op-intros)
from is-cf-adjunction-azioms show op-cf-adj (op-cf-adj ®)(AdjRight]) = &
by (cs-concl cs-shallow cs-simp: cat-op-simps cs-intro: cat-op-intros)
qed (auto intro: cat-cs-intros)
interpret ®": is-cf-adjunction « € D F & <op-cf-adj (op-cf-adj P)»
by (rule @)
show op-cf-adj (op-cf-adj ®)(AdjNT|) = ®(AdNT))
proof(rule ntcf-eql’)
show op-op-P:
op-cf-adj (op-cf-adj ®)(AdJNT)) :
Homo.ca®(§-,-) »cr Homo.caC(-,6-) :
op-cat € xo D o cat-Set «
by (rule ®'.NT.is-ntcf-azioms)
show ®: ®(AdJNT) :
Homo.ca®(§-,-) »cr Homo.ca€(-,6-) :
op-cat € xo D oo cat-Set
by (rule NT.is-ntcf-azioms)
from op-op-® have dom-lhs:
D, (op-cf-adj (op-cf-adj ®)(AdjNT)(NTMap))) = (op-cat € xc D)(Obj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
show op-cf-adj (op-cf-adj ®)(AdINT)(NTMap)) = ®(AdjNT|)(NTMayp))
proof(rule vsv-eql, unfold NT.ntcf-NTMap-vdomain dom-Ilhs)
fix c¢d assume prems: cd €, (op-cat € xc D)(Obj))
then obtain c d
where cd-def: cd = [¢, d].
and ¢ ¢ € op-cat €(|Obj)
and d: d €, D(0bj)
by (elim cat-prod-2-ObjE[ OF L.category-op R.category-azioms prems))
from is-cf-adjunction-axioms ¢ d L.category-axioms R.category-axioms ®
show op-cf-adj (op-cf-adj ®)(AdINT)(NTMap))(cd]) = ®(AdiNT|)(NTMapl)(cd)
unfolding cd-def cat-op-simps
by
(
cs-concl
cs-intro:
cat-arrow-cs-intros
ntcf-cs-intros
adj-cs-intros
cat-op-intros
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cat-cs-iniros
cat-prod-cs-intros
cs-simp: cat-cs-simps cat-op-simps
)
qed (auto intro: inv-ntcf-NTMap-vsv)
qged simp-all
qed (auto intro: adj-cs-intros)

lemmas [cat-op-simps]| = is-cf-adjunction. cf-adjunction-op-cf-adj-op-cf-adj

13.3.2 Alternative form of the naturality condition

The lemmas in this subsection are based on the comments on page 81 in [9].

lemma (in is-cf-adjunction) cf-adj-Comp-commute-RL:
assumes 7 €, €(0bj|
and f : 5(ObjMap)(z) =g a
and k:a g a
shows
&(ArrMap)) (k) cag (P(ANT)(NTMap|)(z, a))e)(ArrVal)(f]) =
(P(AdNT)(NTMap))(z, a')e)(ArrVal)(k can f)
proof-
from
assms
is-cf-adjunction-axioms
L.category-axioms R.category-axioms
L.category-op R.category-op
have p-z-a: ®(AdJNT))(NTMap))(z, a)e :
Hom ®© (F(0biMap))(z])) a = p4t-Set o Hom € z (&(0biMapl)(al))
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros adj-cs-intros cat-prod-cs-intros
)
note g-z-a-f =
cat-Set-Arr Val-app-vrange[ OF p-z-a, unfolded in-Hom-iff, OF assms(2)]
from
is-cf-adjunction-axioms assms
L.category-axioms R.category-axioms
L.category-op R.category-op
have ¢-z-a”:
S(AGNT)(NTMap)(z, a’e :
Hom © (FOVMap)(2)) o' gp.e1 o Hom € = (&(ObiMap)(a’))
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros adj-cs-intros cat-prod-cs-intros
)
from is-cf-adjunction-axioms this assms have x-k:
[€(CLd)(a). k. ¢ [2. ) = opecat € xp © [7: @)
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros adj-cs-intros cat-prod-cs-intros
)

from
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NT.ntef-Comp-commute[ OF this] is-cf-adjunction-azioms assms
L.category-axioms R.category-axioms
L.category-op R.category-op
have
Q(AGNT)(NTMap))(z, a')e 04 cgt-Set o cf-hom D [D(CId)(§(ObjMap) ()], klo =
f-hom € [€(CId) (). S(ArrMap) (K)o ©a ot et o PIAGNT)(NTMap)(z, )
(is «2lhs = ?rhs))
by
(
cs-prems cs-ist-simple
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros adj-cs-intros cat-prod-cs-intros
)
moreover from
is-cf-adjunction-azioms assms @-z-a’
L.category-axioms R.category-azioms
L.category-op R.category-op
have ?lhs(ArrVal)(f]) = (P(AdNT)(NTMap))(z, a')e)(ArrVal)(k cag f)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros adj-cs-intros cat-prod-cs-intros
)
moreover from
is-cf-adjunction-axioms assms p-z-a-f
L.category-axzioms R.category-azioms
L.category-op R.category-op
have
Zrhs(ArrVal)) (f) = &(ArrMap|) (k) coag (P(AINT)(NTMap))(z, al)s)(ArrVal)(f)
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros adj-cs-intros cat-prod-cs-intros
)
ultimately show ?thesis by simp
qed

lemma (in is-cf-adjunction) cf-adj-Comp-commute-LR:
assumes = €, €(Obj)
and f : §(ObjMap|)(z]) =5 a
and h:z' gz
shows
(@(AGNT)(NTMap)(z, a)a)(ArrVal)(f) oac b =
(P(AGNT)(NTMap)) (', a))e)(ArrVal)(f oan F(ArrMap)(h))
proof-
from
is-cf-adjunction-axioms assms
L.category-axioms R.category-axioms
L.category-op R.category-op
have ¢-z-a: P(AdNT))(NTMap|)(z, al). :
Hom ®© (F(0biMap))(z])) a = c4t-Set o Hom € z (&(0biMap))(al))
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros adj-cs-intros cat-prod-cs-intros
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)
note p-z-a-f =
cat-Set-Arr Val-app-vrange[ OF p-z-a, unfolded in-Hom-iff, OF assms(2)]
from is-cf-adjunction-axioms assms have
[h, D(CId)(aD]o : [z, alo > opcat ¢ x © [ alo
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros adj-cs-intros cat-prod-cs-intros
)
from
NT.ntef-Comp-commute[ OF this] is-cf-adjunction-azioms assms
L.category-axioms R.category-axioms
L.category-op R.category-op
have
P(AdINT))(NTMap))(z', a)e 04 pgi-Set o cf-hom D [F(ArrMap|)(h), D(CId)(a)]. =
cf-hom € [h, €(CIA)(&(ObMap) (D)o . car-ser o PIAGNT)(NTMap)(z, a
(is «2lhs = ?rhs))
by
(
cs-prems
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros adj-cs-intros cat-prod-cs-intros
)
moreover from
is-cf-adjunction-axioms assms
L.category-azioms R.category-azioms
L.category-op R.category-op
have ?lhs(ArrVal)(f]) = (P(ANT)(NTMap|)(z’, a)s)(ArrVal)(f cag S(ArrMap))(h))
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros adj-cs-intros cat-prod-cs-intros
)
moreover from
is-cf-adjunction-axioms assms @-z-a-f
L.category-axioms R.category-axioms
L.category-op R.category-op
have ?rhs(|ArrVal)(f)) = (P(AdINT)(NTMap))(z, al)s)(ArrVal)(f)) cag h
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros adj-cs-intros cat-prod-cs-intros
)
ultimately show ?thesis by simp
qed

13.4 Unit
13.4.1 Definition and elementary properties

See Chapter IV-1 in [9].

definition cf-adjunction-unit = V = V (n¢»)
where n¢ ® =

[
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(
Azeo D (AdjLeft)) (HomDoml) (| Obj)).

(@(AdINT)(NTMap)) (=, ©(AdjLeft]) (ObjMap))(z)).)(ArrVal)(
O ( AdjLeft)) (HomCod|) (| CId]) (P ( AdjLeft]) | ObjMapl) (z])])

D
),
cf-id (P(AdjLeft)(HomDom))),
(B(AdjRight)) o (D(AdJLeft)).
®(AdjLeft]) (HomDom)),
®( AdjLeft]) | HomDom])
lo

Components.

lemma cf-adjunction-unit-components:
shows n¢ ®(NTMap)) =

Axe, D (AdjLeft]) (HomDom)) (| Obj)).
(®(AdINT)(NTMap))(z, ®(AdjLeft))(ObiMap))(z))|)e)(ArrVal])
(| AdjLeft) (HomCod)) (| CId]) (P ( AdjLeft]) ( ObiMap]) (z])))

)
and ¢ ®(NTDom)) = cf-id (P(AdjLeft)((HomDom)))
and ng ®(NTCod|) = (P(AdjRight])) ccr (P(AdjLeft]))
and n¢ ®(NTDGDom|) = ®(AdjLeft))(HomDom])
and n¢ ®(NTDGCod)) = ®(AdjLeft))(HomDom)
unfolding cf-adjunction-unit-def ni-field-simps
by (simp-all add: nat-omega-simps)

context is-cf-adjunction
begin

lemma cf-adjunction-unit-components”:

shows n¢c ®(NTMap)) =
(A2, €(Obj). (BUAINTY(NTMap) (2, $qObiMap)(z))s) (Arr Val) (D CIA(F1ObjMap) (D)D)
and n¢ ®(NTDoml|) = cf-id €
and ne ®(NTCod)) = & ocr §
and n¢ ®(NTDGDom|) = €
and ¢ ®(NTDGCod)) = €

unfolding cf-adjunction-unit-components

by (cs-concl cs-shallow cs-simp: cat-cs-simps adj-cs-simps)+

mk-VLambda cf-adjunction-unit-components’( 1)
|vdomain cf-adjunction-unit-NTMap-vdomain[ adj-cs-simps]|
lapp cf-adjunction-unit-NTMap-app| adj-cs-simps]|

end

mk-VLambda cf-adjunction-unit-components(1)
|vsv cf-adjunction-unit-NTMap-vsv| adj-cs-intros]|

lemmas [adj-cs-simps] =

is-cf-adjunction. cf-adjunction-unit-NTMap-vdomain
is-cf-adjunction. cf-adjunction-unit-NTMap-app

13.4.2 Natural transformation map

lemma (in is-cf-adjunction) cf-adjunction-unit-NTMap-is-arr:
assumes z €, €(0bj)
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shows n¢ ®(NTMap|)(z)) : z »¢ &(0biMap|)(F(ObiMap))(z))
proof-
from
is-cf-adjunction-axioms assms
L.category-axioms R.category-axioms
L.category-op R.category-op
have ¢-z-§x:
(ANT) (NTMap)(z, F(ObjMap) (). *
Hom © (§(ObjMap)(z)) (F10bMap)(2)) = car-Set o
Hom € z (&(0bjMap))(§(ObjMap))(z))
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros adj-cs-intros cat-prod-cs-intros
)

from is-cf-adjunction-azioms assms have Cld-Fz:

D(C1d) (F(0biMap))(z)) : F(ObjMap))(z) —o F(ObMap])(z)

by (cs-concl cs-intro: cat-cs-intros adj-cs-intros)
from

is-cf-adjunction-axioms

assms

cat-Set-ArrVal-app-vrange| OF ¢-z-Fz, unfolded in-Hom-iff, OF Cld-§x]
show nc O(NTMap)(z) : 7 ¢ &(ObjMap)(F(ObjMap)(a))

by (cs-concl cs-shallow cs-simp: adj-cs-simps cs-intro: cat-cs-intros)

qed

lemma (in is-cf-adjunction) cf-adjunction-unit-NTMap-is-arr":
assumes z €, €(0bj)

and a = z
and b = &(0bjMapl)(F(ObjMapl) ()
and ¢’ = ¢

shows n¢ ®(NTMap|)(z)) : © =g b
using assms(1) unfolding assms(2—-4) by (rule cf-adjunction-unit-NTMap-is-arr)

lemmas [adj-cs-intros]| = is-cf-adjunction.cf-adjunction-unit-NTMap-is-arr’

lemma (in is-cf-adjunction) cf-adjunction-unit-NTMap-vrange:
Ro (nc ®(NTMap))) <o €(Arr)
proof(rule vsv.vsv-vrange-vsubset, unfold cf-adjunction-unit-NTMap-vdomain)
fix z assume prems: x €, €(Obj)
from cf-adjunction-unit-NTMap-is-arr[ OF prems] show ng ®(NTMap))(z]) €, C(Arr|
by auto
qged (auto intro: adj-cs-intros)

13.4.3 Unit is a natural transformation

lemma (in is-cf-adjunction) cf-adjunction-unit-is-ntcf:
ne @ cf-id € »op & oop §: € o €
proof(intro is-ntcfl’)
show ufsequence (nc ®) unfolding cf-adjunction-unit-def by simp
show vcard (ne ®) = 5n
unfolding cf-adjunction-unit-def by (simp add: nat-omega-simps)
from is-cf-adjunction-azioms show cf-id € : € »>gq €
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros adj-cs-intros)
from is-cf-adjunction-axioms show & oop §F: € »—gq €
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros adj-cs-intros)
from is-cf-adjunction-azioms show D, (nc ®(NTMap))) = €(0bj))
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by (cs-concl cs-shallow cs-simp: adj-cs-simps cs-intro: cat-cs-intros)
show n¢ ®(NTMap))(a) : cf-id €(ObiMap))(al) »¢ (& ocr §)(ObjMap))(al
if a €, €(0bj)) for a
using is-cf-adjunction-axioms that
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros adj-cs-intros)
show
nc ®(NTMap)(b) cag¢ cf-id €(ArrMap]) (f) =
(& ocr §)(ArrMap)(f) cag ne (NTMap))(al)
iff:awgbforabdf
using is-cf-adjunction-azioms that
by
(
cs-concl
cs-simp:
cf-adj-Comp-commute-RL cf-adj-Comp-commute-LR
cat-cs-simps
adj-cs-simps
cs-intro: cat-cs-intros adj-cs-intros
)

qed (auto simp: cf-adjunction-unit-components’)

lemma (in is-cf-adjunction) cf-adjunction-unit-is-ntcf":
assumes G = ¢f-id €
and &' =G ocr §
and A =¢C
and B = ¢
shows g @ : G »op &' : A o B
unfolding assms by (rule cf-adjunction-unit-is-ntcf)

lemmas [adj-cs-intros]| = is-cf-adjunction.cf-adjunction-unit-is-ntcf’

13.4.4 Every component of a unit is a universal arrow

The lemmas in this subsection are based on elements of the statement of Theorem 1 in Chapter

IV-1in [9].

lemma (in is-cf-adjunction) cf-adj-umap-of-unit:
assumes z €, €(0bj)) and a €, D(Obj)
shows ®(AdINT))(NTMap))(z, a)e = umap-of & x (F(ObjMap))(z)) (nc P(NTMap)(z))) a
(is «P(AdINT)(NTMap))(z, al)e = ?uof-ar)

proof-

from
is-cf-adjunction-axioms assms
L.category-azioms R.category-azioms
L.category-op R.category-op
have p-za: P(AINT)(NTMap))(z, a)). :
Hom ®© (F(0biMap))(z])) a = c4t-Set o Hom € z (&(0biMap)(al))
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros adj-cs-intros cat-prod-cs-intros

)

then have dom-Ilhs:
D, ((®(AdNT)(NTMap)(z, al)e)(ArrVal)) = Hom D (F(ObiMap)(z)) a
by (cs-concl cs-shallow cs-simp: cat-cs-simps)

from is-cf-adjunction-axioms assms have uof-a:
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?uof-a = Hom D (F(ObjMap))(z)) a = 44 get o Hom € z (&(ObjMap))(al))
by (cs-concl cs-intro: cat-cs-intros adj-cs-intros)

then have dom-rhs: D, (2uof-a(ArrVal))) = Hom D (F(ObjMap|)(z))) a
by (cs-concl cs-simp: cat-cs-simps)

show ?thesis
proof(rule arr-Set-eqI[of a])
from ¢-za show arr-Set-p-za: arr-Set a (®(AdiNT|)(NTMap))(z, al)e)
by (auto dest: cat-Set-is-arrD(1))
from uof-a show arr-Set-uof-a: arr-Set o ?uof-a
by (auto dest: cat-Set-is-arrD(1))
show (®(AdJNT)(NTMap))(z, al)e)(ArrVal]) = ?uof-a(ArrVal])
proof(rule vsv-eql, unfold dom-lhs dom-rhs in-Hom-iff)
fix g assume prems: g : F(ObjMap))(z) ~5 a
from is-cf-adjunction-axioms assms prems show
(P(AdINT)(NTMap))(z, al)s)(ArrVal)(g) = Puof-a(ArrVal))(g|
by
(
cs-concl cs-shallow
cs-simp:
cf-adj-Comp-commute-RL
adj-cs-simps
cat-cs-simps
cat-op-simps
cat-prod-cs-simps
cs-intro:
adj-cs-intros
ntcf-cs-intros
cat-cs-intros
cat-op-intros
cat-prod-cs-intros
)

qed (use arr-Set-p-za arr-Set-uof-a in auto)
qed (use p-za uof-a in <cs-concl cs-shallow cs-simp: cat-cs-simps) )+
qed

lemma (in is-cf-adjunction) cf-adj-umap-of-unit”:
assumes z €, €(0bj)
and a €, D(00bj)
and n = ng ®(NTMap)) ()
and Fz = §(ObjMap])(z)
shows ®(AdINT))(NTMap|)(z, a)e = umap-of & z Fz 1 a
using assms(1,2) unfolding assms(3,4) by (rule cf-adj-umap-of-unit)

lemma (in is-cf-adjunction) cf-adjunction-unit-component-is-ua-of:
assumes z €, €(0bj|
shows universal-arrow-of & z (F(0bjMap))(z))) (nc ®(NTMap))(z)))
(is «universal-arrow-of & z (F(O0bjMap))(z[)) ?nz»)
proof(rule RL.cf-ua-of-if-ntcf-ua-of-is-iso-nicf)
from is-cf-adjunction-azioms assms show F(ObjiMap|)(z]) €, D(Obj))
by (cs-concl cs-shallow cs-intro: cat-cs-intros adj-cs-intros)
from is-cf-adjunction-azioms assms show
no ®(NTMap)(z) : = ¢ ©(ObiMap) (F(ObiMap) ()
by (cs-concl cs-shallow cs-intro: cat-cs-intros adj-cs-intros)
show
nicfua-of o & & (3(0bMap)(z)) (ne S(NTMap)(s))
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Homo.ca®(§(0biMap))(z)),-) »cr.iso Homo.ca€(z,~) ocp & :
D o cat-Set «
(is «nicf-ua-of : 2HF »oF . iso PHS : D —>cq cat-Set av)
proof(rule is-iso-ntcfI)
from is-cf-adjunction-azxioms assms show
nicf-ua-of : PHE —»cop ?HS : D —>oq cat-Set «
by (intro RL.cf-ntcf-ua-of-is-ntcf)
(cs-concl cs-shallow cs-intro: cat-cs-intros adj-cs-intros)+
fix a assume prems: a €, D(0bj))
from assms prems have
D(AdJNT)(NTMap))(z, a)e = umap-of & z (F(ObjMap))(z)) mz a
(is «P(AdINT)(NTMap))(z, a))e = ?uof-ar)
by (rule cf-adj-umap-of-unit)
from assms prems L.category-azioms R.category-azioms have
[z, a]o € (op-cat € x¢ D)(0bj)
by (cs-concl cs-shallow cs-intro: cat-op-intros cat-prod-cs-intros)
from
NT.iso-ntcf-is-iso-arr|
OF this, unfolded cf-adj-umap-of-unit[ OF assms prems]
]
is-cf-adjunction-axioms assms prems
L.category-azioms R.category-azioms
have ?uof-a : Hom ® (F(0bjMap)(x))) a ~isocqs-Set o Hom € z (&(ObjMap))(al))

by
cs-prems
cs-simp: cat-cs-simps
cs-intro:

cat-cs-intros cat-op-intros adj-cs-intros cat-prod-cs-intros
)
with is-cf-adjunction-axioms assms prems show
?ntcf-ua-of (INTMap))(al) : 2HF(ObiMap))(a)) =isocqt-Set o HS(ObMapl)(al)
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros adj-cs-intros
)
qed
qed

13.5 Counit

13.5.1 Definition and elementary properties

definition cf-adjunction-counit = V. = V (ce¢)
where e @ =

[

Aze, D (AdjLeft) (HomCod|) (| Obj)).
(©(AdjNT)(NTMap|)(2(AdjRight) | ObjMap)) (=), z)) " se:(ArrVall)(
BI’(|AdjLeﬁl)(|H omDom|)( CId)) (®(AdjRight)) ( ObjMap]) (x])])

)

(®(AdjLeft)) ocr (®(AdjRight)),
cf-id (®(AdjLeft]) (HomCod))),

D (AdjLeft]) (HomCod)),

D (AdjLeft]) (HomCod))
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lo

Components.

lemma cf-adjunction-counit-components:
shows ¢ ®(NTMap|) =

Aze, D (AdjLeft]) (HomCod)) (| Obj)).
(2(AdiNT|) (NTMap|) (@ (AdjRight)) | ObjMap]) (), ze) " se(ArrVal)(
|<)I>(|AdjLeftD(]H0mDom|)(| CId))(®(AdjRight]) ( ObjMapl) ()]

)
and ec ®(NTDoml)) = (P(AdjLeft)) occr (P(AdjRight)))
and e¢c ®(NTCod) = cf-id (P(AdjLeft])(HomCod)))
and ec ®(NTDGDom|) = ®(AdjLeft])(HomCCod))
and ¢ O(NTDGCod|) = D(AdjLeft])((HomCCod)
unfolding cf-adjunction-counit-def nt-field-simps
by (simp-all add: nat-omega-simps)

context is-cf-adjunction
begin

lemma cf-adjunction-counit-components”:
shows e ®(NTMap|) =

Aze, D (| Obj)).
(®(AGNT)(NTMap)(&(ObiMap)) (=), z)e) ' ser(ArrVal) (€( CId) (& (| ObjMap) ()]

and ec ®(NTDom)) = F ocr &
and e¢c ®(NTCod) = cf-id D
and ec ®(NTDGDom|) = D
and e¢c ®(NTDGCod]) =D
unfolding cf-adjunction-counit-components
by (cs-concl cs-shallow cs-simp: cat-cs-simps adj-cs-simps)+

mk-VLambda cf-adjunction-counit-components’( 1)
|vdomain cf-adjunction-counit-NTMap-vdomain[ adj-cs-simps]|
lapp cf-adjunction-counit-NTMap-app[ adj-cs-simps]|

end

mk-VLambda cf-adjunction-counit-components(1)
|vsv cf-adjunction-counit-NTMap-vsv| adj-cs-intros]|

lemmas [adj-cs-simps] =
is-cf-adjunction.cf-adjunction-counit-NTMap-vdomain
is-cf-adjunction. cf-adjunction-counit-NTMap-app

13.5.2 Duality for the unit and counit

lemma (in is-cf-adjunction) cf-adjunction-unit-NTMap-op:
ne (op-cf-adj ®)(NTMap|) = ec P(NTMap)
proof-
interpret op-®:
is-cf-adjunction a <op-cat D> <op-cat & <op-cf &> <op-cf §» <op-cf-adj >
by (rule is-cf-adjunction-op)
show ?thesis
proof

(
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rule vsv-eql,
unfold
cf-adjunction-counit-NTMap-vdomain
op-P.cf-adjunction-unit-NTMap-vdomain
)
fix a assume prems: a € op-cat D (Obj))
then have a: a €, D(0bj]) unfolding cat-op-simps by simp
from is-cf-adjunction-axioms a show
nec (op-cf-adj ®)(NTMap))(al) = ec ®(NTMap)(a))
by
(

cs-concl cs-shallow
cs-simp: cat-Set-cs-simps cat-cs-simps cat-op-simps adj-cs-simps
cs-intro:
cat-arrow-cs-intros cat-cs-intros cat-op-intros cat-prod-cs-intros
)
qed
(

simp-all add:
cat-op-simps cf-adjunction-counit-NTMap-vsv cf-adjunction-unit-NTMap-vsv

)
qed

lemmas [cat-op-simps] = is-cf-adjunction.cf-adjunction-unit-NTMap-op

lemma (in is-cf-adjunction) cf-adjunction-counit-NTMap-op:
ec (op-cf-adj ®)(NTMap)) = ne ®(NTMap)
by
(

rule is-cf-adjunction.cf-adjunction-unit-NTMap-op[
OF is-cf-adjunction-op,
unfolded is-cf-adjunction. cf-adjunction-op-cf-adj-op-cf-adj|
OF is-cf-adjunction-azxioms
1,
unfolded cat-op-simps,
symmetric
]
)

lemmas [cat-op-simps]| = is-cf-adjunction.cf-adjunction-counit-NTMap-op

lemma (in is-cf-adjunction) op-ntcf-cf-adjunction-counit:
op-ntcf (s @) = ne (op-cf-adj @)
(is <%z = 2np)
proof(rule vsv-eql)
interpret op-®:
is-cf-adjunction « <op-cat D) <op-cat & <op-cf B> <op-cf §» <op-cf-adj D>
by (rule is-cf-adjunction-op)
have dom-lhs: D, % = 5N unfolding op-ntcf-def by (simp add: nat-omega-simps)
have dom-rhs: D, % = 5N
unfolding cf-adjunction-unit-def by (simp add: nat-omega-simps)
show D, % = D, ?n unfolding dom-lhs dom-rhs by simp
show a €, D, % = %(a)) = (a|) for a
by
(
unfold dom-Ihs,

elim-in-numeral,
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fold nt-field-simps,
unfold cf-adjunction-unit-NTMap-op,
unfold
cf-adjunction-counit-components’
cf-adjunction-unit-components’
op-®.cf-adjunction-counit-components’
op-®.cf-adjunction-unit-components’
cat-op-simps
)
simp-all
qged (auto simp: op-ntcf-def cf-adjunction-unit-def)

lemmas [cat-op-simps] = is-cf-adjunction.op-nicf-cf-adjunction-counit

lemma (in is-cf-adjunction) op-ntcf-cf-adjunction-unit:
op-ntcf (e ®) = o (op-cf-adj @)
(is < = %)
proof(rule vsv-eql)
interpret op-®:
is-cf-adjunction a <op-cat > <op-cat & <op-cf B> <op-cf §» <op-cf-adj P>
by (rule is-cf-adjunction-op)
have dom-lhs: D, ?n = 5n
unfolding op-ntcf-def by (simp add: nat-omega-simps)
have dom-rhs: D, % = 5N
unfolding cf-adjunction-counit-def by (simp add: nat-omega-simps)
show D, ?n = D, % unfolding dom-lhs dom-rhs by simp
show a €, D, ?n = ?n(la|) = %(a]) for a
by
(
unfold dom-Ihs,
elim-in-numeral,
fold nt-field-simps,
unfold cf-adjunction-counit-NTMap-op,
unfold
cf-adjunction-counit-components’
cf-adjunction-unit-components’
op-®. cf-adjunction-counit-components’
op-®. cf-adjunction-unit-components’
cat-op-simps
)
simp-all
qed (auto simp: op-ntcf-def cf-adjunction-counit-def)

lemmas [cat-op-simps] = is-cf-adjunction.op-nicf-cf-adjunction-unit

13.5.3 Natural transformation map

lemma (in is-cf-adjunction) cf-adjunction-counit-NTMap-is-arr:
assumes z €, D(0bj)
shows e ®(NTMap|)(z|) : F(ObiMap))(&(ObjMap))(z)]) »o =
proof-
from assms have z: z €, op-cat ©(Obj]) unfolding cat-op-simps by simp
show ?thesis
by
(
rule is-cf-adjunction.cf-adjunction-unit-NTMap-is-arr|
OF is-cf-adjunction-op x,
unfolded cf-adjunction-unit-NTMap-op cat-op-simps
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]
)

qed

lemma (in is-cf-adjunction) cf-adjunction-counit-NTMap-is-arr”
assumes z €, D(0bj)
and a = §(0bjMap) (& ObjMap) ()
and b =z
and ®' =9
shows ec ®(NTMap|)(z) : a =g b
using assms(1) unfolding assms(2-4) by (rule cf-adjunction-counit-NTMap-is-arr)

lemmas [adj-cs-intros] = is-cf-adjunction.cf-adjunction-counit-NTMap-is-arr’

lemma (in is-cf-adjunction) cf-adjunction-counit-NTMap-vrange:
Ro (ec (NTMap))) <o D(Arr)
by
(
rule is-cf-adjunction.cf-adjunction-unit-NTMap-vrange[
OF is-cf-adjunction-op,
unfolded cf-adjunction-unit-NTMap-op cat-op-simps
]
)

13.5.4 Counit is a natural transformation

lemma (in is-cf-adjunction) cf-adjunction-counit-is-nicf:
ec®P:Focr & orcf-idD:D oy D
proof-
from is-cf-adjunction.cf-adjunction-unit-is-ntcf[ OF is-cf-adjunction-op] have
ec O
op-cf (op-cf § ocr op-cf ®) > or op-cf (cf-id (op-cat D)) :
op-cat (op-cat D) —r—cq op-cat (op-cat D)
unfolding
is-cf-adjunction. op-ntcf-cf-adjunction-unit|
OF is-cf-adjunction-op, unfolded cat-op-simps, symmetric

by (rule is-ntcf.is-ntcf-op)
then show ?thesis unfolding cat-op-simps .
qed

lemma (in is-cf-adjunction) cf-adjunction-counit-is-ntcf "
assumes G = §Foocp &
and &' = ¢f-id ©
and A =9
and B =9
shows ec @ : G »op &' : A scan B
unfolding assms by (rule cf-adjunction-counit-is-ntcf)

lemmas [adj-cs-intros] = is-cf-adjunction.cf-adjunction-counit-is-ntcf’

13.5.5 Every component of a counit is a universal arrow

The lemmas in this subsection are based on elements of the statement of Theorem 1 in Chapter
IV-1 in [9].

lemma (in is-cf-adjunction) cf-adj-umap-fo-counit:
assumes z € D(0bj)) and a €, €(Obj)
shows op-cf-adj ®(AdjNT|)(NTMap|)(z, al)e =
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umap-fo § © (&(0bjMap) () (cc D(NTMap))(a)) a
by
(
rule is-cf-adjunction.cf-adj-umap-of-unit|
OF is-cf-adjunction-op,
unfolded cat-op-simps,
OF assms,
unfolded cf-adjunction-unit-NTMap-op
]
)

lemma (in is-cf-adjunction) cf-adjunction-counit-component-is-ua-fo:
assumes z € D(0bj))
shows universal-arrow-fo § = (&(0bjMap))(z)) (ec P(NTMap))(x))
by
(
rule is-cf-adjunction.cf-adjunction-unit-component-is-ua-of |
OF is-cf-adjunction-op,
unfolded cat-op-simps,
OF assms,
unfolded cf-adjunction-unit-NTMap-op
]
)

13.5.6 Further properties

lemma (in is-cf-adjunction) cf-adj-AdjNT-cf-adjunction-unit:
— See Chapter IV-1 in [9].
assumes z €, €(0bj) and f : F(ObjMap|)(z) =5 a
shows
&(ArrMap)(f)) ca¢ nc ®(NTMap))(z)) =
(P(AdiNT)(NTMap))(z, a)e)(ArrVal)(f]
proof-
from assms(1) have D (CId)(§(ObjMap)(z))) : F(ObiMap))(z)) »5 F(ObiMap))(z)
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from cf-adj-Comp-commute-RL[ OF assms(1) this assms(2)] assms show ?thesis
by
(
cs-prems cs-shallow
cs-simp:
cat-cs-simps
is-cf-adjunction. cf-adjunction-unit-N TMap-app| symmetric)
cs-intro: adj-cs-intros
)

qed

lemma (in is-cf-adjunction) cf-adj-AdjNT-cf-adjunction-counit:
— See Chapter IV-1 in [9].
assumes z €, D(O0bj)) and g : a ¢ &(0bjMap)|)(z)
shows
ec ®(NTMap))(z)) oag F(ArrMap))(g)) =
(P(AdINT)(NTMap)(a, z)e) ™ ¢ ar-get o (ArrVal)(g)
using
is-cf-adjunction. cf-adj- AdjN T-cf-adjunction-unit
[
OF is-cf-adjunction-op,
unfolded cat-op-simps cf-adjunction-unit-NTMap-op,
OF assms
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]

assms

by
cs-prems
cs-simp: cat-cs-simps cat-op-simps
cs-intro:

cat-cs-intros
adj-cs-intros
cat-op-intros
cat-prod-cs-intros

)

lemma (in is-cf-adjunction) cf-adj-counit-unit-app| adj-cs-simps]:
— See Chapter IV-1 in [9].
assumes z €, D(O0bj)) and g : a ¢ &(0bjMap)|)(z)
shows &(ArrMap))(ec ®(NTMap))(z) cap F(ArrMap)(g)) cac nc ®(NTMap))(a) = g
proof-
from assms(2) have a: a €, €(Obj]) by auto
from assms have inv-®-g¢:
(2(AGNT)(NTMap)(a, z)e)™ ¢ car-get o (ArrVal)(g) : F(ObjMap))(a) ~gp =
by
(
cs-concl
cs-simp: cat-cs-simps cat-op-simps
cs-intro:
cat-arrow-cs-intros
cat-cs-intros
adj-cs-intros
cat-prod-cs-intros
cat-op-intros
)
from assms show ?thesis
unfolding
cf-adj-AdjiN T-cf-adjunction-counit[ OF assms]
cf-adj-AdjiN T-cf-adjunction-unit[ OF a inv-®-g]

by
(
cs-concl
cs-simp: cat-cs-simps cat-op-simps
cs-intro:

cat-arrow-cs-intros
cat-cs-intros
adj-cs-intros
cat-prod-cs-intros
cat-op-intros
)
qed

lemmas [cat-cs-simps] = is-cf-adjunction. cf-adj-counit-unit-app

lemma (in is-cf-adjunction) cf-adj-unit-counit-app| adj-cs-simps]:

— See Chapter IV-1 in [9].

assumes z €, €(0bj) and f : F(ObjMap|)(z) =5 a

shows ec ®(NTMap))(al) oan F(ArrMap))(&(ArrMap)(f]) coag nc ANTMap)(z)) = f
proof-

from assms(2) have a: a €, D(0bj]) by auto

from assms have ®-f:
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(@(AGNT)(NTMap)(z, a)s)(ArrVal)(f) : 2 —»¢ &(ObMap)(a)

by
(
cs-concl
cs-simp: cat-cs-simps cat-op-simps
cs-intro:

cat-arrow-cs-intros
cat-cs-intros
adj-cs-intros
cat-prod-cs-intros
cat-op-intros
)
from assms show ?thesis
unfolding
¢f-adj-AdjiN T-cf-adjunction-unit[ OF assms|
cf-adj-AdjN T-cf-adjunction-counit| OF a ®-f]
by
(
cs-concl
cs-simp: cat-cs-simps cat-op-simps
cs-intro:
cat-arrow-cs-intros
cat-cs-intros
adj-cs-intros
cat-prod-cs-intros
cat-op-intros
)
qed

lemmas [cat-cs-simps] = is-cf-adjunction. cf-adj-unit-counit-app

13.6 Counit-unit equations

The following equations appear as part of the statement of Theorem 1 in Chapter IV-1 in [9].
These equations also appear in [2], where they are named counit—unit equations.

lemma (in is-cf-adjunction) cf-adjunction-counit-unit:
(& ocr-nTCF ec ®) NTcr (Mo ® onToR-cF ©) = ntcf-id &
(is (& ocp-nTCF %€) ‘NTCF (T oNTCOP-CF ©) = ntcf-id &)
proof(rule ntcf-eql)
from is-cf-adjunction-azioms show
(6 oocr-nTCoF %) ‘NTeF (M onTor-cF ©) 1 6 »op 6 : D o €
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros adj-cs-intros)
show ntcf-id & : & »op B : D »pq €
by (rule is-functor.cf-ntcf-id-is-nicf[ OF RL.is-functor-azioms])
from is-cf-adjunction-axioms have dom-Ihs:
D, (& occr-nTCF %) ‘nrcor () onrer-cr ©))(NTMap))) = D(0bj)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros adj-cs-intros
)

from is-cf-adjunction-azioms have dom-rhs: D, (nitcf-id S(NTMap))) = D(O0bj)

by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: adj-cs-intros)
show ((& ocp-nrcr %) ‘Nror (0 onTor-cr ©))(NTMap|) = ntcf-id (NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)

fix a assume prems: a €, D(0bj))

let %p-aa = «<P(ANT)(NTMap)) (B (ObjMap))(al), a)e>
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have category a (cat-Set «)
by (rule category-cat-Set)
from is-cf-adjunction-axioms prems
L.category-axioms R.category-axioms
L.category-op R.category-op
LR.is-functor-axioms RL.is-functor-axioms
category-cat-Set
have
2p-aa(|ArrVal) (| ?e(NTMap)) (a))]) =
(%0-aa 04 cut-Set o 20-007" C eur-Set o) (ArrVal) (€(CId)) (& (ObiMap))(a)))
by
(
cs-concl cs-shallow
cs-simp:
Z.cat-Set-Comp-ArrVal
cat-Set-the-inverse[ symmetric]
cat-cs-simps adj-cs-stmps cat-prod-cs-simps
cs-intro:
cat-arrow-cs-intros
cat-cs-intros
cat-op-intros
adj-cs-intros
cat-prod-cs-intros
)
also from
is-cf-adjunction-axioms prems
L.category-azioms R.category-azioms
L.category-op R.category-op
LR.is-functor-axioms RL.is-functor-axioms
category-cat-Set

have ... = €(CId))(&(0bjMap))(al)|
by
(
cs-concl
cs-simp:

cat-cs-simps
cat-Set-components(1)
category. cat-the-inverse-Comp-CId
cs-intro:
cat-arrow-cs-intros
cat-cs-intros
cat-op-intros
cat-prod-cs-intros
)
finally have [cat-cs-simps]:
2p-aa(|ArrVal) (| ?e(NTMap)) (a))]) = €(CId) (& (ObjMap))(al))
by simp
from
prems is-cf-adjunction-axioms
L.category-axioms R.category-axioms
show ((& cop_nrcr %) ‘Nror () onTor-cr ©))(NTMap|)(al) = ntcf-id &(NTMapl)(al)
by
(
cs-concl
cs-simp:
cat-Set-the-inverse[ symmetric)
cf-adj-Comp-commute-RL
cat-cs-simps
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adj-cs-simps
cat-prod-cs-simps
cat-op-simps
cs-intro:

cat-arrow-cs-intros
cat-cs-intros
adj-cs-intros
cat-prod-cs-intros
cat-op-intros

)

qed (auto intro: cat-cs-intros)
qed simp-all
lemmas [adj-cs-simps] = is-cf-adjunction. cf-adjunction-counit-unit

lemma (in is-cf-adjunction) cf-adjunction-unit-counit:
(ec ®onror-cr §) ‘Nror (§ cocr-nToF Ne ®) = ntcf-id §
(is «(%e onrcr-cFr §) *nTcF (§ ccr-nTCF ) = ntcf-id §)
proof-
from is-cf-adjunction-axioms have §n:
Socr-nrcr M:§=corFocr EocrF:Croa D
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros adj-cs-intros)
from is-cf-adjunction-axioms have €§:
e onror-cFr 8§ ocr B ocr §mer §:€oa D
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros adj-cs-intros)
from §n £§ have £§-3n:
(2 onTcr-cF §) *NTcF (F ocr-nTcF M) : § =»or §: € o D
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from
is-cf-adjunction.cf-adjunction-counit-unit|
OF is-cf-adjunction-op,
unfolded
op-ntcf-cf-adjunction-unit] symmetric]
op-nicf-cf-adjunction-counit| symmetric]
op-ntcf-cf-nicf-comp| symmetric]
op-ntcf-ntcf-cf-comp| symmetric]
op-ntef-ntef-vecompl symmetric]
op-ntef-ntef-vcompl symmetric, OF eF §n]
LR.cf-ntcf-id-op-cf
]
have
op-ntcf (op-ntcf ((%e onror-cr §) ‘Nror (§ ccr-nTor ))) =
op-ntcef (op-ntef (ntcf-id §))
by simp
from this is-cf-adjunction-axioms e§-§n show Zthesis
by
(
cs-prems cs-shallow
cs-simp: cat-op-simps cs-intro: cat-cs-intros cat-prod-cs-intros
)

qed

lemmas [adj-cs-simps] = is-cf-adjunction. cf-adjunction-unit-counit
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13.7 Construction of an adjunction from universal morphisms from objects
to functors

The subsection presents the construction of an adjunction given a structured collection of uni-
versal morphisms from objects to functors. The content of this subsection follows the statement
and the proof of Theorem 2-i in Chapter IV-1 in [9].

13.7.1 The natural transformation associated with the adjunction constructed
from universal morphisms from objects to functors

definition cf-adjunction-AdjNT-of-unit = V=V =V =V =V
where cf-adjunction-AdjNT-of-unit o § & n =
[
(Acedes(op-cat (F(HomDom)|)) xc F(HomCod)|))(Obj)).
umap-of & (cd(0)) (F(ObMap))(cd(0D)) (n(NTMap))(cd(0D)) (cd(In))),
Homo. cad(HomCod)) (F-,-),
Homo.caS(HomDoml|)(-,&-),
op-cat (§(HomDom|)) xc (F(HomCod))),

cat-Set o

lo

Components.

lemma cf-adjunction-AdjNT-of-unit-components:
shows cf-adjunction-AdjNT-of-unit o« § & n(NTMap|) =
(
Aede, (op-cat (F(HomDom))) x o F(HomCod)))(Obj).
umap-of & (cd(0)) (F(ObjMap))(cd(0))) (n(NTMap))(cd(0D)) (cd(In))

and cf-adjunction-AdjNT-of-unit « § & n(NTDom|) = Homo.caF(HomCod|)(F-,-)
and cf-adjunction-AdjNT-of-unit o § & n(NTCod]) = Homo.ca§(HomDom]|)(-,&-)
and cf-adjunction-AdjNT-of-unit o § & n(NTDGDom|) =
op-cat (§(HomDoml|)) x¢ (§(HomCod)))
and cf-adjunction-AdjNT-of-unit « § & n(NTDGCod)) = cat-Set o
unfolding cf-adjunction-AdjNT-of-unit-def nt-field-simps
by (simp-all add: nat-omega-simps)

13.7.2 Natural transformation map

lemma cf-adjunction-AdjNT-of-unit-NTMap-vsv[ adj-cs-intros):
vsv (cf-adjunction-AdjNT-of-unit o § & n(NTMap)))
unfolding cf-adjunction-AdjNT-of-unit-components by simp

lemma cf-adjunction-AdjNT-of-unit-NTMap-vdomain| adj-cs-simps]:
assumes § : € »—>0q 2D
shows D, (cf-adjunction-AdjNT-of-unit a § & n(NTMap|)) = (op-cat € xc ©)(Obj)
proof-
interpret is-functor a € ® § by (rule assms(1))
show ?thesis
unfolding cf-adjunction-AdjNT-of-unit-components
by (simp add: cat-cs-simps)
qed

lemma cf-adjunction-AdjNT-of-unit-NTMap-app[ adj-cs-simps]:
assumes § : € »oq D and ¢ € €(0bj) and d €, D(0bj)
shows
cf-adjunction-AdjNT-of-unit o § & n(NTMap))(c, d))e =
umap-of & ¢ (F(0bjMap)(c)) (n(NTMap))(c)) d
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proof-
interpret §: is-functor a € © F by (rule assms(1))
from assms have [¢, d], €, (op-cat € xc D)(0bj))
by
(
cs-concl cs-shallow
cs-simp: cat-op-simps cs-intro: cat-cs-intros cat-prod-cs-intros
)
then show cf-adjunction-AdjNT-of-unit o § & n(NTMap)) (c, d)s =
umap-of ® ¢ (§(0bjMap)(c)) (n(NTMap)(c)) d
unfolding cf-adjunction-AdjNT-of-unit-components
by (simp add: nat-omega-simps cat-cs-simps)
qed

lemma cf-adjunction-AdjNT-of-unit-NTMap-vrange:
assumes category o €
and category o ©
and §: € >0 D
and & : D »>oq €
and n: c¢f-id € »op G ogp F: Coy €
shows R, (cf-adjunction-AdjNT-of-unit o § & n(NTMap))) S cat-Set a(Arr]
proof-
interpret §: is-functor a € D § by (rule assms(3))
show ?thesis
proof
(
rule vsv.vsv-vrange-vsubset,
unfold cf-adjunction-AdjNT-of-unit-NTMap-vdomain] OF assms(3)]
)
show wvsv (cf-adjunction-AdjNT-of-unit a« § & n(NTMap)))
by (intro adj-cs-intros)
fix cd assume prems: cd €, (op-cat € xo D)(Obj))
then obtain ¢ d where cd-def: cd = [¢, d].
and ¢ ¢ & €(0bj)
and d: d €, D(O0bj)

by
(
auto
stmp: cat-op-simps
elim:
cat-prod-2-ObjE[ OF §.HomDom.category-op §.-HomCod.category-azioms)
)

from assms ¢ d show
cf-adjunction-AdiNT-of-unit « § & n(NTMap))(cd)) €, cat-Set o Arr))
unfolding cd-def

by
(
cs-concl
cs-simp: cat-cs-simps adj-cs-simps cs-intro: cat-cs-intros
)
ged
qed

13.7.3 Adjunction constructed from universal morphisms from objects to functors
is an adjunction

lemma cf-adjunction-AdjNT-of-unit-is-ntcf:
assumes category a €
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and category o ©
and §: € >0 D
and & : D »>oq €
and n: c¢f-id € »op G ogp F: Coy €
shows cf-adjunction-AdiNT-of-unit o § & 7 :

Homo.ca®(§-,-) »cr Homo.ca€(-,6-) :
op-cat € xo D o cat-Set

proof-

interpret ¢: category o € by (rule assms(1))

interpret ©: category oo © by (rule assms(2))

interpret §: is-functor a € D § by (rule assms(3))

interpret &: is-functor « © € & by (rule assms(4))

interpret n: is-ntcf a € € «cf-id & & ocp F n by (rule assms(5))

show ?thesis
proof(intro is-ntcfI”)

show ufsequence (cf-adjunction-AdjNT-of-unit o § & 1)
unfolding cf-adjunction-AdjiNT-of-unit-def by simp
show vcard (cf-adjunction-AdjNT-of-unit o« § & 1) = 5N
unfolding cf-adjunction-AdjNT-of-unit-def by (simp add: nat-omega-simps)
from assms(2,3) show
Homo.ca®(F—,—) : op-cat € xc D > cq cat-Set «
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from assms show Homo ca@(—,6-) : op-cat € xc D ——cq cal-Set «
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
show wvsv (cf-adjunction-AdjNT-of-unit « § & n(NTMap)))
by (intro adj-cs-intros)
from assms show
D, (cf-adjunction-AdjNT-of-unit a« § & n(NTMap|)) = (op-cat € xc D)(0bj))
by (cs-concl cs-shallow cs-simp: cat-cs-simps adj-cs-simps)

show cf-adjunction-AdjNT-of-unit o § & n(NTMap))(cd)) :
Homo.ca®(§-,-)(0biMap)) (cd) & cop-Set o
Homo. ca€(-,6-)(0bjMap])(cd|)
if cd € (op-cat € xc D)(0bj)) for cd
proof—
from that obtain ¢ d
where cd-def: cd = [¢, d]o and ¢ ¢ €, €(0bj)) and d: d €, D(Obj|
by
(
auto
stmp: cat-op-simps
elim: cat-prod-2-ObjE[ OF €.category-op D.category-azioms)]
)
from assms ¢ d show ?thesis
unfolding cd-def
by
(
cs-concl cs-shallow
cs-simp: adj-cs-simps cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros cat-prod-cs-intros

)
qed

show
cf-adjunction-AdjNT-of-unit o § & n(NTMap))(c'd") o4 cot-Set o
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Homo.ca®(§-,-)(ArrMap)) (gf) =
Homo.ca€(=6-)(ArrMap)(9f) ©acat-Set o
cf-adjunction-AdjNT-of-unit o § & n(NTMap))(cd))
if gf : cd = opocat @ x D ¢'d’ for cd c'd” gf
proof-—
from that obtain g fc ¢’ d d’
where gf-def: of = [g, f]o
and cd-def: cd = [¢, d]
and c¢'d’-def: ¢'d' = [¢’, d'],
and g: g: ¢’ —g ¢
and f: f: d —g d’
by
(
auto
simp: cat-op-simps
elim: cat-prod-2-is-arrE[ OF €.category-op D.category-azioms]
)

from assms g f that show ?thesis
unfolding gf-def cd-def c'd’-def
by
(
cs-concl
cs-simp: cf-umap-of-cf-hom-unit-commute adj-cs-simps cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros cat-prod-cs-intros

)
qed

qed (auto simp: cf-adjunction-AdjNT-of-unit-components cat-cs-simps)
qed

lemma cf-adjunction-AdjN T-of-unit-is-nicf ' adj-cs-intros]:
assumes category o €
and category o ©
and §: € »>0q ©
and & : D »>oq €
and n:c¢f-id € »op G ogp F: Cron €
and 6 = Homo.ca®@(F-,—
and &' = Homo.ca€(-,6-)
and 2 = op-cat € xg D
and B = cat-Set o
shows cf-adjunction-AdjNT-of-unit « § & n: 6 »op &' : A »ca B
using assms(1-5) unfolding assms(6-9)
by (rule cf-adjunction-AdjNT-of-unit-is-ntcf)

13.7.4 Adjunction constructed from universal morphisms from objects to functors

definition cf-adjunction-of-unit = V=V =V =V =V
where cf-adjunction-of-unit o § & n =
[§, &, cf-adjunction-AdjNT-of-unit « F & 1]

Components.

lemma cf-adjunction-of-unit-components:
shows [adj-cs-simps]: cf-adjunction-of-unit o § & n(AdjLeft) = §
and [adj-cs-simps]: cf-adjunction-of-unit « § & n(AdjRight]) = &
and cf-adjunction-of-unit « § & n(AdiNT)) =
cf-adjunction-AdjNT-of-unit o § & n
unfolding cf-adjunction-of-unit-def adj-field-simps
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by (simp-all add: nat-omega-simps)

Natural transformation map.

lemma cf-adjunction-of-unit-AdjNT-NTMap-vdomain| adj-cs-simps]:
assumes § : € »—>0q D
shows D, (cf-adjunction-of-unit « § & n(AdiNT|)(NTMap))) =
(op-cat € xc D)(Obj))
using assms
unfolding cf-adjunction-of-unit-components(3)
by (rule cf-adjunction-AdjNT-of-unit-NTMap-vdomain)

lemma cf-adjunction-of-unit-AdjNT-NTMap-app| adj-cs-simps]:
assumes § : € > oq D and ¢ € €(0bj) and d €, D(0bj)
shows
cf-adjunction-of-unit o § & n(AdiNT)(NTMap)(c, d))e =
umap-of & ¢ (F(0bjMap)(c)) (n(NTMap))(c)) d
using assms
unfolding cf-adjunction-of-unit-components(3)
by (rule cf-adjunction-AdjNT-of-unit-NTMap-app)

The adjunction constructed from universal morphisms from objects to functors is an adjunction.

lemma cf-adjunction-of-unit-is-cf-adjunction:
assumes category o €
and category a O
and §: € »0q D
and & : D »>oa €
and n: ¢f-id € »op B oop F: € o €
and Az. z & €(0bj]) = universal-arrow-of & z (F(0bjMap))(z])) (n(NTMap])(z])
shows cf-adjunction-of-unit a § & n:§ =cr & : € ==0q D
and n¢ (cf-adjunction-of-unit o § & n) = n
proof-

interpret €: category a € by (rule assms(1))

interpret D: category a D by (rule assms(2))

interpret §: is-functor a € © § by (rule assms(3))

interpret &: is-functor a © € & by (rule assms(4))

interpret 7: is-ntcf o € € «¢f-id €& & oop F n by (rule assms(5))

show caou-n: cf-adjunction-of-unit a § & n:F =cp & : € 2204 D
proof
(
intro
is-cf-adjunctionI[ OF - - assms(1-4)]
is-iso-ntcf-if-bnt-proj-snd-is-iso-ntcf |
OF C.category-op ®.category-axioms
I,
unfold cat-op-simps cf-adjunction-of-unit-components
)
show caou-n: cf-adjunction-AdjNT-of-unit a § & 7 :
Homo.ca®(§-,-) »cr Homo.ca€(-,6-) :
op-cat € xo D g cat-Set
unfolding cf-adjunction-of-unit-components
by (rule cf-adjunction-AdjNT-of-unit-is-ntcf[ OF assms(1-5)])
fix a assume prems: a €, €(0bj)
have wa-of-na:
nicf-ua-of oo & a (F(ObjMap))(a)) (n(NTMap))(a)) :
Homo.ca®(§(0biMap))(al),~) = cr.iso Homo.ca€(a,~) ocr & :
D o cat-Set
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by
(
rule is-functor.cf-ntcf-ua-of-is-iso-ntcf [
OF assms(4) assms(6)[ OF prems]
]
)
have [adj-cs-simps]:
cf-adjunction-AdjNT-of-unit o § & nyp_cot ¢ (= )NTCF =
ntcf-ua-of a & a (F(O0bjMap))(a))) (n(NTMap))(a))
proof(rule ntcf-eql)
from assms(1-5) caou-n prems show lhs:
cf-adjunction-AdjNT-of-unit o § & 1yp_cot ¢ D(@=-)NTCF
Homo ca®@(F(0bjMap))(al),-) »cr Homo. ca€(a,~) ocr & :
D o cat-Set «
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros

)

from wa-of-na show rhs:
ntcf-uaof & © a (300bMap)(a)) (n(NTMap)(a)) -
Homo.ca®(F(0biMap)(a)),-) »cr Homo.ca€(a,~) ocp & :
D > o cat-Set «
by (cs-concl cs-shallow cs-intro: nicf-cs-intros)
from [hs have dom-lhs:
D ((cf-adjunction-AdiNT-of-unit o § & 04y ot ¢, (0= )nTcr)(NTMap)) =
D(0bj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
from lhs assms(4) have dom-rhs:
D, (ntcf-ua-of a & a (F(ObiMap))(a))) (n(NTMap))(al))(NTMap))) = D(O0bj))
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
show
(cf-adjunction-AdiNT-of-unit o § & 04y ot ¢ (a,=-)nTCor)(NTMap) =
ntcf-ua-of o & a (§(ObjMap))(al)) (n(NTMap))(al))(NTMap|)
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix d assume prems”: d €, D (Obj)
from assms(3,4) prems prems’ show
(cf-adjunction-AdiNT-of-unit o § & 04y cqt ¢, (a=)nTr)(NTMap)(d]) =
nicf-ua-of a & a (F(ObjMap))(a))) (n(NTMap|)(al)) (NTMap)(d)
by (cs-concl cs-shallow cs-simp: adj-cs-simps cat-cs-simps)
qed (simp-all add: bnt-proj-snd-NTMap-vsv &.ntcf-ua-of-NTMap-vsv)
qed simp-all
from assms(1-5) assms(6)[ OF prems] prems show
cf-adjunction-AdjNT-of-unit o« § & nyp_cot ¢ (= )NTCP
Homo-cag(g_v_)op-cat @79((]’;_)017 = CF.iso
Homo.ca®(=6-)op-cat ¢ 0(a:7)cF
D o cat-Set
by
(
cs-concl cs-shallow
cs-simp: adj-cs-simps cat-cs-simps cs-intro: cat-cs-intros
)

qed (auto simp: cf-adjunction-of-unit-def nat-omega-simps)
show n¢ (c¢f-adjunction-of-unit a« § & n) =1

proof(rule ntcf-eql)
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from caou-n show lhs:
ne (cf-adjunction-of-unit a« § & n) :
cf-id € »cop G ogp §: Cpog €
by (cs-concl cs-shallow cs-intro: adj-cs-intros)
show rhs:n: ¢f-id € »cp S ogp F: C o €
by (auto intro: cat-cs-intros)
from lhs have dom-lhs:
D. (ne (cf-adjunction-of-unit o § & n)(NTMap|)) = €(O0bj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
have dom-rhs: Do (n(NTMapl))) = €(O0bj)) by (auto simp: cat-cs-simps)
show n¢ (c¢f-adjunction-of-unit a § & n)(NTMap|) = n(NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix a assume prems: a €, €(0bj))
from assms(1-5) prems caou-n show
ne (cf-adjunction-of-unit « § & n)(NTMap))(a]) = n(NTMap))(a))
by
(
cs-concl cs-shallow
cs-simp:
adj-cs-simps cat-cs-simps cf-adjunction-of-unit-components(3)
cs-intro: cat-cs-intros
)
qed (auto intro: adj-cs-intros)
qed simp-all

qed

13.8 Construction of an adjunction from a functor and universal morphisms
from objects to functors

The subsection presents the construction of an adjunction given a functor and a structured
collection of universal morphisms from objects to functors. The content of this subsection
follows the statement and the proof of Theorem 2-ii in Chapter IV-1 in [9].

13.8.1 Left adjoint

definition cf-la-of-ra = (V= V)=V =V =V
where cf-la-of-ra F & 1 =

[
(Aze.&(HomCod|)(|Obj)). F z),

Aheo B (HomCod)(Arr)). THE f'.
f'+ F (&(HomCod])(Dom|)(h])) =& (HomDoml|) T (&(HomCod))(Cod])(R])) A
n(B(HomCod|)( Cod)) (h)) ©A@(HomCod) M =
(
umap-of
(6]
(&(HomCod))(|Doml|)(h)))
(F (8(HomCod))(Dom|)(h])))
(n(&(HomCod)(Dom|)(A]))
(F (&(HomCod)(Cod))(h]))
: )(ArrVal)(f')

&(HomCod)),
&(HomDom))

lo
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Components.

lemma cf-la-of-ra-components:
shows cf-la-of-ra F & n(O0bjMap)) = (Axe.&(HomCod|)(Obj]). F )
and cf-la-of-ra F & n(ArrMap)) =
(
Aheo B (HomCod|)(Arr). THE f'.
'+ F (8(HomCod|)(Doml|)(h])) =& (HomDoml|) ¥ (&(HomCod))(Cod])(R])) A
(& (HomCod)) (| Cod)) (h]))) © A (HomCod)) h =
(
umap-of
(6]
(&(HomCod|)(Doml) (h])
(F (&(HomCod)(Dom))(h])))
(n(&(HomCod])(Doml)(h)))
(F (6(HomCod|)(Cod))(h])))
Y(ArrVal) (f')

and cf-la-of-ra F & n(HomDom|) = &(HomCod)
and cf-la-of-ra F & n(HomCod|) = &(HomDom])
unfolding cf-la-of-ra-def dghm-field-simps by (simp-all add: nat-omega-simps)

13.8.2 Object map

mk-VLambda cf-la-of-ra-components(1)
|vsv cf-la-of-ra-ObjMap-vsv| adj-cs-intros]|

mk-VLambda (in is-functor)
cf-la-of-ra-components(1)[where ?&=F, unfolded cf-HomCod)]
|vdomain cf-la-of-ra-ObjMap-vdomain[ adj-cs-simps]|
lapp cf-la-of-ra-ObjMap-app| adj-cs-simps]|

lemmas [adj-cs-simps] =
is-functor.cf-la-of-ra-ObjMap-vdomain
is-functor.cf-la-of-ra-ObjMap-app

13.8.3 Arrow map

mk-VLambda cf-la-of-ra-components(2)
|vsv cf-la-of-ra- ArrMap-vsv| adj-cs-intros]|

mk-VLambda (in is-functor)
cf-la-of-ra-components(2)[where ?6=F, unfolded cf-HomCod cf-HomDom]
|vdomain cf-la-of-ra- ArrMap-vdomain[ adj-cs-simps]|
lapp cf-la-of-ra-ArrMap-app|

lemmas [adj-cs-simps] = is-functor.cf-la-of-ra- ArrMap-vdomain

lemma (in is-functor) cf-la-of-ra-ArrMap-app”:
assumes h: a g5 b
shows
cf-la-of-ra F § n(ArrMap)) (b)) =

THE f'.
fliFamy Fbna
n(b) cags h = umap-of § a (F a) (n(a))) (£ b)(ArrVal)(f')

proof-
from assms have h: h e, B(Arr)) by (simp add: cat-cs-intros)
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from assms have h-Dom: B(Dom|)(h) = a and h-Cod: B(Cod))(h]) = b
by (simp-all add: cat-cs-simps)
show ?thesis by (rule cf-la-of-ra-ArrMap-app[ OF h, unfolded h-Dom h-Cod])
qed

lemma cf-la-of-ra-ArrMap-app-unique:
assumes G : D gy €
and f:a ¢ b
and universal-arrow-of & a (cf-la-of-ra F & n(ObjMap))(a))) (n(a))
and universal-arrow-of & b (cf-la-of-ra F & n(ObjMap|) (b)) (n(d))
shows cf-la-of-ra F & n(ArrMap)(f) : F a »o F b
and n(b)) cag f =
umap-of & a (F a) (n(a))) (F b)(ArrVal)(cf-la-of-ra F & n(ArrMap))(f))
and Af'.
I
[l Faw~g Fb
n(b) eag f = umap-of & a (F a) (n(a)) (F b)(ArrVal)(f')
I = chlofra F & nAmMap) ) =
proof-

interpret &: is-functor a © € & by (rule assms(1))

from assms(2) have a: a €, €(0bj]) and b: b €, €(0bj)
by (simp-all add: cat-cs-intros)
note ua-n-a = &.universal-arrow-of D[ OF assms(3)]
note ua-n-b = G.universal-arrow-of D[ OF assms(4)]
from wua-n-b(2) have [cat-cs-intros]:
[ c=b c"=&(0bjMap)(cf-la-of-ra F' & n(ObjMap) (b)) 1] == n(b) : ¢ ~¢ ¢’
for ¢ ¢’
by auto
from assms(1,2) ua-n-a(2) have na-f:
1) oac 1 5 @ e BAObMap)(cfla-of-ra F & 5(ObMap) (#))
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from assms(1,2) have lara-a: cf-la-of-ra F & n(ObjMap|)(a]) = F a
and lara-b: cf-la-of-ra F & n(ObjMap|)(b) = F b
by (cs-concl cs-simp: adj-cs-simps cs-intro: cat-cs-intros)+

from theD
[ OF
ua-n-a(3)[ OF ua-n-b(1) na-f, unfolded lara-a lara-b]
| &.cf-la-of-ra-ArrMap-app’| OF assms(2), of F n]
show cf-la-of-ra F & n(ArrMap))(f)) : F a =g F b
and 7n(b) oag f = umap-of
& a (Fa) (n(a)) (F b)(ArrVal)(cf-la-of-ra F & n(ArrMap))(f]))
and Af’.
I
[’ Farg Fb
n(b) cag f = umap-of & a (F a) (n(al)) (F b)(ArrVal)(f')
| = c¢f-la-of-ra F & n(ArrMap))(f]) = f'
by blast+

qed
lemma cf-la-of-ra- ArrMap-app-is-arr| adj-cs-intros):

assumes &G : D oo €
and f:a~¢ b
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and universal-arrow-of ® a (cf-la-of-ra F & n(0bjiMap|)(al)) (n(a)))
and universal-arrow-of & b (cf-la-of-ra F & n(ObjiMap|) (b)) (n(d)
and Fa = F a
and Fb=Fb
shows cf-la-of-ra F & n(ArrMap))(f]) : Fa »5 Fb
using assms(1-4) unfolding assms(5,6) by (rule cf-la-of-ra-ArrMap-app-unique)

13.8.4 An adjunction constructed from a functor and universal morphisms from
objects to functors is an adjunction

lemma cf-la-of-ra-is-functor:
assumes &G : D gy €
and Ac. ¢ & €(0bj)) = F ¢ €, D(0bj))
and Ac. ¢ & €(0bj) =
universal-arrow-of & c¢ (cf-la-of-ra F & n(0bjMap))(c])) (n(c))
and Ac ¢’ h. h: crg ¢/ =
&(ArrMap))(cf-la-of-ra F & n(ArrMap)(h))) cag n(c) = n(c’) oag h
shows cf-la-of-ra F & n: € »0q D (is (55 : € oog D))
proof-

interpret &: is-functor « © € & by (rule assms(1))

show cf-la-of-ra F & n: € »>0q D
proof(rule is-functorl’)

show vfsequence 7§ unfolding cf-la-of-ra-def by auto
show vcard 7§ = 4N
unfolding cf-la-of-ra-def by (simp add: nat-omega-simps)
show R, (%§(0bjMap))) S, D(O0bj)
proof(rule vsv.vsv-vrange-vsubset, unfold &.cf-la-of-ra-ObjMap-vdomain)
fix r assume z €, €(0bj)
with assms(1) show 2F(0bjMap))(z]) €. D(Obj)
by (cs-concl cs-shallow cs-simp: adj-cs-simps cs-intro: assms(2))
qed (auto intro: adj-cs-intros)

show 2§ (ArrMap)(f) : #§(0bjMap))(a) —o #5(ObMap))(b)
iff:amgbforabf
proof-
from that have a: a €, €(0bj]) and b: b €, €(0bj)
by (simp-all add: cat-cs-intros)
have ua-n-a: universal-arrow-of & a (2§(0bjiMap))(al)) (n(a)))
and wa-n-b: universal-arrow-of & b (2F(0bjMap))(d)) (n(b))
by (intro assms(3)[OF a] assms(3)[ OF b])+
from a b cf-la-of-ra-ArrMap-app-unique(1)[ OF assms(1) that wa-n-a ua-n-b)
show ?thesis
by (c¢s-concl cs-shallow cs-simp: adj-cs-simps)
qed

show 25(ArrMap))(g oag f) = Z§5(ArrMap))(g)) cap 7S (ArrMap))(f)
ifg:brgcand f:amgbforbcgaf
proof-—
from that have a: a €, €(Obj) and b: b €, €(0bj]) and c: ¢ €, €(Obj)
by (simp-all add: cat-cs-intros)
from assms(1) that have gf: g oag f:a g ¢

by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

note ua-n-a = assms(3)[ OF a]
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and ua-n-b = assms(3)[ OF b]
and ua-n-c¢ = assms(3)[ OF c]

note lara-f =

cf-la-of-ra- ArrMap-app-unique[ OF assms(1) that(2) ua-n-a ua-n-b]
note lara-g =

cf-la-of-ra- ArrMap-app-unique[ OF assms(1) that(1) ua-n-b ua-n-c]
note lara-gf =

cf-la-of-ra-ArrMap-app-unique[ OF assms(1) gf wa-n-a ua-n-c]

note ua-n-a = S.unversal-arrow-of D[ OF ua-n-a]
and wa-n-b = G.universal-arrow-of D[ OF ua-n-b)
and ua-n-c¢ = G.universal-arrow-of D[ OF ua-n-c]

from wa-n-a(2) assms(1) that have na:

n(al) : a =g &(ObjMap))(F al)

by (cs-prems cs-simp: adj-cs-simps cs-intro: cat-cs-intros)
from ua-n-b(2) assms(1) that have nb:

n(b) : b =g &(ObjMap|)(F b))

by (cs-prems cs-shallow cs-simp: adj-cs-simps cs-intro: cat-cs-intros)
from ua-n-c(2) assms(1) that have nc:

n(c) : ¢ =g &(ObjMap|)(F |

by (cs-prems cs-shallow cs-simp: adj-cs-simps cs-intro: cat-cs-intros)

from assms(1) that nc have
n(ch cag (g oag f) = (nc) cag g) cag f
by (c¢s-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
also from assms(1) lara-g(1) that(2) nb have
. = 6(ArrMap)) (| 73 (ArrMap) (g)) ca¢ (n(b) cag f)
by
(
cs-concl
cs-simp: lara-g(2) cat-cs-simps
cs-intro: cat-cs-intros cat-prod-cs-intros
)
also from assms(1) lara-f(1) na have ... =
&(ArrMap|) (75 (ArrMap) (9] oa¢
(&(ArrMap)) (|75 (ArrMap) (f)D ¢ n(a))
by (cs-concl cs-shallow cs-simp: lara-f(2) cat-cs-simps)
finally have [symmetric, cat-cs-simps]:
n(c) cag (goag f) =
from assms(1) this na nb ne lara-g(1) lara-f(1) have
n(c) oag (9 oa¢ f) =
umap-of & a (F a) (n(a))) (F ¢)(ArrVal)(7§(ArrMap))(g)) cap
25 ArrMap)) (f]])
by
(
cs-concl cs-shallow
cs-simp: adj-cs-simps cat-cs-simps
cs-intro: adj-cs-intros cat-cs-intros
)
moreover from assms(1) lara-g(1) lara-f(1) have
7§5(ArrMap)(g)) can ZF(ArrMap)(f) : Fa »op F ¢
by (cs-concl cs-shallow cs-intro: adj-cs-intros cat-cs-intros)
ultimately show ?thesis by (intro lara-gf(3))

qed
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show 25(ArrMap))(€(CId)(c])]) = D(CId) (25 (ObiMap))(c)) if ¢ €, €(Obj]) for ¢
proof-
note lara-c = cf-la-of-ra-ArrMap-app-unique[
OF
assms(1)
&.HomCod.cat-Cld-is-arr[ OF that)
assms(3)[ OF that]
assms(3)[ OF that]
]
from assms(1) that have Dc: D(CId)(F c) : F c g Fc
by (cs-concl cs-simp: cat-cs-simps cs-intro: assms(2) cat-cs-intros)
from &.universal-arrow-ofD(2)[ OF assms(3)[ OF that]] assms(1) that have nc:
n{c) : ¢ =g &(0biMap))(F c)
by (cs-prems cs-shallow cs-simp: adj-cs-simps cs-intro: cat-cs-intros)
from assms(1) that nc have
n(c) oae E(CId)(c) -
umap-of & ¢ (F ¢) (n(c)) (F ¢)(ArrVal)(D(CId)(F c]))
by (cs-concl cs-simp: cat-cs-simps cs-intro: assms(2) cat-cs-intros)
note [cat-cs-simps] = lara-c(3)[ OF Dc this)
from assms(1) that ©c show ?thesis
by
(
cs-concl cs-shallow
cs-simp: adj-cs-simps cat-cs-simps cs-intro: cat-cs-intros

)
qed
qed (auto simp: cf-la-of-ra-components cat-cs-intros cat-cs-simps)

qed

lemma cf-la-of-ra-is-ntcf:
fixes FCF G n,n
defines § = cf-la-of-ra F & n,,
and 71 = [N, cf-id €, & ocr F, €, €],
assumes & : D gy €
and Ac. ¢ & €(0bj)) = F ¢ €, D(0bj))
and Ac. ¢ & €(0bj)) = universal-arrow-of & ¢ (F(ObjMap|)(c))) (n(NTMap))(c)))
and Ac ¢’ h. h:crg ¢/ =
&(ArrMap)) (S(ArrMap) (D) oag (n(NTMap)(c)) = (n(NTMap)(c)) oac h
and vsv (n(NTMap)))
and D, (n(NTMap|)) = €(Obj)
shows n: ¢f-id C»op G ogp §: € »pn €
proof-
interpret &: is-functor a« © € & by (rule assms(3))
have n-components:
n(NTMap)) = nm
n(NTDoml|) = cf-id €
n(NTCod) = & ocp §
n(NTDGDom|) = €
n(NTDGCod)) = €
unfolding 7n-def nt-field-simps by (simp-all add: nat-omega-simps)
note §-def = §-def[folded n-components(1)]
have §: §: € »>cq D
unfolding §-def
by (auto intro: cf-la-of-ra-is-functor[ OF assms(3-6)[unfolded F-def]])
show n: ¢f-id C»op G ogp §: € pn €
proof(rule is-ntcfl")
show vfsequence n unfolding n-def by simp
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show vcard 1 = 5y unfolding n-def by (simp-all add: nat-omega-simps)
from assms(2) show c¢f-id € : € »>gq €
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from assms(2) § show & ocp F: € > €
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show n(NTMap))(a) : cf-id €(ObjMap))(a) —¢ (& ocr §)(ObiMap|)(a)
if a €, €(0bj]) for a
using assms(2) § that G.universal-arrow-ofD(2)[ OF assms(5)[ OF that]]
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show
n(NTMap)) (b)) oag cf-id C(ArrMap])(f) =
(& ocr §)(ArrMap)(f) oag n(NTMap))(a)
iff:awgbforabdf
using assms(3) § that
by
(
cs-concl cs-shallow
cs-simp: assms(6) cat-cs-simps cs-intro: cat-cs-intros
)
qed (auto simp: n-components(2-5) assms(7-8))
qed

lemma cf-la-of-ra-is-unit:
fixes FCF & n,n
defines § = cf-la-of-ra F & n,,
and 71 = [y, ¢f-id €, & ocr F, €, €],
assumes category o €
and category o ©
and & : D »ga €
and Ac. ¢ & €(Obj)) = F ¢ €, D(0bj))
and Ac. ¢ € €(0bj) =
ungversal-arrow-of & ¢ (F(ObjMap))(c))) (n(NTMap))(c))
and Ac ¢’ h. h:crg ¢/ =
& (ArrMap)(F(ArrMap) (1)) oa¢ (n(NTMap)(eh) = (HINTMap) (<)) oag b
and vsv (n(NTMap)))
and D, (n(NTMap|)) = €(Obj)
shows cf-adjunction-of-unit a § & n:§ =cp & : € =220 D
and n¢ (cf-adjunction-of-unit o § & n) = n
proof-
have n-components:
n(NTMap)) = nim
n(NTDoml|) = cf-id €
N(NTCod)) = & ocp §
n(NTDGDom|) = €
N(NTDGCod)) = €
unfolding 7n-def nt-field-simps by (simp-all add: nat-omega-simps)
note §-def = §-def[folded n-components(1)]
note § = cf-la-of-ra-is-functor
[
where F=F and ¢=C and &= and n=7,,,
folded §-def[unfolded n-components(1)],
folded n-components(1),
OF assms(5-8),
simplified
]

note n = cf-la-of-ra-is-nicf

where F=F and ¢=¢ and =6 and 7,,=1,,
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folded §-def[unfolded n-components(1)],
folded n-def,
OF assms(5-10),
simplified
]
show cf-adjunction-of-unit « F & n:F =cr & : € =204 D
and n¢ (cf-adjunction-of-unit o § & n) = n
by
(
intro cf-adjunction-of-unit-is-cf-adjunction|

OF assms(3,4) § assms(5) n assms(7), simplified, folded F-def

)+
qed

13.9 Construction of an adjunction from universal morphisms from functors
to objects

13.9.1 Definition and elementary properties

The subsection presents the construction of an adjunction given a structured collection of uni-
versal morphisms from functors to objects. The content of this subsection follows the statement
and the proof of Theorem 2-iii in Chapter IV-1 in [9].

definition cf-adjunction-of-counit = V=V =V =V =V
where cf-adjunction-of-counit a § & ¢ =
op-cf-adj (cf-adjunction-of-unit o (op-cf &) (op-¢f F) (op-nicf €))

Components.

lemma cf-adjunction-of-counit-components:
shows cf-adjunction-of-counit « § & e(AdjLeft]) = op-cf (op-¢f F)
and cf-adjunction-of-counit a § & e(AdjRight]) = op-cf (op-cf &)
and cf-adjunction-of-counit & § & e(AdjNT|) = op-cf-adj-nt
(op-¢f &(HomDom)))
(op-cf 8(HomCod))
(cf-adjunction-AdjNT-of-unit o (op-cf &) (op-c¢f §) (op-nicf €))
unfolding
cf-adjunction-of-counit-def
op-cf-adj-components
cf-adjunction-of-unit-components
by (simp-all add: cat-op-simps)

13.9.2 Natural transformation map

lemma cf-adjunction-of-counit-NTMap-vsv:
vsv (cf-adjunction-of-counit o § & e(AdjNT)(NTMap)))
unfolding cf-adjunction-of-counit-components by (rule inv-ntcf-NTMap-vsv)

13.9.3 An adjunction constructed from universal morphisms from functors to ob-
jects is an adjunction

lemma cf-adjunction-of-counit-is-cf-adjunction:
assumes category o €
and category a O
and §: € »oq ©
and & : D »>ga €
ande:Foopr & »op ¢f-id D : D »gg D
and Az. z €, D(0bj) = universal-arrow-fo § ¢ (&(0bjiMap|)(z])) (e(NTMap))(z)))
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shows cf-adjunction-of-counit « § G e :§F =cp & : € 2204 D
and e¢ (c¢f-adjunction-of-counit « F & €) = ¢
and D, (cf-adjunction-of-counit o §F & e(AdjNT)(NTMap))) =
(op-cat € xc D)(0bj)
and Ac d. [ ¢ € €(Obj); d €, D(Obj) ]| =
cf-adjunction-of-counit a § & e(AdiNT))(NTMap))(c, d)e =
(umap-fo § d (S(0bMap)(d)) (=(NTMap)(d)) )" 5.1
proof-

interpret ¢: category o € by (rule assms(1))

interpret ©: category oo © by (rule assms(2))

interpret §: is-functor a € D § by (rule assms(3))

interpret &: is-functor « © € & by (rule assms(4))

interpret e: is-nicf a« D D (F ocp &) <cf-id D> € by (rule assms(5))

note cf-adjunction-of-counit-def’ =
cf-adjunction-of-counit-def[where F=F, unfolded §.cf~-HomDom §.cf-HomCod)]

have ua:
universal-arrow-of (op-cf §) z (op-¢f &(0bjiMap))(z])) (op-ntcf e(NTMapl)(z]))
if z e, op-cat D(Obj]) for
using that unfolding cat-op-simps by (rule assms(6))

let Zaou = «cf-adjunction-of-unit « (op-cf &) (op-cf §) (op-ntcf €)»
from
cf-adjunction-of-unit-is-cf-adjunction

OF
9. category-op
C.category-op
B.is-functor-op
§.is-functor-op
g.is-ntcf-op[unfolded cat-op-simps]
ua,
simplified cf-adjunction-of-counit-def[ symmetric]
]
have aou: ?aou : op-cf & =cp op-¢f §: op-cat © == op-cat €
and n-aow: n¢ Zaou = op-nicf €
by auto
interpret aou:
is-cf-adjunction o <op-cat D) <op-cat € <op-cf B <op-cf T faou
by (rule aou)
from n-aou have
op-ntef (ne ?aou) = op-nicf (op-ntcf )
by simp
then show e (c¢f-adjunction-of-counit « § & ¢) = ¢
unfolding
e.ntef-op-nitcf-op-ntcf
is-cf-adjunction.op-ntcf-cf-adjunction-unit[ OF aou]
cf-adjunction-of-counit-def ' symmetric]
by (simp add: cat-op-simps)
show aoc-¢: cf-adjunction-of-counit a § B ¢ :§ =cp & : € =204 D
by
(
rule
is-cf-adjunction-op[
OF aou, folded cf-adjunction-of-counit-def’, unfolded cat-op-simps

]
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)
interpret aoc-e: is-cf-adjunction a €D §F & <cf-adjunction-of-counit a § & &>
by (rule aoc-¢)

from aoc-¢. NT.is-ntcf-axioms show
D, (cf-adjunction-of-counit o § & e(AdjNT))(NTMap|)) = (op-cat € xc D)(Obj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)

show Ac d. [ ¢ €, €(0bj]); d €, D(Ob]) ]| =
cf-adjunction-of-counit o § & e(AdjNT)(NTMap))(c, d))e =
(umap-fo 3 d (&(ObjMap)(d)) (=(NTMap)(d)) ).
proof—
fix ¢ d assume prems: ¢ €, €(0bj]) d €, D(O0bj)
from assms(1-4) prems have aou-dc:
cf-adjunction-AdjN T-of-unit
o (op-cf ®) (op-cf §) (op-ntcf )INTMap)(d, ). =
umap-fo § d (&(0bjMap))(d)) ((NTMap))(d)) c
by
(
cs-concl cs-shallow
cs-simp: cat-op-simps adj-cs-simps cs-intro: cat-op-intros
)

from assms(1-4) aou prems have ufo-c-dc:
umap-fo § d (&(0bjMap))(d))) (e(NTMap)(d))) c:
Homo.caop-cat €(op-cf &-,=)(0bjMap))(d, e ~isocqt-Set a
Homo. caop-cat D(—,0p-cf §-)(0bjMap))(d, cf)e
by
(
cs-concl cs-shallow
cs-simp:
aou-dc[ symmetric] cf-adjunction-of-unit-components(3)[symmetric]
cs-intro:
is-iso-ntcf.iso-ntcf-is-iso-arr’
adj-cs-intros
cat-cs-intros
cat-op-intros
cat-prod-cs-intros
)
from
assms(1-4)
aoc-e[unfolded cf-adjunction-of-counit-def’]
aou
prems
ufo-e-dc
show
cf-adjunction-of-counit a § & e(AdINT))(NTMap))(c, d)s =
(umap-fo § d (&(0bjMap)(d))) (e(NTMap)(d)) ¢) ' see
unfolding cf-adjunction-of-counit-def’
by
(
cs-concl
cs-simp: cat-op-simps adj-cs-simps cat-cs-simps cat-Set-cs-simps
cs-intro: adj-cs-intros cat-cs-intros cat-prod-cs-intros
)
qed

qed
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13.10 Construction of an adjunction from a functor and universal morphisms
from functors to objects

The subsection presents the construction of an adjunction given a functor and a structured
collection of universal morphisms from functors to objects. The content of this subsection
follows the statement and the proof of Theorem 2-iv in Chapter IV-1 in [9].

13.10.1 Definition and elementary properties

definition cf-ra-of-la = (V=V)=V=>V=1V
where cf-ra-of-la F § € = op-cf (cf-la-of-ra F (op-cf §) €)

13.10.2 Object map

lemma cf-ra-of-la-ObjMap-vsv[ adj-cs-intros]: vsv (cf-ra-of-la F § €(ObjMap)))
unfolding cf-ra-of-la-def op-cf-components by (auto intro: adj-cs-intros)

lemma (in is-functor) cf-ra-of-la-ObjMap-vdomain:
D, (c¢f-ra-of-la F § €(ObjMap))) = B(0bj))
unfolding cf-ra-of-la-def cf-la-of-ra-components cat-op-simps
by (simp add: cat-cs-simps)

lemmas [adj-cs-simps] = is-functor.cf-ra-of-la-ObjMap-vdomain

lemma (in is-functor) cf-ra-of-la-ObjMap-app:
assumes d €, B(0bj)
shows cf-ra-of-la F § e(ObjMap))(d) = F d
using assms
unfolding cf-ra-of-la-def cf-la-of-ra-components cat-op-simps
by (simp add: cat-cs-simps)

lemmas [adj-cs-simps] = is-functor.cf-ra-of-la-ObjMap-app

13.10.3 Arrow map

lemma cf-ra-of-la-ArrMap-app-unique:
assumes § : € »>oq D
and f:a g b
and universal-arrow-fo § a (cf-ra-of-la F § (ObjiMap))(a))) (e(al)
and universal-arrow-fo § b (cf-ra-of-la F §F €(ObiMap)) (b)) (£(b))
shows cf-ra-of-la ' § e(ArrMap))(f]) : F a =g F b
and f oap e(a) =
umap-fo § b (F b) (e(b]) (F a)(ArrVal)(cf-ra-of-la F § e(ArrMap|)(f])
and Af’.
i
fliFarg F;
foap e(al) = umap-fo 3 b (F b) (e(b) (F a)(ArrVal)(f’)
| = cf-ra-of-la F § e(ArrMap)(f) = /'
proof-
interpret §: is-functor a € D § by (rule assms(1))
from assms(2) have op-f: f : b, cqt » @ unfolding cat-op-simps by simp
let ?lara = <cf-la-of-ra F (op-cf §) &
have lara-ObjMap-eq-op: ?lara(ObjMap)) = (op-cf ?lara(ObjMap)))
and lara-ArrMap-eg-op: ?lara(|ArrMap|) = (op-cf ?lara(ArrMap)))
unfolding cat-op-simps by simp-all
note ua-n-a = §.unwersal-arrow-foD[ OF assms(3)]
and ua-n-b = F.universal-arrow-foD[ OF assms(4)]
from assms(1,2) ua-n-a(2) have [cat-op-simps]:
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e(a) CAop-cat D f=1Foap £(al)
by (cs-concl cs-shallow cs-simp: cat-cs-simps cat-op-simps)
show cf-ra-of-la F § e(ArrMap)(f]) : F a =g F b
and f oap e(a) =
umap-fo § b (F b) (e(b)) (F a)(ArrVal)(cf-ra-of-la F § e(ArrMap)) (f])
and Af'.
[
f'+Farg Fb
foap e(al) = umap-fo § b (F b) (e(b) (F a)(ArrVal)(f)
| = c¢f-ra-of-la F' § e(ArrMap)(f) = f’
by
(
intro
cf-la-of-ra-ArrMap-app-unique
[
where n=¢ and F=F,
OF §.is-functor-op op-f,
unfolded
§.op-cf-universal-arrow-of
lara-ObjMap-eq-op
lara-ArrMap-eq-op,
folded cf-ra-of-la-def,
unfolded cat-op-simps, OF assms(4,3)
]
)+
qed

lemma cf-ra-of-la-ArrMap-app-is-arr| adj-cs-intros]:

assumes § : € »—>coq D
and f:argp b
and universal-arrow-fo § a (cf-ra-of-la F § €(0bjMap))(a))) (£(a))
and universal-arrow-fo § b (cf-ra-of-la F § €(ObjMap)) (b)) (£(b))
and Fa = F a
and Fb=Fb

shows cf-ra-of-la F § e(ArrMap))(f]) : Fa —»¢ Fb

using assms(1-4) unfolding assms(5,6) by (rule cf-ra-of-la- ArrMap-app-unique)

13.10.4 An adjunction constructed from a functor and universal morphisms from
functors to objects is an adjunction

lemma op-cf-cf-la-of-ra-op| cat-op-simps]:
op-c¢f (cf-la-of-ra F (op-cf §) €) = ¢f-ra-of-la F § ¢
unfolding cf-ra-of-la-def by simp

lemma cf-ra-of-la-commute-op:
assumes § : € »—>0q O
and Ad. d €, D(0bj) =
universal-arrow-fo § d (cf-ra-of-la F § €(ObjMap|)(d)) (e(d))
and Ad d' h. h:d g d =
e(d") cap F(ArrMap))(cf-ra-of-la F § e(ArrMap])(h))) =
hoap e(d)
and h:c' —g c
shows §(ArrMap)) (cf-ra-of-la F' § e(ArrMap|) (h)]) 04 op-cat © €(c)) =
S() CAop-cat © h
proof-
interpret §: is-functor a € © § by (rule assms(1))
from assms(4) have c¢”: ¢’ ¢, D(0bj]) and ¢ ¢ €, D(0bj]) by auto
note ua-n-c¢’ = F.universal-arrow-foD[ OF assms(2)[ OF ¢']]
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and ua-n-c¢ = F.universal-arrow-foD[ OF assms(2)[ OF c]]
note rala-f = cf-ra-of-la-ArrMap-app-unique[
OF assms(1) assms(4) assms(2)[OF ¢'] assms(2)[ OF c]
]
from assms(1) assms(4) uva-n-c¢'(2) va-n-c(2) rala-f(1) show %thesis
by
(

cs-concl cs-shallow

cs-simp: assms(3) cat-op-simps adj-cs-simps cat-cs-simps
cs-intro: cat-cs-intros
)

qed

lemma
assumes § : € »—>oq D
and Ad. d €, D(0bj) = F d €, €(0bj)
and Ad. d €, D(0bj) =
universal-arrow-fo § d (cf-ra-of-la F § e(ObjMap|)(d])) (e(d)))
and Add" h. h:drg d —
e(d") cap F(ArrMap))(cf-ra-of-la F' § e(ArrMap])(h))) =
h CAD €(|d|)
shows cf-ra-of-la-is-functor: cf-ra-of-la F § € : D m»gq €
and cf-la-of-ra-op-is-functor:
¢f-la-of-ra F (op-cf §F) € : op-cat © g op-cat €
proof—

interpret §: is-functor o € © § by (rule assms(1))
have Fh-cc:
§(ArrMap))(cf-ra-of-la F § e(ArrMap) (h)) ©4pp-cat © €(c) =
(e’ CAop-cat D h
ifh:c'"»gcforcc'h
proof—
from that have ¢”: ¢’ ¢, D(0bj]) and c: ¢ €, D(O0bj]) by auto
note wa-n-c¢’ = F.universal-arrow-foD[ OF assms(3)[ OF ¢']]
and ua-n-c¢ = F.universal-arrow-foD[ OF assms(3)[ OF c]]
note rala-f = cf-ra-of-la- ArrMap-app-unique[
OF assms(1) that assms(3)[OF c¢'] assms(3)[ OF c]
]
from assms(1) that ua-n-c’(2) ua-n-c(2) rala-f(1) show ?thesis
by
(

cs-concl cs-shallow
cs-simp: assms(4) cat-op-simps adj-cs-simps cat-cs-simps
cs-intro: cat-cs-intros
)
qed
let ?lara = <cf-la-of-ra F (op-cf §) &
have lara-ObjMap-eq-op: ?lara(ObjMap)) = (op-cf ?lara(ObjMap]))
and lara-ArrMap-eq-op: ?lara(ArrMap|) = (op-cf ?lara(|ArrMap)))
by (simp-all add: cat-op-simps del: op-cf-cf-la-of-ra-op)
show cf-la-of-ra F (op-cf §) € : op-cat D =+ cq op-cat €
by
(
intro cf-la-of-ra-is-functor
|
where F'=F and 7=¢,
OF §.is-functor-op,
unfolded cat-op-simps,
OF assms(2),
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simplified,
unfolded lara-ObjMap-eq-op lara-ArrMap-eq-op,
folded cf-ra-of-la-def,
OF assms(8) §h-cc,
simplified
]
)

from
is-functor.is-functor-op[
OF this, unfolded cat-op-simps, folded cf-ra-of-la-def
]
show cf-ra-of-la F §Fe: D »—gq C.
qed

lemma cf-ra-of-la-is-ntcf:
fixes FOF B e, ¢
defines & = cf-ra-of-la F § €.,
and ¢ = [e, § oor &, ¢f-id D, D, D]
assumes § : € »—>0q D
and Ad. d €, D(0bj)) = F d ¢, €(O0bj)
and Ad. d €, D(0bj) =
ungversal-arrow-fo § d (&(0biMap))(d])) (e(NTMap))(d))
and Add' h. h:drgp d =
e(NTMap))(d") cap F(ArrMap))(&S(ArrMap))(h)) = h oag e(NTMap))(d))
and vsv (e(NTMap)))
and D, (¢(NTMap))) = ©(0bj)
shows e : Foop & »op ¢f-id D : D »>eoq D
proof-
interpret §: is-functor a € D § by (rule assms(3))
have e-components:
e(NTMap)) = e
e(NTDom)) = § ocr &
e(NTCod)) = cf-id ©
e(NTDGDom)) =
e(NTDGCod)) = ®
unfolding e-def nt-field-simps by (simp-all add: nat-omega-simps)
note G-def = &-def|folded e-components(1)]
interpret &: is-functor a ©® € &
unfolding &-def
by (auto intro: cf-ra-of-la-is-functor[ OF assms(3-6)[unfolded &-def]])
interpret op-¢: is-functor
a <op-cat Dy <op-cat € <cf-la-of-ra F (op-cf §) (e(NTMap)))»
by
(
intro cf-la-of-ra-op-is-functor|
where F=F and e=«c(NTMap))>, OF assms(3-6)[unfolded &-def], simplified
]
)
interpret ¢: vfsequence € unfolding e-def by simp
have [cat-op-simps]: op-ntcf (op-nicf €) = ¢
proof(rule vsv-eql)
have dom-lhs: D, (op-ntcf (op-nicf €)) = on
unfolding op-ntcf-def by (simp add: nat-omega-simps)
from assms(7) show D, (op-ntcf (op-ntcf €)) = D, €
unfolding dom-lhs by (simp add: e-def e.vfsequence-vdomain nat-omega-simps)
have sup:
op-ntef (op-ntcf €)(NTDom|) = e(NTDom))
op-ntef (op-ntcf €)(NTCod)) = e(NTCod))
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op-ntcf (op-nicf €)(NTDGDoml|) = e(NTDGDom))
op-ntcf (op-ntcf €)(NTDGCod|) = e(NTDGCod))
unfolding op-ntcf-components cat-op-simps e-components
by simp-all
show a €, D, (op-ntcf (op-nicf €)) = op-ntcf (op-nicf €)(a)) = £(al for a
by (unfold dom-lhs, elim-in-numeral, fold nt-field-simps, unfold sup)
(simp-all add: cat-op-simps)
qed (auto simp: op-ntcf-def)
let ?lara = <cf-la-of-ra F (op-c¢f §) (e(NTMap))>
have lara-ObjMap-eq-op: ?lara(ObjMap)) = (op-cf ?lara(ObjMap)))
and lara-ArrMap-eq-op: ?lara(ArrMap)) = (op-cf ?lara(|ArrMap)))
by (simp-all add: cat-op-simps del: op-cf-cf-la-of-ra-op)
have seq: vfsequence (op-ntcf €) unfolding op-nicf-def by auto
have card: veard (op-ntcf €) = 5N
unfolding op-nicf-def by (simp add: nat-omega-simps)
have op-cf-NTCod: op-cf (e(NTCod)) = cf-id (op-cat D)
unfolding e-components cat-op-simps by simp
from assms(3) have op-cf~NTDom:
op-¢f (e(NTDom)) = op-¢f § ocr cf-la-of-ra F (op-cf §) (e(NTMap))
unfolding e-components
by
( .
simp
add: cat-op-simps G-def cf-ra-of-la-def e-components(1)[symmetric]
del: op-cf-cf-la-of-ra-op
)
note cf-la-of-ra-is-ntcf
[
where F=F and 7,,=«(NTMap))>,
OF is-functor.is-functor-op[ OF assms(3)],
unfolded cat-op-simps,
OF assms(4),
unfolded e-components(1),
folded op-cf-NTCod op-cf-NTDom[unfolded e-components(1)] e-components(1),
folded op-ntcf-def|of e, unfolded e-components(4,5)],
unfolded
cat-op-simps
lara-ObjMap-eq-op lara-ArrMap-eq-op cf-ra-of-la-def [ symmetric],
folded &-def,
simplified,
OF
assms(5)
cf-ra-of-la-commute-op|
OF assms(3,5,6)[unfolded G-def], folded &-def

assms(7,8),
unfolded e-components,
simplified
]
from is-ntcf.is-ntcf-op[ OF this, unfolded cat-op-simps &-def [ symmetric]] show
e:Focr ® bop cf-id® D o D.
qed

lemma cf-ra-of-la-is-counit:
fixes FOF®B e, ¢
defines & = cf-ra-of-la F § e,
and ¢ = [e, § ocr O, ¢f-id D, D, D],
assumes category o €
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and category o ©
and § : € >0 D
and Ad. d €, D(0bj)) = F d ¢, €(O0bj)
and Ad. d €, D(0bj) =
universal-arrow-fo § d (&(0bjMap))(d])) (e(NTMap))(d))
and Add'" h. h:drg d =
e(NTMap)(d') cag S(ArrMap)(&(ArrMap)(h)]) = h cag e(NTMap|)(d])
and vfsequence €
and vsv (e(NTMap)))
and D, (¢(NTMap))) = D(0bj)
shows cf-adjunction-of-counit a § & e :§ =cp & : € =2=20q4 D
and e¢ (cf-adjunction-of-counit a § G €) = ¢
proof-
have e-components:
e(NTMap)) = em
e(NTDom)) = § ocr &
e(NTCod)) = cf-id ©
e(NTDGDom)) = ®
e(NTDGCod)) = D
unfolding e-def nt-field-simps by (simp-all add: nat-omega-simps)
note G-def = &-def|folded e-components(1)]
note § = cf-ra-of-la-is-functor|
where F=F and e=:e(NTMap|)), OF assms(5-8)[unfolded &-def], simplified
]
note ¢ = cf-ra-of-la-is-ntcf
[
where F=F and ¢,,=¢(¢,;> and =9 and §=F,
folded &-def[unfolded e-components(1)],
folded e-def,
OF assms(5-8) assms(10,11),
simplified
]
show cf-adjunction-of-counit a F G ¢ : F =cp & : € 2204 D
and e¢ (cf-adjunction-of-counit « F & €) = ¢
by
(

intro cf-adjunction-of-counit-is-cf-adjunction

OF assms(8-5) §,
folded &-def,
OF ¢ assms(7)[folded &-def],
simplified
]
)+
qed

13.11 Construction of an adjunction from the counit-unit equations

The subsection presents the construction of an adjunction given two natural transformations
satisfying counit-unit equations. The content of this subsection follows the statement and the
proof of Theorem 2-v in Chapter IV-1 in [9].

lemma counit-unit-is-cf-adjunction:
assumes category o €
and category a ©
and § : € »0q O
and & : D »ga €
and n: ¢f-id € »op G ogp F: Cpn €
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ande:Focrp B op cf-id®D D »>0q D
and (& ocp_nTCoF €) *NToF (N oNTCF-CcF ©) = ntcf-id &
and (¢ exrcor-cr §) ‘Nrcr (§ ccr-nTCF 1) = ntcf-id §
shows cf-adjunction-of-unit « § & n: 8§ =cr & : € 2204 D
and n¢ (cf-adjunction-of-unit o § B n) = n
and e¢ (cf-adjunction-of-unit « § & n) = €
proof-

interpret €: category o € by (rule assms(1))

interpret ©: category o ® by (rule assms(2))

interpret §: is-functor o € © § by (rule assms(3))

interpret &: is-functor « © € & by (rule assms(4))

interpret 7: is-ntcf a € € «¢f-id € (& ocp § n by (rule assms(H))
interpret e: is-nicf a« D D (F ocp &) <cf-id D) € by (rule assms(6))

have Gez-n®z[ cat-cs-simps]:
&(ArrMap)) (e (NTMap))(2)) oae n(NTMap|)(&(ObjMap) ()] = €] C1d])(S(ObMap) (=)
if z €, D(0bj) for =
proof-
from assms(7) have
(B ogr-nrere) Nror (N onTor-or 8))(NTMap)(z)) = ntef-id &(NTMapl)(|z])
by simp
from this assms(1-6) that show
&(ArrMap)) (e (NTMap)(2))) cae n(NTMap))(&(ObMap)) () =
¢(C1d)(&(0biMap) ()
by (cs-prems cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qged
have [cat-cs-simps]:
&(ArrMap))(e(NTMap) () cae (n(NTMap)(&(0bjMap))(z)) oag f) =
¢(C1d))(&(ObjMap|) () oag f
if €, D(0bj)) and f : a =g &(ObjMap|)(z|) for z f a
using assms(1-6) that
by (intro €.cat-assoc-helper)
(cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)+

have [cat-cs-simps]:
£(NTMap) (30 ObjMap) (2)) ©ap F(ArMap)(n(NTMap) (D) = D(CIA)(F(ObjMap) ()
if z €, €(0bj)) for z
proof-
from assms(8) have
((eonrer-cr §) ‘Nrer (8 occr-nror 1)) (NTMap)(z) = ntcf-id FINTMap))(z)
by simp
from this assms(1-6) that show
e(NTMap))(F(ObjMap)(z)) can S(ArrMap)(n(NTMap)(z)) = D(CLd])(F(ObiMap])(z))
by (cs-prems cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qged

have ua-§z-nz: universal-arrow-of & x (F(ObjMap))(z)) (n(NTMap))(z)))
if z €, €(0bj]) for z
proof(intro is-functor.universal-arrow-ofI)
from assms(38) that show F(ObjMap))(z]) €. D©(Obj)
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from assms(3-6) that show n(NTMap|)(z|) : = =g &(ObjMap|)(F(ObiMapl)(z]))
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
fix v’ u’ assume prems” r' e, D(0bj) v’ : z »¢ &(ObiMap])(r')
show J!f".
17+ 3(ObMaph (s g ' A
u! = umap-of ® z (3(0bjMap)(2)) (HINTMap)(z)) r'(ArrVal)(f)
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proof(intro ex1l conjI; (elim conjE)?)
from assms(3—-6) that prems’ show
e(NTMap)(r) oan §(ArrMap)(u') : F(ObjMap))(z) —o r’
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from assms(3-6) prems’ have GFu"
(& ocr §)(ArrMap))(u') = &(ArrMap]) (F(ArrMap)) (u')))
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
note [cat-cs-simps] =
n.ntcf-Comp-commute[ symmetric, OF prems’(2), unfolded &Fu']
from assms(3-6) that prems’ show
u' =
umap-of & z (§(O0bjMap))(z)) (n(NTMap))(z)) r'(ArrVal)(e(NTMap)(r') cap
S(ArrMap))(u'D)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-prod-cs-intros
)

fix f’ assume prems’"
7"+ 3(0bMap)(z) =g v’
u' = umap-of & = (§(0bjMap)(z)) (n(NTMap)(a) r'(ArrVal) (/')
from prems’(2,1) assms(3-6) that have u’-def:
u’ = &(ArrMap) (/') ©.a¢ n(NTMap) ()
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-prod-cs-intros
)

from
e.ntcf-Comp-commute[ OF prems''(1)]
assms(3-6)
prems’'(1)
have [cat-cs-simps]:
e(NTMap)(r') cagp S(ArrMap))(&(ArrMap))(f')) =
7' ong INTMap)(3(ObiMap)(z))
by (cs-prems cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
have [cat-cs-simps]:
e(NTMap))(r') cagp (F(ArrMap))(&(ArrMap)(f D) cagp f) =
(' oap e(NTMap)(F(ObMap) (D)) oag f
i £ : 0 g §(0bjMap)(S(0bMap) (31 ObjMap) (z))) for f a
using assms(1-6) prems'’(1) prems’ that
by (intro ©.cat-assoc-helper)
(
cs-concl
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-prod-cs-intros
)+
from prems’’(2,1) assms(3-6) that show
f'=e(NTMap))(r') cagp F(ArrMap|)(u')
unfolding u’-def
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-prod-cs-intros
)

qed
qed (auto intro: cat-cs-intros)

show aou: cf-adjunction-of-unit a § & n:§ =cr &: € =204 D
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by (intro cf-adjunction-of-unit-is-cf-adjunction ua-§z-nz assms(1-5))
from €.category-axioms ®.category-arioms show
ne (cf-adjunction-of-unit « §F & n) =1
by
(
cs-concl cs-shallow
cs-intro: cf-adjunction-of-unit-is-cf-adjunction assms(1-5) ua-Fr-nx

)

interpret aouw: is-cf-adjunction a € O § & <cf-adjunction-of-unit o §F & >
by (rule aou)

show e¢ (cf-adjunction-of-unit « § & n) = ¢
proof(rule ntcf-eql)
show e-n: e¢ (cf-adjunction-of-unit « § & n) :
Socr & o cfid®D:D oo D
by (rule aou.cf-adjunction-counit-is-ntcf)
from assms(1-6) e-n have dom-Ihs:
D, (e¢ (cf-adjunction-of-unit « F & n)(NTMap))) = D(Obj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
from assms(1-6) e-n have dom-rhs: D, (e(NTMap))) = D (Obj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
show e¢ (cf-adjunction-of-unit a« § & n)(NTMap|) = e(NTMap)|)
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix a assume a €, D(0bj)
with aou.is-cf-adjunction-axioms assms(1-6) show
ec (cf-adjunction-of-unit o § & n)(NTMap))(a]) = e(NTMap))(al)
by
(
cs-concl
cs-intro:
cat-arrow-cs-intros
cat-op-intros
cat-cs-intros
cat-prod-cs-intros
cs-simp:
aou.cf-adj-umap-of-unit'[ symmetric]
cat-Set-the-inverse[ symmetric]
adj-cs-simps cat-cs-simps cat-op-simps
)
qed (auto simp: adj-cs-intros)
qed (auto simp: assms)

qed

lemma counit-unit-cf-adjunction-of-counit-is-cf-adjunction:
assumes category o €
and category o ©
and §: € >0 D
and & : D »ga €
and n: ¢f-id € »op G ogp F: Cpy €
ande:§Foopr & »op cf-id D : D g D
and (& ocp_nrcr €) ‘Nrcr (N onTer-cr ©) = ntcf-id &
and (¢ oyrcr-cr §) ‘Nnrcr (§ ccr-nTCr 1) = ntcf-id §
shows cf-adjunction-of-counit « § G e :§F =cp & : € =220 D
and n¢ (c¢f-adjunction-of-counit o § & €) =1
and e¢ (c¢f-adjunction-of-counit « §F & ) = ¢
proof-
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interpret €: category a € by (rule assms(1))

interpret D: category a © by (rule assms(2))

interpret §: is-functor o € © § by (rule assms(3))

interpret &: is-functor a © € & by (rule assms(4))

interpret 7: is-ntcf a € € «cf-id €& «B oo F n by (rule assms(5))
interpret e: is-ntcf a« D D «F ocp & «¢f-id D> ¢ by (rule assms(6))

have unit-op: cf-adjunction-of-unit o (op-c¢f &) (op-c¢f F) (op-nicf €) :
op-c¢f & =cp op-cf §: op-cat ® == op-cat €
by (rule counit-unit-is-cf-adjunction(1)[where e=<op-ntcf n)])
(
cs-concl
cs-simp:
cat-op-simps cat-cs-simps
&.cf-ntcf-id-op-cf
§.cf-ntcf-id-op-cf
op-ntef-ntef-vcomp[ symmetric]
op-nitcf-ntcf-cf-comp| symmetric)
op-nitcf-cf-ntcf-comp| symmetric]
assms(7,8)
cs-intro: cat-op-intros cat-cs-intros
)+
then show aou: cf-adjunction-of-counit a §F G e :F =cp & : € =2=204 D
unfolding cf-adjunction-of-counit-def
by
(
subst §.cf-op-cf-op-cf [ symmetric],
subst B.cf-op-cf-op-cf[ symmetric],
subst €.cat-op-cat-op-cat| symmetric],
subst D.cat-op-cat-op-cat| symmetric],
rule is-cf-adjunction-op

)

interpret aou: is-cf-adjunction a € ® § & <(cf-adjunction-of-counit o« § & &>
by (rule aou)

show n¢ (cf-adjunction-of-counit « § & ) = n
unfolding cf-adjunction-of-counit-def
by
(

cs-concl-step is-cf-adjunction.op-nicf-cf-adjunction-counit| symmetric],
rule unit-op,
cs-concl-step counit-unit-is-cf-adjunction(3)[where e=<op-ntcf ],
insert €.category-op D.category-op,
rule ®.category-op, rule €.category-op

)
(

cs-concl

cs-simp:
cat-op-simps cat-cs-simps
&.cf-ntcf-id-op-cf
§.cf-ntcf-id-op-cf
op-ntcf-ntef-vcomp| symmetric]
op-ntcf-ntef-cf-comp[ symmetric]
op-ntcf-cf-ntcf-comp[ symmetric]
assms(7,8)

cs-intro: cat-op-intros cat-cs-intros
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)+

show e¢ (cf-adjunction-of-counit « § & €) = ¢
unfolding cf-adjunction-of-counit-def
by
(

cs-concl-step is-cf-adjunction.op-ntcf-cf-adjunction-unit[ symmetric],
rule unit-op,
cs-concl-step counit-unit-is-cf-adjunction(2)[where e=<op-nicf ],
insert €.category-op ®.category-op,
rule ®.category-op, rule €.category-op

)
(

cs-concl

cs-simp:
cat-op-simps cat-cs-simps
&.cf-ntcf-id-op-cf
§.cf-nicf-id-op-cf
op-nitcf-ntef-veomp| symmetric]
op-ntcf-ntef-cf-comp| symmetric]
op-nicf-cf-ntef-comp| symmetric|
assms(7,8)

cs-intro: cat-op-intros cat-cs-intros

)+

qed

13.12 Adjoints are unique up to isomorphism

The content of the following subsection is based predominantly on the statement and the proof
of Corollary 1 in Chapter IV-1 in [9]. However, similar results can also be found in section 4 in
[14] and in subsection 2.1 in [4].

13.12.1 Definitions and elementary properties

definition cf-adj-LR-iso = V=V =V =>V=V= V= V=1V
where cf-adj-LR-iso € D 6 F O F' U =
[

Aze,&(Obj). THE f'.

let
n=nc @;
n'=nc ¥;

Sz = F(ObjMap))(z));
'S’x = §'(ObjMap))(z])

fli8z »p §'z A

n'(NTMap))(z) = umap-of & z (Fz) (n(NTMap))(z)) (§'z)(ArrVal)(f')

definition c¢f-adj-RL-iso = V=V =V =>V=>V=V=> V=1V
where ¢f-adj-RL-iso € D F & & &' U =
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A\ze.D(Obj)). THE f'.

let
e=¢cc P
e'=ec U

&1 = &(0bjMap) (s);
8" = &/(ObjMap) ()
m
fli®'z e Sz A
e'(NTMap))(z)) = umap-fo § z Gz (e(NTMap))(z))) & z(ArrVal)(f')

~—

GV GG

lo

Components.

lemma cf-adj-LR-iso-components:
shows c¢f-adj-LR-iso € D & § ® §F' U(NTMap|) =
(

Aze,&(0bj). THE f'.

let
n=nc ®;
n'=nc ¥;
Sz = F(ObjMapl) (z));
§'z = §'(ObjMapl) ()

mn
['i8z = §'z A
n'(NTMap))(z) = umap-of & z Fz (n(NTMap|)(z))) §'z(ArrVal)(f’)

and [adj-cs-simps]: cf-adj-LR-iso € © & § & F' UV(NTDom|) = §
and [adj-cs-simps]: cf-adj-LR-iso €D & §F & F' U(NTCod) = §'
and [adj-cs-simps]: cf-adj-LR-iso €D & §F & F' W(NTDGDom| = €
and [adj-cs-simps]: cf-adj-LR-iso € D & §F & §F' UV(NTDGCod]) =D
unfolding cf-adj-LR-iso-def nt-field-simps
by (simp-all add: nat-omega-simps)

lemma cf-adj-RL-iso-components:
shows c¢f-adj-RL-iso € D § & & &' V(NTMap|) =

A\ze.D(Obj)). THE f'.

let
e=¢cc P
e'=ec U

&1 = &(0bjMap) (s);
&'z = &'(|ObjMap))(z)
in
[z e Sz A
e'(NTMap))(z)) = umap-fo § z Gz (e(NTMap))(z))) & z(ArrVal)(f')
and [adj-cs-simps]: cf-adj-RL-iso € D F & & &' U(NTDom| = &’
and [adj-cs-simps]: c¢f-adj-RL-iso € D F & & &' U(NTCod|) = &
and [adj-cs-simps]: c¢f-adj-RL-iso € D §F & & &' U(NTDGDom| = D
and [adj-cs-simps]: cf-adj-RL-iso €D F & & &' V(NTDGCod)) = €
unfolding cf-adj-RL-iso-def nt-field-simps
by (simp-all add: nat-omega-simps)

d
d
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13.12.2 Natural transformation map

lemma cf-adj-LR-iso-vsv[ adj-cs-intros]:
vsv (cf-adj-LR-iso €D & §F @ §F' W(NTMap))
unfolding cf-adj-LR-iso-components by simp

lemma cf-adj-RL-iso-vsv[ adj-cs-intros):
vsv (cf-adj-RL-iso € © § & & &' U(NTMap))
unfolding cf-adj-RL-iso-components by simp

lemma cf-adj-LR-iso-vdomain[adj-cs-simps]:
D, (cf-adj-LR-iso €D & §F & F' U (NTMap))) = €(Obj)
unfolding cf-adj-LR-iso-components by simp

lemma cf-adj-RL-iso-vdomain| adj-cs-simps]:
D, (cf-adj-RL-iso € D F & & &’ U(NTMap))) = D(Obj)
unfolding cf-adj-RL-iso-components by simp

lemma cf-adj-LR-iso-app:
fixessCDBFOF' U
assumes 7 €, €(0bj|
defines §z = F(ObjMap))(z)
and §'z = F'(ObjMap)) (z)
and n=n¢c ®
andn'=nc ¥
shows cf-adj-LR-iso € D & § © §' U(NTMap))(z|) =
(
THE f'.
[li8z = §'z A
n'(NTMap|)(z)) = umap-of & z Fz (n(NTMap)(z))) §'z(ArrVal)(f’)

using assms(1) unfolding cf-adj-LR-iso-components assms(2-5) by simp meson

lemma cf-adj-RL-iso-app:
fixessCDFS OB
assumes z €, D(0bj))
defines &z = &(0bjMap)) (x|
and &'z = &'(ObjMap]) ()
ande=ec P
and e’z ec ¥
shows cf-adj-RL-iso € D F & ® &' U(NTMap)(z)) =
(
THE f'.
[16z e Gz A
e'(NTMap))(z]) = umap-fo § x x (e(NTMap))(z)) &'z(ArrVal)(f')

using assms(1) unfolding cf-adj-RL-iso-components assms(2-5) Let-def by simp

lemma cf-adj-LR-iso-app-unique:
fixesCDBFPF' U
assumes P : F=cpr B : € =200 D
and UV : ' =crp &: € =204 D
and z €, €(0bj)
defines §x = F(ObjMap))(z)
and §'z = F'(ObjMap)) (z)
and n=n¢ ®
andn'=nc ¥
and f = cf-adj-LR-iso €D & §F & F' U(NTMap))(z|
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shows
e
[li3z—»gp §'z A
n'(NTMap))(z)) = umap-of & x Fz (n(NTMap)(z))) §'z(ArrVal)(f')
f : %I is0% S,I
W NTMap)(z)) = umap-of & = Fz (n(NTMap) () §'z(ArrVal) (f)
proof-
interpret ®: is-cf-adjunction a € D F & ® by (rule assms(1))
interpret U: is-cf-adjunction o € D F' & U by (rule assms(2))
note Fa-n =
is-cf-adjunction. cf-adjunction-unit-component-is-ua-of |
OF assms(1) assms(3), folded assms(4-8)

note §'a-n =
is-cf-adjunction. cf-adjunction-unit-component-is-ua-of |
OF assms(2) assms(3), folded assms(4—8)
]
from
is-functor. cf-universal-arrow-of-unique[
OF ®.RL.is-functor-azioms §a-n §'a-n, folded assms(4-8)
]
obtain f’
where f" f': §z »g F'z
and n’-def:
n'(NTMap))(z) = umap-of & x Fz (n(NTMap|)(=))) §'z(ArrVal)(f’)
and unique-f":

"3z =g §'a;
ﬂn'(|NTMap|)(|ac|) = umap-of & z Fz (P(NTMap|)(z)) F'z(ArrVal)(f")
— f// — f/

by metis
show unique-f" 3!f".

fl:8z =g §'z A
n'(NTMap|)(z)) = umap-of & x Fx (n(NTMap))(z))) F'z(ArrVal)(f')
by

(

rule is-functor.cf-universal-arrow-of-unique[
OF ®.RL.is-functor-azioms Fa-n §'a-n, folded assms(4-8)

]
)

from
theD
[
OF unique-f' cf-adj-LR-iso-app[
OF assms(3), of ® & § ® F' U, folded assms(4-8)
]

have f: f : §z —»g §'z

and 1’ 1 (NTMap) () = wmap-of & = §z (n(NTMap)(z)) §'cArrVal) (f)

by simp-all
show n'(NTMap))(z]) = umap-of & z Fz (n(NTMap))(z)) §'z(ArrVal)(f]) by (rule n’)
show f: §z —i0p §'2

by

(
rule
is-functor. cf-universal-arrow-of-is-iso-arr|
OF ®.RL.is-functor-axzioms Fa-n §'a-n f n’
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)

qed

13.12.3 Main results

lemma cf-adj-LR-iso-is-iso-functor:
— See Corollary 1 in Chapter IV-1 in [9].
assumes P : F=cr B :C == Dand ¥V :§F' =cr 6: € =224 D
shows 310. ¥ : F »eorp ' 1 Crmrca D Anc V= (B ocr_nyror Y) ‘NTor e ©
and cf-adj-LR-iso €D B F P F' U :Foriso 5 € oa D
and n¢ U = (& ocp_nreF ¢f-adj-LR-iso €D & F O F' V) -nror ne ®
proof-

interpret ®: is-cf-adjunction a € D §F & ® by (rule assms(1))
interpret U: is-cf-adjunction « € D §F' & U by (rule assms(2))

let np = g &
let 7n' = e ¥y
let 2@V = (¢f-adj-LR-iso € D & F @ §' U»

show §'U: 20V : §F >op 50 § 1 € ooa D
proof(intro is-iso-nicfI is-ntcfI")

show vfsequence ?®V¥ unfolding cf-adj-LR-iso-def by auto
show vcard ?dV = 5

unfolding cf-adj-LR-iso-def by (simp add: nat-omega-simps)
show 70U (NTMap))(a) : §(ObjMap)(al) ~gp §'(ObiMap)(a)

if a €, €(0bj]) for a

using cf-adj-LR-iso-app-unique(2)[ OF assms that] by auto

show 2O0W(NTMap|)(b) cag F(ArrMap))(f]) = §'(ArrMap)(f]) cap 2@W(NTMap|)(al)
iff:awgbforabdf
proof-

from that have a: a ¢, €(0bj]) and b: b €, €(O0bj)) by auto
note unique-a = cf-adj-LR-iso-app-unique[ OF assms a]
note unique-b = cf-adj-LR-iso-app-unique[ OF assms b]

from unique-a(2) have a-is-arr:
QU (NTMap))(a) : §(ObjMap))(a) —o F'(ObiMap)(al)
by auto

from unique-b(2) have b-is-arr:
oW (NTMap)) (b)) = F(ObjMap) (b)) ~5 §'(ObjMap]) (b))
by auto

interpret n: is-ntcf a € € «cf-id € B ocp F
by (rule ®.cf-adjunction-unit-is-ntcf)

interpret 7" is-ntcf a € € «cf-id €& «& ocp FH M’
by (rule V.cf-adjunction-unit-is-nicf)

from unique-a(3) a-is-arr a b have n'-a-def:
/(N TMap) (a) = 6(ArrMap) (@ (NTMap)(a)) oa¢ #n(NTMap)(a)
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cs-intro: adj-cs-intros cat-cs-intros
)
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from unique-b(3) b-is-arr a b have n'-b-def:
' (NTMap) (b)) = &(ArrMap))(#@W(NTMap) (b)) cac ?n(NTMap)(b)
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cs-intro: adj-cs-intros cat-cs-intros

)

from that a b a-is-arr have
&( ArrMap)(§'(ArrMap) (f)) o4¢
(&(ArrMap))(| 7@V (NTMap)(a)) oag (NTMap))(al)) =
&(ArrMap) (§'(ArrMap) (fD) cae #n'(NTMap))(a)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps 1'-a-def cs-intro: cat-cs-intros
)
also from n’.ntcf-Comp-commute[ OF that, symmetric] that a b have
. = M'(NTMap) (b)) cag f
by (cs-prems cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
also from that a b b-is-arr have
... = &(ArrMap))( 2@V (NTMap)) (b)) cag
(m(NTMap) () s f)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps n'-b-def cs-intro: cat-cs-intros
)

also from that have

.. = &(ArrMap)) (2@ (NTMap)) (b)) cag

(& ocr §)(ArrMap)(f]) cae “n(NTMap))(a))
unfolding n.ntcf-Comp-commute[ OF that, symmetric]
by

(

cs-concl cs-shallow
cs-simp: cat-cs-simps n'-b-def cs-intro: cat-cs-intros
)

also from that b-is-arr have
... = &(ArrMap))(2@Y(NTMap)) (b)) cag
(&(ArrMap)) (F(ArrMap) (f)]) cae n(NTMap)(al))
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
finally have [cat-cs-simps]:
& (| ArrMap) (§'(ArrMap) (f)) eae (S(ArrMap))(?@W(NTMap)(a)) ca¢
m(NTMap))(al)) =
&(ArrMap)) (| 2@V (NTMap)) (b)) cag

(&(ArrMap)) (F(ArrMap) (f)) cae n(NTMap))(al))
by simp

note unique-f-a = is-functor.universal-arrow-ofD

|
OF
®.RL.is-functor-azioms
. cf-adjunction-unit-component-is-ua-of [ OF a]
]

from that a b a-is-arr b-is-arr have GFf-na:
&(ArrMap)) (§'(ArrMap) (f)) cag ?n'(NTMap|)(al) :
a =g 6(0bjMap)) (F'(ObjMap|) (b))
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by (c¢s-concl cs-shallow cs-simp: cal-cs-simps cs-intro: cat-cs-intros)

from b have §'b: F'(ObjMap)) (b)) €. D(O0bj))
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

from unique-f-a(3)[OF F'b &Ff-na] obtain f'
where " [': F(ObjMap))(al) ~g T'(ObjMap])(b])
and na: &(ArrMap))(§'(ArrMap)(f)) cae 2n'(NTMap))(al) =
umap-of & a (§(0bjMap))(a))) (m(NTMap)(a)) (F'(ObjMap)(b))(ArrVal)(f')
and unique-f":
I
[+ §(0bjMap)) (a) —o F'(ObMap)(b);
&(ArrMap)) (F'(ArrMap)) (f)]) cag m'(NTMap))(al) =
; umap-of & a (§(0bjMap))(a))) (m(NTMap)(a)) (F'(ObjMap)(b))(ArrVal)(f")
[ f// — f/
for "'
by metis
have 70W(NTMap)(b) oag F(ArrMap) (/) - f'
by (rule unique-f', insert a b a-is-arr b-is-arr that)
(
cs-concl cs-shallow
cs-simp: n'-a-def cat-cs-simps cs-intro: cat-cs-intros
)

moreover have §'(ArrMap))(f]) cap ?@U(NTMap)(al) = f'
by (rule unique-f', insert a b a-is-arr b-is-arr that)
(
cs-concl cs-shallow
cs-simp: n'-a-def cat-cs-simps cs-intro: cat-cs-intros
)

ultimately show ?thesis by simp
qed

qed
(
auto
intro: cat-cs-intros adj-cs-intros
stmp: adj-cs-simps cf-adj-LR-iso-app-unique(2)[ OF assms]

)

interpret §'U: is-iso-ntcf a €D F F' <20V by (rule V)

show n'—def: ?77, =6 OCF-NTCF 2w *NTCF "C 0]
proof(rule ntcf-eql)
have dom-lhs: Do (2n'(NTMap))) = €(Obj))
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: adj-cs-intros)
have dom-rhs: D, ((QS OCF-NTCF 2w *NTCF MC (I))QNTMG,])D) = @qOb]D
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: adj-cs-intros cat-cs-intros

show 7n/(NTMap|) = (& ococp_nTcr 2PV nTor ne P)(NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix a assume prems: a €, €(0bj|)
note unique-a = cf-adj-LR-iso-app-unique[ OF assms prems]
from unique-a(2) have a-is-arr:
QW (NTMap)(a) : (ObjMap)(a) —o §'(ObjMap)(a)
by auto
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interpret n: is-ntcf a € € <cf-id & <& oop Fr
by (rule ®.cf-adjunction-unit-is-ntcf)
from unique-a(3) a-is-arr prems have n'-a-def:
' (NTMap)(a) = &(ArrMap) (#0U(NTMap)(aD) oae 1c SINTMap))(a)
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cs-intro: adj-cs-intros cat-cs-intros
)

from prems a-is-arr show
?n’(]NTMapI)(]aD = ((’5 OSOCF-NTCF ?(P\I/ ‘NTCF ?77)(|NTMap|)Qa|)
by
(
cs-concl cs-shallow
cs-simp: n'-a-def cat-cs-simps cs-intro: cat-cs-intros
)

qed (auto intro: cat-cs-intros adj-cs-intros)
qed
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: adj-cs-intros cat-cs-intros

)+

show 3. ¥ : Foeop §' 1 €oa DA ' = (B ocp_nror Y) ‘Nror 7
proof(intro ex1I conjI; (elim conjE)?)
from 'V show 20V : F —cp §': € »>oq © by auto
show .?77’ =& OCF-NTCF oW *NTCF 1C (0] by (rule n’—def)
fix ¥ assume prems:
V:Frerd :Crroa®
m'=®ocp-nrcor VY NTOF NC P
interpret 9: is-ntef a € D F §' ¢ by (rule prems(1))
from prems have n’-a:
m'(NTMap)(al) = (& occr-nTcr ¥ NTor nc ®)(NTMap))(al)
for a
by simp
have n'a: n¢ Y(NTMap))(al) =
&(ArrMap) (9INTMap)(a)) o4¢ e S(NTMap)(a)
if a €, €(0bj)) for a
using n'-a[where a=a] that
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cs-intro: adj-cs-intros cat-cs-intros
)

show ¢ = 20U
proof(rule ntcf-eql)
have dom-lhs: D, (9(NTMap))) = €(0bj)
by (c¢s-concl cs-shallow cs-simp: cat-cs-simps)
have dom-rhs: D, (?@U(NTMap))) = €(0bj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
show Y(NTMap)) = 20U (NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix a assume prems” a €, €(0bj)
let ?uof = cumap-of ® o (3Q0bMap)(a)) (Pn(NTMap)(a)) (3'AObMap)(a))»
from cf-adj-LR-iso-app-unique] OF assms prems'] obtain f'
where % : §(ObjMap)(a) g §'0bMap){a)
and n-def: 2n'(NTMap))(a]) = 2uof (ArrVal])(f)
and unique-f": Af"".
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/"= 3(ObjMap))(a) ~g F'(ObjMap)(a));
n'(NTMap))(a]) = 2uof (ArrVal)(f')
= f"=f
by metis
from prems’ have va: 9(NTMap))(a)) : §(ObjMap|)(a) —o F'(ObiMap|)(al)
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from n-def f' prems’ have
ne Y(NTMap)(a) = &(ArrMap)(f) cag ne ®(NTMap))(a)
by
(
cs-prems
cs-simp: cat-cs-simps cs-intro: adj-cs-intros cat-cs-intros
)

from prems’ have ng V(NTMap|)(a)) = Zuof (ArrVal])(9(NTMap|)(al])
by
(
cs-concl
cs-simp: cat-cs-simps n'a[ OF prems’]
cs-intro: adj-cs-intros cat-cs-intros
)
from unique-f'[ OF Ya this] have da: $(NTMap|)(a]) = f'.
from prems’ have ¥a:
U (NTMap)(a) : §(ObjMap)(a) —o §'(ObjMap)(al
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from prems’ have ng V(NTMap|)(a]) = 2uof (ArrVal])(|22¥(NTMap)) (a)))
by
(
cs-concl
cs-simp: c¢f-adj-LR-iso-app-unique(3)[ OF assms] cat-cs-simps
cs-intro: adj-cs-intros cat-cs-intros

from unique-f'[ OF Wa this] have §'U-def: ?dU(NTMap))(a)) = f'.
show d(NTMapl|)(a]) = ?@V(NTMap|)(a]) unfolding Ja F'U-def ..
qed auto
ged (cs-concl cs-shallow cs-intro: cat-cs-intros)+
qed

qed

lemma op-ntcf-cf-adj-RL-iso[ cat-op-simps]:
assumes P : F =cr & :C ==, D
and UV :F=20cr &' : € 2200 D
defines op-® = op-cat ©
and op-€ = op-cat €
and op-§ = op-¢f §
and op-& = op-cf &
and op-® = op-cf-adj ®
and op-&' = op-cf &'
and op-¥ = op-cf-adj ¥
shows
op-ntcf (cf-adj-RL-iso €D F & & &' V) =
cf-adj-LR-is0 op-D op-€ op-§ op-& op-® op-&' op-¥
proof-
interpret ®: is-cf-adjunction a € © §F & ® by (rule assms(1))
interpret U: is-cf-adjunction o € D F &' U by (rule assms(2))
interpret e: is-nicf a © D «F ocp B <cf-id Dy <ec B>
by (rule ®.cf-adjunction-counit-is-ntcf)
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have dom-lhs: D, (op-ntcf (cf-adj-RL-iso € D F & @ 6’ V)) = oy
unfolding op-nicf-def by (simp add: nat-omega-simps)
show ?thesis
proof(rule vsv-eql, unfold dom-lhs)
fix a assume prems: a €, SN
then have a ¢, 5N unfolding dom-lhs by simp
then show
op-ntcf (cf-adj-RL-iso €D F & & &' U)(a|) =
cf-adj-LR-iso op-D op-€ op-F op-& op-P op-&’ op-V(|al)
by
(
elim-in-numeral,
fold nt-field-simps,
unfold
cf-adj-LR-iso-components
op-ntcf-components
cf-adj-RL-iso-components
Let-def
O cf-adjunction-unit-NTMap-op
V. cf-adjunction-unit-NTMap-op
assms(3-9)
cat-op-simps
)
stmp-all
qed (auto simp: op-ntcf-def cf-adj-LR-iso-def nat-omega-simps)
qed

lemma op-ntcf-cf-adj-LR-iso[ cat-op-simps]:
assumes @ : F2or B :C 2200 D and U : F' 2cr 6 : € 2204 D
defines op-© = op-cat ©
and op-€ = op-cat €
and op-§ = op-¢f §
and op-& = op-¢f &
and op-® = op-cf-adj @
and op-§’ = op-cf §’
and op-V = op-cf-adj ¥
shows
op-ntcf (cf-adj-LR-iso €D & F & F' ¥) =
¢f-adj-RL-is0 op-D op-€ op-& op-§ op-® op-§' op-¥
proof-
interpret ®: is-cf-adjunction a € D §F & ® by (rule assms(1))
interpret U: is-cf-adjunction o € © §F' & U by (rule assms(2))
interpret e: is-nicf a ® D F oor B <cf-id Dy e D)
by (rule ®.cf-adjunction-counit-is-ntcf)
have dom-lhs: D, (op-ntcf (cf-adj-LR-iso € D & F @ §' U)) = 5N
unfolding op-nicf-def by (simp add: nat-omega-simps)
show ?thesis
proof(rule vsv-eql, unfold dom-lhs)
fix a assume prems: a €, SN
then show
op-ntcf (cf-adj-LR-iso €D & §F & F' ¥)(a) =
cf-adj-RL-iso op-D op-€ op-& op-F op-P op-F' op-¥(al)
by
(
elim-in-numeral,
use nothing in
¢
fold nt-field-simps,
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unfold
cf-adj-LR-iso-components
op-ntcf-components
cf-adj-RL-iso-components
Let-def
. op-nicf-cf-adjunction-unit| symmetric]
U. op-ntcf-cf-adjunction-unit] symmetric]
assms(3-9)
cat-op-simps
)
)
simp-all
qed (auto simp: op-ntcf-def cf-adj-RL-iso-def nat-omega-simps)
qed

lemma cf-adj-RL-iso-app-unique:
fixesCDFOH ST
assumes P : F=cr B : € =200 D
and V:F=cr &' : € =200 D
and z €, D(0bj)
defines &z = &(0bjMap]) (x|
and &'z = &'(ObjMap]) ()
ande=ec P
and e’z ec ¥
and f = ¢f-adj-RL-iso €D F & & &' V(NTMapl)(z)
shows
31
[li8s se Gz A
e'(NTMap))(z]) = umap-fo § © Gz (e(NTMap))(z))) & z(ArrVal)(f')
f 16z P iso@ Sz
e'(NTMap))(z) = umap-fo § = &z (e(NTMap))(z))) &'z(ArrVal)(f)
proof-
interpret ®: is-cf-adjunction a € © §F & ® by (rule assms(1))
interpret U: is-cf-adjunction o € D F &' U by (rule assms(2))
interpret e: is-nitcf a D D «F ocp B <cf-id Dy <ec B>
by (rule ®.cf-adjunction-counit-is-ntcf)
show
31
[li8s se Gz A
e'(NTMap))(z]) = umap-fo § © Gz (e(NTMap))(z])) & 'z(ArrVal)(f')
f 16z P iso@ Oz
e'(NTMap))(z) = umap-fo § © &z (e(NTMap))(z))) & z(ArrVal])(f)
by
(
intro cf-adj-LR-iso-app-unique
[
OF ®.is-cf-adjunction-op V.is-cf-adjunction-op,
unfolded cat-op-simps,
OF assms(3),
unfolded V.cf-adjunction-unit-NTMap-op,
folded ®.op-ntcf-cf-adjunction-counit,
folded op-ntcf-cf-adj-RL-iso[ OF assms(1,2)],
unfolded cat-op-simps,
folded assms(4—8)

)+
qed
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lemma cf-adj-RL-iso-is-iso-functor:
— See Corollary 1 in Chapter IV-1 in [9].
assumes @ : F2or B :Ca2=20 Dand ¥V : F2crp &' € 2200 D
shows 314.
ﬂ:®,H0F6I©'—>'—>ca€/\
ecV=ecc® yror (§ ocr-nTCoF V)
and c¢f-adj-RL-iso €D F B P B U : B ogpiso ®:D pq €
and e¢ VU =
[SXe (0] ‘NTCF (5 OCF-NTCF Cf—adj—RL—iSO cD S & P 6' \I/)
proof-
interpret ®: is-cf-adjunction a € © §F & & by (rule assms(1))
interpret U: is-cf-adjunction o € D F &' U by (rule assms(2))
interpret c: is-nicf a D D «F ocp B <cf-id Dy <ec B»
by (rule ®.cf-adjunction-counit-is-ntcf)
note cf-adj-LR-iso-is-iso-functor-op = cf-adj-LR-iso-is-iso-functor
[
OF ®.is-cf-adjunction-op V.is-cf-adjunction-op,
folded
D.op-ntcf-cf-adjunction-counit
W.op-ntcf-cf-adjunction-counit
op-nicf-cf-adj-RL-iso[ OF assms]
]
from cf-adj-LR-iso-is-iso-functor-op(1) obtain ¢
where 9: 9 : op-cf & —»cp op-c¢f &' : op-cat D g op-cat €
and op-ntcf-e-def: op-ntcf (ec ¥) =
op-cf F ocr-nror ¥ NToF op-ntcf (ec @)
and unique-9":
[
9" op-¢f & »op op-cf B : op-cat D g op-cat €
op-ntcf (ec W) = op-cf § ccr-nTcr V' NrCF op-ntcf (ec ®)
I=9"=9
for ¥’
by metis
interpret ¥: is-ntcf a <op-cat ©» <op-cat & <op-cf & <op-cf & I
by (rule 9)
show 3!1Y. ¥ : &' —~op B D Poq CAec VU =ecc® yror (S OCF-NTCF 19)
proof(intro ex1I conjI; (elim conjE)?)
show op-0: op-nicf ¥ : & »cp & : D gy €
by (rule ¥.is-ntcf-op[unfolded cat-op-simps])
from op-ntcf-e-def have
op-ntef (op-ntef (e¢ ¥)) =
op-nicf (op-¢f § occr-nTCcr Y ‘NTcF op-nicf (ec D))
by simp
then show c-def: ec U = e @ ‘NyroF (§ cor-nTCF 0p-ntcf ¥)
by
(
cs-prems cs-shallow
cs-simp: cat-op-simps
cs-intro: adj-cs-intros cat-cs-intros cat-op-intros
)
fix ¥’ assume prems:
9B o B:D s oq €
ecV=cc® nror (§ocr-nrer )
interpret 9" is-ntcf a ® € &' & ¥’ by (rule prems(1))
have op-ntcf (c¢ V) = op-cf § ocr_nror op-ntef V' yrer opntef (cc @)
by
(

cs-concl cs-shallow
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cs-simp:
prems(2)
op-nitcf-cf-ntef-compl symmetric)
op-ntef-ntcf-vecomp| symmetric]
cs-intro: cat-cs-intros
)
from unique-9'[ OF ¥'.is-ntcf-op this, symmetric] have
op-ntef ¥ = op-nicf (op-ntef 9')
by simp
then show ¢’ = op-nicf 9
by (cs-prems cs-shallow cs-simp: cat-cs-simps cat-op-simps) simp
qed
from is-iso-nicf.is-iso-ntcf-op[ OF cf-adj-LR-iso-is-iso-functor-op(2)] show
cf-adj-RL-i50 ED F B P SV : 8 opiso ®:D gy €
by
(
cs-prems cs-shallow
cs-simp: cat-op-simps cs-intro: adj-cs-intros cat-op-intros
)
from cf-adj-LR-iso-is-iso-functor-op(3) have
op-ntcf (op-ntcf (ec ¥)) =
op-ntcf
(
op-¢f §F ocr-nTcr op-nicf (cf-adj-RL-iso €D F S ® &' V) -nyror
op-ntcf (ec @)
)
by simp
from
this
¢f-adj-LR-iso-is-iso-functor-op(2)[
unfolded op-ntcf-cf-adj-RL-iso[ OF assms]

show ec UV =e¢ ® -ny7oF (§F ocr-NTCOF ¢f-adj-RL-iso € D F & & &' )
by
(
cs-prems cs-shallow
cs-simp: cat-op-simps cat-op-simps
cs-intro: nitcf-cs-intros adj-cs-intros cat-cs-intros cat-op-intros

)

qed

13.13 Further properties of the adjoint functors

lemma (in is-cf-adjunction) cf-adj-exp-cf-cat:
— See Proposition 4.4.6 in [14].
assumes Z § and a €, [ and category o J
shows
cf-adjunction-of-unit
B
(exp-cf-cat a § J)
(exp-cf-cat a & J)
(exp-ntef-cat o (ne ®) J) :
exp-cf-cat o § J =cF exp-cf-cat a & J :
cat-FUNCT o« J € ==cg cat-FUNCT o« J ®
proof-
interpret 5: Z § by (rule assms(1))
interpret J: category o J by (rule assms(3))
show ?thesis
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proof
(
rule counit-unit-is-cf-adjunction(1)[
where ¢ = (ezp-ntcf-cat a (ec D) I
]
)
from assms show exp-nicf-cat o (ne @) J -
¢f-id (cat-FUNCT a J €) »cp exp-cf-cat « & J ogp exp-cf-cat a §F J -
cat-FUNCT a J € dadel:: cat-FUNCT a J €
by
(
cs-concl
cs-simp:
cat-cs-simps cat-FUNCT-cs-simps
exp-cf-cat-cf-id-cat| symmetric] exp-cf-cat-cf-comp| symmetric]
cs-intro:
cat-cs-intros cat-small-cs-intros cat-FUNCT-cs-intros adj-cs-intros
)
from assms show
exp-nicf-cat o (e¢ D) J :
exp-cf-cat a § J oo exp-cf-cat a & J »cp cf-id (cat-FUNCT o J D) :
cat-FUNCT o J © adadel; cat-FUNCT o J ©
by
(
cs-concl
cs-simp:
cat-cs-simps
cat-FUNCT-cs-simps
exp-cf-cat-cf-id-cat[ symmetric]
exp-cf-cat-cf-comp| symmetric)
cs-intro:
cat-cs-intros cat-small-cs-intros cat-FUNCT-cs-intros adj-cs-intros
)
note [symmetric, cat-cs-simps] =
ntcf-id-exp-cf-cat
exp-ntcf-cat-nicf-vcomp
exp-ntcf-cat-ntcf-cf-comp
exp-ntcf-cat-cf-ntcf-comp
from assms show
(exp-cf-cat a« & J ocp_NTCOF exp-nicf-cat o (e¢c ®) J) ‘NTCF
(exp-ntef-cat a (ne @) J onTor-crF exp-cf-cat a & J) =
ntcf-id (exp-cf-cat o & J)
by
(
cs-concl cs-shallow
cs-simp: adj-cs-simps cat-cs-simps
cs-intro: adj-cs-intros cat-cs-intros
)
from assms show
exp-nicf-cat o (e¢ D) J onToF-cF exp-cf-cat a« F I NTCF
(exp-cf-cat « § J occr-NTCOF exp-nicf-cat o (ne ) J) =
nicf-id (exp-cf-cat a § J)
by
(
cs-concl cs-shallow
cs-simp: adj-cs-simps cat-cs-simps
cs-intro: adj-cs-intros cat-cs-intros

)
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qed
(
use assms in
¢
cs-concl
cs-intro: cat-cs-intros cat-small-cs-intros cat-FUNCT-cs-intros
>
)+
qed

lemma (in is-cf-adjunction) cf-adj-exp-cf-cat-exp-cf-cat:
— See Proposition 4.4.6 in [14].
assumes Z [ and «a €, § and category a A
shows
cf-adjunction-of-unit
B
(ezp-cat-cf a A &)
(exp-cat-c¢f o A F)
(exp-cat-ntcf a A (ne D)) :
exp-cat-cf a A & =cp exp-cat-cf a A F :
cat-FUNCT a € 2 ==cp cat-FUNCT a ® 2
proof-

interpret 5: Z 8 by (rule assms(1))
interpret 2l: category a A by (rule assms(3))

show ?thesis
proof
(
rule counit-unit-is-cf-adjunction(1)[
where ¢ = (ezp-cat-ntcf a A (ec P)»
]
)
from assms is-cf-adjunction-axioms show
exp-cat-ntef a A (ne D) :
cf-id (cat-FUNCT o € ) »cp exp-cat-¢f a A F ocr exp-cat-cf a A & :
cat-FUNCT o € 2 ndadel: cat-FUNCT o €2
by
(
cs-concl
cs-simp:
exp-cat-cf-cat-cf-id[ symmetric] exp-cat-cf-cf-comp| symmetric]
cs-intro: cat-small-cs-intros cat-FUNCT-cs-intros adj-cs-intros
)
from assms is-cf-adjunction-axioms show
exp-cat-ntef a A (e ) :
exp-cat-cf a A & ogp exp-cat-¢f a A F —cor cf-id (cat-FUNCT o © ) :
cat-FUNCT a ® U adadel: cat-FUNCT a ® 2
by
(
cs-concl
cs-simp:
exp-cat-cf-cat-cf-id[ symmetric] exp-cat-cf-cf-comp| symmetric]
cs-intro: cat-small-cs-intros cat-FUNCT-cs-intros adj-cs-intros
)
note [symmetric, cat-cs-simps] =
ntcf-id-exp-cat-cf
exp-cat-ntcf-ntef-vcomp
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exp-cat-nicf-nicf-cf-comp
exp-cat-nicf-cf-nicf-comp
from assms show
exp-cat-cf a A F ocrp_nror exp-cat-ntcf a A (e¢ @) ‘NTCOF
(exp-cat-ntcf a A (ng @) onreor-cr exp-cat-cf a A F) =
ntcf-id (exp-cat-cf a A F)
by
(
cs-concl cs-shallow
cs-simp: adj-cs-simps cat-cs-simps
cs-intro: adj-cs-intros cat-cs-intros
)
from assms show
exp-cat-ntef a A (e¢ ®) oyrorp-cr exp-cat-¢f a A S Nyrop
(exp-cat-cf a« A & ogp_nTor exp-cat-ntcf a A (ng @)) =
nitcf-id (exp-cat-cf a A 6)
by
(
cs-concl cs-shallow
cs-simp: adj-cs-simps cat-cs-simps
cs-intro: adj-cs-intros cat-cs-intros
)
qed
( .
use assms in
¢
cs-concl
cs-intro: cat-cs-intros cat-small-cs-intros cat-FUNCT-cs-intros
)

)+
qed

13.14 Adjoints on limits
lemma cf-AdjRight-preserves-limits:
— See Chapter V-5 in [9)].
assumes ¢ : F=cr B : X == A
shows is-cf-continuous a &
proof(intro is-cf-continuousl)
interpret ®: is-cf-adjunction a X A F & @ by (rule assms(1))
show & : A —»— oo X by (rule ®.RL.is-functor-azioms)

fix T J assume prems: T : J »—>oq AU

show cf-preserves-limits o & T
proof(intro cf-preserves-limitsl, rule prems, rule ®.RL.is-functor-azioms)

fix 7 aassume 7 : a <gp.im T:J oo 2
then interpret 7: is-cat-limit o« J A % a 7 .

show & ocp_nror 7 B(0bjMap))(al) <cr.iim & ocr T:J »coa X
proof(intro is-cat-limitl)

show & ocp_nrcr 71 &(0bjMap)(a) <cr.cone ® ocr T:J »=coa X
by
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intro cf-nicf-comp-cf-cat-cone prems,
rule T.is-cat-cone-axioms,
intro ®.RL.is-functor-axioms

)

fix o/ b assume 0’ : b’ <cF.cone ® ocFr T:J oo X
then interpret o is-cat-cone a b’ J X <& ocp T o’ .

have e¢ ® oyrop-cr T:F ocr (B ocr T) pop T:J »oa A
by (c¢s-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros adj-cs-intros)
moreover have § ocp_y7cF 0
qubjMaqub,D <CF.cone % oCF (6 oCF S) :3 indudole A
by
(
intro cf-nitcf-comp-cf-cat-cone,
rule o'.is-cat-cone-axioms,
rule ®.LR.is-functor-axioms
)
ultimately have (¢¢c ® onrcr-cr %) ‘NTCcF (8 ccr-NTCF 0')
S(|Ob]Maqub,D <CF.cone T J »oa A
by (rule ntcf-vcomp-is-cat-cone)
from 7.cat-lim-unique-cone’[ OF this] obtain h
where h: h: F(ObjMap|) (b)) =g a
and e¥-Fo" Aj. j € J(0bj) —
((ec ® onrep-cr T) ‘nror (§ ecr-nror o)) (NTMap)(j)) = (NTMap)(j)) cag b
and h-unique:

h': F(ObiMap))(b") —yo a;
Nj. j € J(0bj) =
((ec ® onrer-cr %) *Nrcr (§ ccr-nTor o)) (NTMap)(j) =
T(NTMap))(j]) cag h'
] = h'=h
for h'
by metis
have £X¥-Fo:
e ®(NTMap)(S(ObiMap) (7)) oaq F(ArrMap)(o’(NTMap) (j)) =
r(NTMap) (j) oag( b
if j €, J(Obj)) for j
using £3-Fo [ OF that] that
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cs-intro: adj-cs-intros cat-cs-intros
)

show 3!f".
120 =y 8(0bjMap)(a)) A 0’ =& ocp_nrTer T *NTCF ntcf-const J X f'
proof(intro ex1l conjI; (elim conjE)?)
let ?h' = «&(ArrMap|) () cax ne P(NTMapl)(b')
from h show ?h': b' =5 &(ObjMapl)(al)
by
(
cs-concl cs-shallow
cs-intro: cat-cs-intros cat-lim-cs-intros adj-cs-intros
)

show o' =® ogp_NnTCF T *NTCF nicf-const J X ?h’
proof(rule ntcf-eql’)
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show o' : cf-const J X b' »cop G ogp T:J g X
by (rule o'.is-ntcf-axioms)
then have dom-lhs: D, (¢’ (NTMap))) = J(Obj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
from h show
O ocrp_NTCF T *NTCF nlcf-const J X ?h':
cf-const J X b —op B ogrp T:J o X
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-lim-cs-intros adj-cs-intros cat-cs-intros
)
then have dom-rhs:
Do (& ogp_NTCF T *NTCF nicf-const I X ¢h")(NTMap))) = J(Obj)
by (cs-concl cs-simp: cat-cs-simps)
show o'(NTMap|) = (& cocrp-NTCoF T *NTCF ntcf-const J X Zh")(NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix j assume prems”: j €, J(Obj)
note [cat-cs-simps] = ®.L.cat-assoc-helper
[
where h=<&(ArrMap|)(T(NTMap))(j))>
and g=«&(ArrMapl)(h))>
and f=m¢ P(NTMap)) (b))
and ¢=«&(ArrMap))(T(NTMap))(j) cag b))
]
from prems’ h have [cat-cs-simps]:
&(ArrMap|) (T(NTMap)) (j) oagq h) cax ne ®(NTMap))(b') = o'(NTMap))(j)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps €X-Fo| OF prems’, symmetric]
cs-intro: adj-cs-intros cat-cs-intros
)
from prems’ h show
o'(NTMap)(j) = (& ccrp-NTCF T *NTCF ntcf-const J X 2h")(NTMap))(j)
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-lim-cs-intros adj-cs-intros cat-cs-intros
)
qged (cs-concl cs-intro: V-cs-intros cat-cs-intros)+
qed simp-all

fix f/ assume prems”:
£75 b7 e S0bjMap)(a)
o'=& ocp_NrCcF T *NTCF ntcf-const J X f'

from prems’(2) have o'-j-def":
o' (NTMap)(j)) = (& occr-nTcFr T *nTCF ntcf-const J X f)(NTMapl)(j)
for j
by simp
have o'-j-def: o'(NTMap|)(j) = &(ArrMap))(r(NTMap)(iD) oax f’
if j €, J(Obj) for j
using o'-j-def [of j] that prems’(1)
by
(
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cs-prems
cs-simp: cat-cs-simps cs-intro: cat-lim-cs-intros cat-cs-intros

)

from prems’(1) have ea-gf"
ec ®(NTMap))(a) oag (ArrMap)(f’) = F(ObjMap)(b) —g a
by (cs-concl cs-intro: cat-lim-cs-intros cat-cs-intros adj-cs-intros)

interpret e: is-ntcf a A A «§ ocr &) <cf-id A e P>
by (rule ®.cf-adjunction-counit-is-ntcf)

have
(ec ® onror-cr T nror (§ ocr-nrer o)) (NTMap)(j) =
T(NTMap))(j) cag (ec ®(NTMap))(al) oag F(ArrMap)(f'))
if j €, J(Obj) for j
proof-
from that have T(NTMap))(j) : a —g T(ObjMap)) ()
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros

from e.ntcf-Comp-commute[ OF this] that have [cat-cs-simps]:
ec ®(NTMap))(T(ObiMap)) (j)) oag F(ArrMap))(&(ArrMap))(r(NTMap) (D)) =
T(NTMap))(j) oag ec P(NTMap))(a)
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros
)
note [cat-cs-simps] = ®.R.cat-assoc-helper
[
where h=<cc ®(NTMap|)(T(ObjMap)) (j)])>
and g=«§(ArrMap))(&(ArrMap|)(r(NTMap))(i)))>
and ¢=«r(NTMap|)(j) cag ec P(NTMap|)(al)>
]
show ?thesis
using that prems’(1)
by
(
cs-concl
cs-simp: cat-cs-simps o'-j-def
cs-intro: cat-lim-cs-intros cat-cs-intros adj-cs-intros

)
qed
from h-unique[ OF ea-Ff' this] have
&(ArrMap))(ec ®(NTMap))(al) oag F(ArrMap)(fD) cax ne ®(NTMap)(b') = 2h’
by simp
from this prems’(1) show f' = &(ArrMap))(h]) cax nc ®(NTMap))(b')
by
(
cs-prems
cs-simp: cat-cs-simps D.cf-adj-counit-unit-app
cs-intro: cat-lim-cs-intros cat-cs-intros

qed

qed
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qed

qed
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14 Simple Kan extensions

14.1 Background

named-theorems cat-Kan-cs-simps
named-theorems cat-Kan-cs-intros

14.2 Kan extension

14.2.1 Definition and elementary properties

See Chapter X-3 in [9].

locale is-cat-rKe =
AG: is-functor a B € R +
Ran: is-functor a € A & +
ntef-rKe: is-ntcf a B A B ogp K T e
fora BCART B e +
assumes cat-rKe-ua-fo:
universal-arrow-fo
(exp-cat-cf a A R)
(¢cf-map T)
(cf-map &)

(ntcf-arrow €)

syntax -is-cat-rKe:= V=V =>V=V=V=V= V=V = bool

(((- Z/ -OCF - P CF.rKel - I/ -0 - -)> [51, 51, 51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-rKe = is-cat-rKe
translations ¢ : & ocp R Porprkeca T B e Cre A=

CONST is-cat-rKe a B CA R T & ¢

locale is-cat-lKe =
AG: is-functor a B € R +
Lan: is-functor a € A § +
ntcf-lKe: is-ntcf a B AT «F ocp K 1
fora BCARKTFn +
assumes cat-IKe-ua-fo:
universal-arrow-fo
(exp-cat-cf a (op-cat A) (op-cf R))
(cf-map %)
(cf-map §)
(ntef-arrow (op-nicf 1))

syntax -is-cat-lIKe = V=V ==V =>V=V= V= V=V = bool

(((— Z/ -=>CF.1Kel -OCF - Z/ -Po - —)) [51, 51, 51, 51, 517 51, 51] 51)
syntax-consts -is-cat-IKe = is-cat-IKe
translations 1 : € »op ikea §ocFr R: B o Co A=

CONST is-cat-lIKe a B EA KT T n

Rules.

lemma (in is-cat-rKe) is-cat-rKe-azioms'[ cat-Kan-cs-intros]:
assumes o’ = «

and ' = &
and &' = &
and T/ =%
and B' =B
and A’ = A
and ¢'=¢

shows ¢ : 6’ ScF ﬁ’ '_’CF.rKea’ S’I %/ = Q:’ = Q[/
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unfolding assms by (rule is-cat-rKe-azioms)

mk-ide rf is-cat-rKe-def[unfolded is-cat-rKe-axioms-def]
|intro is-cat-rKel|
|dest is-cat-rKeD[dest]|
|elim is-cat-rKeE[ elim]|

lemmas [cat-Kan-cs-intros] = is-cat-rKeD(1-3)

lemma (in is-cat-IKe) is-cat-IKe-azioms'[ cat-Kan-cs-intros]:
assumes o' = «

and §'=F
and 8’ = &
and T =%
and B' =B
and A’ = A
and ¢'=¢

shows n: T »cpikea § ccr R B »o € o A’
unfolding assms by (rule is-cat-1Ke-axioms)

mk-ide rf is-cat-IKe-def[unfolded is-cat-IKe-azioms-def]
|intro is-cat-1Kel|
|dest is-cat-IKeD| dest]
|elim is-cat-IKeE[ elim]|

lemmas [cat-Kan-cs-intros] = is-cat-IKeD(1-3)

Duality.

lemma (in is-cat-rKe) is-cat-l1Ke-op:
op-ntcf € :
op-cf T =or.ikea op-cf & ogp op-cf K:
op-cat B — o op-cat € —c op-cat A
by (intro is-cat-IKel, unfold cat-op-simps; (intro cat-rKe-ua-fo) ?)
(cs-concl cs-shallow cs-simp: cat-op-simps cs-intro: cat-op-intros)+

lemma (in is-cat-rKe) is-cat-lIKe-op'[ cat-op-intros]:
assumes T’ = op-cf T
and &' = op-cf &
and &' = op-¢f R
and B’ = op-cat B
and 2’ = op-cat A
and ¢’ = op-cat €
shows op-nicf € : T/ —cr ikea B ocr B : B oo € A’
unfolding assms by (rule is-cat-1Ke-op)

lemmas [cat-op-intros] = is-cat-rKe.is-cat-1Ke-op’

lemma (in is-cat-IKe) is-cat-rKe-op:
op-ntef n :
op-cf § ocr op-c¢f R=cr.rrea op-c¢f T:
op-cat B — ¢ op-cat € ¢ op-cat A
by (intro is-cat-rKel, unfold cat-op-simps; (intro cat-1Ke-ua-fo)?)
(cs-concl cs-shallow cs-simp: cat-op-simps cs-intro: cat-op-intros)+

lemma (in is-cat-IKe) is-cat-IKe-op'[ cat-op-intros]:
assumes T’ = op-¢f T
and §' = op-¢f §
and &' = op-cf R
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and B’ = op-cat B

and 2" = op-cat A

and ¢’ = op-cat €
shows op-nicf n:F ocr B Porrkea T B o € o A
unfolding assms by (rule is-cat-rKe-op)

lemmas [cat-op-intros] = is-cat-lKe.is-cat-1Ke-op’

Elementary properties.
lemma (in is-cat-rKe) cat-rKe-exp-cat-cf-cat-FUNCT-is-arr:
assumes Z § and a &, 3
shows exp-cat-cf a A K : cat-FUNCT o € 2 = Cting 8 cat-FUNCT o 8 2
by
(
rule exp-cat-cf-is-tiny-functor|
OF assms Ran.HomCod.category-axioms AG.is-functor-axioms
]
)

lemma (in is-cat-IKe) cat-lKe-exp-cat-cf-cat-FUNCT-is-arr:
assumes Z J and a &, 8
shows exp-cat-cf a A K : cat-FUNCT o € 2 = Cting 8 cat-FUNCT o 8 2
by
(
rule exp-cat-cf-is-tiny-functor|
OF assms Lan.HomCod.category-axioms AG.is-functor-axioms
]
)

14.2.2 Universal property

See Chapter X-3 in [9] and [2]°.

lemma is-cat-rKel "
assumes £ : B »>gq €
and & : € >0 A
andc: B ogp Rop T :B »poq U
and A&’ ¢’.
[[ 6’:Q:b—>|—>0a 9[7 E’:@’OCFRI—)CF‘IZ%I—N—)COCQ,[]] ES
Jlo. o : 6"—>(;F S:C Indndols) AAe' =¢ ‘NTCF (O’ ONTCF-CF ﬁ)
shows ¢ : & ocF R = COF.rKex T B =c ¢ =c A
proof-
interpret £ is-functor a B € & by (rule assms(1))
interpret &: is-functor a € 2A & by (rule assms(2))
interpret e: is-nicf @ B A G ocp K T e by (rule assms(3))
let AR = <exp-cat-cf a A K>
and 2% = <c¢f~-map %>
and 2% = <cf-map &>
show ?thesis
proof(intro is-cat-rKel is-functor.universal-arrow-fol assms)
define 5 where = o + w
have Z § and af: a €, 8
by (simp-all add: B-def R.Z-Limit-aw R.Z-w-aw Z-def R.Z-a-aw)
then interpret 8: Z 8 by simp
show AR : cat-FUNCT o € 2 adadel:: cat-FUNCT o 8 2
by
(

Shttps://en.wikipedia.org/wiki/Kan_ extension

276


https://en.wikipedia.org/wiki/Kan_extension

cs-concl cs-shallow cs-intro:
cat-small-cs-intros
exp-cat-cf-is-tiny-functor|
OF B.Z-azioms af &.HomCod.category-azioms assms(1)
]
)
from af assms(2) show cf-map & €, cat-FUNCT o € 2(0bj)
unfolding cat-FUNCT-components
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-FUNCT-cs-intros)
from assms(1-3) show ntcf-arrow ¢ :
AAR(ObjMap) (#8]) = cop FUNCT o B 2 7T
by
(
cs-concl cs-shallow
cs-simp: cat-Kan-cs-simps cat-FUNCT-cs-simps cat-FUNCT-components(1)
cs-intro: cat-FUNCT-cs-intros
)
fix §' ¢’ assume prems:
' € cat-FUNCT « € 2(0bj))
'+ RAR(ObMap) (') = car-FUNCT o B A T
from prems(1) have §' €, ¢f-maps a € A
unfolding cat-FUNCT-components(1) by simp
then obtain § where §'-def: §' = ¢cf-map Fand §: F: € »>cq A
by clarsimp
note ¢’ = cat-FUNCT-is-arrD[ OF prems(2)]
from ¢'(1) § have e’-is-nicf:
ntcf-of-ntef-arrow B A €' : Foogrp Ropr T B ppog A
by
(
cs-prems
cs-simp: §F'-def cat-Kan-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)
from assms(4)[OF § e’-is-ntcf] obtain o
where g: 0 : F oop & : € o A
and e’-def": ntef-of-ntcf-arrow B A e’ =¢ -yror (0 onTor-cF R)
and unique-o: Ao’.
I
0" Fror &:Cmoq A
nicf-of-ntef-arrow B A €' =¢ yrer (6 onror—cr R)
l=o'=0
by metis
show 3!f’.
[+ 8" = cat-FUNCT o € 21 76 A
e’ = umap-fo AR 2T 26 (ntcf-arrow €) F'(ArrVal) ()
proof(intro ex1I conjl; (elim conjE)?, unfold §'-def)
from o show ntcf-arrow o : cf-map § = ot FUNCT o ¢ A 7
by (cs-concl cs-shallow cs-intro: cat-FUNCT-cs-intros)
from af assms(1-3) o €'(1) show
e’ = umap-fo AR 2T 26 (nicf-arrow €) (cf-map §)(ArrVal) (ntcf-arrow o))
by (subst ")
(
cs-concl
cs-simp:
e’-def [ symmetric)
cat-cs-simps
cat-FUNC'T-cs-simps
cat-Kan-cs-simps
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cs-intro:
cat-small-cs-intros
cat-cs-intros
cat-Kan-cs-intros
cat-FUNC'T-cs-intros
)

fix o’ assume prems:
o cf-map § = oo FUNCT o € 2 7O
e’ = umap-fo RUR 2T 26 (ntcf-arrow €) (cf-map §F)(ArrVal) (o)
note o’ = cat-FUNCT-is-arrD[ OF prems(1)]
from c'(1) § have ntcf-of-ntcf-arrow €A o' : F —cp G : € »0q A
by
(
cs-prems cs-shallow
cs-simp: cat-FUNCT-cs-simps cs-intro: cat-cs-intros
)

moreover from prems(2) prems(1) af assms(1-3) this €'(1) have
ntcf-of-ntef-arrow B A €' =
e nror (ntef~of-ntcf-arrow € A ¢’ oyrop-cr R)
by (subst (asm) €'(2))
(
cs-prems
cs-simp: cat-Kan-cs-simps cat-FUNCT-cs-simps cat-cs-simps
cs-intro:
cat-Kan-cs-intros
cat-small-cs-intros
cat-cs-intros
cat-FUNCT-cs-intros
)
ultimately have o-def: o = ntcf-of-ntcf-arrow € A o’
by (rule unique-o[ symmetric])
show o’ = ntcf-arrow o
by (subst 0’(2), use nothing in <subst o-def»)
(cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
ged
ged
qed

lemma is-cat-IKel "
assumes K : B »coq €
and §: € g AU
andT]Z‘IHCFSOCFﬁI‘BHHCQQ[
and AF' 7.
[ :Crrcain  Troor§ocr BB ooy A ]| =
o o:Frer§ :Cromoa A An'=(0onror-cr R) ‘NTCF 1
shows 0 : T »op kea S ocr R B o T A
proof-
interpret £ is-functor a B € R by (rule assms(1))
interpret §: is-functor a € A § by (rule assms(2))
interpret 7: is-ntcf a B A X F ocr K 1 by (rule assms(3))
have
1lo.
0c:86" »cop op-cf §: op-cat € o op-cat A A
n' = op-ntcf n +Nror (0 oNTor-cF op-cf R)
if &' : op-cat € >+ op-cat A
and n’: &' ogp op-cf R —=cr op-cf X : op-cat B —rcq op-cat A
for &' n’
proof—
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interpret & is-functor a <op-cat & <op-cat A> &' by (rule that(1))
interpret n":
is-ntcf a <op-cat By <op-cat W <&’ ocp op-cf R <op-c¢f T n'
by (rule that(2))
from assms(4)[
OF is-functor.is-functor-op[ OF that(1), unfolded cat-op-simps],
OF is-ntcf .is-ntcf-op[ OF that(2), unfolded cat-op-simps]
]
obtain o where 0: 0 : § =cop op-cf ' : € gy A
and op-n'-def: op-ntcf n' = 0 onrcr-cr R *NTCF N
and unique-o"
[
o' F o op-cf 8 : € ooa A
op-ntef ' = o' onror-cr RNTCF N
l=o'=0
for o’
by metis
interpret o: is-ntcf o € A F <op-¢f &y o by (rule o)
show ?thesis
proof(intro ex1I conjI; (elim conjE)?)
show op-ntcf o : &' —gp op-cf §: op-cat € =g op-cat A
by (rule o.is-ntcf-op[unfolded cat-op-simps])
from op-n'-def have op-nicf (op-nicf n') = op-nicf (¢ onTcF-cF R *NTCF M)
by simp
from this o assms(1-3) show n’-def:
n' = op-ntcf n -yrcr (op-ntcf 0 onror-cr op-cf R)
by (cs-prems cs-shallow cs-simp: cat-op-simps cs-intro: cat-cs-intros)
fix o’ assume prems:
o' 8 =g op-cf §: op-cat € gy op-cat A
n' = op-ntcf n-nrcr (¢ onTer-cF op-cf R)
interpret o’ is-ntcf a <op-cat € <op-cat A> &' <op-cf T o’
by (rule prems(1))
from prems(2) have
op-ntcf n' = op-ntcf (op-nicf 1 -nrcr (6’ onTor-cF op-cf R))
by simp
also have ... = op-nicf 0’ oyrcr_cr R *NTCF T
by
(
cs-concl cs-shallow
cs-simp: cat-cs-stmps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros
)
finally have op-ntcf n' = op-ntcf 0’ onTcr-cr & NTCF 1 by simp
from unique-c'[OF o'.is-ntcf-op[unfolded cat-op-simps] this] show
o’ = op-ntcf o
by (auto simp: cat-op-simps)
qed
qed
from
is-cat-rKel’

OF R.is-functor-op §.is-functor-op n.is-ntcf-op[unfolded cat-op-simps],
unfolded cat-op-simps,
OF this
]
interpret 7: is-cat-rKe
@
<op-cat B>
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<op-cat €»
<op-cat A»
<op-cf R
<op-cf T»
<op-cf &
cop-ntcf n»
by simp
show n: T —>orikea §ocr R: B o Creo
by (rule n.is-cat-IKe-op[ unfolded cat-op-simps])
qed

lemma (in is-cat-rKe) cat-rKe-unique:

assumes 6’ : C g Aand e’ & ogp Rrorp T: B »ooa A

shows 3lo. 0 : &' »op 8 :C oo A Ane' =cyrer (0 onToR-CcF R)
proof-

interpret &" is-functor a € A &' by (rule assms(1))
interpret " is-ntcf a B A& ocp K T &’ by (rule assms(2))

let 2% = <cf-map T»
and %8 = <c¢f-map &>
and 28’ = <cf~-map G"
and % = «ntcf-arrow >
and %’ = «ntcf-arrow "

define 5 where 5 = o + w
have Z § and af: a €, 8

by (simp-all add: B-def AG.Z-Limit-aw AG.Z-w-aw Z-def AG.Z-a-aw)
then interpret 8: Z § by simp

interpret 20R: is-tiny-functor
B <cat-FUNCT a € Ay <cat-FUNCT o B 24 <exp-cat-cf a A K>
by (rule cat-rKe-exp-cat-cf-cat-FUNCT-is-arr[ OF .Z-azioms af])

from assms(1) have &" 2?6’ ¢, cat-FUNCT o € A(0bj))
by
(
cs-concl cs-shallow
cs-simp: cat-FUNCT-components(1) cs-intro: cat-FUNCT-cs-intros

with assms(2) have
%" exp-cat-cf o A R(ObiMap)(|?S") = .ot FUNCT o B A 72
by
(
cs-concl cs-shallow
cs-simp: cat-Kan-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros

)

from
is-functor.universal-arrow-foD(3)[
OF AR.is-functor-azioms cat-rKe-ua-fo &' this

obtain f’ where f" f': cfmap &'~ ., pUNCT o ¢ 2 cf-map &
and e’-def: %' = umap-fo (exp-cat-cf a A R) ?T 26 % 26'(ArrVal)(f')
and f’-unique:
I

" %" = o FUNCT o ¢ 21 79
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ntef-arrow €' = umap-fo (exp-cat-cf a A R) 23 26 % 26" (ArrVal)(f'")
| — "=

show ?thesis
proof(intro ex1I conjI; (elim conjE)?)
from e’-def cat-FUNCT-is-arrD(1)[ OF f'] show
e’ =¢e -yror (ntef-of-ntcf-arrow €A f oyror-_cr R)
by (subst (asm) cat-FUNCT-is-arrD(2)[ OF f'])
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cat-FUNCT-cs-simps cat-Kan-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros

from cat-FUNCT-is-arrD(1)[ OF f'] show f’-is-arr:
nicf-of-ntef-arrow €A f/: &' wop G : € g A
by
(
cs-prems cs-shallow
cs-simp: cat-FUNCT-cs-simps cs-intro: cat-cs-intros
)
fix o assume prems:
0:8 5op B:CoqUe’' =c-Nyror (0 onTer-oF R)
interpret o: is-ntcf o € A &’ & o by (rule prems(1))
from prems(1) have o:
ntef-arrow o = cf-map ' = o PUNCT o ¢ 2 ¢f-map &
by (cs-concl cs-shallow cs-intro: cat-FUNCT-cs-intros)
from prems have e’-def: ntcf-arrow &’ =
umap-fo (exp-cat-cf a A R) 2T 26 % 26'(ArrVal]) (ntcf-arrow ol)
by
(
cs-concl cs-shallow
cs-simp: prems(2) cat-Kan-cs-simps cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)
show o = ntcf-of-ntcf-arrow € A f'
unfolding f'-unique[ OF o ¢'-def, symmetric]
by
(
cs-concl cs-shallow
cs-simp: cat-FUNCT-cs-simps cs-intro: cat-cs-intros
)
qed

qed

lemma (in is-cat-IKe) cat-lKe-unique:

assumes §': € o Aand n': T oeop §F ogr B:B »oa AU

shows Jlo. o : S =oF 8',1 ¢ == oo A A 77’ = (0’ ONTCF-CF ﬁ) *NTCF 1
proof-

interpret §" is-functor o € A F' by (rule assms(1))

interpret 1" is-ntcf a B AT F ocp K n' by (rule assms(2))

interpret 7: is-cat-rKe
a <op-cat By <op-cat € <op-cat A> <op-cf K <op-cf > <op-cf §> <op-nicf n»
by (rule is-cat-rKe-op)
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from 7). cat-rKe-unique[ OF §'.is-functor-op n'.is-ntcf-op[unfolded cat-op-simps]]
obtain o where o: ¢ : op-¢f F' —coF op-¢f F: op-cat € »—cq op-cat A
and n'-def: op-ntef n' = op-ntef n +nTcerF (0 oNTCOF-CF Op-¢f R)
and unique-c”: Ao’
!

[
o' op-cf §' o op-cf §: op-cat € o op-cat A;
op-nicf n' = op-ntef n -yrcor (6’ onTor_cF op-c¢f R)
]] p— 0', = 0'
by metis

interpret o: is-ntcf a <op-cat € <op-cat A> <op-cf F <op-cf T o
by (rule o)

show ?thesis
proof(intro ex1I conjI; (elim conjE)?)
show op-ntcf 0 : F=crp §' € ga A
by (rule o.is-ntef-op[unfolded cat-op-simps])
have 7' = op-ntcf (op-nicf n')
by (cs-concl cs-shallow cs-simp: cat-op-simps)

also from 7’-def have ... = op-nicf (op-ntcf n n7cr (0 onTCF-cF 0p-¢f R))
by simp
also have ... = op-ntcf 0 onrop-cr R*NTCF N

by (cs-concl cs-shallow cs-simp: cat-op-simps cs-intro: cat-cs-intros)
finally show 7’ = op-ntcf 0 oxyrcr_cr & *NTCcF n by simp
fix o’ assume prems:
o' Frep T i Cmoa A
n'=o0"onror-cr R NTCF T
interpret " is-ntcf a €A F F' o’ by (rule prems(1))
from prems(2) have op-ntcf n' = op-ntcf (¢’ onTocr-cr R NTCF 1)
by simp
also have ... = op-nicf n -vrcor (op-ntcf o' oyror—cr op-cf R)
by (cs-concl cs-shallow cs-simp: cat-op-simps cs-intro: cat-cs-intros)
finally have op-ntcf n' = op-ntcf n -yrcr (op-ntcf o' onror-cr op-cf R)
by simp
from unique-oc'[OF o' is-ntcf-op this] show o’ = op-nicf o
by (auto simp: cat-op-simps)
qed

qed

14.2.3 Further properties

lemma (in is-cat-rKe) cat-rKe-ntcf-ua-fo-is-iso-ntcf-if-ge- Limit:
assumes Z § and « €, 3
shows
nicf-ua-fo B (exp-cat-cf a A R) (¢f-map T) (c¢f-map &) (nicf-arrow €) :
Homo_cﬂcat—FUNC'T a € A(-,cf-map &) »cF iso
Homo.cﬁcat—FUNCT a B A(-,cf-map T) oo op-cf (exp-cat-¢f a A R) :
op-cat (cat-FUNCT o € A) »r>cg cat-Set 3
proof-
interpret 2-1:
is-tiny-functor B <cat-FUNCT o € Ay <cat-FUNCT o B 20 <exp-cat-cf a A K
by
(
rule exp-cat-cf-is-tiny-functor|
OF assms Ran.HomCod.category-axioms AG.is-functor-axioms
]
)
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show ?thesis
by
(
rule is-functor.cf-ntcf-ua-fo-is-iso-ntcf |
OF 2A-R.is-functor-axioms cat-rKe-ua-fo
]
)

qed

lemma (in is-cat-lKe) cat-lKe-ntcf-ua-fo-is-iso-ntcf-if-ge-Limit:
assumes Z § and a €, 8
defines 28 = exp-cat-c¢f a (op-cat A) (op-cf R)
and AC = cat-FUNCT « (op-cat €) (op-cat 2A)
and AB = cat-FUNCT « (op-cat B) (op-cat A)
shows
nitcf-ua-fo S AR (c¢f-map T) (cf-map §) (ntcf-arrow (op-ntcf 1)) :
Homo.cgU€(-,cf-map §) =cr.iso Homo.cgUB(—,cfmap T) ocp op-cf AR :
op-cat A€ —»—cg cat-Set 8
proof-
note simps = AC-def AB-def AR-def
interpret A-8: is-tiny-functor B AC AB AR
unfolding simps
by
(
rule exp-cat-cf-is-tiny-functor|
OF assms(1,2) Lan.HomCod.category-op AG.is-functor-op

]

show ?thesis
unfolding simps
by
(
rule is-functor.cf-ntcf-ua-fo-is-iso-ntcf|
OF A-R.is-functor-azioms[unfolded simps] cat-lKe-ua-fo
]

)
qed

14.3 Opposite universal arrow for Kan extensions

14.3.1 Definition and elementary properties

The following definition is merely a convenience utility for the exposition of dual results asso-
ciated with the formula for the right Kan extension and the pointwise right Kan extension.

definition op-ua = (V=V)=>V=>V=>1V
where op-ua lim-0bj R ¢ =

lim-0bj c¢(UObj)),
op-ntcf (lim-0bj c(UArr)) exror-cr inv-cf (op-cf-obj-comma 8 c)

lo

Components.

lemma op-ua-components:
shows [cat-op-simps]: op-ua lim-Obj & c¢(UObj)) = lim-Obj c(UObj))
and op-ua lim-0bj R c(UArr|) =
op-ntef (lim-0bj c(UArr|)) onror-cr inv-c¢f (op-cf-obj-comma 8 c¢)
unfolding op-ua-def ua-field-simps by (simp-all add: nat-omega-simps)
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14.3.2 Opposite universal arrow for Kan extensions is a limit

lemma op-ua- UArr-is-cat-limit:
assumes £ : B »>gq €
and T : B »>coq A
and c €, €(0bj)
and u: T ogrp R crllo ¢ >CF.colim T R crl c o U
shows op-nicf u oyror—cr inv-c¢f (op-cf-obj-comma K c) :
r <cr.im op-cf T ocr ¢ ol lcr (op-cf R) : ¢ lor (op-cf R) »—ca op-cat A
proof-

note [cf-cs-simps| = is-iso-functor-is-iso-arr(2,3)

let Zop-R = <\c. op-cf-obj-comma R ¢
let Yop-Rc = «Zop-R o
and %op-ua-UArr = <op-ntcf uw onrop-cr inv-¢f (op-cf-obj-comma K ¢)»

interpret £ is-functor a B € & by (rule assms(1))

interpret T: is-functor a B A T by (rule assms(2))

interpret w: is-cat-colimit a <R cpl &> A «T ocr R crllo & ru
by (rule assms(4))

from 8.op-cf-cf-obj-comma-proj[ OF assms(3)] have
op-cf (R crlo ¢) ocr inv-cf (Yop-R c) =
¢ olMcr (op-cf R) ocr (%0p-8 ¢) ocr inv-cf (Zop-R ¢)
by simp
from this assms(3) have [ cat-comma-cs-simps]:
op-c¢f (R ¢rllo ¢) ocr inv-¢f (?op-8 ¢) = ¢ ol 1cr (op-cf R)
by
(
cs-prems
cs-simp: cat-cs-simps cat-comma-cs-simps cf-cs-simps cat-op-simps
cs-intro: cf-cs-intros cat-cs-intros cat-comma-cs-intros cat-op-intros
)
from assms(3) show Zop-ua-UArr :
7 <cF.1im op-¢f Tocr ¢ ollcr (op-¢f R) : clor (op-cf ) »rcq op-cat A
by
(
cs-concl
cs-simp:
cf-cs-simps cat-cs-simps cat-comma-cs-simps cat-op-simps
R.op-cf-cf-obj-comma-proj| symmetric]
cs-intro:
cat-cs-intros
cf-cs-intros
cat-lim-cs-intros
cat-comma-cs-intros
cat-op-intros

qed
context

fixes lim-Obj = V = Vand ¢ V
begin

lemmas op-ua-UArr-is-cat-limit’ = op-ua-UArr-is-cat-limit

[
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unfolded op-ua-components(2)[ symmetric],
where u=lim-0bj c(UArr))> and r=<lim-0bj c(UObj))» and c=c,
folded op-ua-components(2)[where lim-Obj=lim-0bj and c=c]

]

end

14.4 The Kan extension

The following subsection is based on the statement and proof of Theorem 1 in Chapter X-3 in

[9]-

14.4.1 Definition and elementary properties

definition the-cfrKe = V=V =V =>(V=>V)=V
where the-cf-rKe a € 8 lim-0bj =

[
(Aceo R(HomCod|) (|Obj]). lim-0bj ¢(UObY))),
(

AgeoR(HomCCod))(Arr)). THE f.
f .

lim-0bj (R(HomCod])(Dom|)(g]))(UOYj| = HomCod))
lim-0bj (R(HomCod|)(|Cod|)(g)))(TUObj)) A
lim-0bj (R(HomCod|)(Dom|)(g))(UArr) onTcr-cr g alcr & =
lim-0bj (R(HomCod))(Cod)(g))(UArr) ‘NTcF
) ntcf-const ((R(HomCod))(Cod))(g)) Lor 8) (T(HomCod))) f
R(HomCod)),
T(HomCod)

lo

definition the-nicf-rKe = V=V =V =>(V=>V)=>V
where the-ntcf-rKe a € K lim-0bj =
[

(
Aceo.T(HomDoml) (| Obj)).

lim-0bj (R(ObjMap))(c)))(UArr) (NTMap))(0, ¢, R(HomCod|)(CId))(£(]ObjiMap))(c)))e

the-cf-rKe a ¥ R lim-0Obj ocp R,
g,

X (HomDom)),

T(HomCod))

]o

definition the-c¢f-lKe =V =V =V = (V=>V)=V
where the-cf-IKe a T R lim-Obj =
op-cf (the-cf-rKe a (op-cf T) (op-¢f R) (op-ua lim-Obj R))

definition the-nicf-IKe = V =V =V =>(V=>V)=> TV
where the-ntcf-IKe o T R lim-0bj =
op-ntcf (the-ntcf-rKe o (op-cf T) (op-cf R) (op-ua lim-Obj R))

Components.

lemma the-cf-rKe-components:
shows the-cf-rKe a T R lim-Obj(ObjMap)) =
(AceoR(HomCod)) (| Obj)). lim-0bj c(UOb]))
and the-cf-rKe a ¥ R lim-Obj(ArrMap)) =
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(
AgecR(HomCCod|)(Arr]). THE f.
f .

lim-0bj (R(HomCod|)(Dom|)(g)))(UObj)) =3 HomCod))
lim-0bj (R(HomCod))(Cod))(g])) (UObj]) A
lim-0bj (R(HomCod|)((Dom|))(g))(UArr) oxTor-cF g alcr R =

lim-0bj (R(HomCod|)(Cod))(g))(UArr) nTcF
ntcf-const ((R(HomCod))(Cod))(g) cr &) (X(HomCod)) f

)

and the-cf-rKe a T & lim-0Obj(HomDom|) = R(HomCod))

and the-cf-rKe o T & lim-0bj(HomCod)) = T(HomCod)

unfolding the-cf-rKe-def dghm-field-simps by (simp-all add: nat-omega-simps)

lemma the-ntcf-rKe-components:
shows the-ntcf-rKe a T K& lim-Obj(NTMap)|) =

(
Aceo.T(HomDoml) (| Obj)).

lim-0bj (R(ObjMap))(c)))(UArr) (NTMap))(0, ¢, R(HomCod|)(CId)) (K] ObjiMap))(c)))e

and the-ntcf-rKe a ¥ R lim-Obj(NTDom)|) = the-cf-rKe a ¥ & lim-Obj ocp R
and the-ntcf-rKe a T R lim-Obj(NTCod]) = T
and the-ntcf-rKe a T R lim-Obj(NTDGDom|) = T(HomDom))
and the-ntcf-rKe a T R lim-Obj(NTDG Cod)) = T(HomCod))
unfolding the-ntcf-rKe-def nt-field-simps by (simp-all add: nat-omega-simps)

context
fixesaAB ECRKT
assumes f: R : B —»>oq €
and T: T : B »oq A
begin

interpretation £: is-functor a B € R by (rule R)
interpretation T: is-functor a B A T by (rule ¥)

lemmas the-cf-rKe-components’ = the-cf-rKe-components|
where 8=8 and T=% and a=a«, unfolded R.cf-HomCod %.cf-HomCod

]
lemmas [cat-Kan-cs-simps] = the-cf-rKe-components'(3,4)

lemmas the-ntcf-rKe-components’ = the-ntcf-rKe-components|
where R=8 and T=% and a=q, unfolded R.cf-HomCod %.cf-HomCod X.cf~-HomDom

]
lemmas [cat-Kan-cs-simps] = the-nicf-rKe-components'(2-5)

end

14.4.2 Functor: object map

mk-VLambda the-cf-rKe-components(1)
|vsv the-cf-rKe-ObjMap-vsv[ cat-Kan-cs-intros]|

context
fixesa ABECRT
assumes R: R:B oo €
and T: T : B >0 AU
begin
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interpretation £: is-functor a 8 € K& by (rule K)

mk-VLambda the-cf-rKe-components'(1)[ OF & T]
|vdomain the-cf-rKe-ObjMap-vdomain| cat-Kan-cs-simps]|
|app the-cf-rKe-ObjMap-impl-app| cat- Kan-cs-simps]|

lemma the-cf-rKe-ObjMap-vrange:
assumes Ac. ¢ €, €(0bj)) = lim-Obj c(UObj)) €, A(Obj))
shows R, (the-cf-rKe a T & lim-0Obj(ObjMap))) <o A(Obj)
unfolding the-cf-rKe-components’| OF & ¥|
by (intro vrange-VLambda-vsubset assms)

end

14.4.3 Functor: arrow map

mk-VLambda the-cf-rKe-components(2)
|vsv the-cf-rKe-ArrMap-vsv| cat-Kan-cs-intros]|

context

fixesa B € R

assumes R: R : B »—oq €
begin

interpretation £: is-functor a 8 € R by (rule R)

mk-VLambda the-cf-rKe-components(2)[where a=a and 8&=8, unfolded R.cf-HomCod)]
|vdomain the-cf-rKe-ArrMap-vdomain| cat-Kan-cs-simps]|

context
fixesA T cc'yg
assumes T: T : B > A
and ¢g: g: c g ¢’
begin

interpretation T: is-functor o B A T by (rule ¥)
lemma g" g €, €(Arr]) using g by auto

mk-VLambda the-cf-rKe-components(2)[
where a=a and R=R and T=T, unfolded K.cf~-HomCod ¥.cf-HomCod

]

|app the-cf-rKe-ArrMap-app-impl’|

lemmas the-cf-rKe-ArrMap-app’ = the-cf-rKe-ArrMap-app-impl’[
OF g', unfolded R.HomCod.cat-is-arrD[ OF g]
]

end
end

lemma the-cf-rKe-ArrMap-app-impl:
assumes R : B »0q €
and T: B »oq A
and g: c g ¢’
and u: 7 <gFp.;im T ocr c ol lcr R:iclor R =roa 2
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and u': 1’ <gp.iim Tocr ¢ ol lcr R: ¢’ lor Rrmca A
shows 3!f.
frregr A
wonTcr-cr g Alcr 8 =u' yror ntcf-const (¢' lop R) A f
proof-

interpret £: is-functor a B € & by (rule assms(1))

interpret T: is-functor a B A T by (rule assms(2))

interpret w: is-cat-limit o <¢c ocp R A <«T ocp c o lor R T u
by (rule assms(4))

interpret u” is-cat-limit o <¢' lgp £ AT ogp ¢’ oMcr K v’ v’
by (rule assms(5))

have const-r-def:
cf-const (¢’ lorp R) A r = cf-const (clecr R) A rocr g aler R
proof(rule cf-eql)
show const-r: cf-const (¢’ lep R) A r:c' lop R=rcoa U
by (cs-concl cs-intro: cat-cs-intros cat-lim-cs-intros)
from assms(3) show const-r-gf:
cf-const (¢ lop R) A rocr g alecr R:c' ler Rroa A
by (cs-concl cs-intro: cat-cs-intros cat-comma-cs-intros)
have ObjMap-dom-lhs: Dy (cf-const (¢’ Lor 8) A r(ObjMap)) = ¢’ Lor K(Obj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from assms(3) have ObjMap-dom-rhs:
Do ((¢f-const (¢ ber RB) A rocr g aler R)(0bjMap)) = ¢’ Lcr K(Obj))
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-lim-cs-intros cat-cs-intros cat-comma-cs-intros
)
have ArrMap-dom-lhs: Dy (cf-const (¢’ Lor 8) A r(ArrMap)) = ¢’ Lcr K(Arr)
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from assms(3) have ArrMap-dom-rhs:
Do ((cf-const (¢ lop B) A rocr g alor R)(ArrMap))) = ¢’ Lor R(Arr))
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-lim-cs-intros cat-cs-intros cat-comma-cs-intros
)
show
cf-const (¢’ lop R) A r(ObjMapl|) =
(cf-const (¢ lor R) A rocr g aler R)(ObjMapl)
proof(rule vsv-eql, unfold ObjMap-dom-lhs ObjMap-dom-rhs)
fix A assume prems: A €, ¢’ |cr R(Ob))
from prems assms obtain b f
where A-def: A = [0, b, f]o
and b: b €, B(0bj)
and f: f: ¢’ =g R(ObjMap|) (b))
by auto
from assms(1,3) prems f b show
cf-const (¢’ Lor R) A r(ObjMap))(A]) =
(cf-const (¢ Lop R) A rocr g alcor R)(0ObiMap))(A)
unfolding A-def
by
(

cs-concl
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cs-simp: cat-cs-simps cat-comma-cs-simps
cs-intro: cat-lim-cs-intros cat-cs-intros cat-comma-cs-intros

)
qed

(
use assms(3) in
<cs-concl cs-shallow cs-intro: cat-cs-intros cat-comma-cs-introsy
)+
show
cf-const (¢’ Lor R) A r(ArrMap)) =
(cf-const (¢ lep RB) A rocr g aler R)(ArrMap))
proof(rule vsv-eql, unfold ArrMap-dom-lhs ArrMap-dom-rhs)
show wvsv (cf-const (¢’ lor &) A r(ArrMap)))
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from assms(3) show vsv ((cf-const (¢ lop R) A rocr g alor R)(ArrMap)))
by (cs-concl cs-shallow cs-intro: cat-cs-intros cat-comma-cs-intros)
fix F' assume prems: F €, ¢’ |cr R(Arr)
with prems obtain A B where F: F : A e lor R B
CF
by (auto intro: is-arrl)
with assms obtain b f b’ f' h'
where F-def: F = [[0, b, flo, [0, b, f]o, [0, R']6]o
and A-def: A =10, b, f.
and B-def: B = [0, b, f'],
and b h': b b
and f: f: ¢’ =g R(ObjMap|) (b))
and f" f': ¢’ »¢ R(ObiMap))(b")
and f'-def: R(ArrMap))(h') cag f = f'
by auto
from prems assms(3) F g’ b’ f f' show
cf-const (¢’ Lor R) A r(ArrMap))(F)) =
(cf-const (¢ lep R) A rocr g alor R)(ArrMap))(F)
unfolding F-def A-def B-def
by
(
cs-concl
cs-simp: cat-comma-cs-simps cat-cs-simps f'-def[ symmetric)
cs-intro: cat-lim-cs-intros cat-cs-intros cat-comma-cs-intros
)
qed simp
qed simp-all

have Tc'R: T ogp ¢’ ollcr R=F ocr ¢ ol lcr Rocr g alor R
proof(rule cf-eql)
show T ocp ¢’ o ler RB: ¢’ ler Rrcoa A
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from assms show T ocp ¢ o[ 1cr Rocr g alcr B¢’ lor R oa A
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-comma-cs-intros cat-cs-intros
)
have ObjMap-dom-lhs: Dy ((T ocr ¢’ o[1cr R)(0bjMap)) = ¢’ Lor R(Obj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from assms have ObjMap-dom-rhs:
Do ((Focr c ollcr Rocr g alcr R)(0biMap))) = ¢’ Lor R(0bj)
by
(
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cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-comma-cs-intros cat-cs-intros
)
show (T ocr ¢’ o lcr R)(ObiMap)) = (T ocr ¢ o lcr R ocr g alcr R)(ObjMap))
proof(rule vsv-eql, unfold ObjMap-dom-lhs ObjMap-dom-rhs)
from assms show vsv ((T ocr ¢’ ol 1cr R)(ObjiMap)))
by
(
cs-concl cs-shallow
cs-simp: cat-comma-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros
)
from assms show vsv ((T ocr ¢ o 1cr R ocr g alcr R)(ObjMap)))
by (cs-concl cs-shallow cs-intro: cat-cs-intros cat-comma-cs-intros)
fix A assume prems: A € ¢’ |cr R(0bj)
from assms(3) prems obtain b f
where A-def: A = [0, b, f]o
and b: b €, B(O0bj)
and f: f: ¢’ =g R(ObjMap|) (b))
by auto
from prems assms b f show
(Tocr ¢’ olMcr R)(ObjMap))(A]) =
(Tocr coller Rocr g alor R)(0bjMap))(A)
unfolding A-def
by
(
cs-concl
cs-simp: cat-cs-simps cat-comma-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros

)

qed simp

have ArrMap-dom-lhs: Do ((X ocr ¢’ o[1cr R)(ArrMap))) = ¢’ Lor R(Arr)
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from assms have ArrMap-dom-rhs:
Do ((Tocr c olMer Rocr g alor R)(ArrMap))) = ¢’ lor R(Ar)
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-comma-cs-intros cat-cs-intros

)

show (T ocr ¢’ ol lcr R)(ArrMap|) = (T ocr ¢ o lcr Rocr g alcr R)(ArrMap))
proof(rule vsv-eql, unfold ArrMap-dom-lhs ArrMap-dom-rhs)
from assms show vsv ((T ocr ¢’ ol cr R)(ArrMap)))
by
(
cs-concl cs-shallow
cs-simp: cat-comma-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros
)
from assms show vsv ((X ocp ¢ o lcr R ocr g alcr R)(ArrMapl))
by
(
cs-concl cs-shallow
cs-simp: cs-intro: cat-cs-intros cat-comma-cs-intros
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)

fix F assume prems: F €, ¢’ |cp K(Arr)
with prems obtain A B where F: F': A~ s lor & B
unfolding cat-comma-cs-simps by (auto intro: is-arrl)
with assms(3) obtain b f b’ f' b’
where F-def: F = [[0, b, flo, [0, b, f']o, [0, h']o]o
and A-def: A =10, b, [,
and B-def: B =[0,b', f'],
and h" h': b e b
and f: f: ¢’ =g R(ObjMap|) (b))
and f" f': ¢' »¢ R(ObiMap|) (')
and f'-def: R(ArrMap))(h') oag f = f'
by auto
from prems assms(3) F g’ h' f f' show
(Tocr ¢’ olMcr R)(ArrMap)(F)) =
(Tocr collcer Rocr g alor R)(ArrMap))(F)
unfolding F-def A-def B-def
by
(
cs-concl
cs-simp: cat-comma-cs-simps cat-cs-simps f'-def [ symmetric]
cs-intro: cat-lim-cs-intros cat-cs-intros cat-comma-cs-intros
)
qed simp
qed simp-all

from assms(1-3) have
UONTCF-CF § AYcF R 7 <CF.cone Tocr ¢ ollcr R:c' lor Roa AU
by (intro is-cat-conel)
(
cs-concl
cs-intro: cat-cs-intros cat-comma-cs-intros cat-lim-cs-intros
cs-simp: const-r-def Tc'R
)+
with u’.cat-lim-ua-fo show
31G.
G:reg r'A
uonrcr-cF g alcr R =u"nrop ntef-const (¢’ lor R) A G
by simp

qed

lemma the-cf-rKe-ArrMap-app:
assumes £ : B »>oq €
and T : B o0 AU
and g: ¢ g ¢’
and lim-0bj c¢(UArr)) :
lim-0bj c(UObj) <cr.iim T ocr c ol lcr B:clor Rrcoa 2
and lim-0bj ¢'(UArr)) :
lim-0bj c'(UOb))) <cr.tim T ocr ¢ olcr R: ¢ lop R=—oa A
shows the-cf-rKe a ¥ R lim-Obj(ArrMap))(g)) :
lim-0bj c(UObj|) =g lim-0bj ¢'(UObj))
and
lim-0bj c(UArr) onror-cr g alor R =
lZm—Obj C’(l UA?”’I“D ‘NTCF
ntcf-const (¢’ Lor R) A (the-cf-rKe a T & lim-0bj(ArrMap|)(g])
and
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[
[+ lim-0bj ¢c(UObj)) =g lim-0bj ¢'(UObj));
lim-0bj c(UArr)) oxnror-cr g alcr R =
lim-0bj ¢'(UArr)) nTcoF nicf-const (¢ lop R) A f
| = f = the-cf-rKe oo T K lim-Obj(|ArrMap|)(g)
proof-

interpret & is-functor a B € & by (rule assms(1))

interpret T: is-functor a B A T by (rule assms(2))

interpret w: is-cat-limit
aclor B A F ogr ¢ ollor K im-0bj c(UObj))> «lim-0bj c(UArr))>»
by (rule assms(4))

interpret u” is-cat-limit
a<c' o B A F ocr ¢’ oler K dim-0bj ¢'(UO))» «lim-0Obj ¢'(UArr))
by (rule assms(5))

from assms(3) have ¢ ¢ €, €(0bj)) and ¢ ¢’ €, €(0bj) by auto

note the-cf-rKe-ArrMap-app-impl’ =
the-cf-rKe-ArrMap-app-impl[ OF assms]
note the-f = thel [ OF the-cf-rKe-ArrMap-app-impl[ OF assms]]
note the-f-is-arr = the-f[ THEN conjunctl]
and the-f-commutes = the-f[ THEN conjunct2]

from assms(3) the-f-is-arr show
the-cf-rKe o T R lim-Obj(ArrMap))(g)) :
lim-0bj c(UObj|) =gy lim-0bj ¢'(UObj))
by
(
cs-concl cs-shallow
cs-simp: the-cf-rKe-ArrMap-app’ cs-intro: cat-cs-intros
)

moreover from assms(3) the-f-commutes show
lim-0Obj ¢c(UArr)) oxnTor-cF g alor R =
lim-0bj ¢'(UArr|) nToF
ntcf-const (¢’ Llor R) A (the-cf-rKe a T & lim-Obj(ArrMap))(g])
by
(
cs-concl cs-shallow
cs-simp: the-cf-rKe-ArrMap-app’ cs-intro: cat-cs-intros
)

ultimately show f = the-cf-rKe a T 8 lim-Obj(ArrMap])(g])
if f : lim-0bj c(UObj) g lim-Obj ¢'( UObj)
and lim-Obj c(UArr)) onror-cr g alcr R =
lim-0bj ¢'(UArr)) «nToF ntef-const (¢’ lop R) A f
by (metis that the-cf-rKe-ArrMap-app-impl’)

qed

lemma the-cf-rKe-ArrMap-is-arr'[ cat-Kan-cs-intros]:
assumes R : B oo €
and T : B »oq A
and g: c g ¢’
and lim-0bj c(UArr]) :
lim-0bj c(UObj) <cr.iim T ocr ¢ ollcr B:clor Rroa 2
and lim-0bj ¢'(UArr)) :
lim-0bj c'(UObj) <cr.tim T ocr ¢ o[ 1cr R: ¢ lop R »rca 2
and a = lim-0bj c(UObj)
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and b = lim-0bj ¢'(UObj))
shows the-cf-rKe o T R lim-Obj(ArrMap))(g)) : a =g b
unfolding assms(6,7) by (rule the-cf-rKe-ArrMap-app[ OF assms(1-5)])

lemma lim-Obj-the-cf-rKe-commute:
assumes R : B »>oq €
and T : B s A
and lim-0bj a(UArr]|) :
lim-0bj a(UObJ]) <cF.iim T ocr a o lcr R:a locr R=>—ca AU
and lim-0bj b(UArr|) :
lim-0bj b(UObJ)) <cr.tim T ocr b ollcr RB:blor R »Pcoa AU
and f:a ¢ b
and [a', b', f']o €& b lcF R(Obj)
shows
lim-Obj a(UArr)(NTMap|)(a’, b', f" oag fDe =
lim-0Obj b(UArr) (NTMap))(a’, b', f')e cag
the-cf-rKe oo T & lim-Obj( ArrMap))(f])
proof-

interpret £&: is-functor a B € & by (rule assms(1))
interpret T: is-functor a B A T by (rule assms(2))

note f = K. HomCod.cat-is-arrD[ OF assms(5)]

interpret lim-a: is-cat-limit
a<alorp B A F oor a ollor K (dim-0bj a(UObJ))» <lim-0bj a(UArr])>
by (rule assms(3))

interpret lim-b: is-cat-limit
a<blor B AF ocr b oller K <lim-0bj bQUObJ))» <lim-0bj b(UArr|)>
by (rule assms(4))

note f-app = the-cf-rKe-ArrMap-app[
where lim-Obj=lim-0bj, OF assms(1,2,5,3,4)
]

from f-app(2) have lim-a-fR-NTMap-app:
(lim-0bj a(UArr)) oxror-cr [ alcr R)(NTMap)(A]) =

lZm-Obj b(| UA’I“T’D *NTCF
nicf-const (b or R) A (the-cf-rKe a T & lim-Obj(ArrMap|)(f])
)(NTMap) (4)
if <A e b lor R(Obj))> for A
by simp
show
lim-0Obj a(UArr))(NTMap|)(a’, b', f" oag fDe =
lim-Obj b(UArr)(NTMap))(a’, b', f')e cag
the-cf-rKe a ¥ R lim-Obj(ArrMap))(f))
proof—
from assms(5,6) have a’-def: o’ = 0
and b b’ €, B(Obj)
and f" f': b »¢ R(ObiMap))(b')
by auto
show
lim-0bj a(UArr)(NTMap|)(a’, b', f" oag fe =
lim-0Obj b(UArr))(NTMap|)(a’, b, fDe cagy
the-cf-rKe o T & lim-Obj( ArrMap))(f])
using lim-a-f R-NTMap-app[ OF assms(6)] f’ assms(3-6)
unfolding a'-def
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by
(

cS-prems
cs-simp: cat-cs-simps cat-comma-cs-simps cat-Kan-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros cat-Kan-cs-intros

)
qed

qed

14.4.4 Natural transformation: natural transformation map

mk-VLambda the-ntcf-rKe-components(1)
|vsv the-ntef-rKe-NTMap-vsv| cat-Kan-cs-intros]

context
fixesaABECRT
assumes f: R : B —»>oq €
and T: T : B g A
begin

interpretation £: is-functor a B € R by (rule R)
interpretation ¥: is-functor a B 2A ¥ by (rule ¥)

mk-VLambda the-ntcf-rKe-components'(1)[ OF & T]
|vdomain the-ntcf-rKe-ObjMap-vdomain| cat-Kan-cs-simps]|
|app the-ntcf-rKe-ObjMap-impl-app| cat-Kan-cs-simps]|

end

14.4.5 The Kan extension is a Kan extension

lemma the-cf-rKe-is-functor:
assumes R : B »>gq €
and T : B »oq A
and Ac. ¢ & €(0bj)) = lim-0bj c(UArr]) :
lim-0bj c(UObj) <cr.iim T ocr c ol lcr R:clor Rrcoa A
shows the-cf-rKe a ¥ & lim-0bj : € »>oq A
proof-

let 2UO0bj = <\a. lim-0bj a(UObj|)»

let 2UArr = <Aa. lim-Obj a(UArr|)»

let Zconst-comma = <X\a b. cf-const (a Locp K) A (2UObj b)»
let ?the-cf-rKe = <the-cf-rKe a T R lim-0bj>

interpret £: is-functor a B € & by (rule assms(1))
interpret T: is-functor a B A T by (rule assms(2))

note [cat-lim-cs-intros] = is-cat-cone.cat-cone-obj

show %thesis
proof(intro is-functorl")

show vfsequence ?the-cf-rKe unfolding the-cf-rKe-def by simp
show wvcard ?the-cf-rKe = /N

unfolding the-cf-rKe-def by (simp add: nat-omega-simps)
show wvsv (2the-cf-rKe(ObjMap)))

by (cs-concl cs-shallow cs-intro: cat-Kan-cs-intros)

294



moreover show D, (?the-cf-rKe(ObjMap|)) = €(Obj))
by (cs-concl cs-shallow cs-simp: cat-Kan-cs-simps cs-intro: cat-cs-intros)
moreover show R, (?the-cf-rKe(ObjMap|)) <, 2A(Obj))
proof
(
intro the-cf-rKe-ObjMap-vrange;
(cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros) ?
)
fix ¢ assume c €, €(Obj)
with assms(3)[ OF this] show 2UObj ¢ €, 2A(Obj))
by (c¢s-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-lim-cs-intros)
qed
ultimately have [cat-Kan-cs-intros]:
Zthe-cf-rKe(|ObjMapl|)(c|) €, A(Obj]) if <c €, €(Obj])» for ¢
by (metis that vsubsetE vsv.vsv-value)

show ?the-cf-rKe(ArrMapl)(f)) :
?the-cf-rKe(|ObjMapl)(la]) —go ?the-cf-rKe(ObjMap|) (b))
iff:awgbforabf
using assms(2) that
by
(
cs-concl
cs-simp: cat-Kan-cs-simps
cs-intro: assms(8) cat-cs-intros cat-Kan-cs-intros
)
then have [cat-Kan-cs-intros): ?the-cf-rKe(ArrMap))(f]) : A —»o B
if A = ?the-cf-rKe(|ObjMap))(|al))
and B = ?the-cf-rKe(ObjMap]) (b))
and f:a ¢ b
for ABabf
by (simp add: that)

show
?the-cf-rKe(|ArrMap))(g oag f]) =
?the-cf-rKe(ArrMap|)(g)) cag ?the-cf-rKe(ArrMap))(f])
(is «7the-cf-rKe(ArrMap))(g cag f) = ?the-rKe-g o a9 ?the-rKe-f)
if g-is-arr: g : b »¢ c and f-is-arr: f:a—g bforbcgaf
proof-

let ?ntcf-const-c = <\f. ntcf-const (¢ lorp K) A f>

note g = 8. HomCod.cat-is-arrD[ OF that(1)]
and f = R.HomCod.cat-is-arrD[ OF that(2)]
note lim-a = assms(3)[OF f(2)]
and lim-b = assms(3)[ OF g(2)]
and lim-c = assms(3)[ OF g(3)]
from that have gf: g oag f:a ¢ ¢
by (c¢s-concl cs-shallow cs-intro: cat-cs-intros)

interpret lim-a: is-cat-limit
aalorp KB AT oop a ollor K 2UObj ay «2UArr a
by (rule lim-a)

interpret lim-c: is-cat-limit
acler B A<ZT oegp ¢ o lor K <2U0bj ¢ <Z2UArr o
by (rule lim-c)

show ?thesis
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proof
(
rule sym,
rule the-cf-rKe-ArrMap-app(3)[ OF assms(1,2) gf lim-a lim-c]
)

from assms(1,2) that lim-a lim-b lim-c show
?the-rKe-g o a9 ?the-rKe-f : 2UObj a =g 2UObj c
by
(
cs-concl
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-Kan-cs-intros

)

show
UArr a onror-cr (g oag f) alcr 8 =
UArr ¢ *nTcoF ?ntcf-const-c (Zthe-rKe-g o9 ?the-rKe-f)
(
is
¢
UArr a onror-cr (g oag f) alcr R =
SUArr ¢ syToF ?ntcf-const-c ?the-rKe-gf

)
proof(rule nicf-eql)
from that show
?UArr a onrer-cr (9 oag f) alcr R
cf-const (a Lor 8) A (PUObj a) ocp (g oag f) alcr & =cr
Tocraollcr Rocr ((goag f) alcr R) -
clecr Rrrcoa U
by (cs-concl cs-shallow cs-intro: cat-cs-intros cat-comma-cs-intros)
have [ cat-comma-cs-simps]:
Zconst-comma a a ocr (g oag f) alcr R = Pconst-comma c a
proof(rule cf-eql)
from g-is-arr f-is-arr show
Zconst-comma a a ocr (g oag f) alcr R:clor Roa AU

by
cs-concl
cs-simp: cat-comma-cs-simps cat-cs-simps
cs-intro:

cat-cs-intros cat-lim-cs-intros cat-comma-cs-intros

)

from g-is-arr f-is-arr show ?const-comma c a: ¢ lgp R »coa U

by
cs-concl
cs-simp: cat-comma-cs-simps cat-cs-simps
cs-intro:

cat-cs-intros cat-lim-cs-intros cat-comma-cs-intros
)
from g-is-arr f-is-arr have ObjMap-dom-Ihs:

D, ((?const-comma a a ocp (g oag f) alcr R)(ObjMap))) =
by

(

cs-concl
cs-simp: cat-comma-cs-simps cat-cs-simps
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cs-intro:
cat-comma-cs-intros cat-lim-cs-intros cat-cs-intros
)
from g-is-arr f-is-arr have ObjMap-dom-rhs:
D, (?const-comma ¢ a((ObjMap))) = ¢ Lcr K(Ob))
by (cs-concl cs-shallow cs-simp: cat-comma-cs-simps cat-cs-simps)

show
(const-comma a a ocp (g oag f) alcr R)(ObjMap)) =
Zconst-comma c a( ObjMap))
proof(rule vsv-eql, unfold ObjMap-dom-lhs ObjMap-dom-rhs)
from f-is-arr g-is-arr show
vsv ((Zconst-comma a a ocr (g oag f) alcr R)(ObjMapl)
by
(
cs-concl
cs-simp: cat-comma-cs-simps cat-cs-simps
cs-intro:
cat-cs-intros cat-lim-cs-intros cat-comma-cs-intros
)
fix A assume prems: A €, ¢ |cr R(Obj)
with g-is-arr obtain b’ f’
where A-def: A =10, b, f'],
and b" b’ ¢, B(O0bj)
and f" f': ¢ »¢ R(ObiMap])(b")
by auto
from prems b’ f' g-is-arr f-is-arr show
(Zconst-comma a a ocr (g oag f) alcr R)(ObjMap|)(A]) =
Zconst-comma ¢ a(|ObjMap|) (A
unfolding A-def

by
cs-concl
cs-simp: cat-comma-cs-simps cat-cs-simps
cs-intro:

cat-cs-intros cat-lim-cs-intros cat-comma-cs-intros

)

ged (cs-concl cs-shallow cs-intro: cat-cs-intros)

from g-is-arr f-is-arr have ArrMap-dom-Ihs:
D, ((?const-comma a a ocr (g oag f) alcr R)(ArrMap))) =
clcr .QQATT’D

by
cs-concl
cs-simp: cat-comma-cs-simps cat-cs-simps
cs-intro:

cat-comma-cs-intros cat-lim-cs-intros cat-cs-intros
)
from g-is-arr f-is-arr have ArrMap-dom-rhs:
D, (Zconst-comma c a|ArrMap))) = ¢ Lcr KR(Arr)
by (cs-concl cs-shallow cs-simp: cat-comma-cs-simps cat-cs-simps)

show
(const-comma a a ocp (g oag f) alcr R)(ArrMap)) =
Zconst-comma ¢ a(|ArrMap))
proof(rule vsv-eql, unfold ArrMap-dom-lhs ArrMap-dom-rhs)
from f-is-arr g-is-arr show
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vsv ((2const-comma a a ocr (g oag [) alcr 8)(ArrMap)))

by
cs-concl
cs-simp: cat-comma-cs-simps cat-cs-simps
cs-intro:

cat-cs-intros cat-lim-cs-intros cat-comma-cs-intros
)
fix F' assume F €, ¢ |op R(Arr)
then obtain A B where I: F': A, | . g B
unfolding cat-comma-cs-simps by (auto intro: is-arrl)
with g-is-arr obtain b’ f' b f'" b’
where F-def: F = [[0, b', f']o, [0, b", f"]o, [0, h']o]o
and A-def: A =1[0,0b, f'],
and B-def: B =0, b", f"]o
and b h': b >y b
and f" f': ¢ »¢ R(ObiMap])(d")
and f'" f"": ¢ =g R(ObjMap)) (0"
and f""-def: R(ArrMap))(h') cag f' = f"
by auto
from F f-is-arr g-is-arr ¢’ b’ f' f" show
(Zconst-comma a a ocp (g oag f) alcr R)(ArrMap))(F|) =
Zconst-comma ¢ a(|ArrMap))(F))
unfolding F-def A-def B-def

by
cs-concl
cs-intro:
cat-lim-cs-intros cat-cs-intros cat-comma-cs-intros
cs-simp:

cat-cs-simps cat-comma-cs-simps f''-def[ symmetric)
)
ged (cs-concl cs-shallow cs-intro: cat-cs-intros)
qed simp-all

from that show
2UArr ¢ sNTOoF ?ntcf-const-c ?the-rKe-gf :
cf-const (a lor R) A (?UOb) a) ocr (g oag f) alor R =corF
Tocr aollecr Rocr ((goag f) aler B) ¢
clor Rrroa 2

by
cs-concl
cs-simp: cat-Kan-cs-simps cat-comma-cs-simps cat-cs-simps
cs-intro:

cat-lim-cs-intros
cat-comma-cs-intros
cat-Kan-cs-intros
cat-cs-intros
)
from that have dom-lhs:
D, ((?UArr a onrer-cr (9 oag f) aler R)(NTMap)) = ¢ Lo R(O0bj)
by
(
cs-concl cs-shallow
cs-intro: cat-cs-intros cat-comma-cs-intros
cs-simp: cat-cs-simps cat-comma-cs-simps

)
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from that have dom-rhs:
D, ((?UArr ¢ snTcF ?ntcf-const-c ?the-rKe-gf ) (NTMap)|)) =
¢ lor R(0bj)
by
(
cs-concl
cs-intro: cat-cs-intros cat-Kan-cs-intros cat-comma-cs-intros
cs-simp: cat-Kan-cs-simps cat-cs-simps cat-comma-cs-simps
)
show
(?UArr a onror-cr (9 oag f) aler 8)(NTMap) =
(?UArr ¢ snror ?ntcf-const-c ?the-rKe-gf ) (NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix A assume prems: A €, ¢ \cr K(O0b)))
with g-is-arr obtain b’ f’
where A-def: A =1[0,b', f']o
and b" b’ €, B(Obj)
and f" f': ¢ »¢ R(ObiMap))(d')
by auto
note T. HomCod.cat-Comp-assoc| cat-cs-simps del]
and K. HomCod.cat-Comp-assoc| cat-cs-simps del]
and category.cat-Comp-assoc| cat-cs-simps del]
note [symmetric, cat-cs-simps] =
lim-Obj-the-cf-rKe-commute[where lim-Obj=lim-Obj]
RKR.HomCod.cat-Comp-assoc
T.HomCod.cat-Comp-assoc
from assms(1,2) that prems lim-a lim-b lim-c b’ f' show
(?UArr a onror-cr (g oag f) alor 8)(NTMap)) (A =
(?UArr ¢ snToF ?ntcf-const-¢ ?the-rKe-gf ) (NTMapl|) (A))
unfolding A-def
by
(
cs-concl
cs-simp:
cat-cs-simps cat-Kan-cs-simps cat-comma-cs-simps
cs-intro:
cat-cs-intros cat-Kan-cs-intros cat-comma-cs-intros
)+
qed (cs-concl cs-simp: cs-intro: cat-cs-intros)+
qed simp-all
qed
qed

show ?the-cf-rKe(|ArrMap))(€(CILd)(c)) = A(CId])( ?the-cf-rKe( ObjMap))(c))
if ¢ €, €(Obj)) for ¢

proof—
let ?ntcf-const-c = «nitcf-const (¢ Lor 8) A (A(CILA)(2UO] c]))»
note lim-c = assms(3)[ OF that]

from that have Cld-c: €(CId|)(c) : ¢ =¢ c
by (cs-concl cs-shallow cs-intro: cat-cs-intros)

interpret lim-c: is-cat-limit

a<cler B AT oogp ¢ o lor K <2U0bj ¢ <2UATr ¢
by (rule lim-c)
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show ?thesis
proof
(
rule sym,
rule the-cf-rKe-ArrMap-app(3)[
where lim-0bj=lim-0Obj, OF assms(1,2) CId-c lim-c lim-c
]
)
from that lim-c show
2A( CId)) (| ?the-cf-rKe( ObiMap|) (c])]) : ?UObj ¢ —g 2UObj c
by
(
cs-concl cs-shallow
cs-simp: cat-Kan-cs-simps
cs-intro: cat-cs-intros cat-lim-cs-intros
)
have ?UArr c oxyror-cr (€(CIA)(c) alcr B = 2UArr ¢ -nTcoF ?ntcf-const-c
proof(rule nicf-eql)
from lim-c that show
UArr c ONTCF-CF (QGCIquCD) Alcr R
cf-const (¢ Ler R) A (2UObj ¢) ocp (C(CIA)(c]) alcr R —cr
Tocr coller Rocr (C(CIA)(c)) alor 8-
clcr Rrrcoa U
by (cs-concl cs-shallow cs-intro: cat-cs-intros cat-comma-cs-intros)
from lim-c that show
2UArr ¢ sNTOF ?ntcf-const-c :
cf-const (¢ Lor R) A (2UOb) ¢) ocr (€(CIA)(c]) alcr R —cF
Tocr ¢ oller Rocr (C(CIA)(c)) alcr R:
clor Roa 2
by
(
cs-concl
cs-intro: cat-cs-intros
cs-simp: R.cf-arr-cf-comma-CId cat-cs-simps
cs-intro: cat-lim-cs-intros
)
from that have dom-Ilhs:
Do ((?UAT’I" CONTCF-CF (Q:(|CICZD(]CD) AJ(CF ﬁ)(|NTMapD) =cC lC’F ﬁqObjD
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros

)

from that have dom-rhs:
D, ((?UArr ¢ sNToF ?nicf-const-¢)(NTMap)) = ¢ Lcr K(Obj)
by
(
cs-concl
cs-intro: cat-lim-cs-intros cat-cs-intros
cs-simp: cat-cs-simps
)
show
(?UArr c oxrer-cr (€(CIA)(c)) alcr R)(NTMap)) =
(?UArr ¢ snToF ?ntef-const-¢)(NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix A assume prems: A €, ¢ |cr R(0bj)
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with that obtain b f
where A-def: A = [0, b, f]o
and b: b €, B(O0bj)
and f: f: ¢ =g R(ObjMap|) (b))
by auto
from that prems f have
2UArr c(NTMap))(0, b, f)e : 2UObj ¢ —g T(ObjMapl) (b))
unfolding A-def
by
(
cs-concl
cs-simp: cat-cs-simps cat-comma-cs-simps
cs-intro: cat-comma-cs-intros cat-cs-intros
)
from that prems f show
(?UArr c oyrorp-cr (€(CLA)(c)) alcr R)(NTMap)(A) =
(?UArr ¢ snror ?ntef-const-c¢) (NTMapl) (| A)
unfolding A-def

by
cs-concl
cs-simp: cat-cs-simps cat-comma-cs-simps
cs-intro:

cat-lim-cs-intros cat-comma-cs-intros cat-cs-intros
)
qged (cs-concl cs-intro: cat-cs-intros)
qed simp-all

with that show
?UArr c oyrcr-cr (€(CId)(c)) alcr & =
2UArr ¢ »NyTor nitcf-const (¢ Lor R) A (A(CId) (| ?the-cf-rKe(ObjMap))(c])))
by
(
cs-concl cs-shallow
cs-simp: cat-Kan-cs-simps cs-intro: cat-cs-intros

)

qed
qed

qed
cs-concl
cs-simp: cat-Kan-cs-simps cs-intro: cat-cs-intros cat-Kan-cs-intros

)+
qed

lemma the-cf-IKe-is-functor:
assumes R : B oo €
and T : B »oq A
and Ac. ¢ € €(0bj]) = lim-0bj c(UArr)) :
Tocr R crllo € >0F.colim lim-0bj c(UObj)) : R ¢pl ¢ »—ca A
shows the-cf-IKe a T R lim-0bj : € =g A
proof-
interpret 8&: is-functor a B € & by (rule assms(1))
interpret T: is-functor a B A T by (rule assms(2))
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{

fix ¢ assume prems: ¢ €, €(0bj)
from assms(3)[ OF this] have lim-O0bj-UArr: lim-0bj ¢c(UArr)) :
Tocr R crllo ¢ >cF.cotim lim-0bj c(UOb)|) : R crl ¢ »—ca .
then interpret lim-Obj-c: is-cat-colimit
a R opl o AF ocr & crllo o «lim-0bj c(UOb)|)> <lim-Obj c(UArr|)»
by simp
note op-ua- UArr-is-cat-limit'[
where lim-O0bj=lim-Obj, OF assms(1,2) prems lim-Obj-UArr
]
}
note the-cf-rKe-is-functor = the-cf-rKe-is-functor
[
OF R.is-functor-op ¥.is-functor-op,
unfolded cat-op-simps,
where lim-Obj=<op-ua lim-0bj R,
unfolded cat-op-simps,
OF this,
simplified,
folded the-cf-IKe-def
]
show the-cf-IKe o T R lim-0bj : € > A
by
(
rule is-functor.is-functor-op
[
OF the-cf-rKe-is-functor,
folded the-cf-IKe-def,
unfolded cat-op-simps
]

)
qed

lemma the-ntcf-rKe-is-ntcf:
assumes R : B »gq €
and T : B »>oq A
and Ac. ¢ & €(0bj)) = lim-0bj c(UArr)) :
lim-0bj c(UObJ) <cr.1im T ocr ¢ ol lcr R:clorp Rroa 2
shows the-ntcf-rKe a T R lim-0bj :
the-cf-rKe a ¥ R lim-Obj ocp KR —cp T :B oo A
proof-

let 2UObj = \a. lim-Obj a(UObj))

let ?UArr = <Xa. lim-0bj a(UArr|)»

let ?const-comma = <\a b. cf-const (a Lcr K) A (?UOb] b))
let ?the-cf-rKe = <the-cf-rKe a T R lim-Obj»

let ?the-ntcf-rKe = <the-ntcf-rKe a T K lim-Obj»

interpret £ is-functor a B € R by (rule assms(1))
interpret T: is-functor a B A T by (rule assms(2))
interpret cf-rKe: is-functor a € A < ?the-cf-rKe»

by (rule the-cf-rKe-is-functor[ OF assms, simplified])

show ?thesis
proof(rule is-ntcfl’)
show vfsequence ?the-ntcf-rKe unfolding the-ntcf-rKe-def by simp
show wvcard ?the-ntcf-rKe = 5
unfolding the-ntcf-rKe-def by (simp add: nat-omega-simps)
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show ?the-ntcf-rKe(NTMapl) (b)) :
(#the-cf-rKe o R)(|ObjMap)(b) g T(ObjMap)(b)
if b e, B(Obj) for b
proof—
let 2Rb = <R(ObiMap]) (b))
from that have Rb: R(ObjMap)) (b)) €. €(0bj)
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
note lim-Rb = assms(3)[ OF Rb]
interpret lim-Rb: is-cat-limit
a PRb lop B AT oop 2Rb ol lor R <2U0bj ?Rby «?2UArr ?Rb>
by (rule lim-8b)
from that lim-Rb show ?thesis
by
(
cs-concl
cs-simp: cat-cs-simps cat-comma-cs-simps cat-Kan-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros cat-Kan-cs-intros
)+
qged
show
?the-ntcf-rKe(NTMap))(b]) cag (?the-cf-rKe ocp R)(ArrMap)(f]) =
T(ArrMap))(f]) cag ?the-ntcf-rKe(NTMapl)(al)
iff:a»ygbforabdf
proof-
let ?Ra = <R(ObjMap|)(al)> and ?Rb = <R(ObjMap))(b])> and ?Rf = <R(ArrMap))(f])>
from that have Ra: ?Ra €, €(Obj)
and Rb: 2Rb €, €(Obj)
and &f: 2Rf : ?Ra —g¢ R
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)+
note lim-Ra = assms(3)[ OF Ra]
and lim-Rb = assms(3)[ OF Kb]
from that have z-b-8b: [0, b, €(CId)(?8b)]s €o ?8b | cr £(Obj)
by (cs-concl cs-intro: cat-cs-intros cat-comma-cs-intros)
from
lim-Obj-the-cf-rKe-commute[
OF assms(1,2) lim-Ra lim-8b Rf z-b-Rb, symmetric
]
that
have [cat-Kan-cs-simps]:
2UArr 2Rb(NTMap))(0, b, €(CId)(?R0b])))e cag ?the-cf-rKe(ArrMap))(?8f]) =
2UArr 2Ra(NTMap|) (0, b, ?Rf].
by (cs-prems cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
interpret lim-Ka: is-cat-limit
a (?Ra lor B AT oor 2Ra ol 1or R <2U0bj ?Ray <?UArr ?Ray
by (rule lim-Ra)
interpret lim-Rb: is-cat-limit
a PRb Lo R AT oop 2Rb ol lor R <2U0bj 2Rby «?2UArr ?Rb>
by (rule lim-Rb)
note lim-Ra.cat-cone-Comp-commute| cat-cs-simps del]
note lim-Rb.cat-cone-Comp-commute] cat-cs-simps del)
from that have
([0, a, €(CLd)(?Ra]]o, [0, b, ?8f]o, [0, flo]o :
[0, a, €(CId)(?Ra)]. ™ (%8a) lor R [0, b, ?Rf]o
by
(
cs-concl
cs-simp: cat-cs-simps cat-comma-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros
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)

from lim-Ra.ntcf-Comp-commute[ OF this, symmetric] that
have [cat-Kan-cs-simps]:
T(ArrMap))(f]) cag ?UArr (2Ra)(NTMap) (0, a, €(CId)(?Ra))). =
2UArr 2Ra(NTMap))(0, b, 2Rf])
by
(
cs-prems
cs-simp: cat-cs-simps cat-comma-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros cat-1-is-arrl
)
from that show ?thesis
by
(
cs-concl
cs-simp: cat-cs-simps cat-Kan-cs-simps cs-intro: cat-cs-intros
)

qed
qged
cs-concl
cs-simp: cat-Kan-cs-simps cs-intro: cat-cs-intros cat-Kan-cs-intros

)+
qed

lemma the-ntcf-1Ke-is-ntcf:
assumes R : B »>oq €
and T: B »oq A
and Ac. ¢ & €(Obj)) = lim-0bj c(UArr)) :
Tocr R crllo ¢ >cF.cotim lim-0bj c(UObJ) : R cpl ¢ »—>ca A
shows the-ntcf-IKe a T R lim-Obj :
T —»op the-cf-lIKe a T R lim-0bj ocp R: B »>coq A
proof-
interpret £: is-functor a B € & by (rule assms(1))
interpret T: is-functor a B A T by (rule assms(2))
{
fix ¢ assume prems: ¢ €, €(0bj)
from assms(8)[ OF this] have lim-Obj-UArr: lim-Obj c¢(UArr]) :
Toor R crllo ¢ >0F.cotim lim-0bj c(UObJ)) : R crl ¢ =»—ca A
then interpret lim-Obj-c: is-cat-colimit
a<R orl o A ocp R crlo o dim-0bj c(UObj)» <lim-0bj c(UArr))
by simp
note op-ua- UArr-is-cat-limit'|
where lim-O0bj=lim-Obj, OF assms(1,2) prems lim-Obj-UArr
]
}
note the-ntcf-rKe-is-ntcf = the-ntcf-rKe-is-ntcf
[
OF R.is-functor-op .is-functor-op,
unfolded cat-op-simps,
where lim-Obj=<op-ua lim-0bj R,
unfolded cat-op-simps,
OF this,
simplified
]
show the-ntcf-lKe a ¥ R lim-0bj :
T —»op the-cf-lKe a T R lim-0bj ocp R: B o A
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by
(
rule is-ntcf.is-ntcf-op
[
OF the-ntcf-rKe-is-ntcf,
unfolded cat-op-simps,
folded the-cf-IKe-def the-ntcf-IKe-def
]

)
qed

lemma the-ntcf-rKe-is-cat-rKe:
assumes R : B »oq €
and T : B »oq A
and Ac. ¢ & €(Obj)) = lim-0bj c(UArr)) :
lim-0bj c(UObJ) <cp.1im T ocr ¢ ol lcr R:clop Roa 2
shows the-ntcf-rKe a T K lim-0bj :
the-cf-rKe a ¥ R lim-0Obj ocr R ~cr.rkea T :B »c € A
proof-

let 2U0bj = <\a. lim-0bj a(UObj|)»

let ?UArr = <Aa. lim-0bj a(UArr|)»

let ?the-cf-rKe = (the-cf-rKe a T & lim-Obj»

let ?the-ntcf-rKe = <the-ntcf-rKe a ¥ K lim-Obj»

interpret £ is-functor a B € R by (rule assms(1))
interpret T: is-functor a B A T by (rule assms(2))
interpret cf-rKe: is-functor a € 2 ?the-cf-rKe
by (rule the-cf-rKe-is-functor[ OF assms, simplified])
interpret ntcf-rKe: is-ntcf a B A «?the-cf-rKe ogp R T ?the-ntcf-rKe
by (intro the-ntcf-rKe-is-nicf assms(3))
(cs-concl cs-shallow cs-intro: cat-cs-intros)+

show ?thesis
proof(rule is-cat-rKel")

fix & ¢ assume prems:
G:CrroanAe:Bocr ARrer T B oo A

interpret &: is-functor a € A & by (rule prems(1))
interpret ¢: is-nicf a B A& ogp K T e by (rule prems(2))

define ¢’ where ¢’ ¢ =

[
(AMeoc Lor R(Obj). e(NTMap)(A(IN) 0ag &(ArrMap))(A(2n])),
cf-const (¢ {or R) A (8(0bjiMap))(c))),
T ocr collcr f,
clor &,
A

1o

for ¢

have ¢’-components:
e' ¢(NTMap)) = (Meoc Lcr R(Ob)). e(NTMap) (A(In)) cag S(ArrMap])(A(2n]])
e’ ¢c(NTDom)) = cf-const (¢ Lo R) A (&(0biMap|)(c)))
' ¢(NTCod]) =T ocp ¢ ol lcr R
e ¢((NTDGDom|) = ¢ lcr &
e ¢(NTDGCod)) = 2
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for ¢
unfolding ¢’-def nt-field-simps by (simp-all add: nat-omega-simps)
note [cat-Kan-cs-simps] = €’-components(2-5)
have [cat-Kan-cs-simps]: €' ¢(NTMap))(A]) = e(NTMap))(b) cagy &(ArrMap))(f)
if A=[a, b, flo and [a, b, flo €& ¢ locr R(Obj) for A a b c f
using that unfolding e’-components by (auto simp: nat-omega-simps)

have ¢ ¢’ ¢ : 8(0bjMap|)(c|) <cF.cone T ocr ¢ ollcr B:clor Brcoa A
and e’-unique: I1f".
' 8(0bjMap))(c)) —o 2UOb] ¢ A
e’ ¢ = 2UArr ¢ -nToF ntcf-const (¢ lop R) A f/
if ¢: ¢ €5 €(0bj)) for ¢
proof-
from that have ?the-cf-rKe(|ObjMap|)(c]) = 2UObj ¢
by
(
cs-concl cs-shallow
cs-simp: cat-Kan-cs-simps cs-intro: cat-cs-intros
)

interpret lim-c: is-cat-limit
acler B A<FT ocp ¢ o lor K <2U0bj ¢ «2UArr o
by (rule assms(3)[ OF that])
show ¢’ ¢ : 8(0bjMap))(c) <cF.cone T ocr ¢ ol lcr R:clor & o A
proof(intro is-cat-conel is-ntcfI’)
show ufsequence (¢’ ¢) unfolding e’-def by simp
show wvcard (¢’ ¢) = 5y unfolding e’-def by (simp add: nat-omega-simps)
show vsv (¢’ ¢(NTMap))) unfolding e’-components by simp
show D, (¢’ ¢c(NTMap))) = ¢ | cr £(0bj]) unfolding &’-components by simp
show ¢’ ¢(NTMap|)(A) :
cf-const (¢ {or R) A (&(0biMap))(c)))(ObjMap)) (A]) g
(T ocr ¢ ollcr K)(0biMap))(A)
if A e clor R(00bj) for A
proof—
from that prems ¢ obtain b f
where A-def: A = [0, b, f]o
and b: b €, B(0bj)
and f: f: ¢ =g R(ObjMap])(d)
by auto
from that prems f ¢ that b f show ?thesis
unfolding A-def
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-Kan-cs-simps cat-comma-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros

)
qged
show
e ¢(NTMap))(B]) oag cf-const (¢ ler R) A (B(0biMap|)(c))(ArrMap))(F)) =
(Tocr ¢ olMer R)(ArrMap)(F)) oag e’ c(NTMap])(A)
itF:Aw. . qaBfor ABF
proof-—
from that ¢
obtain b fb' f' k
where F-def: F = [[0, b, flo, [0, b, f']o, [0, k]o]o
and A-def: A = [0, b, f].
and B-def: B = [0, V', f']o
and k: k: b gy b
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and f: f : ¢ =g R(ObjMap))(b)
and f" f": ¢ =g R(ObjMap))(b')
and f'-def: R(ArrMap))(k) oag f = f'
by auto
from c that k f f' show ?thesis
unfolding F-def A-def B-def
by
(
cs-concl
cs-simp:
cat-cs-simps
cat-comma-cs-simps
cat-Kan-cs-simps
e.ntcf-Comp-commute’’
f'-def[ symmetric]
cs-intro: cat-cs-intros cat-comma-cs-intros
)
qed
qed
(
use ¢ that in
<cs-concl cs-simp: cat-Kan-cs-simps cs-intro: cat-cs-introsy
)+
from is-cat-limit. cat-lim-ua-fo[ OF assms(3)[ OF that] this] show
I
' 8(0bjMap))(c)) —o 2UOb] ¢ A
e’ ¢ = ?UArr ¢ -nToF nicf-const (¢ lor R) A [/
by simp
qed

define o :: V where

O' =
[
(
Ace,€(Obj). THE f.
[+ &(0bjiMap))(c) —o 2UObj ¢ A
e’ ¢ = 2UArr ¢ y7oF ntcf-const (¢ lor R) A f
)
8,
?the-cf-rKe,
¢,
A
Jo
have o-components:
o(NTMap)) =
(
Ace,€(0bj)). THE f.
[ &(0bjMap))(c) =g ?UOb] ¢ A
e’ ¢ = 2UArr ¢ -yToF ntef-const (¢ Lor R) A f
)

o(NTDom)) = &

o(NTCod|) = ?the-cf-rKe

o(NTDGDom)) = €

o(NTDGCod)) = 2

unfolding o-def ni-field-simps by (simp-all add: nat-omega-simps)

note [cat-Kan-cs-simps] = o-components(2-5)
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have o-NTMap-app-def: o(NTMapl)(c)) =
(
THE f.
[ &(0bjMap))(c) —o 2UOb] ¢ A
e’ ¢ = ?UArr ¢ -nToF nicf-const (¢ lop R) A [

if ¢ €, €(Obj)) for ¢
using that unfolding o-components by simp

have o-NTMap-app-is-arr: o((NTMap|)(c) : &(ObiMap))(c) g ?UObj ¢
and e’-0-commute:
e’ ¢ = 2UArr ¢ -nToF ntef-const (¢ lor ) A (c(NTMap))(c))
and o-NTMap-app-unique:

[+ &(0bjMap))(c)) =g ?2UOb] c;
e’ ¢ = ?UArr ¢ -NToF nicf-const (¢ lop R) A f
] = f = o(NTMap)(c)
if ¢ ¢ €, €(0bj) for ¢ f
proof—
have
o(NTMap))(c) : 8(ObiMap))(c)) g ?UObj ¢ A
e’ ¢ = ?UArr ¢ -nToF ntef-const (¢ lor R) A (c(NTMap))(c))
by
(
cs-concl cs-shallow
cs-simp: cat-Kan-cs-simps o-NTMap-app-def
cs-intro: thel’ ¢’-unique that
)
then show o (NTMap|)(c)) : &(ObiMap|)(c) g UOb] c
and €’ ¢ = ?UArr ¢ -yrcF nicf-const (¢ Lop R) A (c(NTMap))(c))
by simp-all
with ¢ e’-unique[ OF ¢] show f = o(NTMap))(c|
if £ : &(ObjMap)(c) g ?UOb] c
and ¢’ ¢ = ?UArr ¢ -yToF ntcf-const (¢ {or R) A f
using that by metis
qed

have o-NTMap-app-is-arr'[ cat-Kan-cs-intros]: o((NTMap))(c|) : a =g b
if ¢ e, €(0bj)
and a = &(0bjMap))(|c)
and b = 2U0bj ¢
and A’ =2
for A" a b c
by (simp add: that o-NTMap-app-is-arr)

have ¢-NTMap-app-def:
e’ ¢(NTMap)) (4] =
(?UArr ¢ snTcF ntef-const (¢ Lor R) A (c(NTMap))(c))(NTMap|)(A)
if Ae clor R(00bj) and ¢ e, €(0bj)) for A ¢
using e’-o-commute[ OF that(2)] by simp
have ¢b-6f:
e(NTMap)(b) o9y S ArrMa)(f) =
UArr ¢c(NTMap|)(a, b, f))e cag o(NTMap|)(c)
if A=1Ja, b, flo and A & ¢ lcr £(0bj) and c¢ e, €(Obj)
for Aabcf
proof-—
interpret lim-c: is-cat-limit
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acler B A<FT ocp ¢ o lor K <2U0bj ¢ <2UArr o
by (rule assms(3)[ OF that(3)])
from that have b: b €, B(O0bj) and f: f : ¢ =g R(ObjMap|) (b))
by blast+
show
e(NTMap|) (b)) cag B(ArrMap))(f]) =
?UAr o(NTMap)(a, b, e o9 o(NTMap)(c)
using e’-NTMap-app-def[ OF that(2,3)] that(2,3)
unfolding that(1)
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cat-Kan-cs-simps
cs-intro: cat-cs-intros cat-Kan-cs-intros

)
qed

show 3lo.

0:8 —»op %the-cf-rKe: € »>gg A A

g = ?the—ntcf—rKe ‘NTCF (O' ONTCF-CF .Q)
proof(intro ex1I[where a=c] conjl; (elim conjE)?)

define 7 where 7 a b f =

[
(
/\FEob 'LCF ﬁ(lOb]D
UArr b((NTMap))(F)) oag o(NTMap|) (b)) cag &(ArrMap))(f]
)s
cf-const (b Lor R) A (&(ObjMap))(al)),
Tocr b ollcor &,
blcr &,
A
1o
for a b f

have 7-components:
7 ab f(NTMap|) =

AFe.b | or R(Obj).
UArr b((NTMap))(F|)) oag o(NTMap|)(b]) oag &(ArrMap])(f]
)
7 a b f(NTDom|) = cf-const (b lcr K) A (&(ObjMap])(al))
T Q bquTCOdD =% OCF b OHCF R
7 ab f(NTDGDom|) = b lcr R
T abf(NTDGCod)) = A
for a b f
unfolding 7-def nt-field-simps by (simp-all add: nat-omega-simps)
note [cat-Kan-cs-simps] = T-components(2-5)
have 7-NTMap-app[ cat-Kan-cs-simps]:
T ab f(NTMap)(F) =
2UArr b((NTMap))(F|) oag c(NTMap])(b]) cag &(ArrMap))(f)
if Feo blor R(Obj) for a b fF
using that unfolding 7-components by auto

have m: 7 a b f:
&(0bjMap))(a)) <cF.cone T ocr b olMer R:blor Rrcoa A
if f-is-arr: f:a g bfor ad f

proof-
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note f = K. HomCod.cat-is-arrD[ OF that]
note lim-a = assms(3)[OF f(2)] and lim-b = assms(3)[OF f(3)]

interpret lim-b: is-cat-limit
ablor B A F ogr b ollcr K «2UObj by «2UArr by
by (rule lim-b)

note lim-b. cat-cone-Comp-commute| cat-cs-simps del]
from f have a: a €, €(0bj]) and b: b €, €(0bj]) by auto

show ?thesis
proof(intro is-cat-conel is-ntcfI")

show ufsequence (7 a b f) unfolding 7-def by simp
show vcard (1 a b f) = 5N
unfolding 7-def by (simp add: nat-omega-simps)
show vsv (7 a b f(NTMap|)) unfolding 7-components by auto
show D, (1 a b f(NTMap))) = b lcr R(0bj)) by (auto simp: T-components)
show 7 a b f(NTMap)) (A :
cf-const (b Lcp R) A (&(ObjMap))(al))(ObjMap)) (A]) g
(Tocr b ollor K)(0biMap))(A]
if Ae blor R(O0bj) for A
proof-—
from that f-is-arr obtain b’ f’
where A-def: A =1[0,b', f'],
and b" b’ ¢, B(Obj)
and f" f': b »¢ R(ObiMap))(b")
by auto
from f-is-arr that b' f’ a b show ?thesis
unfolding A-def
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-comma-cs-simps cat-Kan-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros cat-Kan-cs-intros
)
qed
show
7 ab f(NTMap)(B)) oag
cf-const (b Lor R) A (&(0bjMap))(a)))(ArrMap))(F)) =
(T OCF b Ol_l CF ﬁ)(IATTMapD(IFD CAY T G b f(INTMCLpD(IAD
itF:Avwy . qaBfor ABF
proof-
from that have F: F: Ay | a B
by (auto intro: is-arrl)
with f-is-arr obtain b’ f' "' f'' b’
where F-def: F = [[Oa b, f,]ov [07 b, f,,]ov [Oa hl]o]o
and A-def: A =10, b, f']o
and B-def: B = [0, b, f"],
and h" h': b ey b
and f" f': b »¢ R(0biMap))(d')
and f" "+ b g £(ObjMap)(b”)
and f"-def: R(ArrMap))(h') oag f' = f"
by auto
from
lim-b.ntcf-Comp-commute[ OF that]
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that f-is-arr g' b’ f' f"
have [cat-Kan-cs-simps]:
?UArr b((NTMap|)(0, b", R(ArrMap)(h') cag [De
T(ArrMap))(h') cag ?UArr b((NTMap))(0, b', f'De
unfolding F-def A-def B-def
by
(
cs-prems
cs-simp:
cat-cs-simps cat-comma-cs-simps f''-def[ symmetric]
cs-intro: cat-cs-intros cat-comma-cs-intros

)
from f-is-arr that g’ h' f' f" show ?thesis
unfolding F-def A-def B-def
by
(
cs-concl
cs-simp:
cat-cs-stmps
cat-Kan-cs-simps
cat-comma-cs-simps
1"-def[ symmetric]
cs-intro:

)+

qed

cat-cs-intros cat-Kan-cs-intros cat-comma-cs-intros

qed
(
use that f-is-arr in
¢
cs-concl

cs-simp: cat-cs-simps cat-Kan-cs-simps cs-intro: cat-cs-intros
»

)+
qed

show o: 0 : & »cop ?the-cf-rKe : € »—>cq AU
proof(rule is-ntcfI")

show vfsequence o unfolding o-def by simp
show wvcard o = 5 unfolding o-def by (simp add: nat-omega-simps)
show vsv (¢(NTMap|)) unfolding o-components by auto
show D, (c(NTMap))) = €(0bj]) unfolding o-components by simp
show o (NTMap|)(al) : &(ObjMap))(a)) —g ?the-cf-rKe(ObjMapl)(al)
if a ¢, €(0bj)) for a
using that
by
(
cs-concl
cs-simp: cat-cs-simps cat-Kan-cs-simps
cs-intro: cat-cs-intros cat-Kan-cs-intros

)

then have [cat-Kan-cs-intros): o(NTMap|)(al) : b~y ¢
if a €, €(0bj)
and b = &(0bjMap))(al)
and ¢ = ?the-cf-rKe(|ObjMap))(al)
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for a b c
using that(1) unfolding that(2,3) by simp

show
o(NTMap|) (b)) cag B(ArrMap))(f]) =
?the-cf-rKe(|ArrMap))(f]) cag o(NTMap)(al
if f-is-arr: f :a —»g bfor a b f
proof-

note f = R. HomCod.cat-is-arrD[ OF that]
note lim-a = assms(3)[OF f(2)] and lim-b = assms(3)[OF f(3)]

interpret lim-a: is-cat-limit
a<alorp B A <Zoor a ol ler K «2UObj ar» «2UArr ay
by (rule lim-a)

interpret lim-b: is-cat-limit
ahler B AT ocr b ol lcr K <200bj by <2UArr b
by (rule lim-b)

from f have a: a €, €(Obj)) and b: b €, €(0bj]) by auto

from lim-b.cat-lim-unique-cone’[ OF 7[ OF that]] obtain ¢’
where ¢" g': &(0biMap))(a)) —o ?UObj b
and 7-NTMap-app: NA. A & (b Lcr R(Obj)) =
T a b f(NTMap))(A]) = ?UArr b((NTMap))(A]) cag g’
and g'-unique: Ag"'.

g"": (0bjMap|)(a) —g ?UOb] b
AA. A e, b lop R(Obj) =
7 a b f(NTMap))(A]) = 2UArr b((NTMap|)(A]) cag 9"
l=y9"=4
by metis

have lim-Obj-a-f R symmetric, cat-Kan-cs-simps]:
?UArr a(NTMap|)(a', b, f' oag fhe =
2UArr b((NTMap|)(A]) oagy ?the-cf-rKe(ArrMapl)(f])
if A=[a’ b, foand A e blcr &(Obj) for A a’ b’ f'
proof-—
from that(2) f-is-arr have a’-def: o’ = 0
and b" b’ €, B(O0bj)
and f" f': b »¢ R(ObiMap])(b")
unfolding that(1) by auto
show ?thesis
unfolding that(1)
by
(
rule
lim- Obj-the-cf-rKe-commute
[
where lim-Obj=lim-Obj,
OF
assms(1,2)
lim-a
lim-b
f-is-arr
that(2)[unfolded that(1)]
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qed
{
fixa' b f' A
note T.HomCod.cat-assoc-helper|
where h=<?UArr b(NTMap|)(a’,b’.f ) e>
and g=«?the-cf-rKe(ArrMap)|)(f])>
and ¢=«?UArr a(NTMap))(a', b', f" oag f)e>
]
}
note [cat-Kan-cs-simps] = this
show ?thesis
proof(rule trans-sym[where s=g¢'])
show o (NTMap|) (b)) oagy &(ArrMap)(f]) = ¢’
proof(rule g'-unique)
from that show
o(NTMap|) (b)) oagy &(ArrMap))(f]) : &(ObiMap|)(al) —o 2UOb; b
by (cs-concl cs-intro: cat-cs-intros cat-Kan-cs-intros)
fix A assume prems” A €, b |cp R(Obj)
with f-is-arr obtain b’ f’
where A-def: A = [0, b, f'],
and b" b’ €, B(Obj)
and [ /7 b org R(ObMap) (b
by auto
from f-is-arr prems’ show
7 ab f(NTMap))(A]) =
2UArr b((NTMap))(A]) cag (c(NTMap))(b]) oag &(ArrMap))(f])
unfolding A-def

by
cs-concl
cs-simp: cat-cs-simps cat-Kan-cs-simps
cs-intro: cat-cs-intros cat-Kan-cs-intros
qged

show ?the-cf-rKe(ArrMap|)(f]) cag o(NTMap))(al) = g’
proof(rule g'-unique)
fix A assume prems”: A €, b |cr £(00bj)
with f-is-arr obtain b’ f'
where A-def: A = [0, b, f'],
and b b’ €, B(0bj)
and f" f': b »g R(ObMap))(d')
by auto
{
fixa b f' A
note T.HomCod.cat-assoc-helper
[
where h=<?UArr b(NTMap|)(a’, b', f')e>
and g=<oc(NTMap|)(b])>
and ¢=«c(NTMap|)(0') cag &(ArrMap))(f')
]
}
note [cat-Kan-cs-simps] =
this
eb-Bf[ OF A-def prems’ b, symmetric]
eb-&f[ symmetric]
from f-is-arr prems’ b’ f' show
T a b f(NTMap))(4) =

313



2UArr b(NTMap))(A]) oag
(?the-cf-rKe(|ArrMap))(f) cag o (NTMap))(al))
unfolding A-def
by
(
cs-concl
cs-simp:
cat-cs-simps
cat-Kan-cs-simps
cat-comma-cs-simps
cat-op-simps
cs-intro:
cat-cs-intros
cat-Kan-cs-intros
cat-comma-cs-intros
cat-op-intros
)
qed
(
use that in
¢
cs-concl
cs-simp: cat-Kan-cs-simps
cs-intro: cat-cs-intros cat-Kan-cs-intros

)
qed

qed
qed
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-Kan-cs-simps
cs-intro: cat-cs-intros
)+

then interpret o: is-nicf a € A & «?the-cf-rKe» o by simp

show ¢ = ?the-ntcf-rKe -n7cr (0 onToR-CcF R)
proof(rule ntcf-eql)
have dom-lhs: D, (e(NTMap))) = B(O0bj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
have dom-rhs: D, ((?the-ntcf-rKe -n7cor (0 onTor-cr R))(NTMap|)) = B(0bj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show e(NTMap|) = (?the-ntcf-rKe -yrcr (0 onTor-cr R))(NTMap)
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix b assume prems” b ¢, B(O0bj)
note [cat-Kan-cs-simps] = eb-&f][
where f=«(CId)(R(ObjMap))(b)])> and c=<RK(ObjMap))(d))>, symmetric

from prems’ o show
e(NTMap)) (b)) = (?the-ntcf-rKe *nrcr (0 onrer-cr £))(NTMap|) (b))
by
(
cs-concl
cs-simp: cat-cs-simps cat-comma-cs-simps cat-Kan-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros cat-Kan-cs-intros
)
qed (cs-concl cs-intro: cat-cs-intros V-cs-intros)
ged (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)+
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fix o’ assume prems”
o' 6 o %the-cf-rKe : € =g A
e = %the-ntcf-rKe +n7cr (0 onTor-cr R)

interpret o” is-ntcf a €A & (?the-cf-rKe)> o' by (rule prems’(1))

have e-NTMap-app[ symmetric, cat-Kan-cs-simps]:
£(NTMap)(b) =
2UArr (R(ObjMap)) (b)) (NTMap))(a’, b', €(CId)(R(ObMap) (0 D)De cagy
o (NTMap)) (R(ObjMap]) (b))
if b’ e, B(Obj) and o’ = 0 for a’ b’
proof-
from prems’(2) have e-NTMap-app:
e(NTMap))(b') = (?the-ntcf-rKe -nrcr (6" onrer-cr R))(NTMap|)(b')
for b’
by simp
show ?thesis
using e-NTMap-app[of b'] that(1)
unfolding that(2)
by
(
cs-prems cs-shallow
cs-simp: cat-cs-simps cat-comma-cs-simps cat-Kan-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros
)
qed
{
fixa b f' A
note T.HomCod.cat-assoc-helper
[
where h= «2UArr (R(0biMap))(b"))(NTMap|)(a’, b’, €(CId))(R(ObiMap]) (b D))«
and g=(o'(NTMap))(R(ObjMap)) (b))
and ¢=«c(NTMap))(b")>
]
}
note [ cat-Kan-cs-simps] = this eb-Bf[ symmetric]
fixa b f' A
note T.HomCod.cat-assoc-helper

[

where h=
?UArr (R(0bjMap)) (b)) (NTMap)) (o', b', €(CId])(R( ObjMap])(6D)Ds>
and g=«o(NTMap|) (R(ObjMap)) (b))
and g¢=<c(NTMap|)(b")>
]
}
note [ cat-Kan-cs-simps] = this

show ¢’ = ¢
proof(rule ntcf-eql)

show ¢': & —op ?the-cf-rKe : € »—>cq A by (rule prems’(1))
show o : & —»cp ?the-cf-rKe : € »cq A by (rule o)

have dom-lhs: D, (c(NTMapl|)) = €(O0bj)

by (cs-concl cs-shallow cs-simp: cat-cs-simps)
have dom-rhs: D, (¢'(NTMap|)) = €(Obj)
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by (cs-concl cs-shallow cs-simp: cat-cs-simps)

show o'(NTMap|) = o((NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)

fix ¢ assume prems” ¢ €, €(Obj)

note lim-c = assms(3)[ OF prems’]

interpret lim-c: is-cat-limit
a<clorp B A F ogr ¢ ollor K «2UObj ¢» <2UArr ¢
by (rule lim-c)

from prems’ have Cld-c: €(CId|)(c)) : ¢ ¢ ¢
by (cs-concl cs-shallow cs-intro: cat-cs-intros)

from lim-c.cat-lim-unique-cone’| OF 7[ OF Cld-c]] obtain f
where f: f : &(ObjMap))(c]) —o ?UObj ¢
and ANA. A & ¢ lcr R(0bj) =
7 ¢ ¢ (¢(CId)(c))(NTMap)(A) = ?UArr c(NTMap)(A]) oag f
and f-unique: Af'.

f' 6(0bjMap))(c) =g 2UOb] ¢;
NA. A € ¢ lor R(Obj) =
7 ¢ c (€(CId)(c))(NTMap)(A) = ?UArr c(NTMap|)(A]) oag f'
Il=1f=f
by metis

note [symmetric, cat-cs-simps] =
o.ntcf-Comp-commute
o'.ntcf-Comp-commute

show o'(NTMap))(c) = oc(NTMap))(c|)
proof(rule trans-sym[where s=f])

show o'(NTMapl)(c|) = f
proof(rule f~unique)

fix A assume prems’: A €, ¢ |cr R(0bj)

with prems’ obtain b’ f'
where A-def: A = [0, b, f'],
and b b’ €, B(0bj)
and f" f': ¢ »¢ R(ObiMap])(b")
by auto

let ?8b" = <R(ObjMap))(d")>

from b’ have Rb": 2Rb’ €, €(0bj)
by (cs-concl cs-shallow cs-intro: cat-cs-intros)

interpret lim-8b": is-cat-limit
a PRV Lo R AT ogp 2R ollcr K «2UObj 2Rb"y «2UArr 2Rb"
by (rule assms(3)[OF Rb'])

from Kb have CId-Rb" €(CId|)(?Rb) : ?Rb" ¢ 7RD’
by (cs-concl cs-intro: cat-cs-intros)

from CId-Rb' b’ have a’-b’-CId-Rb"
[0, b, €(CId) (78D ]o €0 28D Lcr R(Ob))
by
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(

cs-concl cs-shallow
cs-simp: cat-cs-simps cat-comma-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros
)
from
lim-Obj-the-cf-rKe-commute[
where lim-Obj=lim-Obj,
OF assms(1,2) lim-c assms(3)[OF Kb'] f' a’-b'-CId-Kb’

]
f/
have [cat-Kan-cs-simps]:
2UArr ¢c(NTMap))(0, b', f)e =
UArr Rb'(NTMap))(0, b', €(CId)(?Rb)))e 0agy
?the-cf-rKe(|ArrMap)) (f")
by (cs-prems cs-shallow cs-simp: cat-cs-simps)

from prems’ prems’’ b’ f’ show
7 ¢ c (€(CId)(c))(NTMap)(A) = 2UArr c(NTMap|)(A]) oag o'(NTMap|)(c)
unfolding A-def

by
cs-concl
cs-simp:
cat-cs-simps cat-comma-cs-simps cat-Kan-cs-simps
cs-intro:

cat-lim-cs-intros

cat-cs-intros

cat-comma-cs-intros
cat-Kan-cs-intros

qed
use prems’ in
<
cs-concl cs-shallow
cs-stmp: cat-Kan-cs-simps cs-intro: cat-cs-intros

)

show o(NTMap))(c) = f
proof(rule f~unique)
fix A assume prems’: A €, ¢ |cr R(Obj))
from this prems’ obtain b’ f'
where A-def: A = [0, b, f'],
and b b’ €, B(0bj)
and f" f': ¢ »¢ R(O0biMap])(b")
by auto
let ?8b" = <R(ObjMap))(d")>
from b’ have 8" ?8b’ ¢, €(Obj)
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
interpret lim-Rb" is-cat-limit
a (2R lor B A T ogr 2RV o lcr K «2UO0bj 28Dy <2UArr 2Rb"
by (rule assms(3)[OF Rb'])
from Rb" have CId-8b" €(CId|)(|?Rb) : ?Rb" »¢ 28D’
by (cs-concl cs-intro: cat-cs-intros)
from CId-Rb' b’ have a'-b’-CId-Rb"
[0, b, €(CIA) (2860 €0 28D Lor R(Ob])

317



by
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-comma-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros

)

from
lim-Obj-the-cf-rKe-commute
|
where lim-Obj=lim-Obj,
OF assms(1,2) lim-c assms(3)[OF &b'] f' a'-b'-CId-8b’
]
f/
have [cat-Kan-cs-simps]:
2UArr ¢(NTMap|) (0, b', f)e =
2UArr (2Rb")(NTMap)) (0, b', €(CId) (| 2Rb))e 0ag
?the-cf-rKe(|ArrMap)) (f)
by (cs-prems cs-shallow cs-simp: cat-cs-simps)
from prems’ prems’’ b’ f’ show
T ¢ c (C(CId)(c))(NTMap) (A) = 2UArr c(NTMap)) (A cagy oc(NTMap))(c)
unfolding A-def

by
cs-concl
cs-simp:
cat-cs-simps cat-comma-cs-simps cat-Kan-cs-simps
cs-intro:

cat-lim-cs-intros
cat-cs-intros
cat-comma-cs-intros
cat-Kan-cs-intros

)
qed

(
use prems’ in
¢
cs-concl cs-shallow
cs-simp: cat-Kan-cs-simps cs-intro: cat-cs-intros

)
qed

qed auto
qed simp-all
qed
qed (cs-concl cs-shallow cs-intro: cat-cs-intros)+
qed
lemma the-ntcf-I1Ke-is-cat-IKe:
assumes R : B »—oq €
and T: B »oq A

and Ac. ¢ & €(Obj)) = lim-0bj c(UArr]) :
Tocr R crllo ¢ >cr.cotim lim-0bj c(UObJ) : R crl ¢ »rca A
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shows the-ntcf-lIKe o T R lim-0bj :
T oriKkea the-cf-lKe a T R lim-0bj ocp R:B »o € A
proof-
interpret £: is-functor a B € & by (rule assms(1))
interpret T: is-functor a B A T by (rule assms(2))
{
fix ¢ assume prems: ¢ €, €(0bj)
from assms(3)[ OF this] have lim-Obj-UArr: lim-Obj c(UArr)) :
Toor & ¢rllo ¢ >cF.cotim lim-0bj c(UOb))) : R crl ¢ »—ca 2.
then interpret lim-Obj-c: is-cat-colimit
a R opl o A F ocr & crllo o «lim-0bj c(UObj|)> <lim-Obj c(UArr|)»
by simp
note op-ua-UArr-is-cat-limit'[
where lim-0bj=lim-Obj, OF assms(1,2) prems lim-Obj-UArr
]
}
note the-ntcf-rKe-is-cat-rKe = the-ntcf-rKe-is-cat-rKe
[
OF R.is-functor-op ¥.is-functor-op,
unfolded cat-op-simps,
where lim-Obj=<op-ua lim-0bj R,
unfolded cat-op-simps,
OF this,
simplified,
folded the-cf-IKe-def the-ntcf-IKe-def
]
show ?thesis
by
(
rule is-cat-rKe.is-cat-1Ke-op
[
OF the-ntcf-rKe-is-cat-rKe,
unfolded cat-op-simps,
folded the-cf-IKe-def the-ntcf-IKe-def
]

)
qed

14.5 Preservation of Kan extensions

The following definitions are similar to the definitions that can be found in [14] or [8].

locale is-cat-rKe-preserves =
is-cat-rKe a B €A R T & ¢ + is-functor a A D H
foraBCADRITBEHe +
assumes cat-rKe-preserves:
Hoop-NTecr e (Hocr B) ocr Rorrkea Hocr T B oo e D

syntax -is-cat-rKe-preserves :
VaV=a2V=a2V=a2Va2V=2>V=aV= V=V = bool
(
<(- =/ -OCF - CF.rKel - 5/ MiadeolblindoluRibladadel -)>
[61, 51, 51, 51, 51, 51, 51, 51, 51] 51
)
syntax-consts -is-cat-rKe-preserves = is-cat-rKe-preserves
translations ¢ : S ogr R rorprkea T: B ro e (H: A D) =
CONST is-cat-rKe-preserves a B EA D RT B §H ¢
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locale is-cat-IKe-preserves =
is-cat-lKe a B €A R T F n + is-functor a A D H
foraBCADRITFH +
assumes cat-IKe-preserves:
Nocr-NrerN:Hocr Trorikea (D ocr ) occr R:B o Cme D

syntax -is-cat-lKe-preserves ::
VoV Va2V Va2V V= Ve Ve V= bool
(
(- -morike -ocF - - -0 -t -0 )
[61, 51, 51, 51, 51, 51, 51, 51, 51] 51
)
syntax-consts -is-cat-lKe-preserves = is-cat-lKe-preserves
translations 7 : T »op kea S ocF R: B oo Cro (H: A D) =
CONST is-cat-IKe-preserves a B CA D RTF H1n

Rules.

lemma (in is-cat-rKe-preserves) is-cat-rKe-preserves-azioms”:
assumes o' = «

and &' = &
and 8’ = R
and ¥' =%
and H' = H
and B' =8
and ' =2
and ¢'=¢
and D' =9

shows ¢ : " ocp R =op ke, T B oo € oo (A 5o D)
unfolding assms by (rule is-cat-rKe-preserves-azioms)

mk-ide rf is-cat-rKe-preserves-def[ unfolded is-cat-rKe-preserves-azioms-def |
|intro is-cat-rKe-preservesl|
|dest is-cat-rKe-preservesD[ dest]|
|elim is-cat-rKe-preservesE| elim]|

lemmas [ cat-Kan-cs-intros] = is-cat-rKeD(1-3)

lemma (in is-cat-IKe-preserves) is-cat-IKe-preserves-axioms”
assumes o’ = o

and §' = F
and 8 = &
and T/ =%
and H' =9
and B' =B
and A’ = A
and ¢'=¢
and D' =9

shows 7 : T' >corikea §' ocr BB oo e (H: A moc D)
unfolding assms by (rule is-cat-IKe-preserves-axioms)

mk-ide rf is-cat-IKe-preserves-def[ unfolded is-cat-1Ke-preserves-azioms-def]
|intro is-cat-lKe-preservesl|
|dest is-cat-IKe-preservesD| dest]|
|elim is-cat-1Ke-preservesE[ elim]|

lemmas [cat-Kan-cs-intros] = is-cat-lIKe-preservesD(1-8)

Duality.
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lemma (in is-cat-rKe-preserves) is-cat-rKe-preserves-op:
op-ntcf € :
op-cf T ~cpakea op-¢f & ooy op-cf K:
op-cat B —¢ op-cat € ¢ (op-cf 9 : op-cat A »—¢ op-cat D)
proof(intro is-cat-lIKe-preservesl)
from cat-rKe-preserves show op-cf $ ocop_nrcop op-ntcf ¢ :
op-cf § ocr op-cf T =cr.ikea (op-cf $Hocr op-cf &) ocp op-cf K:
op-cat B — ¢ op-cat € —¢ op-cat D
by (cs-concl-step op-ntcf-cf-ntcf-comp[ symmetric])
(cs-concl cs-shallow cs-simp: cat-op-simps cs-intro: cat-op-intros)
ged (cs-concl cs-shallow cs-simp: cat-op-simps cs-intro: cat-op-intros)+

lemma (in is-cat-rKe-preserves) is-cat-lKe-preserves-op'[ cat-op-intros]:

assumes T’ = op-cf T

and &' = op-cf &

and &' = op-cf &

and B’ = op-cat B

and 2" = op-cat A

and ¢’ = op-cat €

and D' = op-cat ©

and $' = op-cf 9
shows op-nicf € :

T oorikea ® ocp BB oo o (H A »ee D)
unfolding assms by (rule is-cat-rKe-preserves-op)

lemmas [cat-op-intros| = is-cat-rKe-preserves.is-cat-l1Ke-preserves-op’

lemma (in is-cat-IKe-preserves) is-cat-rKe-preserves-op:
op-ntef n :
op-cf § ocr op-cf R=cr.rkea op-cf T:
op-cat B —¢ op-cat € ¢ (op-cf 9 : op-cat A »—¢ op-cat D)
proof(intro is-cat-rKe-preservesI)
from cat-IKe-preserves show op-cf $ occp-nyTcor op-ntcf 1 :
(op-cf $ ocr op-cf §) ocr op-cf R =cr.rxea op-¢f H ocp op-cf T:
op-cat B — o op-cat € — ¢ op-cat D
by (cs-concl-step op-ntcf-cf-ntcf-comp[ symmetric])
(cs-concl cs-shallow cs-simp: cat-op-simps cs-intro: cat-op-intros)
ged (cs-concl cs-shallow cs-simp: cat-op-simps cs-intro: cat-op-intros)+

lemma (in is-cat-IKe-preserves) is-cat-rKe-preserves-op'[ cat-op-intros]:

assumes T’ = op-cf T

and §' = op-¢f §

and &' = op-cf &

and 9’ = op-cf 9

and B’ = op-cat B

and 2’ = op-cat A

and ¢’ = op-cat €

and ©' = op-cat ©
shows op-ntcf 1 :

§'ocr R =orrkea T B e o (H 1A meo D)
unfolding assms by (rule is-cat-rKe-preserves-op)

14.6 All concepts are Kan extensions

Background information for this subsection is provided in Chapter X-7 in [9] and subsection 6.5
in [14]. It should be noted that only the connections between the Kan extensions, limits and
adjunctions are exposed (an alternative proof of the Yoneda lemma using Kan extensions is not
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provided in the context of this work).

14.6.1 Limits and colimits

lemma cat-rKe-is-cat-limit:
— The statement of the theorem is similar to the statement of a part of Theorem 1 in Chapter X-7 in
[9] or Proposition 6.5.1 in [14].
assumes € : G ogr R =»or.rkea T B o cat-1af-c A
and T : B »coq A
shows ¢ : 8(0bjMap))(a) <cr.1im T : B —»—ca A
proof-

interpret e: is-cat-rKe a B <cat-1 a f A R T & ¢ by (rule assms(1))
interpret T: is-functor a B A T by (rule assms(2))

from cat-1-components(1) have a: a ¢, Vset o

by (auto simp: €. AG.HomCod. cat-in-Obj-in- Vset)
from cat-1-components(2) have f: § €, Vset «

by (auto simp: €. AG.HomCod.cat-in-Arr-in- Vset)

have R-def: R = cf-const B (cat-1a f) a
by (rule cf-const-if-HomCod-is-cat-1)
(es-concl cs-shallow cs-intro: cat-cs-intros)
have &R-def: & oop R = cf-const B A ((0bjiMap))(al)
by
(
cs-concl cs-shallow
cs-simp: cat-1-components(1) K-def cat-cs-simps
cs-intro: V-cs-intros cat-cs-intros

)

interpret ¢: is-nitcf a B A B ogp K T e
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

show ¢ : 8(0bjMap))(a) <cF.1im T: B —»ca A
proof(intro is-cat-limitl is-cat-conel)

show ¢ : cf-const B 2A (8(0biMap))(a) »cr T : B —»cq A
by (rule e.ntcf-rKe.is-ntcf-axioms[unfolded &R-def])

fix u’' r’" assume prems: u': r' <cp. cone T:B o A
interpret u” is-cat-cone a ' B A T u’' by (rule prems)

have 6-def: & = cf-const (cat-1 a f) A (&(ObjMap])(a]))
by (rule cf-const-if-HomDom-is-cat-1[ OF e.Ran.is-functor-azioms))

from prems have const-r”: cf-const (cat-1 a f) A r': cat-1 a f o A
by
(
cs-concl
cs-simp: cat-cs-simps cs-intro: cat-lim-cs-intros cat-cs-intros
)

have cf-comp-cf-const-r-R-def:
cf-const (cat-1 a f) A r' ocp R = cf-const B A r’
by
(
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cs-concl
cs-simp: cat-cs-simps R-def
cs-intro: cat-cs-intros cat-lim-cs-intros

)

from e.cat-rKe-unique|
OF const-r', unfolded cf-comp-cf-const-r-8-def, OF u'.is-ntcf-axioms
]
obtain o
where o: 0 : ¢f-const (cat-1 af) A r'—op & : cat-1 af>cq A
and u'-def: u' = ¢ *nrcor (0 onToF-cF R)
and unique-o: N\o'.
[
o' cf-const (cat-1af) A r'—»ecp & : cat-1 a f >—>cq 2A;
u'=¢-yror (0 onror-cr R)
|=oc'=0
by auto

interpret o: is-ntcf « <cat-1 a f» A «cf-const (cat-1 af) A r’s & o
by (rule o)

show 3If". f": r’ g &(0bjMap|)(a) A v’ = € -nror ntcf-const B 2A [’
proof(intro ex1l conjI; (elim conjE)?)
fix f’ assume prems”:
fror ey &(0biMap)(a) v’ = e -yrcor ntcf-const B A f'
from prems’(1) have ntcf-const (cat-1 a §f) 2 f:
cf-const (cat-1 af) Ar' »op &:cat-1 afrroq U
by (subst &-def)
(cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
moreover with prems’(1) have u' = ¢ -yror (ntcf-const (cat-1 a §f) A f'onror-cr R)
by
(
cs-concl
cs-simp: cat-cs-simps prems’(2) R-def cs-intro: cat-cs-intros

ultimately have o-def: o = ntcf-const (cat-1 a §f) A f'
by (auto simp: unique-o| symmetric])
show [’ = o(NTMap))(a))
by (cs-concl cs-simp: cat-cs-simps o-def cs-intro: cat-cs-intros)
qed (cs-concl cs-simp: cat-cs-simps u'-def R-def cs-intro: cat-cs-intros)+

qed (cs-concl cs-simp: R-def cs-intro: cat-cs-intros)
qed

lemma cat-lKe-is-cat-colimit:
assumes 7 : T —opkea § cF BB o cat-1afrc A
and T : B »>coq0 A
shows n: T >CF.colim SGOb]MaPD(]aD 1B =P Ca 2
proof-
interpret 7: is-cat-IKe o B <cat-1 a f» A & T F n by (rule assms(1))
from cat-1-components(1) have a: a €, Vset «
by (auto simp: n.AG.HomCod.cat-in-Obj-in- Vset)
from cat-1-components(2) have f: f e, Vset o
by (auto simp: n.AG.HomCod.cat-in-Arr-in- Vset)
show ?thesis
by
(
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rule is-cat-limit.is-cat-colimit-op
[
OF cat-rKe-is-cat-limit[
OF
n.1s-cat-rKe-op[unfolded n.AG.cat-1-op[ OF a §]]
n.ntcf-lKe. NTDom.is-functor-op
1,
unfolded cat-op-simps
]

)
qed

lemma cat-limit-is-rKe:
— The statement of the theorem is similar to the statement of a part of Theorem 1 in Chapter X-7 in
[9] or Proposition 6.5.1 in [14].
assumes ¢ : 8(0bjMap))(a) <cr.1im T : B = ca A
and R : B »oq cat-1 af
and 6 : cat-1 afr—cq AU
shows e : B ogpr R »orrkea £:B »eo cat-1afrc A
proof-

interpret e: is-cat-limit o B A T «B(0ObjMap))(a])> € by (rule assms)
interpret £: is-functor a B <cat-1 a f» & by (rule assms(2))
interpret &: is-functor a <cat-1 a » A & by (rule assms(3))

show ?thesis
proof(rule is-cat-rKel)

note R-def = cf-const-if-HomCod-is-cat-1[ OF assms(2)]
note &-def = cf-const-if-HomDom-is-cat-1[ OF assms(3)]

have &R-def: 6 ocp R = c¢f-const B A (B(0bjMap])(a)))
by (subst R-def, use nothing in <subst &-def»)
(cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

show e : G ogp Roorp T:B oo A
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps GR-def cs-intro: cat-cs-intros
)

fix &' ¢’ assume prems:
&' cat-1afrroa U
e & ogr Rrcp T:B »oa 2

interpret is-functor a <cat-1 a f» A &' by (rule prems(1))
note &'-def = cf-const-if-HomDom-is-cat-1[ OF prems(1)]

from prems(2) have "
e’ cf-const B A (&'(ObjMap|)(a) »cr T: B —»ca A
unfolding R&-def
by (subst (asm) B'-def)
(cs-prems cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
from prems(2) have ¢’ : 8'(ObjMap))(a)) <cF.cone T : B = ca A
by (intro is-cat-conel ') (cs-concl cs-intro: cat-cs-intros)+
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from e.cat-lim-ua-fo[ OF this] obtain f’
where f" f': &'(ObjMap])(a]) —g &(ObjMapl)(a)
and e-def: €' = € -y ntcf-const B A [’
and unique-f":

[ &'(0bjMap))(a) —g &(0bMap))(a);
e’ =¢e-yrcr ntcf-const B A [

show 3lo.
0:8 »opGicat-lafrroqAne =cyror (0 onTer-cF R)
proof(intro ex1I conjI; (elim conjE)?)
from f’ show
ntcf-const (cat-1af) Af B »op & :cat-1afrcoq A
by (subst &'-def, use nothing in (subst G-def»)
(cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
with f’'show ¢’ = ¢ -y7cor (ntef-const (cat-1a§) A f' onror-—cr R)
by (cs-concl cs-simp: cat-cs-simps e-def R-def cs-intro: cat-cs-intros)
fix o assume prems:
0:6" mop G:cat-1afroq U
e'=ec-nyrcr (0 onTor-cF R)
interpret o: is-ntcf o <cat-1 a A &' & o by (rule prems(1))
have o(NTMap))(ja]) : &'(ObiMap))(a)) g &(ObjMap])(al)
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
moreover have ¢’ = ¢ -y o ntcf-const B A (o(NTMap))(a)))
by
(
cs-concl
cs-simp: cat-cs-simps prems(2) R-def cs-intro: cat-cs-intros
)

ultimately have ca: o((NTMap))(a]) = f' by (rule unique-f’)
show o = ntcf-const (cat-1 a f) A f’
proof(rule ntcf-eql)
from [’ show
ntcf-const (cat-1 af) A f': & »op & : cat-1 a f»—>cq A
by (subst &’-def, use nothing in <subst G-def>)
(cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
have dom-lhs: D, (c(NTMap))) = cat-1 a §(Obj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro:cat-cs-intros)
have dom-rhs: Do (ntcf-const (cat-1 a §f) A f'(NTMap|)) = cat-1 a f]Obj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro:cat-cs-intros)
show o((NTMap)) = ntcf-const (cat-1 a f) A f'(NTMap)
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix a assume prems: a € cat-1 a f(Obj)
then have a-def: a = a unfolding cat-1-components by simp
from [’ show o(NTMap|)(a]) = ntcf-const (cat-1 a §) A f'(NTMap|)(al)
unfolding a-def ca
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qed (auto intro: cat-cs-intros)
qed (simp-all add: prems)
qed

qed (auto simp: assms)

qed
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lemma cat-colimit-is-1Ke:
assumes 1) : T >cr. cotim $(ObiMap)(a) : B —»—cq A
and R : B »coq cat-1 af
and §: cat-1af-—ca A
shows 7 : T —»cop.ikea § ocr R:B —»¢c cat-1afrc A
proof-
interpret n: is-cat-colimit o B A T «F(ObjMap])(al)> n
by (rule assms(1))
interpret & is-functor a B <cat-1 a » & by (rule assms(2))
interpret §: is-functor a <cat-1 a f» A § by (rule assms(3))
from cat-1-components(1) have a: a ¢, Vset o
by (auto simp: 8 HomCod.cat-in-Obj-in- Vset)
from cat-1-components(2) have f: § €, Vset «
by (auto simp: K.HomCod.cat-in-Arr-in- Vset)
have Fa: F(ObjMap))(a]) = op-¢f F(ObjMap))(a) unfolding cat-op-simps by simp
note cat-1-op = 1.cat-1-op[ OF a f]
show ?thesis
by
(
rule is-cat-rKe.is-cat-1Ke-op
[
OF cat-limit-is-rKe
[
OF
1.1s-cat-limit-op[ unfolded Fa]
R.is-functor-op[unfolded cat-1-op]
§.is-functor-op[ unfolded cat-1-op]
],
unfolded cat-op-simps cat-1-op
]
)

qed

14.6.2 Adjoints

lemma (in is-cf-adjunction) cf-adjunction-counit-is-rKe:

— The statement of the theorem is similar to the statement of a part of Theorem 2 in Chapter X-7 in

[9] or Proposition 6.5.2 in [14]. The proof follows (approximately) the proof in [14].
shows ec @ : F oor & Boprkea ¢f-idD D o CHe D
proof-

define 5 where § = o + w
have 5: Z § and af: a €

by (simp-all add: S-def Z-Limit-ow Z-w-aw Z-def Z-a-aw)
then interpret 8: Z § by simp

note exp-adj = cf-adj-exp-cf-cat-exp-cf-cat[ OF 5 af R.category-azioms]

let 7np = o &

let % = «cc

let 791 = <exp-cat-ntcf a D %

let ?DF = <exp-cat-cf a ®

let 208 = <exp-cat-cf a © &)

let 299 = <cat-FUNCT a © D)

let €90 = <cat-FUNCT o € D>

let ?%adj-©n = <cf-adjunction-of-unit f 7?06 ?20F 7D

interpret Dn: is-cf-adjunction § €D 9D 2D 29§ 2adj-On by (rule exp-adj)
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show ?thesis
proof(intro is-cat-rKel)
have id-D: c¢f-map (cf-id D) €, cat-FUNCT o © D(0bj))
by
(
cs-concl
cs-simp: cat-FUNCT-components(1)
cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)
then have exp-id-D:
exp-cat-cf a D F(ObiMap))(cf-map (cf-id D)) = cf-map F
by
(
cs-concl
cs-simp: cat-cs-simps cat-FUNCT-cs-simps cs-intro: cat-cs-intros
)
have §: ¢f-map § € cat-FUNCT o € D(0bj)
by
(
cs-concl cs-shallow
cs-simp: cat-FUNCT-components(1)
cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)
have e: nitcf-arrow (e¢ ®) €, ntcf-arrows a © D
by (cs-concl cs-intro: cat-FUNCT-cs-intros adj-cs-intros)
have ©D: category  (cat-FUNCT a © D)
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
have €D: category B (cat-FUNCT o € D)
by (cs-concl cs-shallow cs-intro: cat-cs-intros)

from
e af id®
DD €D LR.is-functor-axioms RL.is-functor-axioms R.cat-cf-id-is-functor
NT.is-iso-ntcf-axioms
have ¢-id-D: e 2adj-Dn(NTMap)) (cf-map (cf-id D)) = nicf-arrow %
by
(
cs-concl
cs-simp:
cat-Set-the-inverse[ symmetric]
cat-op-simps
cat-cs-simps
cat-FUNCT-cs-simps
adj-cs-simps
cs-intro:
Dn.NT.iso-ntcf-is-iso-arr’’
cat-op-intros
adj-cs-intros
cat-cs-intros
cat-FUNCT-cs-intros
cat-prod-cs-intros
)
show universal-arrow-fo 296 (cf-map (cf-id D)) (c¢f-map §F) (ntcf-arrow %)
by
(
rule is-cf-adjunction. cf-adjunction-counit-component-is-ua-fo[
OF ezp-adj id-®, unfolded exp-id-D e-id-D
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]
)

qed (cs-concl cs-intro: cat-cs-intros adj-cs-intros)+
qed

lemma (in is-cf-adjunction) cf-adjunction-unit-is-IKe:
shows ¢ © : ¢f-id € »op ikea B ocrp§: €D o €
by
(
rule is-cat-rKe.is-cat-1Ke-op
|
OF is-cf-adjunction.cf-adjunction-counit-is-rKe
[
OF is-cf-adjunction-op,
folded op-nicf-cf-adjunction-unit op-cf-cf-id

unfolded
cat-op-simps ntcf-op-ntcf-op-nicf[ OF cf-adjunction-unit-is-ntcf]
]
)

lemma cf-adjunction-if-IKe-preserves:

— The statement of the theorem is similar to the statement of a part of Theorem 2 in Chapter X-7 in
[9] or Proposition 6.5.2 in [14].

assumes 7 : ¢f-id D »opikea S ocF B : D o Crho (G :D e €)

shows cf-adjunction-of-unit a & §n:6 =cp §F: D ==0¢ €
proof-

interpret 7: is-cat-IKe-preserves a ® € D € & «cf-id D> §F & n
by (rule assms)

from n.cat-lIKe-preserves interpret &n:
is-cat-lIKe a D € C B B B ogrp F & ogp_NyTCOF N
by (cs-prems cs-shallow cs-simp: cat-cs-simps)

from
Bn.cat-lIKe-unique
[
OF 1n.AG.HomCod.cat-cf-id-is-functor,
unfolded n.AG.cf-cf-comp-cf-id-left,
OF n.AG.cf-ntcf-id-is-ntcf
]
obtain ¢ where e: ¢ : & ogp § »or ¢f-id € : € »>gq €
and nicf-id-&-def: ntcf-id & = oyrop-cr & ‘nrcoF (B occr-NTCF 1)
by metis
interpret e: is-nicf @ € € <& oop F «cf-id & e by (rule )

show ?thesis
proof(rule counit-unit-is-cf-adjunction)

show [cat-cs-simps]: € onror-cr & *nrcer (& ccr-nTCOF 1) = ntcf-id &
by (rule ntcf-id-®-def[ symmetric])

have 7-def: n = (ntcf-id § onrer-cr 6) *NTCF 1)
by
(

cs-concl cs-shallow

328



cs-simp: cat-cs-simps nitcf-id-cf-comp[ symmetric]
cs-intro: cat-cs-intros

)

note [cat-cs-simps] = this[ symmetric]

let 7§e® = <§F ocr-NTCF € ONTCF-CF &
let !FS = < onrer-cr § onToF-cF &
let 2§67 = «§F ocr & ocp_NTCF

have (75¢® ‘yrcor MFB) ‘nrer = (5e® ‘nrer BON) ‘NTCF N
proof(rule ntcf-eql)
have dom-lhs: D, (((%5e® yrcr MF6) -nror n)(NTMap|)) = D(0bj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
have dom-rhs: D, (((9Fe® ‘yTcF 7F6n) ‘nTcr n)(NTMap))) = D(0bj))
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
note is-ntcf.ntcf-Comp-commute[ cat-cs-simps del]
note category.cat-Comp-assoc| cat-cs-simps del]
show
((%3e® -nror MF®) -nror n)(NTMap)) =
((78e® -nror %56n) -Nror n)(NTMap)
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix a assume a €, D(Obj)
then show
((78e® ‘yTcr MFG) Nror 1) (NTMap))(al) =
((78e® ‘nrcr #86n) ‘nTor n)(NTMap))(a)
by
(
cs-concl
cs-simp: cat-cs-simps n.ntcf-1Ke.ntef-Comp-commute[ symmetric]
cs-intro: cat-cs-intros
)
ged (cs-concl cs-intro: cat-cs-intros)+
ged (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)+
also have ... = (ntcf-id F onrocr-cr ®) *NTCF 1
by
(
cs-concl cs-shallow
cs-simp:
cat-cs-simps
cf-comp-cf-ntcf-comp-assoc
cf-ntcf-comp-ntcf-cf-comp-assoc
cf-ntcf-comp-ntcf-vecomp| symmetric)
cs-intro: cat-cs-intros
)
also have ... = n by (cs-concl cs-simp: cat-cs-simps)
finally have (%5e® -yror F®) ‘NTCF 11 = 1 by simp
then have n-def 7 = (§ ccr-nTcr € ‘NTcr (N oNTOFP-COF §) oNTCF-CF ®) *NTCOF 1)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps ntcf-vcomp-nicf-cf-comp[ symmetric]
cs-intro: cat-cs-intros

)+

have §eng: § ocor-nToF € *NToF (N onNTCF-cF §) : S »or T € oa D
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

from 7. cat-IKe-unique[ OF n.Lan.is-functor-azioms n.nicf-IKe.is-ntcf-axioms]

329



obtain ¢ where
[o":Frcr§:Crroca®D;n=0"onyrcr-cr & nrecrn]] = 0'=0
for o’
by metis

from this[ OF n.Lan.cf-ntcf-id-is-ntcf n-def] this| OF Feng n-def’] show
S ocr-nTeF € NTeF (N onTCeR-cF §) = ntcf-id §
by simp

qed (cs-concl cs-intro: cat-cs-intros)+
qed

lemma cf-adjunction-if-rKe-preserves:
assumes € : Foop 6 P op rkeq ¢f-IdD D o o (G :D o €)
shows cf-adjunction-of-counit a § & e :§ =cp & : € =224 D
proof-
interpret ¢: is-cat-rKe-preserves a ® € D € & (cf-id D> §F & ¢
by (rule assms)
have op-c¢f (¢f-id D) = cf-id (op-cat D) unfolding cat-op-simps by simp
show ?thesis
by
(

rule is-cf-adjunction.is-cf-adjunction-op

OF cf-adjunction-if-IKe-preserves|
OF e.is-cat-rKe-preserves-op[ unfolded op-cf-cf-id]
1,
folded cf-adjunction-of-counit-def,
unfolded cat-op-simps
]

)
qed
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15 Pointwise Kan extensions

15.1 Pointwise Kan extensions

The following subsection is based on elements of the content of section 6.3 in [14] and Chapter
X-5 in [9].

locale is-cat-pw-rKe = is-cat-rKe a B CA R T & ¢
fora BCART B e+
assumes cat-pw-rKe-preserved: a €, A(0bj)) =
£
G ocrp Rcorrkea T
B o € e (Homo. cal(a,—) : A »—c cat-Set «)

syntax -is-cat-pw-rKe = V=V =V =V =V =V =V =V = bool
(
<(‘ :/ - OCF -PCF.rKe.pwl - :/ -=Ce -2e ')>
[61, 51, 51, 51, 51, 51, 51] 51

syntax-consts -is-cat-pw-rKe = is-cat-pw-rKe
translations € : & ocp R »crrkepwa T B e Cmo A=
CONST is-cat-pw-rKe a B CA R T B ¢

locale is-cat-pw-l1Ke = is-cat-lKe a B EA R T Fn
foraBECARKTFTn +
assumes cat-pw-IKe-preserved: a €, op-cat A(0bj)) —
op-ntef n :
op-cf § ocr op-¢f Rcr.rkea op-cf T:
op-cat B ¢ op-cat € ¢ (Homo. ca2M(—,a) : op-cat A ¢ cat-Set «)

syntax -is-cat-pw-lKe = V=V =V=V=V=V= V=V = bool
(
(-3 - »cF.ikepwl - °CF -3 - o - o )
(51, 51, 51, 51, 51, 51, 51] 51
)
syntax-consts -is-cat-pw-lKe = is-cat-pw-IKe
translations 7 : T »cr.ikepwa § ccr R: B o Cro A=
CONST is-cat-pw-IKe o B CA R T Fn

lemma (in is-cat-pw-rKe) cat-pw-rKe-preserved’[ cat-Kan-cs-intros):
assumes a €, A(Obj)
and 20" =2
and 9’ = Homo. ca2l(a,-)
and ¢’ = cat-Set «
shows e : B ogr R crrkea T B o Che (H A e &)
using assms(1) unfolding assms(2-4) by (rule cat-pw-rKe-preserved)

lemmas [cat-Kan-cs-intros] = is-cat-pw-rKe.cat-pw-rKe-preserved’

lemma (in is-cat-pw-1Ke) cat-pw-IKe-preserved’[ cat-Kan-cs-intros]:
assumes a €, op-cat A(Obj)
and §' = op-¢f §
and &' = op-cf R
and T’ = op-c¢f T
and B’ = op-cat B
and ¢’ = op-cat €
and 2’ = op-cat A
and 9’ = Homo. ca2(-,a)
and ¢’ = cat-Set «
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shows op-ntcf 1 :
§'oor B werrkea T B 5o s (H:A oo @)
using assms(1) unfolding assms by (rule cat-pw-IKe-preserved)

lemmas [cat-Kan-cs-intros] = is-cat-pw-IKe.cat-pw-l1Ke-preserved’

Rules.

lemma (in is-cat-pw-rKe) is-cat-pw-rKe-azioms'[ cat- Kan-cs-intros]:
assumes o' = «

and &' =&
and 8’ = R
and ¥' =%
and B' =8
and 2’ =2
and ¢'=¢

shows ¢ : &' OCF R’ P CF.rKe.pwgy' T B! inde} ¢’ =c A’
unfolding assms by (rule is-cat-pw-rKe-azioms)

mk-ide rf is-cat-pw-rKe-def [ unfolded is-cat-pw-rKe-azioms-def]
|intro is-cat-pw-rKel|
|dest is-cat-pw-rKeD[ dest]
|elim is-cat-pw-rKeE[ elim]|

lemmas [ cat-Kan-cs-intros] = is-cat-pw-rKeD(1)

lemma (in is-cat-pw-1Ke) is-cat-pw-IKe-axioms'| cat-Kan-cs-intros]:
assumes o' = «

and §' = F
and 8= &
and ' =%
and B’ = B
and A’ = 2A
and ¢'=¢

shows n: T’ '_)CF.lKe.pwa’ S, OCF R B! =c ¢’ = A’
unfolding assms by (rule is-cat-pw-l1Ke-azioms)

mk-ide rf is-cat-pw-IKe-def[ unfolded is-cat-pw-1Ke-axioms-def ]
|intro is-cat-pw-1Kel|
|dest is-cat-pw-lIKeD[ dest]|
|elim is-cat-pw-1KeE[elim]|

lemmas [cat-Kan-cs-intros] = is-cat-pw-1KeD(1)

Duality.

lemma (in is-cat-pw-rKe) is-cat-pw-1Ke-op:
op-ntcf € :
Op—Cf T P CF.IKe.pwa Op_cf 6 oCF OP-Cf 8
op-cat B —¢c op-cat € —¢c op-cat A
proof(intro is-cat-pw-IKel , unfold cat-op-simps)
fix a assume prems: a €, A(O0bj))
from cat-pw-rKe-preserved[ OF prems] prems show
g
G ocr RPorrKea T
B o € e (Homo.caop-cat A(—,a) : A »—>c cat-Set a)
by (cs-concl cs-shallow cs-simp: cat-op-simps cs-intro: cat-cs-intros)
qged (cs-concl cs-shallow cs-intro: cat-op-intros)

lemma (in is-cat-pw-rKe) is-cat-pw-1Ke-op'[ cat-op-intros]:
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assumes T’ = op-¢f T

and &' = op-cf &

and R’ = op-cf R

and B’ = op-cat B

and 2" = op-cat 2A

and ¢’ = op-cat €
shows op-ntcf € : ' »op ke pwa B ocr BB o € o A
unfolding assms by (rule is-cat-pw-IKe-op)

lemmas [cat-op-intros] = is-cat-pw-rKe.is-cat-pw-1Ke-op’

lemma (in is-cat-pw-1Ke) is-cat-pw-rKe-op:
op-ntef n :
0p-Cf % °CF OP-Cf R P CF.rKe.pwa OP-Cf T
op-cat B — ¢ op-cat € — ¢ op-cat A
proof(intro is-cat-pw-rKel, unfold cat-op-simps)
fix a assume prems: a €, 2A(0bj)
from cat-pw-I1Ke-preserved[unfolded cat-op-simps, OF prems] prems show
op-ntcf n :
op-cf § ecr op-cf R =cr.rkea 0p-cf T:
op-cat B —¢c op-cat € ¢
(Homo.caop-cat A(a,—) : op-cat A = cat-Set a)
by (cs-concl cs-shallow cs-simp: cat-op-simps cs-intro: cat-cs-intros)
qged (cs-concl cs-shallow cs-intro: cat-op-intros)

lemma (in is-cat-pw-1Ke) is-cat-pw-lKe-op'[ cat-op-intros]:

assumes T’ = op-¢f T

and §' = op-¢f §

and &' = op-cf R

and B’ = op-cat B

and 2’ = op-cat A

and €' = op-cat €
shows op-ntcf n:F ocr R »crrkepwa T+ B He € oA
unfolding assms by (rule is-cat-pw-rKe-op)

lemmas [cat-op-intros] = is-cat-pw-1Ke.is-cat-pw-I1Ke-op’

15.2 Lemma X.5: L-10-5-N

This subsection and several further subsections (15.2-15.8) expose definitions that are used in
the proof of the technical lemma that was used in the proof of Theorem 3 from Chapter X-5 in
[9].
definition L-10-5-N = V=V =>V=V= V=V

where L-10-5-N a § T R ¢ =

[
(

Aag.T(HomCod|) (| Obj)).
cf-nt o B R(ObjMap))(cf-map (Homo. caZ(HomCod))(a,~) ocr T), )
27
MeT(HomCod|) (| Arr).
cf-nt a B R(ArrMap)) (|
nicf-arrow (Homa . caT(HomCod))(f,-) onrer-cr %), R(HomCod|)(CId|)(|c])

De
);

op-cat (X (HomCod))),
cat-Set (3
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lo

Components.

lemma L-10-5-N-components:
shows L-10-5-N a 8 T R ¢(ObjMap|) =

Aae, T (HomCod)) (| Obj)).
cf-nt a B R(ObiMap))(cf-map (Homo.caT(HomCod))(a,~) ocr T), c)e

and L-10-5-N o 8 T R c(ArrMap)) =

AfeoT(HomCCod|) (| Arr]).
cf-nt oo § K(ArrMap))(
ntcf-arrow (Homa.caT(HomCod)(f,~) onror-cr T), R(HomCod)( CId)(c|)

)
and L-10-5-N « 8 T R ¢(HomDom)|) = op-cat (Z(HomCod)))

and L-10-5-N o 8 T R ¢(HomCod)) = cat-Set
unfolding L-10-5-N-def dghm-field-simps by (simp-all add: nat-omega-simps)

context
fixesa B ECART
assumes f: R: B »gg €
and T: T : B »oq A
begin

interpretation £: is-functor a 8 € K& by (rule R)
interpretation T: is-functor o B A T by (rule ¥)

lemmas L-10-5-N-components’ = L-10-5-N-components|
where T=% and R=R, unfolded cat-cs-simps

]
lemmas [cat-Kan-cs-simps] = L-10-5-N-components’(3,4)

end

15.2.1 Object map

mk-VLambda L-10-5-N-components(1)
|vsv L-10-5-N-0bjMap-vsv| cat-Kan-cs-intros]

context
fixesa B ECART ¢
assumes R: R: B »gq €
and T: T : B >0 AU
begin

mk-VLambda L-10-5-N-components'(1)[ OF & T]
|vdomain L-10-5-N-ObjMap-vdomain| cat-Kan-cs-simps]|
|app L-10-5-N-ObjMap-app| cat-Kan-cs-simps]|

end

15.2.2 Arrow map

mk-VLambda L-10-5-N-components(2)
|vsv L-10-5-N-ArrMap-vsv[ cat-Kan-cs-intros]|
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context
fixesa B ECART ¢
assumes f: R: B »oq €
and T: T : B »oq A
begin

mk-VLambda L-10-5-N-components'(2)[OF & T]
|vdomain L-10-5-N-ArrMap-vdomain| cat-Kan-cs-simps]|
lapp L-10-5-N-ArrMap-app| cat-Kan-cs-simps]|

end

15.2.3 L-10-5-N is a functor

lemma L-10-5-N-is-functor:
assumes Z (3
and « €, 3
and R: B »oq €
and T : B »oq A
and c ¢, €(0bj)
shows L-10-5-N a T R ¢ : op-cat AU adadel: cat-Set 5
proof-

let YFUNCT = 0. cat-FUNCT o A (cat-Set a)»
interpret 5: Z § by (rule assms(1))

interpret £ is-functor a B € & by (rule assms(3))
interpret T: is-functor a B A T by (rule assms(4))

from assms(2) interpret FUNCT-B: tiny-category B «?FUNCT B
by (cs-concl cs-intro: cat-cs-intros cat-FUNCT-cs-intros)

interpret SR: is-tiny-functor § B € R
by (rule is-functor.cf-is-tiny-functor-if-ge-Limit)
(use assms(2) in <cs-concl cs-intro: cat-cs-introsy )+
interpret B%: is-tiny-functor § B A T
by (rule is-functor.cf-is-tiny-functor-if-ge- Limit)
(use assms(2) in <cs-concl cs-intro: cat-cs-introsy )+

from assms(2) interpret cf-nt:
is-functor B <¢FUNCT B xg € (cat-Set By <cf-nt a f K>
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

show ?thesis
proof(intro is-functorl")

show ufsequence (L-10-5-N a 8 ¥ R ¢) unfolding L-10-5-N-def by simp
show wvcard (L-10-5-N o § T R ¢) = 4N
unfolding L-10-5-N-def by (simp add: nat-omega-simps)
show wvsv (L-10-5-N a 8 T & ¢(ObjMap)))
by (cs-concl cs-shallow cs-intro: cat-Kan-cs-intros)
from assms(3,4) show vsv (L-10-5-N o f T & c¢(ArrMap)))
by (cs-conel cs-shallow cs-intro: cat-Kan-cs-intros)
from assms show D, (L-10-5-N o 8 T & c¢(ObjMap|)) = op-cat A(Obj)
by
(
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cs-concl cs-shallow
cs-simp: cat-Kan-cs-stimps cat-op-simps cs-intro: cat-cs-intros

show R, (L-10-5-N o 8 T & ¢(ObjMap))) S, cat-Set 5(]0bj)
unfolding L-10-5-N-components'| OF R.is-functor-azioms T.is-functor-azioms]
proof(rule vrange- VLambda-vsubset)
fix a assume prems: a €, A(Obj))
from prems assms show
cf-nt a B R(ObjMap))(cf-map (Homo.caU(a,~) ocr T), cle
cat-Set B(Obj))

by
(
cs-concl
cs-simp: cat-Set-components(1) cat-cs-simps cat-FUNCT-cs-simps
cs-intro:

cat-cs-intros FUNCT-8.cat-Hom-in-Vset cat-FUNCT-cs-intros

)
qed

from assms show D, (L-10-5-N o 8 T & c¢(ArrMap))) = op-cat A(Arr|
by
(
cs-concl cs-shallow
cs-simp: cat-Kan-cs-simps cat-op-simps cs-intro: cat-cs-intros
)

show L-10-5-N « 8 % & c(ArrMap))(f) :
L-10-5-N a B T & c(ObjMap))(al) = cqt-ger g L-10-5-N o B T & c(ObjMap)) (b))
iff:amppcqbforabdf
using that assms
unfolding cat-op-simps
by
(
cs-concl
cs-simp: L-10-5-N-ArrMap-app L-10-5-N-ObjMap-app
cs-intro: cat-cs-intros cat-prod-cs-intros cat-FUNCT-cs-intros

)

show
L-10-5-N o B T & c(ArrMap)(g © 4 pp-cat 2 [ =
L-10-5-N a B T R c(ArrMap)(9) ©4cqs-Set g L-10-5-N o B T & c(ArrMap))(f))
ifg: b = op-cat A c'and f: a’ = op-cat A b for b' ¢’ ga'f
proof-
from that assms(5) show ?2thesis
unfolding cat-op-simps
by
(
cs-concl
cs-intro:
cat-cs-intros
cat-prod-cs-intros
cat-FUNCT-cs-intros
cat-op-intros
cs-simp:
cat-cs-simps
cat-Kan-cs-simps
cat-FUNCT-cs-simps
cat-prod-cs-simps
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cat-op-simps
cf-nt.cf-ArrMap-Comp[ symmetric]

)
qed

show
L-10-5-N o 8 T & c(ArrMap))(op-cat A(CId)(a])]) =
cat-Set B(CId))(L-10-5-N « 5 T & c¢(ObjMap))(a)))
if a €, op-cat A(Obj|) for a
proof-—
note [ cat-cs-simps] =
nicf-id-cf-comp[ symmetric]
nicf-arrow-id-ntcf-id[ symmetric]
cat-FUNCT-CId-app[ symmetric]
from that[unfolded cat-op-simps] assms show ?thesis
by
(
cs-concl
cs-intro:
cat-cs-intros
cat-FUNCT-cs-intros
cat-prod-cs-intros
cat-op-intros
cs-simp:
cat-FUNCT-cs-simps cat-cs-simps cat-Kan-cs-simps cat-op-simps
)
qed

qed (cs-concl cs-simp: cat-Kan-cs-simps cs-intro: cat-cs-intros)+
qed

lemma L-10-5-N-is-functor'[ cat-Kan-cs-intros]:

assumes Z [

and a €, 3

and R: B »gq €

and T : B »>coq A

and c €, €(0bj)

and 2’ = op-cat A

and B’ = cat-Set 3

and 8’ =
shows L-10-5-N a 3 T R ¢ : A’ aaaderl B’
using assms(1-5) unfolding assms(6-8) by (rule L-10-5-N-is-functor)

15.3 Lemma X.5: L-10-5-v-arrow

15.3.1 Definition and elementary properties
definition L-10-5-v-arrow =V =V =V =>V=>V= V=V

where L-10-5-v-arrow T R ¢ 7 a b =

(Me.Hom (R(HomCod)) ¢ (8(ObjMap|)(b])). T(NTMap|)(0, b, f.),
Hom (R&(HomCod))) ¢ (R(ObjMapl))(b])),
| Hom (T(HomCod))) a (T(ObjMap|) (b))

Components.

lemma L-10-5-v-arrow-components:
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shows L-10-5-v-arrow T 8 ¢ 7 a b(ArrVal]) =
(MesHom (R(HomCod))) ¢ (R(ObjMap))(b])). T(NTMap))(0, b, f]e)
and L-10-5-v-arrow T & ¢ 7 a b((ArrDom|) = Hom (R(HomCod))) ¢ (R(]ObjMap|) (b))
and L-10-5-v-arrow ¥ & ¢ 7 a b(ArrCod|) = Hom (T(HomCod))) a (T(ObjMap)) (b))
unfolding L-10-5-v-arrow-def arr-field-simps
by (simp-all add: nat-omega-simps)

context
fixesa B ECART
assumes R: R: B »>gg €
and T: T : B »oq A
begin

interpretation £: is-functor a 8 € K& by (rule R)
interpretation T: is-functor o B A T by (rule ¥)

lemmas L-10-5-v-arrow-components’ = L-10-5-v-arrow-components|
where T=% and R=R, unfolded cat-cs-simps

]
lemmas [cat-Kan-cs-simps] = L-10-5-v-arrow-components’(2,3)

end

15.3.2 Arrow value

mk-VLambda L-10-5-v-arrow-components(1)
|vsv L-10-5-v-arrow-Arr Val-vsv[ cat- Kan-cs-intros]|

context
fixesa B ECART
assumes R: R: B »gg €
and T: T : B oo A
begin

mk-VLambda L-10-5-v-arrow-components'(1)[ OF & T]
|vdomain L-10-5-v-arrow-ArrVal-vdomain[ cat-Kan-cs-simps]|
|app L-10-5-v-arrow-ArrVal-app[unfolded in- Hom-iff ]|

end

lemma L-10-5-v-arrow-ArrVal-app”:
assumes R : B »>oq €
and T : B »>0q A
and f : ¢ =g R(ObjMap)|) (b))
shows L-10-5-v-arrow T & ¢ 7 a b(ArrVal)(f) = T(NTMap|) (0, b, f].
proof-
interpret £ is-functor a B € R by (rule assms(1))
interpret T: is-functor a B A T by (rule assms(2))
from assms(3) have c: ¢ €, €(0bj)) by auto
show ?thesis by (rule L-10-5-v-arrow-ArrVal-app[ OF assms(1,2,3)])
qed

15.3.3 L-10-5-v-arrow is an arrow

lemma L-10-5-v-arrow-ArrVal-is-arr:
assumes £ : B >0 €
and T : B oo AU
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and 7’ = ntcf-arrow T
and 7 : a <¢F.cone £ °cF ¢ o[ 1cr R:¢clor Rca AU
and f: ¢ =g R(ObjMap|) (b))
and b €, B(0bj)
shows L-10-5-v-arrow T & ¢ 7" a b(ArrVal)(f]) : a —g T(ObiMap|) (b))
proof-
interpret £: is-functor a B € & by (rule assms(1))
interpret T: is-functor a B A T by (rule assms(2))
interpret 7: is-cat-cone a a <¢ lop K A X oop ¢ ol lcr K 7 by (rule assms(4))
from assms(5,6) show ?thesis
unfolding assms(3)
by
(
cs-concl
cs-simp:
cat-cs-simps
L-10-5-v-arrow-ArrVal-app
cat-comma-cs-simps
cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros

)
qed

lemma L-10-5-v-arrow-ArrVal-is-arr' cat-Kan-cs-intros]:
assumes £ : B »>gq €
and T : B »>oq A
and 7’ = ntcf-arrow T

and o' = @
and b’ = T(ObjMap)) (b))
and A’ = A

and 7 : @ <gF.cone £ ocF € ol lcr R:clor Rrcoa U
and f : ¢ —»g R(ObjMap|) (b))
and b €, B(O0bj)
shows L-10-5-v-arrow T & ¢ 7" a b(ArrVal)(f]) : o’ —g b’
using assms(1-3, 7-9)
unfolding assms(8-6)
by (rule L-10-5-v-arrow-ArrVal-is-arr)

15.3.4 Further properties

lemma L-10-5-v-arrow-is-arr:
assumes £ : B »>gq €
and T : B oo AU
and c €, €(0bj)
and 7’ = ntcf-arrow T
and 7 : @ <cF.cone T ocF € ol lcr R:clor B coa 2
and b €, B(0bj)
shows L-10-5-v-arrow T K c7’ ab:
Hom € ¢ (R(ObjMap|) (b)) ~
proof-
note L-10-5-v-arrow-components = L-10-5-v-arrow-components’| OF assms(1,2)]
interpret £: is-functor a B € & by (rule assms(1))
interpret T: is-functor a B A T by (rule assms(2))
interpret 7: is-cat-cone o a <c lop R AT ocp ¢ ol 1cr K 7 by (rule assms(5))
show ?thesis
proof(intro cat-Set-is-arrl)
show arr-Set o (L-10-5-v-arrow T & ¢ 7" a b)
proof(intro arr-Setl)

Hom A a (T(ObjMap))(b))

cat-Set a
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show vfsequence (L-10-5-v-arrow ¥ K ¢ 7" a b)
unfolding L-10-5-v-arrow-def by simp
show vcard (L-10-5-v-arrow T R ¢ 7" a b) = 3N
unfolding L-10-5-v-arrow-def by (simp add: nat-omega-simps)
show
Ro (L-10-5-v-arrow ¥ & ¢ 7" a b(ArrVal)) <
L-10-5-v-arrow T & ¢ 7" a b(ArrCod)
unfolding L-10-5-v-arrow-components
proof(intro vrange- VLambda-vsubset, unfold in-Hom-iff)
fix f assume f : ¢ =g R(ObjMap|) (b))
from L-10-5-v-arrow-ArrVal-is-arr| OF assms(1,2,4,5) this assms(6)] this
show 7'(NTMap))(0, b, f)e : a =g T(ObjMap))(b)
by
(
cs-prems cs-shallow
cs-simp: L-10-5-v-arrow-ArrVal-app’ cat-cs-simps
cs-intro: cat-cs-intros

)
qed
from assms(3,6) show L-10-5-v-arrow T & ¢ 7" a b(ArrDom|) €, Vset «
by (cs-concl cs-simp: cat-Kan-cs-simps cs-intro: cat-cs-intros)
from assms(1-3,6) 7.cat-cone-obj show
L-10-5-v-arrow T & ¢ 7" a b(ArrCod)) €, Vset «
by (cs-concl cs-simp: cat-Kan-cs-simps cs-intro: cat-cs-intros)
qed (auto simp: L-10-5-v-arrow-components)
qed (simp-all add: L-10-5-v-arrow-components)
qed

lemma L-10-5-v-arrow-is-arr’| cat-Kan-cs-intros]:

assumes R : B »gq €
and T : B »oq A
and c €, €(0bj)
and 7’ = ntcf-arrow T
and 7 : a <cF.cone T ocr collcr R:clorp R—ca 2
and b €, B(O0bj)
and A = Hom € ¢ (R(ObjMap|) (b))
and B = Hom A a (T(ObjMap)) (b))
and €' = cat-Set a

shows L-10-5-v-arrow T R ¢’ ab: A =er B

using assms(1-6) unfolding assms(7-9) by (rule L-10-5-v-arrow-is-arr)

lemma L-10-5-v-cf-hom| cat-Kan-cs-simps]:
assumes R : B »>oq €
and T: B »oq A
and ¢ €, €(0bj)
and 7’ = ntcf-arrow T
and 7 : a <gF.cone Tocr collcr R:iclcr Rrca U
and a ¢, 2A(Obj))
and f:a' g b
shows
L-10-5-v-arrow T R ¢ 7" a b' 04 p41-Set o
cf-hom € [€(CId))(c]), R(ArrMap))(f]]. =
cf-hom 2 [A(CId])(al), T(ArrMap)(f)]o oa cat-Set «
L-10-5-v-arrow T R ¢ 7' aa’
(is ?lhs = ?rhs)
proof-

interpret £ is-functor a B € R by (rule assms(1))
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interpret T: is-functor a B 2A T by (rule assms(2))
interpret 7: is-cat-cone a a <¢c lop K A T ogp ¢ ol lcr K 7 by (rule assms(5))

have [cat-Kan-cs-simps]:
T(NTMap))(a”, b", R(ArrMap))(h) cag fDe =
T(ArrMap))(h') oag T(NTMap))(a’, b', f)e
if F-def: F = [[a’, b', [']o, [a", 0", "o, [9", h']o]o

and A-def: A = [a’, b, f’]
and B-def: B = [a", b", f"']o
and F: F: A, .. g B
forFABa’b’f’a’ b”f” "y
proof—

from F[unfolded F-def A-def B-def] assms(3) have a’-def: o’ = 0
and a"-def: a” = 0
and g'-def: ¢' =
and b’ h': b’ b”
and f ' ¢ g 8(ObMap) ()
and [ 7' ¢ g R(ObjMap) (")
and f"-def: R(ArrMap))(h')) cag f'=f"
by auto
note 7.cat-cone-Comp-commute[ cat-cs-simps del]
from
7.ntef-Comp-commute[ OF F)
that(2) F g’ h' f' "
R.is-functor-azioms
T.is-functor-axioms
show
T(NTMap))(a”, 0", R(ArrMap)(h') oag e =
T(ArrMap))(h']) cag T(NTMap|)(a’, b', f'De
unfolding F-def A-def B-def a’-def a''-def g'-def
by
(
cs-prems
cs-simp: cat-cs-simps cat-comma-cs-simps f''-def[ symmetric]
cs-intro: cat-cs-intros cat-comma-cs-intros

)
qed

from assms(3) assms(6,7) R .HomCod.category-axioms have lhs-is-arr:
flhs : Hom € ¢ (8008 Map)(a)) =gut-set o Hom % a (S(OLiMap) (b))
unfolding assms(4)
by
(
cs-concl cs-intro:
cat-lim-cs-intros
cat-cs-intros
cat-Kan-cs-intros
cat-prod-cs-intros
cat-op-intros

then have dom-lhs: D, ((?lhs)(ArrVal])) = Hom € ¢ (R(ObjMap))(a’))

by (cs-concl cs-shallow cs-simp: cat-cs-simps)
from assms(3) assms(6,7) R.HomCod.category-azioms T.HomCod.category-azioms
have rhs-is-arr:

?rhs : Hom € ¢ (R(ObjMap))(a’)) ~

unfolding assms(4)

by

(

Hom A a (T(ObjiMap))(b'))

cat-Set o
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cs-concl cs-intro:
cat-lim-cs-intros
cat-cs-intros
cat-Kan-cs-intros
cat-prod-cs-intros
cat-op-intros
)
then have dom-rhs: Dy ((?rhs)(ArrVal])) = Hom € ¢ (R(ObjMap|)(a’])
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
show ?thesis
proof(rule arr-Set-eql’)
from [lhs-is-arr show arr-Set-lhs: arr-Set a ?lhs
by (auto dest: cat-Set-is-arrD(1))
from rhs-is-arr show arr-Set-rhs: arr-Set o ?rhs
by (auto dest: cat-Set-is-arrD(1))
show ?lhs(ArrVal)) = 2rhs(ArrVal))
proof(rule vsv-eql, unfold dom-lhs dom-rhs in-Hom-iff)
fix g assume prems: g : ¢ =g R(0bjMap))(a’))
from prems assms(7) have Rf:
A(ArrMap)(f) oag g : ¢ ¢ KObMap)(b)
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
with assms(6,7) prems K HomCod.category-azioms T.HomCod.category-azioms
show ?2lhs(ArrVal])(gl) = ?rhs(ArrVal])(g)
by
(
cs-concl
cs-intro:
cat-lim-cs-intros
cat-cs-intros
cat-Kan-cs-intros
cat-comma-cs-intros
cat-prod-cs-intros
cat-op-intros
cat-1-is-arrl
cs-simp:
L-10-5-v-arrow-ArrVal-app’
cat-cs-simps
cat-Kan-cs-simps
cat-op-simps
cat-FUNCT-cs-simps
cat-comma-cs-simps
assms(4)
)+
qged (use arr-Set-lhs arr-Set-rhs in auto)
qed
(
use lhs-is-arr rhs-is-arr in
<cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-introsy
)+
qed

15.4 Lemma X.5: L-10-5-7

15.4.1 Definition and elementary properties

definition L-10-5-7 where L-10-5-1 T R cv a =

(Abfeoc Lor R(Ob)). v(NTMap))(bf (1)) (ArrVal) (bf(2x)D),
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cf-const (¢ or R) (X(HomCod)) a,
Tocr coller R,
clcr ﬁa
(T(HomCod)))
Io

Components.

lemma L-10-5-1-components:

shows L-10-5-1 T & ¢ v a(NTMap)) =
(\bfeac bor RIOB). vINTMap)(bf (1)) (ArrVal) (B (2xDD)
and L-10-5-71 T & ¢ v a(NTDom)|) = cf-const (¢ Lcr R) ($(HomCod))) a
and L-10-5-1 T R cv a(NTCod)) = T ocr ¢ ol lcr R
and L-10-5-71 T 8 ¢ v a(NTDGDom|) = ¢ lcr R
and L-10-5-1 T 8 ¢ v a(NTDGCod|) = (T(HomCod)))

unfolding L-10-5-7-def nt-field-simps by (simp-all add: nat-omega-simps)

context
fixesaBECARKT
assumes R: R: B »on €
and T: T : B »on A
begin

interpretation £: is-functor a 8 € R by (rule R)
interpretation T: is-functor o B A T by (rule ¥)

lemmas L-10-5-7-components’ = L-10-5-1-components|
where T=T and R=R, unfolded cat-cs-simps

]
lemmas [ cat-Kan-cs-simps] = L-10-5-7-components’(2-5)

end

15.4.2 Natural transformation map

mk-VLambda L-10-5-7-components(1)
|vsv L-10-5-7-NTMap-vsv[ cat-Kan-cs-intros]|
|vdomain L-10-5-7-NTMap-vdomain[ cat-Kan-cs-simps]|

lemma L-10-5-7-NTMap-app| cat- Kan-cs-simps]:
assumes bf = [0, b, f]o and bf €, ¢ Lcr R(Obj)
shows L-10-5-1 T R ¢ v a(NTMap))(bf]) = v(NTMap|) (b)) (ArrVal)(f)
using assms unfolding L-10-5-7-components by (simp add: nat-omega-simps)

15.4.3 L-10-5-1 is a cone

lemma L-10-5-7-is-cat-cone[ cat-cs-intros]:
assumes R : B »gq €
and T : B »oq A
and c ¢, €(0bj)
and v'-def: v’ = ntcf-arrow v
and v: v :
Homo.ca€(c,—) occp R =cr Homo. caU(a,—) ocr T : B »>coq cat-Set «
and a: a €, 2A(0bj)
shows L-10-5-1 T R cv' a: a <cr.cone Tocr collcr B:clcr B =—ca A
proof-

let ?H-C = <Ac. Homo.ca®(c,~)»
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let ?H-2A = <Aa. Homo.ca2(a,—)»

interpret £: is-functor a B € & by (rule assms(1))
interpret T: is-functor a B A T by (rule assms(2))

from assms(3) interpret cf: category o <c lop R
by (cs-concl cs-shallow cs-intro: cat-comma-cs-intros)
from assms(3) interpret Ilc: is-functor a <c lcp £ B ¢ ol lcr R
by
(
cs-concl cs-shallow
cs-simp: cat-comma-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros
)
interpret v: is-ntcf a B <cat-Set ay «<H-C c ogp K «?HA a ocp v
by (rule v)

show ?thesis
proof(intro is-cat-conel is-ntcfI")
show ufsequence (L-10-5-1 T R ¢ v’ a) unfolding L-10-5-7-def by simp
show vcard (L-10-5-1 T 8 c v’ a) = 5n
unfolding L-10-5-7-def by (simp add: nat-omega-simps)
from a interpret cf-const:
is-functor a <c Lor K A <cf-const (¢ lor R) A @
by (cs-concl cs-intro: cat-cs-intros)
show L-10-5-71 ¥ R ¢ v" a(NTMap))(bf) :
cf-const (¢ Lorp R) A a(ObiMap))(bf]) —o (T ocr ¢ o 1cr R)(ObiMap|) (bf))
if bf €, ¢ Lor R(Obj)) for bf
proof-
from that assms(3) obtain b f
where bf-def: bf = [0, b, f]o
and b: b €, B(0bj)
and f: f: ¢ »g R(ObjMap|)(b)
by auto
from v.ntcf-NTMap-is-arr[ OF b] a b assms(3) f have v(NTMap)) (b)) :
Hom € ¢ (R(ObjiMap)) (b)) = cai-Set o Hom A a (T(ObjMap))(b]))
by
(
cs-prems cs-shallow
cs-simp: cat-cs-stmps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros
)
with that b f show L-10-5-1 T & ¢ v’ a(NTMap|)(bf]) :
cf-const (¢ Lor R) A a(ObiMap) (bf]) =9 (T ocr ¢ oM cr R)(ObMap)(bf])
unfolding bf-def v'-def
by
(
cs-concl
cs-simp:
cat-cs-simps
cat-Kan-cs-simps
cat-comma-cs-stmps
cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros

qed

show
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L-10-5-1 T 8 ¢ v" a(NTMap))(B|) oag cf-const (¢ lcr R) A a(ArrMap))(F|) =
(T ocr ¢ olMcr R)(ArrMap))(F)) oag L-10-5-1 T & ¢ v’ a(NTMap)) (A
itF: Ao, ,qgBfor ABF
proof—
from R.is-functor-azioms that assms(3) obtain a’ fa'" ' g
where F-def: F = [[0, a', 1o, [0, a", /']o, [0, glo)o
and A-def: A = [0, o', f]o
and B-def: B = [0, a", f']o
and ¢g: g: a' g a”
and f: f: ¢ »g R(ObjMap|)(a’)
and f" f': ¢ »¢ R(ObjMap))(a”)
and f'-def: R(ArrMap|)(g) oag f = f'
by auto
from v.ntcf-Comp-commute[ OF g] have
(WINTMap) (") © 4 s 0t o (PH-C ¢ o R)(ArrMap)(g))(ArrVal) ()
((?HA a ocp T)(ArrMap)(9) 0 cqi-Set o VINTMap))(a’))(ArrVal)(f])
by simp
from this a g f f' R HomCod.category-azioms T.HomCod.category-azioms
have [ cat-cs-simps]:
v(NTMap|)(a”) (ArrVal) (R(ArrMap)) (g) ca¢ f]) =
T(ArrMap))(g) oag v(NTMap))(a')(ArrVal) (f]
by
(
cs-prems
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-prod-cs-intros cat-op-intros

)

from that a g f f' 8. HomCod.category-axioms <. HomCod.category-azioms
show ?thesis
unfolding F-def A-def B-def v'-def
by
(
cs-concl
cs-simp:
f'-def[ symmetric]
cat-cs-simps
cat-Kan-cs-simps
cat-comma-cs-simps
cat-FUNCT-cs-simps
cat-op-simps
cs-intro: cat-cs-intros cat-op-intros
)
qed

qed
(
use assms in
¢
cs-concl

cs-simp: cat-cs-simps cat-Kan-cs-simps
cs-intro: cat-cs-intros cat-Kan-cs-intros a

)

)+
qed

lemma L-10-5-7-is-cat-cone'[ cat-Kan-cs-intros]:
assumes £ : B »>gq €
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and T : B »-0q AU

and ¢ €, €(0bj)

and v’ = ntcf-arrow v

and §' =T ocp collcr R
and cR=c |lcr R

and 20" =2
and o' = «
and v :

Homo.ca€(c,~) occr & »op Homo. ca(a,~) ocr T
B > oq cat-Set o
and a €, 2(0bj)
shows L-10-5-1 T R cv' a: a <gr.cone § 1 R g, A
using assms(1-4,9,10) unfolding assms(5-8) by (rule L-10-5-7-is-cat-cone)

15.5 Lemma X.5: L-10-5-v

15.5.1 Definition and elementary properties

definition L-10-5-v = V=V =V => V= V= V=V
where L-10-5-va T RcTa=
[
(AbeeT(HomDom|)(Obj]). L-10-5-v-arrow ¥ & ¢ T a b),
Homo.caR(HomCod)(c,~) ocr R,
Homo caT(HomCod))(a,~) ocr ¥,
T(HomDom)),
cat-Set

]o

Components.

lemma L-10-5-v-components:

shows L-10-5-v o ¥ R ¢ 7 a(NTMap)) =
(AbeoT(HomDom))(0bj)). L-10-5-v-arrow T K ¢ T a b)
and L-10-5-v a T 8 ¢ 7 a(NTDom| = Homo.caR(HomCod)(c,~) ocr R
and L-10-5-v a ¥ R ¢ 7 a(NTCod]) = Homo.caT(HomCod))(a,~) occr T
and L-10-5-v « T R ¢ 7 a(NTDGDom|) = T(HomDom)])
and L-10-5-v a« T R ¢ 7 a(NTDGCod)) = cat-Set «

unfolding L-10-5-v-def nt-field-simps by (simp-all add: nat-omega-simps)

context

fixesa B ECARKT

assumes f: R: B > Cand T FT 1B g A
begin

interpretation f: is-functor a B € & by (rule 8)
interpretation T: is-functor a B A T by (rule T)

lemmas L-10-5-v-components’ = L-10-5-v-components|

where T=% and R=R, unfolded cat-cs-simps

]
lemmas [cat-Kan-cs-simps] = L-10-5-v-components’(2-5)

end

15.5.2 Natural transformation map

mk-VLambda L-10-5-v-components(1)
|vsv L-10-5-v-NTMap-vsv| cat-Kan-cs-intros]|
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context
fixesa B ECART
assumes R: R:B o> €
and T: T : B >0 AU
begin

interpretation £: is-functor a 8 € K& by (rule K)
interpretation T: is-functor a B A T by (rule ¥)

mk-VLambda L-10-5-v-components’(1)[OF & ]
|vdomain L-10-5-v-NTMap-vdomain[ cat-Kan-cs-simps]|
|app L-10-5-v-NTMap-app[ cat-Kan-cs-simps]|

end

15.5.3 L-10-5-v is a natural transformation

lemma L-10-5-v-is-ntcf:
assumes R : B »gq €
and T : B »oq A
and c ¢, €(0bj)
and 7'-def: 7' = ntcf-arrow T
and 7: 7 : a <¢F.cone T ocF ¢ o[ 1locr R:clor Rca AU
and a: a € 2(O0bj)
shows L-10-5-va T RcT1’a:
Homo.ca®(c,—) occr R =cr Homo. caU(a,—) ocr T : B g cat-Set «
(is «2L-10-5-v : H-C cocp R —cp ?HA aocp T: B =g cat-Set av)
proof-

interpret £: is-functor a B € & by (rule assms(1))
interpret T: is-functor a B A T by (rule assms(2))

interpret 7: is-cat-cone a a <c lop R A F ogp c o lorp K T
by (rule assms(5))

from assms(3) interpret cf: category a <c lop R
by (cs-concl cs-shallow cs-intro: cat-comma-cs-intros)
from assms(3) interpret Ilc: is-functor a <c lop £ B <«c o[lcr R
by
(
cs-concl cs-shallow
cs-simp: cat-comma-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros

)

show ?L-10-5-v: ?H-C cogr Rvcop ?HRA aocp T : B = cat-Set «
proof(intro is-ntcfl")
show vfsequence ?L-10-5-v unfolding L-10-5-v-def by auto
show vcard ?L-10-5-v = 5
unfolding L-10-5-v-def by (simp add: nat-omega-simps)
show ?L-10-5-v(NTMap|) (b)) :
(PH-€ ¢ ocr R)(OGMap) (8) =g 5ot o (PHA 0 o0 r T)(ObMap)(b)
if b e, B(0bj) for b
proof—
from a that assms(3) show ?thesis
unfolding 7'-def
by
(
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cs-concl cs-shallow
cs-simp: cat-cs-simps cat-Kan-cs-simps
cs-intro:
cat-Kan-cs-intros
cat-lim-cs-intros
cat-cs-intros
cat-op-intros
)
qed
show
L-10-5-v(NTMap)(b) ©4 cqt-set o (PH-C ¢ oor R)(ArrMap))(f)) =
(PH2A a ocr T)(ArrMap)(f) o cap-get o L-10-5-0(NTMap) (o)
iff:a g b fora’b'f
proof-
from that a assms(3) show ?thesis
by
(
cs-concl
cs-simp: cat-cs-simps cat-Kan-cs-simps cat-op-simps 7'-def
cs-intro: cat-lim-cs-intros cat-cs-intros
)
qed

qed
(
use assms(3,6) in
¢
cs-concl

cs-simp: cat-cs-simps cat-Kan-cs-simps
cs-intro: cat-cs-intros cat-Kan-cs-intros

)

)+
qed

lemma L-10-5-v-is-ntcf'[ cat-Kan-cs-intros]:
assumes £ : B »>gq €
and T : B o0 AU
and ¢ €, €(0bj)
and 7’ = ntcf-arrow T
and §' = Homo.ca@(c,~) ocr R
and &' = Homo. caU(a,~) ccp T
and B' =B
and ¢’ = cat-Set «
and o’ = «
and 7 : a <cF.cone T ocF ¢ ol lcr R:clor R oa 2
and a €, 2(0bj)
shows L-10-5-va T Rc7’'a:§ —»cp & : B’ e ¢’
using assms(1-4,10,11) unfolding assms(5-9) by (rule L-10-5-v-is-nicf)

15.6 Lemma X.5: L-10-5-x-arrow

15.6.1 Definition and elementary properties

definition L-10-5-x-arrow
where L-10-5-x-arrow o T R c a =

(Ave,L-10-5-N o 8 ¥ R ¢(O0bjMap|)(a)). ntcf-arrow (L-10-5-1 T R ¢ v a)),

348



L-10-5-N « B8 T & ¢(0ObjMap))(a)),
cf-Cone a (T ocp ¢ ol 1or R)(ObjMap])(al)
]o

Components.

lemma L-10-5-x-arrow-components:
shows L-10-5-x-arrow a T R ¢ a(ArrVal]) =
(MeoL-10-5-N a 8 T R ¢(ObjiMap|)(al). ntef-arrow (L-10-5-71 T K c v a))
and L-10-5-x-arrow a § ¥ & ¢ a(ArrDom|) = L-10-5-N a 8 T & ¢(ObjMap))(al)
and L-10-5-x-arrow o % R ¢ a(|ArrCod)) =
cf-Cone a B (T ocr ¢ ol 1cr R)(ObiMap])(al)
unfolding L-10-5-x-arrow-def arr-field-simps
by (simp-all add: nat-omega-simps)

lemmas [cat-Kan-cs-simps] = L-10-5-x-arrow-components(2,3)

15.6.2 Arrow value

mk-VLambda L-10-5-x-arrow-components(1)
|vsv L-10-5-x-arrow-vsv| cat-Kan-cs-intros]|
|vdomain L-10-5-x-arrow-vdomain|
lapp L-10-5-x-arrow-app|

lemma L-10-5-x-arrow-vdomain'[ cat-Kan-cs-simps]:
assumes Z [
and « €, 3
and R: B »gq €
and T : B »>coq A
and c €, €(0bj)
and a €, 2A(Obj))
shows D, (L-10-5-x-arrow a 8 T & ¢ a(ArrVal)) = Hom
(cat-FUNCT o B (cat-Set «))
(¢f-map (Homo.ca€(c,—) ocr R))
(cf-map (Homo.ca2A(a,~) ocr X))
using assms
by
(
cs-concl
cs-simp: cat-cs-simps cat-Kan-cs-simps L-10-5-x-arrow-vdomain
cs-intro: cat-cs-intros

)

lemma L-10-5-x-arrow-app’[ cat-Kan-cs-simps]:
assumes Z 3
and a €, 3
and R: B »pog €
and T: B »c0q A
and c €, €(0bj)
and v'-def: v’ = nitcf-arrow v
and v: v :
Homo.ca€(c,=) occp R =cr Homo caU(a,~) ocp T : B >0 cat-Set a
and a: a € 2(0bj)
shows
L-10-5-x-arrow o B % R ¢ a(ArrVal)(v') =
ntef-arrow (L-10-5-1 T K ¢ v’ a)
using assms
by
(
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cs-concl cs-shallow
cs-simp: cat-cs-simps cat-Kan-cs-simps L-10-5-x-arrow-app
cs-intro: cat-cs-intros cat-FUNCT-cs-intros

)

lemma vTa-def:
assumes R : B »>gq €
and T: B »0q A
and c ¢, €(0bj)
and vra’-def: vra’ = nicf-arrow vra
and vra: vra :
Homo.ca€(c,—) occr R »orp Homo. caU(a,~) ocr T
B > o cat-Set o
and a: a €, 2A(0bj)
shows vra = L-10-5-v a T R ¢ (ntcf-arrow (L-10-5-1 T R c vra’ a)) a
(is «wwra = ?2L-10-5-v (ntcf-arrow ?L-10-5-T) a»)
proof-

interpret £: is-functor a B € & by (rule assms(1))
interpret T: is-functor a B A T by (rule assms(2))

interpret vra: is-nicf
a B (cat-Set v <Homo. ca€(c,~) occrp K <Homo.caM(a,~) ccr T vTa
by (rule vra)

show ?thesis
proof(rule ntcf-eql)
show vTa :
Homo.ca€(c,—) occp R =cr Homo. caU(a,—) ocr T : B > cat-Set «
by (rule vra)
from assms(1-3) a show
?L-10-5-v (ntcf-arrow ?L-10-5-17) a :
Homo.ca€(c,=) occp R »cr Homo. caU(a,—) ocr T : B —»r>cq cat-Set a
by
(
cs-concl
cs-simp: cat-Kan-cs-simps vra’-def
cs-intro: cat-cs-intros cat-Kan-cs-intros
)
have dom-lhs: D, (vTa(NTMap))) = B(0bj))
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
have dom-rhs: D, (?L-10-5-v (nicf-arrow (2L-10-5-17)) a(NTMap))) = B(0bj))
by (cs-concl cs-shallow cs-simp: cat-Kan-cs-simps cs-intro: cat-cs-intros)
show vra(NTMap|) = ?L-10-5-v (ntcf-arrow ?L-10-5-1) a(NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix b assume prems: b €, B(O0bj))
from prems assms(3) a have lhs: vra(NTMapl|) (b)) :
Hom € ¢ (R00biMap) (b)) = sar-5et o Hom 2 a (T(ObjMap) (b))
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-op-intros

)
then have dom-lhs: Do (vra(NTMap))(b)(ArrVal)) = Hom € ¢ (R(O0bjMap]) (b))
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
from prems assms(3) a have rhs:
L-10-5-v-arrow T R ¢ (ntcf-arrow ?L-10-5-7) a b :
Hom € ¢ (R(ObjiMap))(b) = cat-Set o Hom A a (T(ObjMap|)(b]))

350



unfolding vra’-def
by
(
cs-concl cs-shallow
cs-simp: cat-Kan-cs-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros

)

then have dom-rhs:
D, (L-10-5-v-arrow T & ¢ (ntcf-arrow ?L-10-5-1) a b(ArrVal])) =
Hom € ¢ (R(ObjMap|)(b]))
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
have [cat-cs-simps]:
vra(NTMap))(b) = L-10-5-v-arrow T K& ¢ (nicf-arrow ?L-10-5-7) a b
proof(rule arr-Set-eqI)
from lhs show arr-Set-lhs: arr-Set o (vra(NTMap)) (b))
by (auto dest: cat-Set-is-arrD(1))
from rhs show arr-Set-rhs:
arr-Set « (L-10-5-v-arrow T & ¢ (ntef-arrow (¢L-10-5-7)) a b)
by (auto dest: cat-Set-is-arrD(1))
show vTa(NTMap|) (b)) (ArrVal) =
L-10-5-v-arrow T & ¢ (ntef-arrow ?L-10-5-1) a b(ArrVal))
proof(rule vsv-eql, unfold dom-lhs dom-rhs in-Hom-iff)
fix f assume f : ¢ =g R(ObjMap|) (b))
with assms prems show
vTa((NTMap)) () (Arr Val]) (f]) =
L-10-5-v-arrow T R ¢ (ntcf-arrow ?L-10-5-1) a b(ArrVal)) (f])
unfolding vra’-def
by
(
cs-concl cs-shallow
cs-simp:
cat-Kan-cs-simps cat-FUNCT-cs-simps L-10-5-v-arrow-ArrVal-app
cs-intro: cat-cs-intros cat-comma-cs-intros
)
qed (use arr-Set-lhs arr-Set-rhs in auto)
qged (use lhs rhs in <cs-concl cs-shallow cs-simp: cat-cs-simpsy)+

from prems show
vra(NTMap))(b) = L-10-5-v o T & ¢ (ntcf-arrow ?L-10-5-1) a(NTMap|) (b))
by
(

cs-concl cs-shallow
cs-simp: cat-cs-simps cat-Kan-cs-simps cs-intro: cat-cs-intros

ged (cs-concl cs-intro: cat-cs-intros cat-Kan-cs-intros V-cs-intros)+

qed simp-all

qed

15.7 Lemma X.5: L-10-5-x"-arrow

15.7.1 Definition and elementary properties

definition L-10-5-x"-arrow = V=V =V =V =V= V=V

where L-10-5-x"-arrow o B3 T R ca =
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[
(
Ateocf-Cone a B (% ocr ¢ ol 1cr R)(0bjMap))(al).
ntcf-arrow (L-10-5-v a T R ¢ 7 a)
),
¢f-Cone a B (T ocr ¢ ollcr K)(ObjiMapl)(al),
L-10-5-N o 8 T R c(ObjMap))(al)

lo

Components.

lemma L-10-5-x -arrow-components:
shows L-10-5-x'-arrow a § T & ¢ a(ArrVal]) =
(
Areqcf-Cone a B (T ocr ¢ ol 1cr R)(0bjMap))(al).
ntcf-arrow (L-10-5-v a« T K ¢ T a)
)
and [cat-Kan-cs-simps]: L-10-5-x"-arrow o 8 T & ¢ a(ArrDom]|) =
cf-Cone a B (T ocp ¢ ollor R)(0ObiMap))(al)
and [cat-Kan-cs-simps]: L-10-5-x"-arrow o 8 T R ¢ a(|ArrCod)) =
L-10-5-N o 8 T R ¢(ObjMap|)(al
unfolding L-10-5-x'-arrow-def arr-field-simps by (simp-all add: nat-omega-simps)

15.7.2 Arrow value

mk-VLambda L-10-5-x'-arrow-components(1)
|vsv L-10-5-x"-arrow-ArrVal-vsv[ cat-Kan-cs-intros]
|vdomain L-10-5-x"-arrow-ArrVal-vdomain|
lapp L-10-5-x"-arrow-ArrVal-app|

lemma L-10-5-x'-arrow-ArrVal-vdomain'[ cat-Kan-cs-simps]:
assumes Z [
and « €, 3
and 7: T : @ <gF.cone £ °cF C o lcr R:iclor Rroa U
and a: a €, 2A(0bj)
shows D, (L-10-5-x'-arrow o 8 T R ¢ a(ArrVal])) = Hom
(cat-FUNCT « (¢ Lcr &) Q)
(¢f-map (cf-const (¢ Lor R) A a))
(cfmap (T ocr ¢ ol1cr R))
proof-
interpret 5: Z § by (rule assms(1))
interpret 7: is-cat-cone a a <c lop K A T ogp c o lor K T
by (rule assms(3))
from assms(1,2,4) show ?thesis
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps L-10-5-x'-arrow-ArrVal-vdomain
cs-intro: cat-cs-intros
)
qed

lemma L-10-5-x'-arrow-ArrVal-app'| cat-cs-simps]:
assumes Z [
and «a €, 3
and 7'-def: 7' = ntcf-arrow T
and 7: 7 : a <¢F.cone T ocr ¢ ol lcr R:clor Rorcoa U
and a: a € 2A(O0bj)
shows L-10-5-x"-arrow o 8 T & ¢ a(ArrVal)(7') =
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ntef-arrow (L-10-5-v a ¥ K ¢ 7' a)
proof-
interpret 5: Z 8 by (rule assms(1))
interpret 7: is-cat-cone a a <c lgp K A F ogp c ol lcr K T
by (rule assms(4))
from assms(2,5) have 7' ¢, ¢f-Cone o 8 (T ocr ¢ ollcr K)(ObjiMap))(al)
unfolding 7'-def
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-FUNCT-cs-intros cat-cs-intros
)
then show
L-10-5-x"-arrow o B T & ¢ a(ArrVal)(7') =
ntef-arrow (L-10-5-v a T K ¢ 7’ a)
unfolding L-10-5-x'-arrow-components by auto
qed

15.7.3 L-10-5-x'-arrow is an isomorphism in the category Set

lemma L-10-5-x'-arrow-is-iso-arr:
assumes Z [
and « €, 3
and R: B —»—¢gq €
and T : B »>coq A
and c €, €(0bj)
and a €, 2A(Obj))
shows L-10-5-x"-arrow o B3 T R c a :
¢f-Cone a B (T ocr ¢ oM cr R)(0biMap))(a)) »isocqr-Set 8
L-10-5-N « 8 T & ¢(ObjMap))(al)
( .
is
¢
2L-10-5-x"-arrow :
¢f-Cone a B (T ocr ¢ oM cr R)(0biMap))(a) »isocqt-Set 8
?L-10-5-N(ObjMap))(al))
)

)

proof-

let YFUNCT = 0. cat-FUNCT o A (cat-Set a)»
let 2cR-2A = <cat-FUNCT « (¢ lor ) 21

let H-C = <Ac. Homo. ca®(c,-)»

let 7H-2( = <Ac. Homo. ca(a,-)»

from assms(1,2) interpret 5: Z 3 by simp

interpret £ is-functor a B € R by (rule assms(3))
interpret T: is-functor a B A T by (rule assms(4))

from R.vempty-is-zet assms interpret cf: category a <c lop R
by (cs-concl cs-shallow cs-intro: cat-comma-cs-intros)
from assms(2,6) interpret cR-2l: category B 2cR-U
by
(
cs-concl cs-intro:
cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros
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)

from R.vempty-is-zet assms interpret Ilc:
is-functor a <c lgp R B <c ol lcr K
by (cs-concl cs-shallow cs-intro: cat-comma-cs-intros)

from assms(2) interpret FUNCT-: tiny-category 8 <?FUNCT >
by (cs-concl cs-intro: cat-cs-intros cat-FUNCT-cs-intros)

from assms(2) interpret FUNCT-B: tiny-category B «?FUNCT 9B
by (cs-concl cs-intro: cat-cs-intros cat-FUNCT-cs-intros)

from assms(2) interpret FUNCT-C: tiny-category 8 <?FUNCT &
by (cs-concl cs-intro: cat-cs-intros cat-FUNCT-cs-intros)

have TII: T ogp c ol lcr R:clor RPcoa U
by (cs-concl cs-intro: cat-cs-intros)

from assms(5,6) have [cat-cs-simps]:

cf-of-cf-map (¢ lor 8) A (¢f-map (cf-const (¢ lerp R) A a)) =
cf-const (¢ ler R) A a

cf-of-cf-map (¢ lor R) A (¢f-map (X ocr ¢ o[ lecr R)) =T ocr ¢ ol lcr &

cf-of-cf-map B (cat-Set «) (¢f-map (Homo.ca€(c,~) occr R)) =
Homo_CaQ:(C,—) OCF R

cf-of-cf-map B (cat-Set o) (cf-map (Homo.caU(a,~) ccr X)) =
Homo caM(a,~) ocr T

by (cs-concl cs-simp: cat-FUNCT-cs-simps cs-intro: cat-cs-intros)+

note cf-Cone-ObjMap-app = is-functor.cf-Cone-ObjMap-app[ OF T assms(1,2,6)]

show ?thesis
proof
(
intro cat-Set-is-iso-arrl cat-Set-is-arrl arr-Setl,
unfold L-10-5-x"-arrow-components(3) cf-Cone-ObjMap-app
)
show vfsequence ?L-10-5-x'"-arrow
unfolding L-10-5-x'-arrow-def by auto
show x'-arrow-ArrVal-vsv: vsv (?L-10-5-x"-arrow(ArrVal]))
unfolding L-10-5-x'-arrow-components by auto
show vcard ?L-10-5-x'-arrow = 3N
unfolding L-10-5-x'-arrow-def by (simp add: nat-omega-simps)
show [ cat-cs-simps]:
Do (2L-10-5-x"-arrow(ArrVal))) = 2L-10-5-x"-arrow(ArrDom)])
unfolding L-10-5-x’-arrow-components by simp
show vrange-y'-arrow-vsubset-N""
Ro (2L-10-5-x"-arrow(ArrVal))) S, ?L-10-5-N(0ObjMap))(a))
unfolding L-10-5-x'-arrow-components
proof(rule vrange- VLambda-vsubset)
fix 7 assume prems: T €, cf-Cone a (T ocp ¢ ol 1or R)(ObiMap))(al)
from this assms cR-2U.category-axioms have t-is-arr:
7t cf-map (cf-const (¢ lor R) A a) =59 ¢f-map (T ocr ¢ o[ 1cr R)
by
(
cs-prems
cs-simp: cat-cs-simps cat-Kan-cs-simps cat-FUNCT-components(1)
cs-intro: cat-cs-intros
)
note 7 = cat-FUNCT-is-arrD(1,2)[ OF T-is-arr, unfolded cat-cs-simps]
have cf-of-cf-map (¢ Lor R) A (¢f-map (X ocr ¢ o 1cr B)) =T ocr ¢ ol lcr R
by (c¢s-concl cs-simp: cat-FUNCT-cs-simps cs-intro: cat-cs-intros)
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from prems assms 7(1) show
ntcf-arrow (L-10-5-v a T & ¢ 7 a) €& ?L-10-5-N(ObjMap))(al)
by (subst 7(2))
(
cs-concl
cs-simp: cat-cs-simps cat-Kan-cs-simps
cs-intro:
is-cat-conel cat-cs-intros cat-Kan-cs-intros cat-FUNCT-cs-intros

)
qed

show R, (7L-10-5-x"-arrow(ArrVal)) = ?L-10-5-N(ObjMap))(a])
proof
(
intro vsubset-antisym[ OF vrange-x'-arrow-vsubset-N""],
intro vsubsetl

)

fix vTa assume vTa € ?L-10-5-N(O0bjMap))(a))
from this assms have vra:
vta : cf-map (?H-€ c ocp R) »opgnor 3 ¢f-map (?H2 a ocp T)
by
(
cs-prems
cs-simp: cat-cs-simps cat-Kan-cs-simps cs-intro: cat-cs-intros
)
note vra = cat-FUNCT-is-arrD[ OF this, unfolded cat-cs-simps]
interpret 7:
is-cat-cone a a <¢c lgrp B> AT ocr ¢ ol lcr K «L-10-5-1 T R c vTa w
by (rule L-10-5-7-is-cat-cone[ OF assms(3,4,5) vra(2,1) assms(6)])

show vTa €, Ro (2L-10-5-x"-arrow(ArrVal]))
proof(rule vsv.vsv-vimagel2")
show vsv (2L-10-5-x"-arrow(ArrVal])) by (rule x'-arrow-ArrVal-vsv)
from 7.is-cat-cone-axioms assms show
ntcf-arrow (L-10-5-1 ¥ & ¢ vta a) € Do (?L-10-5-x"-arrow(ArrVal]))
by
(
cs-concl
cs-simp: cat-Kan-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)
from assms vra(1,2) show
vra = ?L-10-5-x"-arrow(ArrVal) (ntcf-arrow (L-10-5-1 T & ¢ vTa a))
by
(
subst vTa(2),
cs-concl-step vTa-def[ OF assms(8,4,5) vra(2,1) assms(6)]
)
(cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
qed
qed

from assms show ?L-10-5-x'-arrow(ArrDom|) €, Vset 8
by
(

cs-concl
cs-simp: cat-Kan-cs-simps cat-FUNCT-components(1) cf-Cone-ObjMap-app
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cs-intro: cat-cs-intros cat-FUNCT-cs-intros cR-U.cat-Hom-in- Vset
)
with assms(2) have ?L-10-5-x'-arrow(ArrDom]|) €, Vset 8
by (meson Vset-in-mono Vset-trans)
from assms show ?L-10-5-N(ObjMap|)(a]) €; Vset
by
(
cs-concl
cs-simp: cat-cs-simps cat-Kan-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros FUNCT-B.cat-Hom-in-Vset cat-FUNCT-cs-intros
)
show dom-x'-arrow: Dy (?L-10-5-x"-arrow(ArrVal)) =
Hom 2¢8-A (cf-map (cf-const (¢ lor 8) A a)) (¢f-map (¥ ocr ¢ o 1cr R))
unfolding L-10-5-x’-arrow-components cf-Cone-ObjMap-app by simp
show ?2L-10-5-x'-arrow(ArrDom]) =
Hom ?c8-2 (cf-map (cf-const (¢ lop 8) A a)) (¢f-map (T ocr ¢ o 1cr R))
unfolding L-10-5-x'-arrow-components cf-Cone-ObjMap-app by simp
show v11 (?L-10-5-x'-arrow(ArrVal)))
proof(rule vsv.vsv-valeg-v11I, unfold dom-x'-arrow in-Hom-iff)
fix 7/ 7'’ assume prems:
7"t cf-map (cf-const (¢ lor R) A a) w»ooq g c¢f-map (T ocr ¢ ol 1cr R)
"' ef-map (cf-const (¢ Lop R) A a) =g c¢f-map (T ocp ¢ ol lor R)
?L-10-5-x"-arrow(ArrVal)(7') = ?L-10-5-x"-arrow(ArrVal) (7"
note 7’ = cat-FUNCT-is-arrD[ OF prems(1), unfolded cat-cs-simps]
and 7" = cat-FUNCT-is-arrD[ OF prems(2), unfolded cat-cs-simps]
interpret 7" is-cat-cone
aaclor B A X ocr c ollcr K <ntef-of-ntef-arrow (¢ Lor K) A Th
by (rule is-cat-conel[ OF 7'(1) assms(6)])
interpret 7' is-cat-cone
aa<clor B AKX ogr ¢ o ler B ntef-of-ntcf-arrow (¢ Lorp K) A 75
by (rule is-cat-conel[OF 7"'(1) assms(6)])
have 77" ntcf-arrow (ntcf-of-ntcf-arrow (¢ lop K) A7) =7’
by (subst (2) 7'(2)) (cs-concl cs-shallow cs-simp: cat-FUNCT-cs-simps)
have 77" ntef-arrow (ntcf-of-ntef-arrow (¢ lop &) A 7"7) = 7"
by (subst (2) 7''(2)) (es-concl cs-shallow cs-simp: cat-FUNCT-cs-simps)
from prems(3) 7'(1) 7"'(1) assms have
L-10-56vaX Rcect’'a=L-10-5-va¥TRcet'a
by (subst (asm) 7'(2), use nothing in <subst (asm) 7"(2)»)

cs-prems cs-shallow
cs-simp: 77" 77" cat-cs-simps cat-FUNCT-cs-simps

cs-intro: cat-lim-cs-intros cat-Kan-cs-intros cat-cs-intros

from this have vr'a-vr " a:
L-10-5-v a ¥ R ¢ 7" a(NTMap)) (b)) (ArrVal)(f]) =
L-10-5-v a T R ¢ 7" a(NTMap)) (b)) (ArrVal])(f])
if b e, B(Obj) and f : ¢ »¢ (R(ObMap|)(b])) for b f
by simp
have [cat-cs-simps]: 7'(NTMap|) (0, b, f)e = T""(NTMap))(0, b, f]e.
if b e, B(Obj) and f : ¢ »¢ (R(ObiMap)) (b)) for b f
using vt 'a-v7"a[ OF that] that
by
(
cs-prems cs-shallow
cs-simp: cat-Kan-cs-simps L-10-5-v-arrow-ArrVal-app
cs-intro: cat-cs-intros

have
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nicf-of-ntcf-arrow (¢ lop R) A 7/ =
ntcf-of-ntef-arrow (¢ lop K) A 7”7
proof(rule ntcf-eql)
show ntcf-of-nicf-arrow (¢ lop K) A 7'
cf-const (¢ yor R) A acr Tocp collecr Ricler Rrrcoa 2
by (rule 7'.is-ntcf-axioms)
then have dom-lhs:
D, (ntef-of-ntef-arrow (¢ lop R) A 7' (NTMap))) = ¢ Lor R(Obj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
show ntcf-of-ntcf-arrow (¢ Lorp K) A 7'
cf-const (¢ ycr R) A acr Tocp collecr Ricler Rroa 2
by (rule 7'".is-ntcf-azioms)
then have dom-rhs:
D, (ntef-of-ntcf-arrow (¢ Lorp K) A 7" (NTMap))) = ¢ Lcr K(Obj)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
show
ntef-of-ntcf-arrow (¢ lcp K) A 7'(NTMap)) =
ntef-of-ntef-arrow (¢ lop R) A 7"'(NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix A assume A ¢, ¢ |cr R(Obj)
with assms(5) obtain b f
where A-def: A = [0, b, 1o
and b: b €, B(0bj)
and f: f: ¢ =g R(ObjMap)) (b))
by auto
from b f show
ntef-of-ntcf-arrow (¢ lop R) A 7'(NTMap)(A]) =
ntef-of-ntef-arrow (¢ Lop K) A 7""(NTMap|) (A)
unfolding A-def
by (cs-concl cs-simp: cat-cs-simps cat-map-extra-cs-simps)
qged (c¢s-concl cs-shallow cs-intro: V-cs-intros)+
qed simp-all
then show 7' = 7"
proof(rule inj-onD[ OF bij-betw-imp-ing-on[ OF bij-betw-ntcf-of-ntcf-arrow]])
show 7’ €, ntcf-arrows o (¢ Lop R) A
by (subst 7'(2))

cs-concl cs-intro:
cat-lim-cs-intros cat-cs-intros cat-FUNCT-cs-intros
)

show 7”7 €, ntef-arrows o (¢ Lop K) A
by (subst 7"'(2))

cs-concl cs-intro:
cat-lim-cs-intros cat-cs-intros cat-FUNCT-cs-intros
)
qed
qged (c¢s-concl cs-shallow cs-intro: cat-Kan-cs-intros)
qed auto
qed
lemma L-10-5-x -arrow-is-iso-arr'[ cat-Kan-cs-intros]:
assumes Z [
and « ¢, 3

and R: B oo €
and T : B »coq A
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and c €, €(0bj)
and a €, 2A(0bj)
and A = ¢f-Cone a B (T ocr ¢ ol lcr K)(ObjMap]|)(al)
and B = L-10-5-N « 8 ¥ & ¢(0bjMap))(a))
and ¢’ = cat-Set
shows L-10-5-x"-arrow a B T R ca: A Pisog! B
using assms(1-6)
unfolding assms(7-9)
by (rule L-10-5-x'-arrow-is-iso-arr)

lemma L-10-5-x'-arrow-is-arr:
assumes Z (3
and « €, 3
and R: B »oq €
and T : B »>coq A
and c €, €(0bj)
and a €, 2A(Obj))
shows L-10-5-x'-arrow o 8 T R c a:
cf-Cone o B (T ocrp ¢ ol1cr R)(ObiMap))(a)) = cus-5et 8
L-10-5-N o 8 % & c(ObjMap))(|al)
by
(
rule cat-Set-is-iso-arrD(1)[
OF L-10-5-x"-arrow-is-iso-arr[ OF assms(1-6)]
]
)

lemma L-10-5-x'-arrow-is-arr'[ cat-Kan-cs-intros):
assumes Z [
and « €, 3
and R: B »gq €
and T : B »>coq A
and c €, €(0bj)
and a €, 2A(Obj))
and A = ¢f-Cone a B (T ocr ¢ ol 1cr R)(0bjMap|)(a))
and B = L-10-5-N a 8 ¥ & ¢(O0bjMap))(a))
and ¢’ = cat-Set
shows L-10-5-x-arrow a 8 T R ca: A e B
using assms(1-6) unfolding assms(7-9) by (rule L-10-5-x"-arrow-is-arr)

15.8 Lemma X.5: L-10-5-x
15.8.1 Definition and elementary properties

definition L-10-5-x = V=V = V=V = V=1V
where L-10-5-x a B T R ¢ =
[
(AaeoT(HomCod|) (| Obj)). L-10-5-x"-arrow a 8 T R ¢ a),
c¢f-Cone a B (T ocr ¢ ollcor R),
L-10-5N a B & c,
op-cat (X(HomCod))),
cat-Set [

lo

Components.

lemma L-10-5-x-components:
shows L-10-5-x a 8 T 8 ¢(NTMap)|) =
(AaeoT(HomCod))(|0bj)). L-10-5-x"-arrow o B T & ¢ a)
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and [cat-Kan-cs-simps]:
L-10-5-x a B T R ¢(NTDom|) = ¢f-Cone a 8 (T ocr ¢ ol lcr R)
and [ cat-Kan-cs-simps]:
L-10-5-x a T R ¢(NTCod|) = L-10-5-N a« § T R ¢
and L-10-5-x o f T 8 ¢c(NTDGDom|) = op-cat (T(HomCod)))
and [cat-Kan-cs-simps]: L-10-5-x a 8 ¥ & ¢(NTDGCod)) = cat-Set 3
unfolding L-10-5-x-def nt-field-simps by (simp-all add: nat-omega-simps)

context

fixes a A B T

assumes T: T : B »oq A
begin

interpretation is-functor a 6 2 T by (rule T)

lemmas L-10-5-x-components’ =
L-10-5-x-components[where T=%, unfolded cat-cs-simps]

lemmas [cat-Kan-cs-simps] = L-10-5-x-components’(4)

end

15.8.2 Natural transformation map

mk-VLambda L-10-5-x-components(1)
|vsv L-10-5-x-NTMap-vsv[ cat-Kan-cs-intros]|

context

fixes a A B T

assumes T: T : B oo A
begin

interpretation is-functor a B A T by (rule T)

mk-VLambda L-10-5-x-components(1)[where T=T, unfolded cat-cs-simps]
|vdomain L-10-5-x-NTMap-vdomain| cat-Kan-cs-simps]|
lapp L-10-5-x-NTMap-app| cat-Kan-cs-simps]|

end

15.8.3 L-10-5-x is a natural isomorphism

lemma L-10-5-x-is-iso-ntcf:
— See lemma on page 245 in [9)].
assumes Z [
and «a ¢, 3
and R: B »gq €
and T : B »>coq A
and c €, €(0bj)
shows L-10-5-x a 6T R ¢:
cf-Cone a 8 (X ocr ¢ ollcr R) PoF.iso L-10-5-N a B T R ¢ :
op-cat A dadel:: cat-Set 3
(is «2L-10-5-x : ?cf-Cone »cp iso ¢?L-10-5-N : op-cat 2 g cat-Set )
proof-

let YFUNCT = 0. cat-FUNCT o A (cat-Set a)»

let 2cR-2A = <cat-FUNCT « (¢ lor R) 2B
let ?ntcf-cR-A = <ntcf-const (¢ Lor R) W

359



let ?T-cR = «T ogr ¢ ol lcr B

let ?H-C = <Ac. Homo.ca®(c,—)»

let 2H-2 = <Ma. Homo. caU(a,~)»

let ?L-10-5-x"-arrow = <L-10-5-x"-arrow a 8 T K ¢
let 2cf-cR-2A = <cf-const (¢ lor R) 21>

let ?L-10-5-v = <L-10-5-v a T R ©

let ?L-10-5-v-arrow = <L-10-5-v-arrow T K ¢

interpret 5: Z 3 by (rule assms(1))

interpret & is-functor a B € R by (rule assms(3))
interpret T: is-functor a B A T by (rule assms(4))

from R.vempty-is-zet assms(H) interpret cf: category « <¢ lop K
by (cs-concl cs-shallow cs-intro: cat-comma-cs-intros)
from assms(1,2,5) interpret cR-2: category f ?cR-2A
by
(
cs-concl cs-intro:
cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros
)

interpret 3-cR-U: category B 7cR-2A
by (cs-concl cs-shallow cs-intro: cat-cs-intros assms(2))+
from assms(2,5) interpret A: is-functor 2 2cR-A <Acr a (¢ lor K) 2
by (cs-concl cs-intro: cat-cs-intros cat-op-intros)+
from R.vempty-is-zet assms(5) interpret Ilc:
is-functor a <c ogp R B <c o[ locr K
by
(
cs-concl cs-shallow
cs-simp: cat-comma-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros
)
interpret Sllc: is-tiny-functor B <c lcr K B ¢ ol 1or K
by (rule He.cf-is-tiny-functor-if-ge-Limit[ OF assms(1,2)])

interpret E: is-functor f «?FUNCT € x¢ & <cat-Set 5> <cf-eval a B €
by (rule 8 HomCod.cat-cf-eval-is-functor[ OF assms(1,2)])

from assms(2) interpret FUNCT-: tiny-category 8 «?FUNCT 2
by (cs-concl cs-intro: cat-cs-intros cat-FUNCT-cs-intros)

from assms(2) interpret FUNCT-B: tiny-category 8 «?FUNCT B>
by (cs-concl cs-intro: cat-cs-intros cat-FUNCT-cs-intros)

from assms(2) interpret FUNCT-€: tiny-category 3 <?FUNCT €&
by (cs-concl cs-intro: cat-cs-intros cat-FUNCT-cs-intros)

interpret S tiny-category B A
by (rule category.cat-tiny-category-if-ge-Limit)
(use assms(2) in <cs-concl cs-intro: cat-cs-introsy )+
interpret 3B: tiny-category [ B
by (rule category.cat-tiny-category-if-ge-Limit)
(use assms(2) in <cs-concl cs-intro: cat-cs-introsy )+
interpret B¢: tiny-category § €
by (rule category.cat-tiny-category-if-ge-Limit)
(use assms(2) in <cs-concl cs-intro: cat-cs-intros))+

interpret SR: is-tiny-functor § B € R
by (rule is-functor.cf-is-tiny-functor-if-ge-Limit)

360



(use assms(2) in <cs-concl cs-intro: cat-cs-intros))+
interpret B%T: is-tiny-functor § B AT
by (rule is-functor.cf-is-tiny-functor-if-ge-Limit)
(use assms(2) in <cs-concl cs-intro: cat-cs-introsy )+

interpret cat-Set-af: subcategory B <cat-Set o> <cat-Set B>
by (rule R subcategory-cat-Set-cat-Set[ OF assms(1,2)])

show ?thesis
proof(intro is-iso-nicfI is-ntcfl’, unfold cat-op-simps)

show ufsequence (?L-10-5-x) unfolding L-10-5-x-def by auto
show wvcard (?L-10-5-x) = 5N
unfolding L-10-5-x-def by (simp add: nat-omega-simps)
from assms(2) show ?cf-Cone : op-cat A =+>cg cat-Set 3
by (intro is-functor.tm-cf-cf-Cone-is-functor-if-ge- Limit)
(cs-concl cs-intro: cat-cs-intros)+

from assms show ?L-10-5-N : op-cat ndadel] cat-Set 3
by (cs-concl cs-shallow cs-intro: cat-Kan-cs-intros)
show ?L-10-5-x(NTMap))(|al) :
?cf-Cone(|ObjMap))(a) = isocqs-Set g #L-10-5-N(ObjMap))(al))
if a e, A(0bj) for a
using assms(2,3,4,5) that
by
(
cs-concl
cs-simp: L-10-5-x-NTMap-app
cs-intro: cat-cs-intros L-10-5-x'"-arrow-is-iso-arr
)
from cat-Set-is-iso-arrD[ OF this] show
PL-10-5-(NTMap)(a) : Zef-Cone(ObjMap)(a) = qp.5ey 3 ?L-10-5-N(ObjMap)(a)
if a €, A(0bj) for a
using that by auto

have [cat-cs-simps]:
2L-10-5-x"-arrow b 04 ¢q4-Set 3
cf-hom 2cR-A [ntef-arrow (Intcf-cR-2 f), ntef-arrow (ntcf-id #T-cR)]o =
cf-hom (?FUNCT B)
[
ntef-arrow (ntcf-id (YH-C ¢ oop R)),
nitcf-arrow (Homa co20(f,—) onror-cr %)
Jo ©Acat-Set 8 2L-10-5-x"-arrow a
( .
is
?L-10-5-x"-arrow b 04 oqp-5er g Ycf-hom-lhs =
2cf-hom-rhs o 4 oyt Ser 8 ?L-10-5-x"-arrow a
)
iff:brg aforabf
proof-
let ?H—f = <H0mA.Can(f,—)>
from that assms cR-U.category-axioms cR-A.category-axioms have lhs:
2L-10-5-x"-arrow b 0 A rgs_Get g fcf-hom-lhs :
Hom ?2c8-A (c¢f-map (Zcf-cR-A a)) (cf-map 7Z-cR) = u1-Set 8
?L-10-5-N(ObjMap|) (b))
by
(
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cs-concl
cs-simp:
cat-Kan-cs-simps
cat-cs-simps
cat-FUNCT-cs-simps
cat-FUNCT-components(1)
cat-op-simps
cs-intro:
cat-Kan-cs-intros
cat-FUNCT-cs-intros
cat-cs-intros
cat-prod-cs-intros
cat-op-intros
)
then have dom-lhs:
Do ((?L-10-5-x"-arrow b o4 o4s get g fcf-hom-lhs)(ArrVal)) =
Hom 2cR-2A (cf-map (Pcf-cR-A a)) (cf-map #T-cR)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
from that assms cR-U.category-axioms cR-2.category-azioms have rhs:
2cf-hom-rhs © A ot Set 38 ?L-10-5-x"-arrow a :
Hom 2c8-A (cf-map (?cf-cR-A a)) (cf-map #T-cR) & 415t 3
?L-10-5-N(ObjMap]) (b))
by
(
cs-concl
cs-simp:
cat-Kan-cs-simps
cat-cs-simps
cat-FUNCT-components(1)
cat-op-simps
cs-intro:
cat-Kan-cs-intros
cat-cs-intros
cat-prod-cs-intros
cat-FUNCT-cs-intros
cat-op-intros
)
then have dom-rhs:
Do ((Zcf-hom-rhs o4 cqp-ger g 7L-10-5-x"-arrow a)(ArrVal)) =
Hom 2cR-2A (cf-map (Pcf-cR-A a)) (cf-map #T-cR)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)

show ?thesis
proof(rule arr-Set-eql)
from [hs show arr-Set-lhs:
arr-Set § (2L-10-5-x"-arrow b o4 44-Set 8 ?cf-hom-1hs)
by (auto dest: cat-Set-is-arrD(1))
from rhs show arr-Set-rhs:
arr-Set B (2cf-hom-rhs o4 cq4_5es g ?L-10-5-x"-arrow a)
by (auto dest: cat-Set-is-arrD(1))
show
(PL-10-5-x"-arrow b o4 c4s-get g ?cf-hom-lhs)(ArrVal)) =
(Pcf-hom-rhs o4 44 ger g ¥L-10-5-x"-arrow a)(ArrVal)
proof(rule vsv-eql, unfold dom-lhs dom-rhs in-Hom-iff)
fix F' assume prems: F' : cf-map (?cf-cR-A a) = .59 cf-map ?Z-cR
let ?F = <nicf-of-ntcf-arrow (¢ lop R) A F»
from that have [cat-cs-simps]:
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cf-of-cf-map (¢ lor R) A (¢f-map (2cf-cR-2A a)) = 2cf-cR-2A a
cf-of-cf-map (¢ Lo R) A (¢f-map (#T-cR)) = ?T-cR
by (cs-concl cs-simp: cat-FUNCT-cs-simps cs-intro: cat-cs-intros)
note F' = cat-FUNCT-is-arrD[ OF prems, unfolded cat-cs-simps]
from that F(1) have F-const-is-cat-cone:
F «nrcoF ntef-cRRA f 1 b <gF.cone ?2-cR:clcr R o 2
by
(
cs-concl
cs-simp: cat-cs-simps cs-intro: is-cat-conel cat-cs-intros
)

have [ cat-cs-simps]:
?L-10-5-v (ntcf-arrow (2F -nTop ?ntcf-cR-2A f)) b =
?H-f oxnTocr-cFr T *NTCF ?L-10-5-v (nicf-arrow ?F) a
proof(rule ntcf-eql)
from assms that F(1) show
?L-10-5-v (ntcf-arrow (?F -yrcor ?ntcf-cR2A f)) b:
?H-C cogp Rrop ?HA bogp T : B —»>gq cat-Set «
by
(
cs-concl cs-intro:
cat-Kan-cs-intros cat-cs-intros is-cat-conel
)
then have dom-v:
Do (?L-10-5-v (ntcf-arrow (2F -nrop ?ntef-cR-2A f)) b(NTMap))) =
B(0bj))
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
from assms that F(1) show
?H-f onTcr-cF T *NTOF ?L-10-5-v (ntcf-arrow ?F) a :
?H-C cocp ARrcor ?HA bogp T : B »oq cat-Set o
by
(
cs-concl cs-intro:
cat-Kan-cs-intros cat-cs-intros is-cat-conel

then have dom-f%wv:
Do ((?H-f onTor-cF T *nToF ?L-10-5-v (ntcf-arrow ?F) a)(NTMap))) =
B(0bj)
by (cs-concl cs-simp: cat-cs-simps)
show
?L-10-5-v (ntcf-arrow (?F nTor ?ntef-cR-2A f)) b(NTMap)) =
(?H-f onTror-cr ¥ *nToF ?L-10-5-v (ntcf-arrow 2F) a)(NTMap))
proof(rule vsv-eql, unfold dom-v dom-fZv)
fix b’ assume prems”: b’ €, B(0bj)
let ?Y = «Yoneda-component (?H-2 b) a f (T(ObjMap))(b'))>
let 280" = <R(ObjMap))(b)»
let 20’ = <T(ObjiMap))(b")>
have [cat-cs-simps]:
?L-10-5-v-arrow (ntcf-arrow (?F -xror ?ntcf-cR-A f)) b b’ =
?Y o4 cat-Set o 7L-10-5-v-arrow (ntcf-arrow ?F) a b’
(is «?2v-Ffbb" = ?Yvy)
proof-
from assms prems’ F-const-is-cat-cone have v-Ffbb":
2v-Ffbb" : Hom € ¢ 2Rb" & .41 6ot o Hom A b 23D’
by
(
cs-concl cs-shallow
cs-intro: cat-cs-intros L-10-5-v-arrow-is-arr
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)
then have dom-v-Ffbb" D, (2v-Ffbb'(ArrVal))) = Hom € ¢ (?8b")

by (cs-concl cs-shallow cs-simp: cat-cs-simps)
from assms that T.HomCod.category-axioms prems’ F(1) have Yu:
?Yv : Hom € ¢ 2Rb" = .1 Get o Hom A b 230’
by
(
cs-concl
cs-simp: cat-Kan-cs-simps cat-cs-simps cat-op-simps
cs-intro: is-cat-conel cat-Kan-cs-intros cat-cs-intros
)
then have dom-Yuv: D, (?Yv(ArrVal)) = Hom € ¢ (?Rb")
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
show ?thesis
proof(rule arr-Set-eqI’)
from v-Ffbb’ show arr-Set-v-EFfbob": arr-Set o ?v-Ffbb’
by (auto dest: cat-Set-is-arrD(1))
from Yv show arr-Set-Yuv: arr-Set o ?Yv
by (auto dest: cat-Set-is-arrD(1))
show 2v-Ffbb'(|ArrVal]) = ?Yv(ArrVal))
proof(rule vsv-eql, unfold dom-v-Ffbb" dom-Yv in-Hom-iff)
fix g assume g: ¢ »¢ 7R’
with
assms(2-)
R.is-functor-axioms
T.is-functor-axioms
T.HomCod.category-axioms
R.HomCod.category-azioms
that prems’ F(1)
show 2v-Ffbb'(|ArrVal])(g) = ?Yv(ArrVal)(g)
by
(
cs-concl
cs-simp:
cat-Kan-cs-simps
cat-cs-simps
L-10-5-v-arrow-ArrVal-app
cat-comma-cs-simps
cat-op-simps
cs-intro:
cat-Kan-cs-intros
is-cat-conel
cat-cs-intros
cat-comma-cs-intros
cat-op-intros
cs-simp: cat-FUNCT-cs-simps
)
qed (use arr-Set-v-Ffbb’ arr-Set-Yv in auto)
qed
(
use v-Ffob’ Yv in
<cs-concl cs-shallow cs-simp: cat-cs-simps»
)+
qed

from assms prems’ that F(1) show

?L-10-5-v (ntcf-arrow (?F ny7cor ?ntef-cR-2A f)) b((NTMap))(b') =
(?H-f onTor-cr % ‘nTcF ?L-10-5-v (nicf-arrow ?2F) a)(NTMap))(b')
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by
cs-concl
cs-simp: cat-Kan-cs-simps cat-cs-simps
cs-intro: is-cat-conel cat-Kan-cs-intros cat-cs-intros

)
qged (cs-concl cs-intro: cat-Kan-cs-intros cat-cs-intros)+
qed simp-all

from that F(1) interpret F: is-cat-cone « a <c |ogp £ A «?Z-cRy 7F
by (cs-concl cs-shallow cs-intro: is-cat-conel cat-cs-intros)
from
assms(2-) prems F(1) that
X.HomCod.cat-ntcf-Hom-snd-is-ntcf[ OF that]
cR-A. category-azxioms
show
(7L-10-5-x"-arrow b 0.4 c4s.5et g ?cf-hom-lhs)(ArrVal) (F)) =
(Pcf-hom-rhs o4 o415t g ¥L-10-5-x"-arrow a)(ArrVall) (F])
by (subst (1 2) F(2))
(
cs-concl
cs-simp:
cat-cs-simps
cat-Kan-cs-simps
cat-FUNCT-cs-simps
cat-FUNCT-components(1)
cat-op-simps
cs-intro:
is-cat-conel
cat-Kan-cs-intros
cat-cs-intros
cat-prod-cs-intros
cat-FUNCT-cs-intros
cat-op-intros
)

qed (use arr-Set-lhs arr-Set-rhs in auto)
qed (use lhs rhs in <cs-concl cs-shallow cs-simp: cat-cs-simps» )+
qed

show
PL-10-5-x(NTMap) (B) © 4 catset g ?ef-Cone(ArrMap))(f) =
2L-10-5-N (|ArrMap]) (f) ©4 cat-Set 3 ?L-10-5-x(NTMapl)(a))
iff:brg aforabf
using that assms
by
(
cs-concl
cs-simp:
cat-cs-simps
cat-Kan-cs-simps
cat-FUNCT-components(1)
cat-FUNCT-cs-simps
cat-op-simps
cs-intro:
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cat-Kan-cs-intros
cat-cs-intros
cat-FUNCT-cs-intros
cat-op-intros

qed
cs-concl
cs-simp: cat-Kan-cs-simps cs-intro: cat-cs-intros cat-Kan-cs-intros

)+

qed

15.9 The existence of a canonical limit or a canonical colimit for the pointwise
Kan extensions

lemma (in is-cat-pw-rKe) cat-pw-rKe-ex-cat-limit:
— Based on the elements of Chapter X-5 in [9].
assumes £ : B »>gq €
and T : B »>coq A
and c €, €(0bj)
obtains UA
where UA : 8(0bjMap))(c)) <cF.iim T ocr ¢ ollcr B:clor B r—oa A
proof-

define § where 0 = a + w
have §5: Z f and af: a &

by (simp-all add: B-def AG.Z-Limit-aw AG.Z-w-aw Z-def AG.Z-a-aw)
then interpret §: Z § by simp

let 2FUNCT = <XA. cat-FUNCT o 2 (cat-Set a)»
let ?H-A = <\f. Homa co2l(f,-)
let 7H-A® = <)\f ?H-A f ONTCF-CF &)
let 2H-2 = <A\a. Homo. caU(a,~)»
let 2HRAT = <Xa. PHRA a ocrp >
let 2HRA® = <A\a. ?HA a ocp &
let H-C = <Ac. Homo. ca®(c,-)»
let 2H-CR = <\c. ?H-C cocp K>
let YHAz = <\b. ?HA b OCF-NTCF €’
let ?SET-R = <exp-cat-c¢f « (cat-Set o)) R
let YH-FUNCT = «\C 3. Homo.cp ¢FUNCT €(-,cf-map §)»
let ?ua-NTDGDom = <op-cat (?FUNCT €)»
let ua-NTDom = <\a. ?H-FUNCT € (?HA® a))
let ?ua-NTCod = <Aa. ?H-FUNCT B (?H-UT a) ocp op-cf 2SET-R»
let 2cR-2A = <cat-FUNCT « (¢ lor ) 21
let %ua =
¢
Aa. ntef-ua-fo

5

?SET-R

(¢f-map (?HRAT a))

(cf-map (?HAS a))

(ntef-arrow (?HRLe a))

)

let ?cf-nt = <c¢f-nt a B (cf-id €)»
let ?cf-eval = <cf-eval o f &
let 2T-cR =S ogp collcr K
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let Zcf-cR-2A = <cf-const (¢ lor R) 2>
let ?&¢ = «&(ObjMap))(c)>
let ?A = <ACF (% (C J/CF ﬁ) Ay
let ?ntcf-ua-fo =
¢
Aa. ntef-ua-fo
B
?SET-R
(¢f-map (?HRAT a))
(cf-map (?HAS a))
(ntef-arrow (HRe a))
)
let Zumap-fo =
<
Ab. umap-fo
?SET-R
(¢f-map (7H-AT b))
(cf-map (?HAS b))
(ntef-arrow (2H-e b))
(¢f-map (?H-C ¢))
)

interpret £: is-functor a B € & by (rule assms(1))
interpret T: is-functor a B A T by (rule assms(2))

from AG.vempty-is-zet assms(3) interpret cf: category a <c lop £
by (cs-concl cs-shallow cs-intro: cat-comma-cs-intros)
from af assms(3) interpret cR-2: category 5 ZcR-2A
by
(
cs-concl cs-intro:
cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros

from af assms(3) interpret A: is-functor 5 A 7cR-2A ?A
by (cs-concl cs-shallow cs-intro: cat-cs-intros cat-op-intros)+
from AG.vempty-is-zet assms(3) interpret Ilc:
is-functor a <c ogp R B <c o[ lcr K
by
(
cs-concl cs-shallow
cs-simp: cat-comma-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros

)

interpret Sllc: is-tiny-functor B <c lcr K B ¢ ol 1cr K
by (rule Mec.cf-is-tiny-functor-if-ge-Limit[ OF 8 «f])

interpret E: is-functor f «?FUNCT € x¢ € <cat-Set 5 ?cf-eval
by (rule AG.HomCod.cat-cf-eval-is-functor[ OF 8 af])

from of interpret FUNCT-: tiny-category B <?FUNCT 20

by (cs-concl cs-shallow cs-intro: cat-cs-intros cat-FUNCT-cs-intros)
from of interpret FUNCT-B: tiny-category  «?FUNCT B>

by (cs-concl cs-shallow cs-intro: cat-cs-intros cat-FUNCT-cs-intros)
from af interpret FUNCT-€: tiny-category B «?FUNCT €

by (cs-concl cs-shallow cs-intro: cat-cs-intros cat-FUNCT-cs-intros)

interpret S tiny-category B A
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by (rule category.cat-tiny-category-if-ge- Limit)
(use af in <cs-concl cs-intro: cat-cs-intros) )+
interpret 5°B: tiny-category 5 B
by (rule category.cat-tiny-category-if-ge-Limit)
(use af in <cs-concl cs-intro: cat-cs-intros) )+
interpret B¢: tiny-category f €
by (rule category.cat-tiny-category-if-ge- Limit)
(use af in <cs-concl cs-intro: cat-cs-intros) )+

interpret SR: is-tiny-functor § B € R
by (rule is-functor.cf-is-tiny-functor-if-ge- Limit)
(use af in (cs-concl cs-shallow cs-intro: cat-cs-introsy )+
interpret 5&: is-tiny-functor § € A &
by (rule is-functor.cf-is-tiny-functor-if-ge-Limit)
(use af in (cs-concl cs-shallow cs-intro: cat-cs-introsy)+
interpret 5% is-tiny-functor B A T
by (rule is-functor.cf-is-tiny-functor-if-ge- Limit)
(use af in <(cs-concl cs-shallow cs-intro: cat-cs-introsy)+

interpret cat-Set-af: subcategory [ <cat-Set av <cat-Set B>
by (rule AG.subcategory-cat-Set-cat-Set| OF 5 af])

from assms(3) af interpret Hom-c: is-functor a € (cat-Set oy <ZH-€ ¢»
by (cs-concl cs-intro: cat-cs-intros)

define E':: V where E’ =
[
(Aae.A(0bj]). ?cf-eval(ObjMap))(cf-map (?H-AUS a), cf).),
(AfeoA(Arr)). 2cf-eval(ArrMap)) (ntcf-arrow (?H-A® f), €(CId)(c]]s),
op-cat 2,
cat-Set S
Jo

have E’-components:
E'(ObjMap)) = (Aac.A(Obj]). ?cf-eval(ObjMap))(cf-map (?H-AG a), c))a)
E'(ArrMap)) =
(MfeA(Arr]). 2ef-eval(ArrMap))(ntcf-arrow (?H-AS f), €(CId)(c)]e)
E'(HomDom]|) = op-cat 2
E'(HomCod)) = cat-Set
unfolding E’-def dghm-field-simps by (simp-all add: nat-omega-simps)

note [cat-cs-simps]| = E'-components(3,4)

have E’-ObjMap-app| cat-cs-simps]:
E'(ObjMap))(a]) = ?cf-eval(ObjMap))(cf-map (?H-AS a), cf)e
if a €, A(Obj) for a
using that unfolding E’-components by simp
have E’-ArrMap-app| cat-cs-simps]:
E'(ArrMap)) (f]) = ?cf-eval(ArrMap)) (ntcf-arrow (?H-A® f), €(CId)(c]))e
if f e, A(Arr]) for f
using that unfolding E’-components by simp

have E" E’: op-cat A »rcp cat-Set B
proof(intro is-functorl")

show uvfsequence E' unfolding E’-def by auto
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show wvcard E' = /i unfolding FE’-def by (simp add: nat-omega-simps)
show vsv (E’(ObjMap|)) unfolding E'-components by simp
show vsv (E’'(ArrMap|)) unfolding E’-components by simp
show D, (E'(ObjMap))) = op-cat 2A(Obj))
unfolding E'-components by (simp add: cat-op-simps)
show R, (E'(ObjMapl|)) S, cat-Set 5(0bj)
unfolding E’-components
proof(rule vrange- VLambda-vsubset)
fix a assume prems: a €, A(0bj))
then have ?HU® a : € »—cq cat-Set o
by (c¢s-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
with assms(8) prems show
?cf-eval( ObjMapl) (cf-map (?HAS a), c|)e € cat-Set [(]0bj)
by
(
cs-concl
cs-simp: cat-cs-simps cat-Set-components(1)
cs-intro: cat-cs-intros cat-op-intros Ran.HomCod.cat-Hom-in-Vset
)
qed
show D, (E'(ArrMap))) = op-cat A(Arr|
unfolding E’'-components by (simp add: cat-op-simps)
show B'(ArrMap) () : B'(ObjMap)(a) = car-set 5 B/ ObiMap) (b)
iff:aw- bforabdf
proof—
from that[unfolded cat-op-simps] assms(3) show ?thesis
by (intro cat-Set-af.subcat-is-arrD)
(
cs-concl
cs-simp:
category.cf-eval-ObjMap-app
category.cf-eval-ArrMap-app
E’-ObjMap-app
E’-ArrMap-app
cs-intro: cat-cs-intros

op-cat A

)
qed

then have [cat-cs-intros]: E'(ArrMap)(f)) : A = cqs-Set g B
if A = E'(ObjMap|)(la) and B = E'(ObjMap])(b) and f : b~y a
forabfAB
using that by (simp add: cat-op-simps)

show
E'(|ArrMap|) (g CAop-cat A f) = E'(ArrMap))(9)) ©4 cqs-Set B E'(ArrMap))(f)
ifg: b gpcand f:a~ gubforbcgaf

proof-
note g = that(1)[unfolded cat-op-simps]

and [ = that(2)[unfolded cat-op-simps]
from g f assms(8) af show ?thesis
by
(
cs-concl
cs-intro:
cat-cs-intros
cat-prod-cs-intros
cat-FUNCT-cs-intros
cat-op-intros
cs-simp:
cat-cs-simps

op-cat op-cat
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cat-FUNCT-cs-simps
cat-prod-cs-simps
cat-op-simps
E.cf-ArrMap-Comp[ symmetric)
)+
qed

show E'(ArrMap|)(op-cat A(CId])(a])]) = cat-Set (| CId))(E'(ObjMap))(al))]
if a €, op-cat A(Obj|) for a
proof(cs-concl-step cat-Set-af.subcat-CId[ symmetric])
from that[unfolded cat-op-simps] assms(3) show
E'(ObjMap))(a]) €. cat-Set a(Obj)
by
(
cs-concl
cs-simp: cat-Set-components(1) cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros
)
from that[unfolded cat-op-simps] assms(3) show
E'(|ArrMapl|)(op-cat A(CId)(a])]) = cat-Set a(CId)(E'(|ObjMap|)(al)
by
(
cs-concl
cs-intro: cat-cs-intros
cs-simp:
cat-Set-components(1)
cat-cs-simps
cat-op-simps
nicf-id-cf-comp[ symmetric]
)
qed
qed (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)+
then interpret E': is-functor B <op-cat %> <cat-Set 3> E' by simp

define N’ :: V where N’ =
[
(Aae.A(Obj)). 2cf-nt(ObiMap))(cf-map (?H-AS a), c))s),
(MfeoA(Arr)). 2ef-nt(ArrMap)) (ntcf-arrow (?H-AG f), €(CId)(c]]s),
op-cat A,
cat-Set [

lo

have N’-components:
N'(|ObjMap|) = (Aac.A(Obj)). ?cf-nt(ObjiMap))(cf-map (?HRAG a), c|))
N'(ArrMap|) =
(MeA(Arr]). 2ef-nt(ArrMap))(ntef-arrow (?H-AS f), €(CId])(c])]e)
N'(HomDom]|) = op-cat 2
N'(HomCod|) = cat-Set
unfolding N'-def dghm-field-simps by (simp-all add: nat-omega-simps)

note [cat-cs-simps] = N'-components(3,4)
have N’'-ObjMap-app] cat-cs-simps]:

N'(|ObjMapl|)(a]) = ?cf-nt(ObjMap))(cf-map (2H-AS a), cf)e
if a ¢, A(Obj) for a
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using that unfolding N'-components by simp
have N’-ArrMap-app] cat-cs-simps]:
N'(|ArrMap|) (f)) = 2cf-nt(ArrMap))(ntcf-arrow (?H-AS f), €(CId)(c)]e
if f e, A(Arr]) for f
using that unfolding N'-components by simp

from of interpret cf-nt-C: is-functor f «?FUNCT € x¢o & <cat-Set By < ?cf-nt>
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

have N N': op-cat 2 adadels cat-Set B
proof(intro is-functorl”)
show vfsequence N’ unfolding N'-def by simp
show vcard N' = /n unfolding N'-def by (simp add: nat-omega-simps)
show vsv (N'(ObjMap|)) unfolding N’'-components by simp
show vsv (N'(ArrMap|)) unfolding N'-components by simp
show D, (N'(0bjMap))) = op-cat 2A(Obj))
unfolding N'-components by (simp add: cat-op-simps)
show R, (N'(|ObjMap)|)) S, cat-Set B(Obj)
unfolding N’-components
proof(rule vrange-VLambda-vsubset)
fix a assume prems: a €, 2A(Obj))
with assms(3) af show
2cf-nt(ObjMap))(cf~map (?H-AS a), c])s € cat-Set 3(O0bj)
by
(
cs-concl
cs-simp: cat-Set-components(1) cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros FUNCT-C.cat-Hom-in- Vset cat-FUNCT-cs-intros
)
qed
show D, (N'(ArrMap))) = op-cat A(Arr])
unfolding N'-components by (simp add: cat-op-simps)
show N'(ArrMap))(f) : N'(ObjMap])(al) = cqs-set g N'(ObiMap)) (b))
iff:argpcqbforabdf
using that[unfolded cat-op-simps] assms(3)
by
(
cs-concl
cs-simp: N'-ObjMap-app N'-ArrMap-app
cs-intro: cat-cs-intros cat-prod-cs-intros cat-FUNCT-cs-intros

)

show
N'(|ArrMap)) (g CAop-cat A f) = N'(ArrMap) (9 04 cas-Set B N'(ArrMap)(f)
ifg:bm~ gocand f:a gbforbcgaf
proof—
from that assms(3) af show ?thesis
unfolding cat-op-simps
by
(
cs-concl
cs-intro:
cat-cs-intros
cat-prod-cs-intros
cat-FUNCT-cs-intros
cat-op-intros
cs-simp:
cat-cs-simps
cat-FUNCT-cs-simps

op-cat ™ op-cat
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cat-prod-cs-simps
cat-op-simps
cf-nt-€.cf-ArrMap-Comp[ symmetric]
)
qed
show N'(ArrMapl)(op-cat A(CId)(a])]) = cat-Set S(CId)(N'(ObjMap))(a))
if a €, op-cat A(Obj)) for a
proof-
note [cat-cs-simps] =
ntcf-id-cf-comp[ symmetric]
ntcf-arrow-id-nitcf-id[ symmetric]
cat-FUNCT-CId-app[ symmetric]
from that[unfolded cat-op-simps] assms(3) af show ?thesis
by
(
cs-concl
cs-intro:
cat-cs-intros
cat-FUNCT-cs-intros
cat-prod-cs-intros
cat-op-intros
cs-simp: cat-FUNCT-cs-simps cat-cs-simps cat-op-simps
)+
qed
qed (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)+
then interpret N is-functor 8 (op-cat > <cat-Set B> N' by simp

define Y': V where Y' =

[
(Aae.A(Obj)). nicf-Yoneda o B E(NTMap))(cf-map (?H-AS a), cf)),

lo

have Y'-components:
Y/(NTMap|) = (Mac.A(Obj)). ntef-Yoneda o § E(NTMap))(cf-map (?H-AS a), cf)s)
Y'(NTDom|) = N'
Y'(NTCod) = E'
Y'(NTDGDoml) = op-cat 2
Y'(NTDGCod)) = cat-Set
unfolding Y'-def nt-field-simps by (simp-all add: nat-omega-simps)

note [cat-cs-simps] = Y'-components(2-5)

have Y'-NTMap-app[ cat-cs-simps]:
Y'(NTMapl|)(a]) = ntcf-Yoneda o 8 €(NTMap))(cf-map (?H-AS a), c)).
if a ¢, A(Obj) for a
using that unfolding Y '-components by simp

from § af interpret Y:

is-iso-ntcf B «2FUNCT € x¢ € <cat-Set B> ?cf-nt ?cf-eval «ntcf-Yoneda o 5 &
by (rule AG.HomCod.cat-nicf- Yoneda-is-ntcf)
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have Y Y': N' »cp. 0 E': op-cat A o cat-Set
proof(intro is-iso-ntcfI is-ntcfI")

show vfsequence Y’ unfolding Y'-def by simp
show vcard Y' = 5n
unfolding Y’-def by (simp add: nat-omega-simps)
show vsv (Y'(NTMap))) unfolding Y'-components by auto
show D, (Y/(NTMapl) = op-cat A(Obj|
unfolding Y'-components by (simp add: cat-op-simps)
show Y'-NTMap-a: Y'(NTMap)(a) : N'ObiMap)(a) socar.5et 5 B'10bMap)(a)
if a €, op-cat A(Obj|) for a
using that[unfolded cat-op-simps] assms(3) af

by
(
cs-concl
cs-simp: cat-cs-simps cat-FUNCT-cs-simps cat-op-simps
cs-intro:

cat-arrow-cs-intros
cat-cs-intros
cat-prod-cs-intros
cat-FUNCT-cs-intros
)
then show Y'(NTMap))(a)) : N'(ObjMap)(a) = c4s-5e¢ g £'(ObjMap])(al)
if a €, op-cat A(Obj|) for a
by (intro cat-Set-is-iso-arrD[ OF Y'-NTMap-a[ OF that]])
show
Y/(NTMap))(b) ©4 cqs-Set Jé; N'(|ArrMap))(f]) =
E'(ArrMap)(f) . car-se¢ 5 ¥ INTMap) (a)
iff:amppcqrbforabdf
proof-
note f = that[unfolded cat-op-simps]
from f assms(3) show ?thesis
by
(
cs-concl
cs-simp: cat-cs-simps Y .ntcf-Comp-commute
cs-intro: cat-cs-intros cat-prod-cs-intros cat-FUNCT-cs-intros
)+
qed
qed (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)+

have E’-def: E' = Homo.cg(-,?®c)
proof(rule cf-eql)
show E’: op-cat U g cat-Set 3
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from assms(8) show
Homo,cﬁQl(—,?Qﬁc) : op-cat A »cp cat-Set 3
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
have dom-lhs: Do (E'(ObjMap))) = 2(0bj]) unfolding E’-components by simp
from assms(3) have dom-rhs:
D, (Homo, cg2(~, #6c)(ObjMap)) = A(Obj)
unfolding E’-components
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-op-simps cs-intro: cat-cs-intros
)

373



show E'(|ObjMap|) = Homo.cg2(-, ?&c)(ObjMapl)
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix a assume a €, A(Obj)
with assms(3) show E'(ObjMap))(al) = Homo.cgA(-,?&c)(ObjMapl)(al)
by
(
cs-concl
cs-simp: cat-op-simps cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros

)

qed (auto simp: E’-components cat-cs-intros assms(3))

have dom-lhs: D, (E'(ArrMap))) = A(Arr]) unfolding E’-components by simp
from assms(3) have dom-rhs:
D, (Homo.cgAU(-,#®c)(ArrMap))) = A(Arr)
unfolding E’-components
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-op-simps cs-intro: cat-cs-intros
)

show E'(|ArrMap|) = Homo.cg2(-, ?&c)(ArrMapl)
proof(rule vsv-eql, unfold dom-lhs dom-rhs)

fix f assume prems: [ €, A(Arr)
then obtain a b where f: f : a =g b by auto
have [cat-cs-simps]:
cf-eval-arrow € (ntcf-arrow (?H-A® f)) (C(CId)(c)) =
cf-hom A [f, A(CIA) (7S c)]o
(is «?cf-eval-arrow = ?cf-hom-f&c»)
proof-
have cf-eval-arrow-f-Cld-&c:
?cf-eval-arrow :
Hom A b %Bc =01 6ot o Hom A a ?&c
proof(rule cf-eval-arrow-is-arr’)
from f show ?H-A® [ : PHRAS b —>cp HRAS a: € »>cq cat-Set o
by (cs-concl cs-intro: cat-cs-intros)
qed
(
use f assms(3) in
¢
cs-concl
cs-stmp: cat-cs-simps cs-intro: cat-cs-intros cat-op-intros
)
)+
from f assms(3) have dom-lhs:
Do (?cf-eval-arrow(ArrVal])) = Hom 20 b ?&¢
by
(
cs-concl
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-op-intros
)

from assms(3) f Ran.HomCod.category-azioms have cf-hom-f&c:
Zcf-hom-fGc :
Hom A b 2B¢ —
by
(

Hom A a ?&¢

cat-Set «
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cs-concl cs-shallow cs-intro:
cat-cs-intros cat-prod-cs-intros cat-op-intros

from f assms(3) have dom-rhs:
Do (Zcf-hom-fG&e(ArrVal)) = Hom A b %&¢
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros cat-op-intros
)

show ?thesis
proof(rule arr-Set-eql )
from cf-eval-arrow-f-Cld-&c show arr-Set o ?cf-eval-arrow
by (auto dest: cat-Set-is-arrD(1))
from cf-hom-f&c¢ show arr-Set o ?cf-hom-f®&c
by (auto dest: cat-Set-is-arrD(1))
show ?cf-eval-arrow(ArrVal]) = ?cf-hom-f & c(|ArrVal))
proof(rule vsv-eql, unfold dom-lhs dom-rhs, unfold in-Hom-iff)
from f assms(3) show vsv ( Zcf-eval-arrow(ArrVal)))
by (cs-concl cs-intro: cat-cs-intros)
from f assms(3) show wvsv (?cf-hom-f®c(ArrVal])
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros
)
fix g assume g : b g ¢
with f assms(3) show
2cf-eval-arrow(ArrVal) (g)) = 2ef-hom-f&c(ArrVal])(g))
by
(
cs-concl
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros cat-op-intros
)

qed simp

qed

(
use cf-eval-arrow-f-CId-® ¢ cf-hom-fBc in
<cs-concl cs-sitmp: cat-cs-simps»

)+
qed

from f prems assms(3) show E'(ArrMap))(f) = Homo.cg2(-,?®c)(ArrMap))(f)
by
(

cs-concl
cs-simp: cat-op-simps cat-cs-simps
cs-intro: cat-cs-intros cat-op-intros

)

qed (auto simp: E’-components cat-cs-intros assms(3))

qed simp-all
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from Y’ have inv-Y" inv-ntcf Y':
Homo,CBQl(—,?Qic) =cr.iso N': op-cat A Sl cat-Set 3
unfolding E'-def by (auto intro: iso-ntcf-is-iso-arr)

interpret N'" is-functor B <op-cat 2> <cat-Set 3 <L-10-5-N a 3 T & ¢
by (rule L-10-5-N-is-functor[ OF 8 a8 assms])

define ¢ = V
where ¢ =

[
(AaeA(Obj)). ?nicf-ua-fo a(NTMap|)(cf-map (?H-C c))),
N,
L-10-5-N a 8 ¥ R ¢,
op-cat AU,
cat-Set B

Jo

have -components:
W(NTMap)) = (Aac.A(Obj]). ?ntcf-ua-fo a(NTMap))(cf-map (?H-€ ¢)|)
Y(NTDom|) = N’
Y(NTCod]) = L-10-5-N a § T R ¢
Y(NTDGDom)) = op-cat A
Y(NTDGCod)) = cat-Set 3
unfolding -def ni-field-simps by (simp-all add: nat-omega-simps)

note [cat-cs-simps] = Y'-components(2-5)

have ¢-NTMap-app[ cat-cs-simps]:
Y(NTMap))(a]) = ?ntcf-ua-fo a(NTMapl|)(cf-map (7H-C c)))
if a €, A(Obj) for a
using that unfolding -components by simp

have v: ¥ : N' =cp 50 L-10-5-N a 8 T R ¢ : op-cat A dadel:: cat-Set 3
proof-

show ?thesis
proof(intro is-iso-ntcfI is-ntcfI")

show vfsequence 1 unfolding v -def by auto
show vcard ¢ = 5N unfolding -def by (simp-all add: nat-omega-simps)
show N': op-cat A =+>cg cat-Set 8 by (rule N)
show L-10-5-N o 8 T R ¢ : op-cat U dadel:: cat-Set

by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show ¢(NTDom| = N’ unfolding v -components by simp
show ¢Y(NTCod|) = L-10-5-N o« 8 ¥ R ¢ unfolding v -components by simp
show Y (NTDGDom]) = op-cat 2 unfolding -components by simp
show (NTDGCod)) = cat-Set 3 unfolding 1)-components by simp
show vsv (¢ (NTMap))) unfolding -components by simp
show D, (Y(NTMap))) = op-cat A(Obj))

unfolding -components by (simp add: cat-op-simps)

show -NTMap-is-iso-arr[unfolded cat-op-simps]:

(NTMap))(a]) - N'(ObjMap)(a) =isocat-get g L-10-5-N o 5 R e(ObjMap))(a)
if a €, op-cat A(Obj)) for a
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proof-

note a = that[unfolded cat-op-simps]

interpret &:
is-cat-rKe-preserves o 6 € 2 <cat-Set ay B T &S «(?HRA ay ¢
by (rule cat-pw-rKe-preserved[ OF a))

interpret ac:
is-cat-rKe o B € <cat-Set oy R «ZH-AT ay «ZH-AG ay «?HRAe a»
by (rule e.cat-rKe-preserves)

interpret is-iso-ntcf

p
cop-cat (?FUNCT €))
<cat-Set B>

<?H-FUNCT € (?H-® a)»
(?H-FUNCT B (?HUT a) ocp op-cf ?SET-R
<Intcf-ua-fo a>
by (rule ae.cat-rKe-ntcf-ua-fo-is-iso-ntcf-if-ge-Limit[ OF 8 of])
have cf-map (7H-€ ¢) ¢, 2FUNCT €(Obj))
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)
from
iso-ntcf-is-iso-arr[unfolded cat-op-simps, OF this]
a assms af
show ?thesis

by
(
cs-prems
cs-simp:
cat-cs-simps cat-Kan-cs-simps cat-FUNCT-cs-simps cat-op-simps
cs-intro:

cat-small-cs-intros
cat-Kan-cs-intros
cat-cs-intros
cat-FUNC'T-cs-intros
cat-op-intros

)
qed
show ¢-NTMap-is-arr[unfolded cat-op-simps]:
Y(NTMap)(a) : N'(ObjMap))(a) = cot-Set g L-10-5-N o BT R c(ObiMap))(al)
if a e, op-cat A(Obj)) for a
by
(
rule cat-Set-is-iso-arrD[
OF ¢-NTMap-is-iso-arr[ OF that[unfolded cat-op-simps]]
]
)

show
D(NTMap)(b) 04 cat-set g N'(ArrMap)(f) =
L-10-5-N o B T & c(ArrMap)(f) ©4cot-5et g Y (NTMap))(a)
iff:a"’op-cat%l bforabdf
proof-

note f = that[unfolded cat-op-simps]
from f have a: a €, A(Obj)) and b: b €, A(Obj)) by auto
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interpret p-a-e:
is-cat-rKe-preserves a B € A (cat-Set a» KT & <2HA a» €
by (rule cat-pw-rKe-preserved[ OF a])
interpret a-: is-cat-rKe
a B € ccat-Set ay R «ZHAT ay «(?HAG a) <?HAe a»
by (rule p-a-e.cat-rKe-preserves)
interpret nicf-ua-fo-a-¢: is-iso-ntcf
B ?ua-NTDGDom <cat-Set B> <?ua-NTDom a) <?ua-NTCod a> «?ua a
by (rule a-e.cat-rKe-ntcf-ua-fo-is-iso-ntcf-if-ge-Limit[ OF 8 «af])

interpret p-b-e:
is-cat-rKe-preserves a8 € 2 <cat-Set ay KT & «(?HA by ¢
by (rule cat-pw-rKe-preserved[ OF b])
interpret b-c: is-cat-rKe
a B € ccat-Set ay R «ZHAT by «7H-AS by «?7H2e by
by (rule p-b-e.cat-rKe-preserves)
interpret nicf-ua-fo-b-¢: is-iso-nicf
B 2ua-NTDGDom <cat-Set By <?ua-NTDom by <?ua-NTCod by «?ua b
by (rule b-e.cat-rKe-ntcf-ua-fo-is-iso-ntcf-if-ge-Limit[ OF 8 af])

interpret R-SET: is-tiny-functor § «?FUNCT & «?FUNCT B ?SET-R
by
(
rule exp-cat-cf-is-tiny-functor|
OF B af AG.category-cat-Set AG.is-functor-arioms
]
)
from f interpret Hom-f:
is-ntef a A (cat-Set oy <ZH-A ay <?H-A by <?H-A f>
by (cs-concl cs-intro: cat-cs-intros)

let ?cf-hom-lhs =
¢
cf-hom
(?FUNCT ¢)
[ntef-arrow (nitcf-id (?H-C ¢)), ntef-arrow (?H-A® f)]o
)
let ?cf-hom-rhs =
¢
cf-hom
(?FUNCT B8)
[
ntcf-arrow (ntcf-id (?H-C ¢ oo R)),
ntcf-arrow (?H-A f onror-cr T)

]o
i

let ?dom =
<Hom (?FUNCT @) (cf-map (?H-C ¢)) (cf-map (?H-2AS a))>
let ?cod = <Hom (?FUNCT B) (cf-map (?H-CR ¢)) (¢f-map (?H-AT b))
let ?cf-hom-lhs-umap-fo-inter =
<Hom (?FUNCT €) (c¢f-map (?H-C ¢)) (c¢f-map (?H2AS b))
let 2umap-fo-cf-hom-rhs-inter =

«<Hom (?FUNCT *B) (cf-map (?H-€R ¢)) (cf-map (?HRAT a))»
have [cat-cs-simps]:

2umap-fo b oA ot Set 38 2cf~hom-lhs =
Zcf-hom-rhs © 4 o4t Set 8 Zumap-fo a
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proof—

from f assms(3) af have cf-hom-Ihs:
?cf-hom-lhs : 2dom = .44 Gey 3 2cf-hom-lhs-umap-fo-inter
by
(
cs-concl
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro:
cat-cs-intros
cat-FUNCT-cs-intros
cat-prod-cs-intros
cat-op-intros
)
from f assms(3) af have umap-fo-b:
?umap-fo b : Zcf-hom-lhs-umap-fo-inter = .4 Gt 3 2cod

by
(
cs-concl
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro:

cat-cs-intros
cat-FUNCT-cs-intros
cat-prod-cs-intros
cat-op-intros
)
from cf-hom-lhs umap-fo-b have umap-fo-cf-hom-Ilhs:
umap-fo b o4 .ut-Set 8 Zcf-hom-lhs = 2dom v .41 Goy 8 ?cod
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros

then have dom-umap-fo-cf-hom-Ihs:
Do ((Pumap-fo b oa cup.get g ?cf-hom-lhs)(ArrVal)) = ?dom
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros

)

from f assms(3) af have cf-hom-rhs:
?cf-hom-rhs = Pumap-fo-cf-hom-rhs-inter v .1 go4 3 ?cod

by
(
cs-concl
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro:

cat-cs-intros
cat-FUNCT-cs-intros
cat-prod-cs-intros
cat-op-intros

from f assms(3) af have umap-fo-a:
umap-fo a : Zdom = 4 Get 8 2umap-fo-cf-hom-rhs-inter
by
(

cs-concl
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cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro:
cat-cs-intros
cat-FUNCT-cs-intros
cat-prod-cs-intros
cat-op-intros
)
from cf-hom-rhs umap-fo-a have cf-hom-rhs-umap-fo-a:
Zcf-hom-rhs © A cut.Set 3 umap-fo a : 2dom = .4 Get 3 ?cod
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros
)
then have dom-cf-hom-rhs-umap-fo-a:
Do ((Zcf-hom-rhs o4 cqp-ger g fumap-fo a)(ArrVal])) = ?dom
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cs-intro: cat-cs-intros

)

show ?thesis
proof(rule arr-Set-eql)

from umap-fo-cf-hom-lhs show arr-Set-umap-fo-cf-hom-lhs:
arr-Set 8 (Zumap-fo b o4 c4p-Set 3 ?cf-hom-lhs)
by (auto dest: cat-Set-is-arrD(1))

from cf-hom-rhs-umap-fo-a show arr-Set-cf-hom-rhs-umap-fo-a:
arr-Set 3 (2cf-hom-rhs 04 cq1-5er g Pumap-fo a)
by (auto dest: cat-Set-is-arrD(1))

show
(Pumap-fo b o cop-get g ?cf-hom-lhs)(ArrVal)) =
(Pcf-hom-rhs o4 41 et g Pumap-fo a)(ArrVal)
proof
(
rule vsv-eql,
unfold
dom-umap-fo-cf-hom-lhs dom-cf-hom-rhs-umap-fo-a in-Hom-iff;
(rule refl) ?
)

fix $ assume prems:
9t cf-map (H-C ¢) »oppnoT ¢ ¢f-map (?HAS a)

let 29 = «ntcf-of-ntcf-arrow € (cat-Set a) $»
let 2lhs = «(?HRle b ‘NTCF ((QH—A® f ‘NTCF ?ﬁ) ONTCF-CF ﬁ))
let ?rhs =
(?H-A f oyrcor-cr T nTor PHUe a -yror (9D onTor-cr R))
let ?cf-hom-RAe = <Ab b'. cf-hom A [A(CId) (b)), e(NTMap))(b')]o>
let ?Yc = <\Q. Yoneda-component (?H-20 b) a f Q>
let 7HR = \b". 2H(NTMap))(R(ObjMap|) (0]
let B8R = «<\b'. &(ObjMap|) (R(ObjMap))(b')])>

have [cat-cs-simps]:

cf-of-cf-map € (cat-Set a) (cf-map (?H-C ¢)) = ?H-C ¢
by
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(

cs-concl cs-shallow
cs-simp: cat-FUNCT-cs-simps cs-intro: cat-cs-intros
)

have [cat-cs-simps]:
cf-of-cf-map € (cat-Set o) (cf-map (?H-AS a)) = ?HAG a
by
(
cs-concl cs-shallow
cs-simp: cat-FUNCT-cs-simps cs-intro: cat-cs-intros
)

note $) = cat-FUNCT-is-arrD[ OF prems, unfolded cat-cs-simps]
have Hom-c¢: ?H-CR ¢ : B =g cat-Set «
by (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

have [cat-cs-simps]: ?lhs = ?rhs
proof(rule ntcf-eql)
from $(1) f show lhs:
?lhs : PH-CR c »op HRAT b : B —»(q cat-Set o
by (cs-concl cs-simp: cs-intro: cat-cs-intros)
then have dom-lhs: D, (?lhs(NTMapl|)) = B(Obj)
by (cs-concl cs-simp: cat-cs-simps)+
from $(1) f show rhs:
rhs : PH-CR ¢ »op 7HAT b: B —»(q cat-Set o
by (cs-concl cs-intro: cat-cs-intros)
then have dom-rhs: D, (?rhs(NTMap|)) = B(0bj)
by (cs-concl cs-simp: cat-cs-simps)+
have [cat-cs-simps]:
Zcf-hom-2e b b 04 put-Set o
(?Yc (768 b') CAcat-Set a HRD') =
?Ye (T(|Ob]Map|)(|bll)) OAcat-Set o
(Zcf-hom-Ae a b op cpi-Set o DR D)
(is «?lhs-Set = ?rhs-Sety)
if b’ e, B(O0bj)) for b’
proof-
let 280" = <R(ObjMap))(b7)>
from $(1) f that assms(8) Ran.HomCod.category-azioms
have lhs-Set-is-arr: ?lhs-Set :
Hom € ¢ (Rb") = 41 et o Hom 2A b (T(ObjMap)) (b))

by
(
cs-concl
cs-simp: cat-cs-simps cat-op-simps
cs-intro:

cat-cs-intros cat-prod-cs-intros cat-op-intros
)
then have dom-lhs-Set: D, (?lhs-Set(ArrVal])) = Hom € ¢ ?Rb’
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
from $(1) f that assms(8) Ran.HomCod.category-azioms
have rhs-Set-is-arr: ?rhs-Set :
Hom € ¢ (?8b") = .41-Set o Hom A b (T(ObjiMap))(b7))

by
(
cs-concl
cs-simp: cat-cs-simps cat-op-simps
cs-intro:

cat-cs-intros cat-prod-cs-intros cat-op-intros
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then have dom-rhs-Set: D, (?rhs-Set(ArrVal])) = Hom € ¢ ?8b’
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
show ?thesis
proof(rule arr-Set-eql’)
from [hs-Set-is-arr show arr-Set-lhs-Set: arr-Set o ?lhs-Set
by (auto dest: cat-Set-is-arrD(1))
from rhs-Set-is-arr show arr-Set-rhs-Set: arr-Set o ?rhs-Set
by (auto dest: cat-Set-is-arrD(1))
show ?lhs-Set(ArrVal) = ?rhs-Set(ArrVal))
proof(rule vsv-eql, unfold dom-lhs-Set dom-rhs-Set in-Hom-iff)
fix h assume h : ¢ =g ZRD’
with $(1) f that assms Ran.HomCod.category-azioms show
?2lhs-Set(|ArrVal))(h]) = ?rhs-Set(ArrVal])(h])

by
cs-concl
cs-simp: cat-cs-simps cat-op-simps
cs-intro:

cat-cs-intros cat-prod-cs-intros cat-op-intros
)
qed (use arr-Set-lhs-Set arr-Set-rhs-Set in auto)
qed

use lhs-Set-is-arr rhs-Set-is-arr in
<cs-concl cs-shallow cs-simp: cat-cs-simps»

)+
qed

show ?2lhs(NTMap|) = ?rhs(NTMap|)
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix b’ assume b’ €, B(0bj)
with 9(1) f assms(3) show 2lhs(NTMap|)(b') = ?rhs(NTMap|)(d')
by
(
cs-concl
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-cs-intros

)

qged (cs-concl cs-intro: cat-cs-intros)
qed simp-all

from
assms(3) f 9(1) prems af

Ran.HomCod.category-axioms
FUNCT-C.category-axioms
FUNCT-B.category-azioms
AG.is-functor-axioms
Ran.is-functor-axioms
Hom-f .is-ntcf-axioms
show
(Pumap-fo b oacqt-5er g ?cf-hom-lhs)(ArrVal)(9) =
(Pcf-hom-rhs o4 41 ger g fumap-fo a)(ArrVal]) (9]
by (subst (1 2) $H(2))
(

cs-concl
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cs-simp: cat-cs-simps cat-FUNCT-cs-simps cat-op-simps
cs-intro:
cat-cs-intros
cat-prod-cs-intros
cat-FUNCT-cs-intros
cat-op-intros
)

qed

(
use arr-Set-umap-fo-cf-hom-lhs arr-Set-cf-hom-rhs-umap-fo-a in
auto
)

qged
(

use umap-fo-cf-hom-ths cf-hom-rhs-umap-fo-a in
<cs-concl cs-shallow cs-simp: cat-cs-simps»

)+
qged

from f assms o8 show ?thesis
by
(

cs-concl
cs-simp: cat-cs-simps cat-Kan-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-small-cs-intros cat-cs-intros cat-FUNCT-cs-intros

qed
qed auto

qed

from L-10-5-x-is-iso-ntcf[OF B af assms] have inv-y:
inv-ntef (L-10-5-x a 8T K ¢) :
L-10-5-N a 8 ¥ R ¢ »or.iso ¢f-Cone a B #T-cR :
op-cat A adadel] cat-Set 3
by (auto intro: iso-ntcf-is-iso-arr)

define ¢ where ¢ = inv-ntcf (L-10-5-x a« 8 T R ¢) *NTcr ¥ ‘nTCF inv-ntef Y’

from inv-Y' ¢ inv-y have ¢: ¢ :
HomacﬁQl(—,?Qﬁc) oF.iso ¢f-Cone a B #T-cR :
op-cat A dadel:: cat-Set 3
unfolding ¢-def by (cs-concl cs-shallow cs-intro: cat-cs-intros)

interpret ¢: is-iso-ntcf
B <op-cat A> <cat-Set 3 <H0m0,0591(—,?®c)> <cf-Cone a f ?T-chr ¢
by (rule )

let %p-&c-Cld = «p(NTMapl|) (26 c]) (ArrVal]) (A( CId]) (| ?& c])[)»
let ?ntcf-p-&c-Cld = «ntcf-of-ntcf-arrow (¢ Lorp K) A 2p-&c-Cldy
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from AG.vempty-is-zet assms(3) have A: ?A: A »cpg ZeR2A
by
(
cs-concl cs-shallow
cs-simp: cat-comma-cs-simps
cs-intro: cat-cs-intros cat-comma-cs-intros

from assms(3) have Ge: ?&¢ e, A(Obj)
by (cs-concl cs-shallow cs-intro: cat-cs-intros)
from AG.vempty-is-zet have T-cK: cf-map (9T-cR) €, ZcR-2A(Obj))
by
(
cs-concl
cs-simp: cat-FUNCT-components(1)
cs-intro: cat-cs-intros cat-FUNCT-cs-intros

)

from

p.ntcf-NTMap-is-arr[unfolded cat-op-simps, OF &c¢]|

assms(3)

AG.vempty-is-zet

B.vempty-is-zet

ap

have p-6c¢: o(NTMap))(7&c)) :

Hom A & c?Sc = 41 Got 8

Hom 2cR-2A (cf-map (2cf-cR-A 26¢)) (cf-map 23-cR)

by

(
cs-prems
cs-simp:
cat-cs-simps
cat-Kan-cs-simps
cat-comma-cs-simps
cat-op-simps
cat-FUNCT-components(1)
cs-intro:

cat-Kan-cs-intros
cat-comma-cS-intros
cat-cs-intros
cat-FUNCT-cs-intros
cat-op-intros

)

with assms(3) have p-&c-Cld:
-G c-Cld = cf-map (Zcf-cR-2A 2B¢) =o.q.9 cf-map ?T-cR
by (cs-concl cs-shallow cs-intro: cat-cs-intros)

have ntcf-arrow-p-&c-Cld: ntcf-arrow ?ntcf-p-Be-Cld = 2p-Ge-Cld
by (rule cat-FUNCT-is-arrD(2)[ OF @-&c¢-CId, symmetric])

have ua: universal-arrow-fo ?A (cf-map (#3-cR)) %&c 2p-Gc-Cld
by
(
rule is-functor. cf-universal-arrow-fo-if-is-iso-ntcf|
OF A &c T-cR plunfolded cf-Cone-def cat-cs-simps]
]
)

moreover have ntcf-p-®c-CId:
ntef-p-Ge-Cld @ 8¢ <op.cone ?2-cR:clorp Rrroa U
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proof(intro is-cat-conel)
from cat-FUNCT-is-arrD(1)[ OF p-&c¢-CId] assms(3) AG.vempty-is-zet show
nicf-of-ntef-arrow (¢ lop R) A 2p-Ge-CId -
7cf-cR-A 2Bcop ?Z-cR:clop Rorcoa U
by
(
cs-prems
cs-simp: cat-cs-simps cat-FUNCT-cs-simps
cs-intro: cat-cs-intros cat-FUNCT-cs-intros
)
qed (rule Bc)
ultimately have ?ntcf-p-&c-Cld : B¢ <cp.pym ?5-cR:clop Roa U
by (intro is-cat-cone.cat-cone-is-cat-limit)
(simp-all add: nicf-arrow-p-Gc-CId)
then show ?thesis using that by auto

qed

lemma (in is-cat-pw-1Ke) cat-pw-1Ke-ex-cat-colimit:
— Based on the elements of Chapter X-5 in [9].
assumes £ : B »>gq €
and T : B o0 AU
and ¢ €, €(0bj)
obtains UA
where UA: T ocp R ¢rllo ¢ >cF.cotim S(0biMap))(c) : 8 crl ¢ »ca A
proof-
from
is-cat-pw-rKe. cat-pw-rKe-ex-cat-limit
[
OF is-cat-pw-rKe-op AG.is-functor-op ntcf-IKe. NTDom.is-functor-op,
unfolded cat-op-simps,
OF assms(3)

obtain UA where UA: UA :
F(ObjMap))(c) <cr.1im op-cf T ocr ¢ oMM cr (op-cf R) :
clor (op-¢f R) »—cq op-cat A
by auto
from assms(3) have [ cat-cs-simps]:
op-¢f T ocr ¢ ol 1cr (op-cf R) oo op-cf-obj-comma R ¢ =
op-cf T ocr op-cf (R crlo ¢)
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps AG.op-cf-cf-obj-comma-proj| OF assms(3)]
cs-intro: cat-cs-intros cat-comma-cs-intros cat-op-intros
)
from assms(3) have [ cat-op-simps]:
T ocp op-cf (¢ ol1cr (op-c¢f R)) ocr op-cf (op-cf-obj-comma R c) =
T oor R crllo ¢
by
(
cs-concl cs-shallow
cs-simp:
cat-cs-simps cat-op-simps
op-cf-cf-comp[ symmetric] AG.op-cf-cf-obj-comma-proj[ symmetric]
cs-intro: cat-cs-intros cat-comma-cs-intros cat-op-intros

)

from assms(3) have [cat-op-simps]: op-cat (op-cat (R crd ¢)) = R crl ¢
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by
(

cs-concl cs-shallow
cs-simp: cat-op-simps cs-intro: cat-cs-intros cat-comma-cs-intros

note ntcf-cf-comp-is-cat-limit-if-is-iso-functor =
ntcf-cf-comp-is-cat-limit-if-is-iso-functor

OF UA AG.op-cf-obj-comma-is-iso-functor| OF assms(3)],
unfolded cat-op-simps

]
have op-nicf UA onyror-cF op-c¢f (op-cf-obj-comma 8 ¢) :
Tocr & orllo ¢ >cF.cotim §(ObjMap))(c) : & crl ¢ »=ca A
by
(

rule is-cat-limit.is-cat-colimit-op

OF ntcf-cf-comp-is-cat-limit-if-is-iso-functor,
unfolded cat-op-simps
]
)
then show ?thesis using that by auto
qed

15.10 The limit and the colimit for the pointwise Kan extensions

15.10.1 Definition and elementary properties

See Theorem 3 in Chapter X-5 in [9].

definition the-pw-cat-rKe-limit = V =V =V =V =V =V
where the-pw-cat-rKe-limit « K T & ¢ =

&(ObjMap)(c),

SOME UA.
UA : 8(0bjMap))(c)) <cr.iim T ocr ¢ ol lcr R ¢ lor 8 = ca T(HomCod))
)

lo

definition the-pw-cat-IKe-colimit = V =V = V=V =V =V
where the-pw-cat-lIKe-colimit « R T F ¢ =

§(ObjMap)) (<),
op-ntcf
(
the-pw-cat-rKe-limit « (op-cf R) (op-¢f X) (op-¢f §) c(UArr) onrcr-cr
op-cf-obj-comma K ¢
)
]o

Components.

lemma the-pw-cat-rKe-limit-components:
shows the-pw-cat-rKe-limit o 8 T & c(UObj)) = &(O0bjiMapl|)(c))
and the-pw-cat-rKe-limit o« £ T & c(UArr|) =
(
SOME UA.
UA : 8(0bjiMap))(c) <cF.1im T ocr ¢ ollcr &1 ¢ lor & = ca T(HomCod))
)
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unfolding the-pw-cat-rKe-limit-def ua-field-simps
by (simp-all add: nat-omega-simps)

lemma the-pw-cat-IKe-colimit-components:
shows the-pw-cat-IKe-colimit « 8 T F c(UObj)) = F(ObjiMap])(c|)
and the-pw-cat-IKe-colimit o« & T §F c(UArr]) = op-ntcef
(
the-pw-cat-rKe-limit o (op-cf R) (op-c¢f T) (op-¢f §F) c(UArr)) onror-cF
op-cf-obj-comma R ¢
)
unfolding the-pw-cat-1Ke-colimit-def ua-field-simps
by (simp-all add: nat-omega-simps)

context is-functor
begin

lemmas the-pw-cat-rKe-limit-components’ =
the-pw-cat-rKe-limit-components[where T=F, unfolded cat-cs-simps]

end

15.10.2 The limit for the pointwise right Kan extension is a limit, the colimit for
the pointwise left Kan extension is a colimit

lemma (in is-cat-pw-rKe) cat-pw-rKe-the-pw-cat-rKe-limit-is-cat-limit:
assumes 8 : B »oq Cand T : B oo A and ¢ €, €(0bj)
shows the-pw-cat-rKe-limit o 8 T & c(UArr]) :
the-pw-cat-rKe-limit o« 8 T & c(UObj) <cr.1im T ocr ¢ o lcr R :
clerp 8 -ca 2
proof-
from cat-pw-rKe-ezx-cat-limit[ OF assms] obtain UA
where UA: UA : 6(0bjMap))(c) <cr.iim T ocr ¢ o lcr R:cler R oo 2
by auto
show ?thesis
unfolding the-pw-cat-rKe-limit-components
by (rule somel2, unfold cat-cs-simps, rule UA)
qed

lemma (in is-cat-pw-1Ke) cat-pw-1Ke-the-pw-cat-1Ke-colimit-is-cat-colimit:
assumes 8 : B »—oq Cand T: B » oo A and ¢ €, C(0bj)
shows the-pw-cat-lIKe-colimit « & ¥ § c(UArr)) :
Toor R crl1o ¢ >CF.cotim the-pw-cat-IKe-colimit o & T F c(UObj) :
Rorl creoa
proof-
interpret £: is-functor a B € & by (rule assms(1))
interpret T: is-functor a B A T by (rule assms(2))
note cat-pw-rKe-the-pw-cat-rKe-limit-is-cat-limit =
1s-cat-pw-rKe.cat-pw-rKe-the-pw-cat-rKe-limit-is-cat-limsit
[
OF is-cat-pw-rKe-op AG.is-functor-op ntcf-IKe. NTDom.is-functor-op,
unfolded cat-op-simps,

OF assms(3)

from assms(3) have
op-¢f T ocr ¢ ollcr (op-¢f R) ocp op-cf-obj-comma K ¢ =
op-¢f T ocp op-cf (R crllo ¢)
by
(
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cs-concl cs-shallow
cs-simp:
cat-cs-simps cat-comma-cs-simps cat-op-simps
AG. op-cf-cf-obj-comma-proj| OF assms(3)]
cs-intro: cat-cs-intros cat-comma-cs-intros cat-op-intros
)
note ntcf-cf-comp-is-cat-limit-if-is-iso-functor =
ntcf-cf-comp-is-cat-limit-if-is-iso-functor

OF
cat-pw-rKe-the-pw-cat-rKe-limit-is-cat-limit
AG.op-cf-obj-comma-is-iso-functor[ OF assms(3)],
unfolded this, folded op-cf-cf-comp

]

from assms(3) have [cat-op-simps]: op-cat (op-cat (R crd ¢)) = R crl ¢
by
(

cs-concl cs-shallow
cs-simp: cat-op-simps cs-intro: cat-cs-intros cat-comma-cs-intros

)
from assms(3) have [cat-op-simps]: op-cf (op-¢f (R ¢rllo ¢)) = 8 ¢rllo ¢
by
(

cs-concl cs-shallow
cs-simp: cat-op-simps cs-intro: cat-cs-intros cat-comma-cs-intros

)
have [cat-op-simps]:
the-pw-cat-rKe-limit o (op-cf R) (op-c¢f T) (op-¢f F) c(UObj) =

the-pw-cat-IKe-colimit « & T § c¢(UObj)
unfolding
the-pw-cat-1Ke-colimit-components
the-pw-cat-rKe-limit-components
cat-op-simps
by simp
show ?thesis
by
(
rule is-cat-limit.is-cat-colimit-op
|
OF ntcf-cf-comp-is-cat-limit-if-is-iso-functor,
folded the-pw-cat-IKe-colimit-components,
unfolded cat-op-simps
]

)
qed

lemma (in is-cat-pw-rKe) cat-pw-rKe-the-nicf-rKe-is-cat-rKe:
assumes R : B »~>oq Cand T : B »>oq A
shows the-ntcf-rKe a T R (the-pw-cat-rKe-limit « 8 T &) :
the-cf-rKe o T & (the-pw-cat-rKe-limit « 8 T &) ogr R >oF.rkea T -
BrrogChaoA

proof-
interpret T: is-functor a B A T by (rule assms(2))

show the-nicf-rKe a T R (the-pw-cat-rKe-limit « £ T &) :
the-cf-rKe o T 8 (the-pw-cat-rKe-limit o« 8 F B) ogp R oop rkea T
B = ¢ = A
by
(
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rule
the-ntcf-rKe-is-cat-rKe
[
OF

assms(1)
ntef-rKe. NTCod.is-functor-axioms
cat-pw-rKe-the-pw-cat-rKe-limit-is-cat-limit[ OF assms]

]

)
qed

lemma (in is-cat-pw-IKe) cat-pw-1Ke-the-nicf-1Ke-is-cat-IKe:
assumes R : B »oq Cand T : B oo A
shows the-ntcf-IKe a T R (the-pw-cat-IKe-colimit o & T §) :
T b or.iKea the-cf-IKe a T R (the-pw-cat-lKe-colimit « R X F) oo R :
B = ¢ = A
proof-
interpret T: is-functor a B A T by (rule assms(2))
show ?thesis
by
(
rule the-ntcf-1Ke-is-cat-l1Ke
|
OF
assms(1,2)
cat-pw-lKe-the-pw-cat-1Ke-colimit-is-cat-colimit[ OF assms],
simplified
]
)

qed
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16 Pointwise Kan extensions: application example

16.1 Background

The application example presented in this section is based on Exercise 6.1.ii in [14]. The
primary purpose of this section is the instantiation of the locales associated with the pointwise
Kan extensions.

lemma cat-ordinal-2-is-arrE:
assumes [ : @ = 1 ordinal (2n) b
obtains f = [0, 0] and a = 0 and b = 0
| f =10, In]o and a = 0 and b = In
| f =[InN, IN]o and a = Iy and b = Iy
using cat-ordinal-is-arrD[ OF assms] unfolding two by auto

lemma cat-ordinal-3-is-arrE:

assumes f : a = ordingl (5n) b

obtains f = [0, 0]o and a=0and b =0
| f=1[0, IN]lo and a = 0 and b = Iy
| f=1[0, 2n]o and a = 0 and b = 2y
|f = [I]N, J]N]o and a = 1]N and b = J]N
| f =[IN, 2n]o and a = Iy and b = 2y
| f=[2n, 2n]o and a = 2y and b = 2y

using cat-ordinal-is-arrD[ OF assms] unfolding three by auto

lemma 0123: 0 €, 28 IN €0 2N 0 €5 SN IN €0 IN 2N €0 In by auto

16.2 R23
16.2.1 Definition and elementary properties

definition K23 :: V
where R23 =

[
(Aaes cat-ordinal (2n)(Obj)). if a = 0 then 0 else 2n),

(
Meocat-ordinal (2n)(Arr)).
if f =10, 0]o = [0, 0]
|f = [07 ZIN]O = [07 QN]O
|f = [-ZINa 1]N:|o = [2N7 QN]O
| otherwise = 0
)s
cat-ordinal (2n),
cat-ordinal (3N)

lo

Components.

lemma K23-components:
shows £23(0bjMap|) = (Aa&,cat-ordinal (2n)(Obj). if a = 0 then 0 else 2y)
and R23(ArrMap)) =

M eocat-ordinal (2n)(Arr]).
if f =10, 0] = [0, 0],
|f = [07 J]N]O = [07 Q]N]O
| f = [In, InJo = [2n, 2n]o
| otherwise = 0

)
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and [cat-Kan-cs-simps]: R23(HomDom)) = cat-ordinal (2n)
and [cat-Kan-cs-simps]: R28(HomCod|) = cat-ordinal (8n)
unfolding R23-def dghm-field-simps by (simp-all add: nat-omega-simps)

16.2.2 Object map

mk-VLambda £23-components(1)
|vsv R23-0bjMap-vsv| cat-Kan-cs-intros]|
|vdomain R23-0bjMap-vdomain| cat-Kan-cs-simps]|
|app R23-ObjMap-app|

lemma £23-O0bjMap-app-0] cat- Kan-cs-simps]:

assumes z = (

shows R23(0bjMap))(z)) = 0

by

(
cs-concl

cs-simp: R23-ObjMap-app cat-ordinal-cs-simps V-cs-simps assms
cs-intro: nat-omega-intros

)

lemma £23-0bjMap-app-1[ cat-Kan-cs-simps]:
assumes z = Iy
shows 823(0bjMap))(z]) = 2n
by
(
cs-concl
cs-simp:
cat-ordinal-cs-simps V-cs-simps omega-of-set R23-ObjMap-app assms
cs-intro: nat-omega-intros V-cs-intros

)

16.2.3 Arrow map

mk-VLambda K23-components(2)
|vsv R23-ArrMap-vsv| cat-Kan-cs-intros]
|vdomain R23-ArrMap-vdomain| cat-Kan-cs-simps]|
|app R23-ArrMap-app

lemma R23-ArrMap-app-00] cat-Kan-cs-simps]:

assumes [ = [0, 0],

shows R23(ArrMap))(f]) = [0, 0],

unfolding assms

by

(
cs-concl

cs-simp: R23-ArrMap-app cat-ordinal-cs-simps V-cs-simps
cs-intro: cat-ordinal-cs-intros nat-omega-intros

)

lemma R23-ArrMap-app-01[ cat-Kan-cs-simps]:
assumes f = [0, In]o
shows R23(ArrMap))(f]) = [0, 2x]o
proof-
have [0, In]o € ordinal-arrs (2n)
by
(

cs-concl
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cs-simp: omega-of-set
cs-intro: cat-ordinal-cs-intros V-cs-intros nat-omega-intros
)
then show ?thesis
unfolding assms by (simp add: R23-components cat-ordinal-components)
qed

lemma R23-ArrMap-app-11[ cat-Kan-cs-simps]:
assumes f = [In, IN]o
shows R23(ArrMap))(f]) = [2N, 2n]o
proof-
have [In, IN]o € ordinal-arrs (2N)
by
(
cs-concl cs-shallow
cs-simp: omega-of-set
cs-intro: cat-ordinal-cs-intros V-cs-intros nat-omega-intros
)
then show ?thesis
unfolding assms by (simp add: R23-components cat-ordinal-components)
qed

16.2.4 K23 is a tiny functor

lemma (in Z) R23-is-functor: K23 : cat-ordinal (2n) »~ca cat-ordinal (8N)
proof-

from ord-of-nat-w interpret cat-ordinal-2: finite-category « <cat-ordinal (2n)»
by (cs-concl cs-shallow cs-intro: cat-ordinal-cs-intros)

from ord-of-nat-w interpret cat-ordinal-3: finite-category « <cat-ordinal (8N)>
by (cs-concl cs-shallow cs-intro: cat-ordinal-cs-intros)

show ?thesis
proof(intro is-tiny-functorl’ is-functorl’)

show vfsequence K23 unfolding K23-def by auto
show vcard K23 = /n unfolding R23-def by (simp add: nat-omega-simps)

show R, (823(0bjMapl)) So cat-ordinal (3n)(Obj))
proof

(

rule vsv.vsv-vrange-vsubset,
unfold cat-Kan-cs-simps cat-ordinal-cs-simps,
intro cat-Kan-cs-intros
)
fix z assume z €, 2N
then consider <z = () | «x = In> unfolding two by auto
then show R235(0bjMap))(z) € In
by (cases, use nothing in <simp-all only:))
(
cs-concl
cs-simp: cat-Kan-cs-simps omega-of-set cs-intro: nat-omega-intros
)+
qed

show R23(ArrMap))(f) : 823(0bjMap)(al) = .4i-ordinal (3n) R253(0bjMap|) (b))

if f:a ot ordinal (2n) bfor abf
using that
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by (elim cat-ordinal-2-is-arrE; simp only:)
(
cs-concl
cs-simp: omega-of-set cat-Kan-cs-simps
cs-intro: nat-omega-intros V-cs-intros cat-ordinal-cs-intros

)

show
R23(ArrMap) (9 © 4 cat-ordinal (2n) =
R23(ArrMap))(9) ©A cot-ordinal (3n) R23(ArrMap)) (f)

if 91 b = cot-ordinal (2n) € and f: a = 4 ordinal (2n) b
forbcgaf
proof-—
have 0 ¢, 3N IN € IN 2N € 3N by auto
then show ?Zthesis
using that
by (elim cat-ordinal-2-is-arrE; simp only:)
(
cs-concl
cs-simp: cat-ordinal-cs-simps cat-Kan-cs-simps
cs-intro: V-cs-intros cat-ordinal-cs-intros
)+
qed

show
R23(ArrMap))(cat-ordinal (2n)(CId]) (<)) =
cat-ordinal (3n)(CId))(R23(ObjiMapl|) ()|
if ¢ €5 cat-ordinal (2n)(Obj]) for c
proof-—
from that consider ¢ = 0) | <¢c = In»
unfolding cat-ordinal-components(1) two by auto
then show ?thesis
by (cases, use nothing in <simp-all only:)
(
cs-concl
cs-simp: omega-of-set cat-Kan-cs-simps cat-ordinal-cs-simps
cs-intro: nat-omega-intros cat-ordinal-cs-intros

)
qed

qed (auto introl: cat-cs-intros simp: K23-components)
qed

lemma (in Z) R23-is-functor’| cat-Kan-cs-intros]:
assumes 2’ = cat-ordinal (2n)
and B’ = cat-ordinal (IN)
shows 823 : A’ »>cq B’
unfolding assms by (rule 823-is-functor)

lemmas [ cat-Kan-cs-intros] = Z.823-is-functor’

lemma (in Z) R25-is-tiny-functor:
R23 ¢ cat-ordinal (2N) ~~ ¢ tinya cat-ordinal (8N)
proof-
from ord-of-nat-w interpret cat-ordinal-2: finite-category « <cat-ordinal (2n)»
by (cs-concl cs-shallow cs-intro: cat-ordinal-cs-intros)
from ord-of-nat-w interpret cat-ordinal-3: finite-category « <cat-ordinal (3N)»
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by (cs-concl cs-shallow cs-intro: cat-ordinal-cs-intros)
show ?thesis
by (intro is-tiny-functorl " R23-is-functor)
(auto introl: cat-small-cs-intros)
qed

lemma (in Z) R23-is-tiny-functor’| cat-Kan-cs-intros]:
assumes 2" = cat-ordinal (2N)
and B’ = cat-ordinal (8N)
shows 823 : A = ¢ tinya B’
unfolding assms by (rule R23-is-tiny-functor)

lemmas [cat-Kan-cs-intros] = Z.823-is-tiny-functor’

16.3 LKZ23: the functor associated with the left Kan extension along K23
16.3.1 Definition and elementary properties

definition LK23 =V = V
where LK23 § =
[
(
Aag, cat-ordinal (3n)(Obj)).
if a = 0= F(0bjMap))(0)
| a = In = §(ObjMap])(0)
| a = 2n = F(O0bjMap))(In)
| otherwise = F(HomCod|)(0bj)
)
(

Meocat-ordinal (3n)(Arr]).
if f =10, 0]o = F(ArrMap)) (0, 0)

| /=10, In]o = §(ArrMap|)(0, 0)).
| /=10, 2x]o = §(ArrMap))(0, Ix).
| f=[In, In]o = F(ArrMap) (0, 0)s
| f=[IN, 2n]o = S(ArrMap)) (0, In]e
| f=[2n, 2n]o = §(ArrMap))(In, In).
| otherwise = F(HomCod|)(Arr])

),

cat-ordinal (3n),

F(HomCod))

]o
Components.

lemma LK23-components:
shows LK23 §(ObjMapl) =
(

Aag, cat-ordinal (3n)(Obj)).
if a = 0 = §(0bjMap))(0)
| a = In = F(ObjMap)(0)
| a = 2x = §(0bjMap)) (1)
| otherwise = F(HomCod))(Obj))

)
and LK28 F(ArrMap|) =

(
A€o cat-ordinal (3n)(Arr]).
if f =10, 0]o = F(ArrMap))(0, 0]
|f = [07 ZIN]o = %(IATTMGPD(IO’ UD.
| f =10, 2x]o = §(ArrMap))(0, InDs
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| f = [In, InJo = §(ArrMap)) (0, 0).s

| f=[In, 2n]o = §(ArrMap))(0, In)e.
| f=[2n, 2n]o = §(ArrMap))(In, In).
| otherwise = F(HomCod)|)(Arr])

and LK28 F(HomDom)|) = cat-ordinal (3N)
and LK23 F(HomCod|) = F(HomCod))
unfolding LK23-def dghm-field-simps by (simp-all add: nat-omega-simps)

context is-functor
begin

lemmas LK23-components’ = LK23-components|[where §=F, unfolded cat-cs-simps]
lemmas [cat-Kan-cs-simps] = LK23-components’(3,4)
end

lemmas [cat-Kan-cs-simps] = is-functor. LK23-components’(3,4)

16.3.2 Object map

mk-VLambda LK23-components(1)
|vsv LK23-ObjMap-vsv[ cat-Kan-cs-intros]|
|vdomain LK23-0bjMap-vdomain| cat-Kan-cs-simps]
lapp LK23-0ObjMap-app

lemma LK23-0bjMap-app-0] cat-Kan-cs-simps]:
assumes a = 0
shows LK23 §(ObjMap))(al) = F(ObjMap))(0)
unfolding LK23-components assms cat-ordinal-components by simp

lemma LK23-0ObjMap-app-1[ cat-Kan-cs-simps]:
assumes a = Iy
shows LK23 F(0bjiMap))(a)) = F(ObjMap))(0))
unfolding LK23-components assms cat-ordinal-components by simp

lemma LK23-0ObjMap-app-2] cat-Kan-cs-simps]:
assumes a = 2N
shows LK23 §(0bjMap))(al) = F(ObjMap))(In])
unfolding LK23-components assms cat-ordinal-components by simp

16.3.3 Arrow map

mk-VLambda LK23-components(2)
|vsv LK23-ArrMap-vsv[ cat-Kan-cs-intros]|
|vdomain LK23-ArrMap-vdomain| cat-Kan-cs-simps]
|app LK23-ArrMap-appl|

lemma LK23-ArrMap-app-00[ cat-Kan-cs-simps]:
assumes f = [0, 0],
shows LK23 F(ArrMap|)(f]) = §(ArrMap))(0, 0))
proof-
from 0123 have f: f €, cat-ordinal (3n)(Arr))
by
(
cs-concl cs-shallow
cs-intro: V-cs-intros cat-ordinal-cs-intros cat-cs-intros assms

395



)

then show ?thesis unfolding LK23-components assms by auto
qed

lemma LK23-ArrMap-app-01[ cat-Kan-cs-simps]:
assumes [ = [0, IN]o
shows LK23 F(ArrMap))(f]) = F(ArrMap))(0, 0]
proof-
from 0123 have f: f €, cat-ordinal (8n)(Arr|)
by
(
cs-concl cs-shallow
cs-intro: V-cs-intros cat-ordinal-cs-intros cat-cs-intros assms
)

then show ?thesis unfolding LK23-components assms by auto
qed

lemma LK23-ArrMap-app-02[ cat-Kan-cs-simps]:
assumes [ = [0, 2x]o
shows LK23 §(ArrMap))(f]) = §(ArrMap)) (0, Ix)e
proof-
from 0123 have f: f €, cat-ordinal (3n)(Arr)
by
(
cs-concl cs-shallow
cs-intro: V-cs-intros cat-ordinal-cs-intros cat-cs-intros assms
)

then show ?thesis unfolding LK23-components assms by auto
qed

lemma LK23-ArrMap-app-11[ cat-Kan-cs-simps]:
assumes [ = [In, In]o
shows LK23 F(ArrMap))(f]) = §(ArrMap))(0, 0)e
proof-
from 0123 have f: f €, cat-ordinal (3n)(Arr)
by
(
cs-concl cs-shallow
cs-intro: V-cs-intros cat-ordinal-cs-intros cat-cs-intros assms

then show ?%thesis unfolding LK23-components assms by auto
qed

lemma LK23-ArrMap-app-12[ cat-Kan-cs-simps]:
assumes [ = [In, 2n]o
shows LK23 §(ArrMap))(f]) = F(ArrMap))(0, In])e
proof-
from 0123 have f: f €, cat-ordinal (3n)(Arr)
by
(
cs-concl
cs-simp: omega-of-set
cs-intro: nat-omega-intros cat-ordinal-cs-intros cat-cs-intros assms
)
then show ?thesis unfolding LK23-components assms by auto
qed

lemma LK23-ArrMap-app-22[ cat-Kan-cs-simps]:
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assumes [ = [2N, 2~]o
shows LK23 §(ArrMap))(f]) = §(ArrMap))(In, IN]e
proof-
from 0123 have f: f €, cat-ordinal (8n)(Arr)
by
(
cs-concl cs-shallow
cs-intro: nat-omega-intros cat-ordinal-cs-intros cat-cs-intros assms
)
then show ?thesis unfolding LK23-components assms by simp
qed

16.3.4 LK23 is a functor

lemma cat-LK23-is-functor:
assumes § : cat-ordinal (2n) »—cq €
shows LK23 § : cat-ordinal (3n) »—ca €
proof-

interpret §: is-functor « <cat-ordinal (2n)> € § by (rule assms(1))

from ord-of-nat-w interpret cat-ordinal-2: finite-category « <cat-ordinal (2n)»
by (cs-concl cs-shallow cs-intro: cat-ordinal-cs-intros)

from ord-of-nat-w interpret cat-ordinal-3: finite-category « <cat-ordinal (3N)»
by (cs-concl cs-shallow cs-intro: cat-ordinal-cs-intros)

interpret §: is-functor a (cat-ordinal (2n)> € § by (rule assms)

show ?thesis
proof(intro is-functorl")
show ufsequence (LK23 §) unfolding LK23-def by auto
show vcard (LK23 §) = 4n unfolding LK23-def by (simp add: nat-omega-simps)
show R, (LK23 §(0bjMapl))) <. €(0bj)
proof(rule vsv.vsv-vrange-vsubset, unfold cat-Kan-cs-simps)
fix z assume prems: x €, cat-ordinal (5n)(Obj)
then consider «z = Ob | <z = In) | <z = 20
unfolding cat-ordinal-cs-simps three by auto
then show LK23 §(0bjMap|)(z|) €. €(Obj)
by cases
(
cs-concl
cs-simp: cat-Kan-cs-simps cat-ordinal-cs-simps omega-of-set
cs-intro: cat-cs-intros nat-omega-intros
)+
qged (cs-concl cs-shallow cs-intro: cat-Kan-cs-intros)
show LK23 §(ArrMap))(f]) : LK23 §(ObjMap))(al) ~¢ LK23 F(ObjMapl) (b))
iff:a ™ cat-ordinal (3n) bfor a b f
proof-
from 0123 that show ?thesis
by (elim cat-ordinal-3-is-arrE; simp only:)
(
cs-concl
cs-simp: cat-Kan-cs-simps
cs-intro: V-cs-intros cat-cs-intros cat-ordinal-cs-intros
)+
qed
show
LE23 §(ArrMap) (9 ©A cat-ordinal (8n) =
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LK23 §(ArrMap))(g) oag LK23 F(ArrMap)(f)
if 91 b = cot-ordinal (3n) € and f: a =4 ordinal (8n) b
forbcgaf
proof-—
from 0123 that show ?thesis
by (elim cat-ordinal-3-is-arrE; simp only:; (solves(simp>)?)
(
cs-concl
cs-simp:
cat-ordinal-cs-simps
cat-Kan-cs-simps
5. cf-ArrMap-Comp| symmetric]
cs-intro: V-cs-intros cat-cs-intros cat-ordinal-cs-intros
)+
qed
show LK23 §(ArrMap)|)(cat-ordinal (3n)(CId)(c])]) = €(CId)(LK23 F(ObjMap|)(c))
if ¢ €, cat-ordinal (3n)(Obj)) for ¢
proof-
from that consider <¢ = 05 | <¢ = Iny | <¢c = 20
unfolding cat-ordinal-components three by auto
moreover have 0 €, 2N IN €0 2N 0 €5 N IN €0 IN 2N €0 IN by auto
ultimately show Zthesis
by (cases, use nothing in <simp-all only:))
(
cs-concl
cs-simp:
cat-ordinal-cs-simps
cat-Kan-cs-simps
is-functor.cf-ObjMap- CId[ symmetric]
cs-intro: V-cs-intros cat-cs-intros cat-ordinal-cs-intros
)+
qed
qed
(
cs-concl cs-shallow
cs-simp: cat-Kan-cs-simps cs-intro: cat-cs-intros cat-Kan-cs-intros

)+
qed

lemma cat-LK23-is-functor’| cat-Kan-cs-intros]:
assumes § : cat-ordinal (2n) »—ca €
and 2" = cat-ordinal (3N)
shows LK23 § : U »>cq €
using assms(1) unfolding assms(2) by (rule cat-LK23-is-functor)

16.3.5 The fundamental property of LK23

lemma cf-comp-LK25-R23[ cat-Kan-cs-simps]:
assumes § : cat-ordinal (2n) »Hca €
shows LK23 § ocp 823 = §

proof-

interpret §: is-functor a <cat-ordinal (2n)> € § by (rule assms(1))
interpret £23: is-functor a <cat-ordinal (2N)> <cat-ordinal (3n)» <(R23»
by (cs-concl cs-shallow cs-intro: cat-cs-intros cat-Kan-cs-intros)
interpret LK23: is-functor « <cat-ordinal (3n)» € <(LK23 &
by (cs-concl cs-intro: cat-Kan-cs-intros cat-cs-intros)
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show ?thesis
proof(rule cf-eql)
show § : cat-ordinal (2n) »+—ca € by (rule assms)
have ObjMap-dom-lhs: D, ((LK23 § ocr £R23)(0bjMap))) = 2n
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-ordinal-cs-simps cs-intro: cat-cs-intros

have ObjMap-dom-rhs: Do (F(ObjMap|)) = 2N
by (cs-concl cs-shallow cs-simp: cat-cs-simps cat-ordinal-cs-simps)
show (LK23 § ocr R23)(0bjMap)) = F(ObjMap))
proof(rule vsv-eql, unfold ObjMap-dom-lhs ObjMap-dom-rhs)
fix a assume prems: a €, 2N
then consider «a = () | <a = In> by force
then show (LK23 § ocrp £23)(0bjMap))(a)) = F(ObjMap])(al))
by (cases, use nothing in <simp-all only:))
(
cs-concl
cs-simp:
omega-of-set cat-cs-simps cat-ordinal-cs-simps cat-Kan-cs-simps
cs-intro: cat-cs-intros nat-omega-intros
)+
qed (cs-concl cs-intro: cat-cs-intros V-cs-intros)+
have ArrMap-dom-lhs: Do ((LK23 § ocr R28)(ArrMap))) = cat-ordinal (2n)(Arr))
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
have ArrMap-dom-rhs: Do (§(ArrMap|)) = cat-ordinal (2n5)(Arr)
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show (LK23 § oor R23)(ArrMap|) = §(ArrMap))
proof(rule vsv-eql, unfold ArrMap-dom-lhs ArrMap-dom-rhs)
fix f assume prems: [ €, cat-ordinal (2n)(Arr])
then obtain a b where f : a v~ 000 (2x) b by auto
then show (LK23 § ocp R23)(ArrMap|)(f]) = S(ArrMap|)(f)
by (elim cat-ordinal-2-is-arrE; simp only:)
(
cs-concl
cs-simp: cat-cs-simps cat-Kan-cs-simps cs-intro: cat-cs-intros
)+
qed (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros V-cs-intros)+
ged (cs-concl cs-intro: cat-Kan-cs-intros cat-cs-intros)

qed

16.4 RKZ23: the functor associated with the right Kan extension along K23
16.4.1 Definition and elementary properties

definition RK23 =V = V
where RK23 § =

[
(
Aae, cat-ordinal (3n)(Obj)).
if a = 0 = F(ObjMap))(0)
| a = In = F(O0bjMap|)(In])
| a = 2x = (0bjMap)(1x)
| otherwise = F(HomCod])(Obj))

),
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(
A€o cat-ordinal (Sn)(Arr)).

if f = [0, 0]o = F(ArrMap))(0, 0]

| /=10, In]o = §(ArrMap)) (0, In)s
| /=10, 2x]o = §(ArrMap))(0, Ix).
| f = [-ZIN; JJN]O = 3(|AT7’MGPD(|]]N7 -ZJNI)-
|f = [INu 2]N]o = %(IA”"MGPD(]IN ‘ZNDQ
17 = [2x, 2o = SQArMap)(1x, In)s
| otherwise = F(HomCod|)(Arr|)

),

cat-ordinal (9n),

F(HomCod))

Io
Components.

lemma RK23-components:
shows RK23 §(ObjMap]|) =
(

Aag, cat-ordinal (3n)(Obj)).
if a = 0 = §(ObjMap))(0)
| a = 1]N g SQObjMapD(]Z]ND
| a = 2n = §(0bjMap))(In])
| otherwise = F(HomCod))(Obj))

)
and RK23 §(ArrMap|) =

Afeocat-ordinal (3n)(Arr)).
if f =10, 0o = F(ArrMap))(0, 0).

| f =10, In]o = S(ArrMap)) (0, In)e

| f =10, 2x]o = F(ArrMap)) (0, In)e

| f = [InN, IN]Jo = §(ArrMap))(In, IN]e
| f=[In, 2n]o = S(ArrMap))(In, In)e
| f=[2n, 2x]o = §(ArrMap)(In, In)e
|

otherwise = F(HomCod))(Arr])

)
and RK238 §(HomDom|) = cat-ordinal (3n)

and RK23 F(HomCod)) = §(HomCod))
unfolding RK23-def dghm-field-simps by (simp-all add: nat-omega-simps)

context is-functor
begin

lemmas RK23-components’ = RK23-components|where §=§, unfolded cat-cs-simps]
lemmas [cat-Kan-cs-simps] = RK23-components’(3,4)
end

lemmas [cat-Kan-cs-simps] = is-functor. RK23-components’(3,4)

16.4.2 Object map

mk-VLambda RK23-components(1)
|vsv RK23-0bjMap-vsv| cat-Kan-cs-intros]
|vdomain RK23-ObjMap-vdomain[ cat-Kan-cs-simps]|
|app RK23-ObjMap-app

lemma RK23-0bjMap-app-0] cat-Kan-cs-simps]:
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assumes a =
shows RK23 §(0bjMap))(a]) = §(ObjMap])(0)
unfolding RK23-components assms cat-ordinal-components by simp

lemma RK23-ObjMap-app-1[ cat-Kan-cs-simps]:
assumes a = Iy
shows RK23 §(ObjMap))(a) = §(0bjMap|)(1n])
unfolding RK23-components assms cat-ordinal-components by simp

lemma RK23-ObjMap-app-2| cat-Kan-cs-simps]:
assumes a = 2y
shows RK23 F(0bjiMap))(a) = F(ObjMap))(1xn])
unfolding RK23-components assms cat-ordinal-components by simp

16.4.3 Arrow map

mk-VLambda RK23-components(2)
|vsv RK23-ArrMap-vsv| cat- Kan-cs-intros]|
|vdomain RK23-ArrMap-vdomain| cat-Kan-cs-simps]|
|app RK23-ArrMap-app|

lemma RK23-ArrMap-app-00[ cat-Kan-cs-simps):
assumes f = [0, 0],
shows RK23 §(ArrMap))(f]) = §(ArrMap))(0, 0)).
proof-—
from 0123 have f: f €, cat-ordinal (8n)(Arr|)
by
(
cs-concl cs-shallow cs-intro:
V-cs-intros cat-ordinal-cs-intros cat-cs-intros assms

then show ?thesis unfolding RK23-components assms by auto
qed

lemma RK23-ArrMap-app-01[ cat-Kan-cs-simps]:
assumes f = [0, In]o
shows RK23 §(ArrMap))(f]) = §(ArrMap))(0, In)e
proof-
from 0123 have f: f €, cat-ordinal (3n)(Arr)
by
(
cs-concl cs-shallow cs-intro:
V-cs-intros cat-ordinal-cs-intros cat-cs-intros assms

then show ?thesis unfolding RK23-components assms by auto
qed

lemma RK23-ArrMap-app-02[ cat-Kan-cs-simps]:
assumes | = [0, 2n]o
shows RK23 F(ArrMap))(f]) = F(ArrMap|)(0, In)e
proof-
from 0123 have f: f €, cat-ordinal (8n)(Arr)
by
(
cs-concl cs-shallow cs-intro:
V-cs-intros cat-ordinal-cs-intros cat-cs-intros assms
)

then show ?thesis unfolding RK23-components assms by auto
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qed

lemma RK23-ArrMap-app-11[ cat-Kan-cs-simps]:
assumes f = [In, IN]o
shows RK23 §(ArrMap)(f]) = §(ArrMap))(In, IN)e
proof-
from 0123 have f: f €, cat-ordinal (3n)(Arr)
by
(
cs-concl cs-shallow cs-intro:
V-cs-intros cat-ordinal-cs-intros cat-cs-intros assms
)

then show ?thesis unfolding RK23-components assms by auto
qed

lemma RK23-ArrMap-app-12[ cat-Kan-cs-simps]:
assumes [ = [In, 2x]o
shows RK23 §(ArrMap))(f]) = §(ArrMap))(In, IN)e
proof-
from 0123 have f: f €, cat-ordinal (8n)(Arr|)
by
(
cs-concl
cs-simp: omega-of-set
cs-intro: nat-omega-intros cat-ordinal-cs-intros cat-cs-intros assms
)
then show ?thesis unfolding RK23-components assms by auto
qed

lemma RK23-ArrMap-app-22[ cat-Kan-cs-simps]:
assumes | = [2N, 2N]o
shows RK23 F(ArrMap))(f]) = §(ArrMap))(In, IN)e
proof-
from 0123 have f: f €, cat-ordinal (3n)(Arr)
by
(
cs-concl cs-shallow cs-intro:
nat-omega-intros cat-ordinal-cs-intros cat-cs-intros assms
)
then show ?thesis unfolding RK23-components assms by simp
qed

16.4.4 RK23 is a functor

lemma cat-RK23-is-functor:
assumes § : cat-ordinal (2n) »—ca €
shows RK23 § : cat-ordinal (3nx) »~ca €
proof-

interpret §: is-functor « <cat-ordinal (2n)) € § by (rule assms(1))

from ord-of-nat-w interpret cat-ordinal-2: finite-category « <cat-ordinal (2N)»
by (cs-concl cs-shallow cs-intro: cat-ordinal-cs-intros)

from ord-of-nat-w interpret cat-ordinal-3: finite-category « <cat-ordinal (3N)»

by (cs-concl cs-shallow cs-intro: cat-ordinal-cs-intros)

interpret §: is-functor « <cat-ordinal (2n)> € §F by (rule assms)
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show ?thesis
proof(intro is-functorl”)
show ufsequence (RK23 §) unfolding RK23-def by auto
show vcard (RK23 §) = 4n unfolding RK23-def by (simp add: nat-omega-simps)
show R, (RK23 F(0ObjMap))) <, €(0bj)
proof(rule vsv.vsv-vrange-vsubset, unfold cat-Kan-cs-simps)
fix z assume prems: x €, cat-ordinal (8n)(Obj)
then consider «z = 0» | <z = In) | <z = 20
unfolding cat-ordinal-cs-simps three by auto
then show RK23 §F(ObjMap|)(z]) €, €(O0bj))
by cases
(
cs-concl
cs-simp: cat-Kan-cs-simps cat-ordinal-cs-simps omega-of-set
cs-intro: cat-cs-intros nat-omega-intros
)+
ged (cs-concl cs-shallow cs-intro: cat-Kan-cs-intros)
show RK23 §(ArrMap|)(f) : RK23 §(ObjMap))(a) —¢ RE23 F(ObjMap))(b)
if f:a ™ cat-ordinal (3n) bfor a b f
proof—
from 0123 that show ?thesis
by (elim cat-ordinal-3-is-arrE; simp only:)
(
cs-concl
cs-simp: cat-Kan-cs-simps
cs-intro: V-cs-intros cat-cs-intros cat-ordinal-cs-intros
)+
qed
show
RE23 §(ArrMap) (g © 4 cat-ordinal (35n) =
RE23 §(ArrMap))(g)) oag RE23 F(ArrMap))(f)
if g1 b = cot-ordinal (3n) € and f: a = ordinal () b
forbcgaf
using 0123 that
by (elim cat-ordinal-3-is-arrE; simp only:; (solves<simpy)?)
(
cs-concl
cs-simp:
cat-ordinal-cs-simps
cat-Kan-cs-simps
§.cf-ArrMap-Comp[ symmetric)
cs-intro: V-cs-intros cat-cs-intros cat-ordinal-cs-intros
)+
show RK23 §(ArrMap|)(cat-ordinal (3n)(CId)(c]))) = €(CId)(RK23 F(ObjMap))(c))
if ¢ €, cat-ordinal (8n)(Obj) for ¢
proof-
from that consider <c = 0 | <¢ = In> | <¢c = 20
unfolding cat-ordinal-components three by auto
then show Zthesis
by (cases, use 0123 in (simp-all only:))
(
cs-concl
cs-simp:
cat-ordinal-cs-simps
cat-Kan-cs-simps
is-functor.cf-ObjMap-CId[ symmetric]
cs-intro: V-cs-intros cat-cs-intros cat-ordinal-cs-intros

)+
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qed
qed
(
cs-concl cs-shallow
cs-simp: cat-Kan-cs-simps cs-intro: cat-cs-intros cat-Kan-cs-intros

)+
qed

lemma cat-RK23-is-functor’| cat-Kan-cs-intros]:
assumes § : cat-ordinal (2n) »—cq €
and A’ = cat-ordinal (3N)
shows RK23 5 : U »cq €
using assms(1) unfolding assms(2) by (rule cat-RK23-is-functor)

16.4.5 The fundamental property of RK23

lemma cf-comp-RK25-R23[ cat-Kan-cs-simps]:
assumes § : cat-ordinal (2n) »ca €
shows RK23 § ocr R23 =§

proof-

interpret §: is-functor a <cat-ordinal (2n)» € § by (rule assms(1))
interpret £23: is-functor a <cat-ordinal (2N)> <cat-ordinal (3n)» (R23»
by (cs-concl cs-shallow cs-intro: cat-cs-intros cat-Kan-cs-intros)
interpret RK23: is-functor « <cat-ordinal (3n)> € (RK23 &
by (cs-concl cs-intro: cat-Kan-cs-intros cat-cs-intros)

show ?thesis
proof(rule cf-eql)
show § : cat-ordinal (2n) »—ca € by (rule assms)
have ObjMap-dom-lhs: D, ((RK23 § ocr £23)(0bjMap))) = 2N
by
(
cs-concl cs-shallow
cs-simp: cat-cs-simps cat-ordinal-cs-simps cs-intro: cat-cs-intros
)

have ObjMap-dom-rhs: Do (F(ObjMap|)) = 2N
by (cs-concl cs-shallow cs-simp: cat-cs-simps cat-ordinal-cs-simps)
show (RK23 § ocr R28)(0bjMap)) = §(ObjMap))
proof(rule vsv-eql, unfold ObjMap-dom-lhs ObjMap-dom-rhs)
fix a assume prems: a €, 2N
then consider «a = () | <a = In> by force
then show (RK23 § ocr £23)(0bjMap))(a)) = F(ObjMap])(al))
by (cases, use nothing in <simp-all only:))
(
cs-concl
cs-simp:
omega-of-set cat-cs-simps cat-ordinal-cs-simps cat-Kan-cs-simps
cs-intro: cat-cs-intros nat-omega-intros
)+

qed (cs-concl cs-intro: cat-cs-intros V-cs-intros)+

have ArrMap-dom-lhs: Dy ((RK23 § ocr R23)(ArrMap))) = cat-ordinal (2n)(Arr]
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

have ArrMap-dom-rhs: Do (§(ArrMap|)) = cat-ordinal (2n5)(Arr)
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)

show (RK23 § ocr R23)(ArrMap|) = §F(ArrMap))

proof(rule vsv-eql, unfold ArrMap-dom-lhs ArrMap-dom-rhs)
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fix f assume prems: [ €, cat-ordinal (2n)(Arr])
then obtain a b where f : a ., 000 (2x) b by auto
then show (RK23 § ocp R23)(ArrMap))(f) = F(ArrMap)(f)
by (elim cat-ordinal-2-is-arrE; simp only:)
(
cs-concl
cs-simp: cat-cs-stmps cat-Kan-cs-simps cs-intro: cat-cs-intros
)+
qed (cs-concl cs-simp: cat-cs-simps cs-intro: cat-cs-intros V-cs-intros)+
qed (cs-concl cs-intro: cat-Kan-cs-intros cat-cs-intros)

qed

16.5 RK-023: towards the universal property of the right Kan extension along
R23

16.5.1 Definition and elementary properties

definition RK-c23 =V =V =V =V
where RK-c23 T ¢’ §' =

[

(
Aae, cat-ordinal (3n)(Obj)).

if a = 0 = &'(NTMap|)(0])
| a = In = '(NTMap))(In]) ° A% (|HomCod)) §'(ArrMap)) (In, 2n)e
| @ = 2n = &'(NTMap))(1x])
| otherwise = T(HomCod])(Arr]
),
3,
RK23 %,
cat-ordinal (3n),
§'(HomCod))

]o

Components.

lemma RK-023-components:
shows RK-023 ¥ &' §'(NTMap)) =
(
Aag, cat-ordinal (8n)(Obj)).
if a = 0= &'(NTMap))(0)
| a = In = ¢'(NTMap)) (| In]) © AT (| Hom Cod) F'(ArrMap)) (| In, 2N
| a = 28 = e'(NTMap)) (| In)
| otherwise = T(HomCod])(Arr]
)
and RK-023 ¥ €' §'(NTDom)) = §’
and RK-023 ¥ ¢’ §F'(NTCod)) = RK23 T
and RK-023 T ¢’ F'(NTDGDom)|) = cat-ordinal (3n)
and RK-023 T &' F'(NTDGCod)) = F'(HomCod)
unfolding RK-o25-def nt-field-simps by (simp-all add: nat-omega-simps)

context
fixesa A F' %
assumes §" §': cat-ordinal (8n) »—ca U
and T: T : cat-ordinal (2N) =»—ca A
begin

interpretation §" is-functor a <cat-ordinal (3x)> A §F' by (rule F')
interpretation : is-functor a <(cat-ordinal (2n)» A T by (rule T)
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lemmas RK-023-components’ =
RK-023-components|where §'=F' and T=T, unfolded cat-cs-simps]

lemmas [cat-Kan-cs-simps] = RK-023-components'(2-5)

end

16.5.2 Natural transformation map

mk-VLambda RK-023-components(1)
|vsv RK-023-NTMap-vsv[ cat-Kan-cs-intros]
|vdomain RK-o23-NTMap-vdomain| cat-Kan-cs-simps]|
|app RK-023-NTMap-app|

lemma RK-023-NTMap-app-0] cat-Kan-cs-simps]:
assumes a =
shows RK-023 ¥ ¢’ F'(NTMap|)(a) = e'(NTMap|)(0)
using assms unfolding RK-023-components cat-ordinal-cs-simps by simp

lemma (in is-functor) RK-023-NTMap-app-1][cat-Kan-cs-simps]:
assumes a = Iy
shows RK-023 § ¢’ §F'(NTMap))(al) = e'(NTMap))(In]) cagg §'(ArrMap])(In, 2n))e
using assms
unfolding RK-023-components cat-ordinal-cs-simps cat-cs-simps
by simp

lemmas [cat-Kan-cs-simps] = is-functor. RK-0 23-NTMap-app- 1

lemma RK-023-NTMap-app-2| cat-Kan-cs-simps]:
assumes a = 2y
shows RK-023 ¥ ¢’ F'(NTMap|)(al) = e'(NTMap])(In])
using assms unfolding RK-o23-components cat-ordinal-cs-simps by simp

16.5.3 RK-023 is a natural transformation

lemma RK-023-is-nicf:
assumes §': cat-ordinal (3N) =~ ca A
and T : cat-ordinal (2n) = ca A
and ¢': §' ocr R23 »cr T : cat-ordinal (2N) »Hca U
shows RK-023 T &' §': §' —»cr RK23 ¥ : cat-ordinal (3n) »—ca A
proof-

interpret §" is-functor a <cat-ordinal (3n)» A F' by (rule assms(1))
interpret T: is-functor « <cat-ordinal (2x)> A T by (rule assms(2))
interpret e" is-ntcf « <cat-ordinal (2n)> A F' ocp 823 T &’

by (rule assms(8))

interpret 823 is-functor a <cat-ordinal (2x)> <cat-ordinal (3n)» <R23>
by (cs-concl cs-shallow cs-intro: cat-cs-intros cat-Kan-cs-intros)
interpret RK23: is-functor « <cat-ordinal (3n)> A (RK23 T»
by (cs-concl cs-intro: cat-Kan-cs-intros cat-cs-intros)

from 0123 have [cat-cs-simps]: T(ArrMap)) (| In, In)e = A(CI)(T(ObjMap)) (| In])])
by
(
cs-concl cs-shallow
cs-simp: cat-ordinal-cs-simps is-functor.cf-ObjMap-CId[ symmetric]
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cs-intro: cat-cs-intros

)

show ?thesis
proof(rule is-ntcfl")
show ufsequence (RK-023 T ¢’ §') unfolding RK-023-def by simp
show vcard (RK-028 ¥ ' §') = 5n
unfolding RK-023-def by (simp-all add: nat-omega-simps)
show RK-023 T ¢’ F'(NTMap|)(a)) : F'(ObjMap|)(al) —g RK23 T(ObjMap|)(al)
if a e, cat-ordinal (8n)(O0bj)) for a
proof—
from that consider <a = ) | <a = In® | <a = 20
unfolding cat-ordinal-cs-simps three by auto
from this 0123 show ?thesis
by (cases, use nothing in <simp-all only:))
(
cs-concl
cs-simp: cat-cs-simps cat-ordinal-cs-simps cat-Kan-cs-simps
cs-intro:
cat-cs-intros
cat-ordinal-cs-intros
cat-Kan-cs-intros
nat-omega-intros
)+
qed
show
RK-023 T &' F'(NTMap)) (b)) cag §'(ArrMap))(f]) =
RK23 T(ArrMap|)(f]) coag RK-023 T ¢’ §F'(NTMap))(al)
if /2 a = ot ordinal (8n) bfor a b f
using that 0123
by (elim cat-ordinal-3-is-arrE | use nothing in «simp-all only:))
(
cs-concl
cs-simp:
cat-cs-simps
cat-ordinal-cs-simps
§'.cf-ArrMap-Comp[ symmetric]
§'.HomCod.cat-Comp-assoc
e’ .ntef-Comp-commute[ symmetric]
cat-Kan-cs-simps
cs-intro: cat-cs-intros cat-ordinal-cs-intros nat-omega-intros
)+
qed
(
cs-concl
cs-simp: cat-Kan-cs-simps cs-intro: cat-cs-intros cat-Kan-cs-intros
)+

qed

lemma RK-023-is-nicf [ cat-Kan-cs-intros]:

assumes §': cat-ordinal (3n) > coa A
and ¥ : cat-ordinal (2n) »coa A
and ¢': §' oor R23 »cp T : cat-ordinal (2N) = ca U
and &' = §’
and $' = RK253 ¥
and ¢’ = cat-ordinal (3N)

shows RK-023 T ' §': & mcop 9" €' »oq U
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using assms(1-3) unfolding assms(4-6) by (rule RK-023-is-ntcf)

16.6 The right Kan extension along K23

lemma ¢ 23-is-cat-rKe:
assumes T : cat-ordinal (2N) —»—ca AU
shows ntcf-id ¥ :
RK23 T oop R23 »eor rkea T ¢ cat-ordinal (2N) —¢ cat-ordinal (3n) »c¢ A
proof-

interpret T: is-functor « <cat-ordinal (2x5)> A T by (rule assms(1))
interpret £23: is-functor a <cat-ordinal (2N)> <cat-ordinal (3n)) <(R23»
by (cs-concl cs-shallow cs-intro: cat-cs-intros cat-Kan-cs-intros)
interpret RK23: is-functor « <cat-ordinal (3n)» A «(RK23 %>
by (cs-concl cs-intro: cat-Kan-cs-intros cat-cs-intros)

from 0123 have [cat-cs-simps]: T(ArrMap))(In, In)e = A(CI)(T(ObjMap)) (In])])
by
(
cs-concl cs-shallow
cs-simp: cat-ordinal-cs-simps is-functor.cf-ObjMap-CId[ symmetric]
cs-intro: cat-cs-intros

)

show ?thesis
proof(intro is-cat-rKel")

fix §' ¢’ assume prems:
' : cat-ordinal (8N) =P ca U
e F oor R23 »orp Tt cat-ordinal (2N) = coa 2

interpret §": is-functor « <cat-ordinal (3n)» A F' by (rule prems(1))

interpret " is-nicf « (cat-ordinal (2n)> A «F ocr K23 T &’
by (rule prems(2))

interpret RK-023: is-ntcf « <cat-ordinal (3n)> A §' <RK23 T (RK-0c23 T &' §
by (intro RK-023-is-ntcf prems assms)

show 3Jlo.
o:F »or RK23 ¥ : cat-ordinal (3n) »—ca A A
e’ = ntef-id ¥ -NTCOF (O’ ONTCF-CF 523)
proof(intro ex1I conjI; (elim conjE)?)
show RK-023 % e'§' :§F' »cr RK23 T : cat-ordinal (3n) »—ca 2
by (intro RK-023.is-ntcf-axioms)
show ¢’ = ntef-id T -yror (RK-023 X ' §' onror-cr R23)
proof(rule ntcf-eql)
show ¢’ : §F' oop R28 —»cor ¥ : cat-ordinal (2n) »—>ca 2
by (intro prems)
then have dom-lhs: D, (¢'(NTMap))) = 2n
by (cs-concl cs-shallow cs-simp: cat-ordinal-cs-simps cat-cs-simps)
show rhs:
ntcf-id T yror (RK-023 T e’ § onror-cr R23) :
F' ocr R23 »or Tt cat-ordinal (2n) »ca A
by
(
cs-concl cs-shallow
cs-simp: cat-Kan-cs-simps cat-cs-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros
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then have dom-rhs:
D, ((ntef-id T -yror (RK-023 T ' §' oyror-cr R23))(NTMap))) = 2x
by (cs-concl cs-simp: cat-ordinal-cs-simps cat-cs-simps)
show ¢'(NTMap|) = (ntcf-id T yror (RK-023 T ' §' onror-cr 823))(NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix a assume prems: a €, 2N
then consider «a = () | <a = In> unfolding two by auto
then show
e'(NTMap))(al) =
(ntcf—id T *‘NTCF (RK—O'23 T E’ S, ONTCF-CF RQS’))QNTMapD(IaD
by (cases; use nothing in <simp-all only:»)
(
cs-concl
cs-simp:
omega-of-set
cat-Kan-cs-simps
cat-cs-simps
cat-ordinal-cs-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros nat-omega-intros
)+
qed
(
use rhs in
<cs-concl cs-shallow cs-intro: V-cs-intros cat-cs-introsy
)+

qed simp-all

fix o assume prems”
o0:F —»cr RK23 T : cat-ordinal (3n) mca A
el = ntcf-zd < ‘NTCF (0’ ONTCF-CF ﬁgg)

interpret o: is-ntcf o <cat-ordinal (8n)» A F' «RK23 %) o
by (rule prems’'(1))

from prems’(2) have
e'(NTMap)(0) = (ntef-id ¥ -nrcor (0 onTor-cr 823))(NTMap|) (0]
by auto
then have [ cat-cs-simps]: e’ (NTMap|)(0)) = o(NTMap))(0)
by
(
cs-prems cs-shallow
cs-simp: cat-Kan-cs-simps cat-cs-simps cat-ordinal-cs-simps
cs-intro: cat-cs-intros nat-omega-intros
)
from prems’(2) have
e'(NTMap))(In)) = (ntcf-id T -nrcr (0 onTor-cr 823))(NTMap)) (1)
by auto
then have [cat-cs-simps]: e’ (NTMap|)(In])) = c(NTMap)) (2n])
by
(
cs-prems cs-shallow
cs-simp:
omega-of-set cat-Kan-cs-simps cat-cs-simps cat-ordinal-cs-simps
cs-intro: cat-cs-intros nat-omega-intros

)

show 0 = RK-023% ' §'
proof(rule ntcf-eqI’)
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show o : §' »cp RK23 T : cat-ordinal (3n) »—ca A
by (rule prems’(1))
then have dom-lhs: D, (c(NTMap))) = 5N
by (cs-concl cs-shallow cs-simp: cat-cs-simps cat-ordinal-cs-simps)
show RK-023 T ' §': §' »cp RK23 T : cat-ordinal (8N) —»—ca U
by (cs-concl cs-intro: cat-cs-intros cat-Kan-cs-intros)
then have dom-rhs: D, (RK-023 T &' §'(NTMap))) = 5n
by (cs-concl cs-shallow cs-simp: cat-cs-simps cat-ordinal-cs-simps)
from 0123 have 013: [0, In]o : 0 = .4t ordinal (3n) IN
by (cs-concl cs-intro: cat-ordinal-cs-intros nat-omega-intros)
from 0123 have 123: [In, 2n]o © IN ™ cot-ordinal (3n) 2N
by (cs-concl cs-intro: cat-ordinal-cs-intros nat-omega-intros)

from o.nicf-Comp-commute[ OF 123] 018 0123
have [symmetric, cat-Kan-cs-simps]:
o(NTMap))(12n)) cag §'(ArrMap)) (In, 2x)e = o(NTMap|)(In])
by
(
cs-prems
cs-simp: cat-cs-simps cat-Kan-cs-simps RK23-ArrMap-app-12
cs-intro: cat-cs-intros

show o(NTMap|) = RK-023 ¥ &' §F'(NTMap)
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix a assume prems: a €, 3N
then consider <a = () | <a = Iny | <a = 2N> unfolding three by auto
then show o(NTMap|)(a)) = RK-023 T &' F'(NTMap))(al)
by (cases; use nothing in <simp-all only:»)
(es-concl cs-simp: cat-cs-simps cat-Kan-cs-simps)+
qed auto
qed simp-all

qed
qed (cs-concl cs-shallow cs-simp: cat-Kan-cs-simps cs-intro: cat-cs-intros)+

qed

16.7 LK-023: towards the universal property of the left Kan extension along
R23

16.7.1 Definition and elementary properties

definition LK-623 =V =V =V =V
where LK-c23 S n'§' =

[
(
Aae, cat-ordinal (3n)(Obj)).
if a = 0 = n'(NTMap|)(0)
| a In = S’(IAT’T’MCL])D(IO, Z]NDO oA‘I(|H0mCod|) U’(INTMGPD(IOD
| a = 25 = n'(NTMap|)(In)
| otherwise = T(HomCod|)(Arr]
)s
LK23 %,
5
cat-ordinal (3n),
F'(HomCod))

]o
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Components.

lemma LK-0283-components:
shows LK-023 ¥ n' §'(NTMap)) =
(
Aag, cat-ordinal (8n)(Obj)).
if a = 0= n'(NTMap))(0)
| a = In = F'(ArrMap)) (0, In)e ° AT (| HomCod)) n'(NTMap|)(0)
| a = 28 = n'(NTMap|)(In)
| otherwise = T(HomCod|)(Arr]
)
and LK-023 T n' F'(NTDom|) = LK23 T
and LK-023 T n' F'(NTCod)) = §’
and LK-c23 ¥ n' §'(NTDGDoml) = cat-ordinal (3N)
and LK-023 T n' F'(NTDGCod|) = §'(HomCod))
unfolding LK-023-def nt-field-simps by (simp-all add: nat-omega-simps)

context
fixessa A F' T
assumes §" §': cat-ordinal (3n) =+ ca A
and T: T : cat-ordinal (2x5) »—ca A
begin

interpretation §" is-functor a <cat-ordinal (3x)> A §F' by (rule F')
interpretation T: is-functor « <(cat-ordinal (2n)> A T by (rule ¥)

lemmas LK-023-components’ =
LK-023-components|where §'=F" and T=%, unfolded cat-cs-simps]

lemmas [cat-Kan-cs-simps] = LK-023-components’(2-5)

end

16.7.2 Natural transformation map

mk-VLambda LK-023-components(1)
|vsv LK-023-NTMap-vsv[ cat-Kan-cs-intros]|
|vdomain LK-023-NTMap-vdomain| cat-Kan-cs-simps]|
|app LK-023-NTMap-app|

lemma LK-023-NTMap-app-0] cat-Kan-cs-simps]:
assumes q = (
shows LK-023 ¥ n' §'(NTMap))(al) = n'(NTMap))(0)
using assms unfolding LK-023-components cat-ordinal-cs-simps by simp

lemma (in is-functor) LK-023-NTMap-app-1] cat-Kan-cs-simps]:
assumes a = Iy
shows LK-023 § n' §'(NTMap)(a) = §'(ArrMap)) (0, In))e 0asgy n'(NTMap))(0)
using assms unfolding LK-023-components cat-ordinal-cs-simps cat-cs-simps by simp

lemmas [cat-Kan-cs-simps] = is-functor. LK-c23-NTMap-app-1
lemma LK-023-NTMap-app-2] cat-Kan-cs-simps]:
assumes a = 2N

shows LK-023 ¥ n' F'(NTMap))(a) = n'(NTMap))(In)
using assms unfolding LK-023-components cat-ordinal-cs-simps by simp
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16.7.3 LK-023 is a natural transformation

lemma LK-023-is-ntcf:
assumes §': cat-ordinal (3x) »—ca A
and ¥ : cat-ordinal (2n) =+ ca A
and n': T »op §' oor K23 : cat-ordinal (2n) Pca A
shows LK-c23 T n'§F': LK23 ¥ »cop §': cat-ordinal (8N) »—ca 2
proof-

interpret §" is-functor a <cat-ordinal (3n)» A §' by (rule assms(1))
interpret T: is-functor a <cat-ordinal (2x)> A T by (rule assms(2))
interpret 1" is-ntcf o <cat-ordinal (2n)» A T F' ocp K23 n'

by (rule assms(3))

interpret £23: is-functor a <cat-ordinal (2N)) <cat-ordinal (3n)» (R23»
by (cs-concl cs-shallow cs-intro: cat-cs-intros cat-Kan-cs-intros)
interpret LK23: is-functor « <cat-ordinal (3n)» A «(LK23 T
by (cs-concl cs-intro: cat-Kan-cs-intros cat-cs-intros)

show ?thesis
proof(rule is-ntcfl")
show ufsequence (LK-023 € ' §') unfolding LK-023-def by simp
show vcard (LK-023 ¥ ' §') = on
unfolding LK-023-def by (simp-all add: nat-omega-simps)
show LK-023 T n' §'(NTMap|)(a) : LK23 T(ObjMap))(a)) —g §'(ObiMap))(a)
if a €, cat-ordinal (8n)(Obj)) for a
proof-—
from that consider <a = ) | <a = In® | <a = 20
unfolding cat-ordinal-cs-simps three by auto
from this 0123 show
LK-028 T n' §'(NTMap))(a]) : LK23 T(0ObjMap))(al) —g F'(ObiMap)(al)
by (cases, use nothing in <simp-all only:))
(
cs-concl
cs-simp: cat-cs-simps cat-ordinal-cs-simps cat-Kan-cs-simps
cs-intro:
cat-cs-intros
cat-ordinal-cs-intros
cat-Kan-cs-intros
nat-omega-intros
)+
qed
show
LK-023 T n' §F'(NTMap|) (b)) oagy LK23 T(ArrMap))(f]) =
§'(ArrMap))(f]) cag LK-023 T n' F'(NTMapl)(a)
if £ a v o ordina (8n) bforabf
using that 0123
by (elim cat-ordinal-3-is-arrE | use nothing in <simp-all only:))
(
cs-concl
cs-simp:
cat-cs-simps
cat-ordinal-cs-simps
§'.cf-ArrMap-Comp[ symmetric]
§'.HomCod.cat-Comp-assoc[ symmetric]
n'.nicf-Comp-commute
cat-Kan-cs-simps
cs-intro: cat-cs-intros cat-ordinal-cs-intros nat-omega-intros
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)+
qed
cs-concl
cs-simp: cat-Kan-cs-simps cs-intro: cat-cs-intros cat-Kan-cs-intros

)+
qed

lemma LK-023-is-ntcf ' cat-Kan-cs-intros]:

assumes §': cat-ordinal (3N) =~ ca A
and T : cat-ordinal (2n) »ca 2
and ' : T »op §F oor K23 : cat-ordinal (2N) = ca U
and &' = LK23 ¥
and ' =F’'
and ¢’ = cat-ordinal (3n)

shows LK-023 X n'§F' : & —cop H: € »oq A

using assms(1-3) unfolding assms(4—6) by (rule LK-0c23-is-ntcf)

16.8 The left Kan extension along K23

lemma 723-is-cat-rKe:
assumes T : cat-ordinal (2N) =~ ca AU
shows ntcf-id ¥ :
T o orikea LK23 T ocp R23 : cat-ordinal (2N) — ¢ cat-ordinal (3n) »c A
proof-

interpret T: is-functor a <(cat-ordinal (2n)> A T by (rule assms(1))
interpret £23: is-functor a <cat-ordinal (2N)> <cat-ordinal (3n)» <(R23»
by (cs-concl cs-shallow cs-intro: cat-cs-intros cat-Kan-cs-intros)
interpret LK23: is-functor « <cat-ordinal (3n)» A «(LK23 T»
by (cs-concl cs-intro: cat-Kan-cs-intros cat-cs-intros)

show ?thesis
proof(intro is-cat-1Kel")
fix §' n’ assume prems:
§': cat-ordinal (3n) = ca A
n' T op § oor K23 : cat-ordinal (2n) »Hcoa A

interpret §" is-functor « <cat-ordinal (3n)» A F' by (rule prems(1))

interpret 0" is-ntcf a <cat-ordinal (2n)> A T F' ocr K25 1’
by (rule prems(2))

interpret LK-023: is-ntcf « <cat-ordinal (3n)> A <LK23 T §' «LK-023 T n' §"
by (intro LK-023-is-ntcf prems assms)

show 3lo.
o: LK23 T »cp §': cat-ordinal (3N) »—ca 2A A
n'=o0onrcr-cr R23 ‘nrcF ntef-id T
proof(intro ex1I conjl; (elim conjE)?)
show LK-023 T n'§': LK23 T »cp §': cat-ordinal (3n) »—ca 2
by (intro LK-023.is-ntcf-axioms)
show T]’ = LK-023 % 77, S’ ONTCF-CF R23 *‘NTCF TLth—Z'd T
proof(rule ntcf-eql)
show n': T »op §' ocr 823 : cat-ordinal (2N) —»ca U
by (intro prems)
then have dom-lhs: Do (n'(NTMap))) = 2n
by (cs-concl cs-shallow cs-simp: cat-ordinal-cs-simps cat-cs-simps)
show rhs:
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LK-c23 % 77/ Sl ONTCF-CF R23 *NTCF ntcf—z'd T:
T oor § ocr R23 ¢ cat-ordinal (2N) = ca U
by
(
cs-concl cs-shallow
cs-simp: cat-Kan-cs-simps cat-cs-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros

)

then have dom-rhs:
D, ((LK-023 T n'§' onrer-cr R23 ‘nrcr ntef-id T)(NTMap)) = 2n
by (cs-concl cs-simp: cat-ordinal-cs-simps cat-cs-simps)
show n'(NTMap|) = (LK-023 ¥ ' §' onror-cr 823 -yTcor ntcf-id T)(NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix a assume prems: a €, 2N
then consider <a = () | <a = Inv unfolding two by auto
then show
n'(NTMap))(la)) =
(LK-023 T n'§" onrer-cr R23 *nrcr ntef-id T)(NTMap))(al)
by (cases; use nothing in <simp-all only:»)
(
cs-concl
cs-simp:
omega-of-set
cat-Kan-cs-simps
cat-cs-simps
cat-ordinal-cs-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros nat-omega-intros
)+
qed
(
use rhs in
<cs-concl cs-shallow cs-intro: V-cs-intros cat-cs-introsy
)+

qed simp-all

fix o assume prems”
c: LK23 T »cFp §': cat-ordinal (3n) »ca 2
n'=o0onrcr-cr R23 ‘nrcF ntef-id T

interpret o: is-ntcf « <cat-ordinal (3n)» A <(LK23 T §' o
by (rule prems’(1))

from prems’(2) have
n,qNTMapD(IOD = (O’ ONTCF-CF R23 *NTCF ntcf-id E)(]NTMapD (|0D
by auto
then have [cat-cs-simps]: n'(NTMap))(0) = o (NTMap|)(0))
by
(
cs-prems cs-shallow
cs-simp: cat-Kan-cs-simps cat-cs-simps cat-ordinal-cs-simps
cs-intro: cat-cs-intros nat-omega-intros

)

from prems’(2) have
UI(INTMCLPD(I]]ND = (O’ ONTCF-CF R23 ‘NTCF ntcf—z'd S)(INTMGPD(I]ND
by auto
then have [cat-cs-simps]: n'(NTMap|) (| In]) = o (NTMap])(2n])
by
(
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cs-prems cs-shallow
cs-simp:
omega-of-set cat-Kan-cs-simps cat-cs-simps cat-ordinal-cs-simps
cs-intro: cat-cs-intros nat-omega-intros

)

show o = LK-c23 T n' §’
proof(rule ntcf-eql)

show o : LK23 ¥ —»cp §': cat-ordinal (3n) »—>ca 2

by (rule prems’(1))
then have dom-lhs: D, (c((NTMap))) = 3n

by (cs-concl cs-shallow cs-simp: cat-cs-simps cat-ordinal-cs-simps)
show LK-023 T n'§': LK23 T »cp §': cat-ordinal (3n) »—ca A

by (cs-concl cs-intro: cat-cs-intros cat-Kan-cs-intros)
then have dom-rhs: D, (LK-023 T n' §'(NTMap))) = In

by (cs-concl cs-shallow cs-simp: cat-cs-simps cat-ordinal-cs-simps)
from 0123 have 012: [0, IN]o : 0 = .4t ordinal (2n) IN

by (cs-concl cs-intro: cat-ordinal-cs-intros nat-omega-intros)
from 0123 have 013: [0, In]o : 0 = .4t-ordinal (3n) IN

by (cs-concl cs-intro: cat-ordinal-cs-intros nat-omega-intros)
from 0123 have 00: [0, 0] = (cat-ordinal (2n))(CId])(0)

by (cs-concl cs-shallow cs-simp: cat-ordinal-cs-simps)
from o.nicf-Comp-commute[ OF 013] 0138 0123
have [symmetric, cat-Kan-cs-simps]:

o(NTMap))(In]) = §'(ArrMap) (0, IxDe 0ag o(NTMap)(0))

by

(
cs-prems
cs-simp: cat-cs-simps cat-Kan-cs-simps 00 LK23-ArrMap-app-01
cs-intro: cat-cs-intros cat-ordinal-cs-intros nat-omega-intros

)

show o(NTMap|) = LK-c23 T n' F'(NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix a assume prems: a €, 3N
then consider <a = 0) | <a = Iny | <a = 2N> unfolding three by auto
then show o(NTMap|)(al) = LK-028 T n’' F'(NTMap)|)(a)
by (cases; use nothing in <simp-all only:»)
(
cs-concl
cs-simp: cat-ordinal-cs-simps cat-cs-simps cat-Kan-cs-simps
cs-intro: cat-cs-intros
)+
qed auto
qed simp-all

qed
qed (cs-concl cs-shallow cs-simp: cat-Kan-cs-simps cs-intro: cat-cs-intros)+
qed

16.9 Pointwise Kan extensions along K23

lemma ¢23-is-cat-pw-rKe:
assumes T : cat-ordinal (2N) —»ca U
shows ntcf-id ¥ :
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RK23 T ogp R23 »oF.rKepuwa T
cat-ordinal (2n) » ¢ cat-ordinal (3n) —co A
proof-

interpret T: is-functor a <cat-ordinal (2x)> A T by (rule assms(1))

show ?thesis
proof(intro is-cat-pw-rKel &23-is-cat-rKe[ OF assms])

fix a assume prems: a €, 2A(0bj)

show
ntef-id X :
RK23 T ocp 823 »cr.rKea T
cat-ordinal (2n) ~¢
cat-ordinal (3n) =¢
(Homo.ca2(a,~) : A = cat-Set o)
proof(intro is-cat-rKe-preservesl €23-is-cat-rKe[ OF assms])
from prems show Homo ca(a,-) : A »—>cq cat-Set «
by (cs-concl cs-shallow cs-simp: cat-cs-simps cs-intro: cat-cs-intros)
show Homo.Can(a,—) OCF-NTCF ntcf—id T
(Homo.ca2U(a,=) ocr RK23 ) ogp R23 »crp.rkea Homo. caU(a,~) ocr T
cat-ordinal (2N) = ¢ cat-ordinal (8N) —¢ cat-Set o
proof(intro is-cat-rKel")
show 8£23 : cat-ordinal (2n) P~ ca cat-ordinal (8N)
by (cs-concl cs-shallow cs-intro: cat-Kan-cs-intros)
from prems show
Homo caM(a,~) ocrp RK23 T : cat-ordinal (3n) ——cq cat-Set a
by (cs-concl cs-intro: cat-cs-intros cat-Kan-cs-intros)
from prems show
Homo.caMa,~) ccr-nTcr ntcf-id T :
Homo_CQQl(a,—) oOCF RK23 ¥ oCF R23 = OoF Homo_CQQl(a,—) OCF T
cat-ordinal (2n) »~ca cat-Set «
by
(
cs-concl
cs-simp: cat-cs-simps cat-Kan-cs-simps
cs-intro: cat-cs-intros cat-Kan-cs-intros

)

fix &' ¢’ assume prems”:
&' : cat-ordinal (3n) P ca cat-Set «
e
6, OCF ﬁ?f)’ =OoF Homo.COZQl(a,—) SCoF ‘3: :
cat-ordinal (2n) P+ ca cat-Set «

interpret &" is-functor a (cat-ordinal (3N)> <cat-Set ay &’
by (rule prems’(1))
interpret ¢” is-nicf

«
<cat-ordinal (2n)»
<cat-Set

B’ oCF R28)

<Homo ca(a,~) cop ©
E’

by (rule prems’(2))

show 3lo.
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(o2
&' »or Homo. caU(a,—) ocr RK23 T :
cat-ordinal (3n) P»+—ca cat-Set a A
e’ = Homo.caU(a,~) ccr-nrcr ntef-id T -yror (0 onTror-cr R23)
proof(intro ex1I conjl; (elim conjE)?)
have [ cat-Kan-cs-simps]:
Homo.ca2Ma,~) ocr RK23 T = RK23 (Homo.caU(a,~) occr ¥)
proof(rule cf-eql)
from prems show lhs: Homo. caqU(a,—-) oocrp RK23 % :
cat-ordinal (8N) =+ ca cat-Set o
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-Kan-cs-intros
)
from prems show rhs: RK23 (Homo.co2(a,~) ocr T) :
cat-ordinal (3n) P+ ca cat-Set «
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-cs-intros cat-Kan-cs-intros
)
from lhs prems have ObjMap-dom-Ihs:
D, ((Homo.caU(a,~) ccr RK23 T)(0ObjMap))) = 3n
by
(
cs-concl
cs-simp: cat-ordinal-cs-simps cat-cs-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros
)
from rhs prems have ObjMap-dom-rhs:
Do ((RK23 (Homo.caAU(a,-) ocr T))(0bjMap)) = 5x
by
(
cs-concl cs-shallow
cs-simp: cat-ordinal-cs-simps cat-cs-simps
cs-intro: cat-Kan-cs-intros
)
show
(Homo.caU(a,~) ocr RK23 T)(0bjMap)) =
RK23 (Homo.caA(a,~) ocr T)(ObjMap))
proof(rule vsv-eql, unfold ObjMap-dom-lhs ObjMap-dom-rhs)
fix ¢ assume prems’: ¢ €, 3N
with 0123 consider <¢c = O | <¢ = In) | <¢ = 2Ny by force
from this prems prems’’ 0123 show
(Homo.caU(a,~) ocr RK23 %)(ObjiMap|)(c]) =
RK23 (Homo.caU(a,~) ocr T)(0biMap))(c)
by (cases; use nothing in <simp-all only:»)
(
cs-concl
cs-simp:
cat-ordinal-cs-simps
cat-cs-simps
cat-op-simps
cat-Kan-cs-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros
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)+
qed
( .
use prems in <
cs-concl cs-intro: cat-Kan-cs-intros cat-cs-intros
>
)+
from lhs prems have ArrMap-dom-Ilhs:
Do ((Homo. caU(a,~) occp RK23 T)(ArrMap))) =
cat-ordinal (3n)(Arr)
by
(
cs-concl
cs-simp: cat-ordinal-cs-simps cat-cs-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros
)
from rhs prems have ArrMap-dom-rhs:
D, ((RK23 (Homo.caU(a,~) ocr T))(ArrMap)) =
cat-ordinal (3n)(Arr)
by
(
cs-concl cs-shallow
cs-simp: cat-ordinal-cs-simps cat-cs-simps
cs-intro: cat-Kan-cs-intros
)
show
(Homo.caM(a,~) ocr RK23 T)(ArrMap)) =
RK23 (Homo.ca(a,~) ocr T)(ArrMap))
proof(rule vsv-eql, unfold ArrMap-dom-lhs ArrMap-dom-rhs)
fix f assume prems’: f €, cat-ordinal (3n)(Arr|
then obtain o’ b’ where f: a' = i o dinal (3n) b’ by auto
from this 0123 prems show
(Homo.cafU(a,~) ocr RK23 T)(ArrMap))(f) =
RK23 (Homo. ca(a,~) ocr T)(ArrMap))(f)
by
(
elim cat-ordinal-3-is-arrF;
use nothing in <simp-all only:
)
(

cs-concl
cs-simp: cat-cs-simps cat-Kan-cs-simps cat-op-simps
cs-intro:
cat-ordinal-cs-intros
cat-Kan-cs-intros
cat-cs-intros
nat-omega-initros
)+
qed
(
use prems in
<cs-concl cs-intro: cat-Kan-cs-intros cat-cs-introsy
)+

qed simp-all
show RK-023 (Homo. caU(a,~) ocr T) e’ &'

(GX =>COF Homo,can(a,—) OCF RK23 % :
cat-ordinal (3N) =+~ co cat-Set «
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by (intro RK-023-is-ntcf’)
(
cs-concl cs-shallow
cs-simp: cat-Kan-cs-simps cs-intro: cat-cs-intros
)+
show ¢’ =
Homo.caU(a,~) ccr-NTCF
ntcf—id T *‘NTCF
(RK—O'Q(? (HOmOACam(G/,—) °CF (S) e’ &’ ONTCF-CF .QQS’)
proof(rule ntcf-eql)
show ¢’ :
Q5I O F R23 =OoF Homo‘CQQl(a,—) OCcF T
cat-ordinal (2n) »+ca cat-Set «
by (intro prems’)
then have dom-lhs: D, (¢'(NTMap))) = 2n
by (cs-concl cs-shallow cs-simp: cat-ordinal-cs-simps cat-cs-simps)
from prems show
Homo.co2(a,~) ccr-NTCF
’I”Lth-Z'd T ‘NTCF
(RK—0'23 (Homo_c()ﬂl(a,—) oCF (Z) e’ &’ ONTCF-CF ﬁ?f)’) :
&' ogr R23 »cop Homo.caU(a,~) ocr T
cat-ordinal (2n) —+cq cat-Set o
by
(
cs-concl
cs-simp: cat-Kan-cs-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros
)
then have dom-rhs:
Do
(
(Homo.caU(a,~) ccr-nTCF
ntef-id € «NTOF
(RK-023 (Homo.caU(a,~) occr %) €' ' oyror_cr R23)
YNTMap)) = 2x
by (cs-concl cs-simp: cat-ordinal-cs-simps cat-cs-simps)
show e'(NTMap)) =

Homo.ca2(a,~) ccr-NTCF
ntcf-z'd T ‘NTCF
(RK-023 (Homo.caU(a,=) ocp X) €' &' oyror_cr R23)
)(NTMag)
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix c assume prems’: ¢ €, 2N
then consider «¢ = 0) | <¢ = In» unfolding two by auto
from this prems 0123 show &'(NTMapl)(c|) =
(
Homo.co(a,~) occr-NTCOF
ntef-id € ~NnTOF
(RK-023 (Homo.caU(a,~) occr %) €' " oyror_cr R23)
)(NTMap) (<)
by (cases; use nothing in <simp-all only:»)
(
cs-concl
cs-simp:
cat-Kan-cs-simps
cat-ordinal-cs-simps
cat-cs-simps
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cat-op-simps
RK-023-NTMap-app-0
cat-Set-components(1)
cs-intro:
cat-Kan-cs-intros
cat-cs-intros
cat-prod-cs-intros
T.HomCod.cat-Hom-in- Vset
)+

qged (cs-concl cs-intro: cat-cs-intros V-cs-intros)+
qed simp-all

fix o assume prems’”
o
Qj’ =CoF Homo.(;aﬁl(a,—) ScF RK23 % :
cat-ordinal (3N) =+ ca cat-Set o
e’ = Homo.caU(a,~) ccp-nrcor ntef-id T -nyror (0 onror-cr R23)

interpret o: is-ntcf
a <cat-ordinal (3n)> <cat-Set av &' <Homo. caU(a,~) ccr RK23 %> o
by (rule prems’'(1))

from prems’’(2) have ¢'(NTMap|) (0] =
(Homo.caU(a,~) ccp-nrcr ntef-id T «nrcor (0 onror-cr 823))(NTMap))(0)
by auto
from this prems 0123 have e’-NTMap-app-0: e'(NTMap|)(0) = o (NTMap])(0)
by
(
cs-prems
cs-simp:
cat-ordinal-cs-simps
cat-cs-simps
cat-Kan-cs-simps
cat-op-simps
R23-0ObjMap-app-0
cat-Set-components(1)
cs-intro:
cat-Kan-cs-intros
cat-cs-intros
cat-prod-cs-intros
T.HomCod.cat-Hom-in- Vset
)
from 0123 have 01: [0, In]o : 0 = .4t ordinal (2x) IN
by
(
cs-concl
cs-simp: cat-cs-simps
cs-intro: cat-ordinal-cs-intros nat-omega-intros
)
from prems’’(2) have
e (NTMap) (1)) =

Homo.caU(a,~) ccr-nTor ntef-id T -yror (0 onTor-or R23)
)(NTMapl) (| 1x])
by auto
from this prems 0123 have '-NTMap-app-1:
e'(NTMap))(In]) = c(NTMap|)(2n)
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by
(
cs-prems
cs-simp:
cat-ordinal-cs-simps
cat-cs-simps
cat-Kan-cs-simps
cat-op-simps
R23-ObjMap-app-1
cat-Set-components(1)
cs-intro:
cat-Kan-cs-intros
cat-cs-intros
cat-prod-cs-intros
T.HomCod.cat-Hom-in- Vset

)

from 0123 have 012: [0, IN]o : 0 = .4t ordinal (2x) IN
by
(
cs-concl cs-intro:
cat-ordinal-cs-intros nat-omega-intros
)

from 0123 have 013: [0, In]o : 0 = .4i-ordinal (3x) IN
by
(
cs-concl cs-intro:
cat-ordinal-cs-intros nat-omega-intros
)

from 0123 have 123: [In, 2N]o * IN = cai-ordinal (3n) 2N
by
(
cs-concl cs-intro:
cat-ordinal-cs-intros nat-omega-intros
)

from 0123 have 11: [In, In]o = (cat-ordinal (2n))(CId))(In])
by (cs-concl cs-shallow cs-simp: cat-ordinal-cs-simps)

from o.ntcf-Comp-commute[ OF 123] prems 012 013
have [ cat-Kan-cs-simps]:
e'(NTMap))(In) ©4 cqt-Set o O (ArrMap))(In, 2n))e = o (NTMap|) (1))
by
(
cs-prems
cs-simp:
cat-cs-simps
cat-Kan-cs-simps
e'-NTMap-app-1[ symmetric]
is-functor.cf-ObjMap-CId
RK23-ArrMap-app-12
11
cs-intro: cat-cs-intros nat-omega-intros

)

show o = RK-023 (Homo.caU(a,—) occrp T) e’ &’
proof(rule ntcf-eql)

show o: o :

421



Q5I =CoF HomO,cOLQl(a,—) SCF RK23 ¥ :
cat-ordinal (3n) P+ ca cat-Set «
by (rule prems’ (1))
then have dom-lhs: Do (c(NTMap))) = 3n
by (cs-concl cs-shallow cs-simp: cat-ordinal-cs-simps cat-cs-simps)
show RK-023 (Homo. co2l(a,~) ocr %) e’ &'
&' »or Homo. coU(a,~) ocr RK23 T :
cat-ordinal (3n) »—ca cat-Set «
by
(
cs-concl cs-shallow
cs-simp: cat-Kan-cs-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros
)
then have dom-rhs:
D, (RK-023 (Homo. co(a,~) ocrp X) e’ 8'(NTMap|)) = In
by (cs-concl cs-shallow cs-simp: cat-ordinal-cs-simps cat-cs-simps)
show o(NTMap|) = RK-c23 (Homo.caU(a,~) ocor ) ¢’ &'(NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix ¢ assume c €, In
then consider ¢ = 0 | <c = In) | (¢ = 210
unfolding three by auto
from this 0123 show
o(NTMap|)(c) = RK-023 (Homo. caU(a,~) occr T) ' '(NTMapl)(c)
by (cases; use nothing in <simp-all only:»)
(
cs-concl cs-simp:
cat-Kan-cs-simps e’-NTMap-app-1 €'-NTMap-app-0
)+

qged (cs-concl cs-intro: cat-Kan-cs-intros V-cs-intros)+
qed simp-all
qed
qed
qed
qed
qed
lemma 723-is-cat-pw-1Ke:
assumes T : cat-ordinal (2N) —»—ca U
shows ntcf-id ¥ :
T P CF.IKe.pwa LK23 T ocp R23:
cat-ordinal (2n) = ¢ cat-ordinal (3n) »c A
proof-

interpret T: is-functor a <cat-ordinal (2n)> A T by (rule assms(1))

from ord-of-nat-w interpret cat-ordinal-3: finite-category « <cat-ordinal (8N)>
by (cs-concl cs-shallow cs-intro: cat-ordinal-cs-intros)

from 0123 have 002: [0, 0]o : 0 = .0t ordinal (2n) 0
by
(
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cs-concl cs-shallow
cs-simp: cat-ordinal-cs-simps cs-intro: cat-cs-intros

show ?thesis
proof(intro is-cat-pw-IKel n23-is-cat-rKe assms, unfold cat-op-simps)
fix a assume prems: a € 2A(0bj)
show
op-ntef (ntef-id X) :
op-¢f (LK23 X) ocp op-¢f R23 »cF rkea Op-¢f T:
op-cat (cat-ordinal (2n)) — ¢ op-cat (cat-ordinal (3n)) —c¢
(Homo . caU(-,a) : op-cat A »—¢ cat-Set «)
proof(intro is-cat-rKe-preservesl)
show
op-ntcf (ntef-id T) :
op-c¢f (LK23 X) ocr op-cf R23 »cr rikea 0p-¢f T :
op-cat (cat-ordinal (2n)) = ¢ op-cat (cat-ordinal (8n)) ~ ¢ op-cat A
proof( cs-intro-step cat-op-intros)
show ntcf-id ¥ :
T =corikea LK23 T ocp R23:
cat-ordinal (2n) = ¢ cat-ordinal (3n) »c A
by (intro n23-is-cat-rKe assms)
qed simp-all
from prems show Homo. caR(—,a) : op-cat A »—cq cat-Set «
by (c¢s-concl cs-shallow cs-intro: cat-cs-intros)

have
op-cf Homo.ca2l(—,a) ccr-nTCoF ntcf-id T :
op-cf Homo.caA(—,a) occr T »cor.ikea
(op-c¢f Homo. caU(—,a) ccp LK23 %) oop K23 :
cat-ordinal (2n) » ¢ cat-ordinal (8N) —¢ op-cat (cat-Set «)
proof(intro is-cat-IKel")
show K23 : cat-ordinal (2n) —+cq cat-ordinal (3n)
by (cs-concl cs-shallow cs-intro: cat-Kan-cs-intros)
from prems show op-¢f Homo.ca2(-,a) ccp LK23 X :
cat-ordinal (3N) ~»+—ca op-cat (cat-Set «)
by
(
cs-concl
cs-simp: cat-cs-simps cat-op-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros cat-op-intros

)

from prems show
op-¢f Homo.ca2M(—,a) ccr-nTCoF ntcf-id T :
op-¢f Homo.ca2M(—,a) ocr T —»or
op-¢f Homo.ca2M(-,a) ccp LK23 T ocp K23 :
cat-ordinal (2n) »~ca op-cat (cat-Set «)
by
(
cs-concl
cs-simp: cat-cs-simps cat-Kan-cs-simps cat-op-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros cat-op-intros

)

fix §' n’ assume prems”:
F': cat-ordinal (8N) =+ ca op-cat (cat-Set «)
4

n:
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op-cf Homo.coRU(=,a) ocr T =cor §' ocr 823 :
cat-ordinal (2n) P+ ca op-cat (cat-Set «)

interpret §" is-functor « <cat-ordinal (3n)» <op-cat (cat-Set ) §’
by (rule prems’(1))
interpret 7" is-ntcf
«
<cat-ordinal (2n)»
<op-cat (cat-Set )
cop-¢f Homo.ca2U(=,a) ocr T
F ocr K23

!/

n
by (rule prems’(2))
note [unfolded cat-op-simps, cat-cs-intros] =
n'.ntcf-NTMap-is-arr’
§'.cf-ArrMap-is-arr’
show
lo.
g .
op-¢f Homo. ca2(-,a) ccp LK23 T »op §':
cat-ordinal (3N) =+ ca op-cat (cat-Set o) A
n'=0onrcr-cr 823 ‘nTcor (op-c¢f Homo.cal(-,a) cop-nTcr ntcf-id T)
proof(intro ex1I conjl; (elim conjE)?)
have [ cat-Kan-cs-simps]:
op-¢f Homo.ca2M(-,a) ccp LK23 X =
LK23 (op-cf Homo.ca2(—,a) ocr %)
proof(rule cf-eql)
from prems show lhs: op-cf Homo,.ca2l(-,a) cocrp LK23 ¥ :
cat-ordinal (3n) P+ ca op-cat (cat-Set «)
by
(
cs-concl
cs-simp: cat-op-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros cat-op-intros
)
from prems show rhs: LK23 (op-c¢f Homo. ca2(—,a) ocp T) :
cat-ordinal (8N) =+ ca op-cat (cat-Set o)
by (cs-concl cs-intro: cat-Kan-cs-intros cat-cs-intros)
from [hs prems have ObjMap-dom-lhs:
D, ((op-¢f Homo. caU(-,a) ocrp LK23 T)(0ObjMap))) = 3N
by
(
cs-concl
cs-simp: cat-ordinal-cs-simps cat-cs-simps cat-op-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros
)
from rhs prems have ObjMap-dom-rhs:
D, (LK23 (op-cf Homo.ca(—,a) ocr T)(0ObjMap))) = 3n
by
(
cs-concl cs-shallow
cs-simp: cat-ordinal-cs-simps cat-cs-simps
)
show
(op-¢f Homo caM(-,a) ocp LK23 T)(ObjMap)) =
LK23 (op-c¢f Homo.co2l(—,a) ocr T)(0bjMap))
proof(rule vsv-eql, unfold ObjMap-dom-lhs ObjMap-dom-rhs)
fix ¢ assume prems’" c €, In
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then consider (¢ = ) | <c = Iny | ¢ = 2N
unfolding three by auto
from this prems 0128 show
(op-c¢f Homo. cal(—,a) occr LK23 %)(ObjiMapl)(c|) =
LK23 (op-¢f Homo.ca2(-,a) occr T)(ObiMap|)(c|)
by (cases; use nothing in <simp-all only:)
(
cs-concl
cs-simp:
cat-ordinal-cs-simps
cat-Kan-cs-simps
cat-cs-simps
cat-op-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros cat-op-intros
)+
qed
( .
use prems in
¢
cs-concl
cs-stmp: cat-op-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros cat-op-intros
»

)+

from [hs prems have ArrMap-dom-lhs:
D, ((op-¢f Homo. cal(—,a) ocp LK23 T)(ArrMap))) =
cat-ordinal (3n)(Arr)
by
(
cs-concl
cs-simp: cat-ordinal-cs-simps cat-cs-simps cat-op-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros

)

from rhs prems have ArrMap-dom-rhs:
Do (LK23 (op-¢f Homo.ca2M(—,a) occr T)(ArrMap))) =
cat-ordinal (3n)(Arr)
by (cs-concl cs-shallow cs-simp: cat-cs-simps)

show
(op-cf Homo.cal(—,a) occrp LK23 X)(ArrMap)) =
LK23 (op-¢f Homo. co2(—,a) ocr T)(ArrMap))
proof(rule vsv-eql, unfold ArrMap-dom-lhs ArrMap-dom-rhs)
fix f assume f €, cat-ordinal (8n)(Arr)
then obtain o’ b’ where f: f : a’ = 1 dinal (3n) b’
by auto
from f prems 0123 002 show
(op-c¢f Homo. caU(—,a) occrp LK23 X)(ArrMap))(f]) =
LK23 (op-¢f Homo.ca2(—,a) ocr T)(ArrMap|)(f)
by (elim cat-ordinal-3-is-arrE, (simp-all only:) ?)
(
cs-concl
cs-simp: cat-cs-simps cat-Kan-cs-simps cat-op-simps
cs-intro:
cat-ordinal-cs-intros
cat-Kan-cs-intros
cat-cs-intros
cat-op-intros
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nat-omega-intros
)+
qed
(
use prems in
¢
cs-concl

cs-stmp: cat-op-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros cat-op-introsy

)+
qed simp-all

show LK-023 (op-cf Homo.ca2(—,a) ccr T) n' §':

op-¢f Homo.co2M(-,a) ccp LK23 ¥ »op §':

cat-ordinal (3n) —+—ca op-cat (cat-Set «)

by

(
cs-concl cs-shallow

cs-simp: cat-cs-simps cat-Kan-cs-simps cat-op-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros cat-op-intros

)

show n' =
LK-0c238
(
op-cf Homo.caU(—,a) ccr T) 0’ §' onror-cr
R23 NTCF
(op-c¢f Homo.caU(—,a) ccr_nTCF ntcf-id T

proof(rule ntcf-eql)
show lhs: 0’ :
op-cf Homo.caU(-,a) ccr T =cor §' ocr 823
cat-ordinal (2n) »ca op-cat (cat-Set a)
by (rule prems’(2))
from [hs have D, (n'(NTMap))) = cat-ordinal (2n)(Obj))
by (cs-concl cs-shallow cs-simp: cat-cs-simps)
from prems show rhs:
LK-023
(
op-cf Homo.ca2l(=,a) occr T) ' §' onTor-cF
R25 NTCF
(Op—Cf Homo_caQ((—,a) OCF-NTCF ntcf—id T
) :
op-cf Homo.caoA(=,a) ocr T =cr §' ocr 823 :
cat-ordinal (2n) »ca op-cat (cat-Set a)
by
(
cs-concl
cs-simp: cat-Kan-cs-simps cat-op-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros cat-op-intros
)
from lhs have dom-lhs: D, (n'(NTMap)) = 2n
by
(
cs-concl cs-shallow
cs-simp: cat-ordinal-cs-simps cat-cs-simps
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from rhs have dom-rhs: D, ((LK-023
(
op-cf Homo.ca2l(=,a) ocr T) 0’ §' onTor-cF
R23 ‘NTCF
(op-c¢f Homo. cal(—,a) ccrp-NToF ntcf-id T
))(NTMap)) = 2x
by (cs-concl cs-simp: cat-ordinal-cs-simps cat-cs-simps)
show
n'(NTMap)) =
(
LK-023
(
op-cf Homo.ca2l(=,a) occr T) 0’ §' onTor-cF
R23 NTCOF
(op-c¢f Homo.caU(—,a) ccp_nToF ntcf-id T
)
Y(NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs cat-ordinal-cs-simps)
fix ¢ assume c €, 2n
then consider «¢ = 0) | <¢c = In» unfolding two by auto
from this prems 0123 show
77’((|1\7T1\4ap|)(|0D =

LK-023 (op-¢f Homo.ca2(—,a) ccr T) ' §F onTer-cF
R23 -nror (op-¢f Homo. caA(—,a) occr-nTcF ntef-id ¥)
)(NTMap) (<)
by (cases, use nothing in <simp-all only:»)
(
cs-concl
cs-simp:
cat-ordinal-cs-simps
cat-Kan-cs-simps
cat-cs-simps
cat-op-simps
R23-0ObjMap-app-1
R23-0ObjMap-app-0
LK-023-NTMap-app-0
cat-Set-components(1)
cs-intro:
cat-Kan-cs-intros
cat-cs-intros
cat-prod-cs-intros
cat-op-intros
T.HomCod.cat-Hom-in-Vset
)+
qged (cs-concl cs-intro: V-cs-intros cat-cs-intros)+
qed simp-all

fix o assume prems’”
o .
op-¢f Homo.ca2l(-,a) ccp LK23 X »op §':
cat-ordinal (3n) P~ ca op-cat (cat-Set «)
n'=0onrcr-cr 828 ‘NTor (op-cf Homo.ca2(-,a) ccr-nTcr ntcf-id T)

interpret o: is-ntcf
«
<cat-ordinal (8n)» <op-cat (cat-Set «)»
<op-¢f Homo.ca2U(-,a) ccp LK23 %)
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3;/
o
by (rule prems’’(1))

note [cat-Kan-cs-intros] = o.ntcf~-NTMap-is-arr'[unfolded cat-op-simps]

from prems’’(2) have
n'(NTMap))(0) =

0 ONTCF-CF
R28 NTCF
(op-cf Homo.caU(—,a) ccp-nToF ntcf-id T)
)(NTMap))(0)
by simp
from this prems 0123 have n'-NTMap-app-0: n'(NTMap))(0) = o (NTMap))(0)
by
(
cs-prems
cs-simp:
cat-ordinal-cs-simps
cat-Kan-cs-simps
cat-cs-simps
cat-op-simps
cat-Set-components(1)
cs-intro:
cat-Kan-cs-intros
cat-cs-intros
cat-prod-cs-intros
cat-op-intros
T.HomCod.cat-Hom-in- Vset
)

from prems’’(2) have
n'(NTMap))(1x)) =

0 ONTCF-CF

R23 ‘NTCF

(op—cf Homo_ coﬂl(—,a) OSOCF-NTCF ntcf—id I)

)(NTMap))( 1n])
by simp
from this prems 0123 have n'-NTMap-app-1: n'(NTMap|)(In]) = o (NTMap))(2n])
by
(
cs-prems
cs-simp:
cat-ordinal-cs-simps
cat-Kan-cs-simps
cat-cs-simps
cat-op-simps
cat-Set-components(1)
cs-intro:

cat-Kan-cs-intros
cat-cs-intros
cat-prod-cs-intros
cat-op-intros
T.HomCod.cat-Hom-in- Vset
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from 0123 have 013: [0, In]o : 0 = .4i-ordinal (3x) IN

by (cs-concl cs-intro: cat-ordinal-cs-intros nat-omega-intros)
from 0123 have 00: [0, 0], = (cat-ordinal (2x))(CId])(0)

by (cs-concl cs-shallow cs-simp: cat-ordinal-cs-simps)

from o.ntcf-Comp-commute[ OF 013] prems 0123 013
have [ cat-Kan-cs-simps]:
o(NTMap) (1) = nINTMap)(0) o4 gy 56t o §'(ArrMap) (0, Ix)e
by
(
cs-prems

cs-simp:
cat-ordinal-cs-simps
cat-Kan-cs-simps
cat-cs-simps
cat-op-simps
LK23-ArrMap-app-01

cs-intro:
cat-ordinal-cs-intros
cat-Kan-cs-intros
cat-cs-intros
cat-prod-cs-intros
cat-op-intros
nat-omega-intros

cs-simp: 00 n'-NTMap-app-0[ symmetric]

)

show o = LK-023 (op-¢f Homo.ca2U(—,a) occr T) n' §'
proof(rule ntcf-eql)
show [lhs: 0 :
op-cf Homo.caU(-,a) ccr LK23 T »cp §':
cat-ordinal (3n) =+ ca op-cat (cat-Set o)
by (rule prems’'(1))
show rhs: LK-023 (op-¢f Homo.ca®A(—,a) occr T) n' §F':
op-¢f Homo. ca2(-,a) ccp LK23 T »eop §':
cat-ordinal (8N) =+ ca op-cat (cat-Set o)
by
(
cs-concl cs-shallow
cs-simp: cat-Kan-cs-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros
)
from lhs have dom-lhs: D, (c((NTMap))) = 3n
by (cs-concl cs-shallow cs-simp: cat-ordinal-cs-simps cat-cs-simps)
from rhs have dom-rhs:
D, (LK-023 (op-cf Homo.ca2(—,a) occr ¥) n' F'(NTMap))) = 3n

by (cs-concl cs-shallow cs-simp: cat-ordinal-cs-simps cat-cs-simps)

show o(NTMap|) = LK-023 (op-c¢f Homo. ca(-,a) occr ) 0’ F'(NTMap))
proof(rule vsv-eql, unfold dom-lhs dom-rhs)
fix ¢ assume c €, In
then consider (¢ = 0 | <c = Iny | (¢ = 210
unfolding three by auto
from this 0123 show
o(NTMap|)(c) =
LK-023 (op-cf Homo.ca2(—,a) occr ) n' F'(NTMap|)(c|)
by (cases, use nothing in <simp-all only:»)

(
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cs-concl

cs-simp:
cat-ordinal-cs-simps
cat-cs-simps
cat-Kan-cs-simps
cat-op-simps
n'-NTMap-app-0
LK-023-NTMap-app-0
n’-NTMap-app-1

cs-intro:
cat-ordinal-cs-intros
cat-Kan-cs-intros
cat-cs-intros
cat-op-intros
nat-omega-intros

)+

qged (cs-concl cs-intro: cat-Kan-cs-intros V-cs-intros)+
qed simp-all
qed
qed

then have
op-ntef (Homo.caU(—,a) cor-nTcoF op-ntcf (ntef-id X)) :
op-cf (Homo.caU(—,a) ocr op-cf T) »cor.ikea
op-cf ((Homo. cal(—,a) ocr op-cf (LK23 X))) ocr op-¢f (op-c¢f R23) :
op-cat (op-cat (cat-ordinal (2n))) ~c
op-cat (op-cat (cat-ordinal (3n))) ~¢
op-cat (cat-Set «)
by
(
cs-concl
cs-simp: cat-op-simps
cs-intro: cat-cs-intros cat-Kan-cs-intros cat-op-intros
)
from is-cat-1Ke.is-cat-rKe-op[ OF this] prems show
Homo.ca2l(—,a) ccr_nTcF op-nicf (ntcf-id T) :
(Homo.ca2M(—,a) ocr op-c¢f (LK23 X)) ocr op-c¢f R23 »cF.rkea
Homo.ca2M(-,a) ocp op-¢f T:
op-cat (cat-ordinal (2n)) ~c¢
op-cat (cat-ordinal (8n)) ~c
cat-Set o
by
(
cs-prems
cs-simp: cat-op-simps
cs-intro: cat-Kan-cs-intros cat-cs-intros cat-op-intros

)
qed
qged

qed
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