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Abstract

This article provides a foundational framework for the formalization of category theory in the
object logic ZFC in HOL ([51], also see [47]) of the formal proof assistant Isabelle [49]. More
specifically, this article provides a formalization of canonical set-theoretic constructions inter-
nalized in the type V associated with the ZFC in HOL, establishes a design pattern for the
formalization of mathematical structures using sequences and locales [33, 8, 9], and showcases
the developed infrastructure by providing formalizations of the elementary theories of digraphs
and semicategories. The methodology chosen for the formalization of the theories of digraphs
and semicategories (and categories in future articles) rests on the ideas that were originally
expressed in [28]. Thus, in the context of this work, each of the aforementioned mathematical
structures is represented as a term of the type V embedded into a stage of the von Neumann
hierarchy [59].
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Chapter 1

Introduction

1.1 Background

This article presents a foundational framework that will be used for the formalization of elements
of the theory of 1-categories in the object logic ZFC in HOL ([51], also see [47]) of the formal
proof assistant Isabelle [49] in future articles. It is important to note that this chapter serves
as an introduction to the entire development and not merely its foundational part.

There already exist several formalizations of the foundations of category theory in Isabelle. In
the context of the work presented here, the most relevant formalizations (listed in the chrono-
logical order) are [25, 24], [48], [34] and [58]. Arguably, the most well developed and maintained
entry is [58]: it subsumes the majority of the content of [48] and [34].

From the perspective of the methodology that was chosen for the formalization, this work differs
significantly from the aforementioned previous work. In particular, the categories are modelled
as terms of the type V and no attempt is made to generalize the concept of a category to
arbitrary types. The inspiration for the chosen approach is drawn from [28], [52] and [57].

The primary references for this work are Categories for the Working Mathematician [39] by
Saunders Mac Lane, Category Theory in Context by Emily Riehl [56] and Categories and Func-
tors by Bodo Pareigis [15]. The secondary sources of information include the textbooks [7] and
[32], as well as several online encyclopedias (including [3], [5], [4] and [2]). Of course, inspiration
was also drawn from the previous formalizations of category theory in Isabelle.

It is likely that none of the content that is formalized in this work is original in nature. However,
explicit citations are not provided for many results that were deemed to be trivial.

1.2 Related and previous work

To the best knowledge of the author, this work is the first attempt to develop a formalization of
elements of category theory in the object logic ZFC in HOL by modelling categories as terms of
the type V. However, it should be noted that the formalization of category theory in [34] largely
rested on the object logic HOL/ZF [47], which is equiconsistent with the ZFC in HOL [51].
Nonetheless, in [34], the objects and arrows associated with categories were modelled as terms
of arbitrary types. The object logic HOL/ZF was used for the exposition of the category Set of
all sets and functions between them and a variety of closely related concepts. In this sense, the
methodology employed in [34] could be seen as a combination of the methodology employed in
this work and the methodology followed in [48] and [58]. Furthermore, in [26], the authors have
experimented with the formalization of category theory in Higher-Order Tarski-Grothendieck
(HOTG) theory [17] using a methodology that shares many similarities with the approach that
was chosen in this study.

The formalizations of various elements of category theory in other proof assistants are abundant.
While a survey of such formalizations is outside of the scope of this work, it is important to
note that there exist at least two examples of the formalization of elements of category theory
in a set-theoretic setting similar to the one that is used in this work. More specifically, elements
of category theory were formalized in the Tarski-Grothendieck Set Theory in the Mizar proof
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assistant [1] (and published in the associated electronic journal [30]) and the proof assistant
Metamath [40]. The following references contain some of the relevant articles in [30], but the
list may not be exhaustive: [18, 19, 21, 61, 20, 43, 60, 44, 45, 13, 22, 62, 23, 10, 63, 11, 64, 46,
36, 37, 12, 38, 53, 29, 54, 55].



Chapter 2

Set Theory for Category Theory

2.1 Introduction

2.1.1 Background

This chapter presents a formalization of the elements of set theory in the object logic ZFC
in HOL ([51], also see [47]) of the formal proof assistant Isabelle [49]. The emphasis of this
work is on the improvement of the convenience of the formalization of abstract mathematics
internalized in the type V.

2.1.2 References, related and previous work

The results that are presented in this chapter cannot be traced to a single source of information.
Nonetheless, the results are not original. A significant number of these results was carried over
(with amendments) from the main library of Isabelle/HOL [6]. Other results were inspired
by elements of the content of the books Introduction to Axiomatic Set Theory by G. Takeuti
and W. M. Zaring [59], Theory of Sets by N. Bourbaki [16] and Algebra by T. W. Hungerford
[32]. Furthermore, several online encyclopedias and forums (including Wikipedia [5], ProofWiki
[4], Encyclopedia of Mathematics [2], nLab [3] and Mathematics Stack Exchange) were used
consistently throughout the development of this chapter. Inspiration for the work presented
in this chapter has also been drawn from a similar ongoing project in the formalization of
mathematics in the system HOTG (Higher Order Tarski-Grothendieck) [17, 26].

It should also be mentioned that the Isabelle/HOL and the Isabelle/ML code from the main
distribution of Isabelle2020 and certain posts on the mailing list of Isabelle were frequently
reused (with amendments) during the development of this chapter. Some of the specific examples
of such reuse are
e The adoption of the implementation of the command lemmas-with that is available as
part of the framework Types-To-Sets in the main distribution of Isabelle2020.
e The notation for the “multiway-if” was written by Manuel Eberl and appeared in a post
on the mailing list of Isabelle: [27].

hide-const (open) list.set Sum subset

lemmas ord-of-nat-zero = ord-of-nat.simps(1)

2.1.3 Notation

abbreviation (input) ¢m («(- ¢ -:-)» [0, 0, 10] 10)
where C ? A: B = if C then A else B
abbreviation (input) if2 where if2 a b= (Xi. (i =0 ? a: b))

2.1.4 Further foundational results

lemma theD:
assumes Ilz. Pz and z = (THE z. P x)
shows Pzrand Py =z =y

11
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using assms by (metis thel)+
lemmas [intro] = bij-betw-imagel

lemma bij-betwE[ elim]:
assumes bij-betw f A Band [[ inj-on fA; f‘A=B]] = P
shows P
using assms unfolding bij-betw-def by auto

lemma bij-betwD] dest]:
assumes bij-betw f A B
shows inj-on fAand f ‘A =B
using assms by auto

lemma exlD: 3lz. Px = Pz = P y = x = y by clarsimp

12
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2.2 Further set algebra and other miscellaneous results

2.2.1 Background

This section presents further set algebra and various elementary properties of sets.

Many of the results that are presented in this section were carried over (with amendments) from
the theories Set and Complete-Lattices in the main library.

declare elts-sup-iff[simp del]

2.2.2 Further notation

Set membership

abbreviation vmember = V. = V = bool («(-/ € -)» [51, 51] 50)
where vmember x A = (z € elts A)

notation vmember (<'(e,’)»)
and vmember («(-/ € -)» [51, 51] 50)

abbreviation not-vmember = V. = V = bool ((-/ ¢ -)» [51, 51] 50)
where not-vmember x A = (z ¢ elts A)

notation
not-vmember (¢'(¢,")>) and
not-vmember (<(-/ ¢, -)» [51, 51] 50)

Subsets

abbreviation vsubset :: V = V = bool
where vsubset = less

abbreviation vsubset-eq : V = V = bool
where vsubset-eq = less-eq

notation vsubset (<'(c,’)»)
and vsubset («(-/ co -)» [51, 51] 50)
and vsubset-eq (¢'(S5")»)
and wvsubset-eq (<(-/ S -)» [51, 51] 50)

Ball

syntax
-VBall = pttrn = V = bool = bool (<(3Y (-/€,-)./ -)» [0, 0, 10] 10)
-VBex :: pttrn = V = bool = bool («(33(-/€.-)./ -)» [0, 0, 10] 10)
-VBex1 :: pttrn = V = bool = bool («(33!(-/¢5-)./ -)» [0, 0, 10] 10)

syntax-consts
-VBall = Ball and
-VBex = Ber and
-VBezxl = Ezl

translations
Ve, A. P = CONST Ball (CONST elts A) (Az. P)
Jze,A. P = CONST Bex (CONST elts A) (Az. P)
Alze,A. P~ 3lx. z e ANP

VLambda

The following notation was adapted from [50].

syntax -vlam = [pttrn, V, V] = V («(3\-€-./ -)» 10)
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syntax-consts -vlam = VLambda
translations \ze,A. f = CONST VLambda A (Az. f)

Intersection and union

abbreviation vintersection = V = V = V (infixl <n,» 70)
where (n,) = (M)
notation vintersection (infixl <ng» 70)

abbreviation vunion = V = V = V (infixl (Us» 65)
where vunion = sup
notation vunion (infixl <U,> 65)

abbreviation Vinter = V = V (xNo»)
where N, A = (elts A)
notation VInter (¢No)

abbreviation VUnion = V = V (\Uo)
where U.A = || (elts A)
notation VUnion (<U,>)

Miscellaneous

notation app («-(-)> [999, 50] 999)
notation vtimes (infixr <x,» 80)

2.2.3 Elementary results.

lemma vempty-nin[simp]: a ¢, 0 by simp

lemma vemptyF:
assumes A # 0
obtains z where z ¢, A
using assms trad-foundation by auto

lemma in-set-CollectI:
assumes P z and small {z. P z}
shows z €, set {z. P z}
using assms by simp

lemma small-setcompr2:

assumes small {fry|zy. Pzxy}and a € set {fzy|zy. Pzy}

obtains z’ y’ where a = fz' y’and P z' y’
using assms by auto

lemma in-small-setl:
assumes small A and z € A
shows z €, set A
using assms by simp

lemma in-small-setD:
assumes z €, set A and small A
shows z ¢ A
using assms by simp

lemma in-small-setE:
assumes a €, set A and small A
obtains a € A
using assms by auto

14
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lemma small-set-vsubset:
assumes small A and A ¢ elts B
shows set A ¢, B
using assms by auto

lemma some-in-set-if-set-neq-vempty[ simp]:
assumes A # 0
shows (SOME z. x €, A) €, A

by (meson assms somel-ex vemptyE)

lemma small-vsubset-set[intro, simp]:
assumes small B and A ¢ B
shows set A ¢, set B
using assms by (auto simp: subset-iff-less-eq-V)

lemma wvset-neq-1:
assumes b ¢, A and a €, A
shows b # a
using assms by auto

lemma wvset-neq-2:
assumes b e, A and a ¢, A
shows b # a
using assms by auto

lemma nin-vinsertl:
assumes ¢ # b and a ¢, A
shows a ¢, vinsert b A
using assms by clarsimp

lemma wvsubset-if-subset:
assumes elts A C elts B
shows A ¢, B
using assms by auto

lemma small-set-comprehension[simp]: small {A i | . i € I}
proof(rule smaller-than-small)

show small (A ‘ elts I) by auto
qed auto

2.2.4 VBall

lemma vball-cong:
assumes A = Band Az. 2 €, B=— Pz <« Q=
shows (Vze,A. P z) «— (Vze,B. Q )
by (simp add: assms)

lemma vball-cong-simp[ cong]:
assumes A = Band Az. z €, B =simp=> Pz «— Q=
shows (Vze,A. P z) «— (Vze,B. Q )
using assms by (simp add: simp-implies-def)

2.2.5 VBex

lemma vbex-cong:
assumes A = Band Az.z€, B=— Pz «— Q=
shows (Jze,A. P x) «— (Jze.B. Q 1)

15
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using assms by (simp cong: conj-cong)

lemma vbex-cong-simp[ cong]:
assumes A = Band Az. z €, B =simp=> Pz «— Q=
shows (Fz€,A. P z) «— (Jz6,B. Q )
using assms by (simp add: simp-implies-def)

2.2.6 Subset

Rules.

lemma vsubset-antisym:
assumes A ¢, Band B¢, A
shows A = B
using assms by simp

lemma vsubsetl:
assumes Az. £ €c A = 2 ¢, B
shows A ¢, B
using assms by auto

lemma vpsubsetl:
assumes A C, Band z ¢, Aand z ¢, B
shows A ¢, B
using assms unfolding less-V-def by auto

lemma wvsubsetD:
assumes A ¢, B
shows Az. 2 €, A = 2 ¢, B
using assms by auto

lemma vsubsetE:
assumes A S, Band (Az. 2 €, A=— 1€, B) =— P
shows P
using assms by auto

lemma vpsubsetE:
assumes A c, B
obtains z where A ¢, Band z ¢, A and z ¢, B

using assms unfolding less-V-def by (meson V-equalityl vsubsetE)

lemma vsubset-iff: A €, B «— (Vt. t €c A — t €, B) by blast
Elementary properties.

lemma vsubset-eq: A €, B «— (V a6, A. z €, B) by auto

lemma vsubset-transitive[ intro]:
assumes A ¢, Band B¢, C
shows A ¢, C
using assms by simp

lemma vsubset-reflexive: A €, A by simp

Set operations.

lemma vsubset-vempty: 0 S, A by simp

lemma vsubset-vsingleton-left: set {a} o A < a €, A by auto

16
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lemmas vsubset-vsingleton-leftD[ dest] = vsubset-vsingleton-left| THEN 4ffD1]
and vsubset-vsingleton-leftl[intro] = vsubset-vsingleton-left{ THEN iffD2]

lemma vsubset-vsingleton-right: A S, set {a} «— A =set {a} v A=0
by (auto intro!: vsubset-antisym)

lemmas vsubset-vsingleton-rightD[ dest] = vsubset-vsingleton-right] THEN iffD1]
and vsubset-vsingleton-rightl[intro] = vsubset-vsingleton-right| THEN iffD2]

lemma vsubset-vdoubleton-leftD[ dest]:
assumes set {a, b} S, A
shows a €, Aand be, A
using assms by auto

lemma vsubset-vdoubleton-leftI[intro]:
assumes a €, A and b e, A
shows set {a, b} S, A
using assms by auto

lemma vsubset-vinsert-leftD[ dest]:
assumes vinsert a A ¢, B
shows A ¢, B
using assms by auto

lemma vsubset-vinsert-leftI[intro]:
assumes A ¢, Band a ¢, B
shows vinsert a A ¢, B
using assms by auto

lemma vsubset-vinsert-vinsertl [ intro]:
assumes A c, vinsert b B
shows vinsert b A ., vinsert b B
using assms by auto

lemma vsubset-vinsert-rightI[intro]:
assumes A ¢, B
shows A c, vinsert b B
using assms by auto

lemmas vsubset-VPow = VPow-le-VPow-iff

lemmas vsubset- VPowD = vsubset-VPow[ THEN 1ffD1]
and vsubset- VPowl = vsubset-VPow[ THEN iffD2]

Special properties.

lemma vsubset-contraD:
assumes A ¢, B and c ¢, B
shows ¢ ¢, A
using assms by auto

2.2.7 Equality
Rules.

lemma vequalityD1:
assumes A = B
shows A ¢, B
using assms by simp
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lemma vequalityD2:
assumes A = B
shows B c, A

using assms by simp

lemma vequalityF:
assumes A=Band[[ A<, B;BS, A]] = P
shows P
using assms by simp

lemma vequalityCE[ elim]:
assumes A =Band [[ c& A;ce, B]]= Pand[[ c¢ A;cé¢, B]]=— P
shows P
using assms by auto

2.2.8 Binary intersection

lemma vintersection-def: A n, B = set {z. x €, A A z €, B}
by (metis Int-def inf-V-def)

lemma small-vintersection-set[ simp]: small {z. x €, A A z €, B}
by (rule down[of - A]) auto

Rules.

lemma vintersection-iff[simp]: ¥ €c A No B «— 2 €, ANz € B
unfolding vintersection-def by simp

lemma vintersectionI[intro!]:
assumes z €, A and z ¢, B
shows z ¢, A n, B
using assms by simp

lemma vintersectionD1[ dest]:
assumes z €, A n, B
shows z ¢, A
using assms by simp

lemma vintersectionD2[ dest]:
assumes z €, A N, B
shows z ¢, B
using assms by simp

lemma vintersectionE[ elim!]:
assumes z €, An, Band 2 ¢, A = 2z ¢, B=— P
shows P
using assms by simp
Elementary properties.
lemma vintersection-intersection: A N, B = set (elts A n elts B)
unfolding inf-V-def by simp

lemma vintersection-assoc: A n, (B N C) = (A no B) n, C by auto

lemma vintersection-commute: A N, B = B n, A by auto

Previous set operations.

lemma vsubset-vintersection-right: A €, (Bn, C) = (A<, BA Ac, C)
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by clarsimp

lemma vsubset-vintersection-rightD[ dest]:
assumes A S, (B n, C)
shows A ¢, Band A ¢, C
using assms by auto

lemma vsubset-vintersection-rightI[intro]:
assumes A S, Band A ¢, C
shows A ¢, (B n, C)
using assms by auto

Set operations.

lemma vintersection-vempty: 0 €, A by simp
lemma vintersection-vsingleton: a €, set {a} by simp

lemma vintersection-vdoubleton: a €, set {a, b} and b €, set {a, b}
by simp-all

lemma vintersection- VPow|[simp]: VPow (A n, B) = VPow A n, VPow B by auto

Special properties.

lemma vintersection-function-mono:
assumes mono f
shows f (An, B) S, fAn, fB
using assms by (fact mono-inf)

2.2.9 Binary union

lemma small-vunion-set: small {z. T €, A Vv z €, B}
by (rule down[of - <A Us B»]) (auto simp: elts-sup-iff)

Rules.

lemma vunion-def: A U, B = set {z. t €, AV z €, B}
unfolding Un-def sup-V-def by simp

lemma vunion-iff [simp]: © € A Uo B« €, AV x € B
by (simp add: elts-sup-iff’)

lemma vunionll1:
assumes a €, A
shows a ¢, A U, B
using assms by simp

lemma vunionl?2:
assumes a €, B
shows a ¢, A U, B
using assms by simp

lemma vunionCI[intro!]:
assumes z ¢, B=— 1z ¢, A
shows z ¢, A U, B
using assms by clarsimp

lemma vunionE[elim!]:
assumes 7 €, AU, Band z ¢, A = Pand z ¢, B=— P
shows P
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using assms by auto

Elementary properties.

lemma vunion-union: A U, B = set (elts A U elts B) by auto
lemma vunion-assoc: A U, (B U, C) = (A U, B) U, C by auto
lemma vunion-commute: A U, B = B U, A by auto

Previous set operations.

lemma vsubset-vunion-left: (A Uy B) S, C «— (A S, C A B S, C) by simp

lemma vsubset-vunion-leftD[ dest]:
assumes (4 U, B) ¢, C
shows A ¢, Cand B¢, C
using assms by auto

lemma vsubset-vunion-leftI[intro]:
assumes A ¢, C'and B ¢, C
shows (A u, B) ¢, C
using assms by auto

lemma vintersection-vunion-left: (A U, B) N, C = (A n, C) U, (B n, C)
by auto

lemma vintersection-vunion-right: A n, (B U, C) = (A ny B) U, (A N, C)
by auto

Set operations.
lemmas vunion-vempty-left = sup-V-0-left
and vunion-vempty-right = sup-V-0-right

lemma vunion-vsingleton|simp]: set {a} U, A = vinsert a A by auto

lemma vunion-vdoubleton[simp]: set {a, b} U, A = vinsert a (vinsert b A)
by auto

lemma vunion-vinsert-comm-left:
(vinsert a A) U, B = A U, (vinsert a B)
by auto

lemma vunion-vinsert-comm-right:
A U, (vinsert a B) = (vinsert a A) U, B
by auto

lemma vinsert-def: vinsert y B = set {z. = y} U, B by auto
lemma vunion-vinsert-left: (vinsert a A) U, B = vinsert a (A U, B) by auto
lemma vunion-vinsert-right: A U, (vinsert a B) = vinsert a (A U, B) by auto

Special properties.

lemma vunion-fun-mono:
assumes mono f
shows fA u, fB<S, f (A u, B)
using assms by (fact mono-sup)

20
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2.2.10 Set difference

definition vdiff = V = V = V (infixl <—,» 65)
where A —; B = set {z. €, A A x ¢, B}
notation vdiff (infixl <—,» 65)

lemma small-set-vdiff [ simp]: small {z. z €, A A x ¢, B}
by (rule down[of - A]) simp

Rules.

lemma vdiff-iff [simp]: x € A —s B«— x €, A Az ¢, B
unfolding vdiff-def by simp

lemma vdiffI[introl]:
assumes z €, A and z ¢, B
shows z ¢, A -, B
using assms by simp

lemma vdiffD1:
assumes 1 €, A —, B
shows z €, A
using assms by simp

lemma vdiffD2:
assumes 1 €, A —, Band z ¢, B
shows P
using assms by simp

lemma vdiffE[ elim!]:
assumes z €, A - Band [[ 26 A; 2 ¢, B]] = P
shows P
using assms by simp

Previous set operations.

lemma vsubset-vdiff:
assumes A S, B -, C
shows A ¢, B
using assms by auto

lemma vinsert-vdiff-nin[ simp):
assumes a ¢, B
shows vinsert a (A —, B) = vinsert a A -, B
using assms by auto

Set operations.

lemma vdiff-vempty-left[ simp]: 0 - A = 0 by auto

lemma vdiff-vempty-right[simp]: A -, 0 = A by auto

lemma vdiff-vsingleton-vinsert[ simp): set {a} —, vinsert a A = 0 by auto

lemma vdiff-vsingleton-in[ simp]:
assumes a €, A
shows set {a} —s A =0
using assms by auto

lemma vdiff-vsingleton-nin[ simp]:
assumes a ¢, A

21
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shows set {a} -, A = set {a}
using assms by auto

lemma vdiff-vinsert-vsingleton| simp]: vinsert a A —, set {a} = A —, set {a}
by auto

lemma vdiff-vsingleton[ simp)]:
assumes a ¢, A
shows A -, set {a} = A

using assms by auto

lemma vdiff-vsubset:
assumes A ¢, Band D ¢, C
shows A -, C ¢, B -, D
using assms by auto

lemma vdiff-vinsert-left-in[ simp]:
assumes a €, B
shows (vinsert a A) - B=A -, B
using assms by auto

lemma vdiff-vinsert-left-nin:
assumes a ¢, B
shows (vinsert a A) —, B = vinsert a (A —, B)
using assms by auto

lemma vdiff-vinsert-right-in: A —, (vinsert a B) = A -, B —, set {a} by auto
lemma vdiff-vinsert-right-nin[ simp]:
assumes a ¢, A

shows A —, (vinsert a B) = A -, B
using assms by auto

lemma vdiff-vintersection-left: (A no B) = C = (A -, C) n, (B —» C) by auto
lemma vdiff-vunion-left: (A U, B) = C = (A - C) U, (B -, C) by auto
Special properties.

lemma complement-vsubset: I —, J S, I by auto

lemma vintersection-complement: (I —, J) N, J = 0 by auto

lemma vunion-complement:
assumes J S, |
shows I - Ju, J =1
using assms by auto

2.2.11 Augmenting a set with an element

lemma vinsert-compr: vinsert y A = set {z. x = y v z €, A}
unfolding vunion-def vinsert-def by simp-all

Rules.

lemma vinsert-iff [simp]: z €, vinsert y A «— z =y v z €, A by simp
lemma vinsertl1: ¢ €, vinsert x A by simp

lemma vinsertl2:
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assumes z €, A
shows z €, vinsert y A
using assms by simp

lemma vinsertE1[ elim!]:
assumes z €, vinsert y Aand t = y=— Pand z ¢, A =— P
shows P
using assms unfolding vinsert-def by auto

lemma vinsertCI[intro!]:
assumes z ¢, A =z =y
shows z €, vinsert y A
using assms by clarsimp

Elementary properties.
lemma vinsert-insert: vinsert a A = set (insert a (elts A)) by auto

lemma vinsert-commute: vinsert a (vinsert b C) = vinsert b (vinsert a C)
by auto

lemma vinsert-ident:
assumes 7 ¢, A and z ¢, B
shows vinsert © A = vinsert t B «— A =B
using assms by force

lemmas vinsert-identD[dest] = vinsert-ident[ THEN iffD1, rotated 2]
and vinsert-identI[intro] = vinsert-ident[| THEN iffD2]

Set operations.

lemma vinsert-vempty: vinsert a 0 = set {a} by auto

lemma vinsert-vsingleton: vinsert a (set {b}) = set {a, b} by auto

lemma vinsert-vdoubleton: vinsert a (set {b, ¢}) = set {a, b, ¢} by auto
lemma vinsert-vinsert: vinsert a (vinsert b C) = set {a, b} U, C by auto
lemma vinsert-vunion-left: vinsert a (A U, B) = vinsert a A U, B by auto
lemma vinsert-vunion-right: vinsert a (A U, B) = A U, vinsert a B by auto

lemma vinsert-vintersection: vinsert a (A n, B) = vinsert a A n, vinsert a B
by auto

Special properties.

lemma vinsert-set-insert-empty-anyl:
assumes P (vinsert a 0)
shows P (set (insert a {}))
using assms by (simp add: vinsert-def)

lemma vinsert-set-insert-anyl:
assumes small B and P (vinsert a (set (insert b B)))
shows P (set (insert a (insert b B)))
using assms by (simp add: ZFC-in-HOL.vinsert-def)

lemma vinsert-set-insert-eq:
assumes small B
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shows set (insert a (insert b B)) = vinsert a (set (insert b B))
using assms by (simp add: ZFC-in-HOL.vinsert-def)

lemma vsubset-vinsert:
A C, vinsert x B «— (if x €, A then A — set {z} S, B else A S, B)
by auto

lemma vinsert-obtain-ne:

assumes A # 0

obtains ¢ A’ where A = vinsert a A" and a ¢, A’
proof-

from assms mem-not-refl obtain a« where a €, A

by (auto intro!: vsubset-antisym,)

with <a €, A> have A = vinsert a (A —, set {a}) by auto

then show ?thesis using that by auto
qed

2.2.12 Power set

Rules.

lemma VPowl:
assumes A ¢, B
shows A ¢, VPow B
using assms by simp

lemma VPowD:
assumes A ¢, VPow B
shows A ¢, B
using assms by (simp add: Pow-def)

lemma VPowE[elim]:
assumes A ¢, VPow Band Ac, B=— P
shows P
using assms by auto

Elementary properties.

lemma VPow-bottom: 0 €, VPow B by simp

lemma VPow-top: A €, VPow A by simp
Set operations.
lemma VPow-vempty[simp]: VPow 0 = set {0} by auto

lemma VPow-vsingleton]simp]: VPow (set {a}) = set {0, set {a}}
by (rule vsubset-antisym; rule vsubsetl) auto

lemma VPow-not-vempty: VPow A # 0 by auto

lemma VPow-mono:
assumes A ¢, B
shows VPow A ¢, VPow B
using assms by simp

lemma VPow-vunion-subset: VPow A U, VPow B <, VPow (A U, B) by simp

24
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2.2.13 Singletons, using insert

Rules.

lemma vsingletonl[introl]: x €, set {x} by auto

lemma vsingletonD| dest!]:
assumes y €, set {z}
shows y =z
using assms by auto

lemma vsingleton-iff: y €, set {x} «— y = z by simp

Previous set operations.

lemma VPow-vdoubleton[simp]:
VPow (set {a, b}) = set {0, set {a}, set {b}, set {a, b}}
by (intro vsubset-antisym vsubsetl)
(auto intro: vsubset-antisym simp: vinsert-set-insert-eq)

lemma vsubset-vinsertl:
assumes A —, set {z} S, B
shows A ¢, vinsert x B
using assms by auto

Special properties.

lemma wvsingleton-inject:
assumes set {z} = set {y}
shows z = y
using assms by simp

lemma vsingleton-insert-inj-eq[ iff ]:
set {y} = vinsert x A «— z =y A A S, set {y}
by auto

lemma wvsingleton-insert-inj-eq'[ iff ]:
vinsert A = set {y} «— z =y A A S, set {y}
by auto

lemma vsubset-vsingletonD:
assumes A S, set {z}
shows A =0 v A = set {z}
using assms by auto

lemma vsubset-vsingleton-iff: a S, set {x} < a =0V a = set {z} by auto

lemma vsubset-vdiff-vinsert: A €, B —, vinsert z C «— A<, B-, C A x ¢, A
by auto

lemma vunion-vsingleton-iff:
A U, B = set {z} «—
A=0AB=set{z} v A=set{z} AB=0v A= set {z} A B = set {z}
by
(
metis
vsubset-vsingletonD inf-sup-ord(4) sup.idem sup-V-0-right sup-commute
)

lemma vsingleton- Un-iff:
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set {z} = Au, B «—
A=0AB=set{az} v A=set{z} AB=0v A= set {z} A B = set {z}
by (metis vunion-vsingleton-iff sup-V-0-left sup-V-0-right sup-idem)

lemma VPow-vsingleton-iff[simp]: VPow X = set {Y} «—> X =0A Y =0
by (auto intro!: vsubset-antisym)

2.2.14 Intersection of elements

lemma small-VInter[simp]:
assumes A # 0
shows small {a. Vz €, A. a & z}
by (metis (no-types, lifting) assms down eq0-iff mem-Collect-eq subsetl)

lemma Vinter-def: No A = (if A =0 then 0 else set {a. Vz €5 A. a € z})
proof(cases <A = 0»)
case True show ?thesis unfolding True Inf-V-def by simp
next
case Fulse
from False have (N (elts ‘ elts A)) = {a. Vx €& A. a € z} by auto
with False show ?thesis unfolding Inf-V-def by auto
qed

Rules.

lemma Vinter-iff[simp]:
assumes [simp]: A # 0
shows a €, No A «— (Vac,A. a & )
unfolding VInter-def by auto

lemma VinterI[intro]:
assumes A # 0and Az. ¢, A = a e
shows a €, N, 4
using assms by auto

lemma Vinter0I[intro]:
assumes A =0
shows N, A =0
using assms unfolding Vinter-def by simp

lemma VinterD|[dest]:
assumes a €, o Aand z ¢, 4
shows a €, z
using assms by (cases <A = 0)) auto

lemma VinterE1[elim]:
assumes a €, (1o Aand z ¢, A =— Rand a €, t =— R
shows R
using assms elts-0 unfolding Inter-eq by blast

lemma VinterE2[elim]:
assumes a €, (o, 4
obtains z where a €, z and z ¢, A
proof(cases <A = 0»)
show (Az. a €, ¥ = 1 €, A = thesis) = A = 0 = thesis
using assms unfolding Inf-V-def by auto
show (Az. a €, 1 = z €, A = thesis) = A # 0 = thesis
using assms by (meson assms VInterE1 that trad-foundation)
qed
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lemma VinterE3:
assumes a € No A and (Ay. y €c A = a €, y) = P
shows P
using assms by auto

Elementary properties.

lemma Vinter-Inter: No A = set (N (elts “ (elts A)))
by (simp add: Inf-V-def ext)

lemma Vinter-eq:
assumes [simp]: A # 0
shows N, A = set {a. Vz &, A. a & z}
unfolding Vinter-def by auto

Set operations.

lemma Vinter-vempty[simp]: No 0 = 0 using VinterOI by auto
lemma Vinf-vempty[simp]: M{} = (0=V) by (simp add: Inf-V-def)

lemma Vinter-vdoubleton: No (set {a, b}) = an, b
proof(intro vsubset-antisym vsubsetl)
show z €, N, (set {a, b}) = 2 & a N, b for z by (elim VinterE3) auto
show z €, a N, b = = €& N, (set {a, b}) for = by (intro Vinterl) force+
qed

lemma Vlinter-antimono:
assumes B # 0 and B ¢, 4
shows N, A S, N, B
using assms by blast

lemma VInter-vsubset:
assumes Az. 2 €, A = S, Band A 40
shows N, A ¢, B
using assms by auto

lemma Vinter-vinsert:
assumes A # 0
shows N, (vinsert a A) = an, No A
using assms by (blast introl: vsubset-antisym)

lemma Vinter-vunion:
assumes A # 0 and B # 0
shows No(4 U, B) = N.A no NoB
using assms by (blast introl: vsubset-antisym)

lemma ViInter-vintersection:
assumes A N, B#0
shows N, 4 U, N6 B S No (A ne B)
using assms by auto

lemma Vinter-VPow: No (VPow A) S, VPow (N, A) by auto

Elementary properties.

lemma Vinter-lower:
assumes z €, A
shows N, A S, z
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using assms by auto

lemma Vinter-greatest:
assumes A # 0 and Az. 1 ¢, A = B S, x
shows Bc, N, 4
using assms by auto

2.2.15 Union of elements

lemma Union-eq-VUnion: U (elts “ elts A) = {a. 3z &, A. a & z} by auto

lemma small-VUnion[simp]: small {a. 32 € A. a € z}
by (fold Union-eq-VUnion) simp

lemma VUnion-def: UoA = set {a. I3z € A. a & z}
unfolding Sup-V-def by auto

Rules.
lemma VUnion-iff[simp]: A €c UoC «— (F26,C. A €, ) by auto
lemma VUnionI[intro]:

assumes z €, A and a €, =

shows a €, U4
using assms by auto

lemma VUnionE[elim!]:
assumes a €, UoAdand Az. a €0 2 =—> 26, A =— R
shows R
using assms by clarsimp

Elementary properties.

lemma VUnion-Union: U.A = set (U (elts * (elts A)))
by (simp add: Inf-V-def ext)

Set operations.
lemma VUnion-vempty[simp]: U.0 = 0 by simp
lemma VUnion-vsingleton]simp]: Uo(set {a}) = a by simp
lemma VUnion-vdoubleton[simp]: Uo(set {a, b}) = a U, b by auto
lemma VUnion-mono:

assumes A ¢, B

shows U.A4 S, U.B

using assms by auto
lemma VUnion-vinsert: Uo(vinsert x A) = z U, UoA by auto
lemma VUnion-vintersection: UJo(A Ny B) S5 UoA Ne UoB by auto
lemma VUnion-vunion[simp]: Uo(A Us B) = UoA U, UoB by auto
lemma VUnion-VPow[simp]: Uo(VPow A) = A by auto

Special properties.

lemma VUnion-vempty-conv-left: 0 = U, A «— (VY ze,A. z = 0) by auto

28
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lemma VUnion-vempty-conv-right: UoA = 0 «— (V 26, A. x = 0) by auto
lemma vsubset- VPow-VUnion: A €, VPow (U.A) by auto

lemma VUnion-vsubsetl:
assumes Az. £ €, A =— Jy. ye, BAT S, ¥y
shows U.A S, U.B
using assms by auto

lemma VUnion-upper:
assumes z €, A
shows z ¢, U4
using assms by auto

lemma VUnion-least:
assumes Az. £ €c A =— z ¢, B
shows U.A ¢, B
using assms by (fact Sup-least)

2.2.16 Pairs
Further results

lemma small-elts-of-set| simp, intro]:
assumes small
shows elts (set z) = x
by (simp add: assms)

lemma small-vpair[intro, simp]:
assumes small {a. P a}
shows small {(a, b) | a. P a}
by (subgoal-tac <{{a, b) | a. P a} = (Aa. {a, b)) ‘{a. P a})
(auto simp: assms)

UpaiTs

definition vpairs = V = V where
vpairs r = set {z. x €&c 7 A (Ja b. z = (a, b))}

lemma small-vpairs[simp]: small {(a, b) | a b. {a, b) €& 7}
by (rule down[of - r]) clarsimp

Rules.

lemma vpairsl|[intro):
assumes z & r and z = (a, b)
shows z €, vpairs r
using assms unfolding vpairs-def by auto

lemma vpairsD[ dest]:
assumes ¥ €, vpairs r
shows z €, r and Ja b. z = (a, b)
using assms unfolding vpairs-def by auto

lemma vpairsE[elim]:
assumes z €, vpairs r
obtains a b where z = (qa, b) and (a, b) € r
using assms unfolding vpairs-def by auto

lemma vpairs-iff: x €, vpairs r «— x €, 7 A (Fa b. x = {(a, b)) by auto

29
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Elementary properties.

lemma vpairs-iff-elts: {a, b) €, vpairs r «— (a, b) €, T by auto

lemma vpairs-iff-pairs: (a, b) €, vpairs r < (a, b) € pairs r
by (simp add: vpairs-iff-elts pairs-iff-elts)

Set operations.

lemma vpairs-vempty[ simp]: vpairs 0 = 0 by auto
lemma vpairs-vsingleton[ simp]: vpairs (set {{a, b)}) = set {{a, b)} by auto

lemma vpairs-vinsert: vpairs (vinsert (a, b) A) = set {(a, b)} U, vpairs A
by auto

lemma wvpairs-mono:
assumes 1 S, s
shows wvpairs r S, vpairs s
using assms by blast

lemma vpairs-vunion: vpairs (A U, B) = vpairs A U, vpairs B by auto
lemma vpairs-vintersection: vpairs (A N, B) = vpairs A N, vpairs B by auto
lemma vpairs-vdiff: vpairs (A -, B) = vpairs A —, vpairs B by auto

Special properties.

lemma vpairs-ez-vfst:
assumes T €, vpairs r
shows 3b. (vfst z, b) €5 1
using assms by force

lemma wvpairs-ez-vsnd:
assumes y €, vpairs r
shows Ja. (a, vsnd y) € T
using assms by force

2.2.17 Cartesian products

The following lemma is based on Theorem 6.2 from [59].

lemma vtimes-vsubset-VPowVPow: A x, B S, VPow (VPow (A U, B))
proof(intro vsubsetl)
fix z assume z ¢, A x, B
then obtain a b where z-def: © = (a, b) and a €, A and b €, B by clarsimp
then show z €, VPow (VPow (A u, B))
unfolding z-def vpair-def by auto
qed

2.2.18 Pairwise

definition vpairwise = (V = V = bool) = V = bool
where vpairwise R S «— (VY z€,5. Vye,S. 2 # y — Rz y)

Rules.

lemma vpairwisel[intro?]:
assumes Az y. 1 €, S = ye, S=—2x¢y=— Ray
shows wvpairwise R S
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using assms by (simp add: vpairwise-def)

lemma vpairwiseD[ dest]:
assumes vpairwise R S and z €, S and y &, S and z # y
shows Rzyand R y x
using assms unfolding vpairwise-def by auto

Elementary properties.

lemma vpairwise-trivial[ simp]: vpairwise (\i j. j # i) I
by (auto simp: vpairwise-def)

Set operations.

lemma vpairwise-vempty| simp]: vpairwise P 0 by (force intro: vpairwisel)

lemma vpairwise-vsingleton[simp]: vpairwise P (set {A})
by (simp add: vpairwise-def)

lemma wvpairwise-vinsert:
vpairwise r (vinsert x ) «—
(Vy.yeo sAYy+x— rzyAnryz) A vpairwise r s
by (intro iffT conjl alll impI; (elim conjE | tacticiall-tacy))
(auto simp: vpairwise-def)

lemma vpairwise-vsubset:
assumes vpairwise P .S and T ¢, S
shows wvpairwise P T
using assms by (metis less-eq-V-def subset-eq vpairwiseD(2) vpairwisel)

lemma vpairwise-mono:
assumes vpairwise P Aand Az y. Pry=— Qzyand Bc, A
shows wvpairwise ) B
using assms by (simp add: less-eq-V-def subset-eq vpairwiseD(2) vpairwisel)

2.2.19 Disjoint sets

abbreviation vdisjnt = V = V = bool
where vdisint A B= An, B=0

Elementary properties.

lemma vdisjnt-sym:
assumes vdisjnt A B
shows vdisjnt B A
using assms by blast

lemma vdisjnt-iff: vdisint A B «— (V2. ~ (z €, A A 1 €, B)) by auto

Set operations.

lemma vdisjnt-vemptyl[simp]: vdisjnt 0 A
and vdisjnt-vempty2[ simp]: vdisint A 0
by auto

lemma vdisjnt-singleton0[ simp]: vdisjnt (set {a}) (set {b}) < a # b
and vdisjnt-singletonl[simp]: vdisjnt (set {a}) A «— a ¢, A
and vdisjnt-singleton2[ simp]: vdisjint A (set {a}) «— a ¢, A
by force+

lemma vdisjnt-vinsert-left: vdisjnt (vinsert a X) Y «— a ¢, Y A vdisint X Y
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by (metis vdisjnt-iff vdisjnt-sym vinsertE1 vinsertI2 vinsert-iff’)

lemma vdisjnt-vinsert-right: vdisint Y (vinsert a X) <— a ¢, Y A vdisjnt Y X
using vdisjnt-sym vdisjnt-vinsert-left by meson

lemma vdisjnt-vsubset-left:
assumes vdisjnt X YV and Z ¢, X
shows vdisjnt Z Y
using assms by (auto intro!: vsubset-antisym)

lemma vdisjnt-vsubset-right:
assumes vdisjnt X YV and Z ¢, YV
shows wvdisjnt X Z
using assms by (auto intro!: vsubset-antisym)

lemma vdisjnt-vunion-left: vdisint (A U, B) C <— wvdisjnt A C A vdisjnt B C
by auto

lemma vdisjnt-vunion-right: vdisint C' (A U, B) «— vdisjnt C A A vdisjnt C B
by auto

Special properties.

lemma vdisjnt-vemptyl[intro]:
assumes Az. z €c A = x ¢, B = Fulse
shows wvdisjnt A B
using assms by (auto intro!: vsubset-antisym)

lemma vdisjnt-self-iff-vempty[ simp]: vdisjnt S S <— S = 0 by auto

lemma vdisjntl:
assumes Az y. 1 €, A= ye, B=—=x # y
shows vdisjnt A B
using assms by auto

lemma vdisjnt-nin-right:
assumes vdisjnt A B and a €, A
shows a ¢, B
using assms by auto

lemma vdisjnt-nin-left:
assumes vdisjnt B A and a €, A
shows a ¢, B
using assms by auto
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2.3 Further properties of natural numbers

2.3.1 Background

The section exposes certain fundamental properties of natural numbers and provides convenience
utilities for doing arithmetic within the type V.

Many of the results that are presented in this sections were carried over (with amendments)
from the theory Nat that can be found in the main library of Isabelle/HOL.

notation ord-of-nat (<-n> [999] 999)
named-theorems nat-omega-simps
declare One-nat-def[simp del]

abbreviation (input) vpfst where vpfst a = a(0))
abbreviation (input) vpsnd where vpsnd a = a(1ln])
abbreviation (input) vpthrd where vpthrd a = a(2n])
2.3.2 Conversion between V and nat

Primitive arithmetic
lemma ord-of-nat-plus[ nat-omega-simps]: an + bn = (a + b)N

by (induct b) (simp-all add: plus-V-succ-right)

lemma ord-of-nat-times[ nat-omega-simps]: an * by = (a * b)N
by (induct b) (simp-all add: mult-succ nat-omega-simps)

lemma ord-of-nat-succ[ nat-omega-simps]: succ (an) = (Suc a)n by auto
lemmas [nat-omega-simps| = nat-cadd-eq-add

lemma ord-of-nat-csucc| nat-omega-simps): csucc (an) = succ (an)
using finite-csucc by blast

lemma ord-of-nat-succ-vempty[ nat-omega-simps): succ 0 = Iy by auto

lemma ord-of-nat-vone[ nat-omega-simps]: 1 = 1y by auto

Transfer

definition cr-omega = V = nat = bool
where cr-omega a b < (a = ord-of-nat b)

Transfer setup.

lemma cr-omega-right-total[ transfer-rule]: right-total cr-omega
unfolding cr-omega-def right-total-def by simp

lemma cr-omega-bi-ungie[ transfer-rule]: bi-unique cr-omega
unfolding cr-omega-def bi-unique-def
by (simp add: inj-eq inj-ord-of-nat)

lemma omega-transfer-domain-rule[ transfer-domain-rule]:
Domainp cr-omega = (Az. © € w)
unfolding cr-omega-def by (auto simp: elts-w)

lemma omega-transfer|transfer-rule]:
(rel-set cr-omega) (elts w) (UNIV:nat set)
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unfolding cr-omega-def rel-set-def by (simp add: elts-w)

lemma omega-of-real-transfer|transfer-rule]: cr-omega (ord-of-nat a) a
unfolding cr-omega-def by auto

Operations.

lemma omega-succ-transfer|transfer-rule]:
includes lifting-syntax
shows (cr-omega ===> cr-omega) succ Suc
proof(intro rel-funl, unfold cr-omega-def)
fix r y assume prems: © = yN

show succ x = Suc yn unfolding prems ord-of-nat-succ[ symmetric] ..

qed

lemma omega-plus-transfer|transfer-rule]:
includes lifting-syntax
shows (cr-omega ===> cr-omega ===> cr-omega) (+) (+)
by (intro rel-funl, unfold cr-omega-def) (simp add: nat-omega-simps)

lemma omega-mult-transfer|transfer-rule]:
includes lifting-syntax
shows (cr-omega ===> cr-omega ===> cr-omega) (*) (*)
by (intro rel-funl, unfold cr-omega-def) (simp add: nat-omega-simps)

lemma ord-of-nat-card-transfer| transfer-rule]:
includes lifting-syntax
shows (rel-set (=) ===> cr-omega) (A\z. ord-of-nat (card x)) card
by (intro rel-funl) (simp add: cr-omega-def rel-set-eq)

lemma ord-of-nat-transfer| transfer-rule]:
(rel-fun cr-omega (=)) id ord-of-nat
unfolding cr-omega-def by auto

2.3.3 Elementary results

lemma ord-of-nat-vempty: 0 = Oy by auto

lemma set-vzero-eg-ord-of-nat-vone: set {0} = 1n
by (metis elts-1 set-of-elts ord-of-nat-vone)

lemma vone-in-omega[simp]: 1 €, w unfolding w-def by force

lemma nat-of-omega:
assumes n €, w
obtains m where n = my
using assms unfolding w-def by clarsimp

lemma omega-prev:
assumes n €, w and 0 €, n
obtains k& where n = succ k
proof-
from assms nat-of-omega obtain m where n = my by auto
with assms(2) obtain m’ where m = Suc m’
unfolding less-V-def by (auto dest: grO-implies-Suc)

with that show ?thesis unfolding (n = my> using ord-of-nat.simps(2) by blast

qed

lemma omega-vplus-commutative:

34
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assumes a €, w and b €, w
shows a + b=0+ a
using assms by (metis Groups.add-ac(2) nat-of-omega ord-of-nat-plus)

lemma omega-vinetrsection|intro]:

assumes m €, w and n €, w

shows m N, n €, w
proof-

from nat-into-Ord[ OF assms(1)] nat-into-Ord[ OF assms(2)] Ord-linear-le

consider m S, n | n S, m

by auto

then show ?thesis by cases (simp-all add: assms inf.absorbl inf.absorb2)

qed

2.3.4 Induction

lemma omega-induct-all[ consumes 1, case-names step]:
assumes 71 €, w and Az. [z €& w; Ay. y €& x => Py]] = Pz
shows P n
using assms by (metis Ord-w Ord-induct Ord-linear Ord-trans nat-into-Ord)

lemma omega-induct| consumes 1, case-names 0 succ]:
assumes 1 €, w and P 0and An. [[ n €&, w; Pn J] = P (succ n)
shows P n
using assms(1,3)
proof(induct rule: omega-induct-all)
case (step z) show ?case
proof(cases <z = 0y)
case True with assms(2) show ?thesis by simp
next
case Fulse
with step(1) have 0 €, z by (simp add: mem-0-Ord)
with <z €, w> obtain y where z-def: © = succ y by (elim omega-prev)
with elts-succ step.hyps(1) have y €, w by (blast intro: Ord-trans)
have y €, z by (simp add: <z = succ y»)
have P y by (auto intro: step.prems step.hyps(2)[ OF <y €, z])
from step.prems[ OF <y €, wy <P y», folded z-def] show P z .
qed
qed

2.3.5 Methods

The following methods provide an infrastructure for working with goals of the form a €, nn
= Pa.

lemma in-succk:
assumes a €, succ n and Aa. a €, n =— Paand Pn
shows P a
using assms by auto

method Suc-of-numeral =

(

unfold numeral.simps add.assoc,
use nothing in <unfold Suc-eq-plusl-left[ symmetric], unfold One-nat-def>

)

method succ-of-numeral =

(
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Suc-of-numeral,
use nothing in <unfold ord-of-nat-succ[ symmetric] ord-of-nat-zero»

)

method numeral-of-succ =

(
unfold nat-omega-simps,
use nothing in
¢

unfold numeral.simps| symmetric] Suc-numeral add-num-simps,
(unfold numerals(1))?
)

)

method elim-in-succ =

(
(
elim in-succkE;
use nothing in <(unfold triv-forall-equality) ?; (numeral-of-succ) 9

)
stmp

)

method elim-in-numeral = (succ-of-numeral, use nothing in <elim-in-succ)
2.3.6 Auxiliary

lemma one: 1y = set {0} by auto

lemma two: 25 = set {0, In} by force

lemma three: 3y = set {0, 1n, 2n} by force

lemma four: 45 = set {0, 1N, 2N, 3n} by force

lemma two-vdiff-zero[ simp]: set {0, In} —o set {0} = set {In} by auto
lemma two-vdiff-one[ simp]: set {0, In} —o set {In} = set {0} by auto
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2.4 Elementary binary relations

2.4.1 Background

This section presents a theory of binary relations internalized in the type V and exposes ele-
mentary properties of two special types of binary relations: single-valued binary relations and
injective single-valued binary relations.

Many of the results that are presented in this section were carried over (with amendments) from
the theories Set and Relation in the main library.

2.4.2 Constructors

Identity relation

definition vid-on = V = V
where vid-on A = set {{a, a) | a. a €, A}

lemma vid-on-small[ simp]: small {{a, a) | a. a €, A}
by (rule down[of - <A x, A>]) blast

Rules.

lemma vid-on-eql:
assumes ¢ = band a €, A
shows (a, b) €, vid-on A
using assms by (simp add: vid-on-def)

lemma vid-onI[introl]:
assumes a €, A
shows (a, a) €, vid-on A
by (rule vid-on-eql) (simp-all add: assms)

lemma vid-onD[ dest!]:
assumes (a, a) € vid-on A
shows a ¢, A
using assms unfolding vid-on-def by auto

lemma vid-onE[elim!]:
assumes z €, vid-on A and Jac,A. © = (a, a) = P
shows P
using assms unfolding vid-on-def by auto

lemma vid-on-iff: {a, b) €, vid-on A < a = b A a €, A by auto
Set operations.
lemma vid-on-vempty| simp]: vid-on 0 = 0 by auto

lemma vid-on-vsingleton[simp]: vid-on (set {a}) = set {{a, a)} by auto

lemma vid-on-vdoubleton[simp]: vid-on (set {a, b}) = set {(a, a), (b, b)}
by (auto simp: vinsert-set-insert-eq)

lemma vid-on-mono:
assumes A ¢, B
shows vid-on A S, vid-on B
using assms by auto

lemma vid-on-vinsert: (vinsert {a, a) (vid-on A)) = (vid-on (vinsert a A))
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by auto
lemma vid-on-vintersection: vid-on (A N, B) = vid-on A N, vid-on B by auto
lemma vid-on-vunion: vid-on (A U, B) = vid-on A U, vid-on B by auto
lemma vid-on-vdiff: vid-on (A —, B) = vid-on A —, vid-on B by auto

Special properties.

lemma vid-on-vsubset-vtimes: vid-on A S, A x, A by clarsimp

lemma VLambda-id[simp]: VLambda A id = vid-on A
by (simp add: id-def vid-on-def Setcompr-eq-image VLambda-def)

Constant function

definition vconst-on = V = V = V
where vconst-on A ¢ = set {{a, ¢) | a. a €, A}

lemma small-vconst-on[simp]: small {{a, ¢} | a. a €, A}
by (rule down[of - <A x, set {c}»]) auto

Rules.

lemma vconst-onl[introl]:
assumes a €, A
shows (a, ¢) € vconst-on A ¢
using assms unfolding wvconst-on-def by simp

lemma vconst-onD[dest!]:
assumes (a, c) € vconst-on A ¢
shows a €, A
using assms unfolding vconst-on-def by simp

lemma vconst-onE[ elim!]:
assumes z €, vconst-on A ¢
obtains ¢ where a ¢, A and z = (a, c)
using assms unfolding vconst-on-def by auto

lemma vconst-on-iff: (a, c) €, vconst-on A ¢ «— a €, A by auto

Set operations.

lemma vconst-on-vempty| simp]: vconst-on 0 ¢ = 0
unfolding vconst-on-def by auto

lemma vconst-on-vsingleton|simp]: vconst-on (set {a}) ¢ = set {{a, ¢)} by auto

lemma vconst-on-vdoubleton[simp]: vconst-on (set {a, b}) ¢ = set {{a, ¢), (b, c)}
by (auto simp: vinsert-set-insert-eq)

lemma vconst-on-mono:
assumes A ., B
shows vconst-on A ¢ S, vconst-on B ¢
using assms by auto

lemma vconst-on-vinsert:
(vinsert {(a, ¢) (vconst-on A ¢)) = (vconst-on (vinsert a A) c)
by auto

38
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lemma vconst-on-vintersection:
veonst-on (A N, B) ¢ = vconst-on A ¢ N, vconst-on B ¢
by auto

lemma vconst-on-vunion: vconst-on (A Uo B) ¢ = veonst-on A ¢ U, vconst-on B ¢
by auto

lemma vconst-on-vdiff: veconst-on (A —, B) ¢ = vconst-on A ¢ —, vconst-on B ¢
by auto
Special properties.

lemma vconst-on-eg-vtimes: vconst-on A ¢ = A x, set {c}
by standard (auto intro!: vsubset-antisym)

VLambda
Rules.

lemma VLambdal[intro!]:
assumes a €, A
shows (a, f a) €, (Aac.A. [ a)
using assms unfolding VLambda-def by auto

lemma VLambdaD[dest!]:
assumes (a, f a) €& (Aac.A. f a)
shows a €, A
using assms unfolding VLambda-def by auto

lemma VLambdaE[elim!]:
assumes 7 €, (Aac,A. fa)
obtains a where a ¢, A and = = (qa, f a)
using assms unfolding VLambda-def by auto

lemma VLambda-iff1: © €, (Aa.A. fa) <« (Fac. A. z = (a, f a)) by auto
lemma VLambda-iff2: (a, b) €, (Aac.A. fa) < b=fa A ae, ADby auto
lemma small-VLambda[ simp]: small {{a, f a) | a. a €&; A} by auto

lemma VLambda-set-def: (Aac. A. f a) = set {{a, fa) | a. a €, A} by auto

Set operations.

lemma VLambda-vempty[simp]: (Aac,0. f a) = 0 by auto

lemma VLambda-vsingleton: (Aacoset {a}. fa) = set {{a, fa)}
by auto

lemma VLambda-vdoubleton:

(Aaesset {a, b}. fa) = set {{a, fa), (b, fb)}

by (auto simp: vinsert-set-insert-eq)

lemma V_Lambda-mono:
assumes A ¢, B
shows (Aac, A. fa) S, (Aa&B. f a)

using assms by auto

lemma VLambda-vinsert:
(Aae,vinsert a A. f a) = (Aaesset {a}. fa) Uo (Aac.A. fa)
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by auto

lemma VLambda-vintersection: (Aag, A No B. fa) = (Aac.A. fa) no (Aa&oB. f a)
by auto

lemma VLambda-vunion: (Aa€cA Uy B. fa) = (AacA. f a) Uy (Aae,B. f a) by auto
lemma VLambda-vdiff: (Aa€. A —o B. fa) = (Mac.A. fa) — (Aa&,B. f a) by auto

Connections.

lemma VLambda-vid-on: (Aac,A. a) = vid-on A by auto

lemma VLambda-vconst-on: (Aa€,A. ¢) = veonst-on A ¢ by auto

Composition

definition vcomp = V = V = V (infixr (o, 75)
where 7 o, s = set {{a, ¢) | a c. 3b. (a, b) €& s A (b, ¢) & T}
notation vcomp (infixr o,» 75)

lemma vcomp-small[ simp]: small {{a, ¢} | a c. 3b. {a, b) €; s A (b, ¢) & 7}
(is «<small ?sy)
proof-
define comp’ where comp’ = (M({a, b), {c, d)). (a, d))
have small (elts (vpairs (s x, 1))) by simp
then have small-comp: small (comp’ * elts (vpairs (s x, 1))) by simp
have ss: s € (comp’ * elts (vpairs (s %o T)))
proof
fix  assume z € %s
then obtain a b ¢ where z-def: = = (a, c)
and (a, b) & s
and (b, ¢) & r
by auto
then have abbc: ((a, b), (b, ¢)) € vpairs (s xo 1)
by (simp add: vpairs-iff-elts)
have z-def”: © = comp’ ((a, b), (b, ¢)) unfolding comp’-def z-def by auto
then show z € comp’ ‘ elts (vpairs (s xo 1))
unfolding z-def’ using abbc by auto
qged
with small-comp show ?thesis by (metis (lifting) smaller-than-small)
qed

Rules.

lemma vcompl[introl]:
assumes (b, c¢) €, 7 and (a, b) € s
shows (a, ¢) € 7 05 s
using assms unfolding vcomp-def by auto

lemma vcompD|dest!]:
assumes (a, ¢) € 7 0, §
shows 3b. (b, ¢) & 7 A (a, b) & s
using assms unfolding vcomp-def by auto

lemma vcompFE|[ elim!]:
assumes ac €, 1 o, §
obtains a b ¢ where ac = (a, ¢) and (qa, b) €, s and (b, ¢) € 7
using assms unfolding vcomp-def by clarsimp
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Elementary properties.

lemma vcomp-assoc: (1 o, 8) 0o t = 1 05 (s 0, t) by auto

Set operations.

lemma vcomp-vempty-left[ simp]: 0 o, r = 0 by auto
lemma vcomp-vempty-right[simp]: T o, 0 = 0 by auto

lemma vcomp-mono:
assumes r' S, r and s’ S, s
shows r' o, s'C, r o, s
using assms by auto

lemma vcomp-vinsert-left[ simp]:
(vinsert (a, b) 8) oo T = (set {{a, b)} oo 1) Us (8 05 T)
by auto

lemma vcomp-vinsert-right| simp]:
r oo (vinsert (a, b) s) = (1 o, set {(a, b)}) Us (1 05 8)
by auto

lemma vcomp-vunion-left[ simp]: (s Us t) o5 7 = (8 06 T) Uy (t 05 7) by auto
lemma vcomp-vunion-right[simp]: oo (8 U, t) = (7 05 8) Us (7 05 t) by auto

Connections.

lemma vcomp-vid-on-idem[simp]: vid-on A o, vid-on A = vid-on A by auto
lemma vcomp-vid-on[simp]: vid-on A o, vid-on B = vid-on (A n, B) by auto

lemma vcomp-vconst-on-vid-on[simp]: vconst-on A ¢ o, vid-on A = vconst-on A ¢
by auto

lemma vcomp-VLambda-vid-on[simp]: (Aac.A. f a) o, vid-on A = (Aac,A. f a)
by auto

Special properties.

lemma vcomp-vsubset-vtimes:
assumes r S, B x, C and s S, A x, B
shows r o, s S, A x, C
using assms by auto

lemma vcomp-obtain-middle[ elim]:
assumes (a, ¢) € 7 0, §
obtains b where (a, b) €, s and (b, ¢) € r
using assms by auto

Converse relation

definition vconverse : V. = V
where veconverse A = (Are,A. set {(b, a) | a b. {a, b) € T})

abbreviation app-vconverse (<(-71,)» [1000] 999)

where 7!, = vconverse (set {r}) (r)

lemma app-vconverse-def: 11, = set {(b, a) | a b. (a, b) € 7}
unfolding vconverse-def by simp
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lemma vconverse-small[ simp]: small {(b, a) | a b. (a, b) € 7}
proof-
have eq: {(b, a) | a b. {a, b) €&, 7} = (M a, b). (b, a)) * elts (vpairs r)
proof(rule subset-antisym; rule subsetl, unfold mem-Collect-eq)
fix x assume z € (A\(a, b). (b, a)) ‘ elts (vpairs r)
then obtain a b where (a, b) €, vpairs r and z = (A (a, b). (b, a)) (a, b)
by blast
then show Ja b. x = (b, a) A (a, b) €& r by auto
qed (use image-iff vpairs-iff-elts in fastforce)
show ?thesis unfolding eq by (rule replacement) auto
qed

Rules.

lemma vconversel[intro!]:
assumes 1 €, A
shows (r, r71,) €, vconverse A
using assms unfolding wvconverse-def by auto

lemma vconverseD[ dest]:
assumes (r, s) €, vconverse A
shows 7 €, A and s = r° 1,

using assms unfolding vconverse-def by auto

lemma vconverseE[elim]:
assumes z €, vconverse A
obtains r where z = (r, r!,) and r ¢, A
using assms unfolding vconverse-def by auto

lemma app-vconversel[sym, intro!]:
assumes (a, b) € r
shows (b, a) €, 771,

using assms unfolding vconverse-def by auto

lemma app-vconverseD[sym, dest]:
assumes (a, b) €, 771,
shows (b, a) € 7
using assms unfolding vconverse-def by simp

lemma app-vconverseE[ elim!]:
assumes z €, 7',
obtains a b where z = (b, a) and (a, b) & r
using assms unfolding vconverse-def by auto

1

lemma vconverse-iff: (b, a) €, r™"5 «— (a, b) €, r by auto

Set operations.
lemma vconverse-vempty[simp]: 071, = 0 by auto

lemma vconverse-vsingleton: (set {{a, b)})™'s = set {(b, a)} by auto

lemma vconverse-vdoubleton[simp]: (set {{a, b), {c, d)})™1o = set {(b, a), (d, c)}
by (auto simp: vinsert-set-insert-eq)

lemma vconverse-vinsert: (vinsert {(a, b) r)7', = vinsert (b, a) (r71,) by auto

1

lemma vconverse-vintersection: (r N, s)™t = 17, Ny 5714 by auto
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1

lemma vconverse-vunion: (r U, s)’lo =rtu, st by auto

Connections.

lemma vconverse-vid-on[simp]: (vid-on A)™', = vid-on A by auto

lemma vconverse-vconst-on[simp]: (vconst-on A ¢)™t, = set {c} xo A by auto

lemma vconverse-vcomp: (r o, s)’lO =51, 0, 771, by auto

lemma vconverse-vtimes: (A x, B) ™', = (B x, A) by auto

Left restriction

definition vlrestriction = V = V
where vlrestriction D =
VLambda D (X(r, A). set {{a, b) | a b. a s A A (a, b) & 1})

abbreviation app-virestriction = V = V = V (infixr ¢}, 80)
where r !, A = vlrestriction (set {(r, A)}) ((r, A))

lemma app-virestriction-def: r Mo A = set {{a, b) | a b. a €c A A {a, b) & 7}
unfolding virestriction-def by simp

lemma virestriction-small[ simp]: small {{a, b) | a b. a €, A A (a, b) € 7}
by (rule down[of - r]) auto

Rules.

lemma vlirestrictionl [intro!]:
assumes (r, A) €, D
shows ((r, A), r t! A) e, virestriction D
using assms unfolding virestriction-def by (simp add: VLambda-iff2)

lemma vlrestrictionD[ dest]:
assumes ((r, A), s) € vlrestriction D
shows (r, Ay e, Dand s =r !, A
using assms unfolding virestriction-def by auto

lemma vlrestrictionE[ elim]:
assumes z €, virestriction D and D S, R x, X
obtains r A where z = ((r, A), 7 ', A)and 7 ¢, R and A ¢, X
using assms unfolding virestriction-def by auto

lemma app-virestrictionl [intro!]:
assumes a €&, A and (a, b) € r
shows (a, b) €, r s A
using assms unfolding virestriction-def by simp

lemma app-virestrictionD| dest]:
assumes (a, b) & r [, A
shows a €, A and (a, b) € r
using assms unfolding virestriction-def by auto

lemma app-virestrictionE[ elim]:
assumes z & r M, A
obtains a b where z = (a, b) and a €, A and (a, b) € r
using assms unfolding virestriction-def by auto

Set operations.
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lemma virestriction-on-vempty[simp]: v Mo 0 =0
by (auto intro!: vsubset-antisym)

lemma virestriction-vempty[simp]: 0 1y A = 0 by auto

lemma virestriction-vsingleton-in[ simp]:
assumes a €, A
shows set {{a, b)} Mo A = set {{a, b)}
using assms by auto

lemma virestriction-vsingleton-nin[ simp]:
assumes a ¢, A
shows set {{a, b)} Mo A =0
using assms by auto

lemma vlrestriction-mono:
assumes A ¢, B
shows r g Ac, r th B
using assms by auto

lemma virestriction-vinsert-nin[ simp]:
assumes a ¢, A
shows (vinsert (a, b) 7) Mo A =17 ! A
using assms by auto

lemma vlrestriction-vinsert-in:
assumes a €, A
shows (vinsert (a, b) r) M, A = vinsert (a, b) (r t's A)
using assms by auto

lemma virestriction-vintersection: (r no 8) Mo A =1 Mo A Ny s 1!y A by auto
lemma vlrestriction-vunion: (1 U, s) Mo A =7 Mo A U, s M A by auto

lemma virestriction-vdiff: (1 —o s) Mo A =1 Iy A — s Mo A by auto
Connections.
lemma virestriction-vid-on[simp]: (vid-on A) My B = wvid-on (A n, B) by auto

lemma virestriction-vconst-on: (vconst-on A ¢) Mo B = (vconst-on B ¢) M, A
by auto

lemma virestriction-vconst-on-commute:
assumes z €, vconst-on A ¢ 1, B
shows z €, vconst-on B ¢ 1 A
using assms by auto

lemma virestriction-vcomp[simp]: (r oo 8) Mo A =1 0, (5 1! A) by auto
Previous connections.

lemma vcomp-rel-vid-on[simp]: r o, vid-on A = r Mo A by auto

lemma vcomp-vconst-on:
7 o, (vconst-on A ¢) = (r M, set {c}) o, (vconst-on A c)
by auto

Special properties.

lemma virestriction-vsubset-vpairs: r Mo A<, vpairs r
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by (rule vsubsetl) blast
lemma virestriction-vsubset-rel: v s A S, r by auto

lemma virestriction- VLambda: (Aa€, A. f a) Mo B = (AaeoA Ny B. f a) by auto

Right restriction

definition vrrestriction = V = V
where vrrestriction D =
VLambda D (X(r, A). set {{a, b) | a b. b e, A A (a, b) € 1})

abbreviation app-vrrestriction = V = V = V (infixr (}",» 80)
where r |7, A = vrrestriction (set {{r, A)}) ({r, 4))

lemma app-vrrestriction-def: r |7 A = set {{a, b) | a b. b€, A A (a, b) € 1}
unfolding vrrestriction-def by simp

lemma vrrestriction-small[ simp]: small {{a, b) | a b. b€, A A (a, b) € 1}
by (rule down[of - r]) auto

Rules.

lemma vrrestrictionl [intro!]:
assumes (r, A) €, D
shows ((r, A), r "o A) € vrrestriction D
using assms unfolding vrrestriction-def by (simp add: VLambda-iff2)

lemma vrrestrictionD[ dest]:
assumes ((r, A), s) €, vrrestriction D
shows (r, A) e, Dand s =1 ", A
using assms unfolding vrrestriction-def by auto

lemma vrrestrictionE[ elim]:
assumes zx €, vrrestriction D and D S, R x, X
obtains r A where z = ((r, A), r |"s A) and r ¢, Rand A ¢, X
using assms unfolding vrrestriction-def by auto

lemma app-vrrestrictionl [intro!]:
assumes b €, A and (a, b) € r
shows (a, b) €, r |, A
using assms unfolding vrrestriction-def by simp

lemma app-vrrestrictionD[ dest]:
assumes (a, b) €, 7 |7 A
shows b €, A and (a, b) & r
using assms unfolding vrrestriction-def by auto

lemma app-vrrestrictionE[ elim]:
assumes z €, 1 ", A
obtains a b where z = (a, b) and b ¢, A and (a, b) & r
using assms unfolding vrrestriction-def by auto

Set operations.

lemma vrrestriction-on-vempty[ simp]: r |7 0 = 0
by (auto intro!: vsubset-antisym)

lemma vrrestriction-vempty[simp]: 0 }"5 A = 0 by auto
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lemma vrrestriction-vsingleton-in[ simp]:
assumes b €, A
shows set {{(a, b)} |"s A = set {{a, b)}
using assms by auto

lemma vrrestriction-vsingleton-nin[ simp]:
assumes b ¢, A
shows set {{a, b)} 1" A =0
using assms by auto

lemma vrrestriction-mono:
assumes A ¢, B
shows r |"c Ac, r s B
using assms by auto

lemma vrrestriction-vinsert-nin| simp]:
assumes b ¢, A
shows (vinsert (a, b) r) 1" A =1 1"5 A
using assms by auto

lemma vrrestriction-vinsert-in:
assumes b e, A
shows (vinsert (a, b) r) 1" A = vinsert {a, b) (r " A)
using assms by auto

lemma vrrestriction-vintersection: (r Ny 8) "o A =1 "o ANy s 175 A by auto
lemma vrrestriction-vunion: (r U, s) "o A =1 1" A Us s |7 A by auto
lemma vrrestriction-vdiff: (r — 8) "o A =1 1"6 A =5 s "o A by auto
Connections.

lemma vrrestriction-vid-on[simp]: (vid-on A) 1"s B = vid-on (A n, B) by auto

lemma vrrestriction-vconst-on:
assumes c €, B
shows (vconst-on A ¢) "o B = vconst-on A ¢
using assms by auto

lemma vrrestriction-vcomp[simp]: (1 oo 8) "6 A = (1 175 A) o, s by auto

Previous connections.

lemma vcomp-vid-on-rel[ simp]: vid-on A o, 7 =1 "5 A
by (auto intro!: vsubset-antisym)

lemma vcomp-vconst-on-rel: (vconst-on A ¢) o, r = (veonst-on A ¢) o (1 |76 A)
by auto

lemma vlrestriction-vconverse: 71 o A = (r 17 A)_lO by auto
lemma vrrestriction-vconverse: 71, |7, A = (r t!y A)7l, by auto

Special properties.

lemma vrrestriction-vsubset-rel: v |"o A S, r by auto

lemma vrrestriction-vsubset-vpairs: v 1", A S, vpairs v by auto
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Restriction

definition vrestriction = V = V
where vrestriction D =
VLambda D (X(r, A). set {{a, b) | ab. a€c ANbes AA (a,bd) e 1})

abbreviation app-vrestriction = V. = V = V (infixr (|,> 80)
where r |, A = vrestriction (set {{r, A)}) ((r, A))

lemma app-vrestriction-def:
rlo A=set {{a, b) |ab acc Anbe, An(a,b)e 1}
unfolding vrestriction-def by simp

lemma vrestriction-small[ simp]:
small {{a, b) | a b. a €, AANbe, AN (a,bd)e 7}
by (rule down[of - r]) auto

Rules.

lemma wvrestrictionl[intro!]:
assumes (r, A) €, D
shows ((r, A), r |, A) & wvrestriction D
using assms unfolding vrestriction-def by (simp add: VLambda-iff2)

lemma vrestrictionD][ dest]:
assumes ((r, A), s) €, vrestriction D
shows (r, A) e, Dand s=1 |, A
using assms unfolding vrestriction-def by auto

lemma vrestrictionE[ elim]:
assumes z €, vrestriction D and D S, R x, X
obtains r A where z = ((r, A), r }, A)and r €&, Rand A ¢, X
using assms unfolding vrestriction-def by auto

lemma app-vrestrictionI[intro!]:
assumes a €, A and b €, A and (a, b) & r
shows (a, b) €, r |, A
using assms unfolding vrestriction-def by simp

lemma app-vrestrictionD| dest]:
assumes (a, b) €, 7 [, A
shows a €, A and b €, A and (a, b) € r
using assms unfolding vrestriction-def by auto

lemma app-vrestrictionE[ elim]:
assumes 7 €, 7 [, A
obtains a b where z = (a, b)) and a €, A and b ¢, A and (a, b) & r
using assms unfolding vrestriction-def by clarsimp

Set operations.

lemma vrestriction-on-vempty[simp]: r 1, 0 = 0
by (auto intro!: vsubset-antisym)

lemma vrestriction-vempty[simp]: 0 1, A = 0 by auto

lemma vrestriction-vsingleton-in[ simp]:
assumes a €, A and b e, A
shows set {{a, b)} 1o A = set {{a, b)}

using assms by auto
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lemma vrestriction-vsingleton-nin-left[ simp]:
assumes a ¢, A
shows set {{a, b)} 1o A =0

using assms by auto

lemma vrestriction-vsingleton-nin-right[ simp):
assumes b ¢, A
shows set {{(a, b)} 1o A =0

using assms by auto

lemma vrestriction-mono:
assumes A ¢, B
shows r |, AS, r |, B
using assms by auto

lemma vrestriction-vinsert-nin[ simp]:
assumes a ¢, A and b ¢, A
shows (vinsert {(a, b) ) 1o A=1r1, A
using assms by auto

lemma vrestriction-vinsert-in:
assumes a €, A and b ¢, A
shows (vinsert (a, b) r) 1o A = vinsert (a, b) (r 5 A)
using assms by auto

lemma vrestriction-vintersection: (r No 8) 1o A=17 1o AN s s A by auto
lemma vrestriction-vunion: (r U, 8) o A =17 1o A Us s I A by auto
lemma vrestriction-vdiff: (r —o 8) 1o A =1 1o A =5 s 1o A by auto

Connections.

lemma vrestriction-vid-on[simp]: (vid-on A) v B = vid-on (A n, B) by auto

lemma vrestriction-vconst-on-ex:
assumes c €, B
shows (vconst-on A ¢) 1o B = vconst-on (A n, B) ¢
using assms by auto

lemma vrestriction-vconst-on-nex:
assumes c ¢, B
shows (vconst-on A ¢) 1o B =0
using assms by auto
lemma vrestriction-vcomp[simp]: (1 oo 8) to A = (1 |75 A) 0, (s M A) by auto

lemma vrestriction-vconverse: ™, o A = (r |, A)7', by auto

Previous connections.

lemma vrrestriction-vlrestriction[simp]: (r | A) Mo A =1 }o A by auto
lemma virestriction-vrrestriction[simp]: (r Mo A) 7o A =1 }, A by auto
lemma vrestriction-virestriction[simp]: (r to A) Mo A =7 o A by auto

lemma vrestriction-vrrestriction|simp]: (r 1o A) "o A =1 1o A by auto

48
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Special properties.

lemma vrestriction-vsubset-vpairs: v |, A S, vpairs v by auto
lemma vrestriction-vsubset-vtimes: v 1, A S, A x, A by auto
lemma vrestriction-vsubset-rel: r |, A S, r by auto

2.4.3 Properties

Domain

definition vdomain = V = V
where vdomain D = (Are,D. set {a. 3b. (a, b) & r})

abbreviation app-vdomain = V = V (<Ds»)
where D, r = vdomain (set {r}) (r)

lemma app-vdomain-def: Do r = set {a. 3b. (a, b) € 1}
unfolding vdomain-def by simp

lemma vdomain-small[simp]: small {a. 3b. (a, b) € 7}
proof-

have ss: {a. 3b. {a, b) €&, 1} € vfst ‘ elts r using image-iff by fastforce

have small: small (vfst ‘ elts r) by (rule replacement) simp
show ?thesis by (rule smaller-than-small, rule small, rule ss)
qed

Rules.

lemma vdomainl[intro!]:
assumes r €, A
shows (r, D, r) €, vdomain A
using assms unfolding vdomain-def by auto

lemma vdomainD[ dest]:
assumes (r, s) €, vdomain A
shows r ¢, Aand s =D, r
using assms unfolding vdomain-def by auto

lemma vdomainE[elim]:
assumes z €, vdomain A
obtains r where z = (r, D, r) and r ¢, A
using assms unfolding vdomain-def by auto

lemma app-vdomainl[intro]:
assumes (a, b) € r
shows a €, D, r
using assms unfolding vdomain-def by auto

lemma app-vdomainD[ dest]:
assumes a €, D, r
shows 3b. (a, b) € r
using assms unfolding vdomain-def by auto

lemma app-vdomainE[elim]:
assumes a €, D, r
obtains b where (a, b) & r
using assms unfolding vdomain-def by clarsimp
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lemma vdomain-iff: a €, Do v «— (3 y. {a, y) €& r) by auto

Set operations.

lemma vdomain-vempty[simp]: D, 0 = 0 by (auto introl: vsubset-antisym)
lemma vdomain-vsingleton[simp]: Do (set {{a, b}}) = set {a} by auto

lemma vdomain-vdoubleton[simp]: Do (set {{a, b), (¢, d}}) = set {a, c}
by (auto simp: vinsert-set-insert-eq)

lemma vdomain-mono:
assumes r S, §
shows D, r S, D, s
using assms by blast

lemma vdomain-vinsert[ simp]: Do (vinsert (a, b) r) = vinsert a (Do r)
by (auto intro!: vsubset-antisym)

lemma vdomain-vunion: D, (A U, B) = D, A U, D, B
by (auto intro!: vsubset-antisym)

lemma vdomain-vintersection-vsubset: D, (A Ny B) S, Do A Ny Dy B by auto

lemma vdomain-vdiff-vsubset: Do, A — Do B S, Do (A -, B) by auto

Connections.

lemma vdomain-vid-on[simp]: D, (vid-on A) = A
by (auto introl: vsubset-antisym)

lemma vdomain-vconst-on[simp]: Do (veonst-on A ¢) = A
by (auto intro!: vsubset-antisym)

lemma vdomain-VLambda[ simp]: Do (Aac.A. fa) = A
by (auto intro!: vsubset-antisym)

lemma vdomain-vlrestriction: D, (r Mo A) = Do 7 Ny A by auto

lemma vdomain-virestriction-vsubset:
assumes A ¢, D, r
shows D, (r t!, A) = A
using assms by (auto simp: vdomain-vlrestriction)

Special properties.

lemma vdomain-vsubset-vtimes:
assumes vpairs r Co T Xo Y
shows D, r S, ©
using assms by auto

Range
definition vrange = V = V

where vrange D = (Are,D. set {b. Ja. {a, b) € 1})

abbreviation app-vrange = V = V ({Ro»)
where R, r = vrange (set {r}) (r|

lemma app-vrange-def: Ro v = set {b. Fa. (a, b) & 7}
unfolding vrange-def by simp
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lemma vrange-small[ simp]: small {b. Ja. (a, b) € 1}

proof-
have ss: {b. Ja. (a, b) €, T} S vsnd * elts r using image-iff by fastforce
have small: small (vsnd * elts r) by (rule replacement) simp
show ?thesis by (rule smaller-than-small, rule small, rule ss)

qed

Rules.

lemma vrangel[intro]:
assumes r €, A
shows (r, R, r) € vrange A
using assms unfolding vrange-def by auto

lemma vrangeD[dest]:
assumes (r, s) €, vrange A
shows r ¢, Aand s =R, r
using assms unfolding vrange-def by auto

lemma vrangeE[ elim]:
assumes z €, vrange A
obtains r where z = (r, R, r) and r ¢, A
using assms unfolding vrange-def by auto

lemma app-vrangel[intro]:
assumes (a, b) & r
shows b e, R, r
using assms unfolding vrange-def by auto

lemma app-vrangeD|dest]:
assumes b €, R, r
shows Ja. (a, b) €& 7
using assms unfolding vrange-def by simp

lemma app-vrangeE[ elim]:
assumes b €, R, r
obtains a where (a, b) € 7
using assms unfolding vrange-def by clarsimp

lemma vrange-iff: b €, Ro 7 «<— (Fa. {a, b) €& 1) by auto
Set operations.
lemma vrange-vempty[simp]: Ro 0 = 0 by (auto intro!: vsubset-antisym)

lemma vrange-vsingleton[simp]: Ro (set {{a, b)}) = set {b} by auto

lemma vrange-vdoubleton[simp]: Ro (set {{a, b), (c, d)}) = set {b, d}
by (auto simp: vinsert-set-insert-eq)

lemma vrange-mono:
assumes 7 S, §
shows R, 7 S, Ro s
using assms by force

lemma vrange-vinsert[simpl: Ro (vinsert {(a, b) r) = vinsert b (Ro 1)
by (auto intro!: vsubset-antisym)

lemma vrange-vunion: Ro (r Us 8) = Ro 7 Us Ro 8
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by (auto intro!: vsubset-antisym)
lemma vrange-vintersection-vsubset: Ro (1 No 8) So Ro 7 No Ro § by auto

lemma vrange-vdiff-vsubset: Ro r —5 Ro $ So Ro (r —5 s) by auto

Connections.

lemma vrange-vid-on[simp]: Ro (vid-on A) = A by (auto introl: vsubset-antisym)
lemma vrange-vconst-on-vempty[ simp]: Ro (veconst-on 0 ¢) = 0 by auto

lemma vrange-vconst-on-ne[ simp]:
assumes A # 0
shows R, (vconst-on A ¢) = set {c}
using assms by (auto intro!: vsubset-antisym)

lemma vrange-VLambda: Ro (Aac.A. fa) = set (f “ elts A)
by (intro vsubset-antisym vsubsetl) auto

lemma vrange-vrrestriction: Ro (r "o A) = Ro 7 No A by auto

Previous connections

lemma vdomain-vconverse[simp]: Do (r™1) = Ro 7
by (auto intro!: vsubset-antisym)

lemma vrange-vconverse[simp]: Ro (r71) = Do 1
by (auto intro!: vsubset-antisym)

Special properties.

lemma vrange-iff-vdomain: b €, Ro r <— (Jac.Ds 1. {a, b) €, 1) by auto

lemma vrange-vsubset-vtimes:
assumes vpairs 1 So T Xo Y
shows R, 7 S, y
using assms by auto

lemma vrange- VLambda-vsubset:
assumes Az. x €, A =— fzx e, B
shows R, (VLambda A f) ¢, B
using assms by auto

lemma vpairs-vsubset-vdomain-vrange[ simp): vpairs r S, Do 7 xo Ro T
by (rule vsubsetl) auto

lemma vrange-vsubset:
assumes Az y. (1, y) €c 7 = y €, A
shows R, r ¢, A
using assms by auto

Field

definition vfield = V = V
where vfield D = (Are;D. Dy 7 Uy Ro 1)

abbreviation app-vfield = V = V («Fo»)
where F, r = vfield (set {r}) (r)

lemma app-vfield-def: Fo r = Do 1 Us Ro r unfolding vfield-def by simp
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Rules.

lemma vfieldI[intro!]:
assumes r €, A
shows (r, Fo 1) € vfield A
using assms unfolding vfield-def by auto

lemma vfieldD[ dest]:
assumes (r, s) €, vfield A
shows r ¢, Aand s = F, r
using assms unfolding vfield-def by auto

lemma vfieldE[elim]:
assumes z €, vfield A
obtains r where z = (r, F, r) and r ¢, A
using assms unfolding vfield-def by auto

lemma app-vfieldI1[intro]:
assumes a €, D, r Uy Ro 7
shows a e, Fo r
using assms unfolding vfield-def by simp

lemma app-vfieldI2[intro]:
assumes (a, b) €, 1
shows a e, Fo r
using assms by auto

lemma app-vfieldI3[intro]:
assumes (a, b) €, 1
shows b e, Fo r
using assms by auto

lemma app-vfieldD[ dest]:
assumes a €, Fo T
shows a €, D, r U, Ro T
using assms unfolding vfield-def by simp

lemma app-vfieldE]elim]:
assumes a €, Fo rand a €, Do, r Uo Ro r = P
shows P
using assms by auto

lemma app-vfield-vpairE| elim]:
assumes a € F, r
obtains b where (a, b) €, v (b, a) € 1
using assms unfolding app-vfield-def by blast
lemma vfield-iff: a € Fo r «— (3b. {a, b) €; 7 v (b, a) & 1) by auto

Set operations.

lemma vfield-vempty[simp]: Fo 0 = 0 by (auto intro: vsubset-antisym)

lemma vfield-vsingleton[simp]: Fo (set {{a, b)}) = set {a, b}
by (simp add: app-vfield-def vinsert-set-insert-eq)

lemma vfield-vdoubleton[simp]: Fo (set {{a, b), (¢, d)}) = set {a, b, ¢, d}
by (auto simp: vinsert-set-insert-eq)

lemma vfield-mono:
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assumes r S, §
shows F, r S, F, s
using assms by fastforce

lemma vfield-vinsert[ simp]: Fo (vinsert (a, by r) = set {a, b} Uy Fo 1
by (auto intro!: vsubset-antisym)

lemma vfield-vunion[simp]: Fo (r Uo 8) = Fo 7 Uy Fo s
by (auto intro!: vsubset-antisym)

Connections.

lemma vid-on-vfield[ simp]: Fo (vid-on A) = A by (auto introl: vsubset-antisym)

lemma vconst-on-vfield-ne[intro, simp]:
assumes A # 0
shows F, (vconst-on A c¢) = vinsert ¢ A
using assms by (auto intro!: vsubset-antisym)

lemma vconst-on-vfield-vempty| simp]: Fo (vconst-on 0 ¢) = 0 by auto

lemma vfield-vconverse[simp]: Fo (r™1s) = Fo r
by (auto intro!: vsubset-antisym)

Image

definition vimage = V = V
where vimage D = VLambda D (Mr, A). Ro (r Ml A))

abbreviation app-vimage = V = V = V (infixr <, 90)
where r 4, A = vimage (set {(r, A)}) ((r, A))

lemma app-vimage-def: r ‘s A = R, (r }'s A) unfolding vimage-def by simp

lemma vimage-small[ simp]: small {b. Fac, A. (a, b) € 7}
proof-
have ss: {b. Jac.A. (a, b) €, r} S vsnd ‘ elts r
using image-iff by fastforce
have small: small (vsnd * elts r) by (rule replacement) simp
show ?thesis by (rule smaller-than-small, rule small, rule ss)
qed

lemma app-vimage-set-def: r ‘5 A = set {b. Fac. A. (a, b) € r}
unfolding vimage-def vrange-def by auto

Rules.

lemma vimagel [ intro!]:
assumes (r, A) €, D
shows ((r, A), r 5 A) € vimage D
using assms unfolding vimage-def by (simp add: VLambda-iff2)

lemma vimageD| dest]:
assumes ((r, A), s) €, vimage D
shows (r, A) e, Dand s =1 % A
using assms unfolding vimage-def by auto

lemma vimageE| elim]:
assumes z €, vimage (R x, X)
obtains r A where z = ((r, A), r 5, A) and r ¢, Rand A ¢, X
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using assms unfolding vimage-def by auto

lemma app-vimagel1:
assumes z € R, (r [ A)
shows z e, 7% A
using assms unfolding vimage-def by simp

lemma app-vimagel2[intro]:
assumes (a, b) €, r and a €, A
shows be, r %5 A
using assms app-vimagell by auto

lemma app-vimageD|dest]:
assumes z € 1 5 A
shows z ¢, R, (r Mo A)
using assms unfolding vimage-def by simp

lemma app-vimageE[ elim]:
assumes b & r 5 A
obtains a where (a, b) €, r and a €, A
using assms unfolding vimage-def by auto

lemma app-vimage-iff: b €, r 5 A < (Fac.A. (a, b) & ) by auto

Set operations.

lemma vimage-vempty[simp]: 0 5 A = 0 by (auto introl: vsubset-antisym)
lemma vimage-of-vempty[simp]: r %5 0 = 0 by (auto introl: vsubset-antisym)

lemma vimage-vsingleton: v ‘, set {a} = set {b. (a, b) € 7}
proof-
have {b. (a, b) €, r} € {b. a. {a, b) €& r} by auto
then have [simp]: small {b. (a, b) € r}
by (rule smaller-than-small[ OF vrange-small[of r]])
show ?thesis using app-vimage-set-def by auto
qed

lemma vimage-vsingleton-in[intro, simp]:
assumes a €, A
shows set {(a, b)} % A = set {b}
using assms by auto

lemma vimage-vsingleton-nin[intro, simp):
assumes a ¢, A
shows set {(a, b)} < A=0
using assms by auto

lemma vimage-vsingleton-vinsert[ simp]: set {{a, b)} % vinsert a A = set {b}
by auto

lemma vimage-mono:
assumes ' ¢, rand A’ ¢, A
shows (17’ % A') S, (r % A)
using assms by fastforce
lemma vimage-vinsert: v ‘5 (vinsert a A) = r % set {a} Uo r % A
by (auto intro!: vsubset-antisym)
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lemma vimage-vunion-left: (r Uo 8) 5 A=1r ‘% Au, s %5 A
by (auto intro!: vsubset-antisym)

lemma vimage-vunion-right: v 5 (A U, B) =1 ‘% Au, r 5 B
by (auto intro!: vsubset-antisym)

lemma vimage-vintersection: 7 5 (A no B) So 7 %5 A No 7 %5 B by auto
lemma vimage-vdiff: r 5 A = r s B S, 1 %5 (A = B) by auto

Previous set operations.

lemma VPow-vinsert:
VPow (vinsert a A) = VPow A U, ((Azeo VPow A. vinsert a x) ‘s VPow A)
proof(intro vsubset-antisym vsubsetl)
fix z assume z €, VPow (vinsert a A)
then have z ¢, vinsert a A by simp
then consider z S, A | a €, z by auto
then show z ¢, VPow A U, (Aze, VPow A. vinsert a z) ‘5 VPow A
proof cases
case 1 then show ?thesis by simp
next
case 2
define z’ where 2z’ = © —, set {a}
with 2 have z = vinsert a 2’ and a ¢, 2’ by auto
with «x S, vinsert a A> show ?thesis
unfolding vimage-def
by (fastforce simp: vsubset-vinsert virestriction-VLambda)
qged
qged (elim vunionE, auto)

Special properties.

lemma vimage-vsingleton-iff [iff |: b €, T % set {a} «— {(a, b) €, r by auto
lemma vimage-is-vempty[iff]: r v A = 0 «<— vdisjnt (D, r) A by fastforce

lemma vcomp-vimage-vtimes-right:
¢

assumes r 5 Y = 7
shows 7 o, (X %, Y) = X x, Z
proof(intro vsubset-antisym vsubsetl)
fix z assume 1: T € 1 0, (X x, Y)
then obtain a ¢ where z-def: z = (a, ¢) and a €, X and ¢ €, R, 7 by auto
with z obtain b where (qa, b) ¢, X x, Y and (b, ¢) € r by clarsimp
then show z ¢, X x, Z unfolding z-def using assms by auto
next
fix z assume z €, X x, Z
then obtain a ¢ where z-def: z = (a, ¢) and a ¢, X and ¢ ¢, Z by auto
then show z €, 7 0oq X x, Y
using assms unfolding z-def by (meson VSigmal app-vimageE vcompl)
qed

Connections.

lemma vid-on-vimage[ simp]: vid-on A 5 B= A n, B
by (auto intro!: vsubset-antisym)

lemma vimage-vconst-on-ne[ simp]:
assumes Bn, A #0
shows vconst-on A ¢ ‘s B = set {c}
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using assms by auto

lemma vimage-vconst-on-vempty[ simp]:
assumes vdisjnt A B
shows vconst-on A ¢ ‘s, B =0
using assms by auto

lemma vimage-vconst-on-vsubset-vconst: vconst-on A ¢ ‘5 B S, set {c} by auto

lemma vimage- VLambda-vrange: (Aac.A. fa) 5 B = Ro (AaccA Ny B. f a)
unfolding vimage-def by (simp add: vilrestriction-VLambda)

lemma vimage- VLambda-vrange-rep: (Aag.A. fa) 5 A = Ro (Aac.A. f a)
by (simp add: vimage-VLambda-vrange)

lemma vcomp-vimage: (r oy 8) 5 A=1"% (s % A)
by (auto intro!: vsubset-antisym)

lemma vimage-virestriction[simp]: (r t's A) % B=r* (A n, B)
by (auto intro!: vsubset-antisym)

lemma vimage-vrrestriction[simp]: (r "o A) % B = A n, r ‘s B by auto

lemma vimage-vrestriction[simp]: (r 1o A) 5 B=An, (r 5 (A n, B)) by auto

lemma vimage-vdomain: v ‘5 Do 7 = Ro 7 by (auto intro!: vsubset-antisym)

lemma vimage-eq-imp-vcomp:
assumes r 5, A=s % B
shows (t o, 1) %5 A=(to, 8) % B
using assms by (metis vcomp-vimage)

Previous connections.

lemma vcomp-rel-vconst: 1 o, (vconst-on A ¢) = A x, (r % set {c})
by auto

lemma vcomp-V_Lambda:
(Abeo((AacoA. g a) 5 A). fb) oo (AacA. g a) = (Aac.A. (f o g) a)
using VLambda-iff 1 by (auto intro!: vsubset-antisym)+

Further special properties.

lemma vimage-vsubset:
assumes r S, A x, B
shows r 4, C <, B
using assms by auto

lemma vimage-vdomain-vsubset: v ‘c A S, r 5 Do r by auto

lemma vdomain-vsubset-VUnion2: Dy 7 S5 Uo(Uor)
proof(intro vsubsetl)
fix £ assume z €, D,
then obtain y where (z, y) €, r by auto
then have set {set {z}, set {z, y}} € r unfolding vpair-def by auto
with insert-commute have zy-Ur: set {z, y} €, Uor
unfolding VUnion-iff by auto
define Ur where Ur = UJor
from zy-Ur show z €, Uo(Uor)
unfolding Ur-def[symmetric] by (auto dest: VUnionI)
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qed

lemma vrange-vsubset-VUnion2: Ro v So Uo(Uor)
proof(intro vsubsetl)
fix y assume y €, R, r
then obtain z where (z, y) €, r by auto
then have set {set {z}, set {z, y}} € r unfolding wvpair-def by auto
with insert-commute have zy-Ur: set {z, y} €, Uor
unfolding VUnion-iff by auto
define Ur where Ur = Uor
from zy-Ur show y €, Uo(Uor)
unfolding Ur-def[symmetric] by (auto dest: VUnionl)
qed

lemma vfield-vsubset-VUnion2: Fo 1 So Uo(Uor)
using vdomain-vsubset-VUnion2 vrange-vsubset-VUnion2
by (auto simp: app-vfield-def)

Inverse image

definition invimage = V = V
where invimage D = VLambda D (M(r, A). r™1, 4 A)

abbreviation app-invimage = V = V = V (infixr «-%» 90)
where r - A = invimage (set {{r, A)}) ((r, 4))

lemma app-invimage-def: r =% A = r~ 1, ‘5 A unfolding invimage-def by simp

lemma invimage-small[ simp]: small {a. 3be,A. (a, b) € r}
proof-
have ss: {a. 3be,A. (a, b) €5 T} S vfst “ elts r
using image-iff by fastforce
have small: small (vfst < elts r) by (rule replacement) simp
show ?thesis by (rule smaller-than-small, rule small, rule ss)
qed

Rules.

lemma invimagel [ intro!]:
assumes (r, A) €, D
shows ((r, A), r —% A) € invimage D
using assms unfolding invimage-def by (simp add: VLambda-iff2)

lemma invimageD[ dest]:
assumes ((r, A), s) € invimage D
shows (r, A) ¢, Dand s=r -5 A
using assms unfolding invimage-def by auto

lemma invimageE[ elim]:
assumes z €, invimage D and D S, R x, X
obtains r A where z = ((r, A), r =%, A)and r ¢, Rand A ¢, X
using assms unfolding invimage-def by auto

lemma app-invimagel[intro):
assumes (a, b) €, rand b e, A
shows a e, r =% A
using assms invimage-def by auto

lemma app-invimageD[ dest]:
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assumes a €, 7 -5 A
shows a €, D, (r |, A)
using assms using invimage-def by auto

lemma app-invimageE[ elim]:
assumes a €, 7 -5 A
obtains b where (a, b) €, r and b €, A
using assms unfolding invimage-def by auto

lemma app-invimagell:
assumes a € D, (r 1" A)
shows a e, 7 -5 A
using assms unfolding vimage-def
by (simp add: invimage-def app-vimagell vlrestriction-vconverse)

lemma app-invimageD]1:
assumes a €, 7 -5 A
shows a €, D, (r "o A)
using assms by fastforce

lemma app-invimageFE1:
assumes a &, 7 -5 A and a e, D, (r |7y A) = P
shows P
using assms unfolding invimage-def by auto

lemma app-invimagel2:
assumes a €, 7 1, 4 A
shows a e, r —% A
using assms unfolding invimage-def by simp

lemma app-invimageD2:
assumes a €, r —% A
shows a €, r™1y % A4
using assms unfolding invimage-def by simp

lemma app-invimageE2:
assumes a €, 7 -5 Aand ae, r’t, L A= P
shows P
unfolding vimage-def by (simp add: assms app-invimageD2)

lemma invimage-iff: a €, 7 =% A «— (Fbe, A. (a, b) € ) by auto
lemma invimage-iff1: a €, 1 =5 A «— a €, Dy (1 "5 A) by auto
lemma invimage-iff2: a €, r =% A < a € r 'y % A by auto

Set operations.

lemma invimage-vempty|[simp]: 0 =5 A = 0 by (auto introl: vsubset-antisym,)
lemma invimage-of-vempty[simp]: r =% 0 = 0 by (auto introl: vsubset-antisym)

lemma invimage-vsingleton-in[intro, simp]:
assumes b €, A
shows set {{a, b)} —% A = set {a}
using assms by auto

lemma invimage-vsingleton-nin[intro, simp]:
assumes b ¢, A
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shows set {{a, b)} =% A =0
using assms by auto

lemma invimage-vsingleton-vinsert[intro, simp]:
set {(a, b)} =% vinsert b A = set {a}
by auto

lemma invimage-mono:
assumes r’' ¢, rand A’ ¢, A
shows (r' -% A) <, (r =% A)
using assms by fastforce

lemma invimage-vinsert: r —*, (vinsert a A) = r =% set {a} Uo r =% A
by (auto intro!: vsubset-antisym)

lemma invimage-vunion-left: (r U, s) =5 A=r -5 Au, s -4 A
by (auto intro!: vsubset-antisym)

lemma invimage-vunion-right: v -5 (AU, B) =1 -% AU, r - B
by (auto intro!: vsubset-antisym)

lemma invimage-vintersection: 1 =‘c (A Ny B) So 1 =% A N, r =% B by auto
lemma invimage-vdiff: -5 A - v =% B S r —% (A -5 B) by auto

Special properties.

lemma invimage-set-def: r —% A = set {a. Jbe, A. (a, b) € r} by fastforce
lemma invimage-eq-vdomain-vrestriction: r —‘c A = D, (r "o A) by fastforce

lemma invimage-vrange[simpl: 7 =% Ro 7 = Do 1
unfolding invimage-def by (auto intro!: vsubset-antisym)

lemma invimage-vrange-vsubset[ simp]:
assumes R, r S, B
shows r -, B=D, r
using assms unfolding app-invimage-def by (blast intro!: vsubset-antisym,)

Connections.

lemma invimage-vid-on|simp]: vid-on A =%, B= A n, B
by (auto intro!: vsubset-antisym)

lemma invimage-vconst-on-vsubset-vdomain[ simp): veconst-on A ¢ =% B S, A
unfolding invimage-def by auto

lemma invimage-vconst-on-ne[ simp]:
assumes c €, B
shows vconst-on A ¢ -5, B= A
by (simp add: assms invimage-eq-vdomain-vrestriction vrrestriction-vconst-on)

lemma invimage-vconst-on-vempty[ simp]:
assumes c ¢, B
shows vconst-on A ¢ -, B =0
using assms by auto

lemma invimage-vcomp: (r oo 8) =% x =8 —% (r =% )
by (simp add: invimage-def vconverse-vcomp vcomp-vimage)



CHAPTER 2. SET THEORY FOR CATEGORY THEORY

lemma invimage-vconverse[simp]: ™, — A=1r % A
by (auto intro!: vsubset-antisym)

lemma invimage-virestriction[simp]: (r t's A) =% B = An, r —% B by auto

lemma invimage-vrrestriction[simp): (r 1”5 A) =% B = (r =% (A no B))
by (auto intro!: vsubset-antisym)

lemma invimage-vrestrictionsimpl: (r 1o A) =% B=Ane (r =% (A no B))
by blast

Previous connections.

lemma vcomp-vconst-on-rel-vtimes: vconst-on A ¢ o 7 = (r =% A) x, set {c}
proof(intro vsubset-antisym vsubsetl)
fix x assume z €, 7 —% A x, set {c}
then obtain ¢ where z-def: z = (a, ¢) and a €, r =%, A by auto
then obtain b where ab: (a, b) €, r and b €, A using invimage-iff by auto
with <b €, A> show z €, vconst-on A ¢ o, r unfolding z-def by auto
qed auto

lemma vdomain-vcomp[simp]: Do (1 05 8) = s =% Do r by blast
lemma vrange-vcomp[simpl: Ro (1 05 8) = r % Ro s by blast

lemma vdomain-vcomp-vsubset:
assumes R, s S, D, r
shows D, (1 o, s) = D, s
using assms by simp

2.4.4 Classification of relations

Binary relation

locale vbrelation =
fixes r = V
assumes vbrelation: vpairs r = r

Rules.

lemma vpairs-eql[intro!]:
assumes Az. z €&, r = Ja b. z = (a, b)
shows wvpairs r = r
using assms by auto

lemma vpairs-eqD| dest]:
assumes vpairs r = r
shows Az. z €, 7 = Ja b. z = (a, b)
using assms by auto

lemma vpairs-eqE|[ elim!]:
assumes vpairs r = r and (Az. z €, r => Ja b. z = (a, b)) = P
shows P
using assms by auto

lemmas vbrelationl[intro!] = vbrelation.intro
lemmas vbrelationD[dest!] = vbrelation.vbrelation

lemma vbrelationE[ elim!]:
assumes vbrelation r and (vpairs r = r) = P

61



CHAPTER 2. SET THEORY FOR CATEGORY THEORY

shows P
using assms unfolding vbrelation-def by auto

lemma vbrelationE1[ elim]:
assumes vbrelation r and = €, 7
obtains a b where z = (a, b)
using assms by auto

lemma vbrelationD1[dest]:
assumes vbrelation r and z €, r
shows Ja b. z = (a, b)
using assms by auto

lemma (in vbrelation) vbrelation-vinE:
assumes T €, 1
obtains a b where z = (a, b) and a €, D, rand b €, R, r
using assms vbrelation-axioms by blast

Set operations.

lemma vbrelation-vsubset:
assumes vbrelation s and r S, s
shows vbrelation r
using assms by auto

lemma vbrelation-vinsert simp]: vbrelation (vinsert (a, b) r) <— vbrelation r
by auto

lemma (in vbrelation) vbrelation-vinsertI[intro, simp]:
vbrelation (vinsert (a, b) r)
using vbrelation-azioms by auto

lemma vbrelation-vinsertD[ dest]:
assumes vbrelation (vinsert (a, b) r)
shows vbrelation r
using assms by auto

lemma vbrelation-vunion: vbrelation (r U, s) <— vbrelation r A vbrelation s
by auto

lemma vbrelation-vunionl:
assumes vbrelation r and vbrelation s
shows vbrelation (r U, s)
using assms by auto

lemma vbrelation-vunionD| dest]:
assumes vbrelation (r U, $)
shows vbrelation r and vbrelation s
using assms by auto

lemma (in vbrelation) vbrelation-vintersectionl: vbrelation (r Ny )
using vbrelation-axioms by auto

lemma (in vbrelation) vbrelation-vdiffI: vbrelation (r — )
using vbrelation-azioms by auto

Connections.

lemma vbrelation-vempty: vbrelation 0 by auto
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lemma vbrelation-vsingleton: vbrelation (set {{a, b)}) by auto
lemma vbrelation-vdoubleton: vbrelation (set {{a, b), (¢, d)}) by auto
lemma vbrelation-vid-on[ simp]: vbrelation (vid-on A) by auto
lemma vbrelation-vconst-on[simp]: vbrelation (vconst-on A ¢) by auto

lemma vbrelation-VLambda[ simp]: vbrelation (VLambda A f)
unfolding VLambda-def by (intro vbrelationI) auto

global-interpretation rel-VLambda: vbrelation < VLambda U f>
by (rule vbrelation-VLambda)

lemma vbrelation-vcomp:
assumes vbrelation r and vbrelation s
shows vbrelation (r o, s)
using assms by auto

lemma (in wvbrelation) vbrelation-vconverse: vbrelation (r71,)
using vbrelation-axioms by clarsimp

lemma vbrelation-vlrestriction[intro, simp): vbrelation (r M, A) by auto
lemma vbrelation-vrrestriction[ intro, simp]: vbrelation (r "o A) by auto

lemma vbrelation-vrestriction[intro, simp]: vbrelation (r . A) by auto

Previous connections.

lemma (in wvbrelation) vconverse-vconverse[simpl: (r~1)7 1o = r
using vbrelation-axioms by auto

lemma vconverse-mono[ simp]:
assumes vbrelation r and vbrelation s
shows r 1, c, sl «> 1rcy s
using assms by (force intro: vconverse-vunion)+

lemma vconverse-inject| simp]:
assumes vbrelation r and vbrelation s
shows !, = st <> r=35s
using assms by fast

lemma (in vbrelation) vconverse-vsubset-swap-2:
assumes r‘lo G §
shows r ¢, s1,

using assms vbrelation-axioms by auto

lemma (in vbrelation) virestriction-vdomain[simp]: r t's Do r = 1
using vbrelation-axioms by (elim vbrelationE) auto

lemma (in vbrelation) vrrestriction-vrange[simpl: v "o Ro 7 =1
using vbrelation-azioms by (elim vbrelationF) auto

Special properties.

lemma brel-vsubset-vtimes:
vbrelation 7 «— 1 S, set (ufst © elts 1) %o set (vsnd * elts )
by force
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lemma wvsubset-vtimes-vbrelation:
assumes r S, A x, B
shows vbrelation r
using assms by auto

lemma (in vbrelation) vbrelation-vintersection-vdomain:
assumes vdisjint (Do 1) (D, $)
shows wvdisjnt r s
proof(intro vsubset-antisym vsubsetl)
fix z assume z €, 7 Ny §
then obtain a b where (a, b) €, r N, s
by (metis vbrelationE1 vbrelation-vintersectionl )
with assms show x €, 0 by auto
qed simp

lemma (in vbrelation) vbrelation-vintersection-vrange:
assumes vdisjnt (Ro ) (Ro $)
shows wvdisjnt r s
proof(intro vsubset-antisym vsubsetl)
fix £ assume z €, 7 Ny S
then obtain a b where (a, b) €, r N, s
by (metis vbrelationE1 vbrelation-vintersectionl )
with assms show x €, 0 by auto
qed simp

lemma (in vbrelation) vbrelation-vintersection-vfield:
assumes vdisjnt (vfield r) (vfield s)
shows wvdisjnt r s
proof(intro vsubset-antisym vsubsetl)
fix x assume z €, r N,
then obtain a b where (a, b) €, r N, s
by (metis vbrelationE1 vbrelation-vintersectionl )
with assms show z €, 0 by auto
qed auto

lemma (in vbrelation) vdomain-vrange-vtimes: r Co Do 1 X6 Ro T
using vbrelation by auto

lemma (in vbrelation) vbrelation-vsubset-vtimes:
assumes D, r ¢, Aand R, r S, B
shows r ¢, A x, B
proof(intro vsubsetl)
fix x assume prems: z €, r
with vbrelation obtain a b where z-def: z = (a, b) by auto
from prems have a: a €, D, 7 and b: b €, R, r unfolding z-def by auto
with assms have a €, A and b €, B by auto
then show z €, A x, B unfolding z-def by simp
qed

lemma (in vbrelation) virestriction-vsubset-vrange[intro, simp]:
assumes D, r S, A
shows r [l A =7
proof(intro vsubset-antisym)
show r ¢, r ! 4
by (rule virestriction-mono[ OF assms, of r, unfolded vlrestriction-vdomain])
qed auto

lemma (in vbrelation) vrrestriction-vsubset-vrange[intro, simp]:
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assumes R, r S, B
shows r ", B=r
proof(intro vsubset-antisym)
show r ¢, r |", B
by (rule vrrestriction-mono[ OF assms, of r, unfolded vrrestriction-vrange])
qed auto

lemma (in vbrelation) vbrelation-vcomp-vid-on-left[ simp]:
assumes R, 7 S, A
shows vid-on A oy 7 =1
using assms by auto

lemma (in vbrelation) vbrelation-vcomp-vid-on-right[ simp]:
assumes D, r S, A
shows r o, vid-on A =r
using assms by auto

Alternative forms of existing results.

lemmas [intro, simp] = vbrelation.vconverse-vconverse
and [intro, simp] = vbrelation.virestriction-vsubset-vrange
and [intro, simp] = vbrelation.vrrestriction-vsubset-vrange

Simple single-valued relation

locale vsv = wvbrelation r for r +
assumes vsv: [ (a, b) & 75 (a, c) o 7 ]] = b=¢

Rules.

lemmas (in vsv) [intro] = vsv-azioms

mk-ide rf vsv-def[unfolded vsv-azioms-def]
|intro vsvl[intro]|
|dest vsvD[dest]|
|elim vsvE[elim]|

Set operations.

lemma (in vsv) vsv-vinsert[simp):
assumes a ¢, D, T
shows wvsv (vinsert (a, b) r)
using assms vsv-axioms by blast

lemma vsv-vinsertD:
assumes vsv (vinsert x 1)
shows wvsv r
using assms by (intro vsvl) auto

lemma vsv-vunion[intro, simp]:
assumes vsv r and vsv s and vdisjnt (Do 1) (D, s)
shows vsv (r U, §)
proof
from assms have F: [[ (a, b) €, 7; (a, ¢) €, s ]| = False for a b ¢
using elts-0 by blast
fix a b c assume (a, b) €, r U, s and (a, ¢) € r U, s
then consider

(a, b) € 7 A {(a, ¢) & 1
| (a, b) € 7 A {a, ¢) & s
| (a, b) €5 s A {a, c) €& T
| (a, b) €5 s A {a, c) € s



CHAPTER 2. SET THEORY FOR CATEGORY THEORY

by blast
then show b = ¢ using assms by cases auto
qed (use assms in auto)

lemma (in vsv) vsv-vintersection|intro, simpl: vsv (1 Ny §)
using vsv-arioms by blast

lemma (in vsv) vsv-vdiff [intro, simp]: vsv (r —, s) using vsv-azioms by blast

Connections.

lemma vsv-vempty|simp]: vsv 0 by auto
lemma vsv-vsingleton[simp]: vsv (set {{a, b)}) by auto

global-interpretation rel-vsingleton: vsv <set {{a, b)}
by (rule vsv-vsingleton)

lemma vsv-vdoubleton:
assumes a # ¢
shows wvsv (set {{a, b), (¢, d)})
using assms by (auto simp: vinsert-set-insert-eq)

lemma vsv-vid-on[simp]: vsv (vid-on A) by auto
lemma vsv-vconst-on[simp]: vsv (vconst-on A ¢) by auto
lemma vsv-VLambda[ simp]: vsv (AacA. f a) by auto

global-interpretation rel-VLambda: vsv <(AacA. f a))
unfolding VLambda-def by (intro vsvl) auto

lemma vsv-vcomp:
assumes vsv r and vsv §
shows vsv (1 o, $)
using assms
by (intro vsvl; elim vsvE) (simp add: vbrelation-vcomp, metis vcompD)

lemma (in wvsv) vsv-vlrestriction[intro, simp]: vsv (r 1, A)
using vsv-azioms by blast

lemma (in vsv) vsv-vrrestriction[intro, simp]: vsv (r 7o A)
using vsv-arioms by blast

lemma (in vsv) vsv-vrestriction[intro, simp]: vsv (r 1o A)
using vsv-azioms by blast

Special properties.

lemma small-vsv[simp]: small {f. vsv f A Do f = AANRs f S, B}
proof-
have small {f. f So A x, B} by (auto simp: small-iff)
moreover have {f. vsv f AD, f = AAR, [ So B} € {f. f So A x, B}
by auto
ultimately show small {f. vsu f A Do f = A A Ro f So B}
by (auto simp: smaller-than-small)
qed

context vsv
begin
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lemma vsv-exl:
assumes a €, D, r
shows 31b. (a, b) € r
using vsv-azioms assms by auto

lemma vsv-exl-appl:

assumes a €, D, r

shows b = r(a)) <— (a, b) & r
proof

assume b-def: b = r(a]) show (a, b) €,

unfolding app-def b-def by (rule thel’) (rule vsv-ex1[ OF assms])

next

assume [simp]: (a, b) € r

from assms vsv-azioms vsvD have THE-b: (THE y. (a, y) €, r) = b by auto

show b = r(|a]) unfolding app-def THE-b[symmetric] by (rule refl)
qed

lemma vsv-ex1-app2[iff]:
assumes a €, D, r
shows r(a]) = b «— (a, b) &, 7
using vsv-exl-appl[ OF assms] by auto

lemma vsv-appl[intro, simp]:
assumes (a, b) € r
shows r(a) = b
using assms by (subgoal-tac <a €, Do 1) auto

lemma vsv-appE:
assumes r(a)) = b and a €, D, r and (a, b) ¢, r = P
shows P
using assms vsv-exl-appl by blast

lemma vdomain-vrange-is-vempty: D, r = 0 «<— R, r = 0 by fastforce

lemma vsv-vrange-vempty:
assumes R, r =0
shows r =0
using assms vdomain-vrange-is-vempty vlrestriction-vdomain by auto

lemma vsv-vdomain-vempty-vrange-vempty:
assumes D, r # 0
shows R, r # 0
using assms by fastforce

lemma vsv-vdomain-vsingleton-vrange-vsingleton:
assumes D, r = set {a}
obtains b where R, r = set {b}
proof-
from assms obtain b where ab: (a, b) €, r by auto
then have (q, ¢) ¢, 7 = ¢ = b for ¢ by (auto simp: vsv)
moreover with assms have (b, ¢} ¢, r = ¢ = a for ¢ by force
ultimately have (¢, d) ¢, r = d = b for ¢ d
by (metis app-vdomainl assms vsingletonD)
with ab have R, r = set {b} by blast
with that show ?thesis by simp
qed
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lemma vsv-vsubset-vimagek:
assumes BS, r 5 A
obtains C where C ¢, Aand B=71 % C
proof-
define C where C-def: C = (r™', 4" B) n, A
then have C <, A by auto
moreover have B=1 % C
unfolding C-def
proof(intro vsubset-antisym vsubsetl)
fix b assume b ¢, B
with assms obtain a where a €, A and (a, b) € r
using app-vimageF vsubsetD by metis
then have a €, 71, B n, A by (auto simp: <b €, B»)
then show b e, 7 % (171, 5 B n, A) by (auto intro: ({a, b) € 1)
qed (use vsv-azioms in auto)
ultimately show ?thesis using that by auto
qed

lemma vsv-vimage-eql [ intro]:
assumes a €, D, 7 and r(a]) = band a €, A
shows be, %5 A
using assms(2)[unfolded vsv-exl-app2[ OF assms(1)]] assms(3) by auto

lemma vsv-vimagel1:
assumes a €, D, rand a €, A
shows r(a]) & 7 % A
using assms by (simp add: vsv-vimage-eql)

lemma vsv-vimagel?2:
assumes a €, D, r
shows r(al) €; Ro 7
using assms by (blast dest: vsv-exl-appl)

lemma vsv-vimagel2":
assumes b = r(a]) and a €, D, 7
shows b e, Ro r
using assms by (blast dest: vsv-exl-appl)

lemma vsv-value:
assumes a €, D, r
obtains b where r(a]) = band b ¢, R, 7
using assms by (blast dest: vsv-exl-appl)

lemma vsv-vimagekL:
assumes b, r 5 A
obtains z where r(z) = band z ¢, A
using assms vsv-axioms vsv-exl-app2 by blast

lemma vsv-vimage-iff: b €, r 5 A <« (Ja. a €c AN a € Dy v A r(a]) = b)
using vsv-azioms by (blast intro: vsv-exl-appl[ THEN iffD1])+

lemma vsv-vimage-vsingleton:
assumes a €, D, r
shows r %, set {a} = set {r(a))}
using assms by force

lemma vsv-vimage-vsubsetl:
assumes Aa. [[ a €&, A; a €, Do 17 ]] = r(al) €, B



CHAPTER 2. SET THEORY FOR CATEGORY THEORY

shows r 4 A<, B
using assms by (metis vsv-vimage-iff vsubsetl)

lemma vsv-image-vsubset-iff:
75 ACS B+« (Vac,A. a €, Do r — r(al) €& B)
by (auto simp: vsv-vimage-iff)

lemma vsv-vimage-vinsert:
assumes a €, D, r
shows r , vinsert a A = vinsert (r(al)) (r % A)
using assms vsv-vimage-iff by (intro vsubset-antisym vsubsetl) auto

lemma vsv-vinsert-vimage[intro, simp]:
assumes a €, D, r and a €, A
shows vinsert (r(al)) (r %5 A) =r % A
using assms by auto

lemma vsv-is-VLambda[ simp]: (Az€.Do . r(zf)) = r
using vbrelation
by (auto simp: app-vdomainl VLambda-iff2 intro!: vsubset-antisym)

lemma vsv-is- VLambda-on-vlrestriction[intro, simp):
assumes A S, D, r
shows (\ze,A. r(z) = r 1y A
using assms by (force simp: VLambda-iff2)+

lemma pairwise-vimagel:
assumes Az y.

[ 2€ Dor;yeco Dorsaityr(a) #r(y) | = P (r(z)) (r(y))
shows vpairwise P (Ro 1)

by (intro vpairwisel) (metis assms app-vdomainl app-vrangeE vsv-appl)

lemma vsv-vrange-vsubset:
assumes Az. z €, Do r = r(z)) & A
shows R, r S, 4
using assms by fastforce

lemma vsv-vlrestriction-vinsert:
assumes a €, D, r
shows r M, vinsert a A = vinsert (a, r(al)) (r Mo A)
using assms by (auto intro!: vsubset-antisym)

end

lemma vsv-eql:
assumes vsv r
and vsv s
and D, r = D, s
and Aa. a €, D, 1 = r(a) = s(al
shows r = s
proof(intro vsubset-antisym vsubsetl)
interpret r: vsv r by (rule assms(1))
interpret s: vsv s by (rule assms(2))
fix z assume z €, r
then obtain a b where z-def[simp]: z = (a, b) and a €& D, r
by (elim r.vbrelation-vinE)
with <z €, m have r(a|) = b by simp
with assms <a €, D, 7 show z €, s by fastforce
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next
interpret r: vsv r by (rule assms(1))
interpret s: vsv s by (rule assms(2))
fix z assume z € s
with assms(2) obtain a b where z-def[simp]: = = (a, b) and a €, D, s
by (elim vsvE) blast
with assms «x €, $» have s(a]) = b by blast
with assms <a €, D, s» show x €, r by fastforce
qed

lemma (in vsv) vsv-VLambda-cong:

assumes Aa. a €, Do r = r(a]) = fa

shows (Aa€,D, 7. fa) =7
proof(rule vsv-eql [ symmetric])

show D, r = D, (VLambda (D, 1) f) by simp

fix a assume a: a €, Do

then show r(a)) = VLambda (D, ) f (a]) using assms(1)[OF a] by auto
qed auto

lemma Axiom-of-Choice:
obtains f where Az. 1 €, A = 2 # 0 = f(z]) €&, =z and vsv f
proof-
obtain f where f: 2 ¢, A = 1z # 0 = f(z]) & z for z
by (metis beta vemptyE)
define f’' where [’ = (A\ze, A. f(z])
have z ¢, A = 2z # 0 = f'(z]) & z for =
unfolding f’-def using f by simp
moreover have vsv f’ unfolding f’-def by simp
ultimately show ?thesis using that by auto
qed

lemma VLambda-eql:
assumes X = Yand Az. 26, X = fz =gz
shows (Aze, X. fz) = (A\yeo Y. g 9)
proof(rule vsv-eql, unfold vdomain-VLambda; (intro assms(1) wvsv-VLambda)?)
fix z assume 7z €, X
with assms show VLambda X f(z]) = VLambda Y g(z]) by simp
qed

lemma VLambda-vsingleton-def: (Nie.set {j}. f1) = (Nieoset {j}. f7) by auto

Alternative forms of the available results.

lemmas [iff] = vsv.vsv-ex1-app2
and [intro, simp] = vsv.vsv-appl

and [elim] = vsv.vsv-appE

and [intro] = vsv.vsv-vimage-eql

and [simp] = vsv.vsv-vinsert-vimage

and [intro] = vsv.vsv-is- VLambda-on-vlrestriction
and [simp] = vsv.vsv-is- VLambda

and [intro, simp] = vsv.vsv-vintersection

and [intro, simp] = vsv.vsv-vdiff

and [intro, simp| = vsv.vsv-vlrestriction

and [intro, simp] = vsv.vsv-vrrestriction

and [intro, simp] = vsv.vsv-vrestriction

Specialization of existing properties to single-valued relations.

Identity relation.
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lemma vid-on-eq-atl[intro, simp]:
assumes ¢ = band a €, A4
shows vid-on A (ja]) = b
using assms by auto

lemma vid-on-atl[intro, simp]:
assumes a €, A
shows vid-on A (a]) = a
using assms by auto

lemma vid-on-at-iff [ intro, simp]:
assumes a €, A
shows vid-on A (a)) =b<«—> a=>
using assms by auto

Constant function.

lemma vconst-on-atl[simp]:
assumes a €, A
shows vconst-on A ¢ (a]) = ¢
using assms by auto

Composition.

lemma vcomp-atl[intro, simp]:

assumes vsv 1
and vsv s
and a €, D,
and b & D, s
and s(b)) = ¢
and r(a]) = b

shows (s o, r)(al) = ¢

using assms by (auto simp: app-invimagel intro!: vsv-vcomp)

lemma vcomp-atD| dest]:
assumes (s o, r)(al) = ¢
and vsv r
and vsv s
and a &, D, r
and r(a)) €& D, s
shows 3b. s(b) = c A r(a) = b
using assms by (metis vcomp-atl)

lemma vcomp-atFE1:
assumes (s o, 7)(a)) = ¢
and vsv r
and vsv s
and a €, D, r
and r(a)) € D, s
and 30b. (b)) = c A r(a) =b = P
shows P
using assms assms vcomp-atD by blast

lemma vcomp-atE[ elim]:
assumes (s o, 7)(a)) = ¢
and vsv r
and vsv s
and a € D, r
and r(a)) €& D, s
obtains b where r(a]) = b and (b)) = ¢
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using assms that by (force elim!: vcomp-atE1)

lemma vsv-vcomp-at[ simp]:
assumes vsv r and vsv s and a €, D, r and r(a|) €& Do s
shows (s o, r)(a) = s(r(a))
using assms by auto

context vsv
begin

Converse relation.

lemma vconverse-atl[intro]:
assumes a €, D, r and r(a)) = b
shows (b, a) €, 1,

using assms by auto

lemma vconverse-atD[ dest]:
assumes (b, a) €, 71,
shows r(a]) = b

using assms by auto

lemma vconverse-atE[elim]:
assumes (b, a) € 7', and r(a) = b = P
shows P
using assms by auto

lemma vconverse-iff:
assumes a €, D, r
shows (b, a) €, 71, «— r(al) = b
using assms by auto

Left restriction.

interpretation virestriction: vsv <r 1y Ay by (rule vsv-vlrestriction)

lemma virestriction-atI[intro, simp]:
assumes a €& D, r and a €, A and r(a]) = b
shows (r M, A)(al) = b
using assms by (auto simp: vdomain-virestriction)

lemma virestriction-atD[ dest]:
assumes (7 ', A)(a)) = band a €, D, rand a €, A
shows r(la]) = b
using assms by (auto simp: vdomain-virestriction)

lemma virestriction-atE1[ elim]:
assumes (r [, A)(a) = b
and a € D, r
and a & A
and r(a) =b=— P
shows P
using assms virestrictionD by blast

lemma virestriction-atE2[ elim]:
assumes z € 1 Mo A
obtains a b where z = (a, b) and a €, A and r(a]) = b
using assms by auto

Right restriction.

72



CHAPTER 2. SET THEORY FOR CATEGORY THEORY

interpretation vrrestriction: vsv <r "o A> by (rule vsv-vrrestriction)

lemma vrrestriction-atl[intro, simp):
assumes a €, D, 7 and b €, A and r(a]) = b
shows (r 175 A)(a]) = b
using assms by (auto simp: app-vrrestrictionl)

lemma vrrestriction-atD[ dest]:
assumes (7 |7 A)(a)) =band ae, 7 -% A
shows b ¢, A and r(a]) = b
using assms by force+

lemma vrrestriction-atE1[ elim]:
assumes (7 |7y A)(a)) =band a e r -% A and r(a) = b = P
shows P
using assms by (auto simp: vrrestriction-atD(2))

lemma vrrestriction-atE2[ elim]:
assumes r €, r |7, A
obtains a b where z = (a, b) and b €, A and r(al) = b
using assms unfolding wvrrestriction-def by auto

Restriction.

interpretation vrestriction: vsv <r 1, Ay by (rule vsv-vrestriction)

lemma vlrestriction-app[intro, simp]:
assumes a €, D, r and a €, A
shows (7 M, A)(al) = r(al)

using assms by auto

lemma vrestriction-atD[ dest]:
assumes (7 |, A)(a) =band a e, r -, Aand a ¢, A
shows b ¢, A and r(a)) = b
proof-
from assms have a €, D, r by auto
then show r(al) = b
by
(
metis
assms
app-invimageD1
vrrestriction.vlrestriction-atD
vrrestriction-atD(2)
vrrestriction-vlrestriction
)
then show b ¢, A using assms(2) by blast
qed

lemma vrestriction-atE1[ elim]:
assumes (7 |, A)(a]) = b
and a & r—-% A
and a & A
and r(a) =b=— P
shows P
using assms vrestriction-atD(2) by blast

lemma vrestriction-atE2[ elim]:
assumes r €, 7 [, A



CHAPTER 2. SET THEORY FOR CATEGORY THEORY

obtains a b where z = (a, b)) and a €, A and b ¢, A and r(a]) = b
using assms unfolding vrestriction-def by clarsimp

Domain.

lemma vdomain-atD:
assumes a €, D, r
shows 3be, R, 7. r(al) = b
using assms by (blast intro: vsv-vimagel2)

lemma vdomain-atE:
assumes a €, D, r
obtains b where b ¢, R, r and r(a]) = b
using assms by auto

Range.

lemma vrange-atD:
assumes b €, R, r
shows Jae, D, 7. r(a]) = b
using assms by auto

lemma vrange-atF:
assumes b €, R, r
obtains ¢ where a ¢, D, r and r(a]) = b
using assms by auto

Image.

lemma vimage-set-eq-at:
{b. JaccA ny Dy 1. r(al) = b} = {b. Fac, A. (a, b) & 1}
by (rule subset-antisym; rule subsetl; unfold mem-Collect-eq) auto

lemma vimage-small[ simp]: small {b. Jac. A N Do . 7(al) = b}
unfolding vimage-set-eq-at by auto

lemma vimage-set-def: r ‘s A = set {b. 3ac, A N, Do 7. 7(al) = b}
unfolding vimage-set-eq-at by (simp add: app-vimage-set-def)

lemma vimage-set-iff: b €, v ‘5 A «— (FacoA Ny Do 1. 7(al) = b)
unfolding vimage-set-eq-at using vsv-vimage-iff by auto

Further derived results.

lemma vimage-image:
assumes A S, D, r
shows elts (r 5 A) = (Az. r(z)) * (elts A)
using vimage-def assms small-elts by blast

lemma vsv-vinsert-match-appl[intro, simp]:
assumes a ¢, D, T
shows vinsert (a, b) r (a]) = b
using assms vsv-axioms by simp

lemma vsv-vinsert-no-match-appl:
assumes a ¢, D, rand c €, D, r and r (c]) = d
shows wvinsert {a, b) r (c]) = d
using assms vsv-axioms by simp

lemma wvsv-is-vconst-onl:
assumes D, r = A and R, r = set {a}
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shows r = vconst-on A a
unfolding assms(1)[symmetric]
proof(cases <D, 1 = 0)
case True
with assms show r = vconst-on (D, 1) a
by (auto simp: vdomain-vrange-is-vempty)
next
case Fulse
show r = vconst-on (D, 1) a
proof(rule vsv-eql)
fix o’ assume prems: a’ €, D, T
then obtain b where r(a’) = b and b €, R, r by auto
moreover then have b = ¢ unfolding assms by simp
ultimately show r(a’) = vconst-on (D, r) a(a’]) by (simp add: prems)
qed auto
qed

lemma vsv-vdomain-vrange-vsingleton:
assumes D, r = set {a} and R, r = set{b}
shows r = set {(a, b)}
using assms vsv-is-vconst-onl by auto

end

Alternative forms of existing results.

lemmas [intro] = vsv.vconverse-atl

and vsv-vconverse-atD[ dest] = vsv.vconverse-atD|rotated)]

and vsv-vconverse-atE[ elim] = vsv.vconverse-atE[rotated]

and [intro, simp] = vsv.virestriction-atl

and vsv-virestriction-atD|[ dest] = vsv.vlrestriction-atD|[ rotated]

and vsv-virestriction-atE1[ elim] = vsv.vlrestriction-atE1[ rotated]

and wvsv-vlrestriction-atE2[ elim] = vsv.virestriction-atE2[rotated)

and [intro, simp] = vsv.vrrestriction-atl

and vsv-vrrestriction-atD[ dest] = vsv.vrrestriction-atD[ rotated]

and vsv-vrrestriction-atE1[elim] = vsv.vrrestriction-atE1[rotated]

and vsv-vrrestriction-atE2[ elim] = vsv.vrrestriction-atE2[rotated]

and [intro, simp] = vsv.virestriction-app

and vsv-vrestriction-atD[ dest] = vsv.vrestriction-atD|rotated]

and vsv-vrestriction-atE1[ elim] = vsv.vrestriction-atE1[ rotated]

and vsv-vrestriction-atE2[ elim] = vsv.vrestriction-atE2[ rotated)

and vsv-vdomain-atD = vsv.vdomain-atD[rotated]

and vsv-vdomain-atE = vsv.vdomain-atE[rotated]

and vrange-atD = vsv.vrange-atD|rotated]

and vrange-atE = vsv.vrange-atE|[rotated)]

and vsv-vinsert-match-appl[intro, simp] = vsv.vsv-vinsert-match-appl

and vsv-vinsert-no-match-appl|[intro, simp] =
vsv.vsv-vinsert-no-match-appl [ rotated 3]

Corollaries of the alternative forms of existing results.

lemma vsv-virestriction-vrange:
assumes vsv s and vsv (r !y R, s)
shows vsv (1 o, $)
proof(rule vsvl)
show vbrelation (r o, s) by auto
fix a ¢ ¢’ assume (a, ¢) €, 7 06 s (a, ¢') €, 17 05 s
then obtain b and b’
where ab: (a, b) € s
and be: (b, ¢) € 1
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and ab” (a, b') & s
and b'c”: (b, ¢) e 1
by clarsimp
moreover then have b ¢, R, s and b’ ¢, R, s by auto
ultimately have (b, c) €, (r I, Ro s) and (b/, ¢} & (7 Mo Ro s) by auto
with ab ab’ have (a, c) & (r s Ro 5) 0, s and (a, ¢} € (7 Mo Ro 8) 00 s
by blast+
moreover from assms have vsv ((r 'y Ro 8) o, s) by (intro vsv-vcomp)
ultimately show c = ¢’ by auto
qed

lemma vsv-vunion-app-right[ simp]:
assumes vsv r and vsv s and vdisjnt (D, 1) (D, s) and z €, D, s
shows (r U, s)(z) = s(z)
using assms vsubsetD by blast

lemma vsv-vunion-app-left[ simp]:
assumes vsv r and vsv s and vdisjnt (D, 1) (D, s) and z € D, 7
shows (7 U, s)(z]) = r(z)
using assms vsubsetD by blast

One-to-one relation

locale v11 = vsv r for r +
assumes vsv-vconverse: vsv (r71,)

Rules.

lemmas (in vll) [intro] = vll-azioms

mk-ide rf v11-def[unfolded v11-azioms-def]
|intro v111[intro]|
|dest v11D[dest]|
|elim v11E[elim]|

Set operations.

lemma (in v11) vll-vinsert[intro, simp]:
assumes a ¢, D, rand b ¢, R,
shows vl1 (vinsert (a, b) )
using assms vll-axioms
by (intro v11I; elim v11E) (simp-all add: vconverse-vinsert vsv.vsv-vinsert)

lemma v11-vinsertD:
assumes vll (vinsert x 1)
shows v11 r
using assms by (intro v11I) (auto simp: vsv-vinsertD)

lemma v11-vunion:
assumes vll r
and vll s
and vdisjnt (Do 1) (D, 8)
and vdisjnt (Ro 1) (Ro 8)
shows v1l (r U, §)
proof
interpret r: v1l r by (rule assms(1))
interpret s: v11 s by (rule assms(2))
show wvsv (1 U, s) by (simp add: assms v11D)
from assms show wvsv ((r U, 5)71,)
by (simp add: assms r.vsv-vconverse s.vsv-vconverse vVCONVETSe-vunion)
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qed

lemma (in v11) vll-vintersection|intro, simp]: v11 (r N, 8)
using vll-azioms by (intro v11I) auto

lemma (in v11) v11-vdiff [intro, simp]: v11 (r — 8)
using vl1-azioms by (intro v11I) auto

Special properties.

lemma (in vsv) vsv-valneq-v11I:
assumes Az y. [[2 €6 Doy o Doy x4y || = r(z) # r(y)
shows vll r
proof(intro v11I)
from vsv-axioms show vsv r by simp
show vsv (r71,)
by
(
metis
assms
vbrelation-vconverse
veonverse-atD
app-vrangel
vrange-vconverse
vsvl

)

qed

lemma (in vsv) vsv-valeg-v111:
assumes Az y. [z 6 Doy Doryr(z) =r(y) ] =z =1y
shows v11 r
using assms vsv-valneg-vl1l by auto

Connections.

lemma vll-vempty[simp]: v11 0 by (simp add: v11I)
lemma vll-vsingleton[simp]: v11 (set {{a, b)}) by auto

lemma v11-vdoubleton:
assumes a # cand b # d
shows v11 (set {(a, b), (¢, d)})
using assms by (auto simp: vinsert-set-insert-eq)

lemma v11-vid-on[simp]: v11 (vid-on A) by auto

lemma v11-VLambda[intro]:
assumes inj-on [ (elts A)
shows v1l (Aac,A. f a)

proof(rule rel-VLambda.vsv-valneq-v111)
fix zy

assume z €, D, (Aac,A. fa) and y €, D, (Aac.A. fa) and z # y

then have z ¢, A and y €, A by auto
with assms <z # y» have fz 4 fy by (auto dest: inj-onD)
then show (A\ae.A. fa)(z) # (Nac.A. [ a)(y)
by (simp add: <z €, A) <y €5 A))
qed

lemma v11-vcomp:
assumes v1l r and v1l s
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shows 011 (r o, s)
using assms by (intro v111; elim v11E) (auto simp: vsv-vcomp vconverse-vcomyp)

context vll
begin

lemma vll-vconverse: v11 (r~1,) by (auto simp: vsv-axioms vsv-vconverse)
interpretation v11 «r~1,» by (rule vl1-vconverse)

lemma vl1-virestriction[intro, simp]: v11 (r M, A)
using vsv-vrrestriction by (auto simp: vrrestriction-vconverse)

lemma vll-vrrestriction|intro, simp]: v11 (r |7y A)
using vsv-virestriction by (auto simp: virestriction-vconverse)

lemma vll-vrestriction[intro, simp]: v11 (r 1o A)
using vsv-vrestriction by (auto simp: vrestriction-vconverse)

end

Further Special properties.

context vll
begin

lemma vl11-injective:
assumes a €, D, 7 and b €, D, r and r(al) = (b))
shows a = b
using assms vll-axzioms by auto

lemma v11-double-pair:
assumes a €, D, 7 and a’' €, D, r and r(a)) = b and r(a’]) = b’
shows a = a' «— b =10’
using assms vll-axzioms by auto

lemma vll-vrange-exl-eq: b €, Ro 7 «— (Ilac.Do r. r(al) = b)
proof(rule iffT)
from app-vdomainl vll-injective show
beo Ro r = 3la. a €, Dy r A r(a) = b
by (elim app-vrangeE) auto
show Fla. a €, Do r Ar(a)) =b = be, Ro 1
by (auto intro: vsv-vimagel2)
qed

lemma v11-VLambda-iff: inj-on f (elts A) «— vll (Aac.A. f a)
by (rule iffT; (intro inj-onl | tacticiall-tacy))
(auto simp: v1l.vll-injective)

lemma vl1-vimage-vpsubset-neq:
assumes A S, D, rand B S, D, r and A # B
shows r 5 A4 r % B
proof-
from assms obtain ¢ where AB: a ¢, AV a ¢, Band nAB: a ¢, AV a ¢, B
by auto
then have r(al) ¢o 7 5 AV r(a) ¢ r %5 B
unfolding vsv-vimage-iff by (metis assms(1,2) vll-injective vsubsetD)

moreover from AB nAB assms(1,2) have r(al) ;. 7 5 AV r(a) & r 5 B
by auto
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ultimately show r , A # r %, B by clarsimp
qed

lemma v11-eg-iff[ simp]:
assumes a €, D, rand b e, D, r
shows r(a]) = r(b) < a =1
using assms vl1-double-pair by blast

lemma v11-vcomp-vconverse: vty o, r = vid-on (D, r)

proof(intro vsubset-antisym vsubsetl)
fix » assume prems: z €, 771, 0o 7
then obtain a ¢ where z-def: z = (a, ¢) and a: a €& D, r by auto
with prems obtain b where (a, b) €, 7 and (b, ¢) €, 7%, by auto
with vll.vsv-vconverse vll-axioms have ca: ¢ = a by auto
from a show z €, vid-on (D, r) unfolding z-def ca by auto

next
fix z assume z €, vid-on (D, 1)
then obtain a where z-def: © = (a, a) and a: a €, D, 1 by clarsimp
then obtain b where (a, b) €, r by auto
then show z €, 7!, o, 7 unfolding z-def using a by auto

qed

lemma v11-vcomp-vconverse”: r o, r71, = vid-on (Ro 1)
using v11.v11-vcomp-vconverse vll-vconverse by force

lemma vll-vconverse-app[ simp]:
assumes r(a) = band a & D, r
shows r1,(b) = a
using assms by (simp add: vsv.vconverse-iff vsv-azioms vsv-vconverse)

lemma v11-vconverse-app-in-vdomain:
assumes y €, Ro 7
shows r 1, (y) € Do
using assms vll-vconverse
unfolding vrange-vconverse[ symmetric]
by (auto simp: v11-def)

lemma v11-app-if-vconverse-app:
assumes y €, R, r and 7 1,(y) = =
shows r(z) = y
using assms vsv-vconverse by auto

lemma v11-app-vconverse-app:
assumes a €, R, 7
shows r(r1,(a)) = a
using assms by (meson v1l-app-if-vconverse-app)

lemma v11-vconverse-app-app:
assumes a €, D, r
shows r 1. (r(a))) = a
using assms vll-vconverse-app by auto

end

lemma v11-virestriction-vsubset:
assumes vll (f My A) and B c, A
shows v11 (f ' B)

proof-
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from assms have fB-def: f Mo B = (f t's A) I B by auto
show ?thesis unfolding fB-def by (intro v11.vl1-virestriction assms(1))
qed

lemma vll-vlrestriction-vrange:
assumes vll s and v1l (r t Ro s)
shows v1l (7 o, )
proof(intro v11I)
interpret vll s by (rule assms(1))
from assms vsv-vlrestriction-vrange show vsv (1 o, 8)
by (simp add: v1l.azioms(1))
show vsv ((7 0, 8)7%0)
unfolding vconverse-vcomp
proof(rule vsvl)
fix a ¢ ¢’ assume (a, c) € s %o 0, 771, (a, ¢') € 5715 05 7L,
then obtain b and b’
where (b, a) €, 1
and be: (¢, b) & s
and (b, a) & r
and b'c”: (', b') & s
by auto
moreover then have b ¢, R, s and b’ ¢, R, s by auto
ultimately have (b, a) €, (r I's R, s) and (b’, a) € (7 o Ro s) by auto
with assms(2) have bb" b = b’ by auto
from assms be[unfolded bb'] b'c’ show ¢ = ¢’ by auto
qged auto
qed

lemma vl1-virestriction-vcomp:
assumes vll (f ' A) and v11 (g Mo (f % A))
shows v11 ((g oo f) Mo A)
using assms vll-vlrestriction-vrange by (auto simp: assms(2) app-vimage-def)

Alternative forms of existing results.

lemmas [intro, simp] = v11.v11-vinsert
and [intro, simp] = v1l.v11l-vintersection

and [intro, simp] = v1l.v11-vdiff

and [intro, simp] = v1l.vl1l-vrrestriction
and [intro, simp] = vll.vl1l-vlrestriction
and [intro, simp] = v11l.vll-vrestriction
and [intro] = v11.v11-vimage-vpsubset-neq

2.4.5 Tools: mk-VLambda
ML«

(* low level unfold *)

(*Designed based on an algorithm from HOL-Types_To_Sets/unoverload_def.ML*)

fun pure_unfold ctxt thms = ctxt
[>

(
thms
|> Conv.rewrs_conv
[> Conv.try_conv
[> K
|> Conv.top_conv

)

|> Conv.fconv_rule;
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val msg_args = "mk_VLambda: invalid arguments"

val vsv_VLambda_thm = @{thm vsv_VLambda};
val vsv_VLambda_match = vsv_VLambda_thm
[> Thm.full_prop_of
|> HOLogic.dest_Trueprop
|> dest_comb
[> #2;

val vdomain_VLambda_thm = @{thm vdomain_VLambda};
val vdomain_VLambda_match = vdomain_VLambda_thm

[> Thm.full_prop_of

|> HOLogic.dest_Trueprop

|> HOLogic.dest_eq

[> #1

|> dest_comb

[> #2;

val app_VLambda_thm = @{thm ZFC_Cardinals.beta};
val app_VLambda_match = app_VLambda_thm

|> Thm.concl_of

|> HOLogic.dest_Trueprop

|> HOLogic.dest_eq

[> #1

[> strip_comb

[> #2

[> hd;

fun mk_VLabmda_thm match_t match_thm ctxt thm =
let
val thm_ct = Thm.cprop_of thm
val (_, rhs_ct) = Thm.dest_equals thm_ct
handle TERM ("dest_equals", _) => error msg_args

val insts = Thm.match (Thm.cterm_of ctxt match_t, rhs_ct)

handle Pattern.MATCH => error msg_args
in
match_thm
|> Drule.instantiate_normalize insts
|> pure_unfold ctxt (thm [> Thm.symmetric [> single)
end;

val mk_VLambda_vsv =

mk_VLabmda_thm vsv_VLambda_match vsv_VLambda_thm;
val mk_VLambda_vdomain =

mk_VLabmda_thm vdomain_VLambda_match vdomain_VLambda_thm;
val mk_VLambda_app =

mk_VLabmda_thm app_VLambda_match app_VLambda_thm;

val mk_VLambda_parser = Parse.thm --

(
Scan.repeat
(
(keyword < |vsv> -- Parse_Spec.opt_thm_name "|") ||
(keyword < |app> -- Parse_Spec.opt_thm_name "[") ||
(keyword < |[vdomain> -- Parse_Spec.opt_thm_name "[")
)

);
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fun process_mk_VLambda_thm mk_VLambda_thm (b, thm) ctxt =
let
val thm' = mk_VLambda_thm ctxt thm
val (res, ctxt') = ctxt
|> Local_Theory.note (b [[|> map (Attrib.check_src ctxt), single thm')
val _ = Proof_Display.print_theorem (Position.thread_data ()) ctxt' res
in ctxt' end;

fun folder_mk_VLambda (("|vsv", b), thm) ctxt =
process_mk_VLambda_thm mk_VLambda_vsv (b, thm) ctxt
| folder_mk_VLambda (("|app", b), thm) ctxt =
process_mk_VLambda_thm mk_VLambda_app (b, thm) ctxt
| folder_mk_VLambda (("|vdomain", b), thm) ctxt =
process_mk_VLambda_thm mk_VLambda_vdomain (b, thm) ctxt
| folder mk_VLambda _ _ = error msg_args

fun process_mk_VLambda (thm, ins) ctxt =
Jet
val _ = ins [> map fst [> has_duplicates op= [> not orelse error msg_args
val thm' = thm
|> singleton (Attrib.eval_thms ctxt)
|> Local_Defs.meta_rewrite_rule ctxt;
in fold folder_mk_VLambda (map (fn x => (x, thm')) ins) ctxt end;

val _ =
Outer_Syntax.local_theory
command-keyword <mk_VLambda>
"VLambda"
(mk_VLambda_parser >> process_mk_VLambda) ;
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2.5 Operations on indexed families of sets

2.5.1 Background

This section presents results about the fundamental operations on the indexed families of sets,
such as unions and intersections of the indexed families of sets, disjoint unions and infinite
Cartesian products.

Certain elements of the content of this section were inspired by elements of the content of
[50]. However, as previously, many other results were ported (with amendments) from the main
library of Isabelle/HOL.

abbreviation (input) imVLambda = V = (V = V) = V
where imVLambda A f = (Aac.A. fa) 5 A

2.5.2 Intersection of an indexed family of sets

syntax -VIFINTER = pttrn = V = V = V («(3Ns-€-./ -)» [0, 0, 10] 10)
syntax-consts -VIFINTER = Vlinter

translations Noze, A. f = CONST Vinter (CONST imVLambda A (Az. f))
Rules.

lemma vifintersectionl[intro]:
assumes [ # 0and Ai. i€, | = a & f1i
shows a €, (Noic.l. [ 1)
using assms by (auto intro!: vsubset-antisym)

lemma vifintersectionD[ dest]:
assumes a € (NoicI. fi) and i € [
shows a €, fi
using assms by blast

lemma vifintersectionE1][ elim]:
assumes a € (Noi€I. fi)and a €, fi = Pand i ¢, [ =— P
shows P
using assms by blast

lemma vifintersectionE3[ elim]:
assumes a € (Noi€.I. [ 1)
obtains Ai. ie,] = a & f1
using assms by blast

lemma vifintersectionE2[ elim]:
assumes a € (Noi€.I. [ 1)
obtains ¢ where i ¢, I and a &, f1
using assms by (elim vifintersectionE3) (meson assms VInterE2 app-vimageE)

Set operations.

lemma vifintersection-vempty-is[ simp]: (MNo+i€.0. f ) = 0 by auto

lemma vifintersection-vsingleton-is[ simp): (Noicoset{i}. fi) = f1
using elts-0 by blast

lemma vifintersection-vdoubleton-is[ simp]: (Noi€oset {i, j}. fi) =fin. fj
by
(

intro vsubset-antisym vsubsetl;
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(elim vifintersectionE3 | intro vifintersectionl)

)

auto

lemma vifintersection-antimonol:
assumes [ # 0O and [ ¢, J
shows (Nojeod. ) So (Noicol. f i)
using assms by blast

lemma vifintersection-antimono2:
assumes [ # 0and IS, Jand Ai. i€, [ = fiCo g
shows (Nojeod. ) So (Noi€ol. g 7)
using assms by blast

lemma vifintersection-vintersection:
assumes [ # 0 and J # 0
shows (Noicol. fi) No (Noiod. fi) = (Noieod U J. f1)

using assms by (auto intro!: vsubset-antisym)

lemma vifintersection-vintersection-family:
assumes [ # 0
shows (Noicsl. A i) No (Noieol. B i) = (Noiccl. Aine Bi)
using assms
by (intro vsubset-antisym vsubsetl, intro vifintersectionl | tacticall-tac))
blast+

lemma vifintersection-vunion:
assumes [ # 0 and J #£ 0
shows (Noi€ol. f i) Us (Noj€od. g7) = (Noi€ol. Nojeod. fi Us g )
using assms by (blast introl: vsubset-antisym)

lemma vifintersection-vinsert-is|intro, simp):
assumes [ # 0
shows (Noi € vinsert jI. fi) = fjne (Noi€ol. f1)
apply(insert assms, intro vsubset-antisym vsubsetl)
subgoal for b by (subgoal-tac <b €, fj» b €, (Noi€ol. f1)>) blast+
subgoal for b
by (subgoal-tac <b €, f > <b € (Noicol. f1)r)
(blast intro!: vsubset-antisym)+
done

lemma vifintersection- VPow:
assumes [ # 0
shows VPow (Noic.l. i) = (Noiol. VPow (f 1))
using assms by (auto intro!: vsubset-antisym)

Elementary properties.

lemma vifintersection-constant[intro, simp]:
assumes [ # 0
shows (Noye.l. ¢) = ¢
using assms by auto

lemma vifintersection-vsubset-iff:
assumes [ # 0
shows A ¢, (Noil. fi) «— (Viel. A, fi)
using assms by blast

lemma vifintersection-vsubset-lower:
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assumes i €, |
shows (Noi€I. f1i) So fi
using assms by blast

lemma vifintersection-vsubset-greatest:
assumes [ # 0and Ai. i 6 [ = A S, fi
shows A S, (Noic.I. [ 1)
using assms by (intro vsubsetl vifintersectionl) auto

lemma vifintersection-vintersection-value:
assumes i €, |

shows fi N, (Noi€ol. fi) = (NoicoI. [ 1)
using assms by blast

lemma vifintersection-vintersection-single:
assumes [ # 0
shows B U, (Noieol. A7) = (Noicl. B U, A ©)
by (insert assms, intro vsubset-antisym vsubsetl vifintersectionl)
blast+

Connections.

lemma vifintersection-vrange-VLambda: (Noi€ol. f1) = No (Ro (Aacol. fa))
by (simp add: vimage-VLambda-vrange-rep)
2.5.3 Union of an indexed family of sets

syntax -VIFUNION : pttrn = V = V = V («(3U.-€-./ -)» [0, 0, 10] 10)
syntax-consts -VIFUNION = VUnion

translations U.ze, 4. f = CONST VUnion (CONST imVLambda A (Ax. f))

Rules.
lemma vifunion-iff: b €, (Uoi€ol. fi) «— (FicI. b & f i) by force
lemma vifunionl|intro]:

assumes i €, [ and a €, fi

shows a €, (Ui 1. f1)
using assms by force

lemma vifunionD|[ dest]:
assumes a €, (Uote.I. f 1)
shows Jie,I. a & fi
using assms by auto

lemma vifunionE[elim!]:
assumes a €& (UoicI. fi)and Ai. [[ie [; a6 fi]] = R
shows R
using assms by auto

Set operations.

lemma vifunion-vempty-family[ simp]: (Uoi€sI. 0) = 0 by auto
lemma vifunion-vsingleton-is[simp]: (Uoi€.set {i}. fi) = f i by force
lemma vifunion-vsingleton-family[ simp]: (Uoi€.1. set {i}) = I by force

lemma vifunion-vdoubleton: (Uoicoset {4, j}. fi) = fi Uo f]



CHAPTER 2. SET THEORY FOR CATEGORY THEORY 86

using VLambda-vinsert vimage-vunion-left
by (force simp: VLambda-vsingleton simp: vinsert-set-insert-eq)

lemma vifunion-mono:
assumes [ S, Jand Ai. i€, | = fi S, g1
shows (Ui I. fi) So (Uojeod. g 7)
using assms by force

lemma vifunion-vunion-is: (Uoci€o1. 1) Uo (Uojeod. f7) = (Uoi€cd Uy J. f i)
by force

lemma vifunion-vunion-family:
(Uoteol. fi) Us (Uoi€ol. g i) = (Uoi€ol. fi Uy g i)
by (intro vsubset-antisym vsubsetl; elim vunionE vifunionE) force+

lemma vifunion-vintersection:
(Uoteol. fi) no (Uojeod. g7) = (Uoicol. Uojeod. fing g )
by (force simp: vrange-VLambda vimage-VLambda-vrange-rep)

lemma vifunion-vinsert-is:
(Uoteovinsert j I. fi) = fj Us (Uoteol. f 1)
by (force simp: vimage-VLambda-vrange-rep)

lemma vifunion-VPow: (U.i€.I. VPow (f 7)) So VPow (Ui 1. f i) by force

Elementary properties.

lemma vifunion-vempty-conv:
0= (Uotel. fi) «— (Vie . fi=0)
(Uoteol. fi) =0 <« (Viel. fi=0)
by (auto simp: vrange-VLambda vimage-VLambda-vrange-rep)

lemma vifunion-constant[simpl: (Uoi€I. ¢) = (if I = 0 then 0 else ¢)
proof(intro vsubset-antisym)
show (if I =0 then 0 else ¢) S, (Uoiesl. ¢)
by (cases «vdisjnt I I5) (auto simp: VLambda-vconst-on)
qed auto

lemma vifunion-upper:
assumes 7 €, |
shows f1i S, (UoieI. f 1)
using assms by force

lemma vifunion-least:
assumes Ai. i €, [ = fi ¢, C
shows (Uoie 1. fi) S, C
using assms by auto

lemma vifunion-absorb:
assumes j €, [
shows fj U, (Uoi€ol. 1) = (Uoieol. f1)
using assms by force

lemma vifunion-vifunion-flatten:
(Uojeo(Uoieol. fi). gj) = (Usi€ol. Uojéof i g j)
by (force simp: vrange-VLambda vimage-VLambda-vrange-rep)

lemma vifunion-vsubset-iff: ((Uoi€.1. fi) S5 B) = (VieI. fi S, B) by force
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lemma vifunion-vsingleton-eq-vrange: (Uoi€ol. set {fi}) = Ro (Ma&.I. f a)
by force

lemma vball-vifunion[simp]: (V z60(Uoi€ol. fi). P 2) «— (Ve I. ¥V zeof x. P 2)
by force

lemma vbez-vifunion[simp]: (3 zes(Uotol. fi). P z) «— (Jze.l. Jzecf x. P 2)
by force

lemma vifunion-vintersection-index-right[ simp]: (UoCeoB. An, C) = A n, Uo.B
by (force simp: vimage-VLambda-vrange-rep)

lemma vifunion-vintersection-indez-left[ simp]: (UoCeB. C no A) = UoB no A
by (force simp: vimage-VLambda-vrange-rep)

lemma vifunion-vunion-indez[intro, simp]:
assumes B # 0
shows (N.CeB. AU, C) = Au, NB
using assms
by
(
(intro vsubset-antisym vsubsetl);
(intro vifintersectionl | tactic<all-tacy)

)

blast+

lemma vifunion-vintersection-single: B Ny (Uot€ol. fi) = (Uoti€cl. B Ny f 1)
by (force simp: vrange-VLambda vimage-VLambda-vrange-rep)

lemma vifunion-vifunion-flip:
(UobeoB. UoacoA. fba) = (UoacoA. UobeoB. f b a)
proof-
have z €, (UocacoA. UobeoB. fba) if z €, (UobeoB. Uosac,A. fb a)
forz fA B
proof-
from that obtain b where b: b €, B and z-b: z €, (Uoac.A. f b a)
by fastforce
then obtain a where a: a €, A and z-fba: z €, f b a by fastforce
show z €, (Uoac.A. UobeB. f b a)
unfolding vifunion-iff by (auto intro: a b z-fba)
qged
then show ?thesis by (intro vsubset-antisym vsubsetl) auto
qed

Connections.
lemma vifunion-disjoint: (UoC Ny A = 0) «— (V Be, C. vdisjnt B A)

by (intro iffT)
(auto introl: vsubset-antisym simp: Sup-upper vdisjnt-vsubset-left)

lemma vdisjnt-vifunion-iff:
vdisjnt A (Uoieol. f 1) «— (Vie . vdisjnt A (f 7))
by (force introl: vsubset-antisym simp: vdisjni-iff )+

lemma vifunion-VLambda: (Uoi€.A. set {(i, fi)}) = (Aac, A. f a)
using vifunionI by (intro vsubset-antisym vsubsetl) auto

lemma vifunion-vrange-VLambda: (Uoi€oI. f1) = Uo(Ro (Ma&oI. f a))
using vimage- VLambda-vrange-rep by auto
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lemma (in vsv) vsv-vrange-vsubset-vifunion-app:
assumes D, r =T and Ai. i €, I = r(i) €, A i
shows R, 7 S, (Uoiol. A 0)
proof(intro vsubsetl)
fix z assume z €, R, 7
with assms(1) obtain ¢ where 2-def: z = r(i]) and i: i €, T
by (metis vrange-atE)
from ¢ assms(2)[rule-format, OF i] show z €, (Uoicol. A 7)
unfolding z-def by (intro vifunionl) auto
qed

lemma vl1-virestriction-vifintersection:
assumes [ # 0 and Ai. i €, I = v11 (f Mo (4 7))
shows v11 (f Mo (NoicoI. A 7))

proof(intro v11I)
show wvsv (f 1o No ((NagoI. A a) % 1))

apply(subgoal-tac <\i. i €c T == vsv (f 1o (A 7))
subgoal by (insert assms(1), intro vsvl) (blast introl: vsubset-antisym)+
subgoal using assms by blast
done
show wvsv ((f Mo Mo ((Naeol. A a) % I1))7L0)
proof(intro vsvl)
fix abc
assume ab: (a, b) € (f Mo Mo ((Nacod. A a) % 1)L,
and ac: (a, ¢) €& (f Mo No ((NagoI. A a) % 1))7L,
from assms(2) have hyp: Ai. i €, I == vsv ((f Mo (A4 ©))7%) by blast
from assms(1) obtain i where i €, I and N, ((Mac.l. A a) 5 1) S, A
by (auto intro!: vsubset-antisym,)
with ab ac hyp <i €, I» show b = ¢ by auto
qged auto
qed

2.5.4 Additional simplification rules for indexed families of sets.

Union.

lemma vifunion-simps| simp]:
Aa B I. (UoieI. vinsert a (B i)) =
(if I=0 then O else vinsert a (Uoi€.I. B 7))
ANA B 1. (Uosieol. A i Uo B) = ((if I=0 then 0 else (Uoic.I. A i) Us B))
ANA B 1I. (Uoieol. A U, B i) = ((if I=0 then 0 else A Uy (Uoicol. B 7)))
AA B 1. (UsiesI. Aino B) = (Usi€oI. A7) no B)
ANA B 1. (Uosicol. Ang Bi) = (A no (Uosicl. Bi))
AA B I. (Uoicol. A i — B) = ((Uoicol. A i) —o B)
AA B. (UosicaUoA. B i) = (UoyeoA. Uoicoy. B i)
by
(
force
simp: vrange-VLambda vimage- VLambda-vrange-rep
introl: vsubset-antisym

)+

lemma vifunion-simps-ext:
Aa B I. vinsert a (Uoi€.l. B 1) =
(if I=0 then set {a} else (Uoi€ol. vinsert a (B 7)))
AA B I. (UoicoI. A i) U, B = (if I=0 then B else (UoicoI. A i U, B))
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ANA BI. Ay, (Uosieol. B i) = (if I=0 then A else (UoiccI. A Uy B 1))
AA B I. (Uoieol. A i) no B) = (Uoicc. A i no B)

AA B 1. ((Uoicl. A7) — B) = (Uoicol. A i — B)

AA B. (UoyeoA. Uoicoy. B i) = (UoiccUoA. B )

by (auto simp: vrange-VLambda)

lemma vifunion-vball-vbex-simps[ simp]:
ANA P. (Vae,UoA. P a) < (Vye,A. Vacoy. P a)
AA P. (Fas,UoA. P a) «<— (Fye.A. Facoy. P a)

using vball-vifunion vbez-vifunion by auto

Intersection.

lemma vifintersection-simps| simp]:
A A B. (Noicol. Aine B) = (if I =0 then 0 else (Noic.l. A i) Ny B)
Al A B. (Noi€l. Ano Bi)=(if [ =0 then 0 else A Ny (Noicol. B 7))
AL A B. (Noi€l. A i —, B) = (if I =0 then 0 else (Noi€.l. A i) — B)
Al A B. (Noi€l. A -, Bi)=(if [ =0 then 0 else A -5 (Uoicol. B 1))
Al a B.

(Noteol. vinsert a (B 1)) = (if I = 0 then 0 else vinsert a (Noic.I. B 1))
AL A B. (Noieol. A iU, B) = (if I =0 then 0 else ((Noicsl. A i) U, B))
AL A B. (Noi€I. AU, Bi)=(if I =0 then 0 else (A Uy (Noi€.I. Bi)))
by force+

lemma vifintersection-simps-ext:
AA B I. (Noiesl. A i) ne B = (if I =0 then 0 else (Noicol. A i No B))
ANA BI. An, (Noi€.I. Bi) = (if I =0 then 0 else (Noicol. A Ny B 1))
AA B1I. (Noi€ol. A7) —o B=(if I =0 then 0 else (Noi€cl. A i - B))
ANA BI. A -, (UoiesI. Bi) = (if I =0 then A else (Noicol. A — B 7))
Aa B I. vinsert a (Noicol. B i) =

(if I =0 then set {a} else (Noic.I. vinsert a (B 7)))

AA B I. ((Noieol. A %) U, B) = (if I =0 then B else (Noi€ol. A i U, B))
ANA BI. Au, (Noi€.I. Bi) = (if I =0 then A else (Noi€ol. A U, B 7))
using vifintersection-simps by auto

2.5.5 Knowledge transfer: union and intersection of indexed families

lemma SUP-vifunion: (SUP Eeelts a. A ) = (Uo€ecr. A §)
by (simp add: vimage-VLambda-vrange-rep vrange-V_Lambda)

lemma INF-vifintersection: (INF Eeelts a. A €) = (No€oar. A £)
by (simp add: vimage-VLambda-vrange-rep vrange-VLambda)

lemmas Ord-induct3’[consumes 1, case-names 0 succ Limit, induct type: V] =

Ord-induct3[unfolded SUP-vifunion]

lemma Limit-vifunion-def [ simp]:
assumes Limit o
shows (Uoea. &) = «
using assms unfolding SUP-vifunion| symmetric] by simp

lemmas-with[unfolded SUP-vifunion INF-vifintersection]:
TC = ZFC-Cardinals. TC
and rank-Sup = ZFC-Cardinals.rank-Sup
and TC-def = ZFC-Cardinals. TC-def
and Ord-equality = ZFC-in-HOL. Ord-equality
and Aleph-Limit = ZFC-Cardinals. Aleph-Limit
and rank = ZFC-Cardinals.rank
and Vset = ZFC-in-HOL. Vset
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and mult = Kirby.mult

and Aleph-def = ZFC-Cardinals. Aleph-def

and times-V-def = Kirby.times-V-def

and mult-Limit = Kirby.mult-Limit

and Vfrom = ZFC-in-HOL. Vfrom

and Vfrom-def = ZFC-in-HOL. Vfrom-def

and rank-def = ZFC-Cardinals.rank-def

and add-Limit = Kirby.add-Limit

and Limit-Vfrom-eq = ZFC-in-HOL.Limit- Vfrom-eq
and VSigma-def = ZFC-Cardinals. VSigma-def

and add-Sup-distrib-id = Kirby.add-Sup-distrib-id
and Limit-add-Sup-distrib = Kirby. Limit-add-Sup-distrib
and TC-mult = Kirby. TC-mult

and add-Sup-distrib = Kirby.add-Sup-distrib

2.5.6 Disjoint union

See the main library of ZFC in HOL for further information and elementary properties.

syntax -VSIGMA : pitrn = V = V = V («(3l1.-€-./ -)» [0, 0, 10] 10)
syntax-consts -VSIGMA = VSigma

translations [[.ie,I. A = CONST VSigma I (Mi. A)

Further rules.
lemma vdunion-def: (11oicol. A 7) = (Uoi€ol. UozeoA 1. set {(i, z)})

by (auto simp: vrange-VLambda vimage-VLambda-vrange-rep)

lemma vdunionl:
assumes iz = (i, z) and i €&, [ and z €, A i
shows iz €, ([Joi€. 1. A7)
using assms(2,3) unfolding assms(1) vdunion-def by (intro vifunionl) auto

lemmas vdunionD = VSigmaD1 VSigmaD2
and vdunionE = VSigmaFE

Set operations.
lemma vdunion-vsingleton: (1] .i€.set{c}. A i) = set {c} x, A ¢ by auto
lemma vdunion-vdoubleton:

(L oieoset{a, b}. A i) = set {a} xo A a U, set {b} x, A b
by auto

Connections.

lemma vdunion-vsum: (11 oi€.set{0, 1}. if i=0 then A else B) = A ¥ B
unfolding vdunion-vdoubleton vsum-def by simp

2.5.7 Canonical injection

definition vcinjection = (V = V) = V =V
where vcinjection A i = (Axe. A i. (i, x))

Rules.

mk-VLambda vcinjection-def
|vsv veinjection-vsv|intro]|
|vdomain veinjection-vdomain| simp]|

90
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|app veinjection-app| simp, intro

Elementary results.

lemma vcinjection-vrange-vsubset:

assumes i €, [

shows R, (vcinjection A i) S, (L oi€I. A 7)

unfolding vcinjection-def
proof(intro vrange-VLambda-vsubset)

fix © assume prems: x €, A i

show (i, z) € (Iloi€ol. A 1)

by (intro vdunionI[where A=A, OF - assms prems]) simp

qed

lemma wvcinjection-vrange:
assumes i €, Jand Aj. jec I = A j#0
shows R, (vcinjection A i) = (Uox€oA i. set {{i, z)})
proof(intro vsubset-antisym)
interpret vsv <vcinjection A i by (rule vcinjection-vsv)
show R, (vcinjection A i) S (Uoz€oA i. set {{i, z)})
unfolding vcinjection-def
proof(intro vrange- VLambda-vsubset)
fix z assume prems: z €, A i
show (i, z) €, (UozeoA i. set {{i, z)})
by (intro vifunionl, rule prems) simp
qed
show (U.ze. A i. set {{i, z)}) S Ro (vcinjection A 1)
proof(rule vsubsetl)
fix iz assume ir €, (Uoze.A i. set {{i, z)})
then obtain z where 2: © €, A i and iz-def: iz = (i, z)
by (elim vifunionE) auto
with z show iz €, R, (vcinjection A )
unfolding iz-def by (intro vsv-vimagel2’) auto
qged
qed

2.5.8 Infinite Cartesian product

definition vproduct = V = (V = V) = V
where vproduct I A = set {f. vsv f A Do f =T A (Vi I. f(i]) €c A7)}

syntax -VPRODUCT : pttrn = V = V = V («(3[1.-€-./ -)» [0, 0, 10] 10)
syntax-consts -VPRODUCT = vproduct
translations [].ic,I. A = CONST wvproduct I (Mi. A)

lemma small-vproduct| simp]:
small {f. vsv f A Do f=1n (VieI. fli]) €c A 0)}
(is <small ?A»)
proof-
from small-vsv[of I «(Uoi€.I. A 7)] have
small {f. vsv f ADo f =T ARs fSo (Uosi€ol. A1)}
by simp
moreover have A c {f. vsv f ADo f =1 AR f S (UoieI. A i)}
proof(intro subsetl, unfold mem-Collect-eq, elim conjE, intro conjl)
fix f assume prems: vsv f Do f = I Vieelts I. f(li]) € A ©
interpret vsv f by (rule prems(1))
show R, [ S, (UoicoI. A7)
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proof(intro vsubsetl)
fix y assume y €, R, f
with prems(2) obtain ¢ where y-def: y = f(i) and i: 7 €, T
by (blast dest: vrange-atD)
from i prems(3) vifunionl show y €, (Uoicol. A 7)
unfolding y-def by auto
qed
qed
ultimately show ?thesis by (metis (lifting) smaller-than-small)
qed

Rules.

lemma vproductl[intro!]:
assumes vsv f and D, f = I and Vie, . f(i]) €c A @
shows [ €, ([Toi€I. A i)
using assms small-vproduct unfolding vproduct-def by auto

lemma vproductD|dest]:
assumes f €, ([Toieol. A ©)
shows wvsv f
and D, f=1
and Vie.[. f(i)) €c A
using assms unfolding vproduct-def by auto

lemma vproductE[ elim!]:
assumes f €, ([Toi€.l. A 1)
obtains vsv f and D, f = I and Vie.l. f(i]) € A i
using assms unfolding vproduct-def by auto

Set operations.

lemma vproduct-indez-vempty[ simp]: (IT1o.i€,0. A i) = set {0}
proof-
have {f. vsv f A Dy f = 0 A (Vie,0. f(i]) € A ©)} = {0}
using vbrelation.virestriction-vdomain vsv-eql by fastforce
then show ?thesis unfolding vproduct-def by simp
qed

lemma vproduct-vsingletonl:
assumes f(c)) €&x A c and f = set {{c, f(c]))}
shows [ €, ([Toi€oset{c}. A i)
using assms
apply (intro vproductl)
subgoal by (metis rel-vsingleton.vsv-azioms)
subgoal by (force intro!: vsubset-antisym)
subgoal by auto
done

lemma vproduct-vsingletonD:

assumes f €, ([]oicoset{c}. A i)

shows vsv f and f(c]) €, A c and [ = set {{c, f(c]))}
proof-

from assms show [ = set {(c, f(c]))}

by (elim vproductE) (metis VLambda-vsingleton wvsv.vsv-is-VLambda)

qged (use assms in auto)

lemma vproduct-vsingletonkE:
assumes f € ([Toicoset{c}. A i)
obtains vsv f and f(c]) €&, A c and [ = set {{c, f(c]))}

92
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using assms vproduct-vsingletonD that by auto

lemma vproduct-vsingleton-iff:

[ € (IToteoset{c}. A i) «— f(c]) €c A ¢ A f=set {{c, f(c]))}
by (rule iffT) (auto simp: vproduct-vsingletonD intro!: vproduct-vsingletonl)

lemma vproduct-vdoubletonl[intro]:

assumes vsv f
and f(la)) &x 4 a
and f(b) €, A b
and D, f = set {a, b}
and R, fSo Aau, A b

shows f €, ([Toicoset {a, b}. A7)

using assms vifunion-vdoubleton by (intro vproductl) auto

lemma vproduct-vdoubletonD[ dest]:

assumes [ €, ([]oic.set{a, b}. A i)
shows wvsv f

and f(a) €, A a

and f(b) €. A b

and D, f = set {a, b}

and f = set {(CL, f(|a|)>a (b’ f(lbl)>}
subgoal using assms by auto
subgoal using assms by auto
subgoal using assms by auto
subgoal using assms vifunion-vdoubleton by fastforce

subgoal by (metis assms VLambda-vdoubleton vproductE vsv.vsv-is-VLambda)

done

lemma vproduct-vdoubletonE:
assumes f € ([Ioic.set{a, b}. A Q)
obtains vsv f
and f(la) ;s A a
and f(b) €. A b
and D, f = set {a, b}
and f = set {{a, f(a]), (b, ()}

using assms vproduct-vdoubletonD that by simp

lemma vproduct-vdoubleton-iff:
f € (IToieoset {a, b}. A i) «—
vsv f A
fla) e A a A
f(b) €c A b A
D, f = set {a, b} A
f = set {{a, f(aD), (b, £(0D)}

by (force elim!: vproduct-vdoubletonE)+

Elementary properties.

lemma vproduct-eq-vemptyl:

assumes i €, and A7 =0

shows ([Toieol. A7) =0
proof(intro vsubset-antisym vsubsetl)

fix z assume prems: x € ([Ioi€ol. A )

from assms vproductD(3)[ OF prems] show z €, 0 by auto
qed auto

lemma vproduct-eq-vemptyD:
assumes ([Joi€.I. A i) #0

93
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shows Ni. i€, [ = Ai#0
proof(rule ccontr, unfold not-not)

fix 7 assume prems: i €, I Ai=0

with vproduct-eq-vemptyl[where A=A, OF prems] assms show False by simp
qed

lemma vproduct-vrange:
assumes f €, ([Toi€ol. A7)
shows R, f S, (Uoieol. A7)
proof(intro vsubsetl)
fix z assume prems: r €, Ro f
have vsv-f: vsv f
and dom-f: D, f =1
and fi: Ai. i € I = f(i)) €& A @
by (simp-all add: vproductD[ OF assms, rule-format])
interpret f: vsv f by (rule vsv-f)
from prems dom-f obtain i where z-def: z = f(|i]) and i: i €, T
by (auto elim: f.vrange-atE)
from i fi show z ¢, (UoicoI. A i) unfolding z-def by (intro vifunionl) auto
qed

lemma vproduct-vsubset-VPow: ([Tot€ol. A i) S5 VPow (I xo (Uoieol. A 7))
proof(intro vsubsetl)
fix f assume f €, ([Toic.I. A i)
then have vsv: vsv f
and domain: D, f =1
and range: Vicelts I. f(i]) €c A @
by auto
interpret f: vsv f by (rule vsv)
have f S, I x, (UoicI. A i)
proof(intro vsubsetl)
fix x assume prems: x €, f
then obtain a b where z-def: z = (a, b) by (elim f.vbrelation-vinFE)
with prems have a €, D, f and b €, R, [ by auto
with range domain prems show z €, I x, (Uoi€ol. A 7)
by (fastforce simp: x-def)
qed
then show [ ¢, VPow (I x, (Uoic.. A 7)) by simp
qed

lemma VLambda-in-vproduct:
assumes Ai. i €, [ = fie, Ai
shows (Aie.I. fi) € ([Totieol. A i)
using assms by (simp add: vproductl vsv.vsv-vrange-vsubset-vifunion-app)

lemma vproduct-cong:
assumes Ai. i €, [ = fi=g1
shows ([Toicol. fi) = ([Totccl. g )
proof-
have ([Toi€ol. 1) So ([Toi€ol. gi) if Ni. i€ [ => fi=gifor fg
proof(intro vsubsetl)
fix x assume z €, ([Toi€.1. f i)
note zD = vproductD[ OF this]
interpret vsv z by (rule D(1))
show z € ([Toieol. g i)
by (metis £D(2,3) that VLambda-in-vproduct vsv-is-VLambda)
qged
with assms show ?thesis by (intro vsubset-antisym) auto
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qed

lemma vproduct-ez-in-vproduct:
assumes z € ([Joic.J. Ai)and J S, Tand Ai. i€ I = A i #0
obtains X where X ¢, ([Toicol. A i) and z = X Mo J
proof-
define X where X = (\ie. 1. if i €, J then z(i]) else (SOMFE z. z €, A 1))
have X: X ¢, ([Toi€ol. A7)
by (intro vproductl) (use assms in <auto simp: X-def»)
moreover have z = X i, J
proof(rule vsv-eql)
from assms(1) have [simp]: Do z = J by clarsimp
moreover from assms(2) have D, (X ', J) = J unfolding X-def by fastforce
ultimately show D, z = D, (X '\ J) by simp
show z(i]) = (X o J)(i) if i €, Do x for i
using that assms(2) unfolding X-def by auto
qed (use assms X in auto)
ultimately show ?thesis using that by simp
qed

lemma vproduct-vsingleton-def: ([1oi€os¢et {j}. A i) = ([Totcoset {j}. A j)
by auto

lemma wvprojection-in-VUnionl:
assumes A S, ([Toi€./. Fi) and f e, Aand i € [
shows f(i) €. Us(Uo(UsA))
proof(intro VUnionl)
show f €, A by (rule assms(2))
from assms(1,2) have f €, ([Toi€.I. F i) by auto
note f = vproductD[ OF this, rule-format]
interpret vsv f rewrites D, f = I by (auto intro: f(1) simp: f(2))
show (i, f(i))) €; f by (meson assms(3) vsv-appE)
show set {i, f(i)} € (i, f(i])) unfolding vpair-def by simp
qed simp

2.5.9 Projection

definition vprojection = V= (V= V)=V =V
where vprojection I A i = (M\feo([Tot€1. A 7). f(i])

Rules.

mk-VLambda vprojection-def
|vsv vprojection-vsv| intro]|
|vdomain vprojection-vdomain[ simp]|
|app vprojection-app[ simp, intro]|

Elementary results.

lemma wvprojection-vrange-vsubset:

assumes i €, |

shows R, (vprojection I A i) S, A i

unfolding wvprojection-def
proof(intro vrange-VLambda-vsubset)

fix f assume prems: [ €, ([Totc.1. A )

show f(i) €, A i by (intro vproductD(3)[ OF prems, rule-format] assms)
qed

lemma vprojection-vrange:
assumes i €, [and Aj. je, I = A j+0
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shows R, (vprojection [ A i) = A i
proof
(
intro
vsubset-antisym vprojection-vrange-vsubset vrange-VLambda-vsubset assms(1)
)
show A i S, Ro (vprojection I A i)
proof(intro vsubsetl)
fix z assume prems: z €, A i
obtain f
where f: A\z. v €, set {Ai|i.ic [} = 240 = f(z)) & =
and vsv f
using that by (rule Aziom-of-Choice)
define f’ where f' = (\je.I. if j = i then x else f(A j])
show z €, R, (vprojection I A i)
unfolding vprojection-def
proof(rule rel-VLambda.vsv-vimagel2")
show [’ e, D, (Mfe,vproduct I A. f(])
unfolding vdomain-VLambda
proof(intro vproductl, unfold Ball-def; (intro alll conjl impl)?)
fix j assume j €, [
with prems assms(2) show f/(j) €, A j
unfolding f’-def by (cases «j = i») (auto intro!: f)
qed (simp-all add: f'-def)
with assms(1) show z = (Afe,vproduct T A. f(i)))(f)
unfolding f’-def by simp
qed
qed
qed

2.5.10 Cartesian power of a set

definition vepower = V = V = V (infixr " 80)
where A 7 n = ([]oicon. A)

Rules.

lemma vepowerI[intro:
assumes f €, ([Toicon. A)
shows f ¢, (A % n)
using assms unfolding vcpower-def by auto

lemma vepowerD| dest]:
assumes f €, (A "% n)
shows f €, ([Toicon. A)
using assms unfolding vcpower-def by auto

lemma vepowerE| elim]:
assumes f €, (A % n) and f € ([Toi€on. A) = P
shows P
using assms unfolding vcpower-def by auto

Set operations.

lemma vepower-indez-vempty[ simp]: A ~x 0 = set {0}
unfolding vecpower-def by (rule vproduct-indez-vempty)

lemma vepower-of-vempty:
assumes n # 0
shows 0 5 n =0
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using assms unfolding vcpower-def vproduct-def by simp

lemma vepower-vsubset-mono:
assumes A ¢, B
shows A . nS, B x n
using assms
by (intro vsubsetl vepowerl vproductl)
(auto intro: vproductD[ OF vepowerD, rule-format])

Connections.

lemma vcpower-vdomain:
assumes f €, (A "% n)
shows D, f = n
using assms by auto

lemma vcpower-vrange:
assumes f €, (A "% n)
shows R, f S, A
using assms by (intro vsubsetl; elim vecpowerE vproductE) auto
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2.6 Equipollence
2.6.1 Background

The section presents an adaption of the existing framework Equipollence in the main library of
Isabelle/HOL to the type V.

Some of content of this theory was ported directly (with amendments) from the theory
HOL- Library. Equipollence in the main library of Isabelle/HOL.

2.6.2 wveqpoll

abbreviation vegpoll = V = V = bool (infixl <~ 50)
where A ~, B = elts A ~ elts B

Rules

lemma (in v11) v11-vegpolll[intro]:

assumes D, r = Aand R, r = B

shows A ~, B

unfolding egpoll-def
proof(intro exI[of - <\z. r(z])>] bij-betw-imagel)

from vll.vll-injective vll-azioms show inj-on (app r) (elts A)

unfolding assms[symmetric] by (intro inj-onl) blast

show app r ‘ elts A = elts B unfolding assms[symmetric] by force+

qed

lemmas v11-vegpolll[intro] = v11l.v11-vegpolll

lemma v11-vegpollE[elim]:
assumes A ~, B
obtains f where v1l fand D, f = Aand R, f = B
proof-
from assms obtain f where bij-f: bij-betw f (elts A) (elts B)
unfolding egpoll-def by auto
then have v11 (MacA. f a)
and D, (Aac,A. fa) = A
and R, (Aac,A. fa) = B
by (auto simp add: in-mono vrange-VLambda)
then show ?thesis using that by simp
qed

Set operations.

lemma vegpoll-vsingleton: set {z} =~, set {y}
by (simp add: singleton-egpoll)

lemma vegpoll-vinsert:
assumes A ~, Band a ¢, A and b ¢, B
shows vinsert a A =, vinsert b B
using assms by (simp add: insert-egpoll-insert-iff )

lemma vegpoll-pair:
assumes ¢ # band ¢ # d
shows set {a, b} =, set {c, d}
using assms by (simp add: insert-eqpoll-cong)

lemma vegpoll-vpair:
assumes a # band ¢ # d
shows (a, b) ~, (c, d)
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using assms
unfolding vpair-def
by (metis doubleton-eq-iff insert-absorb2 veqpoll-pair)

2.6.3 vlepoll

abbreviation vlepoll : V = V = bool (infixl (S, 50)
where A <, B = elts A < elts B

Set operations.

lemma vlepoll-vsubset:

assumes A ¢, B

shows A S, B

using assms by (simp add: less-eq-V-def subset-imp-lepoll)
Special properties.
lemma viepoll-singleton-vinsert: set {x} S, vinsert y A

by (simp add: singleton-lepoll)

lemma vlepoll-vempty-iff [simp]: A $o 0 «— A = 0 by (rule iffT) fastforce+

2.6.4  wlespoll

abbreviation vlesspoll = V = V = bool (infix]l (<,» 50)
where A <, B = elts A < elts B

lemma vlesspoll-def: A <o B = (A $o B A (A ~, B)) by (simp add: lesspoll-def)

Rules.
lemmas vlesspolll[intro] = vlesspoll-def[ THEN iffD2]

lemmas vlesspollD|[dest] = vlesspoll-def[ THEN iffD1]

lemma vlesspollE[elim]:
assumes A <, Band A $o B=— (A ~, B) =— P
shows P
using assms by (simp add: vlesspoll-def)

lemma (in v11) v11-vlepolll[intro]:
assumes D, r = Aand R, r S, B
shows A <, B
unfolding lepoll-def
proof(intro exI[of - <\z. r(x|)»] conjl)
show inj-on (app r) (elts A)
using assms(1) vll.vll-injective vll-axioms by (intro inj-onl) blast
show app r ‘elts A C elts B
by (intro subsetl) (metis assms(1,2) imageE rev-vsubsetD vdomain-atD)
qed

lemmas v11-vlepolll[intro] = v1l.v11-vlepolll

lemma vl1-viepollE[ elim]:
assumes A S, B
obtains f where v1l fand D, f = Aand R, f S, B
proof-
from assms obtain f where inj-on [ (elts A) and f * elts A ¢ elts B
unfolding lepoll-def by auto
then have vll (Aac,A. f a)
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and D, (AacA. fa) = A
and R, (Aac.A. fa) S, B
by (auto simp: in-mono vrange-VLambda)
then show ?thesis using that by simp
qed
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2.7 Cardinality
2.7.1 Background

The section presents further results about the cardinality of terms of the type V. The emphasis
of this work, however, is on the development of a theory of finite sets internalized in the type
V.

Many of the results that are presented in this section were carried over (with amendments) from
the theory Finite in the main library of Isabelle/HOL.

declare One-nat-def[simp del]

2.7.2 Cardinality of an arbitrary set

Elementary properties.

lemma vcard-vegpoll: vcard A = vcard B «— A ~, B
by (metis cardinal-cong cardinal-egpoll eqpoll-sym egqpoll-trans)

lemma vcard-viepoll: veard A < veard B «— A $o B
proof
assume vcard A < veard B
moreover have vcard A ~, A by (rule cardinal-eqpoll)
moreover have vcard B ~, B by (rule cardinal-egpoll)
ultimately show A <, B
by (meson egpoll-sym lepoll-transl lepoll-trans2 vlepoll-vsubset)
qed (simp add: lepoll-imp-Card-le)

lemma vcard-vempty: veard A =0 «— A =0
proof-
have vcard-A: veard A ~, A by (simp add: cardinal-egpoll)
then show ?thesis using eq0-iff eqpoll-iff-bijections by metis
qed

lemmas vcard-vemptyD = veard-vempty| THEN iffD1]
and vcard-vemptyl = vcard-vempty[ THEN iffD2]

lemma vcard-neq-vempty: veard A # Oy «<— A # On
using vcard-vempty by auto

lemmas vcard-neqg-vemptyD = vcard-neq-vempty| THEN iffD1]
and vcard-neg-vemptyl = vcard-negq-vempty[ THEN iffD2]

Set operations.

lemma vcard-mono:
assumes A ¢, B
shows vcard A < vcard B
using assms by (simp add: lepoll-imp-Card-le vlepoll-vsubset)

lemma vcard-vinsert-in[ simp]:
assumes a €, A
shows vcard (vinsert a A) = veard A
using assms by (simp add: cardinal-cong insert-absord)

lemma vcard-vintersection-left: vcard (A n, B) < vcard A
by (simp add: vcard-mono)

lemma vcard-vintersection-right: vcard (A no B) < vcard B
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by (simp add: vcard-mono)

lemma vcard-vunion:
assumes vdisjnt A B
shows vcard (A U, B) = veard A & vcard B
using assms by (rule vcard-disjoint-sup)

lemma vcard-vdiff [ simp]: veard (A —s B) & vcard (A no B) = veard A
proof-

have ABB: vdisjnt (A —, B) (A n, B) by auto

have A -, Bu, A n, B = A by auto

from vcard-vunion| OF ABB, unfolded this] show ?thesis ..
qed

lemma vcard-vdiff-vsubset:
assumes B ¢, 4
shows vcard (A —s B) @ veard B = vcard A
by (metis assms inf.absorb-iff2 veard-vdiff)

Connections.

lemma (in vsv) vsv-veard-vdomain: vcard (Do r) = veard r
unfolding vcard-vegpoll
proof-
define f where fz = (z, r(z]) for z
have bij-betw f (elts (Do 1)) (elts r)
unfolding f-def bij-betw-def
proof(intro conjI inj-onl subset-antisym subsetl)
from virestriction-vdomain show
x € T = x € (Ax. (z, () elts (Do 1)
for z
unfolding mem-Collect-eq by blast
qed (auto simp: image-def)
then show D, r ~, r unfolding egpoll-def by auto
qed

Special properties.

lemma vcard-vunion-vintersection:
veard (A U, B) @ veard (A no B) = veard A & vcard B
proof-
have AB-ABB: A u, B = B U, (A -, B) by auto
have ABB: vdisjint B (A -, B) by auto
show ?thesis
unfolding vcard-vunion[ OF ABB, folded AB-ABB)] cadd-assoc veard-vdiff
by (simp add: cadd-commute)
qed

2.7.3 Finite sets

abbreviation vfinite = V = bool
where vfinite A = finite (elts A)

lemma vfinite-def: vfinite A «— (Inew. n v, A)
proof
assume finite (elts A)
then obtain n : nat where eltsA: elts A ~ {..<n}
by (simp add: egpoll-iff-card)
have on: ord-of-nat n = set (ord-of-nat * {..<n})
by (simp add: ord-of-nat-eq-initial[ symmetric])
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from eltsA have elts A ~ elts (ord-of-nat n)
unfolding on by (simp add: inj-on-def)
moreover have ord-of-nat n €, w by (simp add: w-def)
ultimately show Ine,w. n ~, A by (auto intro: eqpoll-sym)
next
assume Jne,w. n &, A
then obtain n where n ¢, w and n ~, A by auto
with egpoll-finite-iff show finite (elts A)
by (auto intro: finite-Ord-omega)
qed

Rules.
lemmas vfinitel[intro!] = vfinite-def[ THEN iffD2]

lemmas vfiniteD[dest!] = vfinite-def THEN 4ffD1]

lemma vfiniteE1[ elim!]:
assumes vfinite A and Inc,w. n v, A =— P
shows P
using assms by auto

lemma vfinite E2[ elim]:
assumes vfinite A
obtains n where n ¢, w and n ~, A
using assms by auto

Elementary properties.

lemma vegpoll-omega-vcard[intro, simp]:
assumes n € w and n ~, A
shows vcard A = n
using
nat-into-Card[ OF assms(1), unfolded Card-def]
cardinal-cong[ OF assms(2)]
by simp

lemma (in vsv) vfinite-vimage[intro]:
assumes vfinite A
shows ufinite (r % A)

proof-
have rd: r 5 A=1r % (D, r no A) by fast
have DrA: D, r n, A S, D, r by simp

show ?thesis by (simp add: inf-V-def assms vimage-image[ OF DrA, folded rA])

qed
lemmas [intro] = vsv.vfinite-vimage

lemma vfinite-vegpoll-trans:
assumes vfinite A and A ~, B
shows vfinite B
using assms by (simp add: egpoll-finite-iff)

lemma vfinite-vlepoll-trans:
assumes vfinite A and B S, A
shows vfinite B

by (meson assms eqpoll-finite-iff finite-lepoll-infinite lepoll-antisym)

lemma vfinite-vlesspoll-trans:
assumes vfinite A and B <, A
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shows vfinite B
using assms by (auto simp: viesspoll-def vfinite-vlepoll-trans)

Induction.

lemma vfinite-induct] consumes 1, case-names vempty vinsert]:
assumes vfinite F
and P 0
and Az F. [[vfinite F; x ¢, F; P F]] = P (vinsert ¢ F)
shows P I
proof-

from assms(1) obtain n where n: n €, w and n ~, F by clarsimp
then obtain [’ where bij: bij-betw f'' (elts n) (elts F)
unfolding egpoll-def by clarsimp
define f where [ = (Aag.n. f" a)
interpret vl11 f
unfolding f-def
proof(intro v11I)
show vsv ((Aagon. f” a)™1s)
proof(intro vsvl)
fix a bc
assume (a, b) & (Macon. f”" a)7!, and (a, c) €, (Nacon. f" a)7t,
then have (b, a) €, (Macon. [ a)
and (¢, a) €& (Aacon. f'" a)
and b e, n
and c & n
by auto
moreover then have "' b = f" ¢ by auto
ultimately show b = ¢ using bij by (metis bij-betw-iff-bijections)
qed auto
qed auto
have dom-f: D, f = n unfolding f-def by clarsimp
have ran-f: R, f = F
proof(intro vsubset-antisym vsubsetl)
fix b assume b e, R, f
then obtain a where a ¢, n and b = f"' a unfolding f-def by auto
then show b €, F by (meson bij bij-betw-iff-bijections)
next
fix b assume b ¢, I
then obtain a where a ¢, nand b= f" a
by (metis bij bij-betw-iff-bijections)
then show b €, R, f unfolding f-def by auto
qged

define f' where f' n = f‘ n for n
have F-def: F = f'n
unfolding f’-def using dom-f ran-f vimage-vdomain by clarsimp
have vll (Aacon. f a)
proof(intro vsv.vsv-valneg-v11I, unfold vdomain-VLambda)
show wvsv (Aacon. f' a) by simp
fix x y assume zD: z €, nand yD: y €, nand zy: z £ y
from <x €, n» <y €, M <N €, w> have zn: £ S, nand yn: y So n
by (simp-all add: OrdmemD order.strict-implies-order)
show (Maeon. [ a)(z) # (Nacon. f" a)(y)
unfolding beta[ OF zD] beta[ OF yD] f'-def
using zn yn zy
by (simp add: dom-f v11-vimage-vpsubset-neq)
qed
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define P’ where P’ n’ = (if n' < n then P (f' n’) else True) for n’
from n have P' n
proof(induct rule: omega-induct)
case 0 then show Zcase
unfolding P’-def f'-def using assms(2) by auto
next
case (succ k) show Zcase
proof(cases <succ k < ny)
case True
then obtain z where zF: vinsert = (f' k) = (f' (succ k))
by (simp add: f’-def succ-def vsubsetD dom-f vsv-vimage-vinsert)
from True have k < n by auto
with <P’ k» have P (f' k) unfolding P’-def by simp
then have f' k # f' (succ k)
by (simp add: True f'-def <k < n» dom-f v11-vimage-vpsubset-neq)
with zF' have z ¢, f’ k by auto
have vfinite (f' k)
by (simp add: <k €, wy f'-def finite-Ord-omega vfinite-vimage)
from assms(3)[OF «vfinite (f' k)> «x ¢o f" k> <P (f" k)»] show ?Zthesis
unfolding zF P’-def by simp
qed (unfold P'-def, auto)
qed

then show ?thesis unfolding P’-def F-def by simp

qed

Set operations.

lemma vfinite-vempty[ simp]: vfinite (On) by simp
lemma vfinite-vsingleton[simp]: vfinite (set {z}) by simp
lemma vfinite-vdoubleton[simp]: vfinite (set {z, y}) by simp

lemma vfinite-vinsert:
assumes vfinite F
shows vfinite (vinsert x F)
using assms by simp

lemma vfinite-vinsertD:
assumes vfinite (vinsert z F)
shows vfinite F
using assms by simp

lemma vfinite-vsubset:
assumes vfinite B and A ¢, B
shows vfinite A
using assms
by (induct arbitrary: A rule: vfinite-induct)
(simp-all add: less-eq-V-def finite-subset)

lemma vfinite-vunion: vfinite (A U, B) <— uvfinite A A vfinite B
by (auto simp: elts-sup-iff)

lemma vfinite-vunionl:
assumes vfinite A and vfinite B
shows vfinite (A U, B)
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using assms by (simp add: elts-sup-iff’)

lemma vfinite-vunionD:
assumes vfinite (A U, B)
shows vfinite A and vfinite B
using assms by (auto simp: elts-sup-iff’)

lemma vfinite-vintersectionl:
assumes vfinite A and vfinite B
shows vfinite (A N, B)
using assms by (simp add: vfinite-vsubset)

lemma vfinite- VPowl:
assumes vfinite A
shows vfinite (VPow A)
using assms
proof(induct rule: vfinite-induct)
case vempty then show ?case by simp
next
case (vinsert ¢ F')
then show ?case
unfolding VPow-vinsert
using rel- VLambda.vfinite-vimage
by (intro vfinite-vunionl) metis+
qed

Connections.

lemma vfinite-vcard-vfinite: vfinite (vecard A) = vfinite A
by (simp add: cardinal-eqpoll eqpoll-finite-iff)

lemma vfinite-vcard-omega-iff: vfinite A < vcard A €, w
using vfinite-vcard-vfinite by auto

lemmas vcard-vfinite-omega = vfinite-vcard-omega-iff[ THEN iffD2]
and vfinite-vcard-omega = vfinite-veard-omega-iff[ THEN iffD1]

lemma vfinite-csucclintro, simp]:
assumes vfinite A
shows csucc (vcard A) = suce (veard A)
using assms by (force simp: finite-csucc)

lemmas [intro, simp] = finite-csucc

Previous connections.

lemma vcard-vsingleton[simp]: vecard (set {a}) = 1N by auto

lemma vfinite-vcard-vinsert-nin[ simp]:
assumes vfinite A and a ¢, A
shows vcard (vinsert a A) = csuce (vcard A)
using assms by (simp add: ZFC-in-HOL.vinsert-def)
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2.8 Further results about ordinal numbers

2.8.1 Background

The subsection presents several results about ordinal numbers. The primary general reference
for this section is [59].

lemmas [intro] = Limit-is-Ord Ord-in-Ord

2.8.2 Further ordinal arithmetic and inequalities

lemma Ord-succ-mono:

assumes Ord $ and «a €, 3

shows succ « €, succ
proof-

from assms have Ord o by blast

from assms <Ord o have « < 8 by (auto dest: Ord-mem-iff-lt)

from assms(1,2) this have succ « < succ

by (meson assms <Ord a» Ord-linear2 Ord-succ leD le-succ-iff)

with assms(1) <Ord a» Ord-mem-iff-it show succ a €, succ 8 by blast

qed

lemma Limit-right-Limit-mult:
— Based on Theorem 8.23 in [59].
assumes Ord a and Limit 5 and 0 €, «
shows Limit (a * 3)
proof-
have af: a * § = (Uofe.8. a * &) by (rule mult-Limit[ OF assms(2), of «])
from assms(1,2) Ord-mult have Ord (o = ) by blast
then show ?thesis
proof(cases rule: Ord-cases)
case (succ )
from succ(1l) have v €, « * 8 unfolding succ(2)[symmetric] by simp
then obtain £ where £ ¢, § and v ¢, a * £ unfolding af by auto
moreover with assms(2) have Ord ¢ by auto
ultimately have sy-sa&: succ v €, succ (a * )
using assms(1) Ord-succ-mono by simp
from assms(2,3) have succ (o * ) So a * £ +
unfolding succ-eq-addl by force
with sy-sa& have succ v €, a * succ &
unfolding mult-succ[ symmetric] by auto
moreover have succ £ €,
by (simp add: succ-in-Limit-iff <€ €, B> assms(2))
ultimately have succ v €, a * § unfolding af by force
with succ(2) show ?thesis by simp
qed (use assms(2,3) in auto)
qed

lemma Limit-left- Limit-mult:
assumes Limit « and Ord $ and 0 €, (3
shows Limit (a * ()
proof(cases < Limit (3))
case Fulse
then obtain 8’ where Ord 8’ and 3-def: 8 = succ B’
by (metis Ord-cases assms(2,3) eq0-iff)
have a-s8" a * succ B’ = a * '+ a by (simp add: mult-succ)
from assms(1) have Limit (o * 8’ + ) by (simp add: Limit-is-Ord «Ord 3")
then show Limit (o * 8) unfolding S-def a-sB’ by simp
qed (use assms in <auto simp: Limit-def dest: Limit-right-Limit-mult)
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lemma zero-if-Limit-eq- Limit-plus-vnat:
assumes Limit o and Limit S and . = § + nand n € w
shows n =0
proof(rule ccontr)
assume prems: n # 0
from assms(1,2,4) have Ord a and Ord 8 and Ord 0 and Ord n by auto
have 0 ¢, n by (simp add: mem-0-Ord prems assms(4))
with assms(4) obtain m where n-def: n = succ m by (auto elim: omega-prev)
from assms(1,3) show Fulse by (simp add: n-def plus-V-succ-right)
qed

lemma Ord-vsubset-closed:
assumes Ord o and Ord vy and a S,  and 8 €, v
shows a €, v
proof-
from assms have Ord 8 by auto
with assms show ?thesis by (simp add: Ord-mem-iff-It)
qed

lemma
— Based on Exercise 1, page 53 in [59].
assumes Ord o and Ord v and a + 8 € v
shows Ord-plus-Ord-closed-augend: o €, vy
and Ord-plus-Ord-closed-addend: 3 €,
proof-
from assms have a + 8 €, a + v by (meson vsubsetD add-le-left)
from add-mem-right-cancel| THEN iffD1, OF this] show S €, ~ .
from assms have o S, a + 5 by simp
from Ord-vsubset-closed| OF assms(1,2) this assms(3)] show « €, ~ .
qed

lemma Ord-exl-Limit-plus-in-omega:
— Based on Theorem 8.13 in [59].
assumes Ord a and w S, «
shows 3!5. Aln. ne, w A Limit BAa=0+n
proof-
let ?A = <set {v. Limit v A v S, a}>
have small[ simp]: small {~. Limit v A v S, a}
proof-
from Ord-mem-iff-Iit have {~. Limit v A v S, a} € elts (succ )
by (auto dest: order.not-eg-order-implies-strict intro: assms(1))
then show small {y. Limit v A v S, a} by (meson down)
qed
let 28 = (U, %4>
have 78 <, a by auto
moreover have L-3: Limit 23
proof(subst Limit-def, intro conjl alll impl)
show Ord 28 by (fastforce intro: Ord-Sup)
from assms(2) show 0 €, 98 by auto
fix y assume y €, 70
then obtain v where y ¢, v and v €, ?4 by clarsimp
then show succ y €, 28 by (auto simp: succ-in-Limit-iff)
qged
ultimately obtain v where Ord v and a-def: a = 798 + v
by (metis assms(1) le-Ord-diff Limit-is-Ord)
from L-§ have L-Bw: Limit (28 + w) by (blast intro: Limit-add-Limit)
have v c, w
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proof(rule ccontr)
assume "~y C, w
with «Ord > Ord-linear2 have w S, v by auto
then obtain § where v-def: v = w + 9§
by (blast dest: Ord-odiff-eq intro: «Ord ~»)
from a-def have a = (98 + w) + & by (simp add: add.assoc y-def)
then have 78 + w S, a by (metis add-le-cancel-leftQ)
with L-fw have 78 + w S, 28 by auto
with add-le-cancel-left[of 28 w 0, THEN iffD1] show False by simp
qed
with a-def have v ¢, w by (auto simp: Ord-mem-iff-It <Ord )
show ?thesis
proof
(
intro exll conjl;
(elim conjE ex1E allE conjE impE | tacticcall-tac));
(intro conjl | tactic<all-tacy)
)
show v €, w by (rule <y €, w)
show Limit 28 by (rule <Limit ?53))
show a = 28 + v by (rule a-def)
from a-def show a = 26 + n = n = v for n by auto
show n e, w=— Limit  — a=0+n=— =93 forn g
proof-
assume prems: n €, w Limit S a = + n
from L-8 prems(2,3) have 5 <, 28 by auto
then obtain 7 where 5-def: 726 = 5 + n and Ord n
by (metis (lifting) L-8 Limit-is-Ord le-Ord-diff prems(2))
moreover have n €, w
proof-
from a-def 5-def have 8 +n + v = + n by (simp add: prems(3))
then have 1 + v = n by (simp add: add.assoc)
with ¢y €, w» <n € w> <Ord 7> show 1 €, w
by (blast intro: calculation(2) Ord-plus-Ord-closed-augend)
qed
ultimately show ?Zthesis
using prems(2) L-8 by (force dest: zero-if-Limit-eq-Limit-plus-vnat)
qed
qed
qed

lemma not-Limit-if-in- Limit-plus-omega:
assumes Limit « and a €, S and [ € a + w
shows ~ Limit 3
proof-
from assms Ord-add have Ord 8 by blast
show ?thesis
using assms(3)
proof(cases rule: mem-plus-V-E)
case 1 with mem-not-sym show ?thesis by (auto simp: assms(2,3))
next
case (2 2)
from zero-if-Limit-eq-Limit-plus-vnat[ OF - assms(1) 2(2) 2(1)] 2(2) assms(2)
show ?thesis
by force
qed
qed



CHAPTER 2. SET THEORY FOR CATEGORY THEORY 110

lemma Limit-plus-omega-vsubset-Limit:
assumes Limit o and Limit f and « €, 8
shows a + w G, 8
proof-
from assms(1) have Law: Limit (o + w) by (simp add: Limit-is-Ord)
from not-Limit-if-in-Limit-plus-omega[ OF assms(1,3)] assms(2) have
B¢ a+w
by clarsimp
with assms(2) have "8 ¢, a + w
by (blast intro: Law dest: Ord-mem-iff-It Limit-is-Ord)
then show o + w S, 8 by (meson assms Law Limit-is-Ord Ord-linear2)
qed

lemma Limit-plus-nat-in-Limit:
assumes Limit a and Limit § and « €, 3
shows a + an € [
using assms Limit-plus-omega-vsubset-Limit[ OF assms] by auto

lemma omega2-vsubset-Limit:
assumes Limit « and w € «
shows w + w S, «
using assms by (simp add: Limit-plus-omega-vsubset-Limit)
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2.9 Finite sequences

2.9.1 Background

The section presents a theory of finite sequences internalized in the type V. The content of this
subsection was inspired by and draws on many ideas from the content of the theory List in the
main library of Isabelle/HOL.

2.9.2 Definition and common properties

A finite sequence is defined as a single-valued binary relation whose domain is an initial segment
of the set of natural numbers.

locale vfsequence = vsv s for xs +
assumes vfsequence-vdomain-in-omega: Do 5 €5 W

locale vfsequence-pair = ri: vfsequence xsy + ro: vfsequence xso for xs; xso

Rules.

lemmas [intro] = vfsequence.axioms(1)

lemma vfsequencel[intro]:
assumes vsv zs and D, xs €, w
shows vfsequence xs
using assms by (simp add: vfsequence.intro vfsequence-axioms-def)

lemma vfsequenceD[ dest]:
assumes vfsequence xs
shows D, zs €, w
using assms vfsequence.vfsequence-vdomain-in-omega by simp

lemma vfsequenceE[ elim]:
assumes vfsequence zs and D, s €, w == P
shows P
using assms by auto

lemma vfsequence-iff: vfsequence s < vsv xs A Dy x5 €5 w
using vfsequence-def by auto

Elementary properties.
lemma (in vfsequence) vfsequence-vdomain: Do xs = vcard xs

unfolding vsv-vcard-vdomain[ symmetric] using vfsequence-vdomain-in-omega by simp

lemma (in vfsequence) vfsequence-vcard-in-omega[simp]: veard xs €, w
using vfsequence-vdomain-in-omega by (simp add: vfsequence-vdomain)

Set operations.

lemma vfsequence-vempty[intro, simp]: vfsequence 0 by (simp add: vfsequencel)

lemma vfsequence-vsingleton[intro, simp|: vfsequence (set {(0, a)})
using vone-in-omega
unfolding one-V-def
by (intro vfsequencel) (auto simp: set-vzero-eq-ord-of-nat-vone)

lemma (in vfsequence) vfsequence-vinsert:
vfsequence (vinsert (vcard zs, a) xs)
using succ-def succ-in-omega by (auto simp: vfsequence-vdomain)
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Connections.

lemma (in vfsequence) vfsequence-vfinite[ simp]: vfinite zs
by (simp add: vfinite-vcard-omega-iff )

lemma (in vfsequence) vfsequence-vlrestriction|[intro, simp):
assumes k €, w
shows vfsequence (zs Mo k)
using assms by (force simp: vfsequence-vdomain vdomain-virestriction)

lemma vfsequence-vproduct:
assumes 7 €, w and s €, ([Toi€on. A 7)
shows vfsequence xs
using assms by auto

lemma vfsequence-vepower:
assumes 1 € w and zs €, A x n
shows vfsequence xs
using assms vfsequence-vproduct by auto

lemma vfsequence-vcomp-vsv-vfsequence:
assumes vsv f and vfsequence s and R, xs S, D, f
shows vfsequence (f o, )
proof(intro vfsequencel vsv-vcomp)
interpret xs: vfsequence xzs by (rule assms(2))
show D, (f o, z8) € w
unfolding vdomain-vcomp-vsubset| OF assms(3)]
by (force simp: xs.vfsequence-vdomain-in-omega)
qed (auto intro: assms)

Special properties.

lemma (in vfsequence) vfsequence-vdomain-vlrestriction[intro, simp]:
assumes k €, vcard s
shows D, (zs s k) = k
using assms

by
(
simp add:
OrdmemD
inf-absorb2

order.strict-implies-order
vdomain-vlrestriction
vfsequence-vdomain

)

lemma (in vfsequence) vfsequence-virestriction-veard|[ simp):
zs Mo (veard zs) = s
by (rule virestriction-vdomain|[unfolded vfsequence-vdomain])

lemma vfsequence-vfinite-vcardl:
assumes vsv s and vfinite rs and D, xs = vcard xs
shows vfsequence zs
using assms by (intro vfsequencel) (auto simp: vfinite-vcard-omega)

lemma (in vfsequence) vfsequence-vrangek:
assumes a €, R, s
obtains n where n €, veard zs and zs(|n)) = a
using assms vfsequence-vdomain by auto
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lemma (in vfsequence) vfsequence-vrange-vproduct:
assumes Ai. ¢ € vcard xs =—> xs(i]) €, A @
shows zs €, ([Toi€ovcard xs. A i)
using vfsequence-vdomain vsv-azioms assms
by
(
intro vproductl;
(intro vsv.vsv-vrange-vsubset-vifunion-app | tacticcall-tacy)
) auto

lemma (in vfsequence) vfsequence-vrange-vepower:

assumes R, zs S, A

shows zs €, A "% (vcard zs)

using assms
proof(elim vsubsetE; intro vepowerl)

assume hyp: x €, R, 18 = z €, A for z

from ufsequence-vdomain show zs €, ([]oi€,vcard zs. A)

by (intro vproductl) (blast intro: hyp elim: vdomain-atE)+

qed

Alternative forms of existing results.

lemmas [intro, simp] = vfsequence.vfsequence-vcard-in-omega
and [intro, simp] = vfsequence.vfsequence-vfinite
and [intro, simp] = vfsequence.uvfsequence-virestriction
and [intro, simp] = vfsequence.uvfsequence-vdomain-vlrestriction
and [intro, simp] = vfsequence.vfsequence-vlrestriction-vcard

2.9.3 Appending an element to a finite sequence: vcons

Definition and common properties

definition vcons = V = V = V (infixr #.> 65)
where zs #. x = vinsert (vcard zs, x) s

Syntax.

abbreviation vempty-vfsequence (<[]o>) where
vempty-vfsequence = 0=V

notation vempty-vfsequence (<[]o>)

nonterminal fsfields
nonterminal vlist

syntax
=V = fsfields (¢-»)
-fsfields :: fsfields = V = fsfields (<-,] -»)
-vlist = fsfields = V («[(-)]o>)
~vapp = V = fsfields = V («- ((-))«> [100, 100] 100)

syntax-consts
-vlist == vcons and

-vapp == app

translations
[zs, z]o == [x8]o #o =
[z]o == [lo #o @

translations
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f(zs, o == f([zs, z]o)
fzhe == f([z]o)

Rules.

lemma vconsl[intro!]:
assumes a €, vinsert (vcard zs, x) xs
shows a €, zs #, x
using assms unfolding wvcons-def by clarsimp

lemma vconsD[dest!]:
assumes a €, IS #o T
shows a ¢, vinsert (vcard xs, z) s
using assms unfolding wvcons-def by clarsimp

lemma vconsE[ elim!]:
assumes a €, IS #, T
obtains a where a €, vinsert (vcard zs, x) xs
using assms unfolding wvcons-def by clarsimp

Elementary properties.

lemma vcons-neq-vempty[ simp): ys #. y # [Jo by auto

Set operations.

lemma vcons-vsingleton: [a]o = set {(On, @)} unfolding vcons-def by simp

lemma vcons-vdoubleton: [a, bl = set {(On, a), {In, b}}
unfolding vcons-def
using vinsert-vsingleton
by (force simp: vinsert-set-insert-eq)

lemma vcons-vsubset: zs S, xs #. = by clarsimp

lemma vcons-vsubset”:
assumes vcons s T S, ys
shows vcons xs © S, veons ys y
using assms unfolding vcons-def by auto

Connections.

lemma (in vfsequence) vfsequence-vcons|intro, simpl: vfsequence (xs #o )

proof(intro vfsequencel)

from vfsequence-vdomain-in-omega vsv-vcard-vdomain have vcard xs = D, zs

by (simp add: vcard-vegpoll)
show wvsv (xs #, x)
proof(intro vsvl)
fix a b ¢ assume ab: (a, b) €, xs #, z and ac: (a, ¢) €& s #, @
then consider (dom) a €, D, xs | (ndom) a = vcard xs
unfolding vcons-def by auto
then show b = ¢
proof cases
case dom
with ab have (a, b) €, zs
unfolding vcons-def by (auto simp: <vcard xs = D, xs))
moreover from dom ac have (a, c) €, s
unfolding vcons-def by (auto simp: <vcard xs = D, xs))
ultimately show ?thesis using vsv by simp
next
case ndom
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from ab have (a, b) = (vcard zs, )
unfolding ndom vcons-def using <vcard zs = D, xs> mem-not-refl by blast
moreover from ac have (a, ¢) = (veard zs, x)
unfolding ndom vcons-def using <vcard s = D, xs> mem-not-refl by blast
ultimately show ¢thesis by simp
qed
next
show vbrelation (zs #, x) unfolding vcons-def
using vbrelation-vinsert] by auto
qed
show D, (zs #. ) € w
unfolding vcons-def
using succ-in-omega
by (auto simp: vfsequence-vdomain-in-omega succ-def <vcard xs = Do xs))
qed

lemma (in vfsequence) vfsequence-vcons-vdomain|simp]:
D, (x5 #o x) = succ (veard xs)
by (simp add: succ-def vcons-def vfsequence-vdomain)

lemma (in vfsequence) vfsequence-vcons-vrange[ simp]:
Ro (25 #o x) = vinsert © (Ro xs)
by (simp add: vcons-def)

lemma (in vfsequence) vfsequence-vrange-veonsl:
assumes R, s S, X and z €, X
shows R, (s #. z) So X
using assms unfolding vcons-def by auto

lemmas vfsequence-vrange-veonsl = vfsequence.vfsequence-vrange-veonsl|rotated 1]

Special properties.

lemma vcons-vrange-mono:
assumes s S, YS
shows R, (s #o %) So Ro (yYs #o )
using assms
unfolding vcons-def
by (simp add: vrange-mono vsubset-vinsert-leftl vsubset-vinsert-rightl)

lemma (in vfsequence) vfsequence-virestriction-succ:
assumes [simp]: k €, vecard xs
shows zs I, succ k = zs 1o k #o (zs(k]))
proof-
interpret vir: vfsequence <xs o k»
using assms by (blast intro: vfsequence-vcard-in-omega Ord-trans)
from vlr.vfsequence-vdomain| symmetric, simplified] show ?thesis
by
(
simp add:
veons-def succ-def vfsequence-vdomain vsv-vlrestriction-vinsert
)

qed

lemma (in vfsequence) vfsequence-vremove-vcons-vfsequence:
assumes zs = s’ #, T
shows vfsequence s’

proof(cases«(vcard xs', z) €, xs")
case True
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with assms|[unfolded vcons-def] have xs = zs’ by auto
then show ?thesis using vfsequence-azioms by simp
next
case Fulse
note z-def[simp] = assms[unfolded vcons-def]
interpret zs”" vsv zs' using vsv-azioms by (auto intro: vsv-vinsertD)
have fin: vfinite xs' using vfsequence-vfinite by auto
have vcard-zs: veard xs = succ (veard zs") by (simp add: fin False)
have [simp]: vcard zs' ¢, Do s’ using False vsv-azioms by auto
have vcard zs’ €, w using fin vfinite-vcard-omega by auto
have zs’-def: xs' = s o (vcard xs”)
using vcard-zs fin vfsequence-vdomain
by (auto simp: vinsert-ident succ-def)
from ufsequence-vlrestriction[ OF <vcard xs' €, wy] show ?thesis
unfolding zs’-def[ symmetric] .
qed

lemma (in vfsequence) vfsequence-vcons-ex:
assumes zs # []o
obtains zs’ r where zs = zs’ #., z and vfsequence zs’
proof-
from vcard-vempty have 0 €, vcard zs by (simp add: assms mem-0-Ord)
then obtain k& where succk: succ k = vcard zs
by (metis omega-prev vfsequence-vcard-in-omega)
then have k ¢, vcard zs using elts-succ by blast
from ufsequence-virestriction-succ[ OF this, unfolded succk] show ?thesis
by (simp add: vfsequence-vremove-vcons-vfsequence that)
qed

Induction and case analysis

lemma vfsequence-induct| consumes 1, case-names 0 vcons]:
assumes vfsequence s
and P [].
and Azs z. [[vfsequence xs; P xs]] = P (xs #. x)
shows P zs
proof-
interpret vfsequence xs by (rule assms(1))
from assms(1) obtain n where n €, w and D, zs = n by auto
then have n < D, zs by auto
define P’ where P’k = P (zs !, k) for k
from «n ¢, w» and n < D, 25> have P’ n
proof(induction rule: omega-induct)
case (succ n') then show ?case
proof-
interpret vlr: vfsequence <xs 1y n's by (simp add: succ.hyps)
have P’ n' using succ.prems by (force intro: succ.IH)
then have P (zs ', n') unfolding P’-def by assumption
have n' €, vcard s
using succ.prems by (auto simp: vsubset-iff vfsequence-vdomain)
from vfsequence-virestriction-succ[ OF «n' €, veard xs]
show P’ (succ n')
by (simp add: P'-def <P (xs M, n')» assms(3) vir.ufsequence-azioms)
qed
qed (simp add: P’-def assms(2))
then show ?thesis unfolding P’-def <D, xzs = n)[symmetric] by simp
qed
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lemma vfsequence-cases| consumes 1, case-names 0 vcons]:
assumes vfsequence xs
and zs = [J[o = P
and Axs’ z. [[xs = xs" #o z; vfsequence zs']] = P
shows P
proof-
interpret uvfsequence xs by (rule assms(1))
show ?thesis
proof(cases «xs = 0)
case Fulse
then obtain zs’ z where zs = zs’ #, z
by (blast intro: vfsequence-vcons-ex)
then show ?thesis by (auto simp: assms(3) intro: vfsequence-vcons-ex)
qed (use assms(2) in auto)
qed

Evaluation

lemma (in vfsequence) vfsequence-vcard-vcons|simp):
veard (zs #o x) = suce (veard xs)
proof-
interpret zsz: vfsequence <xs #, > by simp
have vcard (zs #. z) = Do (25 #o )
by (rule zsz.vfsequence-vdomain| symmetric])
then show ?thesis
by (subst vcons-def) (simp add: succ-def vcons-def vfsequence-vdomain)
qed

lemma (in vfsequence) vfsequence-at-last[intro, simp]:
assumes i = vcard xs
shows (xs #. z)(i]) = =
by (simp add: vfsequence-vdomain vcons-def assms)

lemma (in vfsequence) vfsequence-at-not-last[intro, simp]:
assumes i €, vcard TS
shows (xs #. z)(i]) = zs(
proof-
from assms have [simp]: D, zs = vcard zs by (auto simp: vfsequence-vdomain)
from assms have i €, D, zs by simp
moreover have ¢ # vcard xs using assms mem-not-refl by blast
ultimately show ?thesis
unfolding vcons-def using vsv.vsv-vinsert vsvE vsv-axzioms by auto
qed

Alternative forms of existing results.

lemmas [intro, simp] = vfsequence.vfsequence-vcons
and [intro, simp] = vfsequence.uvfsequence-vcard-vcons
and [intro, simp] = vfsequence.vfsequence-at-last
and [intro, simp] = vfsequence.vfsequence-at-not-last
and [intro, simp] = vfsequence.vfsequence-vcons-vdomain
and [intro, simp] = vfsequence.uvfsequence-vcons-vrange

Congruence-like properties

context vfsequence-pair
begin

lemma vcons-eg-vcard-eq:
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assumes 1s; #o T1 = TS9 Ho T2

shows vcard xs1 = vcard s

by

(
metis

assms
succ-inject-iff
vfsequence.vfsequence-vcons-vdomain
r1.vfsequence-axioms
ro.vfsequence-azxioms

)

lemma vcons-eqD[ dest]:
assumes 18| #o T1 = TSy Ho To
shows zs; = zs9 and z1 = 29
proof-

have xszl-last: (zs1 #o z1)(vcard xs1]) = 21 by simp
have zsz2-last: (xsy #o x2)(vcard xs3)) = o by simp

from assms have vcard: vcard xs; = vcard xsy by (rule vcons-eq-vcard-eq)
from trans[ OF zszl-last zszl-last[unfolded veard assms, symmetric]]

show z; = z5 unfolding zsxl-last zsx2-last .

have nzsl: (veard xsy, 1) ¢o 81
using mem-not-refl ry.vfsequence-vdomain by blast
have nzs2: (vcard sy, T2) ¢o o
using mem-not-refl ro.vfsequence-vdomain by blast
have zszl-zsz2: (vcard zsi, T1) = (veard xso, )
unfolding vcons-eq-vcard-eq[ OF assms(1)] <x1 = z9» by simp

show zs; = zs
proof(rule vinsert-identD[ OF - nxsl])
from assms(1)[unfolded vcons-def] show
vinsert (veard zs1, x1) xs1 = vinsert (vcard xs1, T1) Tso
by (auto simp: zsxl-zsx2)
show (vcard zsy, x1) ¢o o

by (rule nxzs2[folded «x1 = 9> vcons-eq-veard-eq[ OF assms(1)]])

qed
qed

lemma vcons-eql:
assumes xs; = s and 11 = X9
shows xs; #, T1 = TS2 #o Zo
using assms by (rule arg-cong?2)

lemma vcons-eq-iff[simp]: (xs1 #o T1 = 382 H#o T2) < (181 = T2 A T1 = T3)

by auto

end

Alternative forms of existing results.

context
fixes zs; zso
assumes zs1: vfsequence sy
and zs9: vfsequence sy
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begin

lemmas-with[ OF uvfsequence-pair.introl OF zs1 xss]]:
veons-eqD' = vfsequence-pair.vcons-eqD
and vcons-eq-iff [intro, simp] = vfsequence-pair.vcons-eq-iff

end

lemmas vcons-eqD[dest] = vcons-eqD'[rotated —1]

2.9.4 Transfer between the type V list and finite sequences
Initialization

primrec vfsequence-of-vlist = V list = V
where
vfsequence-of-vlist [] = 0
| ufsequence-of-vlist (z # xs) = vfsequence-of-vlist xs #,

definition vlist-of-vfsequence = V.= V list
where vlist-of-vfsequence = inv-into UNIV vfsequence-of-vlist

lemma vfsequence-vfsequence-of-vlist: vfsequence (vfsequence-of-vlist xs)
by (induction xs) auto

lemma inj-vfsequence-of-vlist: inj vfsequence-of-vlist
proof
show vfsequence-of-vlist x = vfsequence-of-vlist y =— x = y
for z y
proof(induction y arbitrary: )
case Nil then show Zcase by (cases x) auto
next
case (Cons a ys)
note Cons’ = Cons
show ?Zcase
proof(cases 1)
case Nil with Cons show ?thesis by auto
next
case (Cons b zs)
from Cons'[unfolded Cons vfsequence-of-vlist.simps] have
vfsequence-of-vlist zs #, b = vfsequence-of-vlist ys #. a
by simp
then have vfsequence-of-vlist zs = vfsequence-of-vlist ys and b = a
by (auto simp: vfsequence-vfsequence-of-vlist)
from Cons'(1)[ OF this(1)] this(2) show ?2thesis unfolding Cons by auto
qed
qed
qed

lemma range-vfsequence-of-vlist:
range vfsequence-of-vlist = {xs. vfsequence s}
proof(intro subset-antisym subsetl; unfold mem-Collect-eq)
show zs € range vfsequence-of-vlist = vfsequence xs for zs
by (clarsimp simp: vfsequence-vfsequence-of-vlist)
fix zs assume vfsequence s
then show zs € range vfsequence-of-vlist
proof(induction rule: vfsequence-induct)
case 0 then show ?case
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by (metis image-iff iso-tuple-UNIV-I vfsequence-of-vlist.simps(1))
next
case (vcons rs z) then show ?Zcase
by (metis rangeFE rangel vfsequence-of-vlist.simps(2))
qed
qed

lemma vlist-of-vfsequence-vfsequence-of-vlist simp):
vlist-of-vfsequence (ufsequence-of-vlist xs) = xs
by (simp add: inj-vfsequence-of-vlist vlist-of-vfsequence-def)

lemma (in vfsequence) vfsequence-of-vlist-vlist-of-vfsequence[ simp):
vfsequence-of-vlist (vlist-of-vfsequence xs) = s
using vfsequence-azrioms range-vfsequence-of-vlist inj-vfsequence-of-vlist
by (simp add: f-inv-into-f vlist-of-vfsequence-def)

lemmas vfsequence-of-vlist-vlist-of-vfsequence[ intro, simp] =
vfsequence.vfsequence-of-vlist-vlist-of-vfsequence

lemma vlist-of-vfsequence-vempty[ simp]: vlist-of-vfsequence [Jo = []
by
(
metis
vfsequence-of-vlist.simps(1)
vlist-of-vfsequence-vfsequence-of-vlist

)

Transfer relation 1.

definition cr-vfsequence = V. = V list = bool
where cr-vfsequence a b <— (a = vfsequence-of-vlist b)

lemma cr-vfsequence-right-total[ transfer-rule]: right-total cr-vfsequence
unfolding cr-vfsequence-def right-total-def by simp

lemma cr-vfsequence-bi-ungie[ transfer-rule]: bi-unique cr-vfsequence
unfolding cr-vfsequence-def bi-unique-def
by (simp add: inj-eq inj-vfsequence-of-vlist)

lemma cr-vfsequence-transfer-domain-rule[ transfer-domain-rule]:
Domainp cr-vfsequence = (Azs. vfsequence xs)
unfolding cr-vfsequence-def
proof(intro HOL.ext, rule iffI)
fix zs assume prems: vfsequence xs
interpret vfsequence xs by (rule prems)
have 3 ys. zs = vfsequence-of-vlist ys
using prems
proof(induction rule: vfsequence-induct)
show [[ ufsequence xs; Fys. xs = vfsequence-of-vlist ys ]| =
dys. zs #o T = vfsequence-of-vlist ys
for zs z
unfolding vfsequence-of-vlist-def by (metis list.simps(7))
qged auto
then show Domainp (Aa b. a = vfsequence-of-vlist b) zs by auto
qed (clarsimp simp: vfsequence-vfsequence-of-vlist)

lemma cr-vfsequence-vconsD:
assumes cr-vfsequence (zs #o z) (y # ys)
shows cr-vfsequence zs ys and = = y
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proof-
from assms[unfolded cr-vfsequence-def] have zs-z-def:
s #o x = vfsequence-of-vlist (y # ys) .
then have zs-x: vfsequence (xs #o )
by (simp add: vfsequence-vfsequence-of-vlist)
interpret vfsequence s
by (blast intro: vfsequence.vfsequence-vremove-vcons-vfsequence Ls-x)
from
assms[unfolded cr-vfsequence-def vfsequence-of-vlist.simps(2)]
vfsequence-axioms
show cr-vfsequence xs ys and x = y
unfolding cr-vfsequence-def by (auto simp: vfsequence-vfsequence-of-vlist)
qed

Transfer relation 2.

definition cr-cr-vfsequence = V.= V list list = bool
where cr-cr-vfsequence a b «—
(a = vfsequence-of-vlist (map vfsequence-of-vlist b))

lemma cr-cr-vfsequence-right-total[ transfer-rule]:
right-total cr-cr-vfsequence
unfolding cr-cr-vfsequence-def right-total-def by simp

lemma cr-cr-vfsequence-bi-ungie[ transfer-rule]: bi-unique cr-cr-vfsequence
unfolding cr-cr-vfsequence-def bi-unique-def
by (simp add: inj-eq inj-vfsequence-of-vlist)

Transfer relation for scalars.

definition cr-scalar = (V = 'a = bool) = V = 'a = bool
where cr-scalar Rz y = (3a. z =[a]lo A R a y)

lemma cr-scalar-bi-unique[ transfer-rule]:
assumes bi-unique R
shows bi-unique (cr-scalar R)
using assms unfolding cr-scalar-def bi-unique-def by auto

lemma cr-scalar-right-total[ transfer-rule]:
assumes right-total R
shows right-total (cr-scalar R)
using assms unfolding cr-scalar-def right-total-def by simp

lemma cr-scalar-transfer-domain-rule[ transfer-domain-rule]:
Domainp (cr-scalar R) = (Az. Ja. z = [a]o A Domainp R a)
unfolding cr-scalar-def by auto

Transfer rules for previously defined entities

context
includes lifting-syntax
begin

lemma vfsequence-vempty-transfer|transfer-rule]: cr-vfsequence []o []
unfolding cr-vfsequence-def by simp

lemma vfsequence-vempty-ll-transfer|transfer-rule]:

cr-cr-vfsequence [[Jo]o [[]]
unfolding cr-cr-vfsequence-def by simp
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lemma vcons-transfer|transfer-rule]:
((=) ===> cr-ufsequence ===> cr-vfsequence) (Ax xs. s #o ) (Ax 5. T # x5)
by (intro rel-funl) (simp add: cr-vfsequence-def)

lemma vcons-ll-transfer|transfer-rule]:
(cr-vfsequence ===> cr-cr-vfsequence ===> cr-cr-vfsequence)
(Az zs. 18 #o x) (A\x 8. T # 25)
by (intro rel-funl) (simp add: cr-vfsequence-def cr-cr-vfsequence-def)

lemma vfsequence-vrange-transfer|transfer-rule]:
(cr-vfsequence ===> (=)) (Azs. elts (Ro xs)) list.set
proof(intro rel-funl)
fix xs ys assume prems: cr-ufsequence s ys
then have zs = vfsequence-of-vlist ys unfolding cr-vfsequence-def by simp
then have vfsequence zs by (simp add: vfsequence-vfsequence-of-vlist)
from this prems show elts (Ro xs) = list.set ys
proof(induction ys arbitrary: xs)
case (Cons a ys)
from Cons(2) show ?case
proof(cases s rule: vfsequence-cases)
case 0 with Cons show ?thesis by (simp add: Cons.IH cr-vfsequence-def)
next
case (vcons zs' )
interpret vfsequence xzs’ by (rule vcons(2))
note vcons-transfer = cr-vfsequence-vconsD[ OF Cons(3)[unfolded vcons(1)]]
have a-ys: list.set (a # ys) = insert a (list.set ys) by simp
from vcons(2) have R-xs't: Ro (28’ #o x) = vinsert x (Ro xs’) by simp
show elts (Ro zs) = (list.set (a # ys))
unfolding vcons(1) R-zs'z a-ys
by
(
auto stmp:
veons-transfer(2) Cons(1)[ OF vfsequence-azioms vcons-transfer(1)]
)

ged
qed (auto simp: cr-vfsequence-def)
qed

lemma vcard-transfer|transfer-rule]:
(cr-vfsequence ===> cr-omega) vcard length
proof(intro rel-funl)
fix zs ys assume prems: cr-vfsequence s ys
then have zs = vfsequence-of-vlist ys unfolding cr-vfsequence-def by simp
then have vfsequence zs by (simp add: vfsequence-vfsequence-of-vlist)
from this prems show cr-omega (veard xzs) (length ys)
proof(induction ys arbitrary: xs)
case (Cons y ys)
from Cons(2) show ?case
proof(cases zs rule: vfsequence-cases)
case 0 with Cons show ?thesis by (simp add: Cons.IH cr-vfsequence-def)
next
case (vcons zs' )
interpret vfsequence xs’ by (rule vcons(2))
note vcons-transfer = cr-vfsequence-vconsD[ OF Cons(3)[unfolded vcons(1)]]
have vcard-zs-z: veard (zs’ #. x) = succ (vcard xs’) by simp
have vcard-y-ys: length (y # ys) = Suc (length ys) by simp
from vfsequence-axioms have [transfer-rule]:
cr-omega (veard zs") (length ys)
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by (simp add: vcons-transfer(1) Cons.IH)
show ?thesis unfolding vcons(1) vcard-zs-z veard-y-ys by transfer-prover
qed
qed (auto simp: cr-omega-def cr-uvfsequence-def)
qed

lemma vcard-ll-transfer|transfer-rule]:
(cr-cr-vfsequence ===> cr-omega) vcard length
unfolding cr-cr-vfsequence-def
by (intro rel-funl)
(metis cr-vfsequence-def length-map rel-funD vcard-transfer)

end

Corollaries.

lemma vdomain-vfsequence-of-vlist: Do (vfsequence-of-vlist xs) = length s
proof-
define ys where ys = vfsequence-of-vlist xs
interpret vfsequence ys
unfolding ys-def by (rule vfsequence-vfsequence-of-vlist)
have [transfer-rule]: cr-vfsequence ys xs
unfolding ys-def cr-vfsequence-def by simp-all
show ?thesis
by (fold ys-def, unfold vfsequence-vdomain, transfer) simp
qed

lemma vrange-vfsequence-of-vlist:
Ro (vfsequence-of-vlist xs) = set (list.set xs)
proof(intro vsubset-antisym vsubsetl)
fix z assume prems: x €, Ro (vfsequence-of-vlist xs)
define ys where ys = vfsequence-of-vlist xs
have [transfer-rule]: cr-vfsequence ys xs © = x
unfolding ys-def cr-vfsequence-def by simp-all
show z €, set (list.set xs) by transfer (simp add: prems|folded ys-def])
next
fix 2 assume prems: x €, set (list.set xs)
define ys where ys = vfsequence-of-vlist xs
have [transfer-rule]: cr-vfsequence ys xs © = x
unfolding ys-def cr-vfsequence-def by simp-all
from prems[untransferred] show z €, Ro (vfsequence-of-vlist xs)
unfolding ys-def by simp
qed

lemma cr-cr-vfsequence-transfer-domain-rule[ transfer-domain-rule]:
Domainp cr-cr-vfsequence =
(Azss. vfsequence xss A (V xs€,Ro x8s. vfsequence zs))
proof(intro HOL.ext, rule iffI; (elim conjE | intro congl balll))
fix xzss assume prems: Domainp cr-cr-vfsequence xss
with vfsequence-vfsequence-of-vlist show zss: vfsequence xss
unfolding cr-cr-vfsequence-def by clarsimp
interpret vfsequence xss by (rule xss)
fix zs assume prems” zs €, R, 1ss
from prems obtain yss where zss-def:
xss = vfsequence-of-vlist (map vfsequence-of-vlist yss)
unfolding cr-cr-vfsequence-def by clarsimp
from prems’ have zs €, set (list.set (map vfsequence-of-vlist yss))
unfolding xzss-def vrange-vfsequence-of-vlist by simp
then obtain ys where zs-def: zs = vfsequence-of-vlist ys by clarsimp
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show ufsequence xs
unfolding zs-def by (simp add: vfsequence-vfsequence-of-vlist)
next
fix zss assume prems: vfsequence xss ¥V xsecRo xss. vfsequence xs
have Jyss. zss = vfsequence-of-vlist (map vfsequence-of-vlist yss)
using prems
proof(induction rule: vfsequence-induct)
case (vcons ss )
let 2y = «wlist-of-vfsequence x>
from vcons(2,3) obtain yss where zss-def:
xss = vfsequence-of-vlist (map vfsequence-of-vlist yss)
by auto
from vcons(3) have vfsequence z by auto
then have z-def: © = vfsequence-of-vlist (vlist-of-vfsequence x) by simp
then have
xss #o T = vfsequence-of-vlist (map vfsequence-of-vlist (?y # yss))
unfolding zss-def by simp
then show ?case by blast
qed (auto intro: exI[of - <[]>])
then show Domainp cr-cr-uvfsequence xss
unfolding cr-cr-vfsequence-def by blast
qed

Appending elements

definition vappend = V = V = V (infixr (Q,) 65)
where zs Q, ys =
vfsequence-of-vlist (vlist-of-vfsequence ys @Q vlist-of-vfsequence xs)

Transfer.

lemma vappend-transfer|transfer-rule]:
includes lifting-syntax
shows (cr-ufsequence ===> cr-uvfsequence ===> cr-vfsequence)
(Azs ys. vappend ys xs) append
by (intro rel-funl, unfold cr-vfsequence-def) (simp add: vappend-def)

lemma vappend-li-transfer|transfer-rule]:
includes lifting-syntax
shows (cr-cr-ufsequence ===> cr-cr-vfsequence ===> cr-cr-vfsequence)
(Azs ys. vappend ys xs) append
by (intro rel-funl, unfold cr-cr-vfsequence-def) (simp add: vappend-def)

Elementary properties.

lemma (in vfsequence) vfsequence-vappend-vempty-uvfsequence[ simp]:
[lo Qo xs = xs
unfolding vappend-def by auto

lemmas vfsequence-vappend-vempty-vfsequence| simp] =
vfsequence.vfsequence-vappend-vempty-vfsequence

lemma (in vfsequence) vfsequence-vappend-vfsequence-vempty[ simp):
xs Q, [Jo = zs
unfolding vappend-def by auto

lemmas vfsequence-vappend-vfsequence-vempty[ simp] =
vfsequence.vfsequence-vappend-vfsequence-vempty

lemma vappend-vcons|simp):
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assumes vfsequence zs and vfsequence ys
shows s @Q, (ys #. y) = (x5 Q, ys) #o y
using append-Cons[where 'a=V untransferred, OF assms(2,1)] by simp

Distinct elements

definition vdistinct :: V = bool
where vdistinct xs = distinct (vlist-of-vfsequence xs)

Transfer.

lemma vdistinct-transfer|transfer-rule]:
includes lifting-syntax
shows (cr-vfsequence ===> (=)) wvdistinct distinct
by (intro rel-funl, unfold cr-vfsequence-def) (simp add: vdistinct-def)

lemma vdistinct-li-transfer| transfer-rule]:
includes lifting-syntax
shows (cr-cr-vfsequence ===> (=)) vdistinct distinct
by (intro rel-funl, unfold cr-cr-uvfsequence-def)
(
metis
vdistinct-def
distinct-map
inj-onl
vlist-of-vfsequence-vfsequence-of-vlist

)

Elementary properties.

lemma (in vfsequence) vfsequence-vdistinct-if-veard-vrange-eq-veard:
assumes vcard (R, xzs) = vecard s
shows vdistinct xs

proof-
have finite (elts (Ro zs)) by (simp add: assms vcard-vfinite-omega)
from vcard-finite-set] OF this] assms have card (elts (R, zs))n = vecard xs

by simp

from card-distinct[where ?'a=V, untransferred, OF vfsequence-axioms this]
show ?thesis.

qed

lemma vdistinct-vempty[intro, simp]: vdistinct []o
proof-

have ¢: distinct ([]:V list) by simp

show ?thesis by (rule t[untransferred])
qed

lemma (in vfsequence) vfsequence-vcons-vdistinct:
assumes vdistinct (xs #o )
shows vdistinct xs
proof-
from distinct.simps(2)[where '‘a=V, THEN iffD1, THEN conjunct2, untransferred)
show ?thesis
using vfsequence-axioms assms by simp
qed

lemma (in vfsequence) vfsequence-vcons-nin-vrange:
assumes vdistinct (xs #o )
shows z ¢, R zs

proof-
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from distinct.simps(2)[where ‘a=V, THEN iffD1, THEN conjunctl, untransferred]
show ?thesis
using vfsequence-azioms assms by simp
qed

lemma (in vfsequence) vfsequence-v111[intro]:
assumes vdistinct xs
shows vll zs
using vfsequence-arioms assms
proof(induction xs rule: vfsequence-induct)
case (vcons s )
interpret vfsequence xs by (rule vcons(1))
from vcons(3) have dzs: vdistinct s by (rule vfsequence-vcons-vdistinct)
interpret vll xs using dizs by (rule vcons(2))
from ufsequence-vcons-nin-vrange[ OF vcons(3)] have z ¢, Ro xs .
show vll (zs #. z)
by
(
simp-all add:
veons-def vfsequence-vdomain vfsequence-vcons-nin-vrange[ OF vcons(3)]
)

qed simp

lemma (in vfsequence) vfsequence-vcons-vdistinctl:
assumes vdistinct rs and z ¢, R, xs
shows vdistinct (zs #, x)
proof-
have t: distinct 1s = x ¢ list.set xs = distinct (z # zs)
for z =V and zs
by simp
from ufsequence-axioms assms show ?thesis by (rule t[untransferred])
qed

lemmas vfsequence-vcons-vdistinct][intro] =
vfsequence.vfsequence-vcons-vdistinct]

lemma (in vfsequence) vfsequence-nin-vrange-vcons:
assumes y ¢, R, s and y # z
shows y ¢, Ro (s #. )
proof-
have t: y ¢ list.set 1s = y # £ = y ¢ list.set (z # x5)
for z y :: V and zs
by simp
from vfsequence-azioms assms show ?thesis by (rule t[untransferred])
qed

lemmas vfsequence-nin-vrange-vcons| intro] =
vfsequence.vfsequence-nin-vrange-vcons

Concatenation of sequences

definition vconcat = V = V
where vconcat zss =
vfsequence-of-vlist(
concat (map vlist-of-vfsequence (vlist-of-vfsequence ss))

)

Transfer.
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lemma vconcat-transfer| transfer-rule]:
includes lifting-syntax
shows (cr-cr-ufsequence ===> cr-vfsequence) vconcat concat
proof(intro rel-funl)
fix zs ys assume cr-cr-vfsequence s ys
then have zs-def: zs = vfsequence-of-vlist (map vfsequence-of-vlist ys)
unfolding cr-cr-vfsequence-def by simp
have main-eq: map vlist-of-vfsequence (vlist-of-vfsequence xs) = ys
unfolding zs-def by (simp add: map-idl)
show cr-ufsequence (vconcat zs) (concat ys)
unfolding cr-vfsequence-def vconcat-def main-eq ..
qed

Elementary properties.

lemma vconcat-vempty[ simp]: veconcat [Jo = [Jo
unfolding vconcat-def by simp

lemma vconcat-append[ simp]:
assumes ufsequence xss
and VY zse, R, zss. vfsequence xs
and vfsequence yss
and VY zse, R, yss. vfsequence xs
shows vconcat (zss Q, yss) = vconcat zss Q, veconcat yss
using assms concat-append[where 'a=V, untransferred] by simp

lemma vconcat-vcons| simp]:
assumes vfsequence s and vfsequence xss and Y xs€, R, zss. vfsequence xs
shows vconcat (zss #o xs) = veoncat xss Q, s
using assms concat.simps(2)[where ‘a=V, untransferred] by simp

lemma (in vfsequence) vfsequence-vconcat-fsingleton|simp]: veoncat [xs]o = xs
using vfsequence-azioms
by
(
metis

vfsequence-vappend-vempty-vfsequence
veoncat-vcons
veoncat-vempty
vempty-nin
vfsequence-vempty
vrange-vempty

)

lemmas vfsequence-vconcat-fsingleton[ simp] =
vfsequence.vfsequence-vconcat-fsingleton

2.9.5 Finite sequences and the Cartesian product

lemma vfsequence-vecons-vproductl [ intro!]:
assumes n €, w
and zs €, ([Toicovcard xs. A i)
and z €, A (vcard zs)
and n = veard (zs #o )
shows zs #, = € ([Totcon. A i)
proof
interpret zs: vfsequence s
using assms
apply (intro vfsequencel )
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subgoal by auto
subgoal
by
(
metis
veard-vfinite-omega
veons-vsubset
vfinite-vcard-omega
vfinite-vsubset vproductD(2)
)
done
interpret zsz: vfsequence <xs #., x> by auto
show wvsv (xs #, z) by (simp add: xsz.vsv-azioms)
show D: D, (zs #, ) = n unfolding assms(4) zsz.vfsequence-vdomain by auto
from vproductD[ OF assms(2)] have elem: i €, vcard s = xs(|i]) €, A i for i
by auto
show Vie,n. (zs #. z)(i]) €c A i by (auto simp: elem assms(3,4))
qed

lemma vfsequence-vcons-vproductD[ dest]:
assumes s #o 2 €& ([Toicon. A i) and n €, w
shows zs €, ([Toteovcard xs. A i)
and z €, A (vcard zs)
and n = vcard (s #o )
proof—

interpret zsz: vfsequence <xs #.,

by (meson assms succ-in-omega vfsequence-vproduct)
interpret zs: vfsequence xs

by (blast intro: zsz.vfsequence-vremove-vcons-vfsequence)

show n-def: n = veard (zs #, )
using assms using zsz.vfsequence-vdomain by blast
from vproductD[ OF assms(1), unfolded n-def]
have elem-zs-1: i €, veard (zs #o. x) = (vs #o z)(i]) € A ©
for ¢
by auto
then have elem-zs[simp]: i €, vcard zs = xs(i]) €, A i for ¢
by (metis rev-vsubsetD vcard-mono vcons-vsubset zs.vfsequence-at-not-last)
show s €, ([]oi€,vcard xs. A 1)
by (auto simp: zs.vsv-axioms xs.vfsequence-vdomain)
from elem-zs-z show x €, A (vcard xs) by fastforce

qed

lemma vfsequence-vcons-vproductE|[ elim!]:
assumes s #o 2 € ([Toicon. A i) and n €, w
obtains s €, ([]oic,vcard zs. A i)
and z €, A (vcard xs)
and n = vcard (s #. )
using assms by (auto simp: vfsequence-vcons-vproductD)

2.9.6 Binary Cartesian product based on finite sequences: ftimes

definition ftimes = V = V = V (infixr (x4> 80)
where ftimes a b = ([Toi€2N. if i = 0 then a else b)

lemma small-fpairs[simp]: small {[a, blo | a b. [a, b]o € 7}
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by (rule down[of - r]) clarsimp
Rules.

lemma ftimesI1[intro]:
assumes z = [a, b]o and a €, A and b e, B
shows z €, A x¢ B
unfolding ftimes-def
proof
show wvsv: vsv z by (simp add: assms(1) vfsequence.axioms(1))
then interpret vsv z .
from assms show D: D, x = 2y
unfolding nat-omega-simps two One-nat-def by auto
from assms(2,3) have @ i €, 2y = z(|i]) € (if i = On then A else B)
for ¢
unfolding assms(1) two nat-omega-simps One-nat-def by auto
from i show V i€,2N. z(i) € (if i = 0 then A else B) by auto
qed

lemma ftimesI2[intro!]:
assumes a €, A and b ¢, B
shows [a, b, €; A x¢ B
using assms ftimesI1 by auto

lemma fproductE1[elim!]:
assumes z €, A x, B
obtains a b where z = [a, b]o and a €, A and b ¢, B
proof-
from wvproduct-vdoubletonD[ OF assms[unfolded two ftimes-def]]
have -def: @ = set {{0x, 2(0x)), {1, (1nD)}
and z(0On]) & A
and z(In) € B
by auto
then show ?thesis using that using vcons-vdoubleton by simp
qed

lemma fproductE2[elim!]:
assumes [a, b], €&, A x, B obtains a €, A and b €, B
using assms by blast

Set operations.

lemma vfinite-0-left[ simp]: 0 xo b =0
by (meson eq0-iff fproductE1)

lemma vfinite-0-right[simp]: a xe 0 = 0
by (meson eq0-iff fproductE1)

lemma fproduct-vintersection: (a Ny b) x4 (¢ No d) = (a xe ¢) N (b x4 d)
by auto

lemma fproduct-vdiff: a xe (b =5 ¢) = (a x¢ b) — (a %o ¢) by auto

lemma vfinite-ftimesl [intro!]:
assumes vfinite a and vfinite b
shows ufinite (a xo b)
using assms(1,2)
proof(induction arbitrary: b rule: vfinite-induct)
case (vinsert z a')
from wvinsert(4) have vfinite (set {x} xq b)
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proof(induction rule: vfinite-induct)
case (vinsert y b’)
have set {z} x, vinsert y b’ = vinsert [z, ylo (set {z} xo b’) by auto
with vinsert(3) show ?case by simp
qed simp
moreover have vinsert x o’ x, b = (set {z} x4 b) Us (a’ x4 b) by auto
ultimately show ?case using vinsert by (auto simp: vfinite-vunionl)
qed simp

ftimes and vepower

lemma vproduct-vpair: [a, blo €5 ([Tot€e2Nn. f 1) «— (a, b) €& f (ON) %o f (IN)
proof
interpret vfsequence <[a, bl by simp
show [a, bl € ([Tot€o2n. f i) = (a, b) & f (ON) %o f (IN)
unfolding vcons-vdoubleton two by (elim vproduct-vdoubletonE) auto
assume hyp: (a, b) & f (On) %o f (IN)
then have af: a €, f (On) and bf: b & f (1n) by auto
have dom: D, [a, blo = set {On, In} by (auto introl: vsubset-antisym)
have ran: Ro [a, blo So (Uoi€o2N. [ 1)
unfolding two using af bf vifunion-vdoubleton by auto
show [a, bl € (ITo%€2N- [ 1)
apply (intro vproductl)
subgoal using dom ran vsv-azioms unfolding two by auto
subgoal using af bf unfolding two by (auto introl: vsubset-antisym)
subgoal
unfolding two
using hyp VSigmaFE2 small-empty vcons-vdoubleton
by (auto simp: vinsert-set-insert-eq)
done
qed

Connections.

lemma vcpower-two-ftimes: A *x 2N = A x4 A
unfolding vcpower-def ftimes-def two by simp

lemma vepower-two-ftimesI|[intro]:
assumes z €, A x, A
shows z €, A 7 2n
using assms unfolding ftimes-def two by auto

lemma vepower-two-ftimesD[ dest]:
assumes 7 €, A y 2N
shows z ¢, A x, A
using assms unfolding vcpower-def ftimes-def two by simp

lemma vepower-two-ftimesE[ elim]:
assumes 7 €, A y 2y and z €, A xg A = P
shows P
using assms unfolding vcpower-def ftimes-def two by simp

lemma vfsequence-vepower-two-vpair: [a, bl €6 A "x 2N «— (a, b) €, A x, A
proof(rule iffT)
show [a, b]o €6 A "% 2N = (a, b) €, A x, A
by (elim vepowerE, unfold vproduct-vpair)
qed (intro vepowerl, unfold vproduct-vpair)

lemma vsv-vfsequence-two:
assumes vsv gf and D, gf = 2N
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shows [vpfst gf, vpsnd gf]o = gf
proof-
interpret gf: vsv gf by (auto intro: assms(1))
show ?thesis
by
(
rule sym,
rule vsv-eql,
blast,
blast,
stmp add: assms(2) nat-omega-simps,
unfold assms(2),
elim-in-numeral,
all<simp add: nat-omega-simps»
)

qed

lemma vsv-vfsequence-three:
assumes vsv hgf and D, hgf = 3n
shows [vpfst hgf, vpsnd hgf, vpthrd hgfl. = hgf
proof-
interpret hgf: vsv hgf by (auto intro: assms(1))
show ?thesis
by
(
rule sym,
rule vsv-eql,
blast,
blast,
simp add: assms(2) nat-omega-simps,
unfold assms(2),
elim-in-numeral,
all<simp add: nat-omega-simps»
)

qed

2.9.7 Sequence as an element of a Cartesian power of a set

lemma vcons-in-vepowerl [intro!]:
assumes n €, w
and zs €, A 7 veard zs
and z ¢, A
and n = vcard (s #. )
shows zs #, 16, A x n
proof-
interpret vfsequence xs
using assms
by
(
meson
veons-vsubset
vfinite-vcard-omega-iff
vfinite-vsubset
vfsequence-vepower

show ?thesis
by
(
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metis
assms(2,3,4)
vepower-vrange
ufsequence-vcons
vfsequence-vcons-vrange
vfsequence.vfsequence-vrange-vepower
vsubset-vinsert-left]

)
qed

lemma vcons-in-vepowerD[ dest]:
assumes s #., £ €, A x nand n € w
shows zs e, A 7 wvcard zs
and z €, A
and n = veard (zs #o )
proof-
interpret vfsequence s
by
(
meson
assms
vfsequence.vfsequence-vremouve-vcons-vfsequence
vfsequence-vepower

)

from assms vfsequence-vcard-vcons show n = veard (zs #, x) by auto

then show zs e, A 7 vcard zs
by
(
metis

assms(1)
vepower-vrange
vfsequence-vcons-vrange
vfsequence-vrange-vcpower
vsubset-vinsert-leftD

)

show z ¢, A
by
(
metis

assms(1)
VCPOWeET-Urange
vfsequence.vfsequence-vcons-vrange
vfsequence-axioms
vinsertl1
vsubsetF

)
qed

lemma vcons-in-vepowerE1[ elim!]:
assumes s #., £ €, A x nand n € w

obtains zs €, A " vcard xs and z €, A and n = vcard (xs #o x)

using assms by blast

lemma vcons-in-vepowerE?2:
assumes 75 €, A ynand n < wand 0 € n
obtains 7 zs’ where zs = zs' #, «
and zs’ e, A 7 veard xs’
and z ¢, A

132
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and n = veard (zs' #, 1)
proof-
interpret vfsequence xs using assms(1,2) by auto
from assms obtain x zs’ where zs-def: s = zs’ #, x
by
(
metis
eq0-iff vcard-0 vepower-vdomain vfsequence-vcons-ex vfsequence-vdomain
)

from vcons-in-vepowerE1[ OF assms(1)[unfolded xs-def] assms(2)] have
zs' € A " veard s’ and © €, A and n = vcard (zs' #. )
by blast+
from zs-def this show ?thesis by (clarsimp simp: that)
qed

lemma vcons-vepowerl E:
assumes 75 €, A % In
obtains z where zs = [z], and z €, A
proof-
have 01: 0 ¢, 1x by simp
from vcons-in-vepowerE2[ OF assms ord-of-nat-w 01] obtain z s’
where zs-def: xs = 15’ #, z
and zs”" zs' e, A " wveard xs’
and : z ¢, A
and one: Iy = veard (zs’ #o )
by metis
interpret zs: yfsequence xs using assms by (auto intro: vfsequence-vcpower)
interpret xs”: vfsequence xs’
using zs’ zs-def xs.vfsequence-vremove-vcons-vfsequence by blast
from one have vcard zs' = 0
by (metis ord-of-nat-succ-vempty succ-inject-iff xs'.vfsequence-veard-vcons)
then have zs = [z], unfolding zs-def by (simp add: vcard-vempty)
with z that show ?thesis by simp
qed

2.9.8 The set of all finite sequences on a set

Definition and elementary properties

definition vfsequences-on = V = V
where vfsequences-on X = set {x. vfsequence x A (V i€;D, . z(i]) €x X)}

lemma vfsequences-on-subset-w-set:
{z. vfsequence x A (Vicelts (Do ). z(i]) € X)} S elts (VPow (w %, X))
proof
(
intro subsetl,
unfold mem-Collect-eq VPow-iff,
elim conjE,
intro vsubsetl
)
fix zs nx
assume prems|rule-format]:
vfsequence xs
Vi€s D, 8. x5(i]) €0 X
nT €, TS
interpret vfsequence xs by (rule prems(1))
from prems(3) vbrelation obtain n z where nz-def: nx = (n, z) by auto
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from vsv-appI[ OF prems(3)[unfolded this]] have xzsn: zs(n|) = z .
from prems(3) nz-def have n €, D, zs by auto
with prems(2) show nz €, w x, X
by (auto simp: na-def xsn[symmetric] Ord-trans vfsequence-vdomain-in-omega)
qed

lemma small-vfsequences-on[simp]:
small {x. vfsequence x A (V i€;Do . z(i]) € X)}
by (rule down, rule vfsequences-on-subset-w-set)

Rules.

lemma vfsequences-onl:
assumes vfsequence xs and Ai. i €, Do s = xs(i]) €, X
shows zs €, vfsequences-on X
using assms unfolding vfsequences-on-def by simp

lemma vfsequences-onD[dest]:
assumes s €, vfsequences-on X
shows ufsequence xs and Ai. i €, Do s = xs(i]) €, X
using assms unfolding vfsequences-on-def by auto

lemma vfsequences-onE[ elim]:
assumes s €, vfsequences-on X
obtains vfsequence xs and Ai. i €, Do 1s = x5(i]) €, X
using assms unfolding vfsequences-on-def by auto

Further properties

lemma vfsequences-on-vsubset-mono:
assumes A S, B
shows vfsequences-on A c, vfsequences-on B
proof(intro vsubsetl vfsequences-onl; elim vfsequences-onk)
fix i zs assume prems: i €, Do x5 Ni. 1 €, Dy 18 = x5(|i]) €, A
from assms prems(2)[ OF prems(1)] show zs(i]) €, B by auto
qed
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2.10 Binary relation as a finite sequence

2.10.1 Background

This section exposes the theory of binary relations that are represented by a two element finite
sequence [a, b], (as opposed to a pair (a, b)). Many results were adapted from the theory
CZH-Sets-BRelations.

As previously, many of the results that are presented in this section can be assumed to have
been adapted (with amendments) from the theory Relation in the main library.

lemma fpair-iff[simp]: ([a, blo = [a’, b']o) = (a = a’ A b =b") by simp

lemmas fpair-inject| elim!] = fpair-iff[ THEN iffD1, THEN conjE]

2.10.2 fpairs
definition fpairs : V = V where

foairs r = set {z. z €, v A (Ja b. x = [a, blo)}

lemma small-fpairs[simp]: small {z. z €c r A (Fa b. = [a, b]o)}
by (rule down[of - r]) clarsimp

Rules.

lemma fpairsI[intro]:
assumes 7 € r and z = [a, b],
shows z €, fpairs r
using assms unfolding fpairs-def by auto

lemma fpairsD[dest]:
assumes t €, fpairs r
shows z €, r and Ja b. = = [a, b]o
using assms unfolding fpairs-def by auto

lemma fpairsE[elim]:
assumes t €, fpairs r
obtains a b where z = [a, b], and [a, b, €& 7
using assms unfolding fpairs-def by auto

lemma fpairs-iff: © €, fpairs r «— x €, 7 A (Fa b. x = [a, b]o) by auto
Elementary properties.

lemma fpairs-iff-elts: [a, bl €, fpairs r «— [a, b, €, r by auto

Set operations.

lemma fpairs-vempty[ simp]: fpairs 0 = 0 by auto

lemma fpairs-vsingleton[simp]: fpairs (set {[a, b]o}) = set {[a, b]o} by auto

lemma fpairs-vinsert: fpairs (vinsert [a, blo A) = set {[a, blo} Uo fpairs A
by auto

lemma fpairs-mono:
assumes r S, §
shows fpairs r S, fpairs s
using assms by blast

lemma fpairs-vunion: fpairs (A Us B) = fpairs A U, fpairs B by auto
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lemma fpairs-vintersection: fpairs (A N, B) = fpairs A N, fpairs B by auto
lemma fpairs-vdiff: fpairs (A — B) = fpairs A —, fpairs B by auto

Special properties.

lemma fpairs-ex-uvfst:
assumes €, fpairs r
shows 3b. [z(0n]), bl & 7
proof-
from assms have zr: x €, r by auto
moreover from assms obtain b where z-def: x = [z(0n]), b]o by auto
ultimately have [z(0n]), b]o € 7 by auto
then show ?thesis by auto
qed

lemma fpairs-ex-vsnd:
assumes r €, fpairs r
shows Ja. [a, z(In)]o € 7
proof-
from assms have zr: x €, r by auto
moreover from assms obtain a where z-def: z = [a, z(1n])]o
by (auto simp: nat-omega-simps)
ultimately have [a, z(1n)]o € 7 by auto
then show ?thesis by auto
qed

lemma fpair-vepower2I[intro]:
assumes a €, A y Iy and b e, A
shows vconcat [a, blo €6 A " 2N
proof-
from assms obtain a’ b’
where a-def: a = [a’], and b-def: b = [b], and a’e, A and b'e, A
by (force elim: vcons-vepowerlE)
then show ?Zthesis by (auto simp: nat-omega-simps)
qed

o~

><1]N

2.10.3 Constructors

Identity relation

definition fid-on = V = V
where fid-on A = set {[a, a]o | a. a €, A}

lemma fid-on-small[ simp]: small {[a, a]o | a. a €, A}
proof(rule down[of - <A 7% (2n)»], intro subsetl)
fix z assume z € {[a, a], |a. a €, A}
then obtain a where z-def: © = [a, a], and a €, A by clarsimp
interpret vfsequence <[a, alo> by simp
have vcard-aa: 25 = vcard [a, a]o by (simp add: nat-omega-simps)
from <a ¢, A> show z €, A "% 2N
unfolding z-def vcard-aa by (intro vfsequence-vrange-vcpower) auto
qed

Rules.

lemma fid-on-eql:
assumes ¢ = band a €, A
shows [a, b], € fid-on A
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using assms by (simp add: fid-on-def)

lemma fid-onl[intro!]:
assumes a €, A
shows [a, a], € fid-on A
by (rule fid-on-eql) (simp-all add: assms)

lemma fid-onD[ dest!]:
assumes [a, a], € fid-on A
shows a €, A
using assms unfolding fid-on-def by auto

lemma fid-onE[elim!]:
assumes z €, fid-on A and Jac.A. z = [a, a]o = P
shows P
using assms unfolding fid-on-def by auto

lemma fid-on-iff: [a, blo € fid-on A «— a = b A a €, A by auto

Set operations.

lemma fid-on-vempty|[simp]: fid-on 0 = 0 by auto

lemma fid-on-vsingleton|simp]: fid-on (set {a}) = set {[a, a]o} by auto

lemma fid-on-vdoubleton: fid-on (set {a, b}) = set {[a, alo, [b, b]o} by force

lemma fid-on-mono:
assumes A ¢, B
shows fid-on A <, fid-on B

using assms by auto

lemma fid-on-vinsert: vinsert [a, alo (fid-on A) = fid-on (vinsert a A)
by auto

lemma fid-on-vintersection: fid-on (A n, B) = fid-on A n, fid-on B by auto
lemma fid-on-vunion: fid-on (A U, B) = fid-on A U, fid-on B by auto
lemma fid-on-vdiff: fid-on (A — B) = fid-on A -, fid-on B by auto
Special properties.

lemma fid-on-vsubset-vcpower: fid-on A S, A ~x 2N by force

Constant function
definition fconst-on = V=V = V

where feconst-on A ¢ = set {[a, c]o | a. a €, A}

lemma small-feconst-on[simp]: small {[a, c]o | a. a €, A}
by (rule down[of - <A x, set {c}>]) blast

Rules.

lemma fconst-onl[intro!]:
assumes a €, A
shows [a, c]o € feonst-on A ¢
using assms unfolding fconst-on-def by simp

lemma fconst-onD[ dest!]:
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assumes [a, c]o € feonst-on A ¢
shows a ¢, A
using assms unfolding fconst-on-def by simp

lemma fconst-onE[elim!]:
assumes z €, fconst-on A ¢
obtains ¢ where a €, A and z = [a, c]o
using assms unfolding fconst-on-def by auto

lemma fconst-on-iff: [a, clo € feconst-on A ¢ «— a €, A by auto

Set operations.

lemma fconst-on-vempty| simp]: fconst-on 0 ¢ = 0
unfolding fconst-on-def by auto

lemma feonst-on-vsingleton[simp]: feonst-on (set {a}) ¢ = set {[a, c]o}
by auto

lemma fconst-on-vdoubleton: fconst-on (set {a, b}) ¢ = set {[a, clo, [b, c]o}
by force

lemma fconst-on-mono:
assumes A ¢, B
shows fconst-on A ¢ <, fconst-on B ¢
using assms by auto

lemma fconst-on-vinsert:
(vinsert [a, c]o (fconst-on A ¢)) = (feonst-on (vinsert a A) ¢)
by auto

lemma fconst-on-vintersection:
feonst-on (A n, B) ¢ = feonst-on A ¢ N, feonst-on B ¢
by auto

lemma fconst-on-vunion: fconst-on (A U, B) ¢ = feonst-on A ¢ U, feonst-on B ¢
by auto

lemma fconst-on-vdiff: feonst-on (A —, B) ¢ = fconst-on A ¢ — fconst-on B ¢
by auto

Special properties.

lemma fconst-on-eq-ftimes: fconst-on A ¢ = A x, set {c} by blast

Composition

definition fcomp = V = V = V (infixr (o, 75)
where 7 o, s = set {[a, ¢c]o | a c. Tb. [a, blo € s A [b, c]o & T}
notation fecomp (infixr (o,) 75)

lemma fcomp-small simp]: small {[a, clo | a c. 3b. [a, blo € s A [b, c]o € 7}
(is «<small ?sy)
proof-
define comp’ where comp’ = (Mab, cd). [ab(On]), cd(In]]o)
have small (elts (vpairs (s x, 1))) by simp
then have small-comp: 