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Abstract

This article provides a formalization of the foundations of the theory of 1-categories
in the object logic ZFC in HOL ([11], also see [9]) of the formal proof assistant Isabelle
[10]. The methodology chosen for the formalization rests on the ideas that were originally
expressed in [5]. Thus, in the context of this work, each category is represented as a term
of the type V embedded into a stage of the von Neumann hierarchy [14].
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1 Introduction

1.1 Background

This article provides a formalization of the elementary theory of 1-categories without an addi-
tional structure. For further information see chapter Introduction in [8].

1.2 Preliminaries

named-theorems cat-op-simps
named-theorems cat-op-intros

named-theorems cat-cs-simps
named-theorems cat-cs-intros

named-theorems cat-arrow-cs-intros

1.3 CS setup for foundations

lemmas (in Z) [cat-cs-intros] = Z-f
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2 Category
2.1 Background

lemmas [cat-cs-simps] = dg-shared-cs-simps
lemmas [cat-cs-intros] = dg-shared-cs-intros

definition CId = V
where [dg-field-simps]: CId = 5n

2.1.1 Slicing

definition cat-smc = V = V
where cat-smc € = [€(0bj]), €(Arr]), €(Dom|), €(Cod)), €(|Comp))]s

Components.
lemma cat-smc-components| slicing-simps):
shows cat-smc €(0bj]) = €(O0bj)
and cat-sme C(Arr) = €(Arr)
and cat-sme €(Dom]) = €(Dom))
and cat-sme €(Cod]) = €(Cod)
and cat-sme €(Comp|) = €(Comp))

{proof)

Regular definitions.

lemma cat-smc-is-arr|slicing-simps]:
fravgpsmee b= frarghb
(proof)

lemmas [slicing-intros] = cat-sme-is-arr[ THEN iffD2]

lemma cat-smc-composable-arrs| slicing-simps]:
composable-arrs (cat-sme €) = composable-arrs €

{proof)

lemma cat-smc-is-monic-arr| slicing-simps]:
[ aPmoncat-sme ¢ 0 fiarmong b

{proof)
lemmas [slicing-intros] = cat-smc-is-monic-arr| THEN ffD2]

lemma cat-smc-is-epic-arr| slicing-simps]:
fravepicat-sme e 0= [ aepig b

(proof)
lemmas [slicing-intros] = cat-smc-is-epic-arr[ THEN iffD2]
lemma cat-smc-is-idem-arr| slicing-simps):

[ ™idecat-sme ¢ b <= [ Pideg b

{proof)
lemmas [slicing-intros] = cat-sme-is-idem-arr[ THEN iffD2]
lemma cat-smc-obj-terminal[ slicing-simps]:

obj-terminal (cat-smec €) a < obj-terminal € a

{proof)

lemmas [slicing-intros] = cat-smc-obj-terminal| THEN iffD2]

12



lemma cat-smc-obj-intial[ slicing-simps]:
obj-initial (cat-sme €) a < obj-initial € a

{proof)
lemmas [slicing-intros] = cat-smc-obj-intial| THEN ffD2]

lemma cat-smc-obj-null[ slicing-simps]:
obj-null (cat-sme €) a «— obj-null € a

{proof)
lemmas [slicing-intros] = cat-smc-obj-nulll THEN iffD2]

lemma cat-smc-is-zero-arr[ slicing-simps]:
fra=ocatsmee b= frarmoed
(proof)

lemmas [slicing-intros] = cat-smc-is-zero-arr[ THEN iffD2]

2.2 Definition and elementary properties

The definition of a category that is used in this work is is similar to the definition that can be
found in Chapter I-2 in [7]. The amendments to the definitions that are associated with size
have already been explained in [8].

locale category = Z « + vfsequence € + CId: vsv <€(CId])» for a € +
assumes cat-length[ cat-cs-simps]: veard € = 6N
and cat-semicategory| slicing-intros]: semicategory a (cat-sme €)
and cat-Cld-vdomain| cat-cs-simps]: Do (€(CId])) = €(0bj))
and cat-Cld-is-arr| cat-cs-intros]: a €, €(0bj)) = €(CId)(a) : a ~¢ a
and cat-Cld-left-left[ cat-cs-simps]:
Fiare b—s €(CIANH one f - f
and cat-CId-right-left] cat-cs-simps]:
fibog e = foae €(CI)(b) = f

lemmas [cat-cs-simps] =
category.cat-length
category.cat-Cld-vdomain
category.cat-Cld-left-left
category.cat-CId-right-left

lemma (in category) cat-Cld-is-arr'[ cat-cs-intros]:
assumes a €, €(|Obj)) and b= aand ¢ =g and ¢'=¢C
shows €(CId)(a]) : b =gr c
(proof)

lemmas [cat-cs-intros] = category.cat-Cld-is-arr’
lemma (in category) cat-Cld-is-arr’'[ cat-cs-intros]:
assumes a € €(0bj)) and f = €(CId)(al

shows f: a ¢ a

{proof)
lemmas [cat-cs-intros] = category.cat-Cld-is-arr’’
lemmas [slicing-intros| = category.cat-semicategory

lemma (in category) cat-Cld-vrange: Ro (€(CId))) S, €(Arr)

13



(proof )
Rules.

lemma (in category) category-azioms'[ cat-cs-intros]:
assumes o' = «
shows category a’ €

{proof)

mk-ide rf category-def[unfolded category-azioms-def]
|intro categoryl|
|dest categoryD[ dest]
|elim categoryE[ elim]|

lemma categoryl "
assumes Z o

and vfsequence €

and vcard € = 6

and vsv (€(Dom]))

and vsv (€(Cod)))

and vsv (€(Comp)))

and vsv (€(CId)))

and D, (€(Dom|) = €(Arr)

and R, (€(Doml)) <, €(O0bj)

and D, (€(Cod))) = €(Arr)

and R, (€(Cod))) <, €(0bj)

and Agf. gf € Do (€(Compl)) «—
(Bgfbeca gf =[g, florg:bogcnfiargbd)

and D, (€(CId)) = €(0bj)

and Nbcgaf. [[g:bregcefiamrgb]l= goagf:iargc

and Acdhbgaf [[h:icrgdig:brgcfiaregb] =
(hoag g) oag f=hoag (9oag[f)

and Aa. a &, €(0bj) = &(CId)(a]) : a »¢ a

and Aa b f. f:a~g b= C(CILd)(b) cng f=f

and Abcf. f:brg c = fouse €(CIA)(D) = f

and €(0bj) <, Vset «

and AA B. [[ A <, €(0bj]); B ¢, €(0bj]); A e Vset a; B e, Vset a || =
(UoacoA. UobeoB. Hom € a b) €, Vset «

shows category a €

{proof)

lemma categoryD":

assumes category o €

shows Z «
and vfsequence €
and wvcard € = 6N
and vsv (€(Doml))
and vsv (€(Cod)))
and wvsv (€(Comp)))
and vsv (€(CId)))
and D, (€(Dom|) = €(Arr)
and R, (€(Dom|)) S, €(Obj)
and D, (€(Cod))) = €(Arr)
and R, (€(Cod])) S, €(0bj)
and Agf. gf € Do (€(Compl)) «—

(3gfbca. gf =19, flong:brgcnfiargh)

and D, (€(CId)) = €(O0bj)
and Abcgaf. [[g:brgcifiarmgb]]= goagf:argc
and Acdhbgaf [h:icrgdig:brgcifiaregb] =

14



(hoag g) cag f=hoag (90a¢ f)

and Aa. a & €(0bj) = &(CId)(a]) : a »¢ a

and Aa bf f Ca e b — @(IC]dI)(IbI) cA¢ f = f

and Abcf. f:brg c = foue €(CILA)(D) = f

and €(O0bj) <, Vset o

and AA B. [[ A <, €(0bj]); B S, €(0bj]); A€o Vset o; B e, Vset a || =
(UoacoA. UobeoB. Hom € a b) €, Vset «

{proof)

lemma categoryE":
assumes category o €
obtains Z «
and vfsequence €
and vcard € = 6N
and vsv (€(Dom)))
and vsv (€(Cod)))
and vsv (€(]Comp)))
and vsv (€(CId])
and D, (€(Doml)) = C(Arr|
and R, (€(Dom|) <, €(0bj)
and D, (€(Cod))) = C(Arr|
and R, (€(Cod))) S, €(0bj)
and Agf. g9f € Do (€(Comp))) «—
(Bgfbca gf =[g. flong:brgecnfiargh)
and D, (€(CId)) = €(O0bj)
and Abcgaf.[[g:brgcifiarpgb]]=goagfiargc
and Acdhbgaf [h:icrgdig:brgcfiaregb] =
(hoag 9) cag f = hoag (9oag f)
and Aa. a & €(0bj)) = €(CId)(a) : a —¢ a
and Aa b f. f:a~g b= C(CILd)(b) cng f=f
and Abcf. f:brg c = foae €(CILA)(D) = f
and €(0bj) <, Vset «
and AA B. [[ A S, €(0bj]); B ¢, €(0bj]); A€o Vset a; B e, Vset a || =
(UoacoA. UobeoB. Hom € a b) €, Vset «
(proof)

Slicing.

context category
begin

interpretation smc: semicategory « <cat-sme € (proof)

sublocale Dom: vsv <€(Dom))>

{proof)
sublocale Cod: vsv «€(|Cod))»

{proof)
sublocale Comp: pbinop «€(Arr])> «&(Compl|)>

{proof)

lemmas-with [unfolded slicing-simps]:
cat-Dom-vdomain| cat-cs-simps] = smc.sme-Dom-vdomain
and cat-Dom-vrange = smc.smc-Dom-vrange
and cat-Cod-vdomain] cat-cs-simps] = sme.sme-Cod-vdomain
and cat-Cod-vrange = smc.smc-Cod-vrange
and cat-Obj-vsubset-Vset = smc.smc-Obj-vsubset- Vset
and cat-Hom-vifunion-in- Vset[ cat-cs-intros] = sme.sme-Hom-vifunion-in- Vset
and cat-Obj-if-Dom-vrange = smc.smc-Obj-if-Dom-vrange
and cat-Obj-if-Cod-vrange = smc.smc-0bj-if-Cod-vrange
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and cat-is-arrD = smc.smc-is-arrD

and cat-is-arrE[elim] = smc.smc-is-arrE

and cat-in-ArrE[elim] = smc.smc-in-ArrE

and cat-Hom-in-Vset[ cat-cs-intros| = sme.sme-Hom-in-Vset

and cat-Arr-vsubset-Vset = smc.smc-Arr-vsubset- Vset

and cat-Dom-vsubset-Vset = smc.smc-Dom-vsubset- Vset

and cat-Cod-vsubset-Vset = sme.sme-Cod-vsubset-Vset

and cat-Obj-in- Vset = smc.smc-Obj-in- Vset

and cat-in-Obj-in- Vset[ cat-cs-intros] = sme.sme-in-Obj-in- Vset

and cat-Arr-in-Vset = smec.smc-Arr-in-Vset

and cat-in-Arr-in- Vset[ cat-cs-intros] = smc.sme-in-Arr-in-Vset

and cat-Dom-in-Vset = smc.smc-Dom-in-Vset

and cat-Cod-in-Vset = smc.sme-Cod-in- Vset

and cat-semicategory-if-ge-Limit = smc.smc-semicategory-if-ge-Limit
and cat-Dom-app-in-0bj = smc.smc-Dom-app-in-Obj

and cat-Cod-app-in-0Obj = smc.smc-Cod-app-in-Obj

and cat-Arr-vempty-if-Obj-vempty = smc.smc-Arr-vempty-if-Obj-vempty
and cat-Dom-vempty-if-Arr-vempty = smc.smc-Dom-vempty-if- Arr-vempty
and cat-Cod-vempty-if-Arr-vempty = smc.smc-Cod-vempty-if-Arr-vempty

lemmas [cat-cs-intros] = cat-is-arrD(2,3)

lemmas-with [unfolded slicing-simps slicing-commute]:

cat-Comp-vdomain = smc.smc-Comp-vdomain

and cat-Comp-is-arr| cat-cs-intros] = smc.sme-Comp-is-arr

and cat-Comp-assoc| cat-cs-intros] = sme.sme-Comp-assoc

and cat-Comp-vdomainl|[ cat-cs-intros] = sme.sme-Comp-vdomainl

and cat-Comp-vdomainE[ elim!] = sme.sme-Comp-vdomainE

and cat-Comp-vdomain-is-composable-arrs =
sme.sme-Comp-vdomain-is-composable-arrs

and cat-Comp-vrange = smc.smc-Comp-vrange

and cat-Comp-vsubset-Vset = smc.smc-Comp-vsubset- Vset

and cat-Comp-in-Vset = smc.sme-Comp-in-Vset

and cat-Comp-vempty-if-Arr-vempty = smc.smc-Comp-vempty-if- Arr-vempty

and cat-assoc-helper = smc.smc-assoc-helper

and cat-pattern-rectangle-right = smc.smc-pattern-rectangle-right

and cat-pattern-rectangle-left = smc.sme-pattern-rectangle-left

and is-epic-arrl = smc.is-epic-arrl

and is-epic-arrD[dest] = smec.is-epic-arrD

and is-epic-arrE[elim!] = smc.is-epic-arrE

and cat-comp-is-monic-arr| cat-arrow-cs-intros] = smc.sme-Comp-is-monic-arr

and cat-comp-is-epic-arr| cat-arrow-cs-intros] = smc.sme-Comp-is-epic-arr

and cat-comp-is-monic-arr-is-monic-arr =
smc.sme-Comp-is-monic-arr-is-monic-arr

and cat-is-zero-arr-comp-right[ cat-arrow-cs-intros| =
smc.smc-is-zero-arr-Comp-right

and cat-is-zero-arr-comp-left| cat-arrow-cs-intros] =
sme.smc-is-zero-arr-Comp-left

lemma cat-Comp-is-arr | cat-cs-intros]:
assumes g: b g
and f:a ¢ b
and ¢'=¢C
shows gopg [:a g c

{proof)

end
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lemmas [cat-cs-simps] = is-idem-arrD(2)
lemmas [cat-cs-simps] = category.cat-Comp-assoc

lemmas [cat-cs-intros] =
category.cat-Comp-vdomainl
category.cat-Hom-in- Vset
category.cat-is-arrD(1-3)
category.cat-Comp-is-arr’
category.cat-Comp-is-arr

lemmas [ cat-arrow-cs-intros] =
is-monic-arrD(1)
is-epic-arr-is-arr
category.cat-comp-is-monic-arr
category.cat-comp-is-epic-arr
category. cat-is-zero-arr-comp-right
category. cat-is-zero-arr-comp-left

lemmas [cat-cs-intros] = Homl
lemmas [cat-cs-simps| = in-Hom-iff

Elementary properties.

lemma cat-eql:
assumes category o A
and category a B
and A(Obj) = B(0bj)
and 2A(Arr)) = B(Arr)
and A(Dom|) = B(Dom))
and A(Cod)) = B(Cod))
and A(Comp)) = B(Comp)
and A(CId) = B(CId)
shows 2l = B
(proof)

lemma cat-smc-eql:
assumes category a A
and category a ‘B
and A(CId) = B(CId)
and cat-smc A = cat-smc B
shows 2 =B

(proof)

lemma (in category) cat-def:
<= [Qt(l ObjDv Q:(|ATT|)7 Q:(|D0m|)7 €(|COdD, Q:(I CompD, Q:(|CIdD]0
(proof)

Size.
lemma (in category) cat-Cld-vsubset-Vset: €(|CId]) S, Vset a
{proof)

lemma (in category) cat-category-in-Vset-4: € €, Vset (o + 4n)
(proof)

lemma (in category) cat-Cld-in-Vset:
assumes Z § and a €, 3
shows €(CId)) e, Vset

(proof)
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lemma (in category) cat-in-Vset:
assumes Z  and a €, 3
shows € ¢, Vset 3

{proof)

lemma (in category) cat-category-if-ge-Limit:
assumes Z $ and a €, 3
shows category 5 €

{proof)

lemma tiny-category[ simp]: small {€. category a €}
{proof)

lemma (in Z) categories-in-Vset:
assumes Z J and a &, 3
shows set {€. category a €} €, Vset

{proof)

lemma category-if-category:
assumes category [ €
and Z «
and €(0bj)) <, Vset «
and AA B. [[ A <, €(0bj)); B <, €(0bj]); A e Vset a; B e, Vset a || =
(UoacoA. UobeoB. Hom € a b) €, Vset
shows category a €

(proof)

Further elementary properties.

sublocale category € CId: v11 «<€(CId))>
(proof)

lemma (in category) cat-Cld-vempty-if-Arr-vempty:
assumes C(Arr)) = 0
shows €(CId]) = 0

{proof)

2.3 Opposite category

2.3.1 Definition and elementary properties

See Chapter II-2 in [7].

definition op-cat = V = V
where op-cat € = [€(0bj)), €(Arr]), €(Cod)), €(Dom]), [flip (€(Comp|)), €(CId]].

Components.

lemma op-cat-components:

shows [cat-op-simps]: op-cat €(0bj]) = €(0bj)
and [cat-op-simps]: op-cat €(Arr]) = C(Arr))
and [cat-op-simps]: op-cat €(Dom]) = €(Cod)
and [cat-op-simps]: op-cat €(Cod]) = €(Doml)
and op-cat €(Comp)) = fflip (€(Comp)))
and [cat-op-simps]: op-cat €(CId)) = €(CId)

{proof)

lemma op-cat-component-intros| cat-op-intros|:
shows a €, €(|0bj) = a €, op-cat €(Obj))
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and f ¢, €(Arr) = f €, op-cat €(Arr)
{proof)

Slicing.

lemma cat-smc-op-cat[ slicing-commute]: op-smc (cat-sme €) = cat-sme (op-cat €)

{proof)

lemma (in category) op-smc-op-cat| cat-op-simps]: op-smc (op-cat €) = cat-smc €

{proof)

lemma op-cat-is-arr[cat-op-simps]: f : b=y cqp ¢ @ <> [ arg b

(proof)
lemmas [cat-op-intros] = op-cat-is-arr[ THEN iffD2]

lemma op-cat-Hom| cat-op-simps]: Hom (op-cat €) a b= Hom € b a
{proof)

lemma op-cat-obj-initial[ cat-op-simps]:
obj-initial (op-cat €) a «— obj-terminal € a

{proof)
lemmas [cat-op-intros] = op-cat-obj-initial| THEN iffD2]

lemma op-cat-obj-terminal| cat-op-simps]:
obj-terminal (op-cat €) a < obj-initial € a
(proof)

lemmas [cat-op-intros] = op-cat-obj-terminal| THEN iffD2)]

lemma op-cat-obj-null[ cat-op-simps]: obj-null (op-cat €) a «— obj-null € a

{proof)
lemmas [cat-op-intros] = op-cat-obj-null| THEN iffD2]

context category
begin

interpretation smc: semicategory a <cat-sme € (proof)

lemmas-with [unfolded slicing-simps slicing-commute]:
op-cat-Comp-vrange| cat-op-simps| = sme.op-smc-Comp-vrange
and op-cat-Comp| cat-op-simps] = smc.op-sme-Comp
and op-cat-is-epic-arr| cat-op-simps] = smc.op-smc-is-epic-arr
and op-cat-is-monic-arr| cat-op-simps] = smc.op-smc-is-monic-arr
and op-cat-is-zero-arr| cat-op-simps] = smc.op-sme-is-zero-arr

end

lemmas [cat-op-simps] =
category.op-cat-Comp-vrange
category.op-cat-Comp
category.op-cat-is-epic-arr
category.op-cat-is-monic-arr
category.op-cat-is-zero-arr

context
fixes € = V
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begin

lemmas-with [
where C=(cat-smc €, unfolded slicing-simps slicing-commute[ symmetric]

]:

op-cat-Comp-vdomain| cat-op-simps] = op-sme-Comp-vdomain
end

Elementary properties.

lemma op-cat-vsv[ cat-op-intros]: vsv (op-cat €) (proof)

2.3.2 Further properties
lemma (in category) category-op[ cat-cs-intros]: category o (op-cat €)
{proof)

lemmas category-op| cat-op-intros] = category.category-op

lemma (in category) cat-op-cat-op-cat| cat-op-simps): op-cat (op-cat €) = €
{proof)

lemmas cat-op-cat-op-cat| cat-op-simps] = category.cat-op-cat-op-cat

lemma eg-op-cat-iff [ cat-op-simps]:
assumes category o A and category o B
shows op-cat A = op-cat B «— A =B
{proof)

2.4 Monic arrow and epic arrow

lemma (in category) cat-Cld-is-monic-arr| cat-arrow-cs-intros]:
assumes a €, €(0bj)
shows €(CId|)(al) : a »mong a
(proof)

lemmas [cat-arrow-cs-intros] = category.cat-CId-is-monic-arr

lemma (in category) cat-Cld-is-epic-arr| cat-arrow-cs-intros]:
assumes a € €(0bj)
shows €(CId)(a]) : a =»cpig a

{proof)

lemmas [ cat-arrow-cs-intros] = category.cat-Cld-is-epic-arr

2.5 Right inverse and left inverse of an arrow

See Chapter I-5 in [7].

definition is-right-inverse = V. = V = V = bool
where is-right-inverse € g f =
(3ab.g:brganfiarmgbnfouae g=C(CId)(b))

definition is-left-inverse = V = V = V = bool
where is-left-inverse € = is-right-inverse (op-cat €)

Rules.

lemma is-right-inversel:
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assumes g: b~y aand f:a~g band f oxe g = €(CId) (D)
shows is-right-inverse € g f

{proof)

lemma is-right-inverseD[ dest]:
assumes is-right-inverse € g f
shows 3ab. g:bganf:arg bAfoue g=C(CId)(b)
(proof)

lemma is-right-inverseE[ elim]:
assumes is-right-inverse € g f
obtains a b where g: b ¢ a
and f:a—¢ b
and f %A@ 9 = Q:(IC]dl)(Ibl)
(proof)

lemma (in category) is-left-inversel:
assumes g: b~y aand f:a g band goae f = €(CId)(al)
shows is-left-inverse € g f

{proof)

lemma (in category) is-left-inverseD| dest]:

assumes is-left-inverse € g f

shows 3ab. g:bganfiarg b goag f=C(CId)(al
{proof)
lemma (in category) is-left-inverseE[ elim]:

assumes is-left-inverse € g f
obtains a b where g: b ¢ a

and f:a ¢ b
and g ox¢ f = €(CId)(a)
(proof)

Elementary properties.

lemma (in category) op-cat-is-left-inverse| cat-op-simps]:
is-left-inverse (op-cat €) g f «— is-right-inverse € g f
(proof)

lemmas [cat-op-simps]| = category.op-cat-is-left-inverse
lemmas [cat-op-intros] = category.op-cat-is-left-inverse] THEN iffD2]
lemma (in category) op-cat-is-right-inverse[ cat-op-simps]:
is-right-inverse (op-cat €) g f «— is-left-inverse € g f
(proof)

lemmas [cat-op-simps] = category.op-cat-is-right-inverse

lemmas [cat-op-intros] = category.op-cat-is-right-inverse] THEN iffD2]

2.6 Inverse of an arrow

See Chapter I-5 in [7].

definition is-inverse = V. = V = V = bool
where is-inverse € g f =

(
Jab.
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g:br=gan

frarg bA

goag [ =¢€(CId)(al) A
foag g=2<(CId)(b)

Rules.

lemma is-inversel:
assumes g: b —g a
and f:a—¢ b
and g oa¢ f = €(CId))(a)
and f CAa¢ g = Q:(IC]dl)(lbl)
shows is-inverse € g f

{proof)

lemma is-inverseD[ dest]:
assumes is-inverse € g f

shows

(

da b.
g:br=gan
frarg bAa

g oaAg f = Q:QCIquaD A
) foag g=¢€(CId)(b)
(proof )

lemma is-inverseE| elim]:
assumes is-inverse € g f
obtains a b where g: b ¢ a
and f:a ¢ b
and g oa¢ f = €(CId])(a)
and f Sa¢ g = Q:(IC]dl)(Ibl)
(proof)

Elementary properties.

lemma (in category) op-cat-is-inverse[ cat-op-simps]:
is-inverse (op-cat €) g f «— is-inverse € g f
{proof)

lemmas [cat-op-simps]| = category.op-cat-is-inverse
lemmas [ cat-op-intros] = category.op-cat-is-inverse] THEN iffD2]

lemma is-inverse-sym: is-inverse € g f «— is-inverse € f g

{proof)

lemma (in category) cat-is-inverse-eq:
— See Chapter I-5 in [7].
assumes is-inverse € h f and is-inverse € g f
shows h = ¢

{proof)

lemma is-inverse-Comp-Cld-left:
— See Chapter I-5 in [7].
assumes is-inverse € ¢’ gand g: a g b
shows g’ o4¢ g = €(CId|)(al
(proof)
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lemma is-inverse-Comp-CId-right:
assumes is-inverse € ¢’ gand g: a g b
shows g oa¢ g’ = €(CId|)(b)
(proof)

lemma (in category) cat-is-inverse-Comp:
— See Chapter I-5 in [7].
assumes gbc[intro]: g: b ¢ c
and fab[intro]: f : a =g b
and g'g[intro]: is-inverse € g’ g
and f'f[intro]: is-inverse € f' f
shows is-inverse € (f' oag ¢9) (9 cag f)
{proof)

lemma (in category) cat-is-inverse-Comp":
assumes g : b =g c
and f:a ¢ b
and is-inverse € g’ g
and is-inverse € f' f
and f'g' = f'op¢ ¢’
and gf = goag f
shows is-inverse € f'q" gf

(proof)
lemmas [cat-cs-intros] = category. cat-is-inverse-Comp’

lemma is-inverse-is-right-inverse[ dest]:
assumes is-inverse € g f
shows is-right-inverse € g f

{proof)

lemma (in category) cat-is-inverse-is-left-inverse[ dest]:
assumes is-inverse € g f
shows is-left-inverse € g f

{proof)

lemma (in category) cat-is-right-left-inverse-is-inverse:
assumes is-right-inverse € g f is-left-inverse € g f
shows is-inverse € g f

{proof)

2.7 Isomorphism

See Chapter I-5 in [7].

definition is-iso-arr = V= V = V = V = bool
where is-iso-arr € a b f «—
(f:avrg b (Ig. is-inverse € g f))

syntax -is-iso-arr = V=V = V = V = bool
(¢- 1 - 50l o [51, 51, 51] 51)
syntax-consts -is-iso-arr = is-iso-arr
translations f : a =;5,¢ b = CONST is-iso-arr € a b f

Rules.

lemma is-iso-arrl:
assumes f : a »¢ b and is-inverse € g f
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shows f : a =is0p b

{proof)

lemma is-iso-arrD| dest]:
assumes f : a =500 b
shows f : a »¢ b and 3 g. is-inverse € g f
(proof)

lemma is-iso-arrE[ elim]:
assumes f : @ =500 b
obtains g where f : a =g b and is-inverse € g f

{proof)

lemma is-iso-arrE":
assumes f : a ~s0¢ b
obtains g where g: b =500 @
and g oa¢ f = €(CId)(a)
and f ouq¢ g = €(CId|)()
{proof)

Elementary properties.

lemma (in category) op-cat-is-iso-arr| cat-op-simps]:
f 2 b r_>7,'soop.cat ¢ a<— f S A Pisod b

(proof)
lemmas [cat-op-simps]| = category.op-cat-is-iso-arr
lemmas [cat-op-intros] = category.op-cat-is-iso-arr[ THEN iffD2]

lemma (in category) is-iso-arrl”
assumes f:a g b
and g: b ¢ a
and g oa¢ f = €(CId])(al)
and f oqg g = €(CId]) (0]
shows f : a =is0¢ band g: b 00 a
{proof)

lemma (in category) cat-is-inverse-is-iso-arr:
assumes f : a »¢ b and is-inverse € g f
shows g : b =500 a

{proof)

lemma (in category) cat-Comp-is-iso-arr| cat-arrow-cs-intros):
assumes g : b =00 cand f:a g0 b
shows g oa¢ f 1 a =is0¢ C

{proof)

lemmas [ cat-arrow-cs-intros] = category.cat-Comp-is-iso-arr

lemma (in category) cat-Cld-is-iso-arr:
assumes a € €(0bj)
shows €(CId))(a]) : a =is0¢ a
{proof)

lemma (in category) cat-Cld-is-iso-arr'[ cat-arrow-cs-intros]:
assumes a € €(0bj)
and ¢'=¢
and b = a
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and c=a
shows &(CId)(a]) : b ~isoqr C
(proof)

lemmas [ cat-arrow-cs-intros] = category.cat-CId-is-iso-arr’

lemma (in category) cat-is-iso-arr-is-monic-arr|cat-arrow-cs-intros):
assumes f : a 500 b
shows f: a =pong b

(proof)

lemmas [cat-arrow-cs-intros] = category.cat-is-iso-arr-is-monic-arr

lemma (in category) cat-is-iso-arr-is-epic-arr:
assumes f : a =500 b
shows f: a =cpig b

{proof)
lemmas [cat-arrow-cs-intros] = category.cat-is-iso-arr-is-epic-arr

lemma (in category) cat-is-iso-arr-if-is-monic-arr-is-right-inverse:
assumes f : a »pone b and is-right-inverse € g f
shows f : a =is0p b

{proof)

lemma (in category) cat-is-iso-arr-if-is-epic-arr-is-left-inverse:
assumes f : a ¢y b and is-left-inverse € g f
shows f : a =is0p b

{proof)

2.8 The inverse arrow

See Chapter I-5 in [7].

definition the-inverse = V. = V = V («(-"tc1)y [1000] 999)
where [ ¢ = (THE g. is-inverse € g f)

Elementary properties.

lemma (in category) cat-is-inverse-is-inverse-the-inverse:
assumes is-inverse € g f
shows is-inverse € (fc¢) f

{proof)

lemma (in category) cat-is-inverse-eq-the-inverse:
assumes is-inverse € g f
shows g = f’lce
(proof)

The inverse arrow is an inverse of an isomorphism.

lemma (in category) cat-the-inverse-is-inverse:
assumes f : a 500 b
shows is-inverse € (f'cg) f

{proof)

lemma (in category) cat-the-inverse-is-iso-arr:
assumes f : a 500 b
shows fcg i b Pisop a

{proof)
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lemma (in category) cat-the-inverse-is-iso-arr':
assumes f : a =500 band €' = ¢
shows f_lcQ: tb Hisoq:’ a

{proof)
lemmas [cat-cs-intros] = category.cat-the-inverse-is-iso-arr’

lemma (in category) op-cat-the-inverse:
assumes f : @ =500 b
shows fﬁlcop-cat ¢ = ! ce

{proof)

lemmas [cat-op-simps] = category.op-cat-the-inverse

lemma (in category) cat-Comp-the-inverse:
assumes g: b =00 cand f:a g0 b
shows (g oag f) ' ce = [ ce oae 9 ce
(proof)

lemmas [cat-cs-simps] = category. cat-Comp-the-inverse

lemma (in category) cat-the-inverse-Comp-CId:
assumes f : a =500 b
shows cat-the-inverse-Comp-Cld-left: f o oag f = €(CId])(al)
and cat-the-inverse-Comp-Cld-right: f os¢ f g = €(CId])(b)
{proof)

lemmas [cat-cs-simps] = category. cat-the-inverse-Comp-CId

lemma (in category) cat-the-inverse-the-inverse:
assumes f : a 500 b
shows (f'o¢) 'ce = f

{proof)

lemmas [cat-cs-simps] = category. cat-the-inverse-the-inverse

2.9 Isomorphic objects

See Chapter I-5 in [7].

definition obj-iso = V = V = V = bool
where obj-iso € a b «— (3f. f: a =is0¢ )

syntax -obj-iso = V.= V = V = bool (<(-/ mepj1 -)» [55, 56] 55)
syntax-consts -obj-iso = obj-iso
translations a ~,p;0 b = CONST obj-iso € a b

Rules.

lemma obj-isol:
assumes f : a =500 b
shows a ~,pj¢ b

{proof)

lemma obj-isoD[ dest]:
assumes a ®,pjg b
shows 3f. f: a =is0¢ b
(proof)
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lemma obj-isoE[ elim!]:
assumes a ®qp¢ b
obtains f where f : a ;500 b

{proof)

Elementary properties.

lemma (in category) op-cat-obj-iso| cat-op-simps]:
@ Nobjop-cat € b="bropjg a

{proof)
lemmas [cat-op-simps] = category.op-cat-obj-iso
lemmas [cat-op-intros] = category.op-cat-obj-iso| THEN iffD2]

Equivalence relation.

lemma (in category) cat-obj-iso-refl:
assumes a €, €(00bj)
shows a ~gp¢ a

{proof)

lemma (in category) cat-obj-iso-sym[sym]:
assumes a ®,p;¢ b
shows b =,pj¢ @

{proof)

lemma (in category) cat-obj-iso-trans|trans]:
assumes a ®qpj¢ b and b x50 C
shows a ~,pj¢ ¢

{proof)

2.10 Terminal object and initial object

lemma (in category) cat-obj-terminal-CId:
— See Chapter I-5 in [7].
assumes obj-terminal € a and f : a =g a
shows €(CId)(a]) = f

{proof)

lemma (in category) cat-obj-initial-Cld:
— See Chapter I-5 in [7].
assumes obj-initial € a and f : a =g a
shows €(CId)(a]) = f
(proof)

lemma (in category) cat-obj-terminal-obj-iso:
— See Chapter I-5 in [7].
assumes obj-terminal € a and obj-terminal € a’
shows a ~,pj¢ a’

{proof)

lemma (in category) cat-obj-initial-obj-iso:
— See Chapter I-5 in [7].
assumes obj-initial € a and obj-initial € o’
shows a’ »,pj¢ @

{proof)
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2.11 Null object

lemma (in category) cat-obj-null-obj-iso:
— See Chapter I-5 in [7].
assumes obj-null € z and obj-null € z
shows z ~,pj¢ 2’
(proof)

!

2.12 Groupoid
See Chapter I-5 in [7].

locale groupoid = category o € for o € +
assumes grpd-is-iso-arr: f i a e b= f 1 a =500 b

Rules.

mk-ide rf groupoid-def[unfolded groupoid-azioms-def]
|intro groupoidl|
|dest groupoidD| dest]|
|elim groupoidE[ elim]|
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3 Smallness for categories

3.1 Background

An explanation of the methodology chosen for the exposition of all matters related to the size
of the categories and associated entities is given in [8].

named-theorems cat-small-cs-simps
named-theorems cat-small-cs-intros

3.2 Tiny category

3.2.1 Definition and elementary properties

locale tiny-category = Z « + vfsequence € + CId: vsv «€(CId|)» for a € +
assumes tiny-cat-length[ cat-cs-simps]: veard € = 6N
and tiny-cat-tiny-semicategory| slicing-intros]:
tiny-semicategory a (cat-sme €)
and tiny-cat-Cld-vdomain[ cat-cs-simps]: Do (€(CId])) = €(Obj)
and tiny-cat-Cld-is-arr| cat-cs-intros]:
a & C(0bj) = €(CId)(a]) : a —¢ a
and tiny-cat-Cld-left-left[ cat-cs-simps]:
frarg b= C(CIA)(D) cag [ =f
and tiny-cat- Cld-right-left[ cat-cs-simps]:
[t brg ¢ — f oag E(CIA)() - f

lemmas [slicing-intros] = tiny-category.tiny-cat-tiny-semicategory

Rules.

lemma (in tiny-category) tiny-category-azioms'| cat-small-cs-intros]:
assumes o' = «
shows tiny-category a’ €

{proof)

mk-ide rf tiny-category-def[unfolded tiny-category-azioms-def]
|intro tiny-categoryl|
|dest tiny-categoryD[ dest]|
|elim tiny-categoryE[ elim]|

lemma tiny-categoryl "
assumes category o € and €(0bj) €, Vset o and C(Arr)) €, Vset a
shows tiny-category o €

(proof)

lemma tiny-categoryl "":
assumes Z «
and vfsequence €
and vcard € = 6
and vsv (€(Dom)))
and vsv (€(Cod)))
and vsv (€(Comp)))
and vsv (€(CId)))
and D, (€(Dom|) = €(Arr)
and R, (€(Dom|)) S, €(O0bj)
and D, (€(Cod|)) = €(Arr|
and R, (€(Cod))) S, €(0bj)
and Agf. gf € Do (€(Comp)) «—
(3gfbca gf =19, flong:brgcnf:argh)

and D, (€(CId)) = €(0bj)
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and Abcgaf. [[g:brgcifiargb]]= goagf:argc

and Acdhbgaf [h:icrgdig:brgcfiaregb] =
(hoag g) oag f=hoag (9°ag [f)

and Aa. a &, €(0bj) = &(CId)(a]) : a »¢ a

and Aabf. f:arg b= E(CIA)(b) cag f=f

and Abcf. f:brmg c = foue €(CILA)(D) = f

and €(0bj|) €, Vset «

and C(Arr) e, Vset o

shows tiny-category a €

(proof)
Slicing.
context tiny-category

begin

interpretation smc: tiny-semicategory o <cat-smc €»

(proof)

lemmas-with [unfolded slicing-simps]:
tiny-cat-semicategory = smc.semicateqory-axrioms
and tiny-cat- Obj-in- Vset[ cat-small-cs-intros] = sme.tiny-sme-Obj-in- Vset
and tiny-cat-Arr-in- Vset[ cat-small-cs-intros] = sme.tiny-sme-Arr-in-Vset
and tiny-cat-Dom-in-Vset[ cat-small-cs-intros] = smc.tiny-smc-Dom-in- Vset
and tiny-cat-Cod-in- Vset[ cat-small-cs-intros] = smc.tiny-smc-Cod-in- Vset
and tiny-cat-Comp-in- Vset[ cat-small-cs-intros] = smec.tiny-smc-Comp-in- Vset

end

Elementary properties.
sublocale tiny-category < category
{proof)
lemmas (in tiny-category) tiny-cat-category = category-axioms
lemmas [ cat-small-cs-intros]| = tiny-category.tiny-cat-category

Size.
lemma (in tiny-category) tiny-cat-Cld-in-Vset: €(CId)) €, Vset a
(proof)

lemma (in tiny-category) tiny-cat-in-Vset: € €, Vset «
{proof)

lemma tiny-category[ simp]: small {€. tiny-category o €}
{proof)

lemma small-categories-vsubset-Vset: set {€. tiny-category a €} S, Vset «

{proof)

lemma (in category) cat-tiny-category-if-ge-Limit:
assumes Z $ and a €, 3
shows tiny-category 5 €

{proof)

3.2.2 Opposite tiny category

lemma (in tiny-category) tiny-category-op: tiny-category « (op-cat €)
(proof )

30



lemmas tiny-category-op[ cat-op-intros] = tiny-category.tiny-category-op

3.3 Finite category

3.3.1 Definition and elementary properties

A definition of a finite category can be found in nLab [1]'.

locale finite-category = Z « + vfsequence € + CId: vsv <€(|CId])» for a € +
assumes fin-cat-length[ cat-cs-simps): veard € = 6y
and fin-cat-finite-semicategory[ slicing-intros]:
finite-semicategory « (cat-sme €)
and fin-cat-CIld-vdomain[ cat-cs-simps]: D, (€(CId))) = €(Obj)
and fin-cat-CId-is-arr| cat-cs-intros]:
a & C(0bj) = €(CLd)(al) : a ~¢ a
and fin-cat-CId-left-left] cat-cs-simps]:
frarg b= C(CL)(b) oac f = f
and fin-cat- CId-right-left[ cat-cs-simps]:
[ibre ¢ = [ oae C(CHA)(Y) = f

lemmas [slicing-intros] = finite-category.fin-cat-finite-semicategory

Rules.

lemma (in finite-category) fin-category-axzioms’| cat-small-cs-intros]:
assumes o’ = «
shows finite-category o' €
(proof)

mk-ide rf finite-category-def[unfolded finite-category-azioms-def]
|intro finite-categoryl|
|dest finite-categoryD| dest]|
|elim finite-categoryE[ elim]

lemma finite-categoryl "
assumes category o € and vfinite (€(0bj])) and vfinite (C(Arr]))
shows finite-category a €

(proof)

lemma finite-categoryl "":
assumes tiny-category o € and ufinite (€(0bj))) and vfinite (C(Arr]))
shows finite-category a €

{proof)
Slicing.
context finite-category

begin

interpretation smc: finite-semicategory « <cat-smc &

{proof)

lemmas-with [unfolded slicing-simps]:
fin-cat-tiny-semicategory = smc.tiny-semicategory-axioms
and fin-smc-Obj-vfinite[ cat-small-cs-intros] = sme.fin-sme-Obj-vfinite
and fin-sme-Arr-vfinite[ cat-small-cs-intros] = sme.fin-sme-Arr-vfinite

end

"https:/ /ncatlab.org/nlab/show /finite+category
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Elementary properties.

sublocale finite-category < tiny-category

(proof)
lemmas (in finite-category) fin-cat-tiny-category = tiny-category-axioms
lemmas [cat-small-cs-intros] = finite-category.fin-cat-tiny-category

lemma (in finite-category) fin-cat-in-Vset: € €, Vset a

{proof)

Size.
lemma small-finite-categories| simp]: small {€. finite-category o €}

(proof)

lemma small-finite-categories-vsubset- Vset:
set {€. finite-category o €} S, Vset
(proof)

3.3.2 Opposite finite category

lemma (in finite-category) finite-category-op: finite-category a (op-cat €)

{proof)

lemmas finite-category-op[ cat-op-intros] = finite-category.finite-category-op
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4 Functor

4.1 Background

named-theorems cf-cs-simps
named-theorems cf-cs-intros

named-theorems cat-cn-cs-simps
named-theorems cat-cn-cs-intros

lemmas [cat-cs-simps] = dg-shared-cs-simps
lemmas [cat-cs-intros] = dg-shared-cs-intros

4.1.1 Slicing

definition cf-smcf = V = V
where cf-smcf € =
[€(ObjMap]), €(|ArrMap)), cat-smc (€(HomDom))), cat-sme (€(HomCod)))]o

Components.

lemma cf-smcf-components:
shows [slicing-simps]: cf-smcf F(ObjMap|) = F(ObjMap))
and [slicing-simps]: cf-smef F(ArrMap|) = F(ArrMap))
and [slicing-commute]: cf-smef F(HomDom)) = cat-sme (F(HomDom)))
and [slicing-commute]: cf-smef F(HomCod|) = cat-sme (F(HomCod))

{proof)

4.2 Definition and elementary properties

See Chapter I-3 in [7].

locale is-functor =
Z a + vfsequence § + HomDom: category a A + HomCod: category a B
for a A B § +
assumes cf-length| cat-cs-simps]: veard § = Jn
and cf-is-semifunctorslicing-intros]:
cf-smef § : cat-sme A »—gpcq cat-smc B
and cf-HomDom]| cat-cs-simps]: F(HomDom]|) = A
and cf-HomCod| cat-cs-simps]: §(HomCod|) = B
and cf-ObjMap-CId| cat-cs-intros]:
¢ € A(0bj)) = F(ArrMap)) (2A(CId)(c)) = B(CId)(S(ObjMap)(c))

syntax -is-functor = V=V = V = V = bool
(«(-:) -1 -0 [51, 51, 51] 51)
syntax-consts -is-functor = is-functor
translations § : A »—cq B = CONST is-functor a A B §

abbreviation (input) is-cn-c¢f = V=V = V = V = bool
where is-cn-cf a A B F = F : op-cat A »—>cq B

syntax -is-cn-c¢f = V=V = V = V = bool
(-3 - g1 =) [51, 51, 51] 51)

syntax-consts -is-cn-cf = is-cn-cf

translations § : A c—>—q B — CONST is-cn-cf a A B §

abbreviation all-¢fs = V = V
where all-cfs a = set {F. IAB. F: A »—>0q B}

abbreviation ¢fs = V=V = V=V
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where c¢fs a A B = set {F. §F: A »—>cq B}

lemmas [cat-cs-simps] =
is-functor.cf-length
is-functor.cf~-HomDom
is-functor.cf-HomCod
is-functor.cf-ObjMap-CId

lemma cn-cf-ObjMap-CId|[ cat-cn-cs-simps]:

assumes § : A o> B and ¢ €, A(Obj)

shows §(ArrMap))(A(CId) (<)) = B(C1d)(F(ObiMap])(c))
(proof)

lemma (in is-functor) cf-is-semifunctor”:
assumes 2’ = cat-smc A and B’ = cat-smc B
shows cf-smcef §: A »—g1ca B’

(proof)
lemmas [slicing-intros] = is-functor.cf-is-semifunctor’

lemma cn-smcf-comp-is-semifunctor:
assumes § : A oo B
shows cf-smcf § : cat-sme A gy o> cat-sme B

(proof)

lemma cn-smcf-comp-is-semifunctor’[ slicing-intros]:
assumes § : A oo B
and 2" = op-smc (cat-sme 2A)
and B’ = cat-smc B
shows cf-smcf §: A =50 c0a B’

(proof)
Rules.

lemma (in is-functor) is-functor-azioms’| cat-cs-intros]:
assumes o' = o and A’ = A and B' = B
shows § : A" =g/ B’

(proof)

mk-ide rf is-functor-def[unfolded is-functor-azioms-def]
|intro is-functorl|
|dest is-functorD[ dest]
|elim is-functorE[ elim]|

lemmas [cat-cs-intros] = is-functorD(3,4)

lemma is-functorl "
assumes Z «

and vfsequence §
and category a A
and category o B
and vcard § = 4N
and F(HomDom]) = 2
and F(HomCod|) = B
and vsv (F(ObjMap)))
and vsv (F(ArrMap)))
and D, (F(ObjMap))) = A(O0bj)
and R, (F(0biMap))) <. B(0bj)
and D, (F(ArrMap))) = A(Arr|
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and Aabf. frawmg b=—
§(ArrMap))(f) : F(ObjMap)(a) —aq F(ObiMap))(b)
and Abcgaf. [[g:brgefiaryd] =
S(ArrMap))(g oagy f) = F(ArrMap|)(g) e ass F(ArrMap))(f)
and (Ac. ¢ €, A(0bj) = F(ArrMap))(A(CId)(c])]) = B(CILd)(F(ObiMap))(c]])
shows § : A »—cq ‘B
{proof)

lemma is-functorD":

assumes § : A »—>cq B
shows Z «

and vfsequence §

and category o A

and category a ‘B

and vcard § = 4N

and F(HomDom|) = A

and F(HomCod]) = B

and vsv (F(ObjMap)))

and vsv (F(ArrMap)))

and D, (F(0bjMap))) = 2A(Obj))

and R, (F(ObjMap))) <o B(O0bj)

and D, (F(ArrMap|)) = A(Arr)

and Aabf. frawmg b=

3(ArrMap)(f) : F(ObjMap)(a) >3 F(ObMap)(b)
and Abcgaf. [[g:brg e framyb]l =
3(ArrMap) (g oag f) = S1ArMap)(g) oags FArrMap)(f)

( and )(/\0- ¢ € A(0bj) = F(ArrMap)) (A(CId)(c)) = B(CId)(F(ObiMap)(c)))
proof

lemma is-functorE":

assumes § : A »—>cq B
obtains Z «

and vfsequence §

and category o A

and category a B

and vcard § = /N

and §F(HomDom]) = A

and F(HomCod]) = B

and vsv (F(ObjMap)))

and vsv (F(ArrMap))

and D, (F(0bjMap))) = 2A(Obj))

and R, (F(ObjMap|)) <o B(O0bj)

and D, (F(ArrMap|)) = A(Arr)

and Aabf. frawmg b=

3(ArrMap) () : $(ObMap)(a) ~a3 F(ObiMap) ()
and Abcgaf. [g:brgcfrarmyb]]l =
$(ArrMap) (g oag f) = S(ArrMap)(g) oass F1ArrMap)(f)

( and )(/\c. ¢ € A(0bj)) = F(ArrMap)) (A(CId)(c)]) = B(CId)(F(ObjMap])(c)))
proof

A functor is a semifunctor.

context is-functor
begin

interpretation smcf: is-semifunctor o <cat-smc 2 <cat-smc By <cf-smef §>
{proof)

sublocale ObjMap: vsv <F(ObjMap))>
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{proof)
sublocale ArrMap: vsv <F(ArrMap))

{proof)

lemmas-with [unfolded slicing-simps]:

cf-ObjMap-vsv = smcf.smcf-ObjMap-vsv

and cf-ArrMap-vsv = smcf.smcf-ArrMap-vsv

and cf-ObjMap-vdomain| cat-cs-simps]| = smef .smef-ObjMap-vdomain

and cf-ObjMap-vrange = smcf.smcf-ObjMap-vrange

and cf-ArrMap-vdomain] cat-cs-simps] = smcf.smef-ArrMap-vdomain

and cf-ArrMap-is-arr = smcf.smcf-ArrMap-is-arr

and cf-ArrMap-is-arr'[ cat-cs-intros] = smcf.smef-ArrMap-is-arr'’

and cf-ArrMap-is-arr'| cat-cs-intros] = smcf.smef-ArrMap-is-arr’

and cf-ObjMap-app-in-HomCod-Obj| cat-cs-intros] =
smcf.smef-ObjMap-app-in-Hom Cod-Obj

and cf-ArrMap-vrange = smcf.smef-ArrMap-vrange

and cf-ArrMap-app-in-HomCod-Arr| cat-cs-intros] =
smcf.smef-ArrMap-app-in-HomCod-Arr

and cf-ObjMap-vsubset-Vset = smcf.smcf-ObjMap-vsubset- Vset

and cf-ArrMap-vsubset-Vset = smcf.smcf-ArrMap-vsubset- Vset

and cf-ObjMap-in-Vset = smcf.smcf-ObjMap-in- Vset

and cf-ArrMap-in-Vset = smcf.smcf-ArrMap-in-Vset

and cf-is-semifunctor-if-ge-Limit = smcf.smcf-is-semifunctor-if-ge- Limit

and cf-is-arr-HomCod = smcf.smcf-is-arr-HomCod

and cf-vimage-dghm-ArrMap-vsubset-Hom =
smcf .smcf-vimage-dghm-ArrMap-vsubset-Hom

lemmas-with [unfolded slicing-simps]:
cf-ArrMap-Comp = smcf.smcf-ArrMap-Comp

end

lemmas [cat-cs-simps] =
is-functor.cf-ObjMap-vdomain
is-functor.cf-ArrMap-vdomain
is-functor.cf-ArrMap-Comp

lemmas [ cat-cs-intros]| =
is-functor.cf-ObjMap-app-in-Hom Cod- Obj
is-functor.cf-ArrMap-app-in-Hom Cod-Arr
is-functor.cf-ArrMap-is-arr’

Elementary properties.

lemma cn-cf-ArrMap-Compl cat-cn-cs-simps]:
assumes category a A
and § : A g>—q B
and g: crg b
and f: b=y a
( shov&)fs S(ArrMap))(f oag g) = F(ArrMap)(gl) cass S(ArrMap))(f)
proof

lemma cf-eql:
assumes & : A oo B
and §: € »0q D
and &(0bjMap)) = F(ObjMap))
and &(ArrMap|) = F(ArrMap))
and A =¢C
and 8 =9
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shows & = §
{proof)

lemma cf-smcf-eql:
assumes & : A »—>cq B
and §: € >0 D

and 2 =¢C
and B =9
and cf-smcf & = cf-smef §
shows & = §
{proof)

lemma (in is-functor) cf-def: § = [F(ObjiMap)), F(ArrMap)), F(HomDom)), F(HomCod))].
{proof)

Size.

lemma (in is-functor) cf-in-Vset:
assumes Z J and a €, 3
shows § ¢, Vset 8

(proof)

lemma (in is-functor) cf-is-functor-if-ge- Limit:
assumes Z J and a €, 3
shows § : 2 ndadel:: B

{proof)

lemma small-all-cfs[simp]: small {F. IA B. F: A »—>cq B}
{proof)

lemma (in is-functor) cf-in-Vset-7: § €, Vset (a + Tn)
{proof)

lemma (in Z) all-cfs-in-Vset:
assumes Z § and «a €, 3
shows all-cfs a €, Vset 8

{proof)

lemma small-cfs[simp]: small {§. §: A »>cq B}
{proof)

4.2.1 Further properties

lemma (in is-functor) cf-ArrMap-is-iso-arr:

assumes f : a =509 b

shows F(ArrMap|)(f]) : §(ObjMap))(al) —isos F(ObjMap|) (b))
{proof)

lemma (in is-functor) cf-ArrMap-is-iso-arr'[ cat-arrow-cs-intros):
assumes [ : a =509 b and Fa = F(ObjMap|)(a) and Fb = F(ObjiMap])(b)

shows F(ArrMap)(f]) : Fa —isog b
(proof)

lemmas [cat-arrow-cs-intros] = is-functor.cf-ArrMap-is-iso-arr’
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4.3 Opposite functor

4.3.1 Definition and elementary properties

See Chapter II-2 in [7].
definition op-¢f = V = V
where op-cf § =
[§(ObjMapl), F(ArrMap)), op-cat (F(HomDom|)), op-cat (F(HomCod)))]o
Components.

lemma op-cf-components| cat-op-simps]:
shows op-c¢f F(O0bjMap|) = F(ObjMap))
and op-cf F(ArrMap|) = F(ArrMap))
and op-c¢f F(HomDom|) = op-cat (F(HomDomy))
and op-c¢f F(HomCod)) = op-cat (F(HomCod)))
(proof)

Slicing.

lemma cf-smcf-op-cf| slicing-commute]: op-smef (cf-smef §F) = cf-smef (op-¢f F)
{proof)

Elementary properties.

lemma op-cf-vsv| cat-op-intros]: vsv (op-cf §) (proof)

4.3.2 Further properties
lemma (in is-functor) is-functor-op: op-cf § : op-cat A »—cq op-cat B

{proof)

lemma (in is-functor) is-functor-op'] cat-op-intros]:
assumes 2’ = op-cat A and B’ = op-cat B
shows op-cf §: A »cq B’
(proof )

lemmas is-functor-op[ cat-op-intros] = is-functor.is-functor-op’

lemma (in is-functor) cf-op-cf-op-cf| cat-op-simps]: op-cf (op-¢f F) = F
{proof)

lemmas cf-op-cf-op-cf| cat-op-simps] = is-functor.cf-op-cf-op-cf

lemma eg-op-cf-iff [ cat-op-simps]:
assumes & : A > Band §: € »>0q D
shows op-cf & = op-¢cf §F«— & =F

{proof)

4.4 Composition of covariant functors

4.4.1 Definition and elementary properties

abbreviation (input) cf-comp = V = V = V (infix]l <ogp> 55)
where cf-comp = dghm-comp

Slicing.

lemma cf-smcf-smcf-comp| slicing-commute]:
cf-smef & ospcor cf-smef § = cf-smef (& ocr §)
(proof)
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4.4.2 Object map

lemma cf-comp-ObjMap-vsv[ cat-cs-intros]:
assumes & : B o Cand §: A »—cq B
shows vsv ((& oo r §)(0bjMap))

(proof)

lemma cf-comp-ObjMap-vdomain| cat-cs-simps]:
assumes & : B > Cand §: A »0q B
shows D, ((& ocpr §)(0bjMap))) = 2A(Obj))
{proof)

lemma cf-comp-ObjMap-vrange:
assumes & : B oo Cand §F: A »—0q B
shows R, ((& ocr §)(0bjMap|)) . €(0bj)
(proof)

lemma cf-comp-ObjMap-app| cat-cs-simps):
assumes & : B »oq Cand §F: A »—>cq B and [simp]: a €, A(Obj)
shows (& ocp §)(0bjMap))(al) = &(0bjMap])(F(ObjMap))(a))

{proof)

4.4.3 Arrow map

lemma cf-comp-ArrMap-vsv[ cat-cs-intros]:
assumes & : B o Cand §: A »>con B
shows vsv ((& ocp §)(ArrMap))

{proof)

lemma cf-comp-ArrMap-vdomain| cat-cs-simps]:
assumes & : B oo Cand §: A »—0n B
shows D, ((& ocr §)(ArrMap))) = A(Arr)

{proof)

lemma cf-comp-ArrMap-vrange:
assumes G : B > Cand F: A >0 B
shows R, ((& oor §)(ArrMap))) o €(Arr)

{proof)

lemma cf-comp-ArrMap-app| cat-cs-simps):
assumes & : B »oq Cand §F: A »—>cq B and [simp]: f € A(Arr))
shows (6 oo §)(ArrMap)(f]) = &(ArrMap))(F(ArrMap)) ()

{proof)

4.4.4 Further properties

lemma cf-comp-is-functorl| cat-cs-intros):
assumes & : B o Cand §: A »—0n B
shows G ogp §F: A »on €

{proof)

lemma cf-comp-assoc| cat-cs-simps]:
assumes ) : C o D and & : B »>oq Cand §: A »—>oq B
shows () ocr &) ocr § =9 oor (B ocr J)

{proof)

The opposite of the covariant composition of functors.
lemma op-cf-cf-comp| cat-op-simps]: op-c¢f (& ocpr §) = op-¢f & ocr op-¢f §F
(proof)
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Composition helper.

lemma cf-comp-assoc-helper:
assumes § : A oo B
and & : B »gq €
and ) : € > D
and ) ogr & = Q
shows $ ocp (B ocp §) = Qocr §
{proof)

4.5 Composition of contravariant functors

4.5.1 Definition and elementary properties

See section 1.2 in [3].

definition cf-cn-comp = V = V = V (infixl <cpo» 55)
where & gpo § =
[
&(0bjMap)) oo F(ObjMap)),
&(ArrMap)) oo §(ArrMap)),
op-cat (§(HomDoml)),
& (HomCCod))

lo

Components.

lemma cf-cn-comp-components:
shows (& cpo §)(0bjMap)) = &(0bjiMap)) oo F(ObjMap))
and (& ¢po §)(ArrMap)) = S(ArrMap|) oo F(ArrMap))
and [cat-cn-cs-simps]: (& ¢po §)(HomDom|) = op-cat (F(HomDom)))
and [cat-cn-cs-simps]: (& ¢po §F)(HomCod)) = &(HomCCod))
{proof)

Slicing.

lemma cf-smcf-cf-cn-comp| slicing-commute]:
cf-smef & syoro cf-smef § = cf-smef (& cro §)
(proof)

4.5.2 Object map: two contravariant functors

lemma cf-cn-comp-ObjMap-vsv| cat-cn-cs-intros]:
assumes & : B oo Cand §: A g B
shows vsv ((& ¢po §)(0bjMap)))

{proof)

lemma cf-cn-comp-ObjMap-vdomain| cat-cn-cs-simps]:
assumes & : B oo Cand § : A o> B
shows D, ((& ¢po F)(0ObiMap))) = A(Obj))

(proof)

lemma cf-cn-comp-ObjMap-vrange:
assumes & : B oo Cand §: A c—g B
shows R, ((& cro §)(0bjMap|)) ., €(0bj)
{proof)

lemma cf-cn-comp-ObjMap-appl cat-cn-cs-simps]:
assumes & : B oo Cand §F: A oo B and a €, A(Obj)
shows (& ¢ro §)(0bjMap))(a)) = &(0bjMap])(F(ObjiMap))(al)
{proof)
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4.5.3 Arrow map: two contravariant functors

lemma cf-cn-comp-ArrMap-vsv| cat-cn-cs-intros]:
assumes & : B g>—q Cand §: A g B
shows vsv ((& cpo §)(ArrMap))

(proof)

lemma cf-cn-comp-ArrMap-vdomain] cat-cn-cs-simps]:
assumes & : B g>>q Cand §: A g B
shows D, ((& ¢po §)(ArrMap))) = A(Arr]

{proof)

lemma cf-cn-comp-ArrMap-vrange:
assumes & : B gog Cand §: A g B
shows R, ((& ¢ro §F)(ArrMap))) o €(Arr)
(proof)

lemma cf-cn-comp-ArrMap-app| cat-cn-cs-simps]:
assumes & : B o Cand §F: A oo B and a €, A(Arr|
shows (& ¢po §)(ArrMap))(a)) = &(ArrMap)) (F(ArrMap))(al)
(proof)

4.5.4 Object map: contravariant and covariant functor

lemma cf-cn-cov-comp-ObjMap-vsv| cat-cn-cs-intros]:
assumes & : B oo Cand § : A »—>c B
shows vsv ((& ¢po §)(0bjMap)))

(proof)

lemma cf-cn-cov-comp-ObjMap-vdomain| cat-cn-cs-simps]:
assumes & : B g>oq Cand §: A »0q B
shows D, ((& ¢ro F)(0biMap))) = A(Obj))

(proof)

lemma cf-cn-cov-comp-ObjMap-vrange:
assumes & : B go—oq Cand §: A »0q B
shows R, ((& ¢ro §)(0bjMap|)) <. €(0bj)
{proof)

lemma cf-cn-cov-comp-ObjMap-app| cat-cn-cs-simps]:
assumes & : B oo Cand §F: A »—0q B and a €, A(0bj)
shows (& ¢re §)(ObjMap|)(al) = &(ObjMap|)(F(ObjMap))(a))
{proof)

4.5.5 Arrow map: contravariant and covariant functors

lemma cf-cn-cov-comp-ArrMap-vsv[ cat-cn-cs-intros]:
assumes & : B oo Cand § : A »>on B
shows vsv ((& ¢po §)(ArrMap)))

(proof)

lemma cf-cn-cov-comp-ArrMap-vdomain| cat-cn-cs-simps]:
assumes & : B oo Cand § : A »—>c B
shows D, ((& ¢ro §)(ArrMap))) = A(Arr|

(proof)

lemma cf-cn-cov-comp-ArrMap-vrange:

assumes & : B oo Cand § : A »—>o B
shows R, ((& ¢po §)(ArrMap))) o €(Arr)
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(proof)

lemma cf-cn-cov-comp-ArrMap-app| cat-cn-cs-simps]:
assumes & : B oo Cand §F: A »0q B and a €, A(Arr)
shows (& ¢po §)(ArrMap))(a)) = &(ArrMap)) (F(ArrMap]) (a]))
{proof)

4.5.6 Further properties

lemma cf-cn-comp-is-functorI[ cat-cn-cs-intros]:
assumes category a A and & : B gy Cand § : A g>q B
shows & cpo §: A oy €

{proof)

See section 1.2 in [3]).

lemma cf-cn-cov-comp-is-functor| cat-cn-cs-intros|:
assumes & : B oo Cand §: A »—0n B
shows & cpo §F: U oo €

{proof)

See section 1.2 in [3].

lemma cf-cov-cn-comp-is-functor| cat-cn-cs-intros|:
assumes & : B oo Cand § : A o> B
shows & ogp §: A g €

{proof)

The opposite of the contravariant composition of functors.

lemma op-cf-cf-cn-comp[ cat-op-simps]: op-cf (& cpo §F) = op-¢f & cpo op-¢f §F
(proof )

4.6 Identity functor

4.6.1 Definition and elementary properties

See Chapter I-3 in [7].
abbreviation (input) cf-id = V = V where cf-id = dghm-id

Slicing.

lemma cf-smef-cf-id[ slicing-commute]: smef-id (cat-sme €) = cf-smef (cf-id €)

{proof)

context category
begin

interpretation smc: semicategory « <cat-sme € (proof)

lemmas-with [unfolded slicing-simps]:
cat-smef-id-is-semifunctor = smc.sme-smef-id-is-semifunctor

end

4.6.2 Object map
lemmas [cat-cs-simps] = dghm-id-ObjMap-app

4.6.3 Arrow map
lemmas [cat-cs-simps] = dghm-id-ArrMap-app
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4.6.4 Opposite of an identity functor.

lemma op-cf-cf-id[ cat-op-simps): op-cf (cf-id €) = cf-id (op-cat €)
(proof)

4.6.5 An identity functor is a functor

lemma (in category) cat-cf-id-is-functor: cf-id € : € »—>gq €

(proof)

lemma (in category) cat-cf-id-is-functor”:
assumes 2 = € and B = €
shows cf-id € : A »—>cq B
(proof)

lemmas [cat-cs-intros] = category.cat-cf-id-is-functor’

4.6.6 Further properties

lemma (in is-functor) cf-cf-comp-cf-id-left[ cat-cs-simps]: c¢f-id B ocp F = F
— See Chapter I-3 in [7]).
(proof)

lemmas [cat-cs-simps] = is-functor.cf-cf-comp-cf-id-left

lemma (in is-functor) cf-cf-comp-cf-id-right[ cat-cs-simps]: § ocor cf-id A = F
— See Chapter I-3 in [7]).
(proof)

lemmas [cat-cs-simps] = is-functor.cf-cf-comp-cf-id-right

4.7 Constant functor

4.7.1 Definition and elementary properties

See Chapter I1I-3 in [7].

abbreviation cf-const = V=V =V =V
where cf-const € D a = smcf-const €D a (D(CId|)(al)

Slicing.

lemma cf-smcf-cf-const[ slicing-commute]:
smcf-const (cat-sme €) (cat-sme D) a (D(CIA)(a)) = cf-smef (cf-const €D a)
(proof)

4.7.2 Object map and arrow map

context
fixes® a=V
begin

lemmas-with [where D=0 and a=a¢ and f=@(CId)(al)>, cat-cs-simps]:
dghm-const-ObjMap-app
dghm-const-ArrMap-app

end

4.7.3 Opposite constant functor

lemma op-cf-cf-const| cat-op-simps]:
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op-cf (cf-const €D a) = cf-const (op-cat €) (op-cat D) a
(proof)

4.7.4 A constant functor is a functor

lemma cf-const-is-functor:
assumes category o € and category a © and a €, D(0bj|
shows cf-const €D a: € »pq D

{proof)

lemma cf-const-is-functor'[ cat-cs-intros]:

assumes category o €

and category a ©

and a €, D(00bj)

and A =¢C

and B =9

and f = (9(CId])(a))
shows dghm-const €D a f : A »oq B
(proof)

4.7.5 Further properties

lemma cf-comp-cf-const-right][ cat-cs-simps]:
assumes category o 2
and & : B »oq €
and b €, B(0bj)
shows 6 ocp cf-const A B b = cf-const A € (B(ObjMap]) (b))
{proof)

lemma cf-comp-cf-const-right’[ cat-cs-simps]:
assumes category o 2
and & : B »gy €
and b & B(0bj))
and f = B(CId)(b)
shows & oo dghm-const A B b f = cf-const A € (&(ObjMap)) (b))
(proof)

lemma (in is-functor) cf-comp-cf-const-left[ cat-cs-simps]:
assumes category o € and a €, €(0bj|
shows cf-const B € a ogp § = cf-const A € a

{proof)

lemma (in is-functor) cf-comp-cf-const-left’[ cat-cs-simps]:
assumes category o €
and a & €(0bj)
and [ = €(CId))(al
shows dghm-const B € a f ocrp § = cf-const A € a
(proof)

lemmas [cat-cs-simps] = is-functor.cf-comp-cf-const-left’

4.8 Faithful functor

4.8.1 Definition and elementary properties

See Chapter I-3 in [7]).

locale is-ft-functor = is-functor a« A B § for a A B §F +
assumes ft-cf-is-ft-semifunctor|slicing-intros]:

44



cf-smef § : cat-sme A =5y ¢ faithfuia cat-sme B

syntax -is-ft-functor = V=V = V = V = bool
(«(-:/ - »ecpaithpan <) [61, 51, 51] 51)
syntax-consts -is-ft-functor = is-ft-functor
translations § : A =~ ¢ feithfuia B = CONST is-ft-functor o A B §

lemma (in is-ft-functor) ft-cf-is-ft-functor”:
assumes 2’ = cat-smc A and B’ = cat-smc B
shows cf-smcf § A" >—>src faithfuia B’

(proof)
lemmas [slicing-intros] = is-ft-functor. ft-cf-is-ft-functor’

Rules.

lemma (in is-fi-functor) is-ft-functor-azioms'] cf-cs-intros):
assumes o' = v and 2’ = A and B’ =B
shows § : A" > ¢ raithfuly, B’

{proof)

mk-ide rf is-ft-functor-def[ unfolded is-ft-functor-axioms-def |
|intro is-ft-functorl]
|dest is-ft-functorD[ dest]
|elim is-ft-functorE[ elim]

lemmas [cf-cs-intros] = is-ft-functorD(1)

lemma is-ft-functorl”:
assumes § : A »—>cq B
and Aa b. [ a € A(O0bj); b €, A(Obj) ]| = v11 (F(ArrMap)) t's Hom A a b)
shows § : A =¢ raithfuia B

{proof)

lemma is-ft-functorD":
assumes § : A ==c raithfula B
shows § : A >0 B
and Aa b. [ a € A(0bj)); b €, A(Obj) ]| = vil (F(ArrMap)) t's Hom 2 a b)
(proof )

lemma is-ft-functorE":
assumes § : A =»>c faithfula B
obtains § : A »—>cq B
and Aa b. [ a € A(0bj]); b e, A(Obj) | = v11 (F(ArrMap)) t's Hom A a b)
(proof )

lemma is-fi-functorl
assumes § : A —»—>cq B
and Aa b g f.

[ g:avg b f:arg b F(ArrMap)(g) = F(ArrMap)(f) | = g = f
shows § : /A =—c faithfuia B

{proof)

Elementary properties.

context is-ft-functor
begin

interpretation smcf: is-ft-semifunctor o <cat-smc 0> <cat-smc B> <cf-smcf T
(proof)
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lemmas-with [unfolded slicing-simps]:
ft-cf-vii-on-Hom = smcf.ft-smcf-vii-on-Hom
and ft-cf-ArrMap-eqD = smcf.ft-smcf-ArrMap-eqD

end

4.8.2 Opposite faithful functor.

lemma (in is-ft-functor) is-ft-functor-op”:
op-cf § = op-cat A ——¢ faithfula op-cat B
(proof)

lemma (in is-ft-functor) is-ft-functor-op:
assumes 2’ = op-cat A and B’ = op-cat B
shows op-cf § : op-cat A = faithfula Op-cat B
(proof)

lemmas is-ft-functor-op[ cat-op-intros| = is-ft-functor.is-ft-functor-op’

4.8.3 The composition of faithful functors is a faithful functor
lemma cf-comp-is-ft-functor| cf-cs-intros]:

assumes & : B =0 raithfulia € and § A =m0 poithfuia B

shows & ocr §: A == faithfula €
{proof)

4.9 Full functor

4.9.1 Definition and elementary properties

See Chapter I-3 in [7]).

locale is-fl-functor = is-functor a A B § for a A B §F +
assumes fi-cf-is-fl-semifunctor:
cf-smef § : cat-sme A =g pc fulia cat-sme B

syntax -is-fl-functor = V. = V = V = V = bool
(((- Z/ - PP fulll —)) [51, 517 51] 51)
syntax-consts -is-fi-functor = is-fl-functor
translations § : A =~ sy110 B = CONST is-fi-functor a A B §

lemma (in is-fl-functor) fl-cf-is-fl-functor'[ slicing-intros]:
assumes 2" = cat-smc A and B’ = cat-smc B
shows cf-smef §: A" »—gmc futia B’

(proof)
lemmas [slicing-intros] = is-fl-functor.fl-cf-is-fl-semifunctor

Rules.

lemma (in is-fl-functor) is-fl-functor-azioms'] cf-cs-intros):
assumes o' = v and 2’ = A and B’ =B
shows % B/ '_"—)C.fulla’ B’

{proof)

mk-ide rf is-fl-functor-def[ unfolded is-fl-functor-axzioms-def |
|intro is-fl-functorl|
|dest is-fl-functorD| dest]|
|elim is-fl-functorE[ elim]|
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lemmas [cf-cs-intros] = is-fl-functorD(1)

lemma is-fl-functorl "
assumes § : A »—>cq B
and Aa b. [ a & A(0bj]); b €, A(Obf) || =
§(ArrMap)) s (Hom 2 a b) = Hom B (F(0bjMap))(al)) (§(ObjMap) (b))
shows § : /A =»—¢ ryuiia B

{proof)

lemma is-fl-functorD":
assumes § : A =»>c ruiia B
shows § : A >0 B
and Aa b. [ a €, A(0bj); b €, A(Ob)) || =
S(ArrMap)) ‘o (Hom 2 a b) = Hom B (F(ObjMap))(al)) (F(ObiMap) (b))
(proof)

lemma is-fI-functorE":
assumes § : A =0 rya B
obtains §: A »cq B
and Aa b. [ a €& 2A(0bj); b €, A(0bj) ]| =
( S(IASTMGPD o (Hom 2 a b) = Hom B (§(0bjMap)(a)) (F(ObiMap)) (b))
proof

Elementary properties.
context is-fl-functor

begin

interpretation smcf: is-fl-semifunctor « <cat-smc As <cat-smc B> <cf-smef §»

{proof)

lemmas-with [unfolded slicing-simps]:
fl-cf-surj-on-Hom = smcf.fl-smcf-surj-on-Hom

end

4.9.2 Opposite full functor

lemma (in is-fl-functor) is-fl-functor-op| cat-op-intros]:
op-cf § : op-cat A =+ sy op-cat B
{proof)

lemmas is-fl-functor-op[ cat-op-intros] = is-fl-functor.is-fl-functor-op

4.9.3 The composition of full functor is a full functor

lemma cf-comp-is-fl-functor| cf-cs-intros]:
assumes & : B =0 fulla ¢ and 3 A =0 fulla B
shows & ocp § : & »=¢ ruiia €

(proof)

4.10 Fully faithful functor
4.10.1 Definition and elementary properties

See Chapter I-3 in [7]).

locale is-ff-functor = is-ft-functor a A B §F + is-fl-functor a A B §
for a A B §F
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syntax -is-ff-functor = V. = V = V = V = bool
(((- Z/ indudoN 52 -)) [51, 51, 51] 51)
syntax-consts -is-ff-functor = is-ff-functor
translations § : A = ¢ rrq B = CONST is-ff-functor o A B §

Rules.

mk-ide rf is-ff-functor-def
|intro is-ff-functorl]|
|dest is-ff-functorD[ dest]|
|elim is-ff-functorE[ elim]

lemmas [cf-cs-intros]| = is-ff-functorD

Elementary properties.

lemma (in is-ff-functor) ff-cf-is-ff-semifunctor:
cf-smef § : cat-sme A =gy o fra cat-sme B

{proof)

lemma (in is-ff-functor) ff-cf-is-ff-semifunctor'[ slicing-intros]:
assumes 2’ = cat-smc A and B’ = cat-smc B
shows cf-smcf §: A =»—>grpc fra B’

(proof)

lemmas [slicing-intros] = is-ff-functor.ff-cf-is-ff-semifunctor’

4.10.2 Opposite fully faithful functor

lemma (in is-ff-functor) is-ff-functor-op:
op-cf § : op-cat A =+ s¢q op-cat B
(proof )

lemma (in is-ff-functor) is-ff-functor-op’[ cat-op-intros]:
assumes 2’ = op-cat A and B’ = op-cat B
shows op-c¢f §: A" »—c fra B’
(proof )

lemmas is-ff-functor-op[ cat-op-intros] = is-ff-functor.is-ff-functor-op

4.10.3 The composition of fully faithful functors is a fully faithful functor

lemma cf-comp-is-[f-functor| cf-cs-intros]:
assumes & : B »c rrq Cand §: A o prq B
shows & ocp §: A =g fra €
(proof)

4.11 Isomorphism of categories
4.11.1 Definition and elementary properties

See Chapter I-3 in [7]).

locale is-iso-functor = is-functor a A 6 § for a A B §F +
assumes iso-cf-is-iso-semifunctor:
cf-smef § = cat-sme A »—gn11¢.isoa Ccat-smc B

syntax -is-iso-functor = V=V = V = V = bool

(«(-:/ - »rcuisol <) [61, 51, 51] 51)

syntax-consts -is-iso-functor = is-iso-functor
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translations § : A »—¢ ;500 B = CONST is-iso-functor a A B F

lemma (in is-iso-functor) iso-cf-is-iso-semifunctor [ slicing-intros):
assumes 2’ = cat-smc A B’ = cat-smc B
shows cf-smcf §: A =»—s51c.is0a0 B’

(proof)
lemmas [slicing-intros] = is-iso-semifunctor.iso-smcf-is-iso-dghm '

Rules.

lemma (in is-iso-functor) is-iso-functor-axioms’] cf-cs-intros]:
assumes o’ = o and 2’ = 2l and B’ =B
shows § : ' = iso, B’

{proof)

mk-ide rf is-iso-functor-def[unfolded is-iso-functor-azioms-def]
|intro is-iso-functorl]|
|dest is-iso-functorD[ dest]|
|elim is-iso-functorE[ elim]|

lemma is-iso-functorl”:
assumes § : A —»—>cq B
and v11 (F(ObjMap))
and v11 (F(ArrMap))
and R, (§(ObjMap))) = B(Obj)
and R, (F(ArrMap))) = B(Arr)
shows F:A o is0a B

{proof)

lemma is-iso-functorD":
assumes § : A >0 is0a B
shows § : A »—>cq B
and v11 (F(ObjMap)))
and v11 (F(ArrMap)))
and R, (F(0bjiMap))) = B(Obj)
and R, (F(ArrMap))) = B(Arr)
(proof)

lemma is-iso-functorE":
assumes § : A == 500 B
obtains § : A »>co B
and v11 (F(ObjMap)))
and v11 (F(ArrMap))
and R, (F(ObjMap|)) = B(0bj)
and R, (F(ArrMap)) = B(Arr)
(proof)

Elementary properties.
context is-iso-functor

begin

interpretation smcf: is-iso-semifunctor « <cat-smc > <cat-sme By <cf-smcf F»

{proof)

lemmas-with [unfolded slicing-simps]:
iso-cf-ObjMap-vrange[ simp] = smcf.iso-smcf-ObjMap-vrange
and iso-cf-ArrMap-vrange[ simp] = smcf.iso-smcf-ArrMap-vrange
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sublocale ObjMap: v11 <F(ObjMapl)>
rewrites D, (F(ObjMap))) = A(Obj) and R, (F(ObjMap))) = B(Obj)
{proof)

sublocale ArrMap: v11 «F(ArrMap))>
rewrites D, (F(ArrMap))) = A(Arr) and Ro (§(ArrMap))) = B(Arr)
{proof)

lemmas-with [unfolded slicing-simps]:
iso-cf-Obj-HomDom-if-Obj-HomCod| elim] =
smcf .iso-smef-0bj-HomDom-if-Obj-Hom Cod
and iso-cf-Arr-HomDom-if-Arr-HomCod[ elim] =
smcf.iso-smcf-Arr-HomDom-if- Arr-Hom Cod
and iso-cf-ObjMap-eqE[ elim] = smcf.iso-smcf-ObjMap-eqFE
and iso-cf-ArrMap-eqE[ elim] = smcf.iso-smcf-ArrMap-eqFE

end

sublocale is-iso-functor ¢ is-ff-functor
{proof)

lemmas (in is-iso-functor) iso-cf-is-ff-functor = is-ff-functor-azioms
lemmas [cf-cs-intros] = is-iso-functor.iso-cf-is-ff-functor

4.11.2 Opposite isomorphism of categories
lemma (in is-iso-functor) is-iso-functor-op:

op-cf § : op-cat A = isoa Op-cat B
(proof)

lemma (in is-iso-functor) is-iso-functor-op”:
assumes 2’ = op-cat A and B’ = op-cat B
shows op-cf § : op-cat A =~ ¢ ;s0a, Op-cat B
(proof)

lemmas is-iso-functor-op[ cat-op-intros] =
is-iso-functor.is-iso-functor-op’

4.11.3 The composition of isomorphisms of categories is an isomorphism of cate-
gories

lemma cf-comp-is-iso-functor| cf-cs-intros]:
assumes & : B > 500 Cand § : A >0 is0a B
shows & ocp §: A = i50a €

{proof)

4.12 Inverse functor

abbreviation (input) inv-¢f = V = V
where inv-cf = inv-dghm

Slicing.

lemma dghm-inv-semifunctor| slicing-commute]:
inv-smef (cf-smef §) = cf-smef (inv-¢f §)
(proof)

context is-iso-functor
begin
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interpretation smcf: is-iso-semifunctor « <cat-smc > <cat-sme By <cf-smcf F»

{proof)

lemmas-with [unfolded slicing-simps slicing-commute]:

inv-cf-ObjMap-v11 = smcf.inv-smcf-ObjMap-v11

and inv-cf-ObjMap-vdomain = smcf.inv-smcf-ObjMap-vdomain

and inv-cf-ObjMap-app = smcf.inv-smef-ObjMap-app

and inv-cf-ObjMap-vrange = smcf.inv-smef-ObjMap-vrange

and inv-cf-ArrMap-v11 = smcf.inv-smef-ArrMap-v11

and inv-cf-ArrMap-vdomain = smcf.inv-smcf-ArrMap-vdomain

and inv-cf-ArrMap-app = smcf.inv-smcf-ArrMap-app

and inv-cf-ArrMap-vrange = smcf.inv-smcf-ArrMap-vrange

and iso-cf-ObjMap-inv-cf-ObjMap-appl cf-cs-simps] =
smcf.iso-smcf-ObjMap-inv-smcf-ObjMap-app

and iso-cf-ArrMap-inv-cf-ArrMap-app| cf-cs-simps] =
smcf.iso-smcf-ArrMap-inv-smcf-ArrMap-app

and iso-cf-HomDom-is-arr-conv = smcf.iso-smcf-HomDom-is-arr-conv

and iso-cf-HomCod-is-arr-conv = smcf.iso-smcf-HomCod-is-arr-conv

and iso-inv-cf-ObjMap-cf-ObjMap-app| cf-cs-simps] =
smcf .iso-inv-smcf-ObjMap-smcf-ObjMap-app

and iso-inv-cf-ArrMap-cf-ArrMap-app| cf-cs-simps] =
smcf .iso-inv-smcf-ArrMap-smcf-ArrMap-app

end

lemmas [cf-cs-intros] =
is-iso-functor.inv-cf-ObjMap-v11
is-iso-functor.inv-cf-ArrMap-v11

lemmas [ cf-cs-simps] =
is-iso-functor.inv-cf-ObjMap-vdomain
is-iso-functor.inv-cf-ObjMap-app
1s-iso-functor.inv-cf-ObjMap-vrange
1s-iso-functor.inv-cf-ArrMap-vdomain
is-iso-functor.inv-cf-ArrMap-app
is-iso-functor.inv-cf-ArrMap-vrange
is-iso-functor.iso-cf-ObjMap-inv-cf-ObjMap-app
1s-iso-functor.iso-cf-ArrMap-inv-cf-ArrMap-app
1s-iso-functor.iso-inv-cf-ObjMap-cf-ObjMap-app
is-iso-functor.iso-inv-cf- ArrMap-cf-ArrMap-app

4.13 An isomorphism of categories is an isomorphism in the category CAT

lemma is-iso-arr-is-iso-functor:
— See Chapter I-3 in [7].
assumes § : A »—>oq B
and & : B > AU
and ® ogp § = cf-id A
and § ocr 6 = cf-id B
shows § : A »—>¢c is0a B
{proof)

lemma is-iso-functor-is-iso-arr:
assumes § : A =0 is0a B
shows [cf-cs-intros]: inv-cf §: B —»—>c isoa A
and [cf-cs-simps]: inv-¢f §F oo § = cf-id A
and [c¢f-cs-simps]: § oor inv-¢f §F = cf-id B
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(proof)

4.13.1 An identity functor is an isomorphism of categories

lemma (in category) cat-cf-id-is-iso-functor: cf-id € : € »—>¢ 500 €

{proof)

4.14 TIsomorphic categories

4.14.1 Definition and elementary properties

See Chapter I-3 in [7]).

locale iso-category = L: category a A + R: category a B for a A B +
assumes iso-cat-is-iso-functor: 3. § : A = isoar B

notation iso-category (infixl <~c1 50)

Rules.

lemma iso-categoryl:
assumes § : A >0 is0a B
shows A ~oq B

{proof)

lemma iso-categoryD][dest]:
assumes A ~oq B
shows 3F. §: A »—>(c is0oa B
(proof)

lemma iso-categoryE[ elim]:
assumes A ~oq B
obtains § where § : 2 >~ ;500 B

{proof)

Isomorphic categories are isomorphic semicategories.

lemma (in iso-category) iso-cat-iso-semicategory:
cat-smc A ~gprca cat-sme B
{proof)

4.14.2 A category isomorphism is an equivalence relation

lemma iso-category-refl:
assumes category o A
shows A ~cq AU

{proof)

lemma iso-category-sym[sym]:
assumes A ~cq B
shows B ~gq A

{proof)

lemma iso-category-trans|trans):
assumes A ~#cq B and B ~gq €
shows A xcn €

{proof)
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5 Smallness for functors

5.1 Functor with tiny maps

5.1.1 Definition and elementary properties

locale is-tm-functor = is-functor a A B §F for a A B §F +
assumes tm-cf-is-semifunctor| slicing-intros]:
cf-smef § : cat-sme A g0 tma cat-smc B

syntax -is-tm-functor = V=V = V = V = bool
(«(-:/ - »oml -0 [51, 51, 51] 51)
syntax-consts -is-tm-functor = is-tm-functor
translations § : A »—¢ ;o B = CONST is-tm-functor a A B §F

abbreviation (input) is-cn-tm-functor = V.= V = V = V = bool
where is-cn-tm-functor a A B §=F : op-dg A »~c.tma B

syntax -is-cn-tm-functor = V.= V = V = V = bool
(«(-:/ - c.tm—1 -0 [0, 51, 51] 51)
syntax-consts -is-cn-tm-functor = is-cn-tm-functor
translations § : A ¢ tp>—>a B — CONST is-cn-tm-functor a A B §

abbreviation all-tm-cfs = V = V
where all-tm-cfs a = set {F. IAB. F: A >0 tma B}

abbreviation small-tm-cfs = V=V =V =V
where small-tm-cfs a A B = set {F. §: A »~>¢ tma B}

lemma (in is-tm-functor) tm-cf-is-semifunctor”:
assumes o’ = o
and A’ = cat-smc A
and B’ = cat-smc B
shows cf-smcf § : A’ P SMCtme,! B’

(proof)
lemmas [slicing-intros] = is-tm-functor.tm-cf-is-semifunctor’

Rules.

lemma (in is-tm-functor) is-tm-functor-azioms'[ cat-small-cs-intros]:
assumes o’ = ¢ and 2’ = A and B’ =B
shows § : A" =0, B’

{proof)

mk-ide rf is-tm-functor-def[unfolded is-tm-functor-axioms-def]
|intro is-tm-functorl|
|dest is-tm-functorD[ dest]|
|elim is-tm-functorE[ elim]

lemmas [cat-small-cs-intros] = is-tm-functorD(1)

Slicing.

context is-tm-functor
begin

interpretation smcf: is-tm-semifunctor a <cat-smc A> <cat-smc B> <cf-smef §F»

{proof)

lemmas-with [unfolded slicing-simps]:
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tm-cf-ObjMap-in- Vset[ cat-cs-intros] = smcf .tm-smef-ObjMap-in- Vset
and tm-cf-ArrMap-in- Vset[ cat-cs-intros] = smcf.tm-smcf-ArrMap-in-Vset

end

sublocale is-tm-functor ¢ HomDom: tiny-category o 2
{proof)

Further rules.

lemma is-tm-functorl
assumes [simp]: §: A »—>cq B
and [simp]: §(ObjMap)) €, Vset a
and [simp]: F(ArrMap)) €, Vset «
shows § : A »—>¢ tma B
(proof)

lemma is-tm-functorD"
assumes § : A »—>c 1ma B
shows §: A »>cq B
and F(ObjMap|) €, Vset a
and §(ArrMap)) €, Vset a
{proof)

lemmas [cat-small-cs-intros] = is-tm-functorD'(1)

lemma is-tm-functorE"
assumes § : A >—>c 1ma B
obtains § : A »>cq B
and §(ObjMap)) €, Vset a
and §(ArrMap)) € Vset «
(proof)

Size.
lemma small-all-tm-cfs[ simp]: small {F. A B. F: A > tma B}

{proof)
5.1.2 Opposite functor with tiny maps

lemma (in is-tm-functor) is-tm-functor-op:
op-cf § : op-cat A ¢ tma op-cat B
(proof )

lemma (in is-tm-functor) is-tm-functor-op’[ cat-op-intros]:
assumes 2’ = op-cat A and B’ = op-cat B and o’ = «
shows op-cf §: A" =0 tmy B

{proof)

lemmas is-tm-functor-op[ cat-op-intros] = is-tm-functor.is-tm-functor-op’

5.1.3 Composition of functors with tiny maps

lemma cf-comp-is-tm-functor| cat-small-cs-intros):
assumes & : B »—>c ima Cand § A >0 1o B
shows & ogp §: A =0 tma €

(proof)

5.1.4 Finite categories and functors with tiny maps

lemma (in is-functor) cf-is-tm-functor-if-HomDom-finite-category:
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assumes finite-category o A
shows § : A »=¢c ima B

{proof)

5.1.5 Constant functor with tiny maps

lemma cf-const-is-tm-functor:
assumes tiny-category a € and category o © and a €, D(0bj))
shows cf-const €D a: € »>co itma D

{proof)

lemma cf-const-is-tm-functor'[ cat-small-cs-intros):
assumes tiny-category a €
and category a ©
and a €, D(0bj)

and ¢'=¢€

and ®'=9
shows cf-const €D a : €' »>>¢ yma D'
(proof)

5.2 Tiny functor

5.2.1 Definition and elementary properties

locale is-tiny-functor = is-functor a A B § for a A B § +
assumes tiny-cf-is-tiny-semifunctor| slicing-intros]:
cf-smef § : cat-sme A —»—>gpc tinya cat-sme B

syntax -is-tiny-functor = V= V = V = V = bool
(((— :/ - O tingl —)) [51, 51, 51] 51)
syntax-consts -is-tiny-functor = is-tiny-functor
translations § : A =~ yinya B = CONST is-tiny-functor o A B §

abbreviation (input) is-cn-tiny-cf = V=V = V = V = bool
where is-cn-tiny-cf o A B F = § : op-cat A =»=>c yinya B

syntax -is-cn-tiny-cf = V= V = V = V = bool
(«(- 2/ - c.riny—e1 <) [61, 51, 51] 51)
syntax-consts -is-cn-tiny-cf = is-cn-cf
translations § : A ¢ tiny>—>a B — CONST is-cn-cf a A B §F

abbreviation all-tiny-cfs = V = V
where all-tiny-cfs o = set {F. A B. F: A >0 tinya B}

abbreviation tiny-cfs = V=V =V =V
where tiny-cfs a A B = set {F. §F: A PO tinya B}

lemmas [slicing-intros] = is-tiny-functor.tiny-cf-is-tiny-semifunctor

Rules.

lemma (in is-tiny-functor) is-tiny-functor-axioms’[ cat-small-cs-intros]:
assumes o' = o and 2’ = A and B’ =B
shows § : " = ¢ ping,r B’
(proof )

mk-ide rf is-tiny-functor-def[unfolded is-tiny-functor-axioms-def]
|intro is-tiny-functorl|
|dest is-tiny-functorD[ dest]|
|elim is-tiny-functorE[ elim]|
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lemmas [cat-small-cs-intros] = is-tiny-functorD(1)

Elementary properties.

sublocale is-tiny-functor € HomDom: tiny-category a 2
{proof)

sublocale is-tiny-functor ¢ HomCod: tiny-category o B
{proof)

sublocale is-tiny-functor ¢ is-tm-functor
{proof)

Further rules.

lemma is-tiny-functorl "
assumes [simp]: §: A »—>cq B
and tiny-category o A
and tiny-category a ‘B
shows § : /A =»—c tinya B
(proof)

lemma is-tiny-functorD":
assumes § : A =0 yinya B
shows §: A »>cq B
and tiny-category a A
and tiny-category o ‘B
{proof)

lemmas [cat-small-cs-intros] = is-tiny-functorD’(2,3)

lemma is-tiny-functorE":
assumes § : A =0 yinya B
obtains § : A oo B
and tiny-category o A
and tiny-category a B
(proof)

lemma is-tiny-functor-iff:
g 22 == Cltinya B
(T : A »—>ca B A tiny-category o A A tiny-category a B)
(proof )

Size.

lemma (in is-tiny-functor) tiny-cf-in-Vset: § €, Vset «
{proof)

lemma small-all-tiny-cfs[simp]: small {F. IA B. §: A > tinya B}
{proof)

lemma small-tiny-cfs[simp]: small {§F. F: A »~c tinya B}

{proof)

lemma all-tiny-cfs-vsubset- Vset[ simp]:
set {§. IAB. F: A > inya B} S Vset a
(proof)

lemma (in is-functor) cf-is-tiny-functor-if-ge- Limit:
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assumes Z § and a €, 3
shows § : P Clting 8 B

{proof)

5.2.2 Opposite tiny semifunctor

lemma (in is-tiny-functor) is-tiny-functor-op:
op-cf § : op-cat A = tinya op-cat B
(proof )

lemma (in is-tiny-functor) is-tiny-functor-op'[ cat-op-intros):
assumes 2’ = op-cat A and B’ = op-cat B and o’ = «
shows op-cf § : A" =0 ting,r B’

{proof)

lemmas is-tiny-functor-op| cat-op-intros| =
is-tiny-functor.is-tiny-functor-op’

5.2.3 Composition of tiny functors

lemma cf-comp-is-tiny-functor| cat-small-cs-intros]:
assumes & : B =0 inya Cand § : A =0 tinga B
shows & ocp §: A >0 tinya €

{proof)

5.2.4 Tiny constant functor

lemma cf-const-is-tiny-functor:
assumes tiny-category a € and tiny-category a ® and a €, D(Obj)
shows cf-const €D a: € »=c tinya D

(proof)

lemma cf-const-is-tiny-functor”:
assumes tiny-category o €
and tiny-category o ®
and a €, D(0bj)

and ¢'=¢

and D' =9
shows cf-const € D a: €' =0 tinya D'
(proof)

lemmas [ cat-small-cs-intros] = cf-const-is-tiny-functor’
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6 Natural transformation

6.1 Background

named-theorems nicf-cs-simps
named-theorems nicf-cs-intros

lemmas [cat-cs-simps| = dg-shared-cs-simps
lemmas [cat-cs-intros] = dg-shared-cs-intros

6.1.1 Slicing

definition ntcf-ntsmef = V = V
where ntcf-ntsmef N =
[
N(NTMap)),
cf-smef (M(NTDoml)),
cf-smef (M(NTCod))),
cat-sme (M(NTDGDom))),
cat-sme (M(NTDGCod)))

]o

Components.

lemma ntcf-ntsmcf-components:
shows [slicing-simps]: ntcf-ntsmef MINTMap)) = N(NTMap))
and [slicing-commute]: ntef-ntsmef M(NTDom|) = cf-smef (D(NTDom)))
and [slicing-commute]: ntef-ntsmef N(NTCod)) = cf-smef (N(NTCod)))
and [slicing-commute]: ntcf-ntsmef M(NTDGDom)|) = cat-sme (N(NTDGDom)))
[ I

and [slicing-commute]: ntcf-ntsmef M(NTDGCod)) = cat-sme (M(NTDGCod)))

{proof)

6.2 Definition and elementary properties

The definition of a natural transformation that is used in this work is is similar to the definition
that can be found in Chapter I-4 in [7].

locale is-ntcf =
Z o+
vfsequence I +
NTDom: is-functor a A B §F +
NTCod: is-functor a A B &
for a AB F S N +
assumes ntcf-length| cat-cs-simps]: vecard N = 5N
and ntcf-is-ntsmcf| slicing-intros]: ntcf-ntsmef N :
cf-smef § —smor cf-smef & : cat-sme A —»—gpca cat-sme B
and ntcf~-NTDom[ cat-cs-simps]: W(NTDom)|) = §
and ntcf-NTCod| cat-cs-simps]: N(NTCod|) = &
and ntcf-NTDGDom| cat-cs-simps]: M(NTDGDoml|) = A
and ntcf-NTDG Cod| cat-cs-simps]: M(NTDGCod)) = B
syntax -is-ntcf = V=V=V=V=V=V = bool
(=) - cp -3 - oo ) [51, 51, 51, 51, 51] 51)
syntax-consts -is-ntcf = is-ntcf

translations M: § —»cr & : A »>cq B = CONST is-ntcf a A B F & N

abbreviation all-ntcfs = V = V
where all-ntefs a = set (M. IFSEAB.N:Froop & : A oq B}

abbreviation ntcfs = V=V =V =V
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where ntcfs a A B = set N. IFS. N:Forp 6 : A »>oq B}

abbreviation these-ntcfs = V=V =V =>V= V=V
where these-ntcfs a A B F & = set (N N:For & : A oq B}

lemmas [cat-cs-simps] =
is-ntcf .nicf-length
is-ntcf.ntcf~-NTDom
is-ntcf.ntcf~-NTCod
is-ntcf.ntcf~-NTDGDom
is-ntcf .ntcf~-NTDG Cod

lemma (in is-ntcf) ntcf-is-ntsmef”:
assumes §' = cf-smcf §
and &' = ¢f-smcf &
and A’ = cat-smc A
and B’ = cat-smc B
shows ntcf-ntsmef N:F' =spcor &' A »gy0a B

(proof )
lemmas [slicing-intros] = is-ntcf.ntcf-is-ntsmef’

Rules.

lemma (in is-nicf) is-ntcf-axioms'[ cat-cs-intros]:
assumes o' =acand A'=Aand B'=Band §F' =Fand &' = &
shows N : §' —»op &' A g 0 B

{proof)

mk-ide rf is-ntcf-def[unfolded is-nicf-axioms-def]
|intro is-ntcfI|
|dest is-ntcfD[ dest]|
|elim is-ntcfE[ elim]|

lemmas [cat-cs-intros] =

is-ntcfD(8,4)

lemma is-ntcfI":
assumes Z «
and vfsequence N
and vcard N = 5y
and §: A »>c0q B
and & : A »cq B
and N(NTDom|) = §
and N(NTCod)) = &
and MN(NTDGDom|) = A
and N(NTDGCod)) = B
and vsv (M(NTMap)))
and D, (M(NTMap))) = A(Obj)
and Aa. a & A(0bj)) = N(NTMap))(a)) : §(ObjMap)(a) g &(ObiMap])(al)
and Aabf. frawmg b=—
N(NTMap)(b) oasg S(ArrMap)(f)) = &(ArrMap))(f]) cass N(NTMap))(a)
shows M:F =cor & : A »—>coq B
(proof)

lemma is-ntcfD":
assumes N :§F —op & : A o0 B
shows Z «
and vfsequence N

29



and vcard N = 5y

and §: A »>c0q B

and & : A »—>oq B

and NM(NTDom|) = §

and NM(NTCod)) = &

and N(NTDGDom|) = A

and NM(NTDGCod)) = B

and vsv (M(NTMap))

and D, (MN(NTMap|)) = A(Obj))

and Aa. a & A(0bj)) = N(NTMap))(a)) : §(ObjMap))(a) 5 &(ObiMap])(al)

and Aabf. f:amrg b=
( m}q;VTMap|)(|bD oap S(ArrMap))(f) = &(ArrMap)(f)) oass N(NTMap))(a)
Proo

lemma is-ntcfE":
assumes N :§F —op & : A >0 B
obtains Z «
and vfsequence N
and vcard N = 5N
and §: A »—>cq B
and & : A »—>cq B
and N(NTDom|) = §
and N(NTCod)) = &
and NM(NTDGDom|) =AU
and NM(NTDGCod)) = B
and vsv (M(NTMap))
and D, (M(NTMap))) = 2(Obj)
and Aa. a & A(0bj)) = N(NTMap))(a)) : F(ObjMap)(al) g &(ObiMap])(al)
and Aabf. frawg b=
1 VT8 o SUArMapd U = @A) e HUNTHer) (o
proof

Slicing.

context is-nicf
begin

interpretation ntsmcf:
is-ntsmef a <cat-sme Ay <cat-sme By <cf-smef §y <cf-smef &y <ntcf-ntsmef O

{proof)

lemmas-with [unfolded slicing-simps]:
ntcf-NTMap-vsv = ntsmcf .ntsmef-NTMap-vsv
and nicf-NTMap-vdomain[ cat-cs-simps] = ntsmcf.ntsmef-NTMap-vdomain
and nicf~-NTMap-is-arr = ntsmcf.ntsmef-NTMap-is-arr
and ntcf-NTMap-is-arr'[ cat-cs-intros] = ntsmcf.ntsmef-NTMap-is-arr’

sublocale NTMap: vsv <N(NTMapl)»
rewrites D, (M(NTMap))) = A(Obj)
{proof)

lemmas-with [unfolded slicing-simps]:
ntcf-NTMap-app-in-Arr| cat-cs-intros] = ntsmef .ntsmef-NTMap-app-in-Arr
and nicf-NTMap-vrange-vifunion = ntsmcf.ntsmcf-NTMap-vrange-vifunion
and nicf-NTMap-vrange = ntsmcf.ntsmcf-NTMap-vrange
and nitcf~-NTMap-vsubset-Vset = ntsmcf.ntsmef-NTMap-vsubset- Vset
and ntcf~-NTMap-in-Vset = ntsmcf.ntsmef-NTMap-in- Vset
and nicf-is-ntsmcf-if-ge-Limit = ntsmcf.ntsmcf-is-ntsmcf-if-ge-Limit

60



lemmas-with [unfolded slicing-simps]:
ntcf-Comp-commute| cat-cs-intros] = ntsmcef.ntsmef-Comp-commute
and ntcf-Comp-commute’ = ntsmcf.ntsmcf-Comp-commute’
and ntcf-Comp-commute’’ = ntsmcf.ntsmcf-Comp-commute’’

end
lemmas [cat-cs-simps] = is-ntcf.ntef-NTMap-vdomain

lemmas [cat-cs-intros] =
is-ntcf.ntcf-NTMap-vsv
is-ntcf .ntcf~-NTMap-is-arr’
ntsmcf-hcomp-NTMap-vsv

Elementary properties.

lemma ntcf-eql:
assumes N :F —ocr G : A »>cq B
and N :F' »eopr & A »>0q B
and N(NTMap)) = N'(NTMap))

and § = g’
and & = 6’
and 2 = A’
and B = B’
shows 91 = 9/
{proof)

lemma ntcf-ntsmcf-eql:
assumes N :F —ocr G : A »>0q B
and N : F' »eop & A o B

and § = g’
and & = 6’
and 2 = A’
and B = B’
and ntcf-ntsmef N = ntcf-ntsmef N’
shows 91 = 9/
{proof)

lemma (in is-ntcf) ntcf-def:
N = [N(NTMap)), RW(NTDom|), N(NTCod)), W(NTDGDom|), N(NTDGCod)) .
{proof)

lemma (in is-ntcf) ntcf-in-Vset:
assumes Z  and a ¢, 3
shows D1 €, Vset 3

{proof)

lemma (in is-ntcf) ntcf-is-nicf-if-ge-Limit:
assumes Z  and a €, 3
shows M: F —=cr 6 : A dadel:: B

(proof)

lemma small-all-nicfs| simp]:
small (MN. AT S AB. N:For 6 : A >oq B}
(proof)

lemma small-ntcfs[simp]: small {M. IF S N:F —cop & : A > 0q B}
(proof )
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lemma small-these-ntcfs[simp]: small {N. N:F orp 6 : A »>cq B}
(proof)

Further elementary results.

lemma these-ntcfs-iff:
N e, these-ntcfs a A B F B «—> N:Fropr & : Ao B
(proof )

6.3 Opposite natural transformation

See section 1.5 in [3].

definition op-ntcf = V = V
where op-ntcf N =
[

N(NTMap)),
op-cf (M(NTCod))),
op-¢f (M(NTDom))),
op-cat (M(NTDGDom))),
op-cat (M(NTDGCod)))

lo

Components.
lemma op-ntcf-components| cat-op-simps]:
shows op-ntcf M(NTMap)) = N(NTMap))
and op-ntcf M(NTDom|) = op-cf (M(NTCod)))
and op-ntcf MINTCod)) = op-cf (M(NTDom)))
and op-ntcf M(NTDGDom|) = op-cat (M(NTDGDom)))
and op-ntcf M(NTDGCod|) = op-cat (N(NTDGCod)))
{proof)

Slicing.

lemma ntcf-ntsmef-op-ntcf| slicing-commaute]:
op-ntsmef (ntcf-ntsmef N) = ntcf-ntsmef (op-nicf MN)

{proof)

Elementary properties.

lemma op-ntcf-vsv| cat-op-intros]: vsv (op-ntef §)

{proof)

6.3.1 Further properties

lemma (in is-ntcf) is-ntcf-op:
op-ntcf N : op-¢f & —cp op-cf §: op-cat A —»—cq op-cat B
{proof)

lemma (in is-ntcf) is-ntcf-op'[ cat-op-intros]:
assumes &' = op-¢f &
and §' = op-¢f §
and 2’ = op-cat A
and B’ = op-cat B
shows op-ntcf M : &' —»ecp F': A oy B
(proof)

lemmas [cat-op-intros] = is-ntcf.is-ntcf-op’

lemma (in is-ntcf) ntcf-op-nicf-op-ntcf| cat-op-simps]:
op-ntcf (op-ntcf M) =N
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(proof)

lemmas ntcf-op-nicf-op-ntcf| cat-op-simps] =
is-ntcf.nicf-op-nicf-op-ntcf

lemma eg-op-nicf-iff [ cat-op-simps]:
assumes M: Fror B : Ao Band N F' oor & A »scq B
shows op-ntcf N = op-nicf N’ «— N =N/

{proof)

6.4 Vertical composition of natural transformations

6.4.1 Definition and elementary properties

See Chapter 1I-4 in [7].

abbreviation (input) ntcf~vcomp = V = V = V (infixl ¢y7cp 55)
where ntcf-vcomp = ntsmcf-vcomp

lemmas [cat-cs-simps| = ntsmcf-vcomp-components(2-5)

Slicing.

lemma nicf-ntsmcf-ntcf-vcomp| slicing-commute]:
ntcf-ntsmef M -y rsymor ntef-ntsmef N = ntef-ntsmef (M -yror N)
(proof)

6.4.2 Natural transformation map

lemma ntcf-vcomp-NTMap-vdomain] cat-cs-simps]:
assumes N:§F —op & : A >0 B
shows D, (M -n7cr N)(NTMap))) = A(Obj))
{proof)

lemma ntcf-vcomp-NTMap-app| cat-cs-simps]:
assumes M : B »op H: A >>0q B
and N:Frer G : A roq B
and a €, 2(00bj)
shows (M -y 7or M)(NTMap|)(a) = M(NTMap))(al) casg M(NTMap)(al)
(proof)

lemma nitcf-vcomp-NTMap-vrange:
assumes M: B o H Ao Band N:F oorp & : A oq B
shows Ro (M -nror M)(NTMap))) o B(Arr)

(proof)

6.4.3 Further properties

lemma nicf-vcomp-composable-commute| cat-cs-simps]:
— See Chapter II-4 in [7].
assumes MM : & »op H A >0 B
and N:F rorp & :Aon B
and [intro]: f: a g b
shows
(M(NTMap))(b) 0ass NANTMap]) (b)) oags F(ArrMap)(f) =
( ﬁ)ﬂATTMapDGfD oasp (M(NTMap)(al) oasg N(NTMap))(a)))
proof

lemma ntcf-vcomp-is-ntcf| cat-cs-intros]:
— see Chapter II-4 in [7].
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assumes M : B o H: Ao Band N:F oop & : A >on B
shows M n7cr N:For H:A=ca B
{proof)

lemma ntcf-vcomp-assoc| cat-cs-simps]:
— See Chapter II-4 in [7].
assumes £: ) »op KB A >0 B
and M: B o H: A >coq B
andfﬁ:SHCFGS:QlHHCa%
shows (£ -y7cr M) ‘Nrcr N=L vror M nrcor N)
{proof)

6.4.4 The opposite of the vertical composition of natural transformations

lemma op-nicf-ntcf-vcomp| cat-op-simps]:
assumes M : & —»cop H: A o B
and N:F rorp & :Aon B
shows op-nitcf (M yrocr N) = op-nicf N -nyrcr op-ntcf M
{proof)

6.5 Horizontal composition of natural transformations

6.5.1 Definition and elementary properties

See Chapter II-5 in [7].

abbreviation (input) ntcf-hcomp = V = V = V (infixl <oy popr 55)
where ntcf-hcomp = ntsmcf-hcomp

lemmas [cat-cs-simps] = ntsmef-hcomp-components(2-35)

Slicing.
lemma ntcf-ntsmef-ntef-hcompl slicing-commute]:

ntcf-ntsmef M oy rsymor ntef-ntsmef N = nicf-ntsmef (M onyror N)
{proof)

6.5.2 Natural transformation map

lemma nicf-hcomp-NTMap-vdomain[ cat-cs-simps]:
assumes N:§F —rop & : A 00 B
shows D, (M oyrer N)(NTMapl)) = 2A(0bj)
{proof)

lemma ntcf-hcomp-NTMap-app| cat-cs-simps]:
assumes M : F' »cop &' : B ss0q €
and N:F rorp & :Aon B
and a €, 2(O0bj)
shows (M oyror N)(NTMap))(al) =
|, ST N THa D) 2ne TV TMar) (00 Mop) ()
proof

lemma ntcf-hcomp-NTMap-vrange:
assumes M : F' »or & : B oog Cand N Foor 6 : A ssoq B
shows R, (M onror N)(NTMap))) o €(Arr])

{proof)

6.5.3 Further properties

lemma ntcf-hcomp-composable-commute:
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— See Chapter II-5 in [7].

assumes M : F' oop 6 : B ooy €
and N:F rerp B : A oq B
and f:a g b

shows
(M oxror M) (NTMap)(b) oag (3" ocr §)(ArrMap))(f]) =

(&' ocr &)(ArrMap)(f]) cag (M onrcr N)(NTMap))(a)
(is «<2MNb op¢ T'Ff = 76'Gf oge MN)
{proof)

lemma nicf-hcomp-is-ntcf:
— See Chapter II-5 in [7].
assumes M: F' Hop B : B g Cand N:Frop & Aoy B
shows M onyror N:F' ocr Fror ' ogr B : A ispg €

{proof)

lemma nicf-hcomp-is-nicf'[ cat-cs-intros]:
assumes M : F' »cr 6 B ooy €
and N:F oerp G :Aoq DB
and & = §' ocp §
and &' =& ocp &
shows M on7cr N: G or & A gy €

{proof)

lemma ntcf-hcomp-associativ| cat-cs-simps]:
assumes £: 3" »or &1 C o D
and M : F' »or & B »0q €
and N:F rorp & :Aon B
shows (£ onror M) onror N =L onror Monror N)
{proof)

6.5.4 The opposite of the horizontal composition of natural transformations
lemma op-ntcf-ntcf-hcomp| cat-op-simps]:

assumes M : F' Horp & B oo Cand N:Fror & : A oq B

shows op-nitcf (M onyror N) = op-ntef M onrop op-ntcf N
(proof)

6.6 Interchange law

lemma nicf-comp-interchange-law:
— See Chapter II-5 in [7].
assumes M: B »cr H: A cq B
and N:F rerp B : A oq B
and M : &' »op H B o €
and N :F' »erp &' B oy €
( ShOV‘)’S (M nrer N) onrer M nrer N)) = (M onrer M) vrer (N onror N)
proof

6.7 Identity natural transformation

6.7.1 Definition and elementary properties

See Chapter II-4 in [7].

definition nicf-id = V = V
where nicf-id § = [F(HomCod|)(CId)) o, §(ObjMap)), §, §, F(HomDom]|), F(HomCod))]s

Components.
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lemma nicf-id-components:
shows ntcf-id F(NTMap)) = F(HomCod|)(CId]) oo §(0ObjMap])
and [dg-shared-cs-simps, cat-cs-simps]: ntef-id F(NTDom|) = §
and [dg-shared-cs-simps, cat-cs-simps]: ntef-id F(NTCod)) = §
and [dg-shared-cs-simps, cat-cs-simps]: ntef-id F(NTDGDom]|) = F(HomDom))
and [dg-shared-cs-simps, cat-cs-simps]: ntcf-id FINTDG Cod)) = F(HomCod)
(proof)

lemma (in is-functor) is-functor-ntcf-id-components:
shows ntcf-id F(NTMap)) = B(CId)) o, F(ObjMap))
and ntcf-id F(NTDom|) = §
and ntcf-id F(NTCod)) = §
and ntcf-id F(NTDGDom|) = 2
and ntcf-id F(NTDGCod|) = B

{proof)

6.7.2 Natural transformation map

lemma (in is-functor) ntcf-id-NTMap-vdomain| cat-cs-simps]:
D, (ntcf-id F(NTMapl)) = 24(Obj))
(proof)

lemmas [cat-cs-simps] = is-functor.ntcf-id-NTMap-vdomain

lemma (in is-functor) ntcf-id-NTMap-app-vdomain] cat-cs-simps]:
assumes [simp]: a € 2A(0bj)
shows ntcf-id F(NTMap|)(a]) = B(CI)(F(ObiMap|)(a))
(proof)

lemmas [cat-cs-simps] = is-functor.ntcf-id-NTMap-app-vdomain

lemma (in is-functor) ntcf-id-NTMap-vsv| cat-cs-intros]:
vsv (ntef-id F(NTMap)))
{proof)

lemmas [cat-cs-intros] = is-functor.ntcf-id-NTMap-vsv

lemma (in is-functor) ntcf-id-NTMap-vrange:
Ro (ntcf-id F(NTMap))) <o B(Arr)
{proof)

6.7.3 Further properties

lemma (in is-functor) cf-ntef-id-is-nicf[ cat-cs-intros):
ntcf-ld S : % =>CoF g : Q[ [dmdols) %
{proof)

lemma (in is-functor) cf-nicf-id-is-ntcf"”:
assumes &' = Fand H' = F
shows nicf-id §: &' —crp H': A o B
(proof )

lemmas [cat-cs-intros] = is-functor.cf-ntcf-id-is-ntcf’
lemma (in is-ntcf) ntcf-ntef-vcomp-ntcf-id-left-left[ cat-cs-simps]:
— See Chapter I1-4 in [7].

ntcf—z'd & *‘NTCF N =N
(proof)
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lemmas [cat-cs-simps] = is-ntef .ntcf-ntef-vcomp-ntcf-id-left-left

lemma (in is-ntcf) ntcf-ntcf-vcomp-ntcf-id-right-left[ cat-cs-simps]:
— See Chapter II-4 in [7].
N *NTCF ntcf—z'd S =N

{proof)

lemmas [cat-cs-simps| = is-nicf.ntcf-ntcf-vcomp-ntcf-id-right-left

lemma (in is-ntcf) ntcf-ntcf-hcomp-ntcf-id-left-left[ cat-cs-simps]:
— See Chapter II-5 in [7].
ntcf-id (cf-id B) oyror M =N

{proof)

lemmas [cat-cs-simps] = is-ntcf .ntcf-ntef-hcomp-ntcf-id-left-left

lemma (in is-ntcf) ntcf-ntef-hcomp-ntef-id-right-left[ cat-cs-simps):
— See Chapter II-5 in [7].
N onror ntef-id (cf-id A) =N

{proof)

lemmas [cat-cs-simps] = is-ntcf .ntcf-ntef-hcomp-ntef-id-right-left

6.7.4 The opposite identity natural transformation

lemma (in is-functor) cf-nitcf-id-op-cf: nicf-id (op-cf §) = op-ntef (nitcf-id F)
{proof)

6.7.5 Identity natural transformation of a composition of functors

lemma nitcf-id-cf-comp:

assumes & : B oo Cand §: A »—on B

shows nicf-id (& ocp §) = nicf-id & oypor nicf-id §
(proof)

lemmas [cat-cs-simps| = ntcf-id-cf-comp[ symmetric]

6.8 Composition of a natural transformation and a functor

6.8.1 Definition and elementary properties

abbreviation (input) ntcf-cf-comp = V. = V = V (infix]l <oxropr-crp> 55)
where ntcf-cf-comp = tdghm-dghm-comp

Slicing.

lemma nitsmcf-tdghm-ntsmcf-smef-comp| slicing-commaute]:
ntcf-ntsmef Monrsymor-smor cf-smef $ = ntef-ntsmef (M onror-cr 9)
(proof)

6.8.2 Natural transformation map

mk-VLambda (in is-functor)
tdghm-dghm-comp-components(1)[where $H=F, unfolded c¢f-HomDom]
|vdomain ntef-cf-comp-NTMap-vdomain] cat-cs-simps]|
lapp ntef-cf-comp-NTMap-app| cat-cs-simps]|

lemmas [cat-cs-simps] =
is-functor.ntcf-cf-comp-NTMap-vdomain
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is-functor.nitcf-cf-comp-NTMap-app

lemma nitcf-cf-comp-NTMap-vrange:
assumes N:F oocp B : B oo Cand H : A >0 B
shows R, ((‘Jt ONTCF-CF ,Sﬁ)(INTMapD) =S Q:(|AT”I‘|)
{proof)

6.8.3 Opposite of the composition of a natural transformation and a functor

lemma op-ntcf-ntef-cf-compl cat-op-simps]:
op-ntcf (M onrcer-cr H) = op-ntcf Wonror-cr op-cf H
(proof)

6.8.4 Composition of a natural transformation and a functor is a natural transfor-
mation

lemma nitcf-cf-comp-is-ntcf:
assumes N:F oocp B : B oo Cand H : A >0 B
shows N oyror-cr H:Focr H=cer G ocr H: Ao €
{proof)

lemma nicf-cf-comp-is-nicf [ cat-cs-intros):
assumes N :Focr B B »>oq €
and §) : A »—>cq B
and §'=F ocr H
and ' =B ocp H
shows Monror-cr 9 :F =cr & A oq €

{proof)

6.8.5 Further properties

lemma nicf-cf-comp-nicf-cf-comp-assoc:
assumes N: H op H' 1€ oq D
and & : B »gq €
and §: A »—>cq B
shows (M onyrcr-cr ®) onrer-cr § = Nonvror-cor (& ocr §)
{proof)

lemma (in is-ntcf) ntcf-nicf-cf-comp-cf-id| cat-cs-simps]:
Nonrer-cr cf-id A =N
{proof)

lemmas [cat-cs-simps] = is-ntcf .ntcf-ntef-cf-comp-cf-id

lemma ntcf-vcomp-ntcf-cf-compl cat-cs-simps):
assumes R : A »—>cq B
and M : & »op H:B Hocoa €
and N:Frcrp G :B o €
( ShOV‘)’S (M onror-cr R) ‘Nrcr MNonror-cr R) = (M nyrcrN) onTor-cr R
proof

6.9 Composition of a functor and a natural transformation

6.9.1 Definition and elementary properties

abbreviation (input) cf-nicf-comp = V = V = V (infixl <ocp_nTcop’ 55)
where cf-ntcf-comp = dghm-tdghm-comp

Slicing.
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lemma nicf-ntsmcf-cf-ntcf-comp[ slicing-commaute]:
cf-smef $ ospor-nTsmor ntef-ntsmef N = nicf-ntsmef (H ocr-nTor N)

{proof)

6.9.2 Natural transformation map

mk-VLambda (in is-ntcf)
dghm-tdghm-comp-components(1)[where N=N, unfolded ntcf~-NTDGDom]
|vdomain cf-ntcf-comp-NTMap-vdomain)|
lapp cf-ntcf-comp-NTMap-app|

lemmas [cat-cs-simps] =
is-ntcf.cf-ntcf-comp-NTMap-vdomain
is-ntcf .cf-ntcf-comp-NTMap-app

lemma cf-nicf-comp-NTMap-vrange:
assumes ) B o>oq Cand N F oop B : A 00 B
shows Ro (($ cor—nTor N)(NTMap|)) S, €(Arr))
(proof)

6.9.3 Opposite of the composition of a functor and a natural transformation

lemma op-ntcf-cf-ntcf-comp| cat-op-simps]:
op-ntcf (9 ocr-nTor N) = op-cf H ocr-nTCcF op-ntcf N
(proof)

6.9.4 Composition of a functor and a natural transformation is a natural transfor-
mation

lemma cf-nicf-comp-is-ntcf:
assumes ) : B oo Cand N:F oo B : A »>0q B
shows §) ocp-NT7ocFr M:Hocr F=er Hocr & : A p €
{proof)

lemma cf-ntcf-comp-is-functor’| cat-cs-intros]:
assumes $) : B »>oq €
and N:F rer G : A roq B
and §'=Hocr §
and ' = ocr &
shows § ocp_ny7or M:F »or &Aoo €

{proof)

6.9.5 Further properties

lemma cf-comp-cf-ntcf-comp-assoc:
assumes N: H op H' 1 A g B
and § : B »coq €
and & : € »og D
shows (& oor §) cor-nTcr M =8 ocr_nrer (§ ocr-nTor N)
{proof)

lemma (in is-ntcf) ntcf-cf-ntcf-comp-cf-id| cat-cs-simps]:
cf-id B ocp_NTCFr M =N
{proof)

lemmas [cat-cs-simps] = is-ntcf .ntcf-cf-ntef-comp-cf-id

lemma cf-nicf-comp-nicf-cf-comp-assoc:
assumes N:§F —rop & : B »>oq €
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and ) : € »>caq D
and R: A »—~cq B
shows (9 ccr-n7cr N) onTor-cr B =9 ocr-nrcr Monror-cr R)
{proof)

lemma nicf-cf-comp-ntcf-id[ cat-cs-simps]:

assumes § : B > Cand R : A »>oq B

shows ntcf-id § onror-cr R = ntef-id § onror nicf-id R
{proof)

lemma cf-ntcf-comp-ntcf-vcomp:
assumes R : B »0q €
and M: B »op H: A oa B
and N:F oocrp B :Aon B
shows R ocp_nror M vrerN) = (Rocr-nrer M) ‘nrer (Rocr-nTor N)
(proof)

6.10 Constant natural transformation

6.10.1 Definition and elementary properties

See Chapter III in [7].

definition nicf-const = V=V = V =V
where ntcf-const J € f =

[
veonst-on (J(Obj)) f,
cf-const J € (€(Dom|)(f]),
cf-const J € (€(Cod))(f)),
37
¢

lo

Components.

lemma nicf-const-components:
shows ntcf-const J € f(NTMap|) = vconst-on (J(Obj))) f
and nicf-const J € f(NTDom|) = cf-const J € (€(Dom|)(f]))
and nicf-const J € f(NTCod)) = cf-const J € (€(Cod))(f])
and ntcf-const J € f(NTDGDoml) = J
and ntcf-const J € f(NTDGCod)) = €

{proof)

6.10.2 Natural transformation map

mk-VLambda ntcf-const-components(1)[folded VLambda-vconst-on]
|vsv nicf-const-ObjMap-vsv| cat-cs-intros]|
|vdomain ntef-const-ObjMap-vdomain[ cat-cs-simps]|
|app ntcf-const-ObjMap-app| cat-cs-simps]|

lemma nicf-const-NTMap-ne-vrange:
assumes J(Obj) # 0
shows R, (ntcf-const J € f(NTMap))) = set {f}

{proof)

lemma nicf-const-NTMap-vempty-vrange:
assumes J(O0bj)) = 0
shows R, (ntcf-const J € f(NTMap))) = 0
(proof)
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6.10.3 Constant natural transformation is a natural transformation

lemma ntcf-const-is-nicf:

assumes category o J and category o« € and f: a =g b

shows ntcf-const J € f : c¢f-const J € a »cp cf-const JEb:J —»>oq €
{proof)

lemma nicf-const-is-ntcf | cat-cs-intros]:
assumes category o J
and category o €
and f:a g b
and 2 = ¢f-const J € a
and B = cf-const J € b

and J' =3

and ¢'=¢
shows ntcf-const J € f: A op B :J »poq €
(proof)

6.10.4 Opposite constant natural transformation

lemma op-ntcf-ntcf-const| cat-op-simps]:
op-nicf (ntcf-const J € f) = ntcf-const (op-cat J) (op-cat €) f
(proof)

6.10.5 Further properties

lemma nicf-const-ntcf-vcomp| cat-cs-simps]:
assumes category o J
and category o €
and g: b g c
and f:a ¢ b
shows ntcf-const J € g -yrcrp ntef-const J € f = ntcf-const J € (g oag f)
{proof)

lemma ntcf-id-cf-const| cat-cs-simps]:
assumes category o J and category o € and ¢ €, €(|Obj)
shows nicf-id (cf-const J € ¢) = ntcf-const J € (€(CId))(c))
{proof)

lemma nicf-cf-comp-cf-const-right[ cat-cs-simps]:
assumes N :F »cp & : B o> €
and category a A
and b €, B(O0bj)
shows N oy rop-cr cf-const A B b = nicf-const A € (N(NTMap|) (b))
{proof)

lemma cf-ntcf-comp-ntcf-id| cat-cs-simps]:
assumes & : B oo Cand § : A »—>c B
shows & ocp_nyroFr nicf-id § = ntcf-id & oy rop ntef-id §
{proof)
lemma (in is-functor) cf-nicf-cf-comp-ntcf-const| cat-cs-simps]:
assumes category o € and f: a ~¢ b

shows ntcf-const B € f oyror_cr § = ntef-const A € f
{proof)

lemmas [cat-cs-simps] = is-functor.cf-ntcf-cf-comp-ntcf-const

lemma (in is-functor) cf-ntcf-comp-cf-ntcf-const| cat-cs-simps):
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assumes category o J
and f:r' g 1
shows § occrp_nroF ntcf-const J A [ = ntcf-const I B (F(ArrMap))(f])
{proof)

lemmas [cat-cs-simps] = is-functor.cf-ntcf-comp-cf-ntcf-const

6.11 Natural isomorphism

See Chapter I-4 in [7].

locale is-iso-ntcf = is-ntcf +
assumes iso-ntcf-is-iso-arr| cat-arrow-cs-intros):
a & A(0bj)) = N(NTMapl)(a)) : F(ObjMap))(a) ~isoss &(ObMap|)(al)

syntax -is-iso-ntcf = V=V =V =V =V = V = bool
(«(-:-=cF.iso -1 -1 -0 [81, 51, 51, 51, 51] 51)
syntax-consts -is-iso-ntcf = is-iso-nicf
translations N : § 2 cp.iso ® : A 00 B =
CONST is-iso-ntcf a A B F &N

lemma (in is-iso-nicf) iso-nicf-is-iso-arr”:
assumes a € 2A(0bj)
and A = F(ObjMap))(al))
and B = &(0bjMap))(al)
shows M(NTMap))(a]) : A =50 B
(proof)

lemmas [cat-arrow-cs-intros] =
is-1so-nitcf .iso-ntcf-is-iso-arr’

lemma (in is-iso-ntcf) iso-ntcf-is-iso-arr'":
assumes a €, A(O0bj)
and A = F(ObjMap))(al))
and B = &(0bjMap))(al)
and F = M(NTMap))(a))

and B' =8
shows F' : A Fisog’ B
(proof)
Rules.

lemma (in is-iso-ntcf) is-iso-ntcf-axioms’| cat-cs-intros]:
assumes o' = aand §' = Fand &' = & and A’ = A and B’ =B
shows 91 : {S‘d = CF.iso & A inander] B’
(proof)

mk-ide rf is-iso-ntcf-def[unfolded is-iso-ntcf-axioms-def]
|intro is-iso-ntcfI|
|dest is-iso-ntcfD[ dest]|
|elim is-iso-ntcfE[ elim]|

lemmas [ntcf-cs-intros] = is-iso-ntcfD(1)

6.12 Inverse natural transformation

6.12.1 Definition and elementary properties

definition inv-ntcf = V = V
where inv-ntcf N =
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(Aae.M(NTDGDoml|)(Obj)). SOME g. is-inverse (M(NTDGCod))) g (N(NTMap))(a))),
N(NTCod)),

N(NTDom)),

N(NTDGDom)),

N(NTDG Cod))

Io
Slicing.

lemma inv-nicf-components:
shows inv-ntcf M(NTMap)) =
(AaecN(NTDGDom))(0bj)). SOME g. is-inverse (NM(NTDGCod))) g (M(NTMap))(a))))
and [cat-cs-simps]: inv-ntcf M(NTDom|) = N(NTCod))

and [cat-cs-simps]: inv-ntcf M(NTCod]) = N(NTDom))

and [cat-cs-simps]: inv-ntcf M(NTDGDom|) = N(NTDGDom))

and [cat-cs-simps]: inv-ntcf MINTDGCod|) = N(NTDG Cod))
{proof)

Components.
lemma (in is-iso-ntcf) is-iso-ntcf-inv-nicf-components| cat-cs-simps]:
inv-ntef M(NTDom|) = &
inv-ntcf MINTCod)) = §
inv-ntef M(NTDGDom|) = 2A
inv-ntef M(NTDGCod)) = B
{proof)

6.12.2 Natural transformation map

lemma inv-nitcf-NTMap-vsv| cat-cs-intros]: vsv (inv-ntef M(NTMap)))
(proof)

lemma (in is-iso-nicf) iso-nicf-inv-ntcf-NTMap-app-is-inverse| cat-cs-intros]:
assumes a €, A(0bj)
shows is-inverse B (inv-ntcf M(NTMap))(a)) (N(NTMap))(a))

{proof)

lemma (in is-iso-ntcf) iso-ntcf-inv-ntcf-NTMap-app-is-the-inverse[ cat-cs-intros):
assumes a €, A(0bj)
shows inv-ntcf M(NTMap))(a) = (N(NTMap))(al)) ™ cp

{proof)

lemmas [cat-cs-simps] = is-iso-ntcf.iso-nitcf-inv-ntcf-NTMap-app-is-the-inverse

lemma (in is-ntcf) inv-ntcf-NTMap-vdomain[ cat-cs-simps]:
D, (inv-ntef MINTMapl)) = 2A(Obj)
(proof )

lemmas [cat-cs-simps] = is-ntcf.inv-ntcf-NTMap-vdomain

lemma (in is-iso-ntcf) inv-ntcf~-NTMap-vrange:
Ro (inv-ntcf M(NTMap))) <o B(Arr)
{proof)

6.12.3 Opposite natural isomorphism

lemma (in is-iso-ntcf) is-iso-ntcf-op:
op-ntef M : op-c¢f & —»cop.iso op-cf §: op-cat A —+cq op-cat B
{proof)
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lemma (in is-iso-nicf) is-iso-ntcf-op'[ cat-op-intros]:
assumes &' = op-cf &
and §' = op-¢f §
and 2" = op-cat 2A
and B’ = op-cat B
shows op-ntcf N : &' —corp.iso 5 A o B
(proof )

lemmas is-iso-ntcf-op[ cat-op-intros| = is-iso-nicf.is-iso-ntcf-op

6.13 A natural isomorphism is an isomorphism in the category Funct

The results that are presented in this subsection can be found in nLab (see [1]?).

lemma is-iso-arr-is-iso-ntcf:
assumes N :F »op & : A >0 B
and M : B »op §: A >0 B
and N -y ror M = nicf-id &
and M ‘NTCF N = ntcf-z'd 3
shows M1 : § »op.iso ® 1 A >0 B
{proof)

lemma iso-nicf-is-iso-arr:
assumes N : F =cr.iso ®: A =00 B
shows [nicf-cs-intros]: inv-ntcf M: G »>op is0 § A »>ca B
and N -y rop inv-ntef N = ntcf-id &
and inv-ntcf N +yror N = nicf-id §
{proof)

6.13.1 The operation of taking the inverse natural transformation is an involution

lemma (in is-iso-nicf) iso-nicf-inv-ntcf-inv-ntcf [ ntcf-cs-simps]:
inv-ntef (inv-ntef N) =N
{proof)

lemmas [ntcf-cs-simps| = is-iso-ntcf.iso-ntcf-inv-ntef-inv-ntcf

6.13.2 Natural isomorphisms from natural transformations

lemma iso-nicf-if-is-inverse:
assumes N :F —ocr & : A »>cq B
andi)ﬁ:@n»CFS:QlHHCQ‘B
and Aa. a € A(0bj) = is-inverse B (M(NTMap))(al)) (N(NTMap))(al)
shows N : §F »cp.iso A »>ca B
and M : & = CF.iso g 22 ingngele’ B
and M = inv-ntcf N
and N = inv-ntcf M
{proof)

6.13.3 Vertical composition of natural isomorphisms

lemma ntcf-vcomp-is-iso-ntcf| cat-cs-intros|:
assumes M : B »>op 0 H A >oq B
and N: §F »cop.iso & A >oa B
shows M Nn7cr N F ~oFis0 DA >—>0q B
{proof)

2https:/ /ncatlab.org/nlab /show /natural+isomorphism
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6.13.4 Horizontal composition of natural isomorphisms

lemma ntcf-hcomp-is-iso-nicf:
assumes M : F' =cor.iso & 1B »gn €
and N : § =cr.iso & ™A »coq B
shows M oy rcr N:F ocr § Por.iso ® ocr & 1 A o €
{proof)

lemma ntcf-hcomp-is-iso-nicf [ ntcf-cs-intros]:
assumes M : F' >op 50 &' 1B g €
and N: §F »cop.iso & A >oa B
and ' =F ocr §
and 9" =68 ocr &
shows M oyror N: H' crise H A oo €

{proof)

6.13.5 Composition of a natural isomorphism and a functor
lemma nitcf-cf-comp-is-iso-nicf:

assumes N :F 2 coriso ®: B »>oq Cand $H : A »>oq B

shows Nonror-cr H:F ocr H =cor.iso ® ocr H:Arrca €
{proof)

lemma nicf-cf-comp-is-iso-ntcf | cat-cs-intros]:
assumes N : F 2cp.iso ®: B oo €
and §) : A »—>cq B
and §'=F ocr H
and ' =G ocr H
shows M oyrcr-cr H:F =criso 8 1 A cn €

{proof)

6.13.6 An identity natural transformation is a natural isomorphism

lemma (in is-functor) cf-nicf-id-is-iso-ntcf:
nicf-id §: F o criso S A o B
{proof)

lemma (in is-functor) cf-ntcf-id-is-iso-ntcf'[ ntcf-cs-intros]:
assumes &' = Fand H' = F
shows ntcf-id §: &' =op.iso 9 A »0q B
(proof )

lemmas [nicf-cs-intros] = is-functor.cf-ntcf-id-is-iso-ntcf’

6.14 Functor isomorphism
6.14.1 Definition and elementary properties

See subsection 1.5 in [3].

locale iso-functor =
fixesa § &
assumes iso-cf-is-iso-ntcf: A B N. N F ~or.is0 B : A >>0q B

notation iso-functor (infixl <xcp1> 50)

Rules.

lemma iso-functorl:
assumes N : F 2 criso ®: A >0q B
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shows § #cpa ®

{proof)

lemma iso-functorD| dest]:
assumes § ~cpo &
shows 3A BN N:F ocr.iso G : A cn B

{proof)

lemma iso-functorE[ elim]:
assumes § 2opo ®
obtains A B 91 where N : § —cop.iso & : A >0 B

{proof)

6.14.2 A functor isomorphism is an equivalence relation

lemma iso-functor-refi:
assumes § : A »—>oq B
shows § ~cpa §

{proof)

lemma iso-functor-sym[ sym]:
assumes § ~cpo &
shows & ~cpa §

(proof )

lemma iso-functor-trans[trans, intro]:
assumes § ~cpoq ® and & xopa H
shows § ~cra 9
{proof)
6.14.3 Opposite functor isomorphism
lemma (in iso-functor) iso-functor-op: op-c¢f § vcra op-c¢f &

(proof)

lemmas iso-functor-op[ cat-op-intros| = iso-functor.iso-functor-op
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7 Smallness for natural transformations

7.1 Natural transformation of functors with tiny maps

7.1.1 Definition and elementary properties

locale is-tm-ntcf = is-ntcf a A B F B Nfor a A B F S N +
assumes tm-ntcf-is-tm-ntsmcf: ntcf-ntsmef N :
cf-smef § »smor.em cf-smef & i cat-sme A =500 tma cat-sme B

syntax -is-tm-ntef = V=V=>V=>V= V=V = bool
(«(-:) ->cram - -Pcom -0 [81, 51, 51, 51, 51] 51)
syntax-consts -is-tm-ntcf = is-tm-nitcf
translations N : § ~cp.im B : A >0 ma B =
CONST is-tm-ntcf a A B §F SN

abbreviation all-tm-nicfs = V = V
where all-tm-ntcfs a =
set (M AT S AB.N:Foop.im & Ao ima B}

abbreviation tm-nicfs = V=V =V =V
where tm-ntcfs a A B =
set M. IF G N:F =orim 6 Ao ima B

abbreviation these-tm-nicfs = V=V =>V=V= V=V
where these-tm-ntcfs a A B § & =
set {m N: S = CF.tm G A =P Cltma %}

lemma (in is-tm-ntcf) tm-ntcf-is-tm-ntsmef":
assumes §' = cf-smcf §
and &' = cf-smcf &
and 2" = cat-smc 2
and B’ = cat-smc B
shows ntcf-ntsmef M §' =smcr.tm A »—gpmctma B’

(proof)
lemmas [slicing-intros] = is-tm-ntcf .tm-ntcf-is-tm-ntsmef’

Rules.

lemma (in is-tm-ntcf) is-tm-ntcf-axioms'| cat-small-cs-intros]:
assumes o' =aand A' =A and B'=VBand §F' =Fand &' = &
shows N : §' »cr.im &+ A >0 ima B’
{proof)

mk-ide rf is-tm-ntcf-def[ unfolded is-tm-ntcf-axioms-def]
|intro is-tm-ntcfI|
|dest is-tm-ntcfD[ dest]|
|elim is-tm-ntcfE[ elim]]

lemmas [cat-small-cs-intros] = is-tm-ntcfD(1)

context is-tm-ntcf
begin

interpretation ntsmcf: is-tm-ntsmcf
a <cat-sme Ay <cat-sme By <cf-smef T <cf-smef By <ntef-ntsmef T

{proof)

lemmas-with [unfolded slicing-simps]:
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tm-ntcf-NTMap-in-Vset = ntsmcf.tm-ntsmcf-NTMap-in- Vset
end

sublocale is-tm-ntcf € NTDom: is-tm-functor a A B §
(proof)

sublocale is-tm-ntcf € NTCod: is-tm-functor a A B &
(proof)

Further rules.

lemma is-tm-ntcfl":
assumes N :F —ocr G : A »>0q B
and § : A »=c ma B
and & : A »—>c ima B
shows M : §F =cr.im & : A =0 tma B

(proof)

lemma is-tm-ntcfD":
assumes N : §F =cr.ym G : A >0 ima B
shows M :For & : A »>cq B
and § : A »—>0 tma B
and & : A »—>c ima B
{proof)

lemmas [ cat-small-cs-intros] = is-tm-ntcfD'(2,3)

lemma is-tm-ntcfE":
assumes N : § =op.¢m G : A P Ctma B
obtains M: For & : A o B
and § : A »=c ima B
and & : A »—>c ¢ma B
(proof)

The set of all natural transformations with tiny maps is small.
lemma small-all-tm-ntcfs| simp]:

small (M. IAF S AB. N:F oor.im 6 A >0 tma B}
{proof)

lemma small-tm-ntcfs| simp]:
small (M. 3F & N:F orim 6 : A >0 tma B}
(proof)

lemma small-these-tm-ntcfs[ simp]:
small M. N:F =orim & A >0 ima B}
{proof)

Further elementary results.

lemma these-tm-ntcfs-iff:
N e, these-tm-ntcfs a A B F B «— N:Forim & A >0 tma B
{proof)

7.1.2 Opposite natural transformation of functors with tiny maps

lemma (in is-tm-nicf) is-tm-nicf-op: op-ntcf N :
op-cf & =cp.tm op-cf § : op-cat A =+c tma op-cal B
(proof )
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lemma (in is-tm-ntcf) is-tm-ntcf-op'[ cat-op-intros]:
assumes &' = op-¢f &
and §' = op-¢f §
and 2’ = op-cat A
and B’ = op-cat B
shows op-ntcf M: &' =op pm §' A >0 tma B’

{proof)

lemmas is-tm-ntcf-op| cat-op-intros] = is-tm-ntcf.is-tm-ntcf-op’

7.1.3 Vertical composition of natural transformations of functors with tiny maps

lemma ntcf-vcomp-is-tm-ntcf| cat-small-cs-intros):
assumes M : & »op i H A >0 ima B
and N:§ =cr.im G : A == ima B
shows M -nrcr N:F =opim H: A >ocima B
{proof)

7.1.4 Identity natural transformation of a functor with tiny maps

lemma (in is-tm-functor) tm-cf-ntcf-id-is-tm-ntcf:
ntef-id §: § wor.im S A = ciima B
(proof)

lemma (in is-tm-functor) tm-cf-ntcf-id-is-tm-ntcf":
assumes §' =Fand &' = §
shows nicf-id F: §F' =cr.im 6" A >0 tma B

{proof)

lemmas [cat-small-cs-intros] = is-tm-functor.tm-cf-ntcf-id-is-tm-ntcf’

7.1.5 Constant natural transformation of functors with tiny maps

lemma nitcf-const-is-tm-ntcf:
assumes tiny-category a J and category o € and f : a g b
shows ntcf-const J € f :
Cf—CO’I’LSt J€arcr.im cf—const JCb:J = ima €
(is <?Cf : 2Ca =cp.tm ?Cb: J =0 tma ©)
{proof)

lemma nitcf-const-is-tm-ntcf [ cat-small-cs-intros]:
assumes tiny-category o J
and category a €
and f:a ¢ b
and 2 = ¢f-const J € a

and B = cf-const J € b

and J'=J

and ¢'=¢
shows ntcf-const J € f: A =cp.im B :J =0 tma €
(proof)

7.1.6 Natural isomorphisms of functors with tiny maps
locale is-tm-iso-ntcf = is-iso-ntcf o A B F & N + is-tm-ntcf a A B F & N
fora AB F BN

syntax -is-tm-iso-ntcf = V=V ==V =V = V = V = bool
(((— - CF. tm.iso — - PP Co.tml —)) [51, 51, 51, 517 51] 51)
syntax-consts -is-tm-iso-ntcf = is-tm-iso-ntcf
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translations N : § ~cr.tm.iso B A >0 1ma B =
CONST is-tm-iso-ntcf a A B F BN

Rules.

mk-ide rf is-tm-iso-ntcf-def
|intro is-tm-iso-ntcfI|
|dest is-tm-iso-ntcfD| dest]|
|elim is-tm-iso-ntcfE[ elim]|

lemmas [ntcf-cs-intros] = is-tm-iso-ntcfD

lemma iso-tm-ntcf-is-iso-arr:
assumes category o B and N : F ~or.tm.iso ©® 1 A >0 tma B
shows [nicf-cs-intros]: inv-ntcf M : S =cF tm.iso §: A =0 tma B
and N -y ror inv-ntcf N = ntcf-id &
and inv-nicf N -yror N = ntcf-id §
{proof)

lemma is-iso-arr-is-tm-iso-nicf:
assumes N : § ~cop.im B : A >0 1ma B
and M : & »op.im § A >0 tma B
and [simp]: N -yror M = ntcf-id &
and [simp]: M -y ror N = ntcf-id §
shows 91 : 8: = CF.tm.iso G2 =P Ctma ‘B
{proof)

7.1.7 Composition of a natural transformation of functors with tiny maps and a
functor with tiny maps

lemma ntcf-cf-comp-is-tm-nitcf:
assumes N :F 2cpr.im B B oo ima Cand H: A >0 ima DB
shows N oyrcr-cr H:F ocr H =cr.im G ocr H: A o ima €
{proof)

lemma ntcf-cf-comp-is-tm-nicf'[ cat-small-cs-intros]:
assumes N : §F 2or.im 6 1B o pma €
and $ : A == tma B
and §'=F ocr H
and ' =B ocp H
shows Moyror-cr N § Por.im & A >0 ma €

{proof)

7.1.8 Composition of a functor with tiny maps and a natural transformation of
functors with tiny maps

lemma cf-ntcf-comp-is-tm-ntcf:
assumes ) B oo ima Cand N: Frorim ® A >0 ima B
shows §) ocp-nTor M: N ocr T =er.im Hocr G : A oo ima €
{proof)

lemma cf-ntcf-comp-is-tm-ntcf'[ cat-small-cs-intros]:
assumes 9 : B >0 ima €
and N:§F =cop.im 6 A >0 ma B
and §' =9 ocr §
and &' = H oo &
shows ) ocr-nTcrF NM:F =orim 8 A oo ima €

{proof)
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7.2 Tiny natural transformation of functors

7.2.1 Definition and elementary properties

locale is-tiny-ntcf = is-ntcf a A B F S Nfor a A B F & N +
assumes tiny-nicf-is-tiny-ntsmcf:
ntef-ntsmef N :
cf-smef § =smcF.tiny cf-smef & 1 cat-sme A =gy c tinya cat-sme B

syntax -is-tiny-ntcf = V=V =V =V =V = V = bool
(«(-:/ - P ting -3 - =>=cotingl <) [01, 51, 51, 51, 51] 51)
syntax-consts -is-tiny-ntcf = is-tiny-ntcf
translations 9 : § =cr.tiny © A >0 tinya B =
CONST is-tiny-ntcf a A B §F & N

abbreviation all-tiny-ntcfs = V = V
where all-tiny-ntcfs o =
set {‘ﬂ 32 B S' &.N: S P CF.tiny &2 PO tinya ‘B}

abbreviation tiny-ntcfs : V=V = V =V
where tiny-nicfs a A B =
set {m Elg Qs N : S HC’F.tiny & 2A ’_)’_)C.t’inyOé %}

abbreviation these-tiny-ntcfs = V=V =V =V = V=V
where these-tiny-nicfs a A B F & =
set {m N : 3' = CF. tiny (GRE| = Ctinya %}

lemma (in is-tiny-ntcf) tiny-nicf-is-tiny-ntsmef "
assumes a’ = «
and §' = cf-smcf §
and &' = cf-smcf &
and 2’ = cat-smc 2
and B’ = cat-smc B
shows ntcf-ntsmef N :F' = spor.ting &' A >osy o ting, B’

(proof )
lemmas [slicing-intros] = is-tiny-ntcf .tiny-ntcf-is-tiny-ntsmef’

Rules.

lemma (in is-tiny-ntcf) is-tiny-ntcf-axioms'[ cat-small-cs-intros]:
assumes o' =aand A'=A and B'=VBand §F' =Fand &' = &
shows 91 : S = CF.tiny G2 =P O tinya B
(proof)

mk-ide rf is-tiny-ntcf-def[unfolded is-tiny-ntcf-axioms-def]
|intro is-tiny-ntcfI|
|dest is-tiny-ntcfD[ dest]|
|elim is-tiny-ntcfE[ elim]|

Elementary properties.

sublocale is-tiny-ntcf € NTDom: is-tiny-functor a A B §
(proof)

sublocale is-tiny-ntcf ¢ NTCod: is-tiny-functor a A B &
(proof)

sublocale is-tiny-ntcf < is-tm-ntcf
(proof)
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lemmas (in is-tiny-nicf) tiny-ntcf-is-tm-ntcf| cat-small-cs-intros] =
is-tm-ntcf-axioms

lemmas [cat-small-cs-intros] = is-tiny-ntcf.tiny-ntcf-is-tm-ntcf

Further rules.

lemma is-tiny-ntcfI":
assumes N:F —rop & : A 00 B
and g 22 == Cltinya B
and & : A >0 yinya B
shows 91 : 3 = CF.tiny 6 A == Cltinya B
{proof)

lemma is-tiny-ntcfD":
assumes N : §F 2o tiny 6 1 A =0 tinya B
shows M:Foorp B : A »>oq B
and 8: 2 A == Cltinya B
and & : 2 == Cltinya B
{proof)

lemmas [cat-small-cs-intros] = is-tiny-ntcfD'(2,3)

lemma is-tiny-nicfE"
assumes N : §F =cr.iny G 1 A =0 tingya B
obtains M:F »eor & : A »—>pn B
and § : 2 =P O tinya B
and & : A »->c tinya B

{proof)

lemma is-tiny-ntcf-iff:
N S = CF.tiny G A == Ctinya B
(
N:Froer®:Aoqg B A
g P Citinya B A
G:A =P Ctinya B
)

{proof)

lemma (in is-tiny-ntcf) tiny-nicf-in-Vset: N €, Vset «
{proof)

lemma small-all-tiny-ntcfs[ simp]:
small {fMN. IF S ADB. N:F =cp.ting & A >0 tinya B}
{proof)

lemma small-tiny-nicfs[ simp]:
small {MN. IF E. N:F >cr ting & : A >0 tinya B}
{proof)

lemma small-these-tiny-ntcfs[ simp]:
small {m N: 3 = CF.tiny G2 =P O tinya SB}
{proof)

lemma tiny-ntcfs-vsubset- Vset[ simp]:
set {M. IF &. N:F . tiny © A > pinya B} So Vet o
(is «set ?ntcfs Co )

(proof)
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Further elementary results.

lemma these-tiny-ntcfs-iff:
M €, these-tiny-ntcfs a A B F S «— N: § =cpting O A == tinga B
{proof)

Size.

lemma (in is-ntcf) ntcf-is-tiny-ntcf-if-ge-Limit:
assumes Z § and a €, 3
shows 91 : g = CF.tiny G A HHC.tiny/@ B

{proof)

7.2.2 Opposite natural transformation of tiny functors

lemma (in is-tiny-ntcf) is-tm-ntcf-op: op-ntcf N :
op-cf & = CF.tiny op-cf § : op-cat 2 P o tinya OP-cat B

{proof)

lemma (in is-tiny-ntcf) is-tiny-ntcf-op'[ cat-op-intros]:
assumes &' = op-cf &
and §' = op-¢f §
and 2" = op-cat A
and B’ = op-cat B
shows op-ntcf M: &' =cp ting § A =0 tinya B’

(proof)

lemmas is-tiny-ntcf-op[ cat-op-intros| = is-tiny-ntcf.is-tiny-nicf-op’

7.2.3 Vertical composition of tiny natural transformations

lemma ntsmcf-vecomp-is-tiny-ntsmcf| cat-small-cs-intros]:
assumes M : & —»cp iny H A P=>ctinga B
and 91 : S = CF.tiny 62U =P Ctinya B
shows I ‘NTCF N:F = CF.tiny H:A =P Citinya ‘B
{proof)

7.2.4 Tiny identity natural transformation

lemma (in is-tiny-functor) tiny-cf-ntcf-id-is-tiny-ntcf:
ntcf'id g : % = CF.tiny S gt == Cltinya B
(proof)

lemma (in is-tiny-functor) tiny-cf-ntcf-id-is-tiny-ntcf'[ cat-small-cs-intros]:
assumes §' = Fand &' = §
shows ntcf'id S : %', = CF.tiny 6, 22 == Cltinya B

{proof)

lemmas [cat-small-cs-intros] = is-tiny-functor.tiny-cf-ntcf-id-is-tiny-ntcf’

7.3 Tiny natural isomorphisms

7.3.1 Definition and elementary properties
locale is-tiny-iso-ntcf = is-iso-ntcf a A B F & N + is-tiny-ntcf a A B F & N
for a A B F &N

syntax -is-tiny-iso-ntcf = V=V = V=V =V = V = bool
(<(' ‘- P CF.tiny.iso ~ - PP Cltinyl ')> [517 51, 51, 51, 51] 51)
syntax-consts -is-tiny-iso-ntcf = is-tiny-iso-ntcf
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translations N : § =cr tiny.iso © 1 A >0 tinya B =
CONST is-tiny-iso-ntcf a A B §F & N

Rules.

mk-ide rf is-tiny-iso-ntcf-def
|intro is-tiny-iso-ntcfI|
|dest is-tiny-iso-ntcfD[ dest]|
|elim is-tiny-iso-ntcfE[ elim]|

lemmas [ntcf-cs-intros] = is-tiny-iso-ntcfD(2)

Elementary properties.

sublocale is-tiny-iso-ntcf ¢ is-tm-iso-ntcf

(proof)
lemmas (in is-tiny-iso-nitcf) is-tm-iso-ntcf-axioms’ = is-tm-iso-nicf-axioms
lemmas [ntcf-cs-intros] = is-tiny-iso-nicf.is-tm-iso-ntcf-azioms’

Further rules.

lemma is-tiny-iso-ntcfl":
assumes N :F »oriso & : A 00 B
and %' 22 == Ctinya B
and & : A >0 yinya B
shows 91 : S = CF.tiny.iso 6 A = Cltinya B
{proof)

lemma is-tiny-iso-ntcfD":
assumes N : §F = oF tiny.iso © 1 A =0 tinya B
shows M : § 2or.iso ® 1 A »>0q B
and 8: 2 A == Cltinya B
and & : 2 == Cltinya B
{proof)

lemma is-tiny-iso-ntcfE":
assumes N : 3 P CF.tiny.iso G A == Cltinya B
obtains M : § =cor.iso ® : A »—>cq B
and S d A =P O tinya B
and & : A >0 yinya B

{proof)

lemma is-tiny-iso-ntcf-iff:
m(: 3 = CF.tiny.iso G2 =P O tinya B
N: 3’ = CF.iso G2 =P Ca B A
'S 22 == Cltinya B A
G A == Cltinya B
)
{proof)

7.3.2 Further properties

lemma iso-tiny-ntcf-is-iso-arr:
assumes category o B and N : §F = cr tiny.iso © 1 A >0 inya B
shows [ntcf-cs-intros]: inv-ntcf M : & o ting.iso 5+ A == tinya B
and N -y ror inv-ntef N = ntcf-id &
and inv-nitcf N -yrorp N = ntcf-id §
{proof)
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lemma is-iso-arr-is-tiny-iso-nicf:
assumes N : §F >cr tiny © 1 A >0 tinya B
and M : & = CF.tiny g == Ol tinya B
and [simp]: N -yror M = ntcf-id &
and [simp]: M -yror N = ntcf-id §
shows 91 : S = CPF.tiny.iso G A == Cltinya B
{proof)
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8 Product category
8.1 Background

See Chapter II-3 in [7].

named-theorems cat-prod-cs-simps
named-theorems cat-prod-cs-intros

8.2 Product category: definition and elementary properties

definition cat-prod = V= (V= V)=V
where cat-prod I A =

[
(MMoieod. 2A i(Obj)),
(TToteoI. A i(Arr])),
(Meo(TToieoI. A i(Arr])). (NieoI. 2 i(Dom))(f(i)])),
(Afeo(TToieoI. A i(Arr])). (Nieo L. A i(Cod)(f(i])])),
(

Agfescomposable-arrs (dg-prod I ).

: (NieoI. vpfst gf (i) oag ; vpsnd gf (i)
(:\aeo(HoieOI. A i(0bj]). (NieoI. A i(CId)(a(i)]))

]o

syntax -PCATEGORY = pttrn = V = (V= V)=V
(((‘?H C"EO"/ ')> [07 0, 10] 10)

syntax-consts -PCATEGORY = cat-prod

translations [] ¢ic,I. A = CONST cat-prod I (Mi. A)

Components.

lemma cat-prod-components:
shows ([] ¢icoI. A 0)(0bj]) = (IToicol. 2A i(Obj])

and ([] ¢ieol. A i)(Arr]) = ([Toieol. A i(Arr])
and (] ¢ie.I. A i)(Dom| =

(Mfeo(IToieo. A i(Arr])). (Nieo L. A i(Dom])(f(2)]))
and ([] ¢ie.I. A i)(Cod]) =

(Meo(TToteol. A i(Arr])). (MieoI. A i(Cod)(f(i)]))
and (I ¢ie.I. A i)(Comp)) =

(

Agf e, composable-arrs (dg-prod I ).
(ANieo 1. vpfst gf (i) oagq ; vpsnd gf ()

)
and (] gic.I. A 7)(CId|) =
( (Afc;eo(ﬂoieof A i(0bj)). (Nieo 1. A i(CId)(a(i))))
Proo

Slicing.

lemma cat-smc-cat-prod[ slicing-commaute]:
sme-prod I (Ni. cat-sme (A ©)) = cat-sme (IT gicol. 2A 1)
{proof)
context
fixesAp=zV=>1VV
and € :: V
begin

lemmas-with |
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where A=«\i. cat-smc (A 1)», unfolded slicing-simps slicing-commute

]:

cat-prod-0bjl = smc-prod-Objl

and cat-prod-ObjD = smc-prod-ObjD

and cat-prod-ObjE = smc-prod-ObjE

and cat-prod-0bj-cong = smc-prod-Obj-cong

and cat-prod-Arrl = smc-prod-Arrl

and cat-prod-ArrD = smc-prod-ArrD

and cat-prod-ArrE = smc-prod-ArrE

and cat-prod-Arr-cong = smc-prod-Arr-cong

and cat-prod-Dom-vsv| cat-cs-intros] = sme-prod-Dom-vsv

and cat-prod-Dom-vdomain| cat-cs-simps] = sme-prod-Dom-vdomain

and cat-prod-Dom-app = smc-prod-Dom-app

and cat-prod-Dom-app-component-app| cat-cs-simps] =
smc-prod-Dom-app-component-app

and cat-prod-Cod-vsv| cat-cs-intros] = smc-prod-Cod-vsv

and cat-prod-Cod-app = smc-prod-Cod-app

and cat-prod-Cod-vdomain| cat-cs-simps] = sme-prod-Cod-vdomain

and cat-prod-Cod-app-component-app| cat-cs-simps] =
sme-prod-Cod-app-component-app

and cat-prod-Comp = smc-prod-Comp

and cat-prod-Comp-vdomain| cat-cs-simps]| = sme-prod-Comp-vdomain

and cat-prod-Comp-app = smc-prod-Comp-app

and cat-prod-Comp-app-component| cat-cs-simps] =
sme-prod-Comp-app-component

and cat-prod-Comp-app-vdomain = smc-prod-Comp-app-vdomain

and cat-prod-vunion-Obj-in-0Obj = smc-prod-vunion-0bj-in-Obj

and cat-prod-vdiff-vunion-Obj-in-0bj = smc-prod-vdiff-vunion- Obj-in-Obj

and cat-prod-vunion-Arr-in-Arr = smc-prod-vunion-Arr-in-Arr

and cat-prod-vdiff-vunion-Arr-in-Arr = smc-prod-vdiff-vunion-Arr-in-Arr

end

8.3 Local assumptions for a product category

locale pcategory-base = Z a for ao I A +
assumes pcat-categories: i €, I = category o (2 )
and pcat-indez-in- Vset| cat-cs-intros]: I €, Vset «

lemma (in pcategory-base) pcat-categories’| cat-prod-cs-intros]:
assumes i €, I and o' = «
shows category o' (AU 7)

(proof)
Rules.

lemma (in pcategory-base) peategory-base-azioms’| cat-prod-cs-intros):
assumes o’ =aand I'=1
shows pcategory-base o' 1" 2

{proof)

mk-ide rf pcategory-base-def[unfolded pcategory-base-axioms-def]
|intro peategory-basel|
|dest pcategory-baseD| dest]|
|elim pcategory-baseE | elim]]

lemma pcategory-base-psemicategory-basel:

assumes psemicategory-base o I (Ni. cat-sme (2 7))
and Ai. i €, I = category o (2 7)
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shows pcategory-base o I A
{proof)

Product category is a product semicategory.

context pcategory-base
begin

lemma pcat-psemicategory-base: psemicategory-base o I (Ai. cat-sme (2 7))
{proof)

interpretation psmc: psemicategory-base o I <\i. cat-sme (2 ©)»

{proof)

lemmas-with [unfolded slicing-simps slicing-commute]:
peat-Obj-in-Vset = psme.psme-Obj-in-Vset
and pcat-Arr-in-Vset = psmc.psme-Arr-in-Vset
and pcat-smc-prod-Obj-in-Vset = psmc.psme-sme-prod-Obj-in- Vset
and pcat-smce-prod-Arr-in-Vset = psme.psme-sme-prod-Arr-in- Vset
and cat-prod-Dom-app-in-Obj| cat-cs-intros] = psme.sme-prod-Dom-app-in-Obj
and cat-prod-Cod-app-in- Obj] cat-cs-intros] = psme.sme-prod-Cod-app-in-Obj
and cat-prod-is-arrl = psmc.smc-prod-is-arrl
and cat-prod-is-arrD[dest] = psmc.smc-prod-is-arrD
and cat-prod-is-arrE[elim] = psme.smc-prod-is-arrE

end

lemma cat-prod-dg-prod-is-arr:
g:b Pdg-prod I A ¢ < 9 b (T cieod. A 4) €
(proof )

lemma smc-prod-composable-arrs-dg-prod:
composable-arrs (dg-prod I A) = composable-arrs ([1 ci€I. A )

{proof)

Elementary properties.

lemma (in pcategory-base) pcat-vsubset-index-pcategory-base:
assumes J S, |
shows pcategory-base o J 2

(proof)

8.3.1 Identity

lemma cat-prod-Cld-vsv[ cat-cs-intros]: vsv ((I1 cieol. A i)(CId])
{proof)

lemma cat-prod-CId-vdomain[ cat-cs-simps]:
Do ((IT cieol. A 7)(CId)) = (I1 cieoI. A 7)(Obj)
(proof)

lemma cat-prod-Cld-app:
assumes a €, ([T cic.I. 2 i)(Obj)
shows ([] ¢ie.I. A 0)(CId))(a]) = (NieI. A i(CId)(a(i]])
(proof )

lemma cat-prod-CId-app-component| cat-cs-simps]:
assumes a €, ([T cic.I. 2 0)(Obj) and i €, I
shows ([] ¢ie.I. 2 0)(CId)(a]) (i) = 2A i(CId])(a(i])]
(proof)
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lemma (in pcategory-base) cat-prod-Cld-vrange:
Ro ((IT ot I. A i)(CI)) So (TToieol. A i(Arr))
{proof)

8.3.2 A product a-category is a tiny [J-category

lemma (in pcategory-base) pcat-tiny-category-cat-prod:
assumes Z § and « &
shows tiny-category B ([1 cic.I. A )

(proof)

8.4 Further local assumptions for product categories

8.4.1 Definition and elementary properties

locale pcategory = pcategory-base o I A for o I A +

assumes pcat-Obj-vsubset-Vset: J S, I = (I] ¢ieoJ. A 1) (Obj]) So

and pcat- Hom-vifunion-in- Vset:

[
J S I
A S, (T1 cieod. A 0)(Obj);
B <, (I1 ¢icoJ. A 7)(Obj));
A e, Vset a;
B e, Vset «

Il = (UsacoA. Uobeo B. Hom (I1 cicod. A i) a b) €, Vset a

Rules.

lemma (in pcategory) peategory-axioms'[ cat-prod-cs-intros]:
assumes o'’ = and I'=1
shows pcategory o’ I' A
(proof)

mk-ide rf pcategory-def[unfolded pcategory-azioms-def]
|intro pcategoryl|
|dest pcategoryD| dest]|
|elim pcategoryE[ elim]

lemmas [ cat-prod-cs-intros] = pcategoryD(1)

lemma pcategory-psemicategoryl:
assumes psemicategory o I (Ai. cat-sme (A 7))
and Ai. i €, I = category o (2 7)
shows pcategory o I 2
{proof)

Product category is a product semicategory.

context pcategory
begin

lemma pcat-psemicategory: psemicategory o I (Ni. cat-sme (2 i)
{proof)

interpretation psmc: psemicategory o I <Ai. cat-sme (2 7)»

{proof)

lemmas-with [unfolded slicing-simps slicing-commute]:
peat-Obj-vsubset-Vset’ = psme.psme-Obj-vsubset- Vset'
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and pcat-Hom-vifunion-in-Vset' = psmc.psmc-Hom-vifunion-in- Vset'
and pcat-cat-prod-vunion-is-arr = psmc.psmc-smc-prod-vunion-is-arr
and pcat-cat-prod-vdiff-vunion-is-arr = psmc.psmec-smc-prod-vdiff-vunion-is-arr

lemmas-with [unfolded slicing-simps slicing-commute]:
peat-cat-prod-vunion-Comp = psmc.psme-sme-prod-vunion-Comp
and pcat-cat-prod-vdiff-vunion-Comp = psmc.psmc-smc-prod-vdiff-vunion-Comp

end

Elementary properties.

lemma (in pcategory) pcat-vsubset-index-peategory:
assumes J S, |
shows pcategory o J 2

(proof)

8.4.2 A product a-category is an a-category

lemma (in pcategory) peat-category-cat-prod: category o (I ci€ol. A ©)
{proof)

8.5 Local assumptions for a finite product category

8.5.1 Definition and elementary properties

locale finite-pcategory = pcategory-base o I 2 for oo I 2A +
assumes fin-pcat-indez-vfinite: vfinite I

Rules.

lemma (in finite-pcategory) finite-pcategory-azioms| cat-prod-cs-intros):
assumes o' =« and ['=17T
shows finite-pcategory o’ I’ A
(proof )

mk-ide rf finite-pcategory-def[unfolded finite-pcategory-azioms-def]
|intro finite-pcategoryl|
|dest finite-pcategoryD[ dest]|
|elim finite-pcategoryE[ elim]|

lemmas [cat-prod-cs-intros] = finite-pcategoryD(1)

lemma finite-pcategory-finite-psemicategoryl:
assumes finite-psemicategory o I (Ai. cat-sme (2 7))
and Ai. i €, [ = category a (U )
shows finite-pcategory o I 2
{proof)

8.5.2 Local assumptions for a finite product semicategory and local assumptions
for an arbitrary product semicategory

sublocale finite-pcategory < pcategory o I A
(proof)

8.6 Binary union and complement

lemma (in pcategory) peat-cat-prod-vunion-Cld:
assumes vdisjnt J K
and J S, 1
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and K ¢, [

and a & ([] ¢jeoJ. A 5)(Obj)

and b & ([] cje. K. A 5)(Obj)
shows

(IT cjeo . A §)(CId)(a]) Uo (IT oK. 2 §)(CLd)(b]) =
(TT cieod Uo K. A 0)(CId)(a Us b))

(proof)

lemma (in pcategory) peat-cat-prod-vdiff-vunion-CId:
assumes J S, [
and a & ([]cjeol —o J. 2 5)(0bj)
and b €, ([] ¢je.J. 2 §)(0bj)
shows
(H Cjeo[ - J. Q‘j)(IC]dD(I(ID Yo (H C’jeoJ~ QLJ)GCIdD(IbD =
(TT cieoI. A ©)(CId])(a U, b))
(proof)

8.7 Projection

8.7.1 Definition and elementary properties

See Chapter II-3 in [7].

definition cf-proj = V= (V= V)=V =V («r»)
where 7o I 2 7 =

[
(Aaco(TToical. A i(Ob)). a(d)),
(Meo(IToteo . A i(Arr)). f(i]),
(T1 cieoI. A 1),
2A i

Jo

Components.

lemma cf-proj-components:
shows ¢ I A i(|ObjMap]) = (Aaes([ToieoI. A i(Obf)). a(i])
and 7o I A i(ArrMap)) = (Meo([Toteod. A i(Arr])). f(i))
and w¢ I A i(HomDom|) = (I] cieol. A 7)
and ¢ I A i(HomCod|) = 2 i
(proof)
Slicing
lemma cf-smcf-cf-proj[ slicing-commute]:
msmce I (M. cat-sme (A 1)) i = cf-smef (mo I A i)
(proof)

context pcategory
begin

interpretation psmc: psemicategory o I «\i. cat-sme (24 i)

{proof)

lemmas-with [unfolded slicing-simps slicing-commute]:
peat-cf-proj-is-semifunctor = psmc.psme-smcf-proj-is-semifunctor

end

8.7.2 Projection functor is a functor

lemma (in pcategory) pcat-cf-proj-is-functor:
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assumes ¢ €, [
shows ¢ I A i: ([Tcicod. A i) »>oa A i
(proof )

lemma (in pcategory) peat-cf-proj-is-functor”:
assumes i €, [ and € = ([J¢gic.]. A i) and © = A ¢
shows 1 [ A i :C »>oq D

{proof)

lemmas [cat-cs-intros] = pcategory.pcat-cf-proj-is-functor’

8.8 Category product universal property functor

8.8.1 Definition and elementary properties

The functor that is presented in this section is used in the proof of the universal property of
the product category later in this work.

definition ¢f-up = V= (V=>V)=> V= (V=>V)=>V
where cf-up I A € ¢ =
[
(Aaeo€(0bj]). (MieoI. ¢ i(ObjiMap))(al)),
(Mfe.€(Arr]). (Nieol. @ i(ArrMap))(f])),
¢,
(TT cieo . A 1)

o

Components.

lemma cf-up-components:
shows cf-up I A € p(ObiMap|) = (Aac,€(0bj). (Nie.I. ¢ i(|ObiMap|)(al))))
and cf-up I A € p(ArrMap)) = (M. €(Arr]). (NieoI. ¢ i(ArrMap))(f]))
and cf-up I A € o(HomDom]|) = €
and cf-up I A € p(HomCod)) = (I cieol. A )
{proof)

Slicing.

lemma smcf-dghm-cf-up| slicing-commute]:
smef-up I (Ni. cat-sme (A ©)) (cat-sme €) (Ni. cf-smef (¢ 7)) =
cf-smef (cf-up I A € )
(proof)

context
fixesAp: V=1V
and ¢ = V
begin

lemmas-with

[
where A=«\i. cat-sme (2 i)> and p=«\i. ¢f-smef (¢ i)y and € = <cat-sme €,
unfolded slicing-simps slicing-commute

]:

cf-up-ObjMap-vdomain[ simp] = smcf-up-ObjMap-vdomain

and cf-up-ObjMap-app = smcf-up-ObjMap-app

and cf-up-ObjMap-app-vdomain[simp] = smcf-up-ObjMap-app-vdomain

and cf-up-ObjMap-app-component = smcf-up-ObjMap-app-component

and cf-up-ArrMap-vdomain|simp] = smcf-up-ArrMap-vdomain

and cf-up-ArrMap-app = smcf-up-ArrMap-app

and cf-up-ArrMap-app-vdomain[simp] = smcf-up-ArrMap-app-vdomain
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and cf-up-ArrMap-app-component = smcf-up-ArrMap-app-component

lemma cf-up-ObjMap-vrange:

assumes Ai. 1 €, [ = ¢ i: € >gq A i

shows R, (cf-up I A € p(|ObjMap))) S, (I1 cicod. 2A i)(Obj))
{proof)

lemma cf-up-ObjMap-app-vrange:
assumes a € €(0bj)) and Ai. i€, [ = @ i : € »oq A0
shows R, (c¢f-up I A € o(0bjiMap))(a))) So (UoicoI. A i(Obj))
{proof)

lemma cf-up-ArrMap-vrange:

assumes Ai. 1 €, [ = ¢ i: € g A i

shows R, (cf-up I A € p(ArrMap))) S, (I1 cieol. A 7)(Arr)
(proof)

lemma cf-up-ArrMap-app-vrange:
assumes a € C(Arr) and Ai. i€, I = @ i : € »poq A 4
shows R, (cf-up I A € p(ArrMap))(al)) So (UoicoI. A i(Arr])
(proof)

end

context pcategory
begin

interpretation psmc: psemicategory o I «<\i. cat-sme (21 i)

{proof)

lemmas-with [unfolded slicing-simps slicing-commute]:
peat-smef-comp-smef-proj-smef-up = psme.psme-Comp-smcf-proj-smef-up
and pcat-smcf-up-eq-smef-proj = psmc.psme-smcf-up-eq-smcf-proj

end

8.8.2 Category product universal property functor is a functor

lemma (in peategory) pcat-cf-up-is-functor:
assumes category a Cand Ai. 1 €, [ = @ i : C o A @
shows cf-up T A € p: € o ([1coteol. A7)

{proof)

8.8.3 Further properties

lemma (in pcategory) peat-Comp-cf-proj-cf-up:
assumes category o €
and Ni. i 6, [ = ¢ i: € g A i

and i€, |
shows o i = I A iocp (cfup I A€ p)
{proof)

lemma (in pcategory) pcat-cf-up-eq-cf-proj:
assumes § : € »—>oq (Tt A7)
and A\i. i 6, [ = pi=mg I A iocr§
shows cf-up I A C p =F
{proof)
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8.9 Prodfunctor with respect to a fixed argument

A prodfunctor is a functor whose domain is a product category. It is a generalization of the
concept of the bifunctor, as presented in Chapter II-3 in [7].

definition prodfunctor-proj = V=V = (V=>V)=>V=>V=>V=>V
where prodfunctor-proj & I A9 Jc =
[ (Abeo(TT cieo —o J. A ©)(Obj). S(ObiMap))(b U, c])),
(Meo(IT cieod = J. A i) (Arr]). S(ArrMap)(f vo (IT cieo]. A )(CId)(c))),
(TT cieo =5 J. A 1),
D
lo

syntax -PPRODFUNCTOR-PROJ =V = plitrn = V=V =>(V=>V)=>V=>V=>1T
(<(—(3H c—eo—fo—./—),—/l(/_"/,))) [61, 51, 51, 51, 51, 51, 51] 51)

syntax-consts -PPRODFUNCTOR-PROJ = prodfunctor-proj

translations Sy e 1-.J. 2,0(-:¢) =
CONST prodfunctor-proj & I (Mi. 2A) D J ¢

Components.

lemma prodfunctor-proj-components:
shows (617 sie,1 -, J. 2% i,0(~¢))(ObiMap)) =
(Abeo(T1 el —o J. A 7)(0bj]). &(ObiMap|)(b U, ¢]))
and (&7 ie.1 -, J. 2 i,0(—¢))(ArrMap) =
(Mfeo(TT g€ —o J. A 0)(Arr]). S(ArrMap))(f Vo (I1 cjeod. A H)(CILA) (<))
and (GHCiEOI — J. A i7@(—,c))(|H0mD0m|) = (n CZ'EOI —0o J. A Z)
and (61—1 cicol — J. 2 i’@(—,c))(]HomCodl) =9
(proof)

8.9.1 Object map

mk-VLambda prodfunctor-proj-components(1)
|vsv prodfunctor-proj-ObjMap-vsv[ cat-cs-intros]|
|vdomain prodfunctor-proj-ObjMap-vdomain[ cat-cs-simps]|
lapp prodfunctor-proj-ObjMap-app| cat-cs-simps]|

8.9.2 Arrow map

mk-VLambda prodfunctor-proj-components(2)
|vsv prodfunctor-proj-ArrMap-vsv[ cat-cs-intros]|
|vdomain prodfunctor-proj-ArrMap-vdomain[ cat-cs-simps]|
lapp prodfunctor-proj- ArrMap-app| cat-cs-simps]|

8.9.3 Prodfunctor with respect to a fixed argument is a functor

lemma (in pcategory) peat-prodfunctor-proj-is-functor:
assumes G : ([]gicol. A i) »—>0aq D
and c ¢, ([] cjeod. 2 j)(Obj)
and J &, I
shows (&7 sie.1 -, J. % i,0(—0) : ([T ciced —o J. A d) »ca D
{proof)

lemma (in pcategory) pcat-prodfunctor-proj-is-functor”:
assumes G : ([] ¢icol. A i) »oq D
and c ¢, ([ cjeod. 2 §)(Obj)
and J ¢, [
and A’ = ([T ¢icsd —o J. 2A 0)
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and B' =9
shows (&7 je,1 -, J. 2 i@(=0)) : A oo B
(proof)

lemmas [cat-cs-intros] = peategory.pcat-prodfunctor-proj-is-functor’

8.10 Singleton category
8.10.1 Slicing

context
fixes € = V
begin

lemmas-with [where €=<cat-smc €, unfolded slicing-simps slicing-commute]:
cat-singleton-Objl = smc-singleton-Objl
and cat-singleton-ObjE = smc-singleton-ObjE
and cat-singleton-Arrl = smc-singleton-Arrl
and cat-singleton-ArrE = smc-singleton-ArrE

end

context category
begin

interpretation smc: semicategory « <cat-sme € (proof)

lemmas-with [unfolded slicing-simps slicing-commute]:
cat-finite-psemicategory-cat-singleton =
smc.smc-finite-psemicategory-sme-singleton
and cat-singleton-is-arrl = smc.smc-singleton-is-arrl
and cat-singleton-is-arrD = smc.smc-singleton-is-arrD
and cat-singleton-is-arrE = smc.smc-singleton-is-arrE

end

8.10.2 Identity

lemma cat-singleton-Cld-app:
assumes set {{j, a)} € ([1 cic.set {j}. €)(Obj)
shovws (I ot (). XCTN et (] ) = s (6, €AOTN))
proo,

8.10.3 Singleton category is a category

lemma (in category) cat-finite-pcategory-cat-singleton:
assumes j €, Vset a
shows finite-pcategory o (set {j}) (\i. €)
(proof)

lemma (in category) cat-category-cat-singleton:
assumes j €, Vset a
shows category o ([] cicoset {j}. €)

(proof)
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8.11 Singleton functor

8.11.1 Definition and elementary properties

definition cf-singleton = V = V = V
where cf-singleton j € =

(Aae.€(0bj)). set {(j, a)}),
(@Af€o@?(|f47‘7”|)- set {4, )}),
: (]LI cics.set {j}. €)

Components.

lemma cf-singleton-components:
shows cf-singleton j €(ObjMap|) = (Aae,C(Obj)). set {{j, a)})
and cf-singleton j €(ArrMap)) = (M\fe.€(Arr)). set {{j, [)})
and cf-singleton j €(HomDom|) = €
and cf-singleton j €(HomCod)) = ([] cicoset {j}. €)
(proof)

Slicing.
lemma cf-smcf-cf-singleton| slicing-commute]:

smcf-singleton j (cat-sme €)= cf-smef (cf-singleton j €)
(proof)

context
fixes € = V
begin

lemmas-with [where €=(cat-smc €, unfolded slicing-simps slicing-commute]:
cf-singleton-ObjMap-vsv| cat-cs-intros] = smcf-singleton-ObjMap-vsv
and cf-singleton-ObjMap-vdomain| cat-cs-simps] = smcf-singleton-ObjMap-vdomain
and cf-singleton-ObjMap-vrange = smcf-singleton-ObjMap-vrange
and cf-singleton-ObjMap-app| cat-prod-cs-simps] = smcf-singleton-ObjMap-app
and cf-singleton-ArrMap-vsv[ cat-cs-intros] = smcf-singleton-ArrMap-vsv
and cf-singleton-ArrMap-vdomain| cat-cs-simps] = smcf-singleton- ArrMap-vdomain
and cf-singleton-ArrMap-vrange = smcf-singleton-ArrMap-vrange
and cf-singleton-ArrMap-app| cat-prod-cs-simps] = smcf-singleton-ArrMap-app

end

8.11.2 Singleton functor is an isomorphism of categories
lemma (in category) cat-cf-singleton-is-functor:
assumes j €, Vset a
shows cf-singleton j € : € = ;500 ([T clicoset {j}. €)
{proof)
8.12 Product of two categories
8.12.1 Definition and elementary properties.
See Chapter II-3 in [7].

definition cat-prod-2 : V = V = V (infixr <x¢> 80)
where 2 x¢ B = cat-prod (2n) (Ni. if ¢ = 0 then A else B)

Slicing.
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lemma cat-smc-cat-prod-2] slicing-commute):
cat-sme A xgp o cat-sme B = cat-sme (A xc B)

{proof)

context

fixes a 2 B

assumes 2l: category a A and B: category o B
begin

interpretation 2I: category a A (proof)
interpretation %B: category o B (proof)

lemmas-with
[
where 2=<cat-smc 2> and B=<cat-smc B>,
unfolded slicing-simps slicing-commute,
OF A.cat-semicategory B.cat-semicategory

cat-prod-2-Objl = smc-prod-2-0bjl
and cat-prod-2-Objl'[ cat-prod-cs-intros] = smec-prod-2-Objl’

and cat-prod-2-ObjE = smc-prod-2-ObjE

and cat-prod-2-Arrl = smc-prod-2-Arrl

and cat-prod-2-Arrl | cat-prod-cs-intros] = sme-prod-2-Arrl’

and cat-prod-2-ArrE = smc-prod-2-ArrE

and cat-prod-2-is-arrl = smc-prod-2-is-arrl

and cat-prod-2-is-arrl'[ cat-prod-cs-intros]| = smc-prod-2-is-arrl’

and cat-prod-2-is-arrE = smc-prod-2-is-arrE

and cat-prod-2-Dom-vsv = smc-prod-2-Dom-vsv

and cat-prod-2-Dom-vdomain[ cat-cs-simps]| = sme-prod-2-Dom-vdomain
and cat-prod-2-Dom-app| cat-prod-cs-simps| = smc-prod-2-Dom-app

and cat-prod-2-Dom-vrange = smc-prod-2-Dom-vrange

and cat-prod-2-Cod-vsv = smc-prod-2-Cod-vsv

and cat-prod-2-Cod-vdomain[ cat-cs-simps]| = sme-prod-2-Cod-vdomain
and cat-prod-2-Cod-app| cat-prod-cs-simps] = sme-prod-2-Cod-app

and cat-prod-2-Cod-vrange = smc-prod-2-Cod-vrange

and cat-prod-2-op-cat-cat-Obj[ cat-op-simps] = sme-prod-2-op-sme-sme-0bj
and cat-prod-2-cat-op-cat-Obj| cat-op-simps] = smec-prod-2-sme-op-sme-0bj
and cat-prod-2-op-cat-cat-Arr| cat-op-simps]| = smc-prod-2-op-sme-sme-Arr
and cat-prod-2-cat-op-cat-Arr| cat-op-simps]| = smc-prod-2-smc-op-sme-Arr

lemmas-with

[

where 2A=<cat-smc A> and B=<cat-smc *B»,

unfolded slicing-simps slicing-commudte,

OF A.cat-semicategory B.cat-semicategory
]:

cat-prod-2-Comp-app| cat-prod-cs-simps| = smc-prod-2-Comp-app

end

8.12.2 Product of two categories is a category

context

fixes a 2 B

assumes 2l: category a A and B: category o B
begin

interpretation Z « (proof)
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interpretation 2: category a 2 (proof)
interpretation 9B: category o B (proof)

lemma finite-pcategory-cat-prod-2: finite-pcategory o (2n) (if2 2 B)
{proof)

interpretation finite-pcategory o <2n> <if2 A B
(proof)

lemma category-cat-prod-2[ cat-cs-intros]: category o (2 x ¢ B)
(proof )

end

8.12.3 Identity

lemma cat-prod-2-CId-vsv| cat-cs-intros]: vsv ((A xo B)(CId)))
{proof)

lemma cat-prod-2-Cld-vdomain| cat-cs-simps]:
Do ((A xc B)(CId)) = (A xc B)(Obj))
(proof)

context

fixes a 2 ‘B

assumes 2l: category a 2 and ‘B: category o ‘B
begin

interpretation 2: category a 2 (proof)
interpretation B: category a B (proof)

interpretation finite-pcategory a «2n» <(Ai. if i = 0 then 2 else B)»
(proof)

lemma cat-prod-2-CId-app| cat-prod-cs-simps]:

assumes [a, b, € (A xc B)(0bj)

shows (2 x¢ B)(CId)(a, b). = [A(CId])(al), B(CId)(b)].
{proof)

lemma cat-prod-2-Cld-vrange: R, (A xo B)(CId)) <o (A xo B)(Arr)
{proof)

end

8.12.4 Opposite product category

context

fixes a 2 B

assumes 2l: category a A and B: category o B
begin

interpretation 2I: category a A (proof)
interpretation B: category o B (proof)

lemma op-smc-sme-prod-2[ smc-op-simps]:

op-cat (A xo B) = op-cat A xc op-cat B
{proof)
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end

8.12.5 Flip

context

fixes o A ‘B

assumes 2l: category a 2 and ‘B: category o ‘B
begin

interpretation 2: category a 2 (proof)
interpretation B: category o B (proof)

lemma cat-prod-2-Obj-feconverse[ cat-cs-simps]:
(A xc BY(ObI)) e = (B xc A)(OY))
{proof)

lemma cat-prod-2-Arr-feconverse[ cat-cs-simps]:
(A xc B)(Arr)) ™ = (B xc A)(Arr)
{proof)

end

8.13 Projections for the product of two categories

8.13.1 Definition and elementary properties

See Chapter II-3 in [7].

definition cf-proj-fst = V.= V = V («rc.1))

where 7o 1 A B = cf-proj (2n) (Ai. if i = 0 then A else B) 0
definition cf-proj-snd = V=V = V (r¢.2))

where m¢o.2 A B = cf-proj (2n) (M. if i = 0 then A else B) (IN)

Slicing
lemma cf-smcf-cf-proj-fst[ slicing-commaute]:

msmce.1 (cat-sme A) (cat-sme B) = cf-smef (mo.1 A B)
(proof)

lemma cf-smcf-cf-proj-snd[ slicing-commute]:
wsmco.e (cat-sme ) (cat-sme B) = cf-smef (mo.2 A B)

{proof)

context

fixes a 2 B

assumes 2l: category a A and B: category a ‘B
begin

interpretation 2I: category a A (proof)
interpretation 9B: category o B (proof)

lemmas-with
[
where 2A=<cat-smc A> and B=<cat-smc B>,
unfolded slicing-simps slicing-commute,
OF .cat-semicategory B.cat-semicategory

cf-proj-fst-ObjMap-app = smcf-proj-fst-ObjMap-app

and cf-proj-snd-ObjMap-app = smcf-proj-snd-ObjMap-app
and cf-proj-fst-ArrMap-app = smcf-proj-fst-ArrMap-app
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and cf-proj-snd-ArrMap-app = smcf-proj-snd-ArrMap-app

end

8.13.2 Domain and codomain of a projection of a product of two categories

lemma cf-proj-fst-HomDom: 7o 1 A B(HomDom|) = A x¢ B
(proof )

lemma cf-proj-fst-HomCod: wc.1 A B(HomCod|) = A
{proof)

lemma cf-proj-snd-HomDom: w¢ .o A B(HomDom|) = A xo B
(proof )

lemma cf-proj-snd-HomCod: w¢c 2 A B(HomCod|) = B
{proof)

8.13.3 Projection of a product of two categories is a functor

context

fixes a 2 B

assumes 2l: category a A and B: category o B
begin

interpretation Z « (proof)

interpretation 2: category a 2 (proof)

interpretation 9B: category o B (proof)

interpretation finite-pcategory o <2n> <if2 A B>
(proof)

lemma cf-proj-fst-is-functor:
assumes i €, [
shows g1 A B : A xg B »oa A
(proof)

lemma cf-proj-fst-is-functor’| cat-cs-intros]:
assumes i €, J and € = A xg B and D = A
shows T 1 A B : € »0a D

(proof)

lemma cf-proj-snd-is-functor:
assumes i €, [
shows mg o A DB : A xg B »>c0n B
(proof)

lemma cf-proj-snd-is-functor'[ cat-cs-intros]:
assumes i €, [ and € = A xg B and D =B
shows T o A B : € »on D

{proof)

end

8.14 Product of three categories

8.14.1 Definition and elementary properties.

definition cat-prod-3 = V=V = V = V (i(- x¢3 - x¢3 -)» [81, 81, 81] 80)
where 2 x¢o3 B x¢o3 € = ([] cicoIn- if3 A B C 7)
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abbreviation cat-pow-3 = V = V («-"¢3» [81] 80)
where € ¢3 = € x¢3 € xo3 €

Slicing.

lemma cat-smc-cat-prod-3| slicing-commute]:
cat-sme A xgp o3 cat-sme B xgyro3 cat-sme € = cat-sme (A xo3 B xo3 €)

{proof)

context

fixes a A B ¢

assumes 2l: category a A and B: category o B and ¢€: category a €
begin

interpretation 2: category a 2 (proof)
interpretation B: category a B (proof)
interpretation ¢: category o € (proof)

lemmas-with
[
where 2A=<cat-smc A and B=<cat-smc B» and C=<cat-smc C»,
unfolded slicing-simps slicing-commudte,
OF A.cat-semicategory B.cat-semicategory €.cat-semicategory

cat-prod-3-0bjl = smc-prod-3-Objl

and cat-prod-3-Objl | cat-prod-cs-intros] = sme-prod-3-Objl’

and cat-prod-3-ObjE = smc-prod-3-ObjE

and cat-prod-8-Arrl = smc-prod-3-Arrl

and cat-prod-3-Arrl [ cat-prod-cs-intros| = sme-prod-3-Arrl’

and cat-prod-3-ArrE = smc-prod-3-ArrE

and cat-prod-3-is-arrl = smc-prod-3-is-arrl

and cat-prod-3-is-arrl | cat-prod-cs-intros] = smec-prod-3-is-arrl’

and cat-prod-3-is-arrE = smc-prod-3-is-arrE

and cat-prod-3-Dom-vsv = smc-prod-3-Dom-vsv

and cat-prod-3-Dom-vdomain| cat-cs-simps| = sme-prod-3-Dom-vdomain
and cat-prod-3-Dom-app| cat-prod-cs-simps] = sme-prod-3-Dom-app
and cat-prod-3-Dom-vrange = smc-prod-3-Dom-vrange

and cat-prod-3-Cod-vsv = sme-prod-3-Cod-vsv

and cat-prod-3-Cod-vdomain[ cat-cs-simps] = sme-prod-3-Cod-vdomain
and cat-prod-3-Cod-app| cat-prod-cs-simps] = smc-prod-3-Cod-app
and cat-prod-3-Cod-vrange = smc-prod-3-Cod-vrange

lemmas-with

[

where 2=<cat-smc 2> and B=<cat-smc B> and C=<cat-smc C»,
unfolded slicing-simps slicing-commudte,
OF A.cat-semicategory B.cat-semicategory €.cat-semicategory

]:

cat-prod-3-Comp-app| cat-prod-cs-simps| = smc-prod-3-Comp-app

end

8.14.2 Product of three categories is a category

context

fixes a A B ¢

assumes 2l: category a A and B: category o B and ¢: category a €
begin
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interpretation Z « (proof)
interpretation 2I: category a A (proof)
interpretation B: category a B (proof)
interpretation ¢: category o € (proof)

lemma finite-pcategory-cat-prod-3: finite-pcategory « (3n) (if3 A B €)
{proof)

interpretation finite-pcategory o «3n> <if3 A B &
{proof)

lemma category-cat-prod-3[ cat-cs-intros]: category a (A xcz B xco3 €)

{proof)

end

8.14.3 Identity

lemma cat-prod-3-Cld-vsv[ cat-cs-intros]: vsv ((A xc3 B x o3 €)(CId))
(proof)

lemma cat-prod-3-Cld-vdomain[ cat-cs-simps]:
Do (A xc3 B xcs O)(CId]) = (A xo3 B xcs €)(0bj)
(proof)

context

fixes a A B ¢

assumes 2l: category a A and B: category o B and ¢: category o €
begin

interpretation 2: category a 2 (proof)
interpretation 9B: category o B (proof)
interpretation €: category o € (proof)

interpretation finite-pcategory o <3n> <if3 A B &
(proof)

lemma cat-prod-3-Cld-app| cat-prod-cs-simps]:

assumes [a, b, c|o €& (A xc3 B xc3 €)(0bj)

shows (A xc3 B xc3 €)(CId)(a, b, c)e = [A(CILd)(al), B(CId) (), €(CLd)(c)]o
{proof)

lemma cat-prod-3-Cld-vrange:
Ro ((A xo3 B xcs €)(CId)) So (A xc3 B xc3 €)(Arr])
{proof)

end

8.15 Conversion of a product of three categories to products of two categories

definition cf-cat-prod-21-of-3 =V =V =V = V
where cf-cat-prod-21-of-3 A B € =

(AMeo (A xo3 B xo3z €)(0bj]). [[A(0), A(InD]o, A(2nD]0),
(AFeo (™A xco3 B xoz C)(Arr]). [[F(0), F(InxD]o, F(2nD)]0)
A xco3 B xco3 ¢,
(A xc B) xc €

)
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lo

definition cf-cat-prod-12-of-8 = V=V =V = V
where cf-cat-prod-12-of-3 A B € =

(Meo (2 xc3 B xc3 €)(0bj]). [A(0), [A(InD, A(2nD]o]0),
(AFes (A xc3 B xco3 €)(Arr]). [F(0), [F(In]), F(2n)]o]o),
A xc3 B xc3 €,

] QL Xc (% Xc Q:)

Components.

lemma cf-cat-prod-21-of-3-components:
shows cf-cat-prod-21-of-3 2 B €(0bjMap)) =
(Aeo(A xc3 B xc3 ©)(00bj)). [[A(0), A(InD]o. A(2n]]o)
and cf-cat-prod-21-of-3 A B C(ArrMap|) =
(AFes (A xc3 B xco3 €)(Arr]). [[F(0), F(In)]os F(2n)]o)
and [cat-cs-simps]: cf-cat-prod-21-of-3 A B C€(HomDom|) = A xc3 B xc3 €
and [cat-cs-simps]: cf-cat-prod-21-of-3 A B €(HomCod)) = (2 xo B) xo €
(proof )

lemma cf-cat-prod-12-of-3-components:
shows cf-cat-prod-12-of-3 A B €(0ObjMap)) =
(A& (A xc3 B xcg €)(0b]). [A(0), [A(In]), A(2nD]0]0)
and cf-cat-prod-12-of-3 A B €(ArrMap|) =
(\Peo(2 xcy B xcs ©)(Arr). [F(0), [F(in), F(2x)]e1)
and [cat-cs-simps]: cf-cat-prod-12-of-3 A B C(HomDom|) = A xc3 B xc3 €
and [cat-cs-simps]: cf-cat-prod-12-of-3 A B €(HomCod]) = A xo (B xo €)
(proof)

8.15.1 Object

mk-VLambda cf-cat-prod-21-of-3-components(1)
|vsv cf-cat-prod-21-of-3-ObjMap-vsv[ cat-cs-intros]|
|vdomain cf-cat-prod-21-of-3-ObjMap-vdomain| cat-cs-simps]|
lapp cf-cat-prod-21-of-3-ObjMap-app’|

mk-VLambda cf-cat-prod-12-of-3-components(1)
|vsv cf-cat-prod-12-of-3-ObjMap-vsv cat-cs-intros]|
|vdomain cf-cat-prod-12-of-3-ObjMap-vdomain| cat-cs-simps]|
lapp cf-cat-prod-12-of-3-ObjMap-app’|

lemma cf-cat-prod-21-of-3-ObjMap-app| cat-cs-simps]:
assumes A = [qa, b, ¢], and [a, b, ¢c]o €& (A xco3 B xc3 €)(0bj)
shows cf-cat-prod-21-of-3 2 B €(0bjMap))(A]) = [[a, blo, c]o
(proof)

lemma cf-cat-prod-12-of-3-ObjMap-app| cat-cs-simps]:

assumes A = [qa, b, ¢], and [a, b, ¢]o €& (A xo3 B xco3 €)(0b))

shows cf-cat-prod-12-of-3 A B €(0bjMap))(A]) = [a, [b, c]o]o

(proof)
lemma cf-cat-prod-21-of-3-ObjMap-vrange:

assumes category a A and category a B and category a €

shows R, (cf-cat-prod-21-of-8 A B €(|0bjMap))) So (A xc B) xc €)(0bj)
{proof)

lemma cf-cat-prod-12-of-3-ObjMap-vrange:

103



assumes category o A and category a ‘B and category o €
shows R, (cf-cat-prod-12-of-8 A B €(0bjMap))) So (A x¢ (B xo €))(0bj)
{proof)

8.15.2 Arrow

mk-VLambda cf-cat-prod-21-of-3-componenits(2)
|vsv cf-cat-prod-21-of-3- ArrMap-vsv[ cat-cs-intros]|
|vdomain cf-cat-prod-21-of-3- ArrMap-vdomain| cat-cs-simps]|
lapp cf-cat-prod-21-of-3-ArrMap-app’|

mk-VLambda cf-cat-prod-12-of-3-components(2)
|vsv cf-cat-prod-12-of-3- ArrMap-vsv[ cat-cs-intros]|
|vdomain cf-cat-prod-12-of-3- ArrMap-vdomain| cat-cs-simps]|
lapp cf-cat-prod-12-of-3-ArrMap-app’|

lemma cf-cat-prod-21-of-3- ArrMap-app| cat-cs-simps]:
assumes F = [h, g, f]o and [}, g, f]o € (A xc3 B x5 €)(Arr|
shows cf-cat-prod-21-of-3 2 B E€(ArrMap)(F)) = [[n, g]o, flo
(proof)

lemma cf-cat-prod-12-of-3-ArrMap-app| cat-cs-simps]:
assumes F = [h, g, f]o and [}, g, f]o € (A xc3 B x5 €)(Arr|
shows cf-cat-prod-12-of-3 A B €(ArrMap)(F)) = [k, [g, flo]o
(proof)

8.15.3 Conversion of a product of three categories to products of two categories
is a functor

lemma cf-cat-prod-21-of-3-is-functor:

assumes category o A and category o ‘B and category o €

shows cf-cat-prod-21-0f-3 A B € : A xo3 B xo3 € oq (A xo B) xo €
{proof)

lemma cf-cat-prod-21-of-3-is-functor’[ cat-cs-intros]:

assumes category o A

and category o ‘B

and category o €

and 91,: 2 X3 B X3 ¢

and B’ = (A xc B) x¢ €
shows cf-cat-prod-21-o0f-3 A B € : A >0 B’
(proof)

lemma cf-cat-prod-12-of-3-is-functor:

assumes category a A and category a B and category o €

shows cf-cat-prod-12-0f-3 A B € : A xc3 B xo3 € r>oq A xo (B xo €)
{proof)

lemma cf-cat-prod-12-of-3-is-functor [ cat-cs-intros]:

assumes category o A

and category o B

and category a €

and A’ = A xo3 B xco3 €

and B’ = A xo (B x¢ €)
shows cf-cat-prod-12-of-3 A B € : A —»cq B’
(proof)
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8.16 Bifunctors

A bifunctor is defined as a functor from a product of two categories to a category (see Chapter II-
3 in [7]). This subsection exposes the elementary properties of the projections of the bifunctors
established by fixing an argument in a functor (see Chapter II-3 in [7] for further information).

8.16.1 Definitions and elementary properties

definition bifunctor-proj-fst = V=V =V =V =V
(<('-,-/l(/_7'/,)/CF)> [517 51, 51, 51] 51)
where 652[7%(—71))0}? =
(S pico2y —o set {In}. (i = 0 22 : B),&(HomCod)) (—>5¢t {{In; b)})) ecr
cf-singleton 0 A

definition bifunctor-proj-snd = V=V = V = V = V
((ef (=1 cx) (51, 51, 51, 51] 51)
where &g g3(a,~)cr =
(ST cicodn —o set {0}. (i = 0 22 : B),S(HomCod)) (—>5¢t {(0, a)})) ecr
cf-singleton (In) B

abbreviation bef-ObjMap-app = V = V = V = V (infixl (<@g o1 55)
where a ®yir.0g b = 6(0bjiMap))(a, b))

abbreviation bef-ArrMap-app = V = V = V = V (infix]l <@g 41 55)
where g ®ym. ag [ = S(ArrMap)) (g, f]e

Elementary properties.

context

fixes a 2 B

assumes 2l: category a A and B: category a B
begin

interpretation 2: category a 2 (proof)

interpretation 9B: category o B (proof)

interpretation finite-pcategory o <2n> <if2 A B>
(proof)

lemma cat-singleton-gm-fst-def|[ simp]:
(IT cicoset {0}. (i =0 2A:B)) = ([1 cicoset {0}. A)
{proof)

lemma cat-singleton-gm-snd-def|[simp]:
(IT cicoset {In}. (i =0 22A:B)) = (I1 cicoset {In}. B)
(proof)

end

8.16.2 Object map

context

fixes o A ‘B

assumes 2l: category a A and ‘B: category o B
begin

interpretation 2: category a 2 (proof)
interpretation 9B: category o B (proof)

interpretation finite-pcategory o <2n> <if2 A B>
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{proof)

lemmas-with [OF 2.category-azioms B.category-azioms, simp):
cat-singleton-qm-fst-def and cat-singleton-qm-snd-def

lemma bifunctor-proj-fst-ObjMap-app[ cat-cs-simps]:
assumes [a, blo €& (A x¢ B)(0bj)
shows (Sgq 3(—b) ¢ ) (ObjMap) a) = S1ObMap) (a, b).
{proof)

lemma bifunctor-proj-snd-ObjMap-app| cat-cs-simps]:
assumes [a, b, € (A xc B)(0bj)
shows (&g 53 (a,~)cr)(0biMap)) (b) = &(ObjMap))(a, b).
{proof)

end

8.16.3 Arrow map

context

fixes a A B

assumes 2l: category a A and B: category o B
begin

interpretation 2I: category a A (proof)
interpretation B: category o B (proof)

interpretation finite-pcategory o <2n> <if2 A B
(proof)

lemmas-with [OF 2.category-azioms B.category-azioms, simp):
cat-singleton-qm-fst-def and cat-singleton-qm-snd-def

lemma bifunctor-proj-fst-ArrMap-app[ cat-cs-simps]:
assumes b €, B(0bj) and f e, A(Arr)
shows (&g o5 (-,0) cr)(ArrMap))(f]) = S(ArrMap)(f, B(CId)(b)).

(proof)

lemma bifunctor-proj-snd-ArrMap-app| cat-cs-simps]:
assumes a €, A(Obj)) and g €, B(Arr)
shows (&g 5 (a,~) cr)(ArrMap))(g) = S(ArrMap)) (A(CLd)(a), g)e

(proof)

end

8.16.4 Bifunctor projections are functors

context

fixes a A B

assumes 2l: category a A and B: category o B
begin

interpretation 2I: category a A (proof)
interpretation B: category a B (proof)

interpretation finite-pcategory o <2n> <if2 A B
(proof)
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lemmas-with [ OF 2l.category-azioms B.category-axioms, simp]:
cat-singleton-qm-fst-def and cat-singleton-qm-snd-def

lemma bifunctor-proj-fst-is-functor:
assumes G : A xg B >0 D and b €, B(O0bj)
shows 69[7%(—,6)01: A o D

{proof)

lemma bifunctor-proj-fst-is-functor'[ cat-cs-intros]:
assumes G : A x¢ B »—cq D and b €, B(Obj]) and A’ = A
shows Gg g3 (-,b)cr : A =»ca D
(proof)

lemma bifunctor-proj-fst-ObjMap-vsv[ cat-cs-intros]:
assumes G : A xg B > D and b €, B(O0bj)
shows vsv ((Sg g3(~:0) cr)(ObiMap))

(proof)

lemma bifunctor-proj-fst-ObjMap-vdomain| cat-cs-simps]:
assumes G : A x¢ B oo D and b €, B(Obj)
shows D, ((Sg(~b)cr)(ObjMap)) = A(Obj)
{proof)

lemma bifunctor-proj-fst-ArrMap-vsv| cat-cs-intros]:
assumes G : A x¢ B »—cq D and b €, B(Obj)
shows vsv ((Sg 3(~:0)cr)(ArrMap))

(proof)

lemma bifunctor-proj-fst- ArrMap-vdomain| cat-cs-simps]:
assumes G : A xg B > D and b €, B(O0bj)
shows D, ((Sgp3(-,b)cr)(ArrMap))) = A(Arr)

(proof)

lemma bifunctor-proj-snd-is-functor:
assumes G : A x¢ B —»cq D and a €, A(Ob)
shows 69[7%(61,—)0;7 B o D

{proof)

lemma bifunctor-proj-snd-is-functor’| cat-cs-intros]:
assumes G : A x¢ B »0q D and a €, A(Obj) and B' = B
shows 69[7%((17_)CF B/ Indmd'ole D
(proof)

lemma bifunctor-proj-snd-ObjMap-vsv| cat-cs-intros]:
assumes G : A xg B > D and a €, A(Ob))
shows vsv ((Sg 53(a,~)cr)(ObiMapl))

(proof)

lemma bifunctor-proj-snd-ObjMap-vdomain[ cat-cs-simps]:
assumes G : A x¢ B oo D and a €, A(Obj)
shows D, ((Sg(5(a,~)cr)(ObiMap))) = B(Obj))
{proof)

lemma bifunctor-proj-snd- ArrMap-vsv| cat-cs-intros]:
assumes G : A x¢ B »oq D and a €, A(Ob)
shows vsv ((Sg g3(a,~) cr)(ArrMapl))

(proof)
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lemma bifunctor-proj-snd-ArrMap-vdomain[ cat-cs-simps]:
assumes G : A xg B >0 D and a €, A(Ob))
shows D, ((Sg p3(a,~)cr)(ArrMap))) = B(Arr)

(proof)

end

8.17 Bifunctor flip

8.17.1 Definition and elementary properties

definition bifunctor-flip = V=V = V = V
where bifunctor-flip 2 B § =
[fflip (§(ObjMap), fflip (§(ArrMap))), B xc A, F(HomCod])],

Components

lemma bifunctor-flip-components:
shows bifunctor-flip 2 B F(O0bjMap)) = fflip (F(ObjMap]|))
and bifunctor-flip A B F(ArrMap)) = fflip (F(ArrMap)))
and bifunctor-flip A B F(HomDom|) = B xc A
and bifunctor-flip A B F(HomCod)|) = F(HomCod))
(proof)

8.17.2 Bifunctor flip object map

lemma bifunctor-flip-ObjMap-vsv| cat-cs-intros]:
vsv (bifunctor-flip A B F(ObjMap)))
(proof)

lemma bifunctor-flip- ObjMap-app:
assumes category a A
and category a ‘B
and §: A xg B »—>oq €
and a ¢, 2A(Obj))
and b €, B(0bj)
shows bifunctor-flip 20 B F(ObjMap|) (b, a))e = F(ObiMap))(a, b))e
(proof)

lemma bifunctor-flip-ObjMap-app'[ cat-cs-simps]:
assumes ba = [b, a]o
and category o A
and category a ‘B
and §F: A xg B »0q €
and a ¢, 2A(Obj))
and b € B(0bj))
shows bifunctor-flip A B F(O0bjMap])(ba]) = F(ObjiMap))(a, b).
(proof )

lemma bifunctor-flip-ObjMap-vdomain] cat-cs-simps]:
assumes category o A
and category o ‘B
and §: A xg B »poq €
shows D, (bifunctor-flip A B F(ObjMap))) = (B xc A)(Obj)
(proof)

lemma bifunctor-flip-ObjMap-vrange| cat-cs-simps]:
assumes category o A
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and category o ‘B
and §: A xg B »oa €
shows R, (bifunctor-flip A B F(ObjMap|)) = R. (F(ObjMap)))
{proof)

8.17.3 Bifunctor flip arrow map

lemma bifunctor-flip- ArrMap-vsv| cat-cs-intros]:
vsv (bifunctor-flip A B F(ArrMap)))
{proof)

lemma bifunctor-flip-ArrMap-app:
assumes category o A
and category a ‘B
and §F: A xg B »0q €
and g €, A(Arr|
and f e, B(Arr|
shows bifunctor-flip A B F(ArrMap))(f, g)s = F(ArrMap)(g, f]e
(proof)

lemma bifunctor-flip-ArrMap-app[ cat-cs-simps]:
assumes fg = [f, g]o
and category o A
and category a B
and §: A xg B »0q €
and g €, A(Arr|
and f €, B(Arr|
shows bifunctor-flip A B F(ArrMap))(fg) = F(ArrMap))(g, f]e
(proof)

lemma bifunctor-flip- ArrMap-vdomain| cat-cs-simps]:
assumes category a A
and category o ‘B
and §: A xg B »—oa €
shows D, (bifunctor-flip A B F(ArrMap))) = (B xc A)(Arr)
(proof )

lemma bifunctor-flip- ArrMap-vrange| cat-cs-simps]:
assumes category a A
and category a B
and §F: A xg B »0q €
shows R, (bifunctor-flip A B F(ArrMap))) = Ro (§(ArrMap)))
{proof)

8.17.4 Bifunctor flip is a bifunctor

lemma bifunctor-flip-is-functor:
assumes category a A
and category o ‘B
and §: A xg B »>on €
shows bifunctor-flip A B §:B xg A —»—cq €
{proof)

lemma bifunctor-flip-is-functor'[ cat-cs-intros]:
assumes category o A
and category a B
and §: A xg B »0q €
and © =B xo A
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shows bifunctor-flip A B F: D »oq €
(proof)

8.17.5 Double-flip of a bifunctor

lemma bifunctor-flip-flip[ cat-cs-simps]:
assumes category o A
and category a B
and §: A xg B »0q €
shows bifunctor-flip B A (bifunctor-flip A B §F) = §
{proof)

8.17.6 A projection of a bifunctor flip

lemma bifunctor-flip-proj-snd| cat-cs-simps]:
assumes category o 2A
and category o ‘B
and §: A xg B o> €
and b €, B(0bj)
shows bifunctor-flip A B Fog 9 (b,~)cr = 3 (=b)cr
{proof)

lemma bifunctor-flip-proj-fst[ cat-cs-simps]:
assumes category o A
and category o ‘B
and §: A xg B oo €
and a ¢, 2A(O0bj)
shows bifunctor-flip A B Fog o(—,a)cr = Fg 3 (a,~)cr
{proof)

8.17.7 A flip of a bifunctor isomorphism

lemma bifunctor-flip-is-iso-functor:
assumes category a A
and category o ‘B
and g 22 xc B == Clisoq ¢
shows bifunctor-flip A B § : B x¢ A »~>c is0a €
(proof)

8.18 Array bifunctor

8.18.1 Definition and elementary properties

See Chapter II-3 in [7].

definition c¢f-array = V=V =>V=>(V=>V)=>(V=>V)=>V
where cf-array B C D F 6 =

E)\aeo(‘B xc €)(0bj]). & (vpfst a)(ObjMap))(vpsnd a))),
Meo (B xo ©)(Arr).
& (B(Cod)(vpfst f))(ArrMap])(vpsnd f]) ap
: § (€(Doml)(vpsnd f[))(ArrMap|) (vpfst f)
‘é xo €,
D

]o

Components.
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lemma cf-array-components:
shows cf-array B € D § &(0bjMap|) =
(Aae. (B xc €)(0bj). & (upfst a)(ObjMap))(vpsnd al))
and cf-array B €D §F &(ArrMap|) =

Meo (B xo €)(Arr)).
& (B(Cod))(vpfst f))(ArrMap))(vpsnd f]) oagp
5 (€(Dom])(vpsnd f)))(ArrMap)) (vpfst f))

and cf-array B €D F &(HomDom|) =B x¢ €
and cf-array B € D §F &(HomCod)) = D
(proof)

8.18.2 Object map

lemma cf-array-ObjMap-vsv: vsv (cf-array B € D F G(0bjMap)))
(proof)

lemma cf-array-ObjMap-vdomain| cat-cs-simps]:
D, (cf-array B €D § &(0bjMap))) = (B xc €)(0bj)
(proof )

lemma cf-array-ObjMap-appl cat-cs-simps]:
assumes [b, c]o €& (B x¢ €)(0bj)
shows cf-array B € D §F &(0bjMap|) (b, c)e = & b(ObiMap|)(c|)
(proof)

lemma cf-array-ObjMap-vrange:
assumes category o B
and category a €
and Ab. b e, B(Obj) = S b: e D
shows R, (cf-array B €D F 6(0bjMap))) <. D(0bj)
{proof)

8.18.3 Arrow map

lemma cf-array-ArrMap-vsv: vsv (cf-array B € D §F G(ArrMap)))
(proof)

lemma cf-array-ArrMap-vdomain| cat-cs-simps]:
D, (cf-array B € D F &(ArrMap))) = (B x¢ €)(Arr)
{proof)

lemma cf-array-ArrMap-app| cat-cs-simps]:
assumes category a B
and category a €
and g:awqp b
and f:a’ ~g b
shows cf-array B € D §F &(ArrMap)) (g, f)e =
& b(ArrMap))(f]) cap § a'(ArrMap|)(g)
{proof)

lemma cf-array-ArrMap-vrange:
assumes category o B
and category a €
and Ac. ¢ & C(Obj) = F c: B »0q D
and Ab. b e, B(Obj) = B b:C pa D
and [ cat-cs-simps]:
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Ab c. b e, B(Obj) = ¢ & €(0bj) = & b(0biMap))(c]) = F c(ObjMap])(b)
shows R, (cf-array B € D § G(ArrMap))) <o D(Arr)
{proof)

8.18.4 Array bifunctor is a bifunctor

lemma cf-array-specification:
— See Proposition 1 from Chapter II-3 in [7].
assumes category o B
and category a €
and category o ©
and Ac. ¢ & €(Obj) = F c: B »0q D
and Ab. b ¢, B(Obj) = & b: € >ocq D
and Ab c. b e, B(O0bj)) = ¢ & €(0bj) = & b(ObjMap|)(c]) = F c(ObiMap]) (b))
and
Nocd " fg[f:brgbigicrgc ] =
& b'(|ArrMap))(g) oap § c(ArrMap))(f]) =
§ c'(ArrMap|) (f)) cap & b(ArrMap))(g)
shows cf-array-is-functor: cf-array B €D F & : B xo € »>0q D
and cf-array-ObjMap-app-fst: Ab c. [[ b €, B(Obj)); ¢ €, €(0bj]) ]| =
cf-array B € D F &(0bjMap))(d, c))e = § c(ObjMap|)(b])
and cf-array-ObjMap-app-snd: Ab c. [[ b €, B(Obj]); ¢ €, €(0b)) || =
cf-array B € D F &(0bjMap|) (b, c))e = & b(ObiMapl)(c|
and cf-array-ArrMap-app-fst: Aa b fc. [ f:a g b; c € C(0b))]] =
cf-array B €D F S(ArrMap))(f, €(CIA)(c]))e = T c(ArrMap|) (f]
and cf-array-ArrMap-app-snd: Na b gc. [ g: a »¢ b; ¢ & B(Ob)) ]| =
cf-array B €D F S(ArrMap)) (B(CILd)(c), g)e = & c(ArrMap])(g)
{proof)

8.19 Composition of a covariant bifunctor and covariant functors

8.19.1 Definition and elementary properties.

definition cf-bcomp = V=V =V => V
where cf-bcomp & § & =
[

(
Aaeo(F(HomDom)) x ¢ &(HomDom]|))(Obj)).

S(0bjiMap)) (F(ObjMap)) (vpfst a)), &(ObjMap))(vpsnd a)))e

i

(
Meo(F(HomDom]) xc &(HomDom]))(Arr]).

& (ArrMap) (F( ArrMap)) (vpfst £), &(ArrMap)) (vpsnd )

S(HomDom|) x¢c &(HomDom)]),
S(HomCod)

lo

Components.

lemma cf-bcomp-components:
shows cf-bcomp & § &(O0bjMap|) =
(
Aaeo(F(HomDom)) x ¢ &(HomDom]|))(Obj)).
S(0biMap)) (F(ObjiMap)) (vpfst a)), &(ObjMap|)(vpsnd al)))).

and cf-bcomp & §F &(ArrMap)) =

(
Meo(F(HomDom|) x o &(HomDoml)))(Arr)).

&(ArrMap)) (§(ArrMap)) (vpfst fI), &(ArrMap))(vpsnd f)).
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)
and cf-bcomp & §F B(HomDom]|) = F(HomDom|) xc &(HomDom))

and cf-bcomp & F &(HomCod)) = S(|HomCCod))
(proof)

8.19.2 Object map

lemma cf-bcomp-ObjMap-vsv: vsv (cf-bcomp & F &(ObjMap)))
(proof )

lemma cf-bcomp-ObjMap-vdomain| cat-cs-simps]:

assumes § : B o Band & : € o €

shows D, (cf-bcomp & F &(0bjMap))) = (B’ xc €")(Obj)
{proof)

lemma cf-bcomp-ObjMap-app| cat-cs-simps]:
assumes § : B —»oq B
and & : €' »oq €
and [a, b, & (B’ x¢ €")(0bj)
shows c¢f-bcomp & §F &(0biMap))(a, b))e = S(ObjMap))(F(ObiMap))(al), &(ObiMap|) (b))«
{proof)

lemma cf-bcomp-ObjMap-vrange:
assumes § : B’ »cq B
and 6 : €' g €
and G : B x¢g CHooa D
shows R, (c¢f-bcomp & F &(0bjMap))) <. D(0bj)
{proof)

8.19.3 Arrow map

lemma cf-bcomp-ArrMap-vsv: vsv (cf-bcomp € & F(ArrMap)))
(proof)

lemma cf-bcomp-ArrMap-vdomain[ cat-cs-simps]:

assumes § : B oo Band & : € gy €

shows D, (cf-bcomp & §F &(ArrMap))) = (B’ xc €)(Arr)
{proof)

lemma cf-bcomp-ArrMap-app| cat-cs-simps):
assumes § : B’ —»—cq B
and 6 : €' g €
and [g, f]o €& (B’ x¢ €)(Arr)
shows c¢f-bcomp & § &(ArrMap|) (g, e = S(ArrMap))(F(ArrMap))(gl), &(ArrMap))(f))e
{proof)

lemma cf-bcomp-ArrMap-vrange:
assumes § : B’ »oq B
and 6 : €' sy €
and G : B xg C o D
shows R, (c¢f-bcomp & F (ArrMapl)) <o D(Arr)
{proof)

8.19.4 Composition of a covariant bifunctor and covariant functors is a functor

lemma cf-bcomp-is-functor:
assumes § : B —»—cq B
and 6 : €' g €
and G : B Xc@'—>'—>c@©
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shows c¢f-bcomp & F & : B xc €' »0q D
{proof)

lemma cf-bcomp-is-functor'[ cat-cs-intros]:
assumes § : B’ oo B
and & : €' g €
and G : B xg C o D
and A’ = B’ xo ¢’
shows c¢f-bcomp G F & : A 00 D
(proof)

8.20 Composition of a contracovariant bifunctor and covariant functors

The term contracovariant bifunctor is used to refer to a bifunctor that is contravariant in the
first argument and covariant in the second argument.

definition cf-cn-cov-bcomp =V = V = V =V
where cf-cn-cov-bcomp & § & =
[

(
Aago(op-cat (F(HomDom))) xc &(HomDom]|))(Obj).

&(0bjMap) (3 (ObjMap)) (vpfst a), &(ObjMap) (vpsnd a))).

)

(
Afeo(op-cat (F(HomDom)) xo &(HomDom)|))(Arr)).
&(ArrMap)) (§(ArrMap)) (vpfst fI), &(ArrMap|)(vpsnd f)).

op-cat (§F(HomDom|)) xc &(HomDom]),
S (HomCod))
Jo
Components.
lemma cf-cn-cov-bcomp-components:

shows cf-cn-cov-becomp & § &(0bjMap|) =

Aaego(op-cat (F(HomDom))) xc &(HomDom]|))(0bj)).
: S(0bjiMap)) (F( ObjMap)) (vpfst a)), &(ObjMap))(vpsnd a))|)e

and cf-cn-cov-bcomp & F &(ArrMap|) =

Meo(op-cat (§F(HomDoml|)) xo &(HomDom)))(Arr]).
: S (ArrMap)) (§( ArrMap)) (vpfst f]), &(ArrMap|)(vpsnd f])]e

and cf-cn-cov-becomp & §F &(HomDom|) = op-cat (F(HomDom|)) xc &(HomDom))
and cf-cn-cov-becomp & §F &(HomCod|) = S(HomCod))
{proof)

8.20.1 Object map
lemma cf-cn-cov-becomp-ObjMap-vsv: vsv (cf-cn-cov-bcomp & F &(0bjMap)))
(proof)

lemma cf-cn-cov-bcomp-ObjMap-vdomain| cat-cs-simps]:

assumes § : B —»cq Band 6 : € —pq €

shows D, (c¢f-cn-cov-beomp & §F &(0bjMap))) = (op-cat B’ xc €")(0bj)
{proof)

lemma cf-cn-cov-bcomp-ObjMap-app| cat-cs-simps]:
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assumes § : B’ »cq B
and & : €' g €
and [a, b], € (op-cat B’ x¢c €)(0bj)
shows
cf-cn-cov-becomp S §F &(0bjMap))(a, b)e =
&(0bjMap) (3008 Map) a), &(ObjMaph(H)).
(proof)

lemma cf-cn-cov-bcomp-ObjMap-vrange:
assumes § : B’ s oq B
and & : ¢/ >0 €
and G : op-cat B x¢ € »>oq D
shows R, (cf-cn-cov-bcomp & F &(0bjMap))) <. D(0bj)
{proof)

8.20.2 Arrow map

lemma cf-cn-cov-becomp-ArrMap-vsv: vsv (cf-cn-cov-bcomp € & F(ArrMap)))
(proof )

lemma cf-cn-cov-becomp-ArrMap-vdomain[ cat-cs-simps]:

assumes §: B’ »cq Band & : ¢ sy €

shows D, (c¢f-cn-cov-beomp & §F &(ArrMap))) = (op-cat B’ xo €")(Arr)
{proof)

lemma cf-cn-cov-becomp-ArrMap-app| cat-cs-simps):
assumes § : B’ »oq B
and 6 : ¢/ gy €
and [g, f]o € (op-cat B' xo €")(Arr)
shows cf-cn-cov-bcomp & F &(ArrMap)) (g, fe =
S(ArrMap)) (1§ (ArrMap))(g)), &(ArrMap)(f)D.
{proof)

lemma cf-cn-cov-bcomp-ArrMap-vrange:
assumes § : B’ oo B
and 6 : €' g €
and G : op-cat B x¢ € >0 D
shows R, (cf-en-cov-becomp & § G(ArrMap))) o D(Arr)
{proof)

8.20.3 Composition of a contracovariant bifunctor and functors is a functor

lemma cf-cn-cov-bcomp-is-functor:
assumes § : B’ »cq B
and & : €' g €
and G : op-cat B x¢ € o D
shows cf-cn-cov-bcomp & § & : op-cat B’ x¢ €' e D
{proof)

lemma cf-cn-cov-becomp-is-functor ' cat-cs-intros]:
assumes § : B’ oo B
and 6 : €' g €
and G : op-cat B x¢ € o D
and A’ = op-cat B' xc €’
shows cf-cn-cov-bcomp & F & : A w0 D
(proof)
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8.20.4 Projection of a contracovariant bifunctor and functors

lemma cf-cn-cov-becomp-bifunctor-proj-snd| cat-cs-simps]:
assumes § : B’ s c0q B
and 6 : €' s €
and G : op-cat B x¢ € o D
and b €, B'(0bj)
shows
cf-cn-cov-bcomp & F S p-cat %I7€l(b,—)cp‘ =
(Gop—cat %,Qj(qubjMaqubDa_)CF) ocr ®
{proof)

8.21 Composition of a covariant bifunctor and a covariant functor

8.21.1 Definition and elementary properties

definition cf-lcomp = V=V =V =V
where cf-lcomp € & § = ¢f-bcomp & F (c¢f-id €)

definition cf-rcomp = V = V =V =V
where cf-rcomp B S & = cf-bcomp & (cf-id B) &

Components.

lemma cf-lcomp-components:
shows cf-lcomp € & F(HomDom|) = F(HomDom|) x¢ €
and cf-lcomp € & F(HomCod|) = S(HomCod))

{proof)

lemma cf-rcomp-components:
shows cf-rcomp B & G(HomDom)) = B xc G(HomDom))
and cf-rcomp B S G(HomCod|) = S(HomCod)

{proof)

8.21.2 Object map

lemma cf-lcomp-ObjMap-vsv: vsv (cf-lcomp € & F(ObjMap)))
(proof)

lemma cf-rcomp-ObjMap-vsv: vsv (cf-rcomp € & F(ObjMap)))
(proof)

lemma cf-lcomp-ObjMap-vdomain] cat-cs-simps]:
assumes category o € and § : A »—oq B
shows D, (cf-lcomp € & F(O0bjMap))) = (A xc €)(0bj)
(proof)

lemma cf-rcomp-ObjMap-vdomain[ cat-cs-simps]:
assumes category a B and & : A »—>cq €
shows D, (cf-rcomp B & G(0bjMap))) = (B x¢ A)(Obj)
(proof)

lemma cf-lcomp-ObjMap-app| cat-cs-simps]:
assumes category a €
and §: A »—>0a B
and a €, 2A(Obj))
and ¢ &, €(0bj)
shows cf-lcomp € & F(O0bjiMap))(a, c))e = S(ObiMap|) (F(ObjiMap))(al), c)e
(proof)
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lemma cf-rcomp-ObjMap-app[ cat-cs-simps]:
assumes category o B
and & : A »—>poq €
and b €, B(0bj)
and a €, 20(0bj)
shows cf-rcomp B & B(0bjMap)) (b, a)e = S(ObiMap|) (b, &(ObiMap))(a)))e
(proof)

lemma cf-lcomp-ObjMap-vrange:
assumes category a €
and §: A »—>ca B
and G : B xg C o D
shows R, (cf-lcomp € & F(ObiMap))) <. D(0bj)
(proof)

lemma cf-rcomp-ObjMap-vrange:
assumes category o B
and & : A »—>pon €
and G : B x¢g C>oq D
shows R, (cf-rcomp B & &(0bjMap|)) <. D(Obj))
(proof)

8.21.3 Arrow map

lemma cf-lcomp-ArrMap-vsv: vsv (cf-lcomp € &S F(ArrMap)))
(proof)

lemma cf-rcomp-ArrMap-vsv: vsv (cf-rcomp B & &(ArrMap)))
(proof)

lemma cf-lcomp-ArrMap-vdomain] cat-cs-simps]:
assumes category o € and § : A »—coq B
shows D, (cf-lcomp € & F(ArrMap|)) = (A xc €)(Arr)
(proof)

lemma cf-rcomp-ArrMap-vdomain[ cat-cs-simps]:
assumes category a B and & : A »—>cq €
shows D, (cf-rcomp B & G(ArrMap))) = (B x¢ A)(Arr)
{proof)

lemma cf-lcomp-ArrMap-app| cat-cs-simps]:
assumes category a €
and §: A »—>ca B
and f ¢, A(Arr)
and g €, €(Arr)
shows cf-lcomp € & F(ArrMap))(f, g)e = S(ArrMap))(F(ArrMap)(f]), 9)e
(proof )

lemma cf-rcomp-ArrMap-app| cat-cs-simps]:
assumes category a B
and & : A »—>oq €
and f e, B(Arr|
and g €, A(Arr|
shows cf-rcomp B & G(ArrMap))(f, g))e = S(ArrMap))(f, &(ArrMap)(g))e
{proof)

lemma cf-lcomp-ArrMap-vrange:
assumes category a €
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and §: A »>cq B

and 6 : B xg Coa D
shows R, (cf-lcomp € & F(ArrMap))) <o D(Arr|
(proof)

lemma cf-rcomp-ArrMap-vrange:
assumes category o B
and & : A >0 €
and G : B x¢g CHooa D
shows R, (cf-rcomp B & &(ArrMap))) So D(Arr)
(proof)

8.21.4 Composition of a covariant bifunctor and a covariant functor is a functor

lemma cf-lcomp-is-functor:
assumes category o €
and §: A »—>ca B
and 6 : B xg Coa D
shows cf-lcomp €S F: A xg € »poa D
(proof)

lemma cf-lcomp-is-functor'[ cat-cs-intros]:
assumes category o €
and §: A »—>ca B
andG:% XCQ:H'_’COCQ
and A’ = A xo €
shows cf-lcomp € & F: A »0q D
(proof)

lemma cf-rcomp-is-functor:
assumes category o B
and & : A »—>cn €
and 6 : B xg Coa D
shows cf-rcomp B & & : B xc A —»>pq D
(proof )

lemma cf-rcomp-is-functor’| cat-cs-intros|:
assumes category o B
and & : A »—>pon €
and 6 : B xg Coq D
and 2" =B xc A
shows cf-rcomp B & & : A »>cq D
(proof)

8.22 Composition of a contracovariant bifunctor and a covariant functor
definition cf-cn-cov-lcomp =V =V =V = V

where cf-cn-cov-lcomp € & § = cf-cn-cov-bcomp & F (cf-id €)

definition cf-cn-cov-rcomp = V=V = V = V
where cf-cn-cov-rcomp B S & = cf-cn-cov-bcomp & (cf-id B) &

Components.

lemma cf-cn-cov-lcomp-components:
shows cf-cn-cov-lcomp € & F(HomDom|) = op-cat (F(HomDom|)) x¢c €
and cf-cn-cov-lcomp € & F(HomCod|) = &(HomCod))

{proof)
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lemma cf-cn-cov-rcomp-components:
shows cf-cn-cov-rcomp B & &(HomDom|) = op-cat B x ¢ &(HomDom))
and cf-cn-cov-rcomp B S &(HomCod|) = S(HomCod)

{proof)

8.22.1 Object map

lemma cf-cn-cov-lcomp-ObjMap-vsv: vsv (cf-cn-cov-lcomp € & F(ObjMap)))
(proof)

lemma cf-cn-cov-rcomp-ObjMap-vsv: vsv (cf-cn-cov-rcomp € & F(ObjMap)))
(proof)

lemma cf-cn-cov-lcomp-ObjMap-vdomain| cat-cs-simps]:
assumes category a € and § : A »—cq B
shows D, (cf-cn-cov-lcomp € & F(ObjMap))) = (op-cat A xc €)(Obj)
(proof)

lemma cf-cn-cov-rcomp-ObjMap-vdomain| cat-cs-simps]:
assumes category o B and & : A > €
shows D, (cf-cn-cov-rcomp B & &(0bjMap))) = (op-cat B x¢c A)(Obj))
(proof)

lemma cf-cn-cov-lcomp-ObjMap-appl cat-cs-simps]:
assumes category o €
and §: A »>cq B
and a €, op-cat 2A(Obj))
and c €, €(0bj)
shows cf-cn-cov-lcomp € & F(0bjMap)|)(a, c)e = S(ObiMap|)(F(ObjMap|)(a)), c).
(proof)

lemma cf-cn-cov-rcomp-ObjMap-app| cat-cs-simps]:
assumes category o B
and & : A »—>pon €
and b €, op-cat B(Obj)
and a €, 2(0bj)
shows cf-cn-cov-rcomp B & &(0biMap)) (b, a))e = &(ObjMap)) (b, &(ObiMap))(al)))e.
(proof)

lemma cf-cn-cov-lcomp-ObjMap-vrange:
assumes category o €
and §: A »>cq B
and G : op-cat B x¢ € o D
shows R, (cf-cn-cov-lecomp € & F(ObjMap))) <, D(Obj)
(proof)

lemma cf-cn-cov-rcomp-ObjMap-vrange:
assumes category o ‘B
and & : A »>oq €
and G : op-cat B x¢ € »>oq D
shows R, (cf-en-cov-rcomp B & &(0biMap))) S D(Obj)
(proof)

8.22.2 Arrow map

lemma cf-cn-cov-lcomp-ArrMap-vsv: vsv (cf-en-cov-lcomp € & F(ArrMap)))
(proof)
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lemma cf-cn-cov-rcomp-ArrMap-vsv: vsv (cf-cn-cov-rcomp B & G(ArrMap)))

{proof)

lemma cf-cn-cov-lecomp-ArrMap-vdomain| cat-cs-simps]:
assumes category o € and § : A »—oq B
shows D, (c¢f-cn-cov-lcomp € & F(ArrMap))) = (op-cat A x¢ €)(Arr)
{proof)

lemma cf-cn-cov-rcomp-ArrMap-vdomain] cat-cs-simps]:
assumes category o B and & : A o €
shows D, (c¢f-cn-cov-rcomp B & B(ArrMap))) = (op-cat B x¢ A)(Arr)
{proof)

lemma cf-cn-cov-lecomp-ArrMap-app| cat-cs-simps]:
assumes category o €
and §: A »—>ca B
and f €, op-cat A(Arr
and g €, €(Arr)
shows cf-cn-cov-lcomp € & F(ArrMap))(f, g))e = S(ArrMap)) (F(ArrMap)(f]), g)e
(proof )

lemma cf-cn-cov-rcomp-ArrMap-app| cat-cs-simps]:
assumes category a B
and & : A >0 €
and f €, op-cat B(Arr)
and g €, A(Arr|
shows c¢f-cn-cov-rcomp B & S(ArrMap|)(f, g)e = S(ArrMap|)(f, &(ArrMap))(g]))e.
{proof)

lemma cf-cn-cov-lcomp-ArrMap-vrange:
assumes category o €
and §: A »—>ca B
and G : op-cat B x¢ € »>oq D
shows R, (cf-cn-cov-lcomp € & F(ArrMap))) <o D(Arr|
(proof)

lemma cf-cn-cov-rcomp-ArrMap-vrange:
assumes category o B
and & : A g €
and G : op-cat B x¢ € »oq D
shows R, (cf-cn-cov-rcomp B & &(ArrMap|)) co D(Arr)
(proof)

8.22.3 Composition of a contracovariant bifunctor and a covariant functor is a
functor

lemma cf-cn-cov-lcomp-is-functor:
assumes category a €
and § : A »>0q B
and G : op-cat B x¢ € o D
shows cf-cn-cov-lcomp € & § : op-cat A xo € »>cq D

{proof)

lemma cf-cn-cov-lcomp-is-functor'| cat-cs-intros]:
assumes category o €
and §: A »>cq B
and G : op-cat B x¢g € o D
and 2A¢ = op-cat A xo €
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shows cf-cn-cov-lcomp € & § : A€ »>q D
(proof )

lemma cf-cn-cov-rcomp-is-functor:
assumes category o ‘B
and & : A »>oq €
and G : op-cat B x¢ € »oq D
shows cf-cn-cov-rcomp B & & : op-cat B xc A »—>c0q D

{proof)

lemma cf-cn-cov-rcomp-is-functor'[ cat-cs-intros]:
assumes category a B
and & : A >0 €
and G : op-cat B x¢ € o D
and BA = op-cat B xo A
shows cf-cn-cov-rcomp B S & : BA »—>cq D
(proof)

8.22.4 Projection of a composition of a contracovariant bifunctor and a covariant
functor

lemma cf-cn-cov-rcomp-bifunctor-proj-snd| cat-cs-simps]:
assumes category a ‘B
and & : A »>oq €
and G : op-cat B x¢g € o D
and b & B(0bj))
shows
cf-en-cov-rcomp B & &4t 8 A(b,-)cF =

(60p—cat ‘B,Q(b,—)CF) ocr &
(proof)

lemma cf-cn-cov-lcomp-bifunctor-proj-snd| cat-cs-simps]:
assumes category o €
and §: A »—>cq B
and G : op-cat B x¢ € o D
and b €, 2A(0bj
shows
cf-en-cov-lecomp € & Fpp_cqat Q[’Q:(b,—)cp =
(Gop-cat %g(%’ﬂObjMapDGbD,—)cp)
(proof)

8.23 Composition of bifunctors

8.23.1 Definitions and elementary properties

definition cf-blcomp = V = V
where cf-blcomp & =
cf-lecomp (S(HomCod))) & & ocp
cf-cat-prod-21-of-8 (S&(HomCod))) (&(HomCod])) (&(HomCod]))

definition cf-brcomp = V = V
where cf-brcomp & =
cf-rcomp (&(HomCod))) & & ocp
cf-cat-prod-12-of-3 (&(HomCod))) (&(HomCod))) (&(HomCod)))

Alternative forms of the definitions.

lemma cf-blcomp-def":
assumes G : € xg € >gn €
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shows cf-blcomp & = cf-lcomp € & & ogp cf-cat-prod-21-of-3 € € €
{proof)

lemma cf-brcomp-def":

assumes G : € xg € »>gq €

shows cf-brcomp & = cf-rcomp € S & ogp cf-cat-prod-12-of-3 € € €
{proof)

8.23.2 Compositions of bifunctors are functors

lemma cf-blcomp-is-functor:

assumes G : € xg € g €

shows cf-blcomp & : € xg3 € xpo3 € g €
{proof)

lemma cf-blcomp-is-functor’| cat-cs-intros]:
assumes G : € xg C g Cand A' = € xg3 € x03 €
shows cf-blcomp & : A" g €
(proof )

lemma cf-brcomp-is-functor:

assumes G : € xg € »>gn €

shows cf-brcomp & : € xo3 € xg3 € g €
{proof)

lemma cf-brcomp-is-functor’| cat-cs-intros]:
assumes G : € xo C g Cand A' = € xg3 € xo3 €
shows cf-brcomp & : A" g €
(proof)

8.23.3 Object map

lemma cf-blcomp-ObjMap-vsv| cat-cs-intros]:
assumes G : € xg € »>gn €
shows vsv (c¢f-blcomp &S(ObjMap)))

{proof)

lemma cf-brcomp-ObjMap-vsv cat-cs-intros):
assumes G : € xg € >gn €
shows vsv (cf-brcomp &(ObjMap)))

{proof)

lemma cf-blcomp-ObjMap-vdomain[ cat-cs-simps]:

assumes G : € xg € g €

shows D, (cf-blcomp S(ObjMap))) = (€ x5 € xc3 €)(Obj)
{proof)

lemma cf-brecomp-ObjMap-vdomain[ cat-cs-simps]:

assumes G : € xg € »>gn €

shows D, (c¢f-brcomp S(ObjMap))) = (€ x5 € xc3 €)(Obj)
{proof)

lemma cf-blcomp-ObjMap-app| cat-cs-simps]:
assumes G : € xg € >gn €
and A = [a, b, c]o
and a € €(O0bj)
and b €, €(0bj)
and c ¢, €(0bj)
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shows cf-blcomp S(ObjMap|)(A) = (a ®um.0og b) ®um.oa ¢
{proof)

lemma cf-brcomp-ObjMap-app| cat-cs-simps]:
assumes G : € xg € »>gq €
and A = [a, b, c]o
and a &, €(0bj)
and b €, €(0bj)
and c ¢, €(0bj)
shows cf-brcomp &(ObjMap))(A) = a« ®rm.0og (b ®am.0a ¢)
{proof)

8.23.4 Arrow map

lemma cf-blcomp-ArrMap-vsv| cat-cs-intros]:
assumes G : € xg € g €
shows vsv (cf-blcomp &(ArrMapl))

(proof)

lemma cf-brcomp-ArrMap-vsv| cat-cs-intros]:
assumes G : € xg € »>gn €
shows vsv (cf-brcomp G(ArrMapl))

(proof)

lemma cf-blcomp-ArrMap-vdomain| cat-cs-simps]:
assumes G : € xg € »>gq €
shows D, (c¢f-blcomp S(ArrMap))) = (€ xc3 € xc3 €)(Arr)

(proof)

lemma cf-brcomp-ArrMap-vdomain| cat-cs-simps]:

assumes G : € x¢o € g €

shows D, (c¢f-brcomp S(ArrMap))) = (€ xc3 € xc3 €)(Arr))
{proof)

lemma cf-blcomp-ArrMap-app| cat-cs-simps]:
assumes G : € xo € »>poq €
and F = [h, g, f]o
and h €, €(Arr)
and g €, €(Arr)
and f e, C(Arr)
shows cf-blcomp S(ArrMap))(F|) = (h ®am.ag 9) ®HMm.4a |
{proof)

lemma cf-brecomp-ArrMap-app| cat-cs-simps]:
assumes G : € xg € »>gg €
and F = [h, g, f]o
and h €, €(Arr)
and g €, C(Arr)
and f ¢, €(Arr)
shows cf-brcomp S(ArrMap)(F)) = h ®am.ag (9 ®am.as f)
{proof)

8.24 Binatural transformation

8.24.1 Definitions and elementary properties

In this work, a binatural transformation is used to denote a natural transformation of bifunctors.

definition bnt-proj-fst = V=V =V =V =V
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(<(_-,-/l(/_7'/,)/NTCF)> [517 51, 51, 51] 51)
where ‘)?Q(’%(—,b)NTCF =
[
(Aae.2A(Obj). M(NTMap|)(a, b)),
91(|NTDom|)Q[7%(—7b)CF,
‘JtQNTCodD%%(—,b)CF,
2,
N(NTDGCod))

o

definition bnt-proj-snd = V=V =V =V =V
(C-/'([-=1)nTer) [61, 51, 51, 51] 51)
where Ny 3 (a,-)nrCF =

(AbeoB(Obj]). M(NTMap|)(a, b)),
N(NTDom)gy g3 (a,-) c,
‘ﬁQNTCOdI)Ql’sB(a,—)CF,

B,

N(NTDGCod))

lo

Components

lemma bnt-proj-fst-components:
shows (Mg 3 (—,0)nror)(NTMap)) = (Aa.A(Obj). NINTMap))(a, b))
and (‘)’IQ[7%(—,b)NTCF)(|NTDomD = 9"((]NTD0m|)m7%(—,b)CF
and (‘ﬁm’%(—,b)NTcp)QNTCodD = m(INTCOdI)QL{B(_ab)CF
and (Mg 3(=,0) v rcr)(NTDGDom|) = A
and (mQ[,%(—,b)NTCF)(|NTDGCOd|) = m(INTDGCOdD

(proof)

lemma bnt-proj-snd-components:
shows (MNy g (a,~)nrcr)(NTMap) = (Abe.B(O0bj). N(NTMap))(a, b).)
and (Mg 3(a,~)nTcr)(NTDom|) = N(NTDom)g s3(a.~)cr
and (Ny 3(a,-)nvrcr)(NTCod)) = N(NTCod)g s5(a,~) cr
and (mm’%(a,—)NTcp)(lNTDGDOmD =B
and (Mg 3(a,~)n7cr)(NTDGCod|) = N(NTDG Cod))

{proof)

8.24.2 Natural transformation maps

mk-VLambda bnt-proj-fst-components(1)[folded VLambda-vconst-on]
|vsv bnt-proj-fst-NTMap-vsv[ cat-cs-intros]|
|vdomain bnt-proj-fst-NTMap-vdomain| cat-cs-simps]|
|app bnt-proj-fst-NTMap-app[ cat-cs-simps]|

lemma bnt-proj-fst-vrange:
assumes category a A
and category o B
andm:GHcp 6,2ﬂxc%'—>'—>0a¢
and b €, B(O0bj)
shows Ro (Mg 3(—0)nror)(NTMap))) <o €(Arr)

(proof)

mk-VLambda bnt-proj-snd-components(1)[folded VLambda-vconst-on]
|vsv bnt-proj-snd-NTMap-vsv[ intro]|
|vdomain bnt-proj-snd-NTMap-vdomain[ cat-cs-simps]|
|app bnt-proj-snd-NTMap-app| cat-cs-simps]|
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lemma bnt-proj-snd-vrange:
assumes category o A
and category a ‘B
and‘ﬁ:Gn—mF 6IZQ[X0%'—>'—>CO(¢
and a €, 2A(Obj))
shows Ro (Mg 3(a,~)vrcr)(NTMap)) <o €(Arr)

{proof)

8.24.3 Binatural transformation projection is a natural transformation

lemma bnt-proj-snd-is-ntcf:
assumes category a A
and category o ‘B
and N: G »cp G : Axg B »>oq €
and a €, 2A(O0bj)
shows mm,%(a,—)NTCF : 69[7%(0,,—)01:’ =OoF 6’9{7%(0,,—)017 : B Indad'ole" ¢
{proof)

lemma bnt-proj-snd-is-ntcf'[ cat-cs-intros]:

assumes category o A

and category a ‘B

and N: G »or G A xg B on €

and a €, 2A(O0bj))

and S = GQL%(CL,—)CF

and & = &'y i3(a,~)cr
shows mmv%(a,—)NTCF : S =oF & B Indud'ole ¢
(proof)

lemma bnt-proj-fst-is-ntcf:
assumes category a A
and category o ‘B
and N: G »cp G : Axg B >cq €
and b €, B(0bj)
shows ‘thl,%(—,b)NTcp : 69[7‘3(—;b)CF =oF GIQL%(—,b)CF D/ Indud'ole ¢
{proof)

lemma bnt-proj-fst-is-ntcf | cat-cs-intros):
assumes category a A
and category a ‘B
and N: G »or G A xg B og €
and b €, B(O0bj)
and S = GQL%(—,I))CF
and & = 6’52[7%(—,5)01:

and A’ = A
shows mQ{,‘B(_vb)NTCF E o B A o €
(proof)

8.24.4 Array binatural transformation is a natural transformation

lemma nitcf-array-is-nicf:
assumes category a A

and category o ‘B
and G : A xg B o €
and G’ : A xg B = €
and vfsequence N
and vcard N = 5y
and N(NTDom|) = &
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and N(NTCod)) = &’
and N(NTDGDom|) = A xc B
and N(NTDGCod)) = €
and vsv (M(NTMap)))
and D, (M(NTMap))) = (A xc B)(0bj)
and Aa b. [ a € A(0bj); b e B(Ob)) || =
N(NTMap))(a, b)e : S(ObiMap))(a, b)e »¢ S'(ObiMap))(a, b).
and Aa. a & 2A(0bj) —
Ny p(a.-)nvrer : Sy p(a,~)cr »or &'y p(a,~)cr: B Prca €
and Ab. b €, B(0bj) =
Ny (—0)nror : Oy p(—0)cr »or &g p(=b)cr: A rrca €
shows M: G »op &' : A xg B =»50q €
{proof)

8.24.5 Binatural transformation projections and isomorphisms

lemma is-iso-ntcf-if-bnt-proj-snd-is-iso-ntcf:
assumes category o A
and category a B
and N: G »opr 8 Axg B coq €
and Aa. a € A(0bj) =
Ny p(a.-)nrer: Gy p(a,—)cr »or.iso Oy p(a,~)cr : B »rca €
shows M : G »opiso 6 Axg B son €
{proof)

lemma is-iso-ntcf-if-bnt-proj-fst-is-iso-nicf:
assumes category a A
and category a ‘B
and‘ﬁ:@v—mp 6,22[Xc%'—>'—>0a¢
and Ab. b €, B(O0bj) —
Ny (—0)nror : Sy p(—b)cr »coF.iso Sy p(=b)cr: A rca €
shows M : G =orpiso O Axg B »ca €
{proof)

lemma bnt-proj-snd-is-iso-ntcf-if-is-iso-ntcf:
assumes category a A
and category o B
and M : G »opis0 G Axg B »>0q €
and a & 2A(0bj)
shows Ny (e~ )NrCF
652[,%(‘17_)CF P CF.iso G’Q[7<B(a,—)cp B o €
{proof)

lemma bnt-proj-snd-is-iso-ntcf-if-is-iso-ntcf [ cat-cs-intros]:

assumes category o A

and category a B

and N : 6 =op.iso 81 A xg B pg €

and S = GQL%(@_)CF

and & = 6’&7%(0,,—)0}7

and B' =9

and a €, 2(O0bj)
shows Ny 3 (a,-)N1CcF : § ~coFiso B oo €
(proof)

lemma bnt-proj-fst-is-iso-ntcf-if-is-iso-ntcf:
assumes category o A
and category o ‘B
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and N : 6 oriso G A xg B o €
and b €, B(0bj)
shows Ny 3 (—.b)NrCF
Gﬁ,%(_ab)CF P CF.iso GIQ(7%(—,I))CF A o €
(proof)

lemma bnt-proj-fst-is-iso-nicf-if-is-iso-ntcf [ cat-cs-intros]:

assumes category o A

and category a B

and N : 6 =op.iso 81 A xg B pq €

and S = 6m7%(—,b)cp

and 6 = 6’%7%(—,())65“

and 2’ =2

and b €, B(O0bj)
shows Ny g (=.b)nTcF : T Por.iso & A PHca €
(proof)

8.25 Binatural transformation flip

8.25.1 Definition and elementary properties

definition bnt-flip = V=V =V =V
where bnt-flip A B N =

[
fip (M(NTMap)),
bifunctor-flip A B (M(NTDom))),
bifunctor-flip A B (N(NTCod))),
B xXc le
N(NTDGCod)

]O

Components.

lemma bnt-flip-components:
shows bnt-flip A B N(NTMap)) = fflip (N(NTMap)))
and bnt-flip A B N(NTDom|) = bifunctor-flip A B (N(NTDom)))
and bnt-flip A B N(NTCod)) = bifunctor-flip A B (N(NTCod)))
and bnt-flip A B N(NTDGDom|) =B xc A
and bnt-flip A B N(NTDGCod)) = N(NTDGCod)

(proof )
context
fixesaABCS &' N
assumes D: N: S »op &' : A xg B oy €
begin
interpretation 9M: is-nicf a A xc By €S &' N (proof)

lemmas bnt-flip-components’ =
bnt-flip-components|where =2 and B= and N=N, unfolded cat-cs-simps]

lemmas [cat-cs-simps] = bnt-flip-components’(2-5)

end

8.25.2 Natural transformation map

lemma bnt-flip-NTMap-vsv[ cat-cs-intros]: vsv (bnt-flip A B N(NTMap)))
{proof)
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lemma bnt-flip-NTMap-app:
assumes category o A
and category a ‘B
and‘ﬁ:Gn—mF 6IZQ[X0%'—>'—>CO(¢
and a €, 2A(Obj))
and b &, B(0bj)
shows bnt-flip A B N(NTMap)) (b, a)e = N(NTMap))(a, b))
(proof)

lemma bnt-flip-NTMap-app'[ cat-cs-simps]:
assumes ba = [b, a]o
and category o A
and category a ‘B
and‘ﬂ:G'—mF GI:Q[XC%HHCQQ:
and a ¢, 2A(O0bj))
and b & B(0bj))
shows bnt-flip A B N(NTMap|)(ba]) = R(NTMap))(a, b))
(proof )

lemma bnt-flip-NTMap-vdomain| cat-cs-simps]:
assumes category a A
and category o ‘B
and M : 6 >R GIZQlXC%»—)HCaQ:
shows D, (bnt-flip A B N(NTMap))) = (B xc A)(Obj)
(proof)

lemma bnt-flip-NTMap-vrange[ cat-cs-simps]:
assumes category o A
and category a B
and‘ﬂ:G'—mF GI:Q[XC%HHCQQ:
shows R, (bnt-flip A B N(NTMap))) = Ro (N(NTMap)))
{proof)

8.25.3 Binatural transformation flip natural transformation map

lemma bnit-flip-NTMap-is-ntcf:
assumes category a A
and category o ‘B
and M : 6 g GIZQlXC%»—)HCaQ:
shows bnt-flip A B N :
bifunctor-flip A B & —cr bifunctor-flip A B &' :
B Xc A [nddole) ¢
{proof)

lemma bnt-flip-NTMap-is-nitcf | cat-cs-intros]:

assumes category o 2

and category a ‘B

and N: G o &1 A xg B g €

and T = bifunctor-flip A B &

and T’ = bifunctor-flip A B &’

and © =B xo A
shows bnt-flip A BN:T cr T 1D g €
(proof)

8.25.4 Double-flip of a binatural transformation

lemma bnt-flip-flip| cat-cs-simps]:
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assumes category o A
and category a ‘B
and N: 6 »op &' :Axg B o €
shows bnt-flip B A (bnt-flip A B N) =N
(proof)

8.25.5 A projection of a flip of a binatural transformation

lemma bnt-flip-proj-snd| cat-cs-simps]:
assumes category a A
and category o ‘B
and N: G »or G A xg B og €
and b €, B(O0bj)
shows bnt-flip A B ‘ﬁ%g{(b,—)NTCF = mm’%(—,b)NTCF
{proof)

lemma bnt-flip-proj-fst[ cat-cs-simps):
assumes category a A
and category a ‘B
and N: G o &1 A xg B opq €
and a €, 2A(0bj)
shows bnt-flip A B m%7m(—,a)NTCF = mﬂyg(a,—)NTcp
{proof)

8.25.6 A flip of a binatural isomorphism

lemma bnt-flip-is-iso-ntcf:
assumes category a A
and category o ‘B
and N: 6 Bor.is0 G A xg B oo €
shows bnt-flip A B N :
bifunctor-flip A B & —cr.iso bifunctor-flip A B &' :
B Xc A [nddole ¢
{proof)

lemma bnt-flip-is-iso-ntcf [ cat-cs-intros]:
assumes category o 2
and category a ‘B
and N: 6 —»op.iso 6 A xg B pq €
and § = bifunctor-flip A B &
and & = bifunctor-flip A B &’
and © =B xo A
shows bnt-flip A BN :F 2 cFr.iso B :D o €
(proof)
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9 Subcategory
9.1 Background

named-theorems cat-sub-cs-intros

named-theorems cat-sub-bw-cs-intros
named-theorems cat-sub-fw-cs-intros
named-theorems cat-sub-bw-cs-simps

9.2 Simple subcategory

9.2.1 Definition and elementary properties

See Chapter I-3 in [7].

locale subcategory = sdg: category a B + dg: category o € for a B € +
assumes subcat-subsemicategory: cat-smc B Sgprca cat-sme €
and subcat-CId: a €, B(O0bj) = B(CId)(al) = €(CId)(a]

abbreviation is-subcategory (<(-/ Sc1 -)» [51, 51] 50)
where B Coq € = subcategory o B €

Rules.

lemma (in subcategory) subcategory-axioms'[ cat-cs-intros]:
assumes o’ = o and B’ =B
shows B’ cqo €

(proof)

lemma (in subcategory) subcategory-axioms''[ cat-cs-intros):
assumes o’ = ¢ and €' = €
shows B c¢ /€'
(proof)

mk-ide rf subcategory-def[unfolded subcategory-azioms-def]
|intro subcategoryl[intro!]|
|dest subcategoryD| dest]|
|elim subcategoryE[ elim!]|

lemmas [ cat-sub-cs-intros] = subcategoryD(1,2)

lemma subcategoryl "
assumes category o B
and category o €
and Aa. a €, B(0bj)) = a €, €(0bj))
and Aabf. frarmgb= f:rargb
and Abcgaf. [[g:brgcfiamrygb] =
goag f=goagf
and Aa. a €& B(0bj) = B(CId)(a]) = €(CId)(a)
shows B Coq €
{proof)

A subcategory is a subsemicategory.

context subcategory
begin

interpretation subsmc: subsemicategory o <cat-smc B> (cat-smc €

{proof)

lemmas-with [unfolded slicing-simps slicing-commute]:
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subcat-Obj-vsubset = subsmc.subsmc-Obj-vsubset

and subcat-is-arr-vsubset = subsmc.subsmc-is-arr-vsubset

and subcat-subdigraph-op-dg-op-dg = subsmc.subsmc-subdigraph-op-dg-op-dg
and subcat-objD = subsmc.subsmc-objiD

and subcat-arrD = subsmc.subsmc-arrD

and subcat-dom-simp = subsmc.subsmc-dom-simp

and subcat-cod-simp = subsmc.subsmc-cod-simp

and subcat-is-arrD = subsmc.subsmc-is-arrD

lemmas-with [unfolded slicing-simps slicing-commute]:
subcat-Comp-simp = subsmc.subsme-Comp-simp
and subcat-is-idem-arrD = subsmc.subsmc-is-idem-arrD

end

lemmas [ cat-sub-fw-cs-intros] =
subcategory.subcat-Obj-vsubset
subcategory.subcat-is-arr-vsubset
subcategory.subcat-objiD
subcategory.subcat-arrD
subcategory.subcat-is-arrD

lemmas [ cat-sub-bw-cs-simps] =
subcategory.subcat-dom-simp
subcategory.subcat-cod-simp

lemmas [ cat-sub-fw-cs-intros] =
subcategory.subcat-is-idem-arrD

lemmas [ cat-sub-bw-cs-simps| =
subcategory.subcat-Comp-simp

The opposite subcategory.
lemma (in subcategory) subcat-subcategory-op-cat: op-cat B Coq op-cat €
{proof)

lemmas subcat-subcategory-op-cat[intro] = subcategory.subcat-subcategory-op-cat

Elementary properties.

lemma (in subcategory) subcat-Cld-is-arr[intro]:
assumes a €, B(0bj)
shows C(CId|)(a)) : a —p a

{proof)

Further rules.

lemma (in subcategory) subcat-CId-simp[ cat-sub-bw-cs-simps]:
assumes a & B(O0bj)
shows B(CId))(a]) = €(CId)(a)
(proof )

lemmas [ cat-sub-bw-cs-simps]| = subcategory.subcat-Cld-simp
lemma (in subcategory) subcat-is-right-inverseD| cat-sub-fw-cs-intros):

assumes is-right-inverse 8 g f
shows is-right-inverse € g f

{proof)
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lemmas [ cat-sub-fw-cs-intros] = subcategory.subcat-is-right-inverseD

lemma (in subcategory) subcat-is-left-inverseD| cat-sub-fw-cs-intros]:
assumes is-left-inverse B g f
shows is-left-inverse € g f

{proof)
lemmas [ cat-sub-fw-cs-intros] = subcategory.subcat-is-left-inverseD

lemma (in subcategory) subcat-is-inverseD| cat-sub-fw-cs-intros]:
assumes is-inverse B g f
shows is-inverse € g f

{proof)
lemmas [ cat-sub-fw-cs-intros] = subcategory.subcat-is-inverseD

lemma (in subcategory) subcat-is-iso-arrD[ cat-sub-fw-cs-intros]:
assumes f : a —is08 b
shows f : a =is0p b

(proof)

lemmas [ cat-sub-fw-cs-intros] = subcategory.subcat-is-iso-arrD

lemma (in subcategory) subcat-the-inverse-simp| cat-sub-bw-cs-simps]:
assumes f : a =00 b
shows f_lc% = f_lcg

(proof)

lemmas [ cat-sub-bw-cs-simps] = subcategory.subcat-the-inverse-simp

lemma (in subcategory) subcat-obj-isoD:
assumes a ®,p 03 b
shows a ~,pj¢ b

{proof)

lemmas [ cat-sub-fw-cs-intros] = subcategory.subcat-obj-isoD

9.2.2 Subcategory relation is a partial order

lemma subcat-refl:
assumes category a A
shows 2 Coq A

(proof)

lemma subcat-trans:
assumes A Coq B and B Coy €
shows 2 o €

{proof)

lemma subcat-antisym:
assumes A Coq B and B Coq AU
shows 2 =B

{proof)
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9.3 Inclusion functor

9.3.1 Definition and elementary properties

See Chapter I-3 in [7].

abbreviation (input) cf-inc = V=V =V
where cf-inc = dghm-inc

Slicing.

lemma dghm-smcf-inc[ slicing-commaute]:
dghm-inc (cat-sme B) (cat-sme €) = cf-smef (cf-inc B €)
(proof)

Elementary properties.
lemmas [cat-cs-simps] =
dghm-inc-ObjMap-app
dghm-inc-ArrMap-app
9.3.2 Canonical inclusion functor associated with a subcategory
sublocale subcategory € inc: is-ft-functor a B € <cf-inc B &

(proof)

lemmas (in subcategory) subcat-cf-inc-is-ft-functor = inc.is-ft-functor-axioms

9.3.3 Inclusion functor for the opposite categories

lemma (in subcategory) subcat-cf-inc-op-cat-is-functor:
cf-inc (op-cat B) (op-cat €) : op-cat B = ¢ faithfuia op-cat €
(proof)

lemma (in subcategory) subcat-op-cat-cf-inc:
cf-inc (op-cat B) (op-cat €) = op-cf (cf-inc B €)
(proof)

9.4 Full subcategory
See Chapter I-3 in [7].

locale fi-subcategory = subcategory +

assumes fl-subcat-fl-subsemicategory: cat-smc B Sguc.fulia cat-sme €

abbreviation is-fl-subcategory («(-/ Sc.fuit -)» [51, 51] 50)
where B C¢ sy € = fl-subcategory o B €
Rules.

mk-ide rf fl-subcategory-def[unfolded fl-subcategory-azioms-def]
|intro fl-subcategoryl|
|dest fl-subcategoryD| dest]|
|elim fl-subcategoryE[ elim!]]

lemmas [ cat-sub-cs-intros] = fl-subcategoryD(1)

Elementary properties.

sublocale fi-subcategory < inc: is-fl-functor o B € <cf-inc B
{proof)
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9.5 Wide subcategory

9.5.1 Definition and elementary properties

See [1]3.

locale wide-subcategory = subcategory +
assumes wide-subcat-wide-subsemicategory: cat-smc B Ssaro.widea Cat-sme €

abbreviation is-wide-subcategory (<(-/ Sc.widel -)* [51, 51] 50)
where B Co yidea € = wide-subcategory a B €

Rules.

mk-ide rf wide-subcategory-def[unfolded wide-subcategory-azioms-def]
|intro wide-subcategoryl|
|dest wide-subcategoryD[ dest]|
|elim wide-subcategoryE[ elim!]]

lemmas [ cat-sub-cs-intros] = wide-subcategoryD(1)

Wide subcategory is wide subsemicategory.

context wide-subcategory
begin

interpretation wide-subsmc: wide-subsemicategory a <cat-sme B> <cat-sme &

{proof)

lemmas-with [unfolded slicing-simps]:
wide-subcat- Obj[ dg-sub-bw-cs-intros] = wide-subsmc.wide-subsme-Obj
and wide-subcat-obj-eq[ dg-sub-bw-cs-simps] = wide-subsmc.wide-subsme-obj-eq

end

lemmas [ cat-sub-bw-cs-simps] = wide-subcategory.wide-subcat-obj-eq[ symmetric]
lemmas [cat-sub-bw-cs-simps]| = wide-subsemicategory.wide-subsmc-obj-eq

9.5.2 The wide subcategory relation is a partial order

lemma wide-subcat-refl:
assumes category a A
shows 2 S widea A

{proof)

lemma wide-subcat-trans|trans):
assumes A S¢o yidea B and B S¢ yidea €
shows A S¢ widea €

{proof)

lemma wide-subcat-antisym:
assumes A So widea B and B So yidea A
shows 2 = B

{proof)

Shttps://ncatlab.org/nlab /show /wide4subcategory
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9.6 Replete subcategory

9.6.1 Definition and elementary properties

See nLab [1]*.

locale replete-subcategory = subcategory o B € for a B € +
assumes rep-subcat-is-iso-arr-is-arr:
ac B(Oj) = f:a—isog b= f:arpgb

abbreviation is-replete-subcategory (<(-/ Sc.rept -)» [51, 51] 50)
where B C¢ ,epa € = replete-subcategory o B €

Rules.

mk-ide rf replete-subcategory-def[unfolded replete-subcategory-azioms-def]
|intro replete-subcategoryl|
|dest replete-subcategoryD[ dest]|
|elim replete-subcategoryE| elim!]|

lemmas [ cat-sub-cs-intros] = replete-subcategoryD(1)

Elementary properties.

lemma (in replete-subcategory)
rep-subcat-is-iso-arr-is-iso-arr-left:
assumes a €, B(O0bj)) and [ : a =00 b
shows f: a ;500 b

(proof)

lemma (in replete-subcategory)
rep-subcat-is-iso-arr-is-iso-arr-right:
assumes b &, B(O0bj) and f: a —i50¢ b
shows f : a =0 b

{proof)

lemma (in replete-subcategory)
rep-subcat-is-iso-arr-is-iso-arr-left-iff:
assumes a €, B(0bj)
shows f : a =isom b= f1a =50 b

{proof)

lemma (in replete-subcategory)
rep-subcat-is-iso-arr-is-iso-arr-right-iff:
assumes b €, B(0bj))
shows f: a =08 b <= f 10 =500 b

{proof)

9.6.2 The replete subcategory relation is a partial order

lemma rep-subcat-refl:
assumes category a A
shows 2 C¢o repa A

{proof)

lemma rep-subcat-trans|trans):
assumes A C¢ repa B and B S repa €
shows 2 C¢ repa €

{proof)

*https://ncatlab.org/nlab/show /replete+subcategory
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lemma rep-subcat-antisym:
assumes A C¢ repa B and B Co pepa A
shows 2 =B

{proof)

9.7 Wide replete subcategory

9.7.1 Definition and elementary properties

locale wide-replete-subcategory =
wide-subcategory a B € + replete-subcategory a B € for a B €

abbreviation is-wide-replete-subcategory (<(-] So.wrl -)» [51, 51] 50)
where B Co yra € = wide-replete-subcategory o B €

Rules.

mk-ide rf wide-replete-subcategory-def
|intro wide-replete-subcategoryl|
|dest wide-replete-subcategoryD[ dest]|
|elim wide-replete-subcategoryE[ elim!]|

lemmas [ cat-sub-cs-intros] = wide-replete-subcategoryD

Wide replete subcategory preserves isomorphisms.

lemma (in wide-replete-subcategory)
wr-subcat-is-iso-arr-is-iso-arr:
f:a'_)iso% b(_)f:a'_)isoqu
{proof)

lemmas [ cat-sub-bw-cs-simps| =
wide-replete-subcategory.wr-subcat-is-iso-arr-is-iso-arr

9.7.2 The wide replete subcategory relation is a partial order

lemma wr-subcat-refi:
assumes category a A
shows A So wra A

{proof)

lemma wr-subcat-trans|trans]:
assumes A Co yra B and B o yra €
shows A So wra €

(proof)

lemma wr-subcat-antisym:
assumes A So yra B and B Co yra A
shows 2 =B

(proof)
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10 Simple categories

10.1 Background

The section presents a variety of simple categories, (such as the empty category 0 and the
singleton category 1) and functors between them (see [7] for further information).

10.2 Empty category 0

10.2.1 Definition and elementary properties

See Chapter I-2 in [7].
definition cat-0 :: V

where cat-0 = [0, 0, 0, 0, 0, 0],
Components.

lemma cat-0-components:
shows cat-0(Obj) = 0
and cat-0(Arr)) = 0
and cat-0(Dom|) = 0
and cat-0(Cod]) = 0
and cat-0(Comp)) = 0
and cat-0(CId) = 0
{proof)

Slicing.
lemma cat-smec-cat-0: cat-sme cat-0 = sme-0

{proof)

lemmas-with (in Z) [folded cat-smc-cat-0, unfolded slicing-simps]:
cat-0-is-arr-iff = smec-0-is-arr-iff

10.2.2 ( is a category

lemma (in Z) category-cat-0[ cat-cs-intros]: category a cat-0

{proof)

lemmas [cat-cs-intros] = Z.category-cat-0

10.2.3 Opposite of the category 0

lemma op-cat-cat-0[ cat-op-simps]: op-cat (cat-0) = cat-0
(proof)

10.3 Empty functors

10.3.1 Definition and elementary properties

definition c¢f-0: V= V
where ¢f-0 2 = [0, 0, cat-0, A,

Components.

lemma c¢f-0-components:
shows ¢f-0 2A(0bjMap|) = 0
and c¢f-0 A(ArrMap|) = 0
and cf-0 A(HomDom)|) = cat-0
and ¢f-0 A(HomCod)) = A
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(proof)

Slicing.

lemma cf-smcf-cf-0: cf-smef (¢f-0 A) = smcef-0 (cat-sme A)
(proof)

Opposite empty category homomorphism.

lemma op-cf-cf-0: op-cf (cf-0 €) = ¢f-0 (op-cat €)
(proof)

10.3.2 Object map

lemma cf-0-ObjMap-vsv| cat-cs-intros]: vsv (cf-0 €(ObjMap)))
(proof)

10.3.3 Arrow map

lemma cf-0-ArrMap-vsv| cat-cs-intros]: vsv (cf-0 €(ArrMap)))
{proof)

10.3.4 Empty functor is a faithful functor

lemma cf-0-is-ft-functor:

assumes category o A

shows c¢f-0 A : cat-0 PO Faithfulo A
(proof)

lemma cf-0-is-ft-functor’[ ¢f-cs-intros]:
assumes category o A

and B’ =2

and ' = cat-0
shows cf-0 2 : A" »>—c faithfuia B’
(proof )

lemma cf-0-is-functor:
assumes category a A
shows c¢f-0 A : cat-0 »—cgq A
(proof)

lemma cf-0-is-functor’[ cat-cs-intros]:
assumes category o A

and B’ =2

and A’ = cat-0
shows cf-0 2 : A" =g B’
(proof)

10.3.5 Further properties

lemma is-functor-is-cf-0-if-cat-0:
assumes § : cat-0 »—>cq €
shows § = ¢f-0 €

{proof)

lemma (in is-functor) cf-comp-cf-cf-0[ cat-cs-simps]: § ocr ¢f-0 A = ¢f-0 B
{proof)

lemmas [cat-cs-simps| = is-functor.cf-comp-cf-cf-0
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10.4 Empty natural transformation
10.4.1 Definition and elementary properties

See Chapter X-1 in [7].
definition ntcf-0 = V = V

where ntcf-0 € = [0, ¢f-0 €, ¢f-0 €, cat-0, €],
Components.

lemma ntcf-0-components:
shows ntcf-0 €(NTMap|) = 0

and [cat-cs-simps]: ntef-0 E(NTDom|) = cf-0 €
and [cat-cs-simps]: ntef-0 €(NTCod)) = ¢f-0 €
and [cat-cs-simps]: ntef-0 E(NTDGDoml|) = cat-0
and [cat-cs-simps]: ntcf-0 E(NTDGCod)) = €
{proof)
Slicing.

lemma ntcf-ntsmef-ntcf-0: ntef-ntsmef (ntef-0 A) = ntsmef-0 (cat-sme 2A)
(proof )
Duality.

lemma op-ntcf-ntcf-0: op-ntef (ntef-0 €) = nicf-0 (op-cat €)
(proof)

10.4.2 Natural transformation map
lemma nicf-0-NTMap-vsv[ cat-cs-intros]: vsv (ntef-0 €(NTMap)))
(proof)

lemma nicf-0-NTMap-vdomain| cat-cs-simps]: Do (ntcf-0 C(NTMap))) = 0
{proof)

lemma ntcf-0-NTMap-vrange| cat-cs-simps]: Ro (nitcf-0 €(NTMap))) = 0
(proof)

10.4.3 Empty natural transformation is a natural transformation

lemma (in category) cat-ntcf-0-is-nicfI:
ntef-0 € : ¢f-0 € »cop cf-0 €: cat-0 »—gq €
{proof)

lemma (in category) cat-ntcf-0-is-ntcfl'[ cat-cs-intros):
assumes §' = ¢f-0 €

and &' = ¢f-0 ¢

and A’ = cat-0

and B'=¢

and §' =%

and 6'= 6
shows ntcf-0 € : §' =cop & : A »c0q B’
(proof)

lemmas [cat-cs-intros] = category.cat-ntcf-0-is-ntcfl’

lemma is-ntcf-is-nicf-0-if-cat-0:

assumes N : § —or B : cat-0 > €

shows O = ntcf-0 € and § = ¢f-0 € and & = ¢f-0 €
(proof)
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10.4.4 Further properties

lemma ntcf-vcomp-ntcf-ntcf-0[ cat-cs-simps):
assumes N : F —»cop & : cat-0 »—>cq €
shows N -y 7o ntcf-0 € = ntef-0 €
{proof)

lemma ntcf-vcomp-ntcf-0-ntcf | cat-cs-simps):
assumes N : § »cp & : cat-0 »—>cq €
shows ntcf-0 € «xyrop N = ntcf-0 €
{proof)

lemma (in is-functor) cf-ntcf-comp-cf-ntef-0[ cat-cs-simps):
F ocr_nTCF ntef-0 A = ntef-0 B
{proof)

lemmas [cat-cs-simps] = is-functor.cf-ntcf-comp-cf-ntcf-0

10.5 I: category with one object and one arrow

10.5.1 Definition and elementary properties

See Chapter I-2 in [7].

definition cat-1:: V=V = V
where cat-1 a §f =

[
set {a},
set {f},
set {(f, a)},
set {(f, a)},
set {([f, flos )},

| set {(a, f)}

Components.

lemma cat-1-components:
shows cat-1 a f(Obj]) = set {a}
and cat-1 a f(Arr) = set {f}
and cat-1 a f(Dom)) = set {(f, a)}
and cat-1 a §(Cod)) = set {{f, a)}
and cat-1 a §(Comp|) = set {([f, flo, f)}
and cat-1 a f(CId]) = set {{a, f)}

{proof)
Slicing.
lemma smc-cat-1: cat-sme (cat-1 a §) = sme-1 a f

{proof)

lemmas-with [folded smc-cat-1, unfolded slicing-simps]:
cat-1-is-arrl = smc-1-is-arrl
and cat-1-is-arrD = smc-1-is-arrD
and cat-1-is-arrE = smc-1-is-arrk
and cat-1-is-arr-iff = smc-1-is-arr-iff
and cat-1-Comp-app| cat-cs-simps] = sme-1-Comp-app

10.5.2 Object

lemma cat-1-Objl[ cat-cs-intros]:
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assumes a = a
shows a €, cat-1 a § (Obj)

{proof)

10.5.3 Identity

lemma cat-1-Cld-app: cat-1 a f(CId))(a]) = §
(proof )

10.5.4 1 is a category

lemma (in Z) category-cat-1:
assumes a €, Vset o and § ¢, Vset a
shows category « (cat-1 a f)

{proof)

lemmas [cat-cs-intros| = Z.category-cat-1

lemma (in Z) finite-category-cat-1:
assumes a €, Vset o and § €, Vset o
shows finite-category o (cat-1 a f)

{proof)

lemmas [cat-small-cs-intros] = Z.finite-category-cat-1

10.5.5 Opposite of the category 1

lemma (in Z) cat-1-op[ cat-op-simps]:
assumes a €, Vset o and § ¢, Vset o
shows op-cat (cat-1 a ) = cat-1 a f
{proof)

lemma (in Z) cat-1-0p-0[ cat-op-simps]: op-cat (cat-1 0 0) = cat-1 0 0
{proof)

10.5.6 Further properties

lemma cf-const-if-HomCod-is-cat-1:
assumes K : B »>oq cat-1 a f
shows 8 = cf-const B (cat-1af) a

{proof)

lemma cf-const-if-HomDom-is-cat-1:

assumes K : cat-1 a f »>cq €

shows 8 = c¢f-const (cat-1 a f) € (R(ObjMapl)(a))
{proof)
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11 Discrete category

11.1 Abstract discrete category

named-theorems cat-discrete-cs-simps
named-theorems cat-discrete-cs-intros

11.1.1 Definition and elementary properties

See Chapter I-2 in [7].

locale cat-discrete = category a € for o € +
assumes cat-discrete-Arr: f €, €(Arr) = f ¢, Ro (€(CId)))

Rules.

lemma (in cat-discrete)
assumes o' = a €' = €
shows cat-discrete o’ €'

{proof)

mk-ide rf cat-discrete-def[unfolded cat-discrete-azioms-def]
|intro cat-discretel|
|dest cat-discreteD[ dest]|
|elim cat-discreteE[ eliml]]

lemmas [ cat-discrete-cs-intros] = cat-discreteD(1)

Elementary properties.

lemma (in cat-discrete) cat-discrete-is-arrD[ dest]:
assumes f : a —»¢ b
shows b = a and f = €(CId))(a)

{proof)

lemma (in cat-discrete) cat-discrete-is-arrE| elim]:
assumes f : b =g c
obtains a where f : a »¢ a and f = €(CId))(al
{proof)

11.2 The discrete category

As explained in Chapter I-2 in [7], every discrete category is identified with its set of objects.
In this work, it is assumed that the set of objects and the set of arrows in the canonical discrete
category coincide; the domain and the codomain functions are identities.

11.2.1 Definition and elementary properties

definition the-cat-discrete = V. = V (¢¢»)
where :¢ [ = [I, I, vid-on I, vid-on I, (\fgeofid-on I. fg(0)), vid-on I],

Components.

lemma the-cat-discrete-components:

shows :¢ I(Obj)) = I
and :¢ I(Arr) = T
and :¢ I(Dom|) = vid-on I
and :¢ I(Cod)) = vid-on I
and :¢ I(|Comp|) = (Afge,fid-on I. fg(0))
and :¢ I(CId)) = vid-on I

(proof)
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11.2.2 Domain

mk-VLambda the-cat-discrete-components(3)[folded VLambda-vid-on)
|vsv the-cat-discrete- Dom-vsv| cat-discrete-cs-intros]|
|vdomain the-cat-discrete-Dom-vdomain| cat-discrete-cs-simps]|
|app the-cat-discrete-Dom-app| cat-discrete-cs-simps]|

11.2.3 Codomain

mk-VLambda the-cat-discrete-components(4)|[folded VLambda-vid-on]
|vsv the-cat-discrete- Cod-vsv| cat-discrete-cs-intros]|
|vdomain the-cat-discrete-Cod-vdomain| cat-discrete-cs-simps]|
|app the-cat-discrete-Cod-app| cat-discrete-cs-simps]|

11.2.4 Composition

lemma the-cat-discrete-Comp-vsv[ cat-discrete-cs-intros]: vsv (:¢ I(Compl))

{proof)

lemma the-cat-discrete-Comp-vdomain: Dy (:¢ I1(Comp))) = fid-on I
(proof)

lemma the-cat-discrete-Comp-vrange:
Ro (o I(Comp))) = I
{proof)

lemma the-cat-discrete-Comp-app| cat-discrete-cs-simps]:
assumes i €, |
shows i oy, yi=1

{proof)

11.2.5 Identity

mk-VLambda the-cat-discrete-components(6)[folded VLambda-vid-on]
|vsv the-cat-discrete- CId-vsv[ cat-discrete-cs-intros]|
|vdomain the-cat-discrete- Cld-vdomain| cat-discrete-cs-simps]|
|app the-cat-discrete- Cld-app| cat-discrete-cs-simps]|

11.2.6 Arrow with a domain and a codomain

lemma the-cat-discrete-is-arrl:
assumes 7 €, [
shows i : i . i

{proof)

lemma the-cat-discrete-is-arrl'[ cat-discrete-cs-intros]:
assumes 7 €, |

and g = ¢

and b =1
shows i:aw, b
{proof)

lemma the-cat-discrete-is-arrD:
assumes [ :a . b
shows f:f. [f
and a:ar. ra
and b:br., b
and f e [
and a €, [
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and b e, [

and f = a

and f = b

and b = a
(proof)

11.2.7 The discrete category is a discrete category

lemma (in Z) cat-discrete-the-cat-discrete:
assumes [ S, Vset «
shows cat-discrete a (:¢ 1)

(proof)

lemmas [ cat-discrete-cs-intros] = Z.cat-discrete-the-cat-discrete

11.2.8 Opposite discrete category

lemma (in Z) the-cat-discrete-op| cat-op-simps]:
assumes [ S, Vset o
shows op-cat (:¢ I) =:¢c I

{proof)

11.3 Discrete functor

11.3.1 Local assumptions for the discrete functor

See Chapter III in [7]).

locale cf-discrete = category a € for o I F € +
assumes cf-discrete-selector-vrange[ cat-discrete-cs-intros):
i€ I = Fie¢, €(0bj)
and cf-discrete-vdomain-vsubset- Vset: I c, Vset o

lemmas (in cf-discrete) cf-discrete-category = category-azioms

lemmas [cat-discrete-cs-intros] = cf-discrete.cf-discrete-category

Rules.

lemma (in cf-discrete) cf-discrete-axioms’| cat-discrete-cs-intros]:
assumes o’ =aqand I'=Tand F'=F
shows cf-discrete o' I' F' €

{proof)

mk-ide rf cf-discrete-def[unfolded cf-discrete-axioms-def]
|intro cf-discretel|
|dest cf-discreteD][ dest]
|elim cf-discreteE[ elim]]

Elementary properties.

lemma (in cf-discrete) cf-discrete-is-functor-cf-Cld-selector-is-arr:
assumes ¢ €, [
shows C(CId)(F i) : Fi—g F i
(proof)

lemma (in cf-discrete)
cf-discrete-is-functor-cf- Cld-selector-is-arr'| cat-discrete-cs-intros|:
assumes i €&, [ and a = Fiand b= F ¢
shows C(CId)(F i) : a =g b
(proof)
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11.3.2 Definition and elementary properties

definition the-cf-discrete = V = (V = V) = V = V (¢=b)
where :>: [ F € = [VLambda I F, (\ie,I. €(CIA)(F i), :c I, €]o

Components.

lemma the-cf-discrete-components:
shows :—»: [ F €(ObjMap|) = (Nie.I. F i)
and :—: I F €(ArrMap)) = (AieI. €(CId)(F i)
and [cat-discrete-cs-simps): :—: [ F €(HomDom)|) = :¢ [
and [cat-discrete-cs-simps]: :—>: [ F €(HomCod|) = €
{proof)

11.3.3 Object map

mk-VLambda the-cf-discrete-components(1)
|vsv the-cf-discrete-ObjMap-vsv| cat-discrete-cs-intros]|
|vdomain the-cf-discrete-ObjMap-vdomain] cat-discrete-cs-simps]|
|app the-cf-discrete-ObjMap-app| cat-discrete-cs-simps]|

lemma (in cf-discrete) cf-discrete-the-cf-discrete-ObjMap-vrange:
Ro (:=: I F €(0bjMap))) <, €(0bj))
(proof)

11.3.4 Arrow map

mk-VLambda the-cf-discrete-components(2)
|vsv the-cf-discrete- ArrMap-vsv| cat-discrete-cs-intros]|
|vdomain the-cf-discrete- ArrMap-vdomain] cat-discrete-cs-simps]|
|app the-cf-discrete- ArrMap-app| cat-discrete-cs-simps]|

lemma (in cf-discrete) cf-discrete-the-cf-discrete-ArrMap-vrange:
Ro (:=: I F €(ArrMap)) <o €(Arr)
(proof)

11.3.5 Discrete functor is a functor

lemma (in cf-discrete) cf-discrete-the-cf-discrete-is-functor:
> IFC:iclmon €
{proof)

lemma (in cf-discrete) cf-discrete-the-cf-discrete-is-functor”:
assumes A’ =:¢ T and €' = ¢
shows i [ F € : A’ =g €
(proof)

lemmas [cat-discrete-cs-intros] =
cf-discrete.cf-discrete-the-cf-discrete-is-functor’
11.3.6 Uniqueness of the discrete category

lemma (in cat-discrete) cat-discrete-iso-the-cat-discrete:
assumes [ S, Vset a and I ~, €(Obj)
obtains F where :>: [ F € ::¢ [ »—¢ 500 €

{proof)
11.3.7 Opposite discrete functor

lemma (in cf-discrete) cf-discrete-the-cf-discrete-op| cat-op-simps]:
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op-¢f (= IF €) =:5:1F (op-cat €)
{proof)

lemmas [cat-op-simps]| = cf-discrete.cf-discrete-the-cf-discrete-op

lemma (in c¢f-discrete) cf-discrete-op| cat-op-intros]:
cf-discrete a I F (op-cat €)
{proof)

lemmas [cat-op-intros| = cf-discrete.cf-discrete-op

11.4 Tiny discrete category
11.4.1 Background

named-theorems cat-small-discrete-cs-simps

named-theorems cat-small-discrete-cs-intros

lemmas [ cat-small-discrete-cs-simps] = cat-discrete-cs-simps
lemmas [cat-small-discrete-cs-intros] = cat-discrete-cs-intros

11.4.2 Definition and elementary properties

locale tiny-cat-discrete = cat-discrete o € + tiny-category a € for a €

Rules.

lemma (in tiny-cat-discrete) tiny-cat-discrete-axioms'| cat-discrete-cs-intros]:
assumes o' = ¢ and €' = €
shows tiny-cat-discrete o’ €'

{proof)

mk-ide rf tiny-cat-discrete-def
|intro tiny-cat-discretel
|dest tiny-cat-discreteD[ dest]
|elim tiny-cat-discreteE[ elim]|

lemmas [ cat-small-discrete-cs-intros] = tiny-cat-discreteD

lemma tiny-cat-discretel
assumes tiny-category o € and Af. f €, €(Arr) = f €, R, (€(CId))
shows tiny-cat-discrete a €

{proof)

11.4.3 The discrete category is a tiny category

lemma (in Z) tiny-cat-discrete-the-cat-discrete| cat-small-discrete-cs-intros|:
assumes [ ¢, Vset a
shows tiny-cat-discrete o (:¢ I)

{proof)

lemmas [ cat-small-discrete-cs-intros] = Z.cat-discrete-the-cat-discrete

11.5 Discrete functor with tiny maps

11.5.1 Definition and elementary properties

locale tm-cf-discrete = category o € for o [ F € +
assumes tm-cf-discrete-selector-vrange[ cat-small-discrete-cs-intros]:
i€ I = Fie, €(Obj)
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and tm-cf-discrete-ObjMap-in-Vset: VLambda I F €, Vset «
and tm-cf-discrete-ArrMap-in-Vset: (i€, I. €(CId)(F i) €, Vset «

Rules.

lemma (in tm-cf-discrete) tm-cf-discrete-azioms'] cat-small-discrete-cs-intros):
assumes ' =aand I'=and F'= F
shows tm-cf-discrete ' I' F' €

{proof)

mk-ide rf tm-cf-discrete-def[unfolded tm-cf-discrete-axioms-def]
|intro tm-cf-discretel|
|dest tm-cf-discreteD[ dest]|
|elim tm-cf-discreteE[ elim]|

lemma tm-cf-discretel "
assumes cf-discrete a [ F €
and (Mie.I. F i) €, Vset o
and (\ie, . €(CId)(F i) o Vset o
shows tm-cf-discrete a I F €
{proof)

Elementary properties.

sublocale tm-cf-discrete C cf-discrete
{proof)

lemmas (in tm-cf-discrete) tm-cf-discrete-is-cf-discrete-axioms =
cf-discrete-axioms

lemmas [ cat-small-discrete-cs-intros] =
tm-cf-discrete.tm-cf-discrete-is-cf-discrete-axioms

lemma (in tm-cf-discrete)
tm-cf-discrete-indez-in- Vset[ cat-small-discrete-cs-intros|:
I e, Vset a

(proof)

11.5.2 Opposite discrete functor with tiny maps

lemma (in tm-cf-discrete) tm-cf-discrete-op[ cat-op-intros]:
tm-cf-discrete o I F (op-cat €)
(proof )

lemmas [cat-op-intros] = tm-cf-discrete.tm-cf-discrete-op

11.5.3 Discrete functor with tiny maps is a functor with tiny maps
lemma (in tm-cf-discrete) tm-cf-discrete-the-cf-discrete-is-tm-functor:

> [ FC::c ] o imaC

(proof)

lemma (in tm-cf-discrete) tm-cf-discrete-the-cf-discrete-is-tm-functor”:
assumes A’ =:c T and ¢’ = ¢
shows :>: T F € : A" =0 yma €

{proof)

lemmas [cat-discrete-cs-intros] =
tm-cf-discrete.tm-cf-discrete-the-cf-discrete-is-tm-functor’
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12 -« and <-—: cospan and span

12.1 Background

General information about —+« and «<-— (also known as cospans and spans, respectively) can
be found in in Chapters I1I-3 and I1I-4 in [7], as well as nLab [1]%°.

named-theorems cat-ss-cs-simps
named-theorems cat-ss-cs-intros

named-theorems cat-ss-elem-simps

definition 0ggs where [cat-ss-elem-simps]: 055 = 0
definition agg where [cat-ss-elem-simps]: ags = In
definition bggs where [cat-ss-elem-simps]: bss = 2N
definition ggs where [cat-ss-elem-simps]: gss = 9N
definition fgs where [cat-ss-elem-simps]: fss = 4N

lemma cat-ss-ineq:

shows cat-ss-ab[ cat-ss-cs-intros]: ags # bgs
and cat-ss-ao[ cat-ss-cs-intros]: ags # 0ss
and cat-ss-bo[ cat-ss-cs-intros]: bgs # 0gs
and cat-ss-gf| cat-ss-cs-intros]: gss # fss
and cat-ss-ga[ cat-ss-cs-intros]: gss + ass
and cat-ss-gb[ cat-ss-cs-intros]: gss # bss
and cat-ss-go[ cat-ss-cs-intros]: gss # 0ss
and cat-ss-fa[ cat-ss-cs-intros): fss # asg
and cat-ss-fb[ cat-ss-cs-intros]: fgs # bss
and cat-ss-fo[ cat-ss-cs-intros]: fss # oss

(proof)

lemma (in 2)
shows cat-ss-a[ cat-ss-cs-intros]: aggs €, Vset «
and cat-ss-b[ cat-ss-cs-intros]: bgg €, Vset o
and cat-ss-o[ cat-ss-cs-intros): ogg €, Vset «
and cat-ss-g[ cat-ss-cs-intros]: gss €. Vset «
and cat-ss-f[ cat-ss-cs-intros]: fss €, Vset a

{proof)

12.2 Composable arrows in -« and «-—

abbreviation cat-scospan-composable == V
where cat-scospan-composable =
(set {055} xe set {055, 955, fs5}) Vo
(set {gss, ass} xe set {ass}) Uo
(set {fss, bss} xe set {bss})

abbreviation cat-sspan-composable :: 'V
where cat-sspan-composable = ( cat-scospan-composable) ™,

Rules.

lemma cat-scospan-composable-00[ cat-ss-cs-intros]:
assumes g = 055 and f = 0gg
shows (g, f]o € cat-scospan-composable

{proof)

Shttps://ncatlab.org/nlab/show /cospan
Shttps://ncatlab.org/nlab/show/span
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lemma cat-scospan-composable-og[ cat-ss-cs-intros]:
assumes g = 0gs and [ = ggg
shows [g, f]o € cat-scospan-composable

{proof)

lemma cat-scospan-composable-of[ cat-ss-cs-intros):
assumes ¢ = 0gg and f = fgg
shows [g, flo € cat-scospan-composable

{proof)

lemma cat-scospan-composable-ga| cat-ss-cs-intros]:
assumes ¢ = gss and [ = agg
shows [g, flo € cat-scospan-composable

{proof)

lemma cat-scospan-composable-fb[ cat-ss-cs-intros]:
assumes ¢ = fgg and f = bgg
shows (g, flo € cat-scospan-composable

{proof)

lemma cat-scospan-composable-aa[ cat-ss-cs-intros]:
assumes ¢ = agg and f = agg
shows (g, flo € cat-scospan-composable

(proof)

lemma cat-scospan-composable-bb| cat-ss-cs-intros|:
assumes g = bgg and f = bgg
shows (g, f]o € cat-scospan-composable

{proof)

lemma cat-scospan-composableF:
assumes [g, f]o € cat-scospan-composable
obtains g = 055 and f = 055
| g =0ss and f = ggg
| g =o0gs and f = fgg
| 9= gss and f = ags
| g =fss and f = bgs
| g =ass and f = ass
| g=bss and f = bgg
(proof )

lemma cat-sspan-composable-o0] cat-ss-cs-intros]:
assumes g = 0gs and f = 0gg
shows [g, flo € cat-sspan-composable

{proof)

lemma cat-sspan-composable-go|[ cat-ss-cs-intros):
assumes ¢ = gss and f = 0gg
shows [g, flo € cat-sspan-composable

{proof)

lemma cat-sspan-composable-fo[ cat-ss-cs-intros]:
assumes ¢ = fgg and f = 0gg
shows (g, f]o €, cat-sspan-composable

{proof)

lemma cat-sspan-composable-ag[ cat-ss-cs-intros]:
assumes ¢ = agg and f = gggs
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shows [g, flo € cat-sspan-composable
(proof)

lemma cat-sspan-composable-bf| cat-ss-cs-intros]:
assumes ¢ = bgg and f = fgg
shows (g, flo €, cat-sspan-composable

{proof)

lemma cat-sspan-composable-aa[ cat-ss-cs-intros):
assumes g = agg and f = agg
shows (g, flo €, cat-sspan-composable
(proof)

lemma cat-sspan-composable-bb[ cat-ss-cs-intros]:
assumes ¢ = bgg and f = bgg
shows (g, f]o €, cat-sspan-composable

{proof)

lemma cat-sspan-composableE:
assumes [g, f]o € cat-sspan-composable
obtains g = 055 and f = 0gg
| 9= gss and f = 055
| g =fssand f = 0gg
| g = ags and f = ggg
| g=bss and f = fss
| g = ass and f = ags
| g=bssand f = bgg
(proof)

12.3 Categories —»« and «-—

12.3.1 Definition and elementary properties

See Chapter III-3 and Chapter I1I-4 in [7].

definition the-cat-scospan = V (> c»)
where —»«o =
[
set {agg, bsg, 055},
set {ass, gss, 055, fss, bss},
(
Azeoset {ags, gss, 055, fss, bss}
if T =ass = ags
| z = bgs = bgs
| = gss = ags
| z = fss = bgs
| otherwise = 0gg
)
(
Azeoset {ags, gss, 055, fss, bss}
ifz=ags = ags
| z = bgs = bgg
| otherwise = 0gg
);
(
Agfe, cat-scospan-composable.
if gf = [0ss, 955]0 = @s5
| gf = [o0ss, fsslo = fss
| otherwise = gf(|0)
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),

vid-on (set {asgs, bss, 0ss})
Jo

definition the-cat-sspan = V (<<—¢»)
where «-—¢o =
[
set {ass, bss, 055},
set {ass, gss, 0ss, fss, bss},

Aze,set {ags, 959, 0553, fss, bss})
ifr = ags = agg

| z = bgs = bgs

| otherwise = o0gg

);
(

Azeoset {ass, gss, 053, fss, bss}-
if z = ags = ags

| z=bgg = bgg

| T = gss = ass

| = fss = bgs

| otherwise = 0gg

),
(

Agfe, cat-sspan-composable.
if 9f = [ass, 9sslo = @55
| 9f = [bss, fsslo = fss
| otherwise = gf(|0)

)

vid-on (set {ass, bss, 0ss})
Jo

Components.

lemma the-cat-scospan-components:
shows —-«<(Obj]) = set {ass, bss, 055}
and —-<c(Arr) = set {ass, 955, 055, fs5, bss}

and —-<¢(Dom|) =

Az€oset {ags, gss, 0ss, fss, bss}
if z=ass = agg

| z=bss = bss

| T =gss = ass

| © = fss = bgs

| otherwise = o0gg

)
and —+«<¢(Cod)) =

(

Azeoset {ags, gss, 055, fss, bss}
Zfl’ =0ags = aggs

| z=bss = bsg

| otherwise = 0gg

and —+«¢c(Comp|) =

(
Agfe, cat-scospan-composable.
if of = [0ss, 955lo = gss

| 9f = [0ss, fsslo = fss

| otherwise = gf(0)
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)

and -« (CId) = vid-on (set {ags, bss, 055})
(proof)

lemma the-cat-sspan-components:
shows «-—(O0bj]) = set {ass, bss, 055}
and <«-—¢(Arr|) = set {ass, gss, 055, fss, bss}
and «-—¢(Dom)|) =

Azeoset {ags, gss, 055, fss, bss}
ifz=ass = ass
| T = bss = bss
| otherwise = 0gg
)
and «-—¢(Cod|) =
(
Aze.set {ags, gss, 0ss, fss, bss}
ifz =agsg = ags
| xr = bSS = bSS
| = gss = ags
| = fss = bgs
| otherwise = 0gg

)

and «-—¢(Comp)) =

(

Agfe, cat-sspan-composable.
if 9f = [ass, g9sslo = Oss
| f = [bss, fsslo = fss
| otherwise = gf(0)

and «-—¢(CId)) = vid-on (set {ass, bss, 05s5})
(proof)

Elementary properties.

lemma the-cat-scospan-components-vsv| cat-ss-cs-intros): vsv (—+<¢)

{proof)

lemma the-cat-sspan-components-vsv[ cat-ss-cs-intros]: vsv («—¢)

{proof)

12.3.2 Objects

lemma the-cat-scospan-Obj-oI[ cat-ss-cs-intros]:
assumes a = 0g5g
shows a €, —<c(O0bj))

{proof)

lemma the-cat-scospan-Obj-al[ cat-ss-cs-intros):
assumes a = dgg
shows a €, >+« ¢(0bj)

{proof)

lemma the-cat-scospan-0bj-bI| cat-ss-cs-intros]:
assumes a = bgg
shows a €, —-< ¢ (0bj)

{proof)

lemma the-cat-scospan-ObjE:

152



assumes a €, —-<¢(0bj)
obtains (a = 055> | <a = agg) | <a = bgg>

{proof)

lemma the-cat-sspan-Obj-oI[ cat-ss-cs-intros]:
assumes a = 0gg
shows a €, «—¢(0bj)

{proof)

lemma the-cat-sspan-Obj-al[ cat-ss-cs-intros):
assumes a = dgg
shows a €, «—¢(0bj)

{proof)

lemma the-cat-sspan-Obj-bI|[ cat-ss-cs-intros]:
assumes a = bgg
shows a €, «—c(Obj))

{proof)

lemma the-cat-sspan-ObjE:
assumes a €, <—¢(0bj))
obtains (a = 055> | <a = agg) | <a = bgg>

{proof)

12.3.3 Arrows

lemma the-cat-scospan-Arr-al[ cat-ss-cs-intros]:
assumes a = agg
shows a €, —<c(Arr)

{proof)

lemma the-cat-scospan-Arr-bI[ cat-ss-cs-intros]:
assumes a = bgg
shows a €, -+« (Arr|

{proof)

lemma the-cat-scospan-Arr-ol| cat-ss-cs-intros]:
assumes a = 0gg
shows a €, -+« (Arr|

(proof)

lemma the-cat-scospan-Arr-gl| cat-ss-cs-intros):
assumes a = ggs
shows a €, -+« (Arr|

{proof)

lemma the-cat-scospan-Arr-f1[ cat-ss-cs-intros]:
assumes a = fsgs
shows a €, -+« (Arr|

{proof)

lemma the-cat-scospan-ArrE:
assumes [ €, >« c(Arr)
obtains f = ags) | <f = bss) | (f =055 | <f =955 | f = fss

{proof)

lemma the-cat-sspan-Arr-al[ cat-ss-cs-intros]:
assumes a = agg
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shows a €, «—¢(Arr|

{proof)

lemma the-cat-sspan-Arr-bI[ cat-ss-cs-intros]:
assumes a = bgg
shows a €, «—¢(Arr|

{proof)

lemma the-cat-sspan-Arr-oI[ cat-ss-cs-intros]:
assumes a = 0gg
shows a €, «—¢(Arr|

{proof)

lemma the-cat-sspan-Arr-gI[ cat-ss-cs-intros):
assumes a = gsg
shows a €, «—c(Arr|

{proof)

lemma the-cat-sspan-Arr-fI[ cat-ss-cs-intros]:
assumes a = fsg
shows a €, «—¢(Arr|

{proof)

lemma the-cat-sspan-ArrE:
assumes f €, <—>c(Arr)
obtains <f = agge) | <f = bss> | <f =059 | <f =gss* | <f = fss»
(proof)

12.3.4 Domain

mk-VLambda the-cat-scospan-components(3)
|vsv the-cat-scospan-Dom-vsv| cat-ss-cs-intros]|
|vdomain the-cat-scospan-Dom-vdomain| cat-ss-cs-simps]|

lemma the-cat-scospan-Dom-app-a[ cat-ss-cs-simps]:
assumes [ = agg
shows —-<c(Dom))(f]) = ass

{proof)

lemma the-cat-scospan-Dom-app-b[ cat-ss-cs-simps]:
assumes f = bgg
shows —-<c(Dom))(f]) = bss

{proof)

lemma the-cat-scospan-Dom-app-o[ cat-ss-cs-simps):
assumes f = 0gg
shows —-«c(Dom|)(f]) = 055

{proof)

lemma the-cat-scospan-Dom-app-g| cat-ss-cs-simps]:
assumes [ = ggg
shows —-<c(Dom|)(f) = ass

{proof)

lemma the-cat-scospan-Dom-app-f[ cat-ss-cs-simps]:
assumes f = fgg
shows —-<c(Dom|)(f) = bss

{proof)
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mk-VLambda the-cat-sspan-components(3)
|vsv the-cat-sspan-Dom-vsv[ cat-ss-cs-intros]|
|vdomain the-cat-sspan-Dom-vdomain| cat-ss-cs-simps]|

lemma the-cat-sspan-Dom-app-a| cat-ss-cs-simps):
assumes [ = agg
shows «<—¢c(Dom|)(f]) = ass
(proof)

lemma the-cat-sspan-Dom-app-b| cat-ss-cs-simps]:
assumes f = bgg
shows «<-—¢(Dom|)(f]) = bss
(proof)

lemma the-cat-sspan-Dom-app-o[ cat-ss-cs-simps]:
assumes f = 0gg
shows «-—c(Dom|)(f]) = 0ss
(proof )

lemma the-cat-sspan-Dom-app-g| cat-ss-cs-simps]:
assumes [ = ggg
shows «-—c(Dom|)(f]) = 0ss
(proof)

lemma the-cat-sspan-Dom-app-f| cat-ss-cs-simps]:
assumes f = fgg
shows «-—¢c(Dom))(f]) = 0ss
(proof)

12.3.5 Codomain

mk-VLambda the-cat-scospan-components(4)
|vsv the-cat-scospan-Cod-vsv[ cat-ss-cs-intros]|
|vdomain the-cat-scospan-Cod-vdomain| cat-ss-cs-simps]|

lemma the-cat-scospan-Cod-app-a[ cat-ss-cs-simps]:
assumes [ = agg
shows —-« (| Cod))(f]) = ass
(proof)

lemma the-cat-scospan-Cod-app-b[ cat-ss-cs-simps]:
assumes f = bgg
shows —-«¢(Cod)(f]) = bss
(proof)

lemma the-cat-scospan-Cod-app-o| cat-ss-cs-simps]:
assumes f = 0gg
shows —-« (| Cod))(f]) = 0ss
(proof )

lemma the-cat-scospan-Cod-app-g| cat-ss-cs-simps]:
assumes [ = ggg
shows —+<¢(Cod)(f]) = 0ss
(proof )

lemma the-cat-scospan-Cod-app-f[ cat-ss-cs-simps]:
assumes f = fgg
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shows —-«(|Cod))(f]) = 0ss
(proof)

mk-VLambda the-cat-sspan-components(4)
|vsv the-cat-sspan-Cod-vsv| cat-ss-cs-intros]|
|vdomain the-cat-sspan-Cod-vdomain][ cat-ss-cs-simps]|

lemma the-cat-sspan-Cod-app-a[ cat-ss-cs-simps]:
assumes f = agg
shows «—¢(Cod))(f]) = ass
(proof )

lemma the-cat-sspan-Cod-app-b| cat-ss-cs-simps):
assumes f = bgg
shows «—¢(Cod))(f]) = bss
(proof)

lemma the-cat-sspan-Cod-app-o[ cat-ss-cs-simps]:
assumes f = 0gg
shows «—¢(Cod))(f]) = 055
(proof)

lemma the-cat-sspan-Cod-app-g[ cat-ss-cs-simps]:
assumes [ = ggg
shows «-—¢(Cod)(f]) = ass
(proof)

lemma the-cat-sspan-Cod-app-f[ cat-ss-cs-simps]:
assumes f = fgg
shows «—c(Cod)(f]) = bss

{proof)

12.3.6 Composition

mk-VLambda the-cat-scospan-components(5)
|vsv the-cat-scospan-Comp-vsu[ cat-ss-cs-intros]|
|vdomain the-cat-scospan-Comp-vdomain| cat-ss-cs-simps]|

lemma the-cat-scospan-Comp-app-aa[ cat-ss-cs-simps]:
assumes g = ags and f = agg
shows g op—co f=ggoaseo f=f

{proof)

lemma the-cat-scospan-Comp-app-bb[ cat-ss-cs-simps]:
assumes g = bgg and f = bgg
shows g opmeco f=ggonsco f =]

{proof)

lemma the-cat-scospan-Comp-app-00[ cat-ss-cs-simps|:
assumes g = 0gs and f = 0gg
shows gogsc f=ggopascec f=f

{proof)

lemma the-cat-scospan-Comp-app-0g[ cat-ss-cs-simps]:
assumes g = 0gs and [ = ggg
shows g opscc f=f

{proof)
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lemma the-cat-scospan-Comp-app-of| cat-ss-cs-simps]:
assumes ¢ = 0gg and f = fgg
Shows g o4ec f = f

{proof)

lemma the-cat-scospan-Comp-app-ga[ cat-ss-cs-simps|:
assumes ¢ = gss and [ = agg
shows g opsc f=y¢g

{proof)

lemma the-cat-scospan-Comp-app-fb| cat-ss-cs-simps]:
assumes ¢ = fgg and f = bgg
shows g ogsc f= g

{proof)

mk-VLambda the-cat-sspan-components(5)
|vsv the-cat-sspan-Comp-vsv[ cat-ss-cs-intros]|
|vdomain the-cat-sspan-Comp-vdomain| cat-ss-cs-simps]|

lemma the-cat-sspan-Comp-app-aa[ cat-ss-cs-simps]:
assumes g = agg and f = agg
shows g opno f=ggonc—o f =]

{proof)

lemma the-cat-sspan-Comp-app-bb| cat-ss-cs-simps]:
assumes ¢ = bgg and f = bgg
shows g cpcse f=ggos——nc f=Ff

{proof)

lemma the-cat-sspan-Comp-app-00[ cat-ss-cs-simps]:
assumes ¢ = 0gg and f = 0gg
shows g opno f=ggonc—o f=f

{proof)

lemma the-cat-sspan-Comp-app-ag[ cat-ss-cs-simps]:
assumes ¢ = aggs and f = gggs
shows g o4 f = f

{proof)

lemma the-cat-sspan-Comp-app-bf| cat-ss-cs-simps]:
assumes ¢ = bgg and f = fgg
shows g op«se f = f

{proof)

lemma the-cat-sspan-Comp-app-go| cat-ss-cs-simps]:
assumes ¢ = gss and f = 0gg
shows g ogyewsc f=yg

(proof)

lemma the-cat-sspan-Comp-app-fo[ cat-ss-cs-simps]:
assumes g = fss and f = 055
shows g openp f=¢g

{proof)

12.3.7 Identity

mk-VLambda the-cat-scospan-components(6)[folded VLambda-vid-on]
|vsv the-cat-scospan-Cld-vsv[ cat-ss-cs-intros]|
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|vdomain the-cat-scospan-CId-vdomain| cat-ss-cs-simps]|
lapp the-cat-scospan-Cld-app] cat-ss-cs-simps]|

mk-VLambda the-cat-sspan-components(6)[folded VLambda-vid-on]
|vsv the-cat-sspan-Cld-vsv[ cat-ss-cs-intros]|
|vdomain the-cat-sspan-Cld-vdomain| cat-ss-cs-simps]|
|app the-cat-sspan-Cld-app| cat-ss-cs-simps]|

12.3.8 Arrow with a domain and a codomain

lemma the-cat-scospan-is-arr-aaa[ cat-ss-cs-intros]:
assumes o’ = agg and b’ = agg and f = agg
shows [ :a' o b’

(proof)

lemma the-cat-scospan-is-arr-bbb[ cat-ss-cs-intros):
assumes a’ = bgg and b’ = bgg and f = bgg
shows [ :a' > b’

{proof)

lemma the-cat-scospan-is-arr-o00[ cat-ss-cs-intros|:
assumes a’ = 0g5 and b’ = 055 and f = 0gg
shows [ :a' > b’

(proof)

lemma the-cat-scospan-is-arr-aog[ cat-ss-cs-intros|:
assumes o’ = agg and b’ = 055 and f = ggg
shows [ :a' > b’

(proof)

lemma the-cat-scospan-is-arr-bof| cat-ss-cs-intros]:
assumes ¢’ = bgs and b’ = 055 and f = fsg
shows [ :a' > b

{proof)

lemma the-cat-scospan-is-arrE:
assumes f':a’' > b’
obtains o' = agg and b’ = agg and f’' = agg
‘ a' = 555 and b' = bss and f’ = bgs
‘ a' = 0ss and b’ = 0ss and f’ =0s¢s
‘ a' = ass and b’ = 0ss and f’ =gss
‘ a' = bSS and b’ = 0ss and f’ = fSS
{proof)

12.3.9 —-« is a finite category

lemma (in Z) finite-category-the-cat-scospan| cat-ss-cs-intros):
finite-category a (—+<¢)
{proof)

lemmas [cat-ss-cs-intros] = Z.finite-category-the-cat-scospan

12.3.10 Duality for —»-« and <«:—

lemma the-cat-scospan-op[ cat-op-simps]: op-cat (—<¢) = «<—¢
(proof)

lemma (in Z) the-cat-sspan-op[ cat-op-simps]: op-cat («+—¢) = ><¢
{proof)

158



lemmas [cat-op-simps] = Z.the-cat-sspan-op

12.3.11 <«-— is a finite category

lemma (in Z) finite-category-the-cat-sspan| cat-ss-cs-intros]:
finite-category a (<+—¢)
{proof)

12.4 Local assumptions for functors from —:«< and «-—

The functors from —-« and «-— are introduced as convenient abstractions for the definition of
the pullbacks and the pushouts (e.g., see Chapter III-3 and Chapter I1I-4 in [7]).

12.4.1 Definitions and elementary properties

locale cf-scospan = category o € for a agofb € +
assumes cf-scospan-g| cat-ss-cs-intros]: g : a —g 0
and cf-scospan-f[ cat-ss-cs-intros]: f : b =g 0

lemma (in cf-scospan) cf-scospan-g'[ cat-ss-cs-intros]:
assumes ¢ =aand b =0
shows g: a =g b

{proof)

lemma (in cf-scospan) cf-scospan-g'’[ cat-ss-cs-intros|:
assumes g =gand b =0
shows g:a ¢ b

{proof)

lemma (in cf-scospan) cf-scospan-g'''[ cat-ss-cs-intros]:
assumes g =gand a = a
shows g:a g 0

{proof)

lemma (in cf-scospan) cf-scospan-'[ cat-ss-cs-intros]:
assumes ¢ =band b =0
shows f: a g b

{proof)

lemma (in cf-scospan) cf-scospan-f''[ cat-ss-cs-intros]:
assumes f=fand b =0
shows f: b g b
{proof)

lemma (in cf-scospan) cf-scospan-§"""[ cat-ss-cs-intros]:
assumes g = fand b =0
shows g: b ¢ 0

{proof)

locale cf-sspan = category o € for c a g o f b and € +
assumes cf-sspan-g[ cat-ss-cs-intros]: g : o e a
and cf-sspan-f[ cat-ss-cs-intros]: f : 0 =g b

lemma (in cf-sspan) cf-sspan-g'[ cat-ss-cs-intros]:
assumes ¢ =0 and b =a
shows g:a g b

{proof)
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lemma (in cf-sspan) cf-sspan-g'’[ cat-ss-cs-intros):
assumes g =gand a = a
shows g: 0 ¢ a

{proof)

lemma (in cf-sspan) cf-sspan-g'"'[ cat-ss-cs-intros):
assumes g =gand a =0
shows g: a —¢ a

{proof)

lemma (in c¢f-sspan) cf-sspan-f'| cat-ss-cs-intros]:
assumes g =oand b="b
shows §: a =g b

{proof)

lemma (in cf-sspan) cf-sspan-f'’[ cat-ss-cs-intros]:
assumes f=fand b=1b
shows f:0 ¢ b
(proof )

lemma (in cf-sspan) cf-sspan-f'’’[ cat-ss-cs-intros]:
assumes f = fand b =0
shows f: b —¢g b
{proof)

Rules.

lemmas (in c¢f-scospan) [cat-ss-cs-intros] = cf-scospan-axioms

mk-ide rf cf-scospan-def[unfolded cf-scospan-azioms-def]
|intro cf-scospanl|

|dest cf-scospanD|[ dest]|
lelim cf-scospanE|[ elim]|

lemmas [ cat-ss-cs-intros] = cf-scospanD(1)
lemmas (in cf-sspan) [cat-ss-cs-intros] = cf-sspan-axioms
mk-ide rf cf-sspan-def[unfolded cf-sspan-azioms-def]
|intro cf-sspanl|
|dest cf-sspanD[ dest]|

|elim cf-sspanE[ elim]|

Duality.
lemma (in cf-scospan) cf-sspan-op[ cat-op-intros]:
cf-sspan o a g o §b (op-cat €)
(proof)
lemmas [ cat-op-intros] = cf-scospan.cf-sspan-op
lemma (in cf-sspan) cf-scospan-op| cat-op-intros):
cf-scospan o a g o f b (op-cat €)
(proof)

lemmas [cat-op-intros] = cf-sspan.cf-scospan-op
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12.5 Functors from —-« and <«-—

12.5.1 Definition and elementary properties

definition the-cf-scospan =V =V =V =V =V =V =V
((-=-—-e-<-)opv [51, 51, 51, 51, 51] 999)
where (a—»g—o<f<b)crg =
[
(
Aago—+<c(|Obj)).
ifa=ass = a
| a = bsg =b
| otherwise = o

);
(

A€o (Arr]).
if f = ass = €(CId)(a)
| f =bss = €(CId])(b]

| f=gss =3

| f=Tss =1

| otherwise = €(CId))(o|)
)
>0,
¢

lo

definition the-cf-sspan = V=V =V =>V = V= V=V
((--->-=-)eopv [51, 51, 51, 51, 51] 999)
where (a«<g<o->f->b)crg =

(
Aago<——c(|Obj)).
ifa=0ags=>a
| a = bsg = b
| otherwise = o
),
(
Aeo——c(Arr]).
if f = ass = &(CId)(a)
| f=bss = €(CId](b)
| f=gss =9
| f=fss=f
| otherwise = €(CId]) (o))
),

=,
¢
Io

Components.

lemma the-cf-scospan-components:
shows (a—g—o<f«<b)cpe(ObiMap)) =

Aags—+<c(Obj)).
ifa =asg = a

‘ a = bss =b

| otherwise = o

)
and (a—g—o<f<b)cpg(ArrMap) =

(
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A€o (Arr]).
if f = ass = €(CId])(a])
| f = bgss = €(CId) (b))
|f=g9ss=9
| f=Fss=f
| otherwise = €(CId))(o|)
)
and [cat-ss-cs-simps]: (a»g—0<f<b)cpe(HomDom| = —<¢
and [cat-ss-cs-simps]: (a=g—0<f<b)cpg(HomCod|) = €
(proof)

lemma the-cf-sspan-components:
shows (a<g«<o—f-b)cpe(ObiMap)) =

)\a€o<—-—>c<|0bj|).
ifa=asg=a
‘ a = bss =b
| otherwise = o
)
and (a<g<o—>f->b)crpg(ArrMap) =
(
Ao (Arr]).
if f = ass = €(CId])(a])
| f=bss = €(CId|)(b]
| f=0ss=9
| f=fss=f
| otherwise = €(CId))(o|)
)
and [cat-ss-cs-simps]: (a<go—f=>b)cpe(HomDom| = <—¢
and [cat-ss-cs-simps]: (a<g«<o0->f=>b)cpg(HomCod|) = €
(proof)

Elementary properties.

lemma the-cf-scospan-components-vsv| cat-ss-cs-intros]: vsv ({(a—g—>0<f<b)cr¢)

{proof)

lemma the-cf-sspan-components-vsv[ cat-ss-cs-intros): vsv ({(a<g<o—->f=>b)crg)

{proof)

12.5.2 Object map.

mk-VLambda the-cf-scospan-componenits(1)
|vsv the-cf-scospan-ObjMap-vsv| cat-ss-cs-intros]|
|vdomain the-cf-scospan-ObjMap-vdomain| cat-ss-cs-simps]|
|app the-cf-scospan-ObjMap-app|

lemma the-cf-scospan-ObjMap-app-a| cat-ss-cs-simps):
assumes r = asgs
shows (a—>g—o0<«f«<b)cre(ObiMap))(z)) = a
(proof)

lemma (in cf-scospan) the-cf-scospan-ObjMap-app-b[ cat-ss-cs-simps]:
assumes z = bgg
shows (a—g—o0<f«<b)cre(ObiMap))(z)) = b
(proof)

lemma (in c¢f-scospan) the-cf-scospan-ObjMap-app-o[ cat-ss-cs-simps]:
assumes z = 0gg
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shows (a—g—o0<f<b)cpe(ObiMap))(z]) = o
(proof)

lemma (in cf-scospan) the-cf-scospan-ObjMap-vrange:
Ro ({a>g—ofeb)ore(ObjMap)) <. €(O0bj)
{proof)

mk-VLambda the-cf-sspan-components(1)
|vsv the-cf-sspan-ObjMap-vsv| cat-ss-cs-intros]|
|vdomain the-cf-sspan-ObjMap-vdomain| cat-ss-cs-simps||
|app the-cf-sspan-ObjMap-app

lemma the-cf-sspan-ObjMap-app-a[ cat-ss-cs-simps]:
assumes r = asgs
shows (a<g<o—=f=b)cre(ObiMap))(z]) = a
(proof)

lemma (in c¢f-sspan) the-cf-sspan-ObjMap-app-b[ cat-ss-cs-simps]:
assumes 7 = bgg
shows (a<g<o—=f=>b)cre(ObiMap))(z)) = b
(proof )

lemma (in cf-sspan) the-cf-sspan-ObjMap-app-o| cat-ss-cs-simps]:
assumes T = 055
shows (a<g«<o—=>f=b)cre(ObiMap))(z]) = o
(proof)

lemma (in cf-sspan) the-cf-sspan-ObjMap-vrange:
Ro ({acg<o—f-b)cre(ObjMap)) o €(O0bj))
{proof)

12.5.3 Arrow map.

mk-VLambda the-cf-scospan-components(2)
|vsv the-cf-scospan-ArrMap-vsv| cat-ss-cs-intros]|
|vdomain the-cf-scospan-ArrMap-vdomain[ cat-ss-cs-simps]|
|app the-cf-scospan-ArrMap-app|

lemma (in c¢f-scospan) the-cf-scospan-ArrMap-app-o[ cat-ss-cs-simps]:
assumes f = 0gg
shows (a—>g—o0<f<b)cpe(ArrMap))(f)) = €(CId])(o])
(proof)

lemma (in c¢f-scospan) the-cf-scospan-ArrMap-app-a[ cat-ss-cs-simps]:
assumes [ = agg
shows (a—>g—o0<f«<b)cpe(ArrMap))(f)) = €(CId])(a)
(proof)

lemma (in cf-scospan) the-cf-scospan-ArrMap-app-b| cat-ss-cs-simps]:
assumes f = bgg
shows (a—g—o<f<b)cpg(ArrMap))(f) = €(CId])(b])
(proof)

lemma (in cf-scospan) the-cf-scospan-ArrMap-app-g[ cat-ss-cs-simps]:
assumes [ = ggg
shows (a—>g—o<f<b)cpe(ArrMap)(f]) = g
(proof)
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lemma (in c¢f-scospan) the-cf-scospan-ArrMap-app-f| cat-ss-cs-simps]:
assumes f = fgg
shows (a—>g—o0<f<b)cpe(ArrMap))(f]) = §
(proof)

lemma (in cf-scospan) the-cf-scospan-ArrMap-vrange:
Ro ((a=g—0<f<b)cre(ArrMap))) <. €(Arr])
{proof)

mk-VLambda the-cf-sspan-components(2)
|vsv the-cf-sspan-ArrMap-vsv| cat-ss-cs-intros]|
|vdomain the-cf-sspan-ArrMap-vdomain[ cat-ss-cs-simps]|
|app the-cf-sspan-ArrMap-app

lemma (in cf-sspan) the-cf-sspan-ArrMap-app-o[ cat-ss-cs-simps]:
assumes f = 0gg
shows (a<g<o—f-b)cpe(ArrMap))(f)) = €(CId]) (o]
(proof )

lemma (in cf-sspan) the-cf-sspan-ArrMap-app-a[ cat-ss-cs-simps]:
assumes [ = agg
shows (a<g<o—f—b)cpg(ArrMap))(f) = €(CId])(a)
(proof )

lemma (in cf-sspan) the-cf-sspan-ArrMap-app-b[ cat-ss-cs-simps]:
assumes f = bgg
shows (a<g«<o—->f=b)cpg(ArrMap))(f]) = €(CId])(b])
(proof )

lemma (in cf-sspan) the-cf-sspan-ArrMap-app-g[ cat-ss-cs-simps]:
assumes f = ggg
shows (a<g—o—>f-b)cpg(ArrMap)(f]) = g
(proof )

lemma (in cf-sspan) the-cf-sspan-ArrMap-app-f[ cat-ss-cs-simps]:
assumes f = fgg
shows (a<g<o—>f->b)cre(ArrMap))(f) = f
(proof )

lemma (in cf-sspan) the-cf-sspan-ArrMap-vrange:
Ro ((a<g<o—f-b)cre(ArrMap))) <. €(Arr)
(proof)

12.5.4 Functor from —-« is a functor

lemma (in cf-scospan) cf-scospan-the-cf-scospan-is-tm-functor:
(a=g—0<f<b)ope : ><c »=c.tma €
(proof)

lemma (in cf-scospan) cf-scospan-the-cf-scospan-is-tm-functor”:
assumes A’ = »«cand ¢’ = ¢

shows <a_’g—>0(_f(_b>CFQ: gy == Cotma ¢’

{proof)

lemmas [cat-ss-cs-intros] = cf-scospan.cf-scospan-the-cf-scospan-is-tm-functor
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12.5.5 Duality for the functors from —-« and «-—
lemma op-cf-cf-scospan] cat-op-simps):

op-cf ({a=>g—o<feb)corg) = (acgeo>f>b)cropcat @
{proof)

lemma (in Z) op-cf-cf-scospan| cat-op-simps]:
op-cf ((aegeo=>f=>b)crg) = (amg=o<f<b)crop.cat ¢
{proof)

lemmas [cat-op-simps]| = Z.op-cf-cf-scospan

12.5.6 Functor from <«-— is a functor

lemma (in cf-sspan) cf-sspan-the-cf-sspan-is-tm-functor:
(aegeo-f>b)ope : <=0 P tma €

{proof)

lemma (in cf-sspan) cf-sspan-the-cf-sspan-is-tm-functor”:
assumes A’ = <o and ¢’ = ¢

shows (a<geo->f=>b)crg : A > tma €

{proof)

lemmas [cat-ss-cs-intros]| = cf-sspan.cf-sspan-the-cf-sspan-is-tm-functor
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13 Categories with parallel arrows between two objects

13.1 Background: category with parallel arrows between two objects

named-theorems cat-parallel-cs-simps
named-theorems cat-parallel-cs-intros

definition apy, = V = V where ap;, F = set {F, 0}
definition bp;, = V = V where bp;, F = set {F, In}

lemma cat-PL-a-nin-F[ cat-parallel-cs-intros]: apy F ¢, F

{proof)

lemma cat-PL-b-nin-F[ cat-parallel-cs-intros]: bpy F ¢, F

{proof)

lemma cat-PL-ab[ cat-parallel-cs-intros]: apy, F # bpr, F

{proof)

lemmas cat-PL-ba[ cat-parallel-cs-intros] = cat-PL-ab[ symmetric]

13.2 Composable arrows for a category with parallel arrows between two
objects

definition cat-parallel-composable = V = V = V = V
where cat-parallel-composable a b F =
set {[a, a]o, [b, b]o} Us
(F x4 set {a}) U,
(set {b} x4 F)

Rules.

lemma cat-parallel-composable-aa[ cat-parallel-cs-intros):
assumes g =aand f =a
shows (g, flo € cat-parallel-composable a b F

(proof)

lemma cat-parallel-composable-bf| cat-parallel-cs-intros]:
assumes g = band f ¢, F
shows [g, flo € cat-parallel-composable a b F

{proof)

lemma cat-parallel-composable-fa| cat-parallel-cs-intros]:
assumes g €, Fland f = a
shows (g, flo € cat-parallel-composable a b F

{proof)

lemma cat-parallel-composable-bb[ cat-parallel-cs-intros]:
assumes g =band f =0
shows (g, f]o € cat-parallel-composable a b F

{proof)

lemma cat-parallel-composableE:
assumes [g, f]o € cat-parallel-composable a b F
obtains g =b and f = b
|g=band fe F
|ges Fand f =«a
|g=aand f =a
(proof )
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Elementary properties.

lemma cat-parallel-composable-fconverse:
(cat-parallel-composable a b F)™', = cat-parallel-composable b a F

{proof)

13.3 Local assumptions for a category with parallel arrows between two ob-
jects

locale cat-parallel = Z o for o +

fixesa b I

assumes cat-parallel-ab[ cat-parallel-cs-intros]: a # b
and cat-parallel-aF[ cat-parallel-cs-intros]: a ¢, F
and cat-parallel-b F[ cat-parallel-cs-intros]: b ¢, F
and cat-parallel-a-in- Vset| cat-parallel-cs-intros]: a €, Vset «
and cat-parallel-b-in-Vset[ cat-parallel-cs-intros]: b €, Vset a
and cat-parallel-F-in- Vset[ cat-parallel-cs-intros]: F €, Vset «

lemmas (in cat-parallel) cat-parallel-ineq =
cat-parallel-ab
cat-parallel-aF
cat-parallel-b F

Rules.

lemmas (in cat-parallel) [cat-parallel-cs-intros] = cat-parallel-azioms

mk-ide rf cat-parallel-def[unfolded cat-parallel-axioms-def]
|intro cat-parallell]|
|dest cat-parallelD[dest]|
|elim cat-parallelE[ elim]|

Duality.

lemma (in cat-parallel) cat-parallel-op[ cat-op-intros]:
cat-parallel oo b a F

{proof)

Elementary properties.

lemma (in Z) cat-parallel-PL:
assumes F' ¢, Vset «
shows cat-parallel o (apy F) (bpy F) F

(proof)

13.4 {: category with parallel arrows between two objects

13.4.1 Definition and elementary properties

See Chapter I-2 and Chapter III-3 in [7].

definition the-cat-parallel = V=V = V = V (i)
where ficab F =
[
set {a, b},
set {a, b} U, F,
(Azeoset {a, b} Uo F. (x=b ?b:q)),
(Azeoset {a, b} Uo F. (z=a ?a:b)),
(

Agfescat-parallel-composable a b F'.
if gf = [b, blo = b
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| 31 9f = [b, flo = gf(Ix)
| 3. of = 1f, alo = 9f(0)
| otherwise = a
),
vid-on (set {a, b})

o

Components.

lemma the-cat-parallel-components:
shows ¢ a b F(Obj)) = set {a, b}
and ¢ a b F(Arr) = set {a, b} U, F
and ¢ a b F(Dom)) = (Azeoset {a, b} U, F. (x =b 2b:aqa))
and ¢ a b F(Cod|) = (A\ze,set {a, b} Uy F. (z=a ?a:b))
and ¢ a b F(Comp|) =
(
Agfescat-parallel-composable a b F'.
if gf =[b, b]o = b
| 3f. of = [0, flo = gf(In]
| 3f. gf = [f, alo = gf(0)

| otherwise = a

)
and ¢ a b F(CId|) = vid-on (set {a, b})
(proof)

13.4.2 Objects

lemma the-cat-parallel-Obj-al[ cat-parallel-cs-intros]:
assumes a = a
shows a €, ¢ a b F(0bj)

{proof)

lemma the-cat-parallel-Obj-bI[ cat-parallel-cs-intros]:
assumes g = b
shows a €, fi¢ a b F(Obj)

{proof)

lemma the-cat-parallel-ObjE:
assumes a € fi¢ a b F(Obj)
obtainsa=a|a="5b
{proof)

13.4.3 Arrows

lemma the-cat-parallel-Arr-al[ cat-parallel-cs-intros):
assumes f = a
shows f & ¢ a b F(Arr)
{proof)

lemma the-cat-parallel-Arr-b1[ cat-parallel-cs-intros]:
assumes f = b
shows f & ¢ a b F(Arr)
(proof)

lemma the-cat-parallel-Arr-FI| cat-parallel-cs-intros]:
assumes f €, F
shows f € fic a b F(Arr)
(proof)
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lemma the-cat-parallel-ArrE:
assumes f € fi¢ a b F(Arr|
obtains f=a|f=b|fe F
(proof)

13.4.4 Domain

mk-VLambda the-cat-parallel-components(3)
|vsv the-cat-parallel-Dom-vsv[ cat-parallel-cs-intros]|
|vdomain the-cat-parallel-Dom-vdomain| cat-parallel-cs-simps]|

lemma (in cat-parallel) the-cat-parallel-Dom-app-b[ cat-parallel-cs-simps]:
assumes f = b
shows fj¢ a b F(Dom|)(f]) = b

{proof)

lemmas [cat-parallel-cs-simps] = cat-parallel.the-cat-parallel-Dom-app-b

lemma (in cat-parallel) the-cat-parallel-Dom-app-F| cat-parallel-cs-simps]:
assumes f &, F
shows ¢ a b F(Dom))(f]) = a

(proof)
lemmas [cat-parallel-cs-simps] = cat-parallel.the-cat-parallel-Dom-app-F

lemma (in cat-parallel) the-cat-parallel-Dom-app-a[ cat-parallel-cs-simps]:
assumes f = a
shows ¢ a b F(Dom)(f]) = a

{proof)

lemmas [cat-parallel-cs-simps] = cat-parallel.the-cat-parallel-Dom-app-a

13.4.5 Codomain

mk-VLambda the-cat-parallel-components(4)
|vsv the-cat-parallel-Cod-vsv[ cat-parallel-cs-intros]|
|vdomain the-cat-parallel-Cod-vdomain[ cat-parallel-cs-simps])|

lemma (in cat-parallel) the-cat-parallel-Cod-app-b[ cat-parallel-cs-simps):
assumes f = b
shows ¢ a b F(Cod))(f]) = b
(proof)

lemmas [cat-parallel-cs-simps] = cat-parallel.the-cat-parallel-Cod-app-b

lemma (in cat-parallel) the-cat-parallel-Cod-app-F| cat-parallel-cs-simps]:
assumes f €, F
shows fi¢ a b F(Cod|)(f]) = b
(proof )

lemmas [cat-parallel-cs-simps] = cat-parallel.the-cat-parallel-Cod-app-F
lemma (in cat-parallel) the-cat-parallel-Cod-app-a[ cat-parallel-cs-simps]:
assumes f = a

shows ¢ a b F(Cod))(f]) = a
(proof)

lemmas [cat-parallel-cs-simps] = cat-parallel.the-cat-parallel-Cod-app-a
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13.4.6 Composition

mk-VLambda the-cat-parallel-components(5)
|vsv the-cat-parallel-Comp-vsv[ cat-parallel-cs-intros]|
|vdomain the-cat-parallel-Comp-vdomain[ cat-parallel-cs-simps]|
|app the-cat-parallel-Comp-appl cat-parallel-cs-simps]|

lemma the-cat-parallel-Comp-app-bb[ cat-parallel-cs-simps):
assumes g =band f =0
ShOWSgoAﬂcabFf:ggoAﬂCubFf:f

{proof)

lemma the-cat-parallel-Comp-app-aa[ cat-parallel-cs-simps):
assumes g =aand f =a
showsgoAﬂcabFf:ggoAﬂcabFf:f

{proof)

lemma the-cat-parallel-Comp-app-b F| cat-parallel-cs-simps|:
assumes g = band f ¢, F
showsgoAﬂCabFf:f

{proof)

lemma (in cat-parallel) the-cat-parallel-Comp-app-Fa| cat-parallel-cs-simps]:
assumes g €, FFand f = a
showsgoAﬂcabFf:g

{proof)

13.4.7 Identity

mk-VLambda the-cat-parallel-components(6)[unfolded VLambda-vid-on[symmetric]]
|vsv the-cat-parallel- Cld-vsv[ cat-parallel-cs-intros]|
|vdomain the-cat-parallel-CId-vdomain| cat-parallel-cs-simps]|
|app the-cat-parallel-CId-app|

lemma the-cat-parallel-CId-app-a[ cat-parallel-cs-simps]:
assumes ¢ = a
shows ¢ a b F(CId)(a]) = a
(proof)

lemma the-cat-parallel-CId-app-b[ cat-parallel-cs-simps]:
assumes g = b
shows ¢ a b F(CId))(al]) = b
(proof)

13.4.8 Arrow with a domain and a codomain

lemma (in cat-parallel) the-cat-parallel-is-arr-aaa[ cat-parallel-cs-intros):
assumes ¢’ =aand b'=aand f = a
showsf:a’Hﬂcabe’

{proof)

lemma (in cat-parallel) the-cat-parallel-is-arr-bbb[ cat-parallel-cs-intros):
assumes o' =band b'=band f = b
shows f : a’»—>ﬂc ab F U

{proof)

lemma (in cat-parallel) the-cat-parallel-is-arr-ab F[ cat-parallel-cs-intros]:
assumes ¢’ =aand b'=band f ¢, F
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showsf:a'HﬂCabe’
{proof)

lemma (in cat-parallel) the-cat-parallel-is-arrE:
assumes f': a’ Shoab F b’
obtains ¢’ =aand b'=aand f' =«
|a'=band b’'=band f =0
|a’=aand b'=band f'¢, F
{proof)

13.4.9 1 is a category

lemma (in cat-parallel) tiny-category-the-cat-parallel| cat-parallel-cs-intros]:
tiny-category o (fc a b F)
{proof)

lemmas [cat-parallel-cs-intros] = cat-parallel.tiny-category-the-cat-parallel

13.4.10 Opposite parallel category

lemma (in cat-parallel) op-cat-the-cat-parallel[ cat-op-simps]:
op-cat (fcab F)=f¢cbaF

{proof)

lemmas [cat-op-simps] = cat-parallel.op-cat-the-cat-parallel

13.5 Parallel functor
13.5.1 Background

See Chapter III-3 and Chapter III-4 in [7]).

13.5.2 Local assumptions for the parallel functor

locale cf-parallel = cat-parallel o a b F + category o € + F' vsv F'
foraab Fa'b/ F/€:V +
assumes cf-parallel-F'-vdomain[ cat-parallel-cs-simps]: D, F' = F
and cf-parallel-F'[ cat-parallel-cs-intros): § €, F == F'(f]) : a’ =g b’
and cf-parallel-a’ cat-parallel-cs-intros]: a’ €, €(0bj)
and cf-parallel-b'[ cat-parallel-cs-intros]: b’ €, €(Obj)

lemmas (in cf-parallel) [ cat-parallel-cs-intros] = F'.vsv-axioms

lemma (in cf-parallel) cf-parallel-F''[ cat-parallel-cs-intros]:
assumes f €, F'and ¢ = a’and b = b’
shows F'(f) : a »¢ b
(proof )

lemma (in cf-parallel) cf-parallel-F'"'[ cat-parallel-cs-intros]:
assumes § €, F and f = F'(f]) and b = b’
shows f:a’—g b

{proof)

lemma (in cf-parallel) cf-parallel-F'"""[ cat-parallel-cs-intros]:
assumes f €, F and f = F'(f) and a = a’
shows f : a —¢ b’

{proof)
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Rules.

lemma (in cf-parallel) cf-parallel-azioms'[ cat-parallel-cs-intros):
assumes o' = «
and ¢ =a

and b = b

and F'" = F

and o’ = a’

and b'"' = b’

and F'"" = F’'
shows cf-parallel o’ a” " F"" o' 0" F'" &
(proof)

mk-ide rf cf-parallel-def[unfolded cf-parallel-azioms-def]
|intro cf-parallell]
|dest cf-parallelD[dest]|
|elim cf-parallelE[ elim]|

lemmas [cat-parallel-cs-intros] = cf-parallelD(1,2)

Duality.

lemma (in cf-parallel) cf-parallel-op| cat-op-intros]:
cf-parallel o« b a F b’"a’ F' (op-cat €)
(proof)

lemmas [cat-op-intros] = cf-parallel.cf-parallel-op

13.5.3 Definition and elementary properties

definition the-cf-parallel =V =V =>V=>V=>V=>V=>V=>V

(-ter)
where {>flcrp €ab Fa' b’ F'=

(Macoftc a b F(Obj). (a =a ?a’:b"),

(
)\]Zeoﬂc ab F(Arr).

if f =a= €(CId)(a’)
| f=1b=&(CId)(b')
| otherwise = F'(f])
)
)s
fcab F,
¢
]O

Components.

lemma the-cf-parallel-components:
shows fi=>fl¢cr € a b F a’ b’ F'(ObjMap)) =
(Aacofic a b F(ObBj). (a =a ?a’:b"))
and |—>fl¢cr €ab F a' b’ F'(ArrMap)) =
(
Meofic a b F(Arr).
(
if f = a= ¢(CId)(a’)
| f=b=¢(CIa)(b’)
| otherwise = F'(f))
)
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)
and [cat-parallel-cs-simps]: f=>ftcrp € a b F a’ b’ F'(HomDom|) = ¢ a b F
and [cat-parallel-cs-simps]: f=>ftecrp € a b F a’ b’ F'(HomCod)) = €

{proof)

13.5.4 Object map

mk-VLambda the-cf-parallel-components(1)
|vsv the-cf-parallel-ObjMap-vsv[ cat-parallel-cs-intros]|
|vdomain the-cf-parallel-ObjMap-vdomain| cat-parallel-cs-simps]|
|app the-cf-parallel-ObjMap-appl|

lemma (in cf-parallel) the-cf-parallel-ObjMap-app-a[ cat-parallel-cs-simps]:
assumes T = a
shows |=>flcr € a b F a' b’ F'(ObjMap))(z]) = a'
(proof)

lemmas [cat-parallel-cs-simps] = cf-parallel.the-cf-parallel-ObjMap-app-a

lemma (in cf-parallel) the-cf-parallel-ObjMap-app-b[ cat-parallel-cs-simps]:
assumes r = b
shows fi=>flcr € a b F a’ b’ F'(ObjMap))(z) = 6’
(proof )

lemmas [cat-parallel-cs-simps] = cf-parallel.the-cf-parallel-ObjMap-app-b

lemma (in cf-parallel) the-cf-parallel-ObjMap-vrange:
Ro (f=ftcr €ab Fa’ b’ F'(ObjMap))) = set {a’, b}
{proof)

lemma (in cf-parallel) the-cf-parallel-ObjMap-vrange-vsubset-Obj:
Ro (f=flcr €ab Fa' b’ F'(ObjMap)) <. €(O0bj)
(proof)

13.5.5 Arrow map

mk-VLambda the-cf-parallel-components(2)
|vsv the-cf-parallel-ArrMap-vsv| cat-parallel-cs-intros]|
|vdomain the-cf-parallel- ArrMap-vdomain[ cat-parallel-cs-simps]|
lapp the-cf-parallel-ArrMap-app

lemma (in cf-parallel) the-cf-parallel-ArrMap-app-F| cat-parallel-cs-simps]:
assumes f ¢, F
shows f=>flcr € a b F a’ b’ F'(ArrMap|)(f]) = F'(f)

{proof)

lemmas [cat-parallel-cs-simps] = cf-parallel.the-cf-parallel- ArrMap-app-F

lemma (in cf-parallel) the-cf-parallel-ArrMap-app-a[ cat-parallel-cs-simps]:
assumes f = a
shows fl=>flcr € a b F a’ b’ F'(ArrMap))(f]) = €(CId)(a’)

{proof)

lemmas [cat-parallel-cs-simps] = cf-parallel.the-cf-parallel-ArrMap-app-a
lemma (in cf-parallel) the-cf-parallel-ArrMap-app-b[ cat-parallel-cs-simps):

assumes f = b
shows |=>flcrp € a b Fa’ b’ F'(ArrMap))(f]) = €(CId)(6")
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(proof)

lemmas [cat-parallel-cs-simps] = cf-parallel.the-cf-parallel- ArrMap-app-b

lemma (in cf-parallel) the-cf-parallel-ArrMap-vrange:
Ro (M=flcr €ab Fa' b’ F'(ArrMap)) = (F' % F) o set {€(CId)(a’), €(CId)(6")}
(is (Ro (f=flcr €ab F a' b’ F'(ArrMap))) = ?FF u, ?CID»)

{proof)

lemma (in cf-parallel) the-cf-parallel-ArrMap-vrange-vsubset-Arr:
Ro (M=fcr €ab Fa' b’ F'(ArrMap))) <o €(Arr|
{proof)

13.5.6 Parallel functor is a functor

lemma (in cf-parallel) cf-parallel-the-cf-parallel-is-tm-functor:
ﬂ—>ﬂcpQ:abFa/b/F/:ﬂcabF'—N%c,tma ¢

{proof)

lemma (in cf-parallel) cf-parallel-the-cf-parallel-is-tm-functor’:
assumes A'=flcab Fand ¢' =€
shows |=>flcrp€ab Fa' b/ F': A" >0 ima €
(proof)

lemmas [ cat-parallel-cs-intros] =
cf-parallel.cf-parallel-the-cf-parallel-is-tm-functor’

13.5.7 Opposite parallel functor

lemma (in cf-parallel) cf-parallel-the-cf-parallel-op| cat-op-simps]:
op-¢f (f—=ftcr€ab Fa' b’ F')=1f->cr (op-cat €) ba Fb'a’ F’
{proof)

lemmas [cat-op-simps] = cf-parallel.cf-parallel-the-cf-parallel-op

13.6 Background for the definition of a category with two parallel arrows
between two objects

The case of two parallel arrows between two objects is treated explicitly because it is prevalent
in applications.
definition gp; = V where gpy, = 0

definition fp; = V where fp; = IN

definition apro = V where pro = apr, (set {gpL, pr})
definition prQ = V where prQ bPL (set {gpL, pr})

lemma cat-PL2-ineq:
shows cat-PL2-ab][ cat-parallel-cs-intros]: aprs # bpro
and cat-PL2-ag[ cat-parallel-cs-intros]: aprs # 9pL
and cat-PL2-af[ cat-parallel-cs-intros): apra # fpL
and cat-PL2-bg[ cat-parallel-cs-intros]: bprs # gpr
and cat-PL2-bf[ cat-parallel-cs-intros]: bpra # fpr
and cat-PL2-gf| cat-parallel-cs-intros]: gpr, # fpL

{proof)

lemma (in Z)
shows cat-PL2-a[ cat-parallel-cs-intros]: apro €, Vset a
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and cat-PL2-b[ cat-parallel-cs-intros]: bprs €, Vset o
and cat-PL2-g[ cat-parallel-cs-intros): gpy, €. Vset «
and cat-PL2+[ cat-parallel-cs-intros]: fpr €, Vset «

{proof)

13.7 Local assumptions for a category with two parallel arrows between two
objects

locale cat-parallel-2 = Z o for a +

fixesabgf

assumes cat-parallel-2-ab[ cat-parallel-cs-intros]: a # b
and cat-parallel-2-ag[ cat-parallel-cs-intros]: a # g
and cat-parallel-2-af| cat-parallel-cs-intros]: a # f
and cat-parallel-2-bg[ cat-parallel-cs-intros]: b # g
and cat-parallel-2-bf[ cat-parallel-cs-intros]: b # §
and cat-parallel-2-gf| cat-parallel-cs-intros]: g # f
and cat-parallel-2-a-in- Vset| cat-parallel-cs-intros]: a €, Vset «
and cat-parallel-2-b-in- Vset[ cat-parallel-cs-intros]: b €, Vset «
and cat-parallel-2-g-in- Vset[ cat-parallel-cs-intros]: g €, Vset «
and cat-parallel-2-f-in- Vset| cat-parallel-cs-intros]: f €, Vset «

lemmas (in cat-parallel-2) cat-parallel-ineq =
cat-parallel-2-ab
cat-parallel-2-ag
cat-parallel-2-af
cat-parallel-2-bg
cat-parallel-2-bf
cat-parallel-2-gf

Rules.
lemmas (in cat-parallel-2) [cat-parallel-cs-intros] = cat-parallel-2-axioms
mk-ide rf cat-parallel-2-def[unfolded cat-parallel-2-azioms-def]

|intro cat-parallel-21|

|dest cat-parallel-2D[dest]|
|elim cat-parallel-2E[ elim]]

sublocale cat-parallel-2 < cat-parallel o a b <set {g, f}

(proof)
Duality.

lemma (in cat-parallel-2) cat-parallel-op[ cat-op-intros]:
cat-parallel-2 a b afg
{proof)

13.8 17: category with two parallel arrows between two objects
13.8.1 Definition and elementary properties

See Chapter I-2 and Chapter III-3 in [7].

definition the-cat-parallel-2 =V =V =V = V=V (1)
where t1¢c abgf=1fcab (set{g f})

Components.

lemma the-cat-parallel-2-components:
shows 11¢ a b g f(Obj]) = set {a, b}
and t1¢ a b g f(Arr)) = set {a, b, g, f}
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{proof)

Elementary properties.

lemma the-cat-parallel-2-commute: 11c abgf=1Mcabfg

{proof)

lemma cat-parallel-is-cat-parallel-2:
assumes cat-parallel o a b (set {g, f}) and g # f
shows cat-parallel-2 a a b g |

{proof)

13.8.2 Objects

lemma the-cat-parallel-2-Obj-al[ cat-parallel-cs-intros):
assumes ¢ = a
shows a €, 11¢ a b g f(Obj)
(proof)

lemma the-cat-parallel-2-Obj-b1[ cat-parallel-cs-intros]:
assumes a = b
shows a €, 11¢ a b g §(Obj)
(proof)

lemma the-cat-parallel-2-ObjE:
assumes a € 11¢ a b g §(Obj)
obtainsa=a|a="56

{proof)

13.8.3 Arrows

lemma the-cat-parallel-2-Arr-al[ cat-parallel-cs-intros]:
assumes f = a
shows f €, Mc a b g f(Arr)
(proof)

lemma the-cat-parallel-2-Arr-bI[ cat-parallel-cs-intros]:
assumes f = b
shows f e, 1o a b g f(Arr)
(proof)

lemma the-cat-parallel-2- Arr-gI[ cat-parallel-cs-intros]:
assumes f = g
shows f €, M¢ a b g f(Arr)
(proof)

lemma the-cat-parallel-2-Arr-f1[ cat-parallel-cs-intros:
assumes f = f
shows f €, 1o a b g f(Arr)
{proof)

lemma the-cat-parallel-2-ArrE:
assumes [ €, M a b g f(Arr|

obtains f=a|f=b|f=g|f=F
(proof)

13.8.4 Domain

lemma the-cat-parallel-2-Dom-vsv[ cat-parallel-cs-intros]: vsv (11¢ a b g f(Doml))
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{proof)

lemma the-cat-parallel-2-Dom-vdomain| cat-parallel-cs-simps]:
Do (11¢c a b g f(Dom)) = set {a, b, g, f}
(proof)

lemma (in cat-parallel-2) the-cat-parallel-2-Dom-app-b| cat-parallel-cs-simps]:
assumes f = b
shows 11¢ a b g f(Dom])(f]) = b
(proof)

lemmas [cat-parallel-cs-simps] = cat-parallel-2.the-cat-parallel-2-Dom-app-b

lemma (in cat-parallel-2) the-cat-parallel-2-Dom-app-g| cat-parallel-cs-simps]:
assumes f = g
shows 11¢ a b g f(Dom))(f]) = a

(proof)
lemmas [cat-parallel-cs-simps] = cat-parallel-2.the-cat-parallel-2-Dom-app-g

lemma (in cat-parallel-2) the-cat-parallel-2-Dom-app-f| cat-parallel-cs-simps]:
assumes f = f
shows t1¢ a b g f(Dom))(f]) = a
(proof)

lemmas [cat-parallel-cs-simps] = cat-parallel-2.the-cat-parallel-2-Dom-app-f

lemma (in cat-parallel-2) the-cat-parallel-2-Dom-app-a| cat-parallel-cs-simps]:
assumes f = a
shows 11¢ a b g f(Dom])(f]) = a

{proof)

lemmas [cat-parallel-cs-simps] = cat-parallel-2.the-cat-parallel-2-Dom-app-a

13.8.5 Codomain

lemma the-cat-parallel-2- Cod-vsv[ cat-parallel-cs-intros]: vsv (11¢ a b g §(Cod])
{proof)

lemma the-cat-parallel-2- Cod-vdomain| cat-parallel-cs-simps]:
D, (TTC ab g ]c(|00d|)) = set {Cl, bv g, f}
(proof )

lemma (in cat-parallel-2) the-cat-parallel-2-Cod-app-b| cat-parallel-cs-simps]:

assumes f = b
shows 11¢ a b g f(Cod)(f]) = b

{proof)

lemmas [cat-parallel-cs-simps] = cat-parallel-2.the-cat-parallel-2-Cod-app-b
lemma (in cat-parallel-2) the-cat-parallel-2-Cod-app-g[ cat-parallel-cs-simps]:
assumes f = g

shows 11¢ a b g f(Cod)(f]) = b
(proof)

lemmas [cat-parallel-cs-simps] = cat-parallel-2.the-cat-parallel-2-Cod-app-g

lemma (in cat-parallel-2) the-cat-parallel-2-Cod-app-f| cat-parallel-cs-simps]:
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assumes f = f
shows ttc a b g f(Cod)(f)) = b
(proof)

lemmas [cat-parallel-cs-simps] = cat-parallel-2.the-cat-parallel-2-Cod-app-f

lemma (in cat-parallel-2) the-cat-parallel-2-Cod-app-a[ cat-parallel-cs-simps):
assumes f = a
shows 11¢ a b g f(Cod))(f]) = a
(proof)

lemmas [cat-parallel-cs-simps] = cat-parallel-2.the-cat-parallel-2-Cod-app-a

13.8.6 Composition

lemma the-cat-parallel-2- Comp-vsv[ cat-parallel-cs-intros):
vsv (11 a b g f(Comp))
(proof)

lemma the-cat-parallel-2-Comp-app-bb| cat-parallel-cs-simps]:
assumes g =band f =0
shows goaroabgif=99°amcavgsf =7

{proof)

lemma the-cat-parallel-2- Comp-app-aa[ cat-parallel-cs-simps]:
assumes g =aand f =a
shows g ourrabgff=99°arcabgif =/

{proof)

lemma the-cat-parallel-2-Comp-app-bg| cat-parallel-cs-simps]:
assumes g =band f =g
ShOWSQOATTcabgff:f
(proof)

lemma the-cat-parallel-2- Comp-app-bf[ cat-parallel-cs-simps]:
assumes g = b and f = f
ShOWSgOATTcabgff:f
(proof)

lemma (in cat-parallel-2) the-cat-parallel-2-Comp-app-ga| cat-parallel-cs-simps):
assumes g =gand f =a
ShOWSQOATTcabgffzg
(proof)

lemma (in cat-parallel-2) the-cat-parallel-2-Comp-app-fa[ cat-parallel-cs-simps):
assumes g =fand f =a

ShOWSgoATTcabgff:9
(proof)

13.8.7 Identity

lemma the-cat-parallel-2-CId-vsv| cat-parallel-cs-intros]: vsv (11¢ a b g f(CId))
{proof)

lemma the-cat-parallel-2-Cld-vdomain| cat-parallel-cs-simps]:
D, (11¢ a b g f(CId)) = set {a, b}
(proof)
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lemma the-cat-parallel-2-Cld-app-a| cat-parallel-cs-simps]:
assumes a = a
shows 11¢ a b g f(CId)(a]) = a
(proof)

lemma the-cat-parallel-2-CId-app-b| cat-parallel-cs-simps]:
assumes a = b
shows t1¢ a b g f(CId)(a) = b
(proof)

13.8.8 Arrow with a domain and a codomain

lemma (in cat-parallel-2) the-cat-parallel-2-is-arr-aaa[ cat-parallel-cs-intros):
assumes o' =aand b'=aand f =a
shows f:a" =y qp g b
(proof )

lemma (in cat-parallel-2) the-cat-parallel-2-is-arr-bbb| cat-parallel-cs-intros):
assumes ¢’ =band b'=band f = b
shows f:a’ =y, qp gf b’
{proof)

lemma (in cat-parallel-2) the-cat-parallel-2-is-arr-abg[ cat-parallel-cs-intros):
assumes ¢’ =aand b'=band f =g
showsf:a’HMCabgf b’
(proof)

lemma (in cat-parallel-2) the-cat-parallel-2-is-arr-abf| cat-parallel-cs-intros]:
assumes ¢’ =aand b'=band f = f
shows f:a’ =y, qp gf b’
{proof)

lemma (in cat-parallel-2) the-cat-parallel-2-is-arrE:
assumes f': a’ >y qp g 0
obtains ¢’ =aand b'=aand f' =«
|a'=band b'=b and f' = b
|a’=aand b'=band f' =g
| o'’=aand b’ =b and f' =f

13.8.9 11 is a category

lemma (in cat-parallel-2)
finite-category-the-cat-parallel-2[ cat-parallel-cs-intros]:
finite-category o (11c a b g f)

(proof)

lemmas [cat-parallel-cs-intros] =
cat-parallel-2. finite-category-the-cat-parallel-2

13.8.10 Opposite parallel category

lemma (in cat-parallel-2) op-cat-the-cat-parallel-2[ cat-op-simps]:
op-cat Mcabgf)=Mcbafg
(proof)

lemmas [cat-op-simps]| = cat-parallel-2.op-cat-the-cat-parallel-2
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13.9 Parallel functor for a category with two parallel arrows between two
objects

locale cf-parallel-2 = cat-parallel-2 o a b g f + category o €
foraabgfa'b'g'fC:V+
assumes cf-parallel-g'[ cat-parallel-cs-intros]: g’ : a’ =g b’
and cf-parallel-f'[ cat-parallel-cs-intros]: §' : a’ ¢ b’

sublocale cf-parallel-2 ¢
cf-parallel o a b «set {g, f}> a’ b’ \feqset {g,f}. (f =F 2§ :g'» €
(proof)

lemma (in cf-parallel-2) cf-parallel-2-g''[ cat-parallel-cs-intros):
assumes ¢ = a’and b= b’
shows g': a —¢ b

{proof)

lemma (in cf-parallel-2) cf-parallel-2-g'"| cat-parallel-cs-intros]:
assumes ¢ = g’ and b = b’
shows g:a’—¢ b

{proof)

"] cat-parallel-cs-intros]:

lemma (in cf-parallel-2) cf-parallel-2-g
assumes ¢ = g’ and a = a’
shows g : a g b’

{proof)

lemma (in cf-parallel-2) cf-parallel-2-f""[ cat-parallel-cs-intros]:
assumes ¢ = a’and b= b’
shows f': a —g b

(proof)

lemma (in cf-parallel-2) cf-parallel-2-f"""[ cat-parallel-cs-intros]:
assumes f = f and b = b’
shows f:a’—¢ b
{proof)

lemma (in cf-parallel-2) cf-parallel-2-f"""'[ cat-parallel-cs-intros]:
assumes f = f and a = a’
shows [ : a —g b’

(proof)
Rules.

lemma (in cf-parallel-2) cf-parallel-axioms’] cat-parallel-cs-intros]:
assumes o' = «

and a =a

and b="0

and g = ¢

and f = f

and o' = a’

and b’ = b’

and ¢' =g’

and [’ =§'
shows cf-parallel-2 o' a b gfa' b g’ f' €
(proof )

mk-ide rf cf-parallel-2-def[unfolded cf-parallel-2-azioms-def]
|intro cf-parallel-21|
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|dest cf-parallel-2D[ dest]|
|elim cf-parallel-2E[elim]]

lemmas [cat-parallel-cs-intros] = cf-parallelD(1,2)

Duality.

lemma (in cf-parallel-2) cf-parallel-2-op[ cat-op-intros]:
cf-parallel-2 o b afgb' a’ f g’ (op-cat €)
(proof)

lemmas [cat-op-intros] = cf-parallel.cf-parallel-op

13.9.1 Definition and elementary properties

definition the-cf-parallel-2 = V=V =>V=2>V=>V=>V=> V=2 V= VeV
(M=>tter)
where 11>Mcp Cabgfa’ b’ g §f =
fi>flor € ab (set {g, f}) a’ b’ (Meoset {g, f}. (f = 7§ : g)

Components.

lemma the-cf-parallel-2-components:
shows [ cat-parallel-cs-simps]:
tM=>ttcrp Cabgfa’b’ g’ f(HomDom|) = 11c a b g f
and [cat-parallel-cs-simps]:
M=>tcrp Cabgfa’b' g’ f(HomCod]) = €
{proof)

Elementary properties.

lemma (in cf-parallel-2) cf-parallel-2-the-cf-parallel-2-commute:
M->ttepCabgfa’b' g’ =M->MerCabfga’ b’ f g
(proof)

lemma cf-parallel-is-cf-parallel-2:
assumes
cf-parallel o a b (set {g, f}) a’ b’ (Mfeoset {g, f}- (f = 2§ :¢") €
and g # f
shows cf-parallel-2 c abgfa'b' g’'§f' €

{proof)

13.9.2 Object map

lemma the-cf-parallel-2-ObjMap-vsv[ cat-parallel-cs-intros):
vsv (M=>Merp Cabgfa b g’ f(ObjMap))
(proof)

lemma the-cf-parallel-2-ObjMap-vdomain[ cat-parallel-cs-simps]:
Do (M>Mcr €abgfa’b’g'f(ObjMap))) = 11c a b g f(Ob))
(proof)

lemma (in cf-parallel-2) the-cf-parallel-2-ObjMap-app-a[ cat-parallel-cs-simps]:
assumes 7 = a
shows 11>Mer Cabgfa’ b’ g’ f(ObjMap)(z) = a’
(proof)

lemmas [cat-parallel-cs-simps] = cf-parallel-2.the-cf-parallel-2-ObjMap-app-a

lemma (in cf-parallel-2) the-cf-parallel-2-ObjMap-app-b| cat-parallel-cs-simps]:
assumes z = b
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shows tt1—>ttcr Cabgfa’b’ g’ f(ObjMap))(z)) = b’
(proof)

lemmas [cat-parallel-cs-simps] = cf-parallel-2.the-cf-parallel-2-ObjMap-app-b

lemma (in cf-parallel-2) the-cf-parallel-2-ObjMap-vrange:
Ro (M=tor €abgfa’b g /(ObjMap)) = set {a’, b"}
(proof)

lemma (in cf-parallel-2) the-cf-parallel-2-ObjMap-vrange-vsubset- Obj:
Ro (11=>Mcr Cabgfa b’ g’ f(ObjMap))) c, €(Obj)
{proof)

13.9.3 Arrow map

lemma (in cf-parallel-2) the-cf-parallel-2-ArrMap-app-g| cat-parallel-cs-simps]:
assumes [ = g
shows 11>Mer €abgfa’ b’ g’ f(ArrMap)(f]) = g’
(proof)

lemmas [cat-parallel-cs-simps] = cf-parallel-2.the-cf-parallel-2- ArrMap-app-g

lemma (in cf-parallel-2) the-cf-parallel-2-ArrMap-app-f| cat-parallel-cs-simps]:
assumes f = f
shows 1t1>Mer Cabgfa’ b’ g’ f(ArrMap)(f]) = §'
(proof)

lemmas [cat-parallel-cs-simps] = cf-parallel-2.the-cf-parallel-2- ArrMap-app-f

lemma (in cf-parallel-2) the-cf-parallel-2-ArrMap-app-a| cat-parallel-cs-simps]:
assumes f = a
shows M->Mepr Cabgfa’ b’ g’ §f(ArrMap)(f) = €(CId])(a’)
(proof )

lemmas [cat-parallel-cs-simps] = cf-parallel-2.the-cf-parallel-2- ArrMap-app-a

lemma (in cf-parallel-2) the-cf-parallel-2-ArrMap-app-b| cat-parallel-cs-simps]:
assumes f = b
shows 11>Mer Cabgfa’ b’ g’ §f(ArrMap)(f]) = €(CId)(b")
(proof)

lemmas [cat-parallel-cs-simps] = cf-parallel-2.the-cf-parallel-2- ArrMap-app-b

lemma (in c¢f-parallel-2) the-cf-parallel-2-ArrMap-vrange:
Ro (M=>tcr €abgfa’b’ g’ f(ArrMap))) = set {€(CId)(a’), €(CId)(b"), ', g}
(proof)

lemma (in cf-parallel-2) the-cf-parallel-2- ArrMap-vrange-vsubset-Arr:
Ro (1t=>ttcr Cabgfa' b’ g’ f(ArrMap)) co €(Arr)
(proof)

13.9.4 Parallel functor for a category with two parallel arrows between two objects
is a functor

lemma (in cf-parallel-2) cf-parallel-2-the-cf-parallel-2-is-tm-functor:
M-o>MerpCabgfa’b g’ i :Mcabgfrrcima
(proof)
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lemma (in cf-parallel-2) cf-parallel-2-the-cf-parallel-2-is-tm-functor”:
assumes 2A'=1Mtcabgfand €' =¢C
shows 11>Mer Cabgfa’ b’ g f: A" w0 ima €
(proof )

lemmas [ cat-parallel-cs-intros] =
cf-parallel-2.cf-parallel-2-the-cf-parallel-2-is-tm-functor’

13.9.5 Opposite parallel functor for a category with two parallel arrows between
two objects

lemma (in cf-parallel-2) cf-parallel-2-the-cf-parallel-2-op[ cat-op-simps]:
op-cf (MM>Mcp €abgfa’b'g'f)=
tt=>ttcp (op-cat €) bafghb a’f g’
(proof )

lemmas [cat-op-simps] = cf-parallel-2.cf-parallel-2-the-cf-parallel-2-op
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14 Comma categories

14.1 Background

named-theorems cat-comma-cs-simps
named-theorems cat-comma-cs-intros

14.2 Comma category

14.2.1 Definition and elementary properties

See Exercise 1.3.vi in [12] or Chapter II-6 in [7].

definition cat-comma-Obj = V = V = V
where cat-comma-Obj & § = set

{
[a, b, flo | a b f.
a € &(HomDom]|)(Obj) A
b € H(HomDom|)(Obj]) A
f = ®(0bjMap)(a) = (Homcod) H(ObMap)(b)
}

lemma small-cat-comma-Obj[ simp)]:
small

{
[a, b, flo | a b f.
a & A(Obj) A b e BIObI) A f: &(0biMap))(al) —¢ H(ObMap|) (b))

(is «<small Zabfsy)
(proof)

definition cat-comma-Hom =V = V =V =V =V
where cat-comma-Hom & 5 A B = set

[A, B, [g, h]o]o | g I

A €, cat-comma-0bj & H A
B e, cat-comma-0Obj & $H A
g+ A(0) ~&(HomDom)) B(0) A
h: A(In) = H(HomDom]) B(1n) A
B(2x) cag(Homcod) B(ArrMap)(g) =
H(ArrMap)) (h|) ° A HomCod)) A(2n)

}

lemma small-cat-comma-Hom[simp]: small

[A7 B7 [ga h]o]o | g h
A €, cat-comma-0bj & H A
B ¢, cat-comma-0bj & H A
g9+ A(0) =y B(0O) A
h: A(IN) =o3 B(IN) A
B(2x) cae &(ArrMap)(g) = H(ArrMap])(h) cae A(2n)
}
(is <small 2abf-a’b'f'-ghy)
{proof)

definition cat-comma-Arr = V= V = V
where cat-comma-Arr & $ =

(
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U o A€, cat-comma-0bj & 9. U, Be, cat-comma-0bj & $).
cat-comma-Hom & $H A B
)

definition cat-comma-composable :: V = V = V
where cat-comma-composable & $ = set

[[B. C, Glo, [A, B, Flo]o | AB C G F.
[B, C, G € cat-comma-Arr & $ A [A, B, Fl, € cat-comma-Arr & $
}

lemma small-cat-comma-composable[ simp]:
shows small

{
[[B, C, Glo, [4, B, Flo]o | A BC G F.
[B, C, G € cat-comma-Arr & $ A [A, B, F, € cat-comma-Arr &

(is <small 25)
{proof)

definition cat-comma = V = V = V («(- crlcr -)» [1000, 1000] 999)
where & crlcor 9 =

[

cat-comma-0bj & §,
cat-comma-Arr & £,
(AFe,cat-comma-Arr & $. F(0),
(AFe,cat-comma-Arr & $. F(InN]),
(

AGFe, cat-comma-composable & $).

[
GF(1~) (0D,
GF(0)(InD,

GFP(0)12x) 00D © 45 qHompom) CF1IxD(2xD(0D,
GFAOD(28D (2D ©ag5(Hompom) CF(IDI2xD(1ND

AAe, cat-comma-0bj & $).
: [A4, A, [&(HomDom|)(CId)(A(0))), H(HomDom))(CId)(A(In])]]o]o

lo

Components.

lemma cat-comma-components:
shows & crlor H(0b)) = cat-comma-Obj & H
and & crplor H(Arr) = cat-comma-Arr & $
and & ¢plor H(Dom)) = (AFe,cat-comma-Arr & §. F(0)
and & cplor H(Cod) = (AFe,cat-comma-Arr & $. F(In])
and & cplcor H(Comp|) =

AGFe, cat-comma-composable & $).

[
GF(1n)(0),
GE(0D (1D,

GFQO)(2xD00) 46 Hompomy CFUINDI2xD0D.
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GF(OD(2xD(IND ©ag(HomDom) GFUIND(2nD(InD
]o
lo
)

and & CFJrCF f)(ICIdD =

AAe, cat-comma-0bj & $.
[4, A, [6(HomDom|)(CId)(A(0))), H(HomDom|)(CId)(A(In)]]o]o

)
{proof)

context
fixesaABECBH
assumes &: G : A »>oq €
and : H: B »gn €
begin

interpretation &: is-functor a A € & (proof)
interpretation 9: is-functor a B € § (proof)

lemma cat-comma-Obj-def":
cat-comma-0bj & § = set

{
[a, b, flo]abf.
a € A(O0bj) A b e BIObI) A f: &(0biMap))(al) —¢ H(ObjMap|) (b))

}
{proof)

lemma cat-comma-Hom-def":
cat-comma-Hom & $H A B = set

[4, B, g, h]e]o | g h-
A e, cat-comma-0Obj & $H A
B e, cat-comma-Obj & $H A
g : A(0) —o B(0) A
h: A(In) »g B(In) A
B(2n) oag &(ArrMap))(g) = H(ArrMap))(h]) oae A(2n])
}
(proof)

lemma cat-comma-components”
shows 6 crlcop H(0bj) = cat-comma-0bj & H
and & crlor H(Arr) = cat-comma-Arr & $
and & cplor H(Dom)) = (AFe,cat-comma-Arr & . F(0))
and & ¢cplor H(Cod) = (A\Fe,cat-comma-Arr & $. F(In))
and & ¢oplor H(Comp|) =
(
AGFe, cat-comma-composable & $).
[
GF(1n) (0D,
GF(0) (1D,
[
GF(0D(2nD(0) oag GF(InD(2nD(0D,
| GF(OD(2nD(InD cags GF(IND(2nD(InD
Jo
)
and & CF'LCF f)(ICIdD =
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( (Aff)leocat—comma—Obj & 9. [A, A, [A(CI1d)(AQ0)), BICI)(A(1n)D]o]o)
proo

end

14.2.2 Objects

lemma cat-comma-Objl [ cat-comma-cs-intros]:

assumes & : A »>—>oq €

and §) : B »gq €

and A = [a, b, f]o

and a €, 2A(Obj))

and b €, B(O0bj)

and [ : &(0bjMap))(a) —¢ H(ObjMap)(b)
shows A €o & CFiCF .6<|0bj|)
(proof)

lemma cat-comma-ObjD[ dest]:
assumes [a, b, flo € & crlcr H(O0b))
and & : A »>cq €
and $) : B »oq €
shows a €, 21(Obj)
and b €, B(0bj)
and f : &(0bjMap|)(a) —»¢ H(ObjMap|) (b))
(proof)

lemma cat-comma-ObjE[ elim]:
assumes A €, & cplor H(O0b))
and & : A »—>pon €
and §) : B g €
obtains a b f where A = [a, b, f]o
and a ¢, 2A(O0bj))
and b & B(0bj))
and f : &(ObjMap)(a) ¢ (08 Map) ()
(proof)

14.2.3 Arrows

lemma cat-comma-HomlI|[ cat-comma-cs-intros):
assumes & : A »>o4 €
and §) : B g €
and F = [A, B, [g, h]o]o
and A = [a, b, f]o
and B = [a/, b/, f']5
and g: a g a’
and h: b g b
and f : &(0bjMap|)(a) —»¢ H(ObjMap|) (b))
and f": &(0bjMap))(a’) ~¢ H(ObMap) (b’
and f’ ox¢ &(ArrMap))(g) = H(ArrMap])(h) oag f
shows F ¢, cat-comma-Hom & $H A B
(proof)

lemma cat-comma-HomE][ elim]:
assumes F' ¢, cat-comma-Hom & $H A B
and & : A g €
and 9 : B »coq €
obtains a b fa' b f'gh
where F = [A, B, [g, h]o]o
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and A = [a, b, f]o

and B = [a/, b, '],

and g: a g a

and h: b g b’

and f : &(0bjMap))(al) —¢ H(ObjMap)) (b))

and f": &(0bjMap))(a’) ~¢ H(ObMap)(b')

and f' oqg &(ArrMap))(g) = H(ArrMap))(h]) cag f
(proof )

lemma cat-comma-HomD][dest]:

assumes [[a, b, f]o, [a’, b', f']o, [g, P]o]o €o cat-comma-Hom & $ A B
and & : A >0 €
and ) : B »on €

shows g : a g a’
and h: b e b
and f : &(0bjMap|)(al) —»¢ H(ObMap|) (b))
and f": &(0bjMap))(a’) ~¢ H(ObiMap)(b')
and f"os¢ &(ArrMap)(g) = H(ArrMap)(hl) cae f

(proof)

lemma cat-comma-Arrl| cat-comma-cs-intros):
assumes F' ¢, cat-comma-Hom & $H A B
and A €& 6 CFJ(CF f)(]Ob]D
and B €o 65) C’FlCF 5’J(|Obj|)
shows F ¢, 6 crlor H(Arr)

{proof)

lemma cat-comma-ArrE[elim]:
assumes F ¢, & cplor H(Arr)
obtains A B
where F ¢, cat-comma-Hom & $ A B
and A (S5 & CFl'CF 55(|Ob]|)
and B e, & CFJ(CF YJ(IOZ)]D

{proof)

lemma cat-comma-ArrD| dest]:
assumes [A, B, Fl, €, & cplcr H(Arr)
and 6 : A oy €
and § : B —»coq €
shows [A4, B, F, € cat-comma-Hom & $ A B
and A €, & crlcor H(0b))
and B €, & crlcr H(00bj)
(proof)

14.2.4 Domain

lemma cat-comma-Dom-vsv| cat-comma-cs-intros]: vsv (& crlcr H(Doml))

{proof)

lemma cat-comma-Dom-vdomain| cat-comma-cs-simps]:
Do (& crlor H(Dom) = & crlor H(Arr)
{proof)

lemma cat-comma-Dom-app| cat-comma-cs-simps]:
assumes ABF = [A, B, F]o and ABF ¢, & crlcr H(Arr|
shows & crlor H(Dom|)(ABF|) = A

{proof)
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lemma cat-comma-Dom-vrange:
assumes & : A »—>cq Cand H B > €
shows R, (@ crlor .6(|Dom|)) S & crlor f)(|0bj|)
{proof)

14.2.5 Codomain

lemma cat-comma-Cod-vsv[ cat-comma-cs-intros]: vsv (& crlor H(Cod)))

{proof)

lemma cat-comma-Cod-vdomain| cat-comma-cs-simps]:
Do (6 crlor H(Cod) = & crlor H(Arr)
{proof)

lemma cat-comma-Cod-appl cat-comma-cs-simps]:
assumes ABF = [A, B, F], and ABF €, & crlcr H(Arr|
shows & crlcop H(Cod)(ABF) = B
{proof)

lemma cat-comma-Cod-vrange:
assumes & : A > Cand H B >y €
shows R, (6 crlor H(Cod) o & crlcr H(0b])
{proof)

14.2.6 Arrow with a domain and a codomain

lemma cat-comma-is-arri| cat-comma-cs-intros|:
assumes & : A »>—>o, €
and ) : B »pn €
and ABF = [A, B, F],
and A = [a, b, f]o
and B = [a/, b/, f'],

and F = [g, h]o
and g: a g a
and h:b g b

and f : &(0bjMap|)(al) —»¢ H(ObjMap|) (b))

and f': &(0bjMap))(a’) —¢ H(ObMap))(b")

and f' o¢ G(ArrMap))(g) = H(ArrMap))(h) oae f
shows ABF : A —»g crlor 9 B

(proof)

lemma cat-comma-is-arrD| dest]:
assumes [[a, b, f]o, [a’, 0", f']o, [g, h]o]o :
[a‘7 b, f]o =6 crlor 9 [a,7 b, f/]o
and & : A »—>pon €
and §) : B g €
shows g : a g a’
and h: by b
and [ : 8(0bjMap))(al) —¢ H(ObiMap|) (b))
and f': &(0bjMap))(a’) ~¢ H(ObMap)(b')
and f' oa¢ &(ArrMap))(g) = H(ArrMap))(h]) cag f
{proof)

lemma cat-comma-is-arrE[elim]:
assumes ABF : A =g ... 5 B
and & : A >
and ) : B »>oq €
obtains a b fa' b f'gh
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where ABF = [[a, b, f]o, [a', V', f']o, [, Plo]o
and A = [a, b, f]o
and B = [a’, V', f']o
and g: a g a
and h: b b
and f : &(0bjMap)(a) ~¢ H(ObMap))(b])
and f': &(0bjMap))(a’) ~¢ H(ObMap)(b')
and f' oqg &(ArrMap))(g) = H(ArrMap))(h]) cag f
{proof)

14.2.7 Composition

lemma cat-comma-composablel:
assumes & : A »>on €
and §) : B »oq €
and ABCGF = [BCG, ABF],
and BCG: Brg ,nior 6 C
and ABF : A —»g crlor 9 B
shows ABCGF ¢, cat-comma-composable & £

(proof)

lemma cat-comma-composableE| elim]:
assumes ABCGF ¢, cat-comma-composable & $
and & : A >0 €
and §) : B g €
obtains BCG ABF A B C
where ABCGF = [BCG, ABF],
and BCG: Brg ,olor s C
and ABF : A ’—>Q5 CFiCFfJ B

{proof)

lemma cat-comma-Comp-vsv[ cat-comma-cs-intros]: vsv (& cplor H(Compl)

{proof)

lemma cat-comma-Comp-vdomain[ cat-comma-cs-simps]:
Do (& crlor 9(Comp)) = cat-comma-composable & $

{proof)

lemma cat-comma-Comp-app| cat-comma-cs-simps]:

assumes & : A »>on €

and §) : B g €

and G = [B, C, [g', h']s]o

and F = [4, B, [g, h]o]o

and G : B =g crlcr 9 c

and F : A =g orbor 9 B
shows G CA® crlor H F= [A, C, [g'oAQ[ g, h’OA% h]o]o
(proof)

lemma cat-comma-Comp-is-arr| cat-comma-cs-intros]:
assumes & : A »>o, €
and §) : B g €
and BCG: Brg ,ulor 6 C
and ABF : A ~® crbcr 9 B
shows BCG o, crlor 9 ABF : A g crlor 9 C

(proof)

190



14.2.8 Identity

lemma cat-comma-CId-vsv[ cat-comma-cs-intros]: vsv (& crplor H(CI))

{proof)

lemma cat-comma-Cld-vdomain[ cat-comma-cs-simps]:
assumes & : A o Cand H B >y €
shows D, (& crlcr H(CI)) = & crlcr H(O0b)
{proof)

lemma cat-comma-CId-app[ cat-comma-cs-simps]:
assumes & : A »—>o4 €
and ) : B »on €
and A = [a, b ,f]o
and A €o & CFJ/CF .VJGObjD
shows & crlor H(CI)(A) = [A, A, [A(CId)(al), B(ICI)(0)]o]
{proof)

14.2.9 Hom-set

lemma cat-comma-Hom:
assumes & : A »—>oo €
and H : B »0q €
and A €o & C’FJ/C’F YJ(IOb_]D
and B (S (5] CFJ/C'F 5’J(|Obj|)
shows Hom (& ¢cprlor $) A B = cat-comma-Hom & $ A B

(proof)

14.2.10 Comma category is a category

lemma category-cat-commal cat-comma-cs-intros):
assumes & : A > Cand H B oy €
shows category a (& crlor 9)

(proof)

14.2.11 Tiny comma category

lemma tiny-category-cat-commal cat-comma-cs-intros|:
assumes 6 : A »>—c g Cand H B =0 pa €
shows tiny-category a (& crlor 9)

{proof)
14.3 Opposite comma category functor

14.3.1 Background

See [2]7 for background information.

14.3.2 Object flip

definition op-cf-commma-obj-flip = V=V = V
where op-cf-commma-obj-flip & § =
(Meo (& crlcr H)(0b)). [A(1In]), AQ0), A(2nD]0)

Elementary properties.

mk-VLambda op-cf-commma-obj-flip-def
|vsv op-cf-commma-obj-flip-vsv[ cat-comma-cs-intros]|

7https://en.wikipedia.org/wiki/Opposite_category
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|vdomain op-cf-commma-obj-flip-vdomain| cat-comma-cs-simps]|
lapp op-cf-commma-obj-flip-app’|

lemma op-cf-commma-obj-flip-app| cat-comma-cs-simps]:
assumes A = [a, b, f]o and A €, (& crlcr H)(0b))
shows op-cf-commma-obj-flip & H(A|) = [b, a, fo
(proof)

lemma op-cf-commma-obj-flip-v1 1] cat-comma-cs-intros]:
assumes & : A > Cand H B oy €
shows v11 (op-cf-commma-obj-flip & H)

(proof)

lemma op-cf-commma-obj-flip-vrange cat-comma-cs-simps]:

assumes & : A »—>cq Cand H : B »>goq €

shows R, (op-cf-commma-obj-flip & ) = (op-¢f H) cricr (op-¢f B)(0bj)
{proof)

14.3.3 Definition and elementary properties

definition op-cf-comma =V = V = V
where op-cf-comma & $) =
[
op-cf-commma-obj-flip & $,
(
)\ABFEO(® CF\LC’F ,S’j)(lA’l’T’l)
[

op-cf-commma-obj-flip & H(ABF(In)),
op-cf-commma-obj-flip & H(ABF(0))),
[ABF(2n)(In), ABF(2n)(0n)]o

),

op-cat (& crlcr 9),

(op-cf 9) cricr (op-cf &)

o

Components.

lemma op-cf-comma-components:
shows [ cat-comma-cs-simps]:
op-cf-comma & H(0bjMap)) = op-cf-commma-obj-flip & $H
and op-cf-comma & H(ArrMapl|) =

MABFe(® crlcr $H)(Arr).

[
op-cf-commma-obj-flip & H(ABF(In)),
op-cf-commma-obj-flip & H(ABF(0))),
[ABF(2x)(1x), ABF(2x)(0xD].

o

)
and [ cat-comma-cs-simps]:
op-cf-comma & $H(|HomDom|) = op-cat (& crler )
and [cat-comma-cs-simps]:
op-cf-comma & H(HomCod)) = (op-c¢f 9) crlcr (op-cf &)
(proof)

14.3.4 Arrow map

mk-VLambda op-cf-comma-components(2)
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|vsv op-cf-comma- ArrMap-vsv[ cat-comma-cs-intros]|
|vdomain op-cf-comma-ArrMap-vdomain[ cat-comma-cs-simps]|
lapp op-cf-comma-ArrMap-app’|

lemma op-cf-comma-ArrMap-app| cat-comma-cs-simps|:
assumes ABF = [[a, b, f1o, [a', b, [']o, [9, R]o]o
and ABF €, & crlor H(Arr)
shows op-cf-comma & $H(ArrMap|)(ABF)) =
[
op-cf-commma-obj-flip & H(|a’, b, f').,
op-cf-commma-obj-flip & $H(a, b, f).,
[h, g
]O
(proof )

lemma op-cf-comma-ArrMap-v11[ cat-comma-cs-intros]:
assumes & : A > Cand H B >y €
shows v11 (op-cf-comma & $H(ArrMap)))

{proof)

lemma op-cf-comma-ArrMap-is-arr:
assumes & : A oo €
and ) : B »on €
and ABF : A —»g crler 9 B
shows op-cf-comma & $H(ArrMap|)(ABF)) :
op-cf-commma-obj-flip & $H( B = (op-cf H) crlor (op-cf &)
op-cf-commma-obj-flip & H(A|
{proof)

lemma op-cf-comma-ArrMap-is-arr”
assumes & : A oo €
and ) : B »on €
and ABF : A =g olor 5 B
and A’ = op-cf-commma-obj-flip & $H(B)
and B’ = op-cf-commma-obj-flip & H(A)
shows op-cf-comma & H(ArrMap))(ABF]|) : A’ = (op-cf ) crlor (op-cf ) B’
(proof)

lemma op-cf-comma-ArrMap-vrange[ cat-comma-cs-simps]:

assumes & : A »—>cq Cand H : B »>oq €

shows R, (op-cf-comma & H(ArrMap))) = (op-c¢f ) cricr (op-¢f B)(Arr)
{proof)

14.3.5 Opposite comma category functor is an isomorphism of categories

lemma op-cf-comma-is-iso-functor:
assumes & : A »—>oq Cand H : B »>poq €
shows op-cf-comma & $) :
op-cat (& crlor 9) = clisoa (0p-cf H) crlcr (op-cf &)
{proof)

lemma op-cf-comma-is-iso-functor'[ cat-comma-cs-intros]:
assumes & : A »>—>o, €
and ) : B »on €
and 2’ = op-cat (& crlor H)
and B’ = (op-¢f 9) crlcr (op-¢f )
shows op-cf-comma & ) : A" »>c 500 B’

{proof)
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lemma op-cf-comma-is-functor:
assumes & : A > Cand H B g €
shows op-cf-comma & $ :
op-cat (& crlcr 9) »ca (op-cf ) crlcr (op-cf &)
(proof)

lemma op-cf-comma-is-functor'| cat-comma-cs-intros]:
assumes & : A »—>oq €
and §) : B »gq €
and 2" = op-cat (& crlor H)
and B’ = (op-¢f 9) cricr (op-¢f B)
shows op-cf-comma & § : A’ —»—>cq B’

{proof)

14.4 Projections for a comma category

14.4.1 Definitions and elementary properties

See Chapter II-6 in [7].

definition c¢f-comma-proj-left = V.= V = V («(- ¢pl1 -)> [1000, 1000] 999)
where & cp[] $ =
[
()\aeot’ﬁ CFJrCF .6(|Obj|) a(|0|)),
(A\fe® crlor H(Arr). f(2n)(0D),
6 crlor 9,
&(HomDom))

o

definition c¢f-comma-proj-right = V.= V = V («(- M ¢r -)» [1000, 1000] 999)
where & [cp 9 =

(Aaeo® crlcor H(0b)). a(In)),
(Mfee® crlor H(Arr). f(2n)(In]),
6 crlcr 9,

$H(HomDom))

lo

Components.

lemma cf-comma-proj-left-components:
shows & ¢ 5[ H(0biMap) = (Aaco® cplor H(OBI). a(0))
and & cpll H(ArrMap)) = (Mfe.® crlcor H(Arr]). f(2n)(0))
and & ¢ H(HomDom|) = & crlor 9
and & ¢l H(HomCod)) = &(HomDom))

(proof)

lemma cf-comma-proj-right-components:
shows & [ cr H(0biMap)) = (Mac® crlcr H(0b]). a(In]))
and & [ cr H(ArrMap|) = (A feo® crlor H(Arr). F(2n)(IN])
and & [ or H(HomDom|) = & crlor 9
and & [ cr H(HomCod)) = H(|HomDom))

{proof)

context
fixesa A B EC S §H
assumes &: &G : A »>oq €
and : H: B »oq €
begin
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interpretation &: is-functor a A € & (proof)
interpretation 9: is-functor a B € 9 (proof)

lemmas cf-comma-proj-left-components’ =
cf-comma-proj-left-components[ of & $, unfolded &.cf-HomDom]

lemmas cf-comma-proj-right-components’ =
cf-comma-proj-right-components[of & 9, unfolded $.cf-HomDom]

lemmas [ cat-comma-cs-simps| =
cf-comma-proj-left-components’(3,4)
cf-comma-proj-right-components’( 3,4)

end

14.4.2 Object map

mk-VLambda cf-comma-proj-left-components(1)
|vsv cf-comma-proj-left-ObjMap-vsv| cat-comma-cs-intros]|
|vdomain cf-comma-proj-left-ObjMap-vdomain| cat-comma-cs-simps]|

mk-VLambda cf-comma-proj-right-components(1)
|vsv cf-comma-proj-right-ObjMap-vsv[ cat-comma-cs-intros]|
|vdomain cf-comma-proj-right-ObjMap-vdomain| cat-comma-cs-simps]|

lemma cf-comma-proj-left-ObjMap-app[ cat-comma-cs-simps]:
assumes A = [a, b, f]o and [a, b, f]o € & crlor H(0b))
shows & ¢ H(0biMap)(A) = a
(proof)

lemma cf-comma-proj-right-ObjMap-app| cat-comma-cs-simps]:
assumes A = [a, b, f]o and [a, b, f]o € & crlor H(0b))
shows & [N ¢cp H(ObiMap)(A]) = b
(proof)

lemma cf-comma-proj-left-ObjMap-vrange:
assumes & : A > Cand H B >y €
shows R, (& ¢pl1 H(0ObjMap))) <, A(Obj)
{proof)

lemma cf-comma-proj-right-ObjMap-vrange:
assumes & : A »—>cq Cand H : B >y €
shows R, (& [Mcor H(0ObiMap))) <, B(Obj)
{proof)

14.4.3 Arrow map

mk-VLambda cf-comma-proj-left-components(2)
|vsv cf-comma-proj-left- ArrMap-vsv| cat-comma-cs-intros]|
|vdomain cf-comma-proj-left- ArrMap-vdomain| cat-comma-cs-simps]|

mk-VLambda cf-comma-proj-right-components(2)

|vsv cf-comma-proj-right-Arr Map-vsv[ cat-comma-cs-intros]|

|vdomain cf-comma-proj-right- ArrMap-vdomain[ cat-comma-cs-simps]|
lemma cf-comma-proj-left- ArrMap-app| cat-comma-cs-simps]:

assumes ABF = [A, B, [g, h]o]o and [A, B, [g, hlo]o €0 & crlcr H(Arr)
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shows & ¢r[1 H(ArrMap)(ABF) = g
{proof)

lemma cf-comma-proj-right-ArrMap-app| cat-comma-cs-simps|:
assumes ABF = [A, B, [g, h]o]o
and [Av B, [ga h]O]o €o & CF»J(CF S;)(IATTD
shows & [N ¢cr H(ArrMap)(ABF) = h
(proof )

lemma cf-comma-proj-left- ArrMap-vrange:
assumes & : A »—>cq Cand H B >y €
shows R, (& ¢l H(ArrMap))) <o A(Arr)
{proof)

lemma cf-comma-proj-right- ArrMap-vrange:
assumes & : A > Cand H B >y €
shows R, (6 [Mcr H(ArrMap))) <o B(Arr)
{proof)

14.4.4 Projections for a comma category are functors

lemma cf-comma-proj-left-is-functor:
assumes & : A »>>cn Cand H B oy €
shows & ¢rl1 H: 6 crlor H Pca
{proof)

lemma cf-comma-proj-left-is-functor’[ cat-comma-cs-intros]:
assumes & : A »—>o, €
and ) : B »on €
and A' =& cplor 9
shows & gp[] H: A »gn A
(proof)

lemma cf-comma-proj-right-is-functor:
assumes & : A > Cand H B g €
shows & [Mcr H: 6 crlor H Poca B
{proof)

lemma cf-comma-proj-right-is-functor’[ cat-comma-cs-intros]:
assumes & : A »>on €
and §) : B g €
and A' =& cplor 9
shows & [¢cr 9 : A’ —>oq B
(proof)

14.4.5 Opposite projections for a comma category

lemma op-cf-comma-proj-left:

assumes & : A -0 Cand H : B »>py €

shows op-¢f (& crl1 9) = (op-¢f H) Mer (op-¢f B) oo op-cf-comma & $H
(proof )

lemma op-cf-comma-proj-right:

assumes & : A »—>oq Cand H : B »>poq €

shows op-¢f (& [Meor H) = (op-¢f H) crll (op-¢f B) ogr op-cf-comma & $H
{proof)
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14.4.6 Projections for a tiny comma category

lemma cf-comma-proj-left-is-tm-functor:
assumes & : A >—>c ima Cand H: B >0 ima €
shows & crl1 9 : 6 crlcr H P ctma A

{proof)

lemma cf-comma-proj-left-is-tm-functor'[ cat-comma-cs-intros]:
assumes & : A > tpa €
and 9 : B »=c i €
and 6% =6 cplcr 9
shows & ¢rl1 9 : 69 »cima A
(proof)

lemma cf-comma-proj-right-is-tm-functor:
assumes & : A > ima Cand H: B >0 ma €
shows & [Mcr H: 6 crlor H Pcima B

{proof)

lemma cf-comma-proj-right-is-tm-functor'[ cat-comma-cs-intros]:
assumes & : A > yma €
and 9 : B >~ itma €
and 6% =6 crlcr 9
shows & [Mcrp H: 6H »—cima B

(proof)

lemma cf-comp-cf-comma-proj-left-is-tm-functor| cat-comma-cs-intros):
assumes & : A »—>co €
and 9 : B »gq €
and §: J == tma © crlcr 9
shows & crl1 Hocr §:J P~ c.tma &
{proof)

lemma cf-comp-cf-comma-proj-right-is-tm-functor| cat-comma-cs-intros]:
assumes & : A oo €
and ) : B —»oq €
and § : J »~c.oma © crlor 9
shows & [Mcr $H ocr §:J »c.tma B
{proof)

14.5 Comma categories constructed from a functor and an object
14.5.1 Definitions and elementary properties

See Chapter II-6 in [7].

definition cat-cf-obj-comma = V = V = V («(- ¢rld -)» [1000, 1000] 999)
where § crl b =F crlor (¢f-const (cat-1 0 0) (F(HomCod))) b)

definition cat-obj-cf-comma = V= V = V («(- lcr -)» [1000, 1000] 999)
where b |ocp § = (¢f-const (cat-1 0 0) (F(HomCod))) b) crlcr §

Alternative forms of the definitions.

lemma (in is-functor) cat-cf-obj-comma-def:
S ord b=F crlcr (¢f-const (cat-1 0 0) B b)
(proof)

lemma (in is-functor) cat-obj-cf-comma-def:
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blor § = (cf-const (cat-1 0 0) B b) crlor §
(proof)

Size.

lemma small-cat-cf-obj-comma-Obj[ simp]:
small {[a, 0, flo | a f. a &c A(ObI) A f: z ¢ S(ObjMap|)(al) }
(is «<small ?afs»)

{proof)

lemma small-cat-obj-cf-comma-Obj[ simp]:
small {{0, b, flo | b f. be B(ObI) A f:z =g &(ObjMap|) (b))}
(is <small 2bfsy)

{proof)

14.5.2 Objects

lemma (in is-functor) cat-cf-obj-comma-Objl | cat-comma-cs-intros]:
assumes A = [a, 0, f], and a € A(0bj)) and f : F(ObiMap))(a]) —o b
shows A €, § crl b(Obj)
(proof)

lemmas [cat-comma-cs-intros]| = is-functor.cat-cf-obj-comma-Objl

lemma (in is-functor) cat-obj-cf-comma-Objl[ cat-comma-cs-intros]:
assumes A = [0, a, f], and a € A(O0bj)) and f : b —q F(ObjMap))(al)
shows A €, b lor F(Obj)
{proof)

lemmas [ cat-comma-cs-intros] = is-functor.cat-obj-cf-comma- Objl

lemma (in is-functor) cat-cf-obj-comma-ObjD[dest]:
assumes [a, b, f|o € § crl b(Obj) and b €, B(0bj)
shows a €, A(0bj) and b’ = 0 and f : F(ObiMap))(a]) —g b
(proof)

lemmas [dest] = is-functor.cat-cf-obj-comma-ObjD[ rotated 1]

lemma (in is-functor) cat-obj-cf-comma-ObjD[ dest]:
assumes [b’, a, flo € b Lo F(Obj) and b €, B(Obj)
shows a €, A(O0bj) and b’ = 0 and [ : b —g F(ObjMap)(al
(proof)

lemmas [dest] = is-functor.cat-obj-cf-comma-ObjD[ rotated 1]

lemma (in is-functor) cat-cf-obj-comma-ObjE| elim]:
assumes A €, § crl b(Obj) and b €, B(O0bj)
obtains a f
where A = [a, 0, f]o
and a €, 20(00bj)
and f : §(ObjMap))(a) g b
(proof)

lemmas [elim] = is-functor.cat-cf-obj-comma-ObjE[ rotated 1]
lemma (in is-functor) cat-obj-cf-comma-ObjE[elim]:
assumes A € b lor F(Obj) and b €, B(Obj)

obtains a f
where A = [0, a, f]o
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and a €, A(O0bj)
and f : b =y F(ObjMap)(al)
(proof )

lemmas [elim] = is-functor.cat-obj-cf-comma-ObjE[ rotated 1]

14.5.3 Arrows

lemma (in is-functor) cat-cf-obj-comma-Arri| cat-comma-cs-intros]:

assumes b €, B(0bj))

and F = [Av Ba [gv 0]0]0

and 4 = [a, 0, fo

and B = [a/, 0, ']

and g: a g a’

and f : $(O0bjMap)(a) g b

and f/: §(0bjMap)(a) gy b

and f' o3 F(ArrMap))(g) = f
shows F €, § ¢rl b(Arr|
(proof)

lemmas [ cat-comma-cs-intros| = is-functor.cat-cf-obj-comma-Arrl

lemma (in is-functor) cat-obj-cf-comma-ArrI[ cat-comma-cs-intros]:

assumes b €, B(0bj))

and F = [A, B, [0, g]o]o

and A = [0, a, f]o

and B = [0, a', f']o

and g: a g a

and f: b g F(ObiMap|)(al)

and f': b —g F(ObiMap|)(a’)

and §(ArrMap))(g) oass f = f'
shows F ¢, b lor F(Arr|
(proof)

lemmas [ cat-comma-cs-intros] = is-functor.cat-obj-cf-comma-Arrl

lemma (in is-functor) cat-cf-obj-comma-ArrE[elim]:
assumes F €, § crl b(Arr)) and b €, B(Obj)
obtains A Ba fa'f'yg
where F = [A, B, [y, 0]c]o
and A = [a, 0, f]o
and B =[a’, 0, f']o
and g: a g a
and 7 : §QObiMap)(a) g5 b
and f': F(ObjMap)(a') —g b
and [’ oag §(ArrMap)(g) = f
and A € § crl b(0bj)
and B ¢, § crd b(0bj)

(proof)

lemmas [elim] = is-functor.cat-cf-obj-comma-ArrE[rotated 1]

lemma (in is-functor) cat-obj-cf-comma-ArrE[elim]:
assumes F €, b |cr §(Arr)) and b €, B(O0bj)
obtains A Ba fa'f'yg
where F = [A, B, [0, g]o]o
and A = [0, a, f]o
and B = [0, o', f']o
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and g: a g a
and f: b g §(ObiMapl)(al)
and f': b g F(ObiMap))(a’)
and §(ArrMap|)(g) oass f = f'
and A €o b JrCF SqOb]D
and B ¢ b lcr §(00bj)

{proof)

lemmas [elim] = is-functor.cat-obj-cf-comma-ArrE

lemma (in is-functor) cat-cf-obj-comma-ArrD[dest]:
assumes [[a, b', flo, [a’, b, f']o, [g, Moo €0 & crl b(ATT)
and b €, B(O0bj)
shows b’ = 0
and b =0
and h = 0
and g: a g a’
and / : §(ObjMap) (a) g b
and f': §(ObjMap|)(a’) —q b
and /" o4 F(ArrMap) () = /
and [a, b, flo € § crl b(Obj)
and [a’, b", f']o € § crl b(Obj)
{proof)

lemmas [dest] = is-functor.cat-cf-obj-comma-ArrD[ rotated 1]

lemma (in is-functor) cat-obj-cf-comma-ArrD[dest]:
assumes [[b', a, flo, [0", @', f']o, [y glo]o €0 b Lor S(ArT)
and b €, B(O0bj)
shows b’ = 0
and b =0
and h = 0
and g: a g a’
and / : b gy §(0bjMap)(la)
and f': b —g F(ObiMap|)(a’)
and §F(ArrMap))(g) oass f = f'
and [/, a, fl. € b Lor S(Ob)
and [0”, ', o € b Lor S(Ob))
{proof)

lemmas [dest] = is-functor.cat-obj-cf-comma-ArrD

14.5.4 Domain

lemma cat-cf-obj-comma-Dom-vsv| cat-comma-cs-intros]: vsv (§ crl b(Dom])

{proof)

lemma cat-cf-obj-comma-Dom-vdomain[ cat-comma-cs-simps]:
Do (F crl b(Dom)) = F crl b(Arr)
(proof)

lemma cat-cf-obj-comma-Dom-app[ cat-comma-cs-simps]:
assumes ABF = [A, B, F], and ABF €, § crl b(Arr)
shows § ¢l b(Dom|)(ABF)) = A

{proof)

lemma (in is-functor) cat-cf-obj-comma-Dom-vrange:
assumes b €, B(0bj))
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shows R, (§ crl b(Dom)) So § crl b(Obj)
(proof)

lemma cat-obj-cf-comma-Dom-vsv| cat-comma-cs-intros]: vsv (b Lor §(Dom]))

{proof)

lemma cat-obj-cf-comma-Dom-vdomain[ cat-comma-cs-simps]:
Do (blcr §(Dom)) = b lcr S(Arr)
(proof)

lemma cat-obj-cf-comma-Dom-app[ cat-comma-cs-simps):
assumes ABF = [A, B, F], and ABF ¢, b |cr §(Arr)
shows b |cr F(Dom|)(ABF)) = A

{proof)

lemma (in is-functor) cat-obj-cf-comma-Dom-vrange:
assumes b €, B(0bj))
shows R, (b lcr §(Dom)) S b Ler F(Obj)
{proof)

14.5.5 Codomain

lemma cat-cf-obj-comma- Cod-vsv[ cat-comma-cs-intros]: vsv (§F crl b(Cod])

(proof)

lemma cat-cf-obj-comma- Cod-vdomain[ cat-comma-cs-simps|:
D, (S C’Fi b(ICOdD) = S cpl, b(lAT'?"D
{proof)

lemma cat-cf-obj-comma-Cod-app| cat-comma-cs-simps]:
assumes ABF = [A, B, F], and ABF ¢, § cr| b(Arr)
shows § ¢l b(Cod)(ABF)) = B

{proof)

lemma (in is-functor) cat-cf-obj-comma-Cod-vrange:
assumes b €, B(0bj)
shows R, (3' crd quOdl)) S S cFd b(IOb]D
{proof)

lemma cat-obj-cf-comma-Cod-vsv| cat-comma-cs-intros]: vsv (b Lor §(Cod)))

{proof)

lemma cat-obj-cf-comma-Cod-vdomain|[ cat-comma-cs-simps|:
Do (blor §(Cod)) = b ler F(Arr)
(proof)

lemma cat-obj-cf-comma-Cod-app| cat-comma-cs-simps]:
assumes ABF = [A, B, F], and ABF €, b |cr §(Arr)
shows b |cp §(Cod)(ABF) = B

{proof)

lemma (in is-functor) cat-obj-cf-comma-Cod-vrange:
assumes b €, B(0bj))
shows R, (b lcr §(Dom) S b lcr F(Obj)
{proof)
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14.5.6 Arrow with a domain and a codomain

lemma (in is-functor) cat-cf-obj-comma-is-arrl| cat-comma-cs-intros]:
assumes b €, B(0bj)
and ABF = [A, B, F],
and A = [a, 0, f]o
and B = [a/, 0, f']o
and F = [g, 0],
and g: a g a
and f : §(ObjMap))(al) g b
and f/: §(0bjMap)(a) gy b
and [’ oxs3 F(ArrMap))(g) = f
shows ABF : A »5 14 B
{proof)

lemmas [ cat-comma-cs-intros] = is-functor.cat-cf-obj-comma-is-arrl

lemma (in is-functor) cat-obj-cf-comma-is-arrl| cat-comma-cs-intros]:
assumes b €, B(0bj))
and ABF = [A, B, F],
and 4 = [0, a, f]o
and B = [0, a’, f']o
and F = [0, g].
and g:a g a
and f : b =y F(ObiMapl)(al)
and f': b —g F(ObMap|)(a’)
and F(ArrMap))(g)) oasg f = f’
shows ABF : Ay | .= B
{proof)

lemmas [cat-comma-cs-intros]| = is-functor.cat-obj-cf-comma-is-arrl

lemma (in is-functor) cat-cf-obj-comma-is-arrD[dest):
assumes [[a, b', flo, [a’, b, ']o, [9, hlo]o :
[a> b, f]o PE orl b [a,, b", f,]O
and b €, B(0bj)
shows b’ = 0
and b = 0
and h = 0
and g:a g a
and f : §(ObjMap) (a) o5 b
and f': §(ObjMap|)(a’) —g b
and f' o3 §(ArrMap))(g) = f
and [a, b, flo € § crl b(0bj)
and [a’, ", f']o €0 § crl b(Ob))
{proof)

lemma (in is-functor) cat-obj-cf-comma-is-arrD[ dest]:
assumes [[b', a, flo, [b", a', ']o, [B, glo]o :
[bl7 a, f]o Pbler § [buv a’, fl]o
and b €, B(O0bj)
shows b’ = 0
and b =0
and h = 0
and g: a g a’
and f: b g F(ObjMapl)(al)
and f': b —g F(ObiMap|)(a’)
and §(ArrMap))(g) oass f = f'
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and [V, a, f]o €& b lor F(Ob))
and [b”, a', f']o € b LeoF F(Ob))
(proof)

lemmas [dest] = is-functor.cat-obj-cf-comma-is-arrD

lemma (in is-functor) cat-cf-obj-comma-is-arrE[ elim]:
assumes ABF : A =z .1 B and b€ B(O0bj)
obtains a fa' f' g
where ABF = [[a, 0, f]o, [a’, 0, f']o, [9, 0]c]o
and 4 = [a, 0, fo
and B = [a', 0, f']o
and g: a g a
and f : §(ObjMap))(a) g b
and f': §(ObjMap)(a') —g b
and f"oag3 §(ArrMap)(g)) = f
and A4 ¢, § ¢rl b(0bj)
and B & § orl b(0bj)

{proof)
lemmas [elim] = is-functor.cat-cf-obj-comma-is-arrE

lemma (in is-functor) cat-obj-cf-comma-is-arrE[ elim]:
assumes ABF : A~y | = Band b & B(O0bj)
obtains a fa' f' g
where ABF = [[0, a, flo, [0, @', f']o, [0, 9]o]o
and A = [0, a, f]o
and B = [0, o/, f']o
and g: a g a
and f b gy §(ObjMap)(a)
and f': b =g F(ObMap))(a’)
and F(ArrMap))(g) casg f = f'
and 4 ¢ b lcr F(0bj)
and B & b lor §(0bj)

{proof)

lemmas [elim] = is-functor.cat-obj-cf-comma-is-arrE

14.5.7 Composition

lemma cat-cf-o0bj-comma-Comp-vsv| cat-comma-cs-intros]: vsv (§ c¢rl b(Comp)))

{proof)

lemma cat-obj-cf-comma- Comp-vsv[ cat-comma-cs-intros]: vsv (b Lop F(Comp)))

{proof)

lemma (in is-functor) cat-cf-obj-comma-Comp-app| cat-comma-cs-simps]:
assumes b €, B(0bj))
and BCG = [B, C, [¢', h']s]o
and ABF = [A, B, [g, h]o]o
and BCG : B '—>%~ crd b C
and ABF : A l—>3' crl b B
shows BCG oaz .| p ABF =[A, C, [¢" oag 9. 0]c]o
{proof)

lemma (in is-functor) cat-obj-cf-comma-Comp-app[ cat-comma-cs-simps]:

assumes b ¢, B(O0bj))
and BCG = [B, C, [h, ¢']c]o
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and ABF = [A, B, [h, g]o]o
and BOG: By .5 C
and ABF : Ay | < B
shows BCG oay, | .. 5 ABF = [A, C, [0, g' oag glo]o
(proof)

lemma (in is-functor) cat-cf-obj-comma-Comp-is-arr| cat-comma-cs-intros]:
assumes b €, B(0bj))
and BCG: Brg .15 C
and ABF : A Hg crl b B
shows BCG OAS crl b ABF : A '—>%~ crd b C

(proof)

lemma (in is-functor) cat-obj-cf-comma-Comp-is-arr| cat-comma-cs-intros]:
assumes b €, B(0bj))
and BCG: By .5 C
and ABF : Ay .5 B
shows BCG o4y lor § ABF : A =y lor 3 C

{proof)

14.5.8 Identity

lemma cat-cf-obj-comma- CId-vsv[ cat-comma-cs-intros]: vsv (§ cpl b(CId))

(proof)

lemma cat-obj-cf-comma- Cld-vsv[ cat-comma-cs-intros]: vsv (b L cr §(CId]))
(proof)

lemma (in is-functor) cat-cf-obj-comma-CId-vdomain| cat-comma-cs-simps]:
assumes b €, B(0bj)
shows D, (§ crl b(CI)) = F crl b(Ob))

(proof)

lemma (in is-functor) cat-obj-cf-comma-CId-vdomain| cat-comma-cs-simps]:
assumes b €, B(0bj))
shows D, (b lcr F(CI)) = b lcr F(Ob))

(proof)

lemma (in is-functor) cat-cf-obj-comma-CId-appl cat-comma-cs-simps]:
assumes b €, B(0bj)) and A = [a, b', f]lo and 4 €, §F crl b(Obj)
shows § crl b(CId)(A]) = [A, A, [2A(CId])(a]), 0]c]o

{proof)

lemma (in is-functor) cat-obj-cf-comma-CId-app| cat-comma-cs-simps]:
assumes b €, B(0bj)) and A = [b', a, f]o and 4 € b |cr F(Obj)
shows b |ocp F(CId)(A]) = [A, A, [0, A(CId)(a])]s]o

{proof)

14.5.9 Comma categories constructed from a functor and an object are categories

lemma (in is-functor) category-cat-cf-obj-commal cat-comma-cs-intros]:
assumes b €, B(0bj))
shows category o (§ crd b)

(proof)
lemmas [ cat-comma-cs-intros] = is-functor.category-cat-cf-obj-comma

lemma (in is-functor) category-cat-obj-cf-commal cat-comma-cs-intros]:
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assumes b €, B(0bj)
shows category o (b lor §)

{proof)

lemmas [cat-comma-cs-intros| = is-functor.category-cat-obj-cf-comma

14.5.10 Tiny comma categories constructed from a functor and an object

lemma (in is-tm-functor) tiny-category-cat-cf-obj-commal cat-comma-cs-intros):
assumes b €, B(0bj))
shows tiny-category a (§F crd b)

{proof)

lemma (in is-tm-functor) tiny-category-cat-obj-cf-commal cat-comma-cs-intros):
assumes b €, B(0bj))
shows tiny-category a (b lor §)

{proof)

14.6 Opposite comma category functors for the comma categories constructed
from a functor and an object

14.6.1 Definitions and elementary properties

definition op-cf-obj-comma =V = V = V
where op-cf-obj-comma § b =
op-cf-comma § (cf-const (cat-1 0 0) (F(HomCod))) b)

definition op-obj-cf-comma =V = V = V
where op-obj-cf-comma b § =
op-cf-comma (cf-const (cat-1 0 0) (F(HomCod))) b) §

Alternative forms of the definitions.

lemma (in is-functor) op-cf-obj-comma-def:
op-cf-obj-comma § b = op-cf-comma F (cf-const (cat-1 0 0) B b)
(proof)

lemma (in is-functor) op-obj-cf-comma-def:
op-obj-cf-comma b F = op-cf-comma (cf-const (cat-1 0 0) B b)) §F
(proof)

14.6.2 Object map

lemma op-cf-obj-comma-ObjMap-vsv| cat-comma-cs-intros]:
vsv (op-cf-obj-comma § b(ObjMapl|))
(proof)

lemma op-obj-cf-comma-ObjMap-vsv[ cat-comma-cs-intros]:
vsv (op-obj-cf-comma b F(ObjMapl))
(proof)

lemma (in is-functor) op-cf-obj-comma-ObjMap-vdomain| cat-comma-cs-simps]:
D, (op-cf-obj-comma § b(ObjMap))) = F crl b(Obj))
(proof)

lemma (in is-functor) op-obj-cf-comma-ObjMap-vdomain| cat-comma-cs-simps]:
D, (op-obj-cf-comma b F(ObjMap))) = b Lcr F(Obj)
(proof)
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lemma (in is-functor) op-cf-obj-comma-ObjMap-app| cat-comma-cs-simps]:
assumes A = [a, 0, f]o and b €, B(0bj)) and 4 €, § crl b(Obj)
shows op-cf-obj-comma §F b(ObjMap))(A]) = [0, a, f].

{proof)

lemma (in is-functor) op-obj-cf-comma-ObjMap-app| cat-comma-cs-simps]:
assumes A = [0, a, f]o and b €, B(0bj)) and A €, b |cr F(Obj)
shows op-obj-cf-comma b § (ObjMap))(A]) = [a, 0, f]o

{proof)

14.6.3 Arrow map

lemma op-cf-obj-comma-ArrMap-vsv[ cat-comma-cs-intros):
vsv (op-cf-obj-comma § b(|ArrMap)))
(proof)

lemma op-obj-cf-comma-ArrMap-vsv[ cat-comma-cs-intros):
vsv (op-obj-cf-comma b F(ArrMap)))
(proof)

lemma (in is-functor) op-cf-obj-comma-ArrMap-vdomain| cat-comma-cs-simps]:
D, (op-cf-obj-comma § b(ArrMap|)) = § crl b(Arr|
(proof)

lemmas [cat-comma-cs-simps] = is-functor.op-cf-obj-comma-ArrMap-vdomain

lemma (in is-functor) op-obj-cf-comma-ArrMap-vdomain| cat-comma-cs-simps]:
D, (op-obj-cf-comma b F(ArrMap))) = b lcr F(Arr)
{proof)

lemmas [cat-comma-cs-simps] = is-functor.op-obj-cf-comma-ArrMap-vdomain

lemma (in is-functor) op-cf-obj-comma-ArrMap-app| cat-comma-cs-simps]:
assumes ABF = [[qa, 0, f]o, [a’, 0, f']o, [, 0]o]o
and b €, B(O0bj)
and ABF ¢, § cr| b(Arr)
shows op-cf-obj-comma § b(ArrMap))(ABF)) = [[0, o', f']o, [0, a, flo, [0, 9]o]o
(proof)

lemmas [ cat-comma-cs-simps] = is-functor.op-cf-obj-comma-ArrMap-app

lemma (in is-functor) op-obj-cf-comma-ArrMap-app| cat-comma-cs-simps|:
assumes ABF = [[0, a, f]o, [0, a’, f']o, [0, h]o]o
and b & B(0bj))
and ABF ¢, b lcr §(Arr)
shows op-obj-cf-comma b F(ArrMap)(ABF)) = [[a’, 0, f']o, [a, 0, flo, [R, 0]c]o
{proof)

lemmas [ cat-comma-cs-simps] = is-functor.op-obj-cf-comma-ArrMap-app

14.6.4 Opposite comma category functors for the comma categories constructed
from a functor and an object are isomorphisms of categories

lemma (in is-functor) op-cf-obj-comma-is-iso-functor:

assumes b €, B(0bj)

shows op-cf-obj-comma §F b : op-cat (F crl b) »—c.isoa b Lor (0p-¢f F)
{proof)
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lemma (in is-functor) op-cf-obj-comma-is-iso-functor’| cat-comma-cs-intros]:
assumes b €, B(0bj)
and A’ = op-cat (F crl b)
and B ' =b lor (op-¢f §)
shows op-cf-obj-comma F b : A »—c is0a B’

(proof)
lemmas [ cat-comma-cs-intros] = is-functor.op-cf-obj-comma-is-iso-functor’

lemma (in is-functor) op-cf-obj-comma-is-functor:
assumes b €, B(0bj))
shows op-cf-obj-comma § b : op-cat (F crl b) »—~ca b lor (op-¢f §)
(proof)

lemma (in is-functor) op-cf-obj-comma-is-functor ' cat-comma-cs-intros]:
assumes b €, B(0bj))
and 2" = op-cat (F crl b)
and B'=b lcr (op-cf §)
shows op-cf-obj-comma § b : A" »—cq B’

{proof)
lemmas [ cat-comma-cs-intros] = is-functor.op-cf-obj-comma-is-functor’

lemma (in is-functor) op-obj-cf-comma-is-iso-functor:

assumes b €, B(0bj)

shows op-obj-cf-comma b § : op-cat (b Llor §) »—c.isoa (0p-¢f F) crl b
{proof)

lemma (in is-functor) op-obj-cf-comma-is-iso-functor’[ cat-comma-cs-intros]:
assumes b €, B(0bj)
and A’ = op-cat (b lor §)
and B’ = (op-¢f §) crl b
shows op-obj-cf-comma b § : A’ ¢ 500 B’

(proof)
lemmas [ cat-comma-cs-intros] = is-functor.op-obj-cf-comma-is-iso-functor’

lemma (in is-functor) op-obj-cf-comma-is-functor:
assumes b €, B(0bj)
shows op-obj-cf-comma b § : op-cat (b locr §F) »—ca (op-¢f §) crl b
(proof )

lemma (in is-functor) op-obj-cf-comma-is-functor'[ cat-comma-cs-intros]:
assumes b €, B(0bj)
and A’ = op-cat (b lor §)
and B’ = (op-¢f §) crl b
shows op-obj-cf-comma b § : A’ = B’

{proof)

14.7 Projections for comma categories constructed from a functor and an
object
14.7.1 Definitions and elementary properties

definition cf-cf-obj-comma-proj = V. = V = V («(- cr[1o -)» [1000, 1000] 999)
where § crl1o b =F crll (¢f-const (cat-1 0 0) (F(HomCod))) b)

definition cf-obj-cf-comma-proj = V.=V = V («(- ol 1cr -)» [1000, 1000] 999)
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where b o[ lcr § = (¢f-const (cat-1 0 0) (§(HomCod))) b) Mcor §

Alternative forms of the definitions.

lemma (in is-functor) cf-cf-obj-comma-proj-def:
T cro b=F crl (cf-const (cat-1 0 0) B b)
(proof )

lemma (in is-functor) cf-obj-cf-comma-proj-def:
boMcr T = (cf-const (cat-1 0 0) B b) Mcr T
(proof)

Components.

lemma (in is-functor) cf-cf-obj-comma-proj-components| cat-comma-cs-simps]:
shows § ¢rllo b(HomDom|) =F crl b
and § ¢rllo b(HomCod) = A
(proof )

lemmas [ cat-comma-cs-simps| = is-functor.cf-cf-obj-comma-proj-components

lemma (in is-functor) cf-obj-cf-comma-proj-components| cat-comma-cs-simps]:
shows b 0|—| CF S(|H0mDom|) =b J/CF 3:
and b o1 cr §(HomCod)) = 2

{proof)

lemmas [ cat-comma-cs-simps] = is-functor.cf-obj-cf-comma-proj-components

14.7.2 Object map

lemma cf-cf-o0bj-comma-proj-ObjMap-vsv| cat-comma-cs-intros]:
vsv (§ orl1o b(ObjMapl))
(proof)

lemma cf-obj-cf-comma-proj-ObjMap-vsv[ cat-comma-cs-intros):
vsv (b ol er $(ObjMapl))
(proof)

lemma (in is-functor) cf-cf-obj-comma-proj-ObjMap-vdomain| cat-comma-cs-simps]:
D, (§ crlMo b(ObjMap))) = F crl b(Obj)
(proof)

lemmas [ cat-comma-cs-simps] = is-functor.cf-cf-obj-comma-proj-ObjMap-vdomain

lemma (in is-functor) cf-obj-cf-comma-proj-ObjMap-vdomain| cat-comma-cs-simps]:
D, (b oM cr §(0bjMap)) = b Lcr F(Ob))
(proof)

lemmas [ cat-comma-cs-simps] = is-functor.cf-obj-cf-comma-proj-ObjMap-vdomain
lemma (in is-functor) cf-cf-obj-comma-proj-ObjMap-app| cat-comma-cs-simps]:
assumes A = [a, b, f]o and [a, ', f]o € § crd b(Ob))

shows § ¢rllo b(ObjMap|)(A]) = a
(proof)

lemmas [ cat-comma-cs-simps] = is-functor. cf-cf-obj-comma-proj-ObjMap-app
lemma (in is-functor) cf-obj-cf-comma-proj-ObjMap-app cat-comma-cs-simps]:

assumes A = [b, a, f]o and [b’, a, f]o € b lcr F(Obj)
shows b oM cr $(O0bjMap) (A = a
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{proof)

lemmas [cat-comma-cs-simps] = is-functor.cf-obj-cf-comma-proj-ObjMap-app

14.7.3 Arrow map

lemma cf-cf-obj-comma-proj- ArrMap-vsv[ cat-comma-cs-intros]:
vsv (§ orl1o b(ArrMapl))
(proof)

lemma cf-obj-cf-comma-proj-ArrMap-vsv[ cat-comma-cs-intros]:
vsv (b ol cr §(ArrMapl))
(proof)

lemma (in is-functor) cf-cf-obj-comma-proj-ArrMap-vdomain[ cat-comma-cs-simps]:
Do (F crlo b(ArrMap|)) = § crl b(Arr|
(proof)

lemmas [ cat-comma-cs-simps] = is-functor.cf-cf-obj-comma-proj-ObjMap-vdomain

lemma (in is-functor) cf-obj-cf-comma-proj-ArrMap-vdomain[ cat-comma-cs-simps]:
Do (b oM er F(ArrMap))) = b Lo F(Arr)
(proof)

lemmas [ cat-comma-cs-simps] = is-functor.cf-obj-cf-comma-proj-ArrMap-vdomain

lemma (in is-functor) cf-cf-obj-comma-proj-ArrMap-app| cat-comma-cs-simps]:
assumes ABF = [A, B, [g, h]o]o
and [A4, B, [g, h]o]o €0 § crd b(Arr)
shows § ¢rllo b(ArrMap))(ABF)) = ¢
(proof)

lemmas [ cat-comma-cs-simps| = is-functor. cf-cf-obj-comma-proj-ArrMap-app

lemma (in is-functor) cf-obj-cf-comma-proj-ArrMap-app| cat-comma-cs-simps]:
assumes ABF = [A, B, [g, h]s]o
and [Av B, [ga h]o]o & blcr S(IATTD
shows b o[ cr §(ArrMap|)(ABF)) = h
(proof )

lemmas [cat-comma-cs-simps] = is-functor.cf-obj-cf-comma-proj-ArrMap-app

14.7.4 Projections for a comma category are functors

lemma (in is-functor) cf-cf-obj-comma-proj-is-functor:
assumes b €, B(0bj)
shows § crl1o b:§ crl b g A

{proof)

lemma (in is-functor) cf-cf-obj-comma-proj-is-functor’[ cat-comma-cs-intros]:
assumes b €, B(0bj)) and A’ =F cpl b
shows § cr[lo b: A m»oq A

(proof)
lemmas [ cat-comma-cs-intros] = is-functor.cf-cf-obj-comma-proj-is-functor’
lemma (in is-functor) cf-obj-cf-comma-proj-is-functor:

assumes b €, B(0bj))
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shows b o[ lcr §:blcr § »rca U
(proof )

lemma (in is-functor) cf-obj-cf-comma-proj-is-functor'[ cat-comma-cs-intros):
assumes b €, B(Obj)) and A" = b lcr §
shows b o[ lcr §: A »ca A

{proof)

lemmas [cat-comma-cs-intros]| = is-functor.cf-obj-cf-comma-proj-is-functor’

14.7.5 Opposite projections for comma categories constructed from a functor and
an object

lemma (in is-functor) op-cf-cf-obj-comma-proj:

assumes b €, B(0bj)

shows op-¢f (§ crllo b) = b ol lcr (op-¢f §) ocr op-cf-obj-comma § b
{proof)

lemma (in is-functor) op-cf-obj-cf-comma-proj:

assumes b €, B(0bj))

shows op-¢f (b o[Mcr §) = (op-¢f §) crl1o b ocFr op-obj-cf~comma b §
{proof)

14.7.6 Projections for a tiny comma category

lemma (in is-tm-functor) cf-cf-obj-comma-proj-is-tm-functor:
assumes b €, B(0bj)
shows § ¢crl[1o b:F crl b =~ctma &

{proof)

lemma (in is-tm-functor) cf-cf-obj-comma-proj-is-tm-functor'[ cat-comma-cs-intros]:
assumes b €, B(0bj)) and Fb =F crl b
shows § crllo b: b »cima A

(proof)
lemmas [ cat-comma-cs-intros] = is-tm-functor.cf-cf-obj-comma-proj-is-tm-functor’

lemma (in is-tm-functor) cf-obj-cf-comma-proj-is-tm-functor:
assumes b €, B(0bj)
shows b ol lcr §:blor § »~c.tma &

{proof)

lemma (in is-tm-functor) cf-obj-cf-comma-proj-is-tm-functor’[ cat-comma-cs-intros]:
assumes b €, B(Obj) and A’ = b |cr §F
shows b ol lcr §: A »ectma A

(proof)
lemmas [ cat-comma-cs-intros] = is-tm-functor.cf-obj-cf-comma-proj-is-tm-functor’

lemma cf-comp-cf-cf-obj-comma-proj-is-tm-functor| cat-comma-cs-intros|:
assumes & : A »—>oq €
and § : J =»=c.ima © crl ¢
and c €, €(0bj)
shows & cpllo cocr §:J P=c.tma U
{proof)

lemma cf-comp-cf-obj-cf-comma-proj-is-tm-functor| cat-comma-cs-intros]:
assumes ) : B »>oq €
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and § : J »cma CloF 9
and ¢ €, €(0bj)
shows ¢ o[ lcr Hocr T :J ~»~c.tma B
(proof )

14.8 Comma functors

14.8.1 Definition and elementary properties

See Theorem 1 in Chapter X-3 in [7].
definition cf-arr-cf~-comma =V = V = V
(«(- aler -) [1000, 1000] 999)
where g 4lcr § =

(Meo(§(HomCod)(Cod)(g)) Ler FIOWD. [0, AQInD. AQ2ND ©Ag(HomCoay 91e):

(
AFe. (F(HomCod))(Cod)(g)) cr F(Arr).

[0, F(0)(1n], F(OD(2n]) °AF(HomCod) 9o,
[0, FOIND(InD; F(IND(2ND ©ag(HomCod) 9o
] F(2n)

),
(8(HomCod])(Cod)(9)) Vcr 3,
| (8(HomCod))(Dom)(gD) ‘or §

definition cf-cf-arr-comma =V = V = V
(«(- ¢rda -)» [1000, 1000] 999)
where § crla g =

(AT et (5(HomCod)(Dom)(a))(Obj)- [AL0D. 0. g oagqromcody A12xD]0).

AFe.F crd (§(HomCod))(Doml)(g)))(Arr).

[F(IOD(IOD> 0, g OASGHOWCOdD F(IODQQND]M
[F(IxDA0D, 0, 9 o ag(Homcod) FUIND(28D],
F(2n)

o

)
5 crd (F(HomCod)(Dom))(g)),
| § crl (§(HomCod])(Cod))(g))

Components.

lemma cf-arr-cf-comma-components:
shows g alcr §(0bjMap) =
(AMe(§(HomCod)(Cod)(gD) Ler FAObD- [0, AtnD, AG28D ©ag(HomCod) 91°)

aI(ld g alcr F(ArrMap)) =
)\I[Feo(g(lHomCOquCodD(]gD) ler S(Arr)).

[0, F(O)(InD, FAOD(2nD eag(HomCod) 9]0
[0, F(IND(InD; F(IND(2ND ©ag(HomCod) 9o
] F(2n)
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)
and g alcr F(HomDom|) = (F(HomCod)(Cod))(9g)) lcr F
( and )!J alor §(HomCod)) = (F(HomCod|)(Dom|)(g)) cr §
proof

lemma cf-cf-arr-comma-components:
shows § crla g(ObjMap|) =
(AeF orl (§(HomCod)(Doml)(g))(ObiD. [A(OD, 0, g ©ag(HomCod) A12nD]0)
and § crla g(ArrMap|) =

AFe.F crd (F(HomCod))(Doml)(g)))(Arr).

[F(IOD(IOD> 0, g OA%'(|H0mCOdD F(IOD(IQND]W
[FQxD00). 0. 9 °a5(Homcod) FUIND(28DI..
F(2n])

o

)
and § crla g(|H0mD0m|) =35 crl (S:(IHOmCOquDomD(IgD)
( and)&' crla g(HomCod)) = § crl (F(HomCod|)(Cod))(g))
proof

context is-functor
begin

lemma cf-arr-cf-comma-components”:
assumes g : ¢ »g ¢’
shows g alcr §(0bjMap)) = (MAeoc’ Ler F(Obj). [0, A(In]), A(2n) cass 9lo)
and g alcr F(ArrMap)) =

(
AFe ¢’ Lor F(Arr).
[

[0, F(OD(In], F(OD(2n) a3 9o,
[0, F(InD(InD, F(IND(2n]) 0ag3 gl
F(2n)
Jo
)
and [cat-comma-cs-simps]: g alcr S(HomDom|) = ¢’ lcr §
and [cat-comma-cs-simps]: g alcr F(HomCod)) = ¢ lor §

{proof)

lemma cf-cf-arr-comma-components”:
assumes g : ¢ —g3 ¢’
shows § crla g(ObiMap)) = (AAeF crl c(Obj). [A(0), 0, g cag A(2n])]s)

and § crla g(ArrMap)) =

)\1{7’603 crd c(Arr).
[F(0D(0D, 0. g oass F(OD(2nD ],
[F'41D (0D, 0, g oasg F(IND(2nD]o,
F(2n)

o

)

and [cat-comma-cs-simps]: § crla g(HomDom|) = F crl ¢
and [cat-comma-cs-simps]: § crla g(HomCod)) = §F crl ¢’

{proof)

end
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lemmas [cat-comma-cs-simps] = is-functor.cf-arr-cf-comma-components’( 3,4)
lemmas [ cat-comma-cs-simps] = is-functor.cf-cf-arr-comma-components’(3,4)

14.8.2 Object map

mk-VLambda cf-arr-cf-comma-components(1)[unfolded VLambda-vid-on[symmetric]]
|vsv cf-arr-cf-comma-ObjMap-vsv[ cat-comma-cs-intros]|

mk-VLambda cf-cf-arr-comma-components(1)[unfolded VLambda-vid-on[symmetric]]
|vsv cf-cf-arr-comma-ObjMap-vsv[ cat-comma-cs-intros]|

context is-functor
begin

context

fixes g c ¢’

assumes g: g : ¢ g ¢’
begin

mk-VLambda
cf-arr-cf-comma-components’(1)[ OF g, unfolded VLambda-vid-on| symmetric]]
|vdomain cf-arr-cf-comma-ObjMap-vdomain cat-comma-cs-simps]|

mk-VLambda
cf-cf-arr-comma-components'(1)[ OF g, unfolded VLambda-vid-on|symmetric]]
|vdomain cf-cf-arr-comma-ObjMap-vdomain| cat-comma-cs-simps]|

end
end

lemmas [ cat-comma-cs-simps| = is-functor.cf-arr-cf-comma-ObjMap-vdomain
lemmas [cat-comma-cs-simps] = is-functor.cf-cf-arr-comma-ObjMap-vdomain

lemma (in is-functor) cf-arr-cf-comma-ObjMap-app| cat-comma-cs-simps]:
assumes A = [a’, b', f']lo and A €, ¢’ |cr F(Obj) and g: ¢ »g5 ¢’
shows g alcr F(ObMap)(A) = [a’, V', f' oagg glo

{proof)

lemma (in is-functor) cf-cf-arr-comma-ObjMap-app cat-comma-cs-simps]:
assumes A = [a’, V', f']lo and A €, § crl c(Obj) and g : ¢ —»g ¢’
shows § crla g(ObjMap)(A]) = [a’, b, g oasg f']o

(proof)

lemmas [cat-comma-cs-simps] = is-functor.cf-arr-cf-comma-ObjMap-app
lemmas [ cat-comma-cs-simps] = is-functor.cf-cf-arr-comma-ObjMap-app

lemma (in is-functor) cf-arr-cf-comma-ObjMap-vrange:
assumes g : ¢ —g ¢’
shows R, (g alor §(0biMap)) <o ¢ Lor F(Ob)
{proof)

lemma (in is-functor) cf-cf-arr-comma-ObjMap-vrange:
assumes g : ¢ —g ¢’
shows R, (§ crla 9(ObiMap))) So § crl ¢'(Obj)
{proof)
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14.8.3 Arrow map

mk-VLambda cf-arr-cf-comma-components(2)
|vsv cf-arr-cf-comma-ArrMap-vsv[ cat-comma-cs-intros]|

mk-VLambda cf-cf-arr-comma-components(2)
|vsv cf-cf-arr-comma- ArrMap-vsv[ cat-comma-cs-intros]|

context is-functor
begin

context

fixes g c ¢’

assumes ¢: g : ¢ =g ¢
begin

mk-VLambda
cf-arr-cf-comma-components’(2)[ OF g, unfolded VLambda-vid-on[symmetric]]
|vdomain cf-arr-cf-comma-ArrMap-vdomain[ cat-comma-cs-simps]|

mk-VLambda
cf-cf-arr-comma-components'(2)[ OF g, unfolded VLambda-vid-on[symmetric]]
|vdomain cf-cf-arr-comma-ArrMap-vdomain[ cat-comma-cs-simps]|

end
end

lemmas [cat-comma-cs-simps| = is-functor.cf-arr-cf-comma-ArrMap-vdomain
lemmas [cat-comma-cs-simps] = is-functor.cf-cf-arr-comma-ArrMap-vdomain

lemma (in is-functor) cf-arr-cf-comma-ArrMap-app| cat-comma-cs-simps]:
assumes A = [[a, b, f]o, [a', V', f']s, [h, ko]
and [[CL7 b7 f]°7 [C"l7 blv fI]Oa [h7 k]o]o :
[a> b, f]o P ler § [a'lv b, f,]o
and g: ¢ g ¢
shows g alcr F(ArrMap))(A]) =
[[a7 bv f CAB 9]07 [al7 bl? f, CANR g]oa [h7 k]o]o
{proof)

lemmas [cat-comma-cs-simps] = is-functor.cf-arr-cf-comma-ArrMap-app

lemma (in is-functor) cf-cf-arr-comma-ArrMap-app[ cat-comma-cs-simps]:
assumes A = [[av b, f]Ov [ala bla f,]m [ha k]o]o
and [[av bv f]m [alv blv f/]o’ [hv k]o]o :
[a, b, f]o =% corl e [alv bl? f,]O
and g: ¢ g ¢
shows § crla g(ArrMap))(A]) =
[[a7 bv g oAm f]m [al7 bl? goaAm f,]oa [h7 k]o]o
{proof)

lemmas [ cat-comma-cs-simps| = is-functor.cf-cf-arr-comma-ArrMap-app

14.8.4 Comma functors are functors
lemma (in is-functor) cf-arr-cf-comma-is-functor:
assumes g : ¢ >g3 ¢’
shows g alcr & : ¢’ lcr § »=ca cler §
{proof)
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lemma (in is-functor) cf-cf-arr-comma-is-functor:
assumes g : ¢ >g3 ¢’
shows § crla 9:§ crl c »oca § orl ¢
(proof)

lemma (in is-functor) cf-arr-cf-comma-is-functor'[ cat-comma-cs-intros]:
assumes g:c g c¢'and A = ¢’ |gp Fand B' = clorp §
shows g 4lcr §: A =»cq B’

(proof)
lemmas [ cat-comma-cs-intros] = is-functor.cf-arr-cf-comma-is-functor’

lemma (in is-functor) cf-cf-arr-comma-is-functor’[ cat-comma-cs-intros):
assumes g: ¢ g c'and A’ =§ ¢cpl cand B'=F cpl ¢’
shows § cpla g: A =0 B’

(proof)
lemmas [cat-comma-cs-intros]| = is-functor.cf-cf-arr-comma-is-functor’

lemma (in is-functor) cf-arr-cf-comma-CId:
assumes b €, B(0bj))
shows (B(CIA) (b)) alcr § = ¢f-id (b lor §)
{proof)

lemma (in is-functor) cf-cf-arr-comma-CId:
assumes b €, B(0bj))
shows § crla (B(CIA)(b)) = ¢f-id (§F crl b)
{proof)

14.8.5 Comma functors and projections

lemma (in is-functor)
cf-cf-comp-cf-obj-cf-comma-proj-cf-arr-cf-commal cat-comma-cs-simps]:
assumes f : a e b
shows a o[ 1cr § ocr f alcr §=0bollcr §

(proof)

lemma (in is-functor)
cf-cf-comp-cf-cf-obj-comma-proj-cf-cf-arr-commal cat-comma-cs-simps]:
assumes f : a —g b
shows § ¢crllo bocr § crla f=F crllo a

{proof)

14.8.6 Opposite comma functors

lemma (in is-functor) cf-op-cf-obj-comma-cf-arr-cf-comma:
assumes g : ¢ —>q ¢’
shows
op-cf-obj-comma §F ¢’ ocr op-¢f (F crla g) =
g alcr (op-cf §) ocr op-cf-obj-comma § ¢
{proof)
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15 Rel
15.1 Background

The methodology chosen for the exposition of Rel as a category is analogous to the one used
in [8] for the exposition of Rel as a semicategory. The general references for this section are
Chapter I-7 in [7] and nLab [1]5.

named-theorems cat-Rel-cs-simps
named-theorems cat-Rel-cs-intros

lemmas (in arr-Rel) [ cat-Rel-cs-simps] =
dg-Rel-shared-cs-simps

lemmas (in arr-Rel) [cat-cs-intros, cat-Rel-cs-intros] =
arr-Rel-axioms’

lemmas [cat-Rel-cs-simps] =
dg-Rel-shared-cs-simps
arr-Rel.arr-Rel-length
arr-Rel-comp-Rel-id- Rel-left
arr-Rel-comp- Rel-id- Rel-right
arr-Rel.arr-Rel-converse- Rel-converse- Rel
arr-Rel-converse- Rel-eq-iff
arr-Rel-converse-Rel-comp-Rel
arr-Rel-comp-Rel-converse- Rel-left-if-v11
arr-Rel-comp-Rel-converse- Rel-right-if-v11

lemmas [ cat-Rel-cs-intros] =
dg-Rel-shared-cs-intros
arr-Rel-comp-Rel
arr-Rel.arr-Rel-converse-Rel

lemmas [cat-cs-simps| = incl-Rel-ArrVal-app

15.2 Rel as a category

15.2.1 Definition and elementary properties

definition cat-Rel = V = V
where cat-Rel o =
[
Vset «,
set {T. arr-Rel o T},
(ATeoset {T. arr-Rel « T}. T(ArrDom))),
(ATesset {T. arr-Rel o T}. T(ArrCod))),
(ASTe,composable-arrs (dg-Rel o). ST(0) orer ST(In)),
VLambda (Vset «) id-Rel

lo

Components.

lemma cat-Rel-components:
shows cat-Rel a(Obj)) = Vset «
and cat-Rel a(Arr]) = set {T. arr-Rel o T}
and cat-Rel a(Doml|) = (ATe.set {T. arr-Rel o T}. T(ArrDom)))
and cat-Rel a(Cod|) = (ATeoset {T. arr-Rel a T}. T(ArrCod)))
and cat-Rel a(|Comp|) = (ASTe,composable-arrs (dg-Rel o). ST(0) orer ST(In])

Shttps://ncatlab.org/nlab/show/Rel
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and cat-Rel a(CId)) = VLambda (Vset o) id-Rel
{proof)

Slicing.

lemma cat-smc-cat-Rel: cat-sme (cat-Rel «) = sme-Rel «
{proof)

lemmas-with [folded cat-smc-cat-Rel, unfolded slicing-simps]:
cat-Rel-Obj-iff = smc-Rel-Obj-iff
and cat-Rel-Arr-iff [ cat-Rel-cs-simps] = sme-Rel-Arr-iff
and cat-Rel-Dom-vsv| cat-Rel-cs-intros] = sme-Rel-Dom-vsv
and cat-Rel-Dom-vdomain| cat-Rel-cs-simps]| = smec-Rel-Dom-vdomain
and cat-Rel-Dom-app| cat-Rel-cs-simps] = smc-Rel-Dom-app
and cat-Rel-Dom-vrange = smc-Rel-Dom-vrange
and cat-Rel-Cod-vsv[ cat-Rel-cs-intros] = smc-Rel-Cod-vsv
and cat-Rel-Cod-vdomain| cat-Rel-cs-simps]| = sme-Rel-Cod-vdomain
and cat-Rel-Cod-app| cat-Rel-cs-simps] = smec-Rel-Cod-app
and cat-Rel-Cod-vrange = smc-Rel-Cod-vrange
and cat-Rel-is-arrl[ cat-Rel-cs-intros] = smc-Rel-is-arr]
and cat-Rel-is-arrD = smc-Rel-is-arrD
and cat-Rel-is-arrE = smc-Rel-is-arrE
and cat-Rel-is-arr-ArrValE = sme-Rel-is-arr-ArrValE

lemmas-with [folded cat-smc-cat-Rel, unfolded slicing-simps, unfolded cat-smc-cat-Rel]:
cat-Rel-composable-arrs-dg-Rel = smc-Rel-composable-arrs-dg-Rel
and cat-Rel-Comp = smc-Rel-Comp
and cat-Rel-Comp-app[ cat-Rel-cs-simps] = sme-Rel-Comp-app
and cat-Rel-Comp-vdomain[simp| = sme-Rel-Comp-vdomain
and cat-Rel-is-monic-arrl = smc-Rel-is-monic-arrl
and cat-Rel-is-monic-arrD = smc-Rel-is-monic-arrD
and cat-Rel-is-monic-arr = smc-Rel-is-monic-arr
and cat-Rel-is-monic-arr-is-epic-arr = smc-Rel-is-monic-arr-is-epic-arr
and cat-Rel-is-epic-arr-is-monic-arr = smc-Rel-is-epic-arr-is-monic-arr
and cat-Rel-is-epic-arrl = smc-Rel-is-epic-arr]
and cat-Rel-is-epic-arrD = smc-Rel-is-epic-arrD
and cat-Rel-is-epic-arr = smc-Rel-is-epic-arr

lemmas [cat-cs-simps] = cat-Rel-is-arrD(2,8)
lemmas [cat-Rel-cs-intros] = cat-Rel-is-arr]

lemmas-with (in Z) [folded cat-smc-cat-Rel, unfolded slicing-simps]:
cat-Rel-Hom-vifunion-in- Vset = smc-Rel-Hom-vifunion-in- Vset
and cat-Rel-incl-Rel-is-arr = smc-Rel-incl-Rel-is-arr
and cat-Rel-incl-Rel-is-arr'[ cat-Rel-cs-intros] = sme-Rel-incl-Rel-is-arr’
and cat-Rel-Comp-vrange = smc-Rel-Comp-vrange
and cat-Rel-obj-terminal = smc-Rel-obj-terminal
and cat-Rel-obj-initial = smc-Rel-obj-initial
and cat-Rel-obj-terminal-obj-initial = smc-Rel-obj-terminal-obj-initial
and cat-Rel-obj-null = smc-Rel-obj-null
and cat-Rel-is-zero-arr = smc-Rel-is-zero-arr

lemmas [ cat-Rel-cs-intros] = Z.cat-Rel-incl-Rel-is-arr’

15.2.2 Identity

lemma (in Z) cat-Rel-CId-app] cat-Rel-cs-simps]:
assumes T ¢, Vset o
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shows cat-Rel a(CId))(T|) = id-Rel T
{proof)

lemmas [cat-Rel-cs-simps] = Z.cat-Rel-Cld-app

15.2.3 Rel is a category

lemma (in Z) category-cat-Rel: category o (cat-Rel o)
(proof)

lemma (in Z) category-cat-Rel’[ cat-Rel-cs-intros]:
assumes o' = o and o'’ = «
shows category o' (cat-Rel o'")

{proof)

lemmas [ cat-Rel-cs-intros] = Z.category-cat-Rel’

15.3 Canonical dagger for Rel

15.3.1 Definition and elementary properties

definition cf-dag-Rel = V = V (fc.Rger’)
where T¢o ge; @ =

vid-on (cat-Rel a(Obj))),

VLambda (cat-Rel a(|Arr])) converse-Rel,
op-cat (cat-Rel ),

cat-Rel o

lo

Components.

lemma cf-dag-Rel-components:
shows ¢ re; a(ObjiMap)) = vid-on (cat-Rel a(Obj)))
and {¢o. re; a(ArrMap)) = VLambda (cat-Rel a(Arr])) converse-Rel
and f¢o.rer a(HomDom|) = op-cat (cat-Rel )
and 7¢.re; @(HomCod|) = cat-Rel «
(proof)

Slicing.

lemma cf-smcf-cf-dag-Rel: cf-smef (To.Ret @) = TsSMC.Rel @
(proof)

lemmas-with [folded cat-smc-cat-Rel cf-smcf-cf-dag-Rel, unfolded slicing-simps]:

cf-dag-Rel-ObjMap-vsv[ cat-Rel-cs-intros] = smcf-dag-Rel-ObjMap-vsv

and cf-dag-Rel-ObjMap-vdomain[ cat-Rel-cs-simps] = smcf-dag-Rel-ObjMap-vdomain

and cf-dag-Rel-ObjMap-app| cat-Rel-cs-simps] = smcf-dag-Rel-ObjMap-app

and cf-dag-Rel-ObjMap-vrange| cat-Rel-cs-simps| = smcf-dag-Rel-ObjMap-vrange

and cf-dag-Rel-ArrMap-vsv| cat-Rel-cs-intros| = smcf-dag-Rel-ArrMap-vsv

and cf-dag-Rel-ArrMap-vdomain[ cat-Rel-cs-simps] = smcf-dag-Rel-ArrMap-vdomain

and cf-dag-Rel-ArrMap-app| cat-Rel-cs-simps] = smcf-dag-Rel-ArrMap-app

and cf-dag-Rel-ArrMap-vrange[ cat-Rel-cs-simps] = smcf-dag-Rel-ArrMap-vrange

and cf-dag-Rel-app-is-arr| cat-Rel-cs-intros] = smcf-dag-Rel-app-is-arr

and cf-dag-Rel-ArrMap-app-vdomain| cat-cs-simps] =
smcf-dag-Rel-ArrMap-app-vdomain

and cf-dag-Rel-ArrMap-app-vrange| cat-cs-simps] =
smcf-dag-Rel-ArrMap-app-vrange

and cf-dag-Rel-ArrMap-app-iff [ cat-cs-simps] = smcf-dag-Rel-ArrMap-app-iff

and cf-dag-Rel-ArrMap-smc-Rel-Comp| cat-Rel-cs-simps] =
smcf-dag-Rel-ArrMap-smc-Rel-Comp
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15.3.2 Canonical dagger is a contravariant isomorphism of Rel

lemma (in Z) cf-dag-Rel-is-iso-functor:
to.rel @t op-cat (cat-Rel ) =+>¢ ison cat-Rel
(proof)

lemma (in Z) cf-dag-Rel-is-iso-functor [ cat-cs-intros]:
assumes 2" = op-cat (cat-Rel «)
and B’ = cat-Rel o
and o' = «
shows TC.Rel a: A '_)'_)C.isoa’ B’
{proof)

lemmas [cat-cs-intros] = Z.cf-dag-Rel-is-iso-functor’

15.3.3 Further properties of the canonical dagger

lemma (in Z) cf-cn-comp-cf-dag-Rel-cf-dag-Rel:
te.ret @ ¢ro to.Ret @ = cf-id (cat-Rel )
{proof)

15.4 Isomorphism

context
begin

private lemma cat-Rel-is-iso-arr-right-vsubset:
assumes S : B = Rt o 4
and T : A = cat-Rel o B
and S o4 4t-Rel o I = cat-Rel o CLd|) (A
and T o4 4t-Rel o S = cat-Rel a(CId))(B)
shows S(ArrVal)) <, (T(ArrVal))™,
(proof) lemma cat-Rel-is-iso-arr-left-vsubset:
assumes S : B = per o 4
and T : A = cat-Rel o B
and S o4 .4i-Rel o T = cat-Rel o CId)) (A
and T o4 4t-Rel o S = cat-Rel a(CId))(B)
shows (T(ArrVal)™, o S(ArrVal|)
(proof) lemma is-iso-arr-dag:
assumes S : B 1 por o A
and T: A v 41 Rl o B
and S o4 .4i-Rel o T = cat-Rel o CId)) (A
and T o4 4t-Rel o S = cat-Rel a(CId))(B)
shows S = 7¢.rer a(ArrMap))(T)

{proof)

lemma cat-Rel-is-iso-arrl[intro]:
assumes T : A = 4 pel o B
and vi11 (T(ArrVal))
and D, (T(ArrVal)) = A
and R, (T(ArrVal)) = B
shows T : A =is0c0t-Rel o B

(proof)

lemma cat-Rel-is-iso-arrD[ dest]:
assumes T : A =is600t-Rel o B
shows T : A = .t Rel o B
and v11 (T(ArrVal)))
and D, (T(ArrVal)) = A
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and R, (T(ArrVal)) = B
(proof)

end
lemmas [ cat-Rel-cs-simps| = cat-Rel-is-iso-arrD(3,4)

lemma cat-Rel-is-iso-arr:
T: A =isocat-Rel a
T:Avcut-Rel o BA
v11 (T(ArrVal)) A
D, (T(ArrVal)) = A A
Ro (T(ArrVal)) = B
(proof )

B «—

15.5 The inverse arrow

lemma cat-Rel-the-inverse[ cat-Rel-cs-simps]:
assumes T : A =iso00t-Rel o B
shows T ¢ out-Rel o = T Rel

{proof)
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16 Par
16.1 Background

The methodology chosen for the exposition of Par as a category is analogous to the one used
in [8] for the exposition of Par as a semicategory.

named-theorems cat-Par-cs-simps
named-theorems cat-Par-cs-intros

lemmas (in arr-Par) [cat-Par-cs-simps] =
dg-Rel-shared-cs-simps

lemmas (in arr-Par) [cat-cs-intros, cat-Par-cs-intros] =
arr-Par-azioms’

lemmas [cat-Par-cs-simps] =
dg-Rel-shared-cs-simps
arr-Par.arr-Par-length
arr-Par-comp-Par-id-Par-left
arr-Par-comp-Par-id-Par-right

lemmas [cat-Par-cs-intros] =
arr-Par-comp-Par

16.2 Par as a category
16.2.1 Definition and elementary properties

definition cat-Par = V = V
where cat-Par o =
[
Vset «,
set {T. arr-Par a T},
(ATeoset {T. arr-Par « T}. T(ArrDoml)),
(ATeoset {T. arr-Par « T}. T(ArrCod))),
(ASTecomposable-arrs (dg-Par o). ST(0) orer ST(In])),
VLambda (Vset o) id-Par

lo

Components.

lemma cat-Par-components:
shows cat-Par a(Obj) = Vset «
and cat-Par a(Arr|) = set {T. arr-Par o T}
and cat-Par a(Dom|) = (ATe.set {T. arr-Par « T}. T(ArrDom]))
and cat-Par «(Cod|) = (ATe,set {T. arr-Par o T}. T(ArrCod)))
and cat-Par a(Comp|) = (ASTe,composable-arrs (dg-Par «). ST(0) opar ST(IN]))
and cat-Par o(CId) = VLambda (Vset o) id-Par

{proof)
Slicing.

lemma cat-smc-cat-Par: cat-sme (cat-Par o) = sme-Par «
(proof)

lemmas-with [folded cat-smc-cat-Par, unfolded slicing-simps]:
cat-Par-Obj-iff = smc-Par-Obj-iff
and cat-Par-Arr-iff [ cat-Par-cs-simps] = sme-Par-Arr-iff
and cat-Par-Dom-vsv[ cat-Par-cs-intros| = sme-Par-Dom-vsv
and cat-Par-Dom-vdomain[ cat-Par-cs-simps] = smc-Par-Dom-vdomain
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and cat-Par-Dom-vrange = smc-Par-Dom-vrange

and cat-Par-Dom-app| cat-Par-cs-simps] = sme-Par-Dom-app

and cat-Par-Cod-vsv[ cat-Par-cs-intros] = sme-Par-Cod-vsv

and cat-Par-Cod-vdomain| cat-Par-cs-simps] = smc-Par-Cod-vdomain
and cat-Par-Cod-vrange = smc-Par-Cod-vrange

and cat-Par-Cod-app| cat-Par-cs-simps| = sme-Par-Cod-app

and cat-Par-is-arrl = smc-Par-is-arr]

and cat-Par-is-arrD = smc-Par-is-arrD

and cat-Par-is-arrE = smc-Par-is-arrE

lemmas-with [folded cat-smc-cat-Par, unfolded slicing-simps]:
cat-Par-composable-arrs-dg-Par = smc-Par-composable-arrs-dg-Par
and cat-Par-Comp = smc-Par-Comp
and cat-Par-Comp-app| cat-Par-cs-simps] = smc-Par-Comp-app
and cat-Par-Comp-vdomain| cat-Par-cs-simps] = smc-Par-Comp-vdomain
and cat-Par-is-monic-arrl = smc-Par-is-monic-arrl
and cat-Par-is-monic-arrD = smc-Par-is-monic-arrD
and cat-Par-is-monic-arr = smc-Par-is-monic-arr
and cat-Par-is-epic-arrl = smc-Par-is-epic-arrl
and cat-Par-is-epic-arrD = smc-Par-is-epic-arrD
and cat-Par-is-epic-arr = smc-Par-is-epic-arr

lemmas [ cat-cs-simps] = cat-Par-is-arrD(2,3)
lemmas [cat-Par-cs-intros] = cat-Par-is-arrl

lemmas-with (in Z) [folded cat-smc-cat-Par, unfolded slicing-simps):
cat-Par-Hom-vifunion-in- Vset = smc-Par-Hom-vifunion-in- Vset
and cat-Par-incl-Par-is-arr = smc-Par-incl-Par-is-arr
and cat-Par-incl-Par-is-arr'[ cat-Par-cs-intros] = smc-Par-incl-Par-is-arr’
and cat-Par-Comp-vrange = smc-Par-Comp-vrange
and cat-Par-obj-terminal = smc-Par-obj-terminal
and cat-Par-obj-initial = smc-Par-obj-initial
and cat-Par-obj-terminal-obj-initial = smc-Par-obj-terminal-obj-initial
and cat-Par-obj-null = smc-Par-obj-null
and cat-Par-is-zero-arr = smc-Par-is-zero-arr

lemmas [cat-Par-cs-intros] = Z.cat-Par-incl-Par-is-arr’

16.2.2 Identity

lemma cat-Par-CIld-app| cat-Par-cs-simps]:
assumes A €, Vset «
shows cat-Par a(CId)(A]) = id-Par A

{proof)

lemma id-Par-CId-app-app| cat-cs-simps]:
assumes A €, Vset « and a €, A
shows cat-Par a(CId)(A)(ArrVal)(a) = a

{proof)

16.2.3 Par is a category

lemma (in Z) category-cat-Par: category « (cat-Par «)
(proof)

16.2.4 Par is a wide replete subcategory of Rel

lemma (in Z) wide-replete-subcategory-cat-Par-cat-Rel:
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cat-Par o So. wra cat-Rel o
{proof)

16.3 Isomorphism

lemma cat-Par-is-iso-arrl[intro]:
assumes T : A v~ - Par o B
and vi11 (T(ArrVal])
and D, (T(ArrVal)) = A
and R, (T(ArrVal)) = B
shows T : A »is0cut-Par o B

{proof)

lemma cat-Par-is-iso-arrD[ dest]:
assumes T : A =;50c0t-Par o B
shows T : A v~ ot -par o B
and vi11 (T(ArrVal))
and D, (T(ArrVal)) = A
and R, (T(ArrVal)) = B

(proof)

lemma cat-Par-is-iso-arr:
T : A visocat-Par o B <
T:A = cat-Par o B A
v11 (T(ArrVal)) A
D, (T(ArrVal)) = A A
Ro (T(ArrVal))) = B
(proof )

16.4 The inverse arrow

abbreviation (input) converse-Par = V.= V («(-"Lpa,)» [1000] 999)
where a 'p,, = a e

lemma cat-Par-the-inverse[ cat-Par-cs-simps]:
assumes T : A =;50c0t-Par o B
shows T_lc'cat-Par a T par

(proof)
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17 Set
17.1 Background

The methodology chosen for the exposition of Set as a category is analogous to the one used in
[8] for the exposition of Set as a semicategory.

named-theorems cat-Set-cs-simps
named-theorems cat-Set-cs-intros

lemmas (in arr-Set) [cat-Set-cs-simps] =
dg-Rel-shared-cs-simps

lemmas (in arr-Set) [cat-cs-intros, cat-Set-cs-intros] =
arr-Set-azioms’

lemmas [cat-Set-cs-simps] =
dg-Rel-shared-cs-simps
arr-Set.arr-Set-ArrVal-vdomain
arr-Set-comp-Set-id-Set-left
arr-Set-comp-Set-id-Set-right

lemmas [cat-Set-cs-intros] =
dg-Rel-shared-cs-intros
arr-Set-comp-Set

named-theorems cat-rel-par-Set-cs-intros
named-theorems cat-rel-par-Set-cs-simps
named-theorems cat-rel-Par-set-cs-intros
named-theorems cat-rel-Par-set-cs-simps
named-theorems cat-Rel-par-set-cs-intros
named-theorems cat-Rel-par-set-cs-simps

17.2 Set as a category

17.2.1 Definition and elementary properties

definition cat-Set = V = V
where cat-Set o =
[
Vset «,
set {T. arr-Set o T},
(ATesset {T. arr-Set o T}. T(ArrDom)),
(ATesset {T. arr-Set o T}. T(ArrCod))),
(ASTe,composable-arrs (dg-Set o). ST(0) oger ST(IN])),
VLambda ( Vset «) id-Set

]o

Components.

lemma cat-Set-components:

shows cat-Set a(Obj)) = Vset «
and cat-Set a(Arr)) = set {T. arr-Set o T}
and cat-Set a(Dom|) = (ATe.set {T. arr-Set o T}. T(ArrDom)))
and cat-Set a(Cod|) = (A\Teoset {T. arr-Set « T}. T(ArrCod)))
and cat-Set a(Comp|) =

(ASTe,composable-arrs (dg-Set a). ST(0) opar ST(IN])

and cat-Set a(|CId]) = VLambda (Vset «) id-Set

{proof)
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Slicing.

lemma cat-sme-cat-Set: cat-sme (cat-Set ) = sme-Set «
{proof)

lemmas-with [folded cat-smc-cat-Set, unfolded slicing-simps]:
cat-Set-0bj-iff = smc-Set-Obj-iff
and cat-Set-Arr-iff [ cat-Set-cs-simps] = sme-Set-Arr-iff
and cat-Set-Dom-vsv[intro] = smc-Set-Dom-vsv
and cat-Set-Dom-vdomain|simp] = smc-Set-Dom-vdomain
and cat-Set-Dom-vrange = smc-Set-Dom-vrange
and cat-Set-Dom-app = smc-Set-Dom-app
and cat-Set-Cod-vsv[intro] = sme-Set-Cod-vsv
and cat-Set-Cod-vdomain[ simp] = smc-Set-Cod-vdomain
and cat-Set-Cod-vrange = smc-Set-Cod-vrange
and cat-Set-Cod-app| cat-Set-cs-simps]| = sme-Set-Cod-app
and cat-Set-is-arrl = smc-Set-is-arrl
and cat-Set-is-arrD = smc-Set-is-arrD
and cat-Set-is-arrE = smc-Set-is-arrE
and cat-Set-ArrVal-vdomain| cat-cs-simps] = sme-Set-ArrVal-vdomain
and cat-Set-Arr Val-app-vrange| cat-Set-cs-intros| = sme-Set-ArrVal-app-vrange

lemmas [cat-cs-simps] = cat-Set-is-arrD(2,3)

lemmas [cat-Set-cs-intros] =
cat-Set-is-arrl

lemmas-with [folded cat-smc-cat-Set, unfolded slicing-simps]:
cat-Set-composable-arrs-dg-Set = smc-Set-composable-arrs-dg-Set
and cat-Set-Comp = smc-Set-Comp
and cat-Set-Comp-app| cat-Set-cs-simps]| = sme-Set-Comp-app
and cat-Set-Comp-vdomain| cat-Set-cs-simps| = sme-Set-Comp-vdomain
and cat-Set-is-monic-arrl = smc-Set-is-monic-arrl
and cat-Set-is-monic-arrD = smc-Set-is-monic-arrD
and cat-Set-is-monic-arr = smc-Set-is-monic-arr
and cat-Set-is-epic-arrl = smc-Set-is-epic-arrl
and cat-Set-is-epic-arrD = smc-Set-is-epic-arrD
and cat-Set-is-epic-arr = smc-Set-is-epic-arr

lemmas-with (in Z) [folded cat-smc-cat-Set, unfolded slicing-simps]:
cat-Set- Hom-vifunion-in- Vset = smc-Set-Hom-vifunion-in- Vset
and cat-Set-incl-Set-is-arr = smc-Set-incl-Set-is-arr
and cat-Set-Comp-ArrVal = sme-Set-Comp-ArrVal
and cat-Set-Comp-vrange = smc-Set-Comp-vrange
and cat-Set-obj-terminal = smc-Set-obj-terminal
and cat-Set-obj-initial = smc-Set-obj-initial
and cat-Set-obj-null = smc-Set-obj-null
and cat-Set-is-zero-arr = smc-Set-is-zero-arr

lemmas [cat-cs-simps] =
Z.cat-Set-Comp-ArrVal

lemma (in Z) cat-Set-incl-Set-is-arr'[ cat-cs-intros, cat-Set-cs-intros]:
assumes A €, cat-Set a(0bj|
and B €, cat-Set a(0bj)

and A ¢, B
and A'= A
and B'= B

and ¢’ = cat-Set a
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shows incl-Set A B : A’ e B’
(proof)

lemmas [cat-Set-cs-intros] = Z.cat-Set-incl-Set-is-arr’

17.2.2 Identity

lemma cat-Set-CId-app| cat-Set-cs-simps]:
assumes A ¢, Vset a
shows cat-Set a(CId))(A]) = id-Set A

{proof)

lemma cat-Set-CIld-app-app] cat-cs-simps]:
assumes A €, cat-Set a(Obj]) and a €, A
shows cat-Set a(CId) (A])(ArrVal)(a]) = a

(proof)

17.2.3 Set is a category

lemma (in Z) category-cat-Set: category o (cat-Set «)
{proof)

lemma (in Z) category-cat-Set”:
assumes [ = a
shows category 8 (cat-Set «)
(proof)

lemmas [cat-cs-intros] = Z.category-cat-Set’

17.2.4 Set is a wide replete subcategory of Par

lemma (in Z) wide-replete-subcategory-cat-Set-cat-Par:
cat-Set o Co . wra cat-Par «
{proof)

17.2.5 Set is a subcategory of Set

lemma (in Z) subcategory-cat-Set-cat-Set:
assumes Z § and « €, 3
shows cat-Set a Scp cat-Set

{proof)

17.2.6 Further properties

lemma cat-Set-Comp-ArrVal-vrange:
assumes S: B 1600 Cand T A ph 601 o B
shows Ro ((S 04 cgt-Set o T)(ArrVal])) o Ro (S(ArrVal])

(proof)

17.3 Isomorphism

lemma cat-Set-is-iso-arrl[intro]:
— See [1]9).
assumes T : A =i 601 o
and vi1 (T(ArrVal])
and D, (T(ArrVal)) = A
and R, (T(ArrVal)) = B

B

“https://ncatlab.org/nlab/show /isomorphism
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shows T : A Pisocat-Set o« B
(proof)

lemma cat-Set-is-iso-arrD[ dest]:
assumes T : A =i5000t-Set o B
shows T : A = cat-Set a
and vi11 (T(ArrVal))
and D, (T(ArrVal)) = A
and R, (T(ArrVal)) = B

{proof)

lemma cat-Set-is-iso-arr:
T:Avrisocat-Set o B
T:Av St o BN
vl1 (T(ArrVal)) A
D, (T(ArrVal)) = A A
Ro (T(ArrVal)) = B
(proof)

lemma (in Z) cat-Set-is-iso-arr-if-monic-and-epic:
assumes F': A =oncqr Set o Band F 2 A o epics Set o B
shows F : A —;
(proof)

socat-Set « B

17.4 The inverse arrow

lemma cat-Set-ArrVal-app-is-arr| cat-cs-intros):
assumes f:a —g b
and category a A
and F: Hom A a b~ ;1 Got oo Hom B c d
shows F(ArrVal)(f]) : ¢ »pg d

(proof)

abbreviation (input) converse-Set = V = V («(-"tg¢:)» [1000] 999)
where a 'g.; = a gy

lemma cat-Set-the-inverse| cat-Set-cs-simps]:
assumes T : A =i5000t-Set o B
shows T_lccat-Set a = T_lset

{proof)

lemma cat-Set-the-inverse-app| cat-cs-intros]:
assumes T : A —; B
and a €, A
and [cat-cs-simps]: T(ArrVal)(a]) = b
shows (T ¢ ou1-Set o) (ArrVal) (b)) = a
(proof)

socat-Set «

lemma cat-Set-ArrVal-app-the-inverse-is-arr| cat-cs-intros]:
assumes f : ¢ =g d
and category o B
and F : Hom A a b =is004t-Set o Hom B ¢ d
shows F™' ¢ oi-5et o (ArrVal)(f]) - a —g b

{proof)
lemma cat-Set-app-the-inverse-app| cat-cs-simps]:

assumes I': A =i50000-Set o B and b e, B
shows F(ArrVal)(F ¢ cur-set o (ArrVal) (b)) = b
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(proof)

lemma cat-Set-the-inverse-app-app| cat-cs-simps):
assumes F': A =;6.04-Set o B and a €, A
shows F™ !¢ ui-set o(ArrVal) (F(ArrVal)(a))) = a

(proof)

17.5 Conversion of a single-valued relation to an arrow in Set

17.5.1 Definition and elementary properties

definition cat-Set-arr-of-vsv = V= V = V
where cat-Set-arr-of-vsv f B = [f, D, f, Blo

Components.

lemma cat-Set-arr-of-vsv-components:
shows [ cat-Set-cs-simps]: cat-Set-arr-of-vsv f B(ArrVal]) = f
and [cat-Set-cs-simps]: cat-Set-arr-of-vsv f B(ArrDom|) = D, f
and [cat-cs-simps, cat-Set-cs-simps]: cat-Set-arr-of-vsv f B(ArrCod|) = B
(proof)

17.5.2 Conversion of a single-valued relation to an arrow in Set is an arrow in Set

lemma (in Z) cat-Set-arr-of-vsv-is-arr:
assumes vsv r
and R, r S, B
and D, r €, cat-Set a(Obj))
and B €, cat-Set a(O0bj)
shows cat-Set-arr-of-vsv r B : Dy 1

{proof)

B

cat-Set «

17.6 Left restriction for Set

17.6.1 Definition and elementary properties

definition virestriction-Set = V = V = V (infixr (lg.p 80)
where T g, C = [T(ArrVal) s C, C, T(ArrCod)].

Components.

lemma virestriction-Set-components:
shows [cat-Set-cs-simps]: (T Mger C)(ArrVal)) = T(ArrVal) M C
and [cat-cs-simps, cat-Set-cs-simps]: (T Mger C)(ArrDom|) = C
and [cat-cs-simps, cat-Set-cs-simps]: (T Mger C)(ArrCod]) = T(ArrCod))
(proof)

17.6.2 Arrow value

lemma virestriction-Set- ArrVal-vdomain[ cat-cs-simps):
assumes T : A~ 1601 o Band C c, A
shows D, ((T tMger C)(ArrVal)) = C

(proof)

lemma virestriction-Set- ArrVal-app| cat-cs-simps]:
assumes T : A 4 6. o Band C ¢, Aand 7 ¢, C
shows (T Mge: C)(ArrVal)(z]) = T(ArrVal))(z)

{proof)
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17.6.3 Left restriction for Set is an arrow in Set

lemma virestriction-Set-is-arr:
assumes T : A~ 1601 o Band C c, A
shows T tlg.. C: C = cat-Set o B

(proof)

lemma (in Z) vlrestriction-Set-is-monic-arr:
assumes T : A = 0ncq-Set o B and C ¢, A
shows T tlg.. C: C P moncat-Set o B

(proof)

17.7 Right restriction for Set
17.7.1 Definition and elementary properties

definition vrrestriction-Set = V = V = V (infixr <|"g.¢» 80)
where T "g.: C = [T(ArrVal) Vs C, T(ArrDoml), C],

Components.

lemma vrrestriction-Set-components:
shows [cat-Set-cs-simps]: (T 1" ger C)(ArrVal) = T(ArrVal) 17 C
and [cat-cs-simps, cat-Set-cs-simps]: (T "ser C)(ArrDom|) = T(ArrDom))
and [cat-cs-simps, cat-Set-cs-simps]: (T 1" ger C)(ArrCod|) = C
(proof)

17.7.2 Arrow value

lemma vrrestriction-Set-ArrVal-app| cat-cs-simps]:
assumes T : A = 1 601 o B and Re (T(ArrVal))) <, C
shows (T 1" getr C)(ArrVal) = T(ArrVal))

(proof)

17.7.3 Right restriction for Set is an arrow in Set

lemma vrrestriction-Set-is-arr:
assumes T': A = s 6.4 o B
and R, (T(ArrVal)) c, C
and C ¢, cat-Set a(Obj)
shows T ["ger C: A -
(proof)

C

cat-Set «

lemma vrrestriction-Set-is-arr'[ cat-cs-intros]:
assumes T : A =1 Go1 o B
and R, (T(ArrVal)) ¢, C
and C €, cat-Set a(Obj))
and C'=C
and €' = cat-Set a
shows T |"ger C: A s c’
{proof)

17.7.4 Further properties

lemma
assumes T : A =1 6ot o B
shows vrrestriction-Set-vrange-is-arr:
T "set Ro (T(ArrVal)) : A = pi-Set o Ro (T(ArrVall))
and vrrestriction-Set-vrange- Arr Val-app| cat-cs-simps, cat-Set-cs-simps]:
(T V"set Ro (T(ArrVal])))(ArrVal) = T(ArrVal)
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(proof)

lemma (in Z) vrrestriction-Set-vrange-is-iso-arr:

assumes T : A = onca-Set o B

shows T 1"ge; Ro (T(ArrVal])) : A =isocqt-Set o Ro (T(ArrVal]))
(proof)

17.7.5 Connections

lemma cat-Set-Comp-vrrestriction-Set:
assumes S : B —~ C
and T : A =41 5ot o
and R, (S(ArrVal))) co D
and D ¢, cat-Set a(Obj)
shows S 1get D oacgrSet o T = (S 2acqt-Set o T) "ser D
{proof)

cat-Set «

lemma (in Z) cat-Set-Cld-vrrestriction-Set[ cat-cs-simps]:
assumes A S, B and B ¢, cat-Set a(0bj)
shows cat-Set a(CId)(A]) 1"set B = incl-Set A B

{proof)

lemma cat-Set-Comp-incl-Rel-vrrestriction-Set[ cat-cs-simps]:
assumes F : A~ 1604 o Band C S, B and R, (F(ArrVal)) ¢, C
shows incl-Rel C B ogcp.6et o F 175et C = F

{proof)

17.8 Projection arrows for vtimes

17.8.1 Definition and elementary properties

definition vfst-arrow = V = V = V
where vfst-arrow A B = [(Aabe, A x, B. vfst ab), A x, B, Al

definition vsnd-arrow = V= V = V
where vsnd-arrow A B = [(Aabe, A x, B. vsnd ab), A x, B, Bl

Components.

lemma vfst-arrow-components:
shows vfst-arrow A B(ArrVal]) = (Aabe, A x, B. ufst ab)
and [ cat-cs-simps]: vfst-arrow A B(ArrDom|) = A x, B
and [cat-cs-simps]: vfst-arrow A B(ArrCod]) = A
{proof)

lemma vsnd-arrow-components:
shows wvsnd-arrow A B(ArrVal]) = (Aabes A xo B. vsnd ab)
and [ cat-cs-simps]: vsnd-arrow A B(ArrDom|) = A x, B
and [cat-cs-simps]: vsnd-arrow A B(ArrCod|) = B
{proof)

17.8.2 Arrow value

mk-VLambda ufst-arrow-components(1)
|vsv vfst-arrow-ArrVal-vsv| cat-cs-intros]|
|vdomain vfst-arrow-ArrVal-vdomain[ cat-cs-simps]|
lapp vfst-arrow-ArrVal-app’|

mk-VLambda vsnd-arrow-components(1)
|vsv vsnd-arrow-Arr Val-vsv[ cat-cs-intros]|
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|vdomain vsnd-arrow-ArrVal-vdomain| cat-cs-simps]|
|app vsnd-arrow-ArrVal-app’|

lemma vfst-arrow-ArrVal-app[ cat-cs-simps]:
assumes ab = (a, b) and ab e, A x, B
shows vfst-arrow A B(ArrVal)(abd) = a

{proof)

lemma vfst-arrow-vrange: Ro (vfst-arrow A B(ArrVal)) c, A

{proof)

lemma vsnd-arrow-ArrVal-app| cat-cs-simps):
assumes ab = (a, b) and ab €, A x, B
shows vsnd-arrow A B(ArrVal])(ab]) = b

{proof)

lemma vsnd-arrow-vrange: Ro (vsnd-arrow A B(ArrVal])) <, B

{proof)

17.8.3 Projection arrows are arrows in the category Set

lemma (in Z) ufst-arrow-is-cat-Set-arr-Vset:
assumes A ¢, Vset « and B ¢, Vset o
shows vfst-arrow A B: A x, B~

{proof)

A

cat-Set «

lemma (in Z) ufst-arrow-is-cat-Set-arr:
assumes A €, cat-Set a(Obj) and B €, cat-Set a(Obj))
shows vfst-arrow A B: A x, B~

{proof)

cat-Set « A

lemma (in Z) vfst-arrow-is-cat-Set-arr'| cat-rel-par-Set-cs-intros]:
assumes A €, cat-Set a(O0bj|
and B €, cat-Set a(0bj)
and AB=A x, B
and A'= A
and €' = cat-Set «
shows ufst-arrow A B : AB gr A’

(proof)
lemmas [cat-rel-par-Set-cs-intros] = Z.vfst-arrow-is-cat-Set-arr’

lemma (in Z) vsnd-arrow-is-cat-Set-arr- Vset:
assumes A ¢, Vset a« and B €, Vset «
shows vsnd-arrow A B: A x, B~

{proof)

B

cat-Set «

lemma (in Z) vsnd-arrow-is-cat-Set-arr:
assumes A €, cat-Set a(Obj) and B €, cat-Set a(Obj)
shows vsnd-arrow A B: A x, B~

{proof)

cat-Set «

lemma (in Z) vsnd-arrow-is-cat-Set-arr'| cat-rel-par-Set-cs-intros]:
assumes A €, cat-Set a(0bj|
and B €, cat-Set a(O0bj)
and AB = A x, B
and B'= B
and €' = cat-Set «
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shows vsnd-arrow A B : AB el B’
(proof )

lemmas [ cat-rel-par-Set-cs-intros| = Z.vsnd-arrow-is-cat-Set-arr’

17.8.4 Projection arrows are arrows in the category Par

lemma (in Z) ufst-arrow-is-cat-Par-arr:
assumes A €, cat-Par «(O0bj]) and B €, cat-Par a(O0bj))
shows vfst-arrow A B: A %o B =4t par o 4

(proof)

lemma (in Z) ofst-arrow-is-cat-Par-arr | cat-rel-Par-set-cs-intros]:
assumes A €, cat-Par a(O0bj)
and B ¢, cat-Par «o(Obj))
and AB=A x, B
and A'= A
and ¢’ = cat-Par «
shows vfst-arrow A B : AB —gr A’

{proof)
lemmas [cat-rel-Par-set-cs-intros]| = Z.vfst-arrow-is-cat-Par-arr’

lemma (in Z) vsnd-arrow-is-cat-Par-arr:
assumes A €, cat-Par a(O0bj]) and B €, cat-Par a(O0bj))
shows vsnd-arrow A B: A xo B = p4-Par o B

{proof)

lemma (in Z) vsnd-arrow-is-cat-Par-arr'[ cat-rel-Par-set-cs-intros]:
assumes A €, cat-Par a(O0bj)
and B ¢, cat-Par «o(Obj)
and AB=A x, B
and B'= B
and ¢’ = cat-Par «
shows vsnd-arrow A B : AB g1 B’

{proof)

lemmas [cat-rel-Par-set-cs-intros| = Z.vsnd-arrow-is-cat-Par-arr’

17.8.5 Projection arrows are arrows in the category Rel

lemma (in Z) vfst-arrow-is-cat-Rel-arr:
assumes A €, cat-Rel a(O0bj)) and B ¢, cat-Rel a(Obj))
shows vfst-arrow A B: A xo B = 0t pel o 4

(proof)

lemma (in Z) vfst-arrow-is-cat-Rel-arr'[ cat- Rel-par-set-cs-intros):
assumes A €, cat-Rel a(O0bj)
and B €, cat-Rel a(Obj))
and AB =A%, B
and A'= A
and €’ = cat-Rel «
shows vfst-arrow A B : AB g1 A’

{proof)
lemmas [ cat-Rel-par-set-cs-intros] = Z.vfst-arrow-is-cat-Rel-arr’

lemma (in Z) vsnd-arrow-is-cat-Rel-arr:
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assumes A €, cat-Rel a(0bj)) and B €, cat-Rel o Obj))
shows vsnd-arrow A B : A xo B =44 Rel o B

{proof)

lemma (in Z) vsnd-arrow-is-cat-Rel-arr'[ cat-Rel-par-set-cs-intros]:
assumes A €, cat-Rel a(O0bj)
and B €, cat-Rel a(Obj))
and AB=A x, B
and B'= B
and ¢’ = cat-Rel «
shows vsnd-arrow A B : AB g1 B’

{proof)

lemmas [ cat-Rel-par-set-cs-intros| = Z.vsnd-arrow-is-cat-Rel-arr’

17.8.6 Projection arrows are isomorphisms in the category Set

lemma (in Z) vfst-arrow-is-cat-Set-iso-arr- Vset:

assumes A €, Vset o and b €, Vset a

shows vfst-arrow A (set {b}) : A xo set {b} =isocqt-Set o 4
{proof)

lemma (in Z) ofst-arrow-is-cat-Set-iso-arr:
assumes A €, cat-Set a(0bj]) and b €, cat-Set a(Obj)
shows vfst-arrow A (set {b}) : A xo set {b} =isocqi-Set o 4
{proof)

lemma (in Z) ufst-arrow-is-cat-Set-iso-arr'[ cat-rel-par-Set-cs-intros):
assumes A €, cat-Set a(O0bj|
and b €, cat-Set a(Obj))
and AB = A x, set {b}
and A'= A
and €' = cat-Set a
shows ufst-arrow A (set {b}) : AB =isopr A
(proof)

lemmas [ cat-rel-par-Set-cs-intros| = Z.vfst-arrow-is-cat-Set-iso-arr’

lemma (in Z) vsnd-arrow-is-cat-Set-iso-arr- Vset:

assumes a €, Vset o and B ¢, Vset

shows vsnd-arrow (set {a}) B : set {a} %o B =isocqt-Set o B
{proof)

lemma (in Z) vsnd-arrow-is-cat-Set-iso-arr:
assumes a €, cat-Set a(Obj]) and B €, cat-Set a(Obj)
shows vsnd-arrow (set {a}) B : set {a} %o B =isocqt-Set o B

{proof)

lemma (in Z) vsnd-arrow-is-cat-Set-iso-arr’[ cat-rel-par-Set-cs-intros]:
assumes a €, cat-Set a(O0bj
and B €, cat-Set a(O0bj)
and AB = set {a} x, B
and A'= A
and ¢’ = cat-Set «
shows vsnd-arrow (set {a}) B: AB =isopr B
{proof)

lemmas [ cat-rel-par-Set-cs-intros| = Z.vsnd-arrow-is-cat-Set-iso-arr’
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17.8.7 Projection arrows are isomorphisms in the category Par

lemma (in Z) ufst-arrow-is-cat-Par-iso-arr:
assumes A €, cat-Par «(O0bj]) and b €, cat-Par «a(Obj)
shows vfst-arrow A (set {b}) : A xo set {b} ~isocat-Par o 4
(proof)

lemma (in Z) ufst-arrow-is-cat-Par-iso-arr'| cat-rel-Par-set-cs-intros):
assumes A €, cat-Par a(O0bj)
and b €, cat-Par a(O0bj))
and AB = A x, set {b}
and A'= A
and ¢’ = cat-Par «
shows vfst-arrow A (set {b}) : AB =505 A
{proof)

lemmas [ cat-rel-Par-set-cs-intros]| = Z.vfst-arrow-is-cat-Par-iso-arr’

lemma (in Z) vsnd-arrow-is-cat-Par-iso-arr:
assumes a €, cat-Par a(O0bj)) and B €, cat-Par a(O0bj))
shows vsnd-arrow (set {a}) B : set {a} xo B ~isocqt-Par o B
(proof)

lemma (in Z) vsnd-arrow-is-cat-Par-iso-arr'[ cat-rel- Par-set-cs-intros]:
assumes a €, cat-Par a(Obj)
and B ¢, cat-Par «o(Obj)
and AB = set {a} x, B
and A'= A
and ¢’ = cat-Par «
shows vsnd-arrow (set {a}) B: AB =iso¢r B

{proof)

lemmas [ cat-rel-Par-set-cs-intros]| = Z.vsnd-arrow-is-cat-Par-iso-arr’

17.8.8 Projection arrows are isomorphisms in the category Rel

lemma (in Z) ufst-arrow-is-cat-Rel-iso-arr:
assumes A €, cat-Rel a(0bj)) and b €, cat-Rel a(Obj))
shows vfst-arrow A (set {b}) : A xo set {b} ~isocat-Rel o 4
(proof)

lemma (in Z) vfst-arrow-is-cat-Rel-iso-arr'[ cat- Rel-par-set-cs-intros):
assumes A €, cat-Rel a(0bj)
and b €, cat-Rel a(Obj)
and AB = A x, set {b}
and A'= A
and €' = cat-Rel «
shows vfst-arrow A (set {b}) : AB 5001 A
(proof)

lemmas [ cat-Rel-par-set-cs-intros]| = Z.vfst-arrow-is-cat-Rel-iso-arr’
lemma (in Z) vsnd-arrow-is-cat-Rel-iso-arr:
assumes a €, cat-Rel a(0bj]) and B €, cat-Rel a(Obj|)

shows vsnd-arrow (set {a}) B : set {a} Xo B ~isocat-Rel o B
(proof)

lemma (in Z) vsnd-arrow-is-cat-Rel-iso-arr'[ cat-Rel-par-set-cs-intros]:
assumes a €, cat-Rel a(Obj)
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and B €, cat-Rel a(Obj))
and AB = set {a} x, B
and A'= A
and €’ = cat-Rel «
shows vsnd-arrow (set {a}) B: AB =isopr B

{proof)

lemmas [ cat-Rel-par-set-cs-intros] = Z.vsnd-arrow-is-cat-Rel-iso-arr’

17.9 Projection arrow for vproduct

definition vprojection-arrow = V= (V= V)=V =V
where vprojection-arrow I A i = [vprojection I A i, ([ToicI. A7), A i]o

Components.

lemma wvprojection-arrow-components:
shows vprojection-arrow I A i(ArrVal)) = vprojection I A i
and wvprojection-arrow I A i(ArrDom]) = ([Toi€.1. A i)
and wvprojection-arrow I A i(ArrCod]) = A ¢
{proof)

17.9.1 Projection arrow value

mk-VLambda vprojection-arrow-components(1)[unfolded vprojection-def]
|vsv vprojection-arrow-ArrVal-vsv[ cat-Set-cs-intros]|
|vdomain vprojection-arrow-ArrVal-vdomain| cat-Set-cs-simps]|
|app vprojection-arrow-ArrVal-app| cat-Set-cs-simps]|

17.9.2 Projection arrow is an arrow in the category Set

lemma (in Z) arr-Set-vprojection-arrow:
assumes 7 €, [ and VLambda I A €, Vset o
shows arr-Set o (vprojection-arrow I A 7)

(proof)

lemma (in Z) vprojection-arrow-is-arr:

assumes i €, [ and VLambda I A €, Vset o

shows vprojection-arrow I A i : ([Toi€el. A %) = pur-Set o A 1
{proof)

17.10 Canonical injection arrow for vdunion

definition vcinjection-arrow = V= (V= V)=V =V
where vcinjection-arrow I A i = [vcinjection A i, A i, (I1cics1. A i)]o

Components.

lemma vcinjection-arrow-components:
shows vcinjection-arrow I A i(ArrVal) = vcinjection A i
and vcinjection-arrow I A i(|ArrDom|) = A i
and vcinjection-arrow I A i(ArrCod|) = (I1ci€.I. A )
{proof)

17.10.1 Canonical injection arrow value

mk-VLambda vcinjection-arrow-components(1)[unfolded vcinjection-def]
|vsv veinjection-arrow-ArrVal-vsv[ cat-Set-cs-intros]|
|vdomain veinjection-arrow-Arr Val-vdomain| cat-Set-cs-simps]|
lapp vcinjection-arrow-Arr Val-app| cat-Set-cs-simps]|
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17.10.2 Canonical injection arrow is an arrow in the category Set

lemma (in Z) arr-Set-vcinjection-arrow:
assumes i €, [ and VLambda I A €, Vset o
shows arr-Set o (vcinjection-arrow I A )

(proof)

lemma (in Z) vcinjection-arrow-is-arr:
assumes i €, I and VLambda I A €, Vset a
shows vcinjection-arrow I A i: A i =51 6o o (Lot€l. A7)

(proof)

lemma (in Z) vcinjection-arrow-is-arr'| cat-cs-intros]:
assumes 7 €, [
and VLambda I A e, Vset o
and A'= A i
and ¢’ = cat-Set «
and P’ = (I].ic. . A ©)
shows vcinjection-arrow I A i : A’ B P’

{proof)

17.11 Product arrow value for Rel

17.11.1 Definition and elementary properties

definition prod-2-Rel-ArrVal = V = V = V
where prod-2-Rel-ArrVal S T =
set {{{a, b}, {c, d)) | abcd. (a,c)e SA(b d)e T}

lemma small-prod-2-Rel-ArrVal[ simp]:
small {{{a, b), (¢, d)) | abcd. (a, c) e S A (b, d) e, T}
(is «small 25»)

(proof)

Rules.

lemma prod-2-Rel-ArrVall:
assumes ab-cd = ((a, b), (¢, d))
and (a, c¢) & S
and (b, d) e, T
shows ab-cd €, prod-2-Rel-ArrVal S T
(proof )

lemma prod-2-Rel-ArrValD[ dest]:
assumes ((a, b), (¢, d)) €, prod-2-Rel-ArrVal S T
shows (a, ¢) €, S and (b, d) &, T
{proof)

lemma prod-2-Rel-ArrValE[ elim!]:
assumes ab-cd €, prod-2-Rel-ArrVal S T
obtains a b ¢ d where ab-cd = ({a, 1), (¢, d))
and (a, ¢) & S
and (b, d) e, T
(proof)

Elementary properties

lemma prod-2-Rel-ArrVal-vsubset-uprod:
prod-2-Rel-ArrVal S T o ((Do S %o Do T) %6 (Ro S %o Ro T))

{proof)
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lemma prod-2-Rel-ArrVal-vbrelation: vbrelation (prod-2-Rel-ArrVal S T)
(proof)

lemma prod-2-Rel-ArrVal-vdomain: D, (prod-2-Rel-ArrVal S T) = Dy S xo Do T
(proof)

lemma prod-2-Rel-ArrVal-vrange: Ro (prod-2-Rel-ArrVal S T) = Ro S %o Ro T
{proof)

17.11.2 Further properties

lemma
assumes vsv g and vsv f
shows prod-2-Rel-ArrVal-vsv: vsv (prod-2-Rel-ArrVal g f)
and prod-2-Rel-ArrVal-app:
Nab. [[ac Dog;bee Dy f]] =
prod-2-Rel-ArrVal g f((a,b)) = (g(al)), f(0]))
{proof)

lemma prod-2-Rel-ArrVal-v11:
assumes v11 g and v11 f
shows v11 (prod-2-Rel-ArrVal g f)

(proof)

lemma prod-2-Rel-ArrVal-vcomp:
prod-2-Rel-ArrVal S' T' o, prod-2-Rel-ArrVal S T =
prod-2-Rel-ArrVal (8" oo S) (T 0o T)
{proof)

lemma prod-2-Rel-ArrVal-vid-on| cat-cs-simps]:
prod-2-Rel-ArrVal (vid-on A) (vid-on B) = vid-on (A x, B)
(proof)

17.12 Product arrow for Rel

17.12.1 Definition and elementary properties

definition prod-2-Rel = V = V = V (infixr (4xg.p 80)
where prod-2-Rel S T =

prod-2-Rel-ArrVal (S(ArrVal)) (T(ArrVal)),
S(ArrDom])) x, T(ArrDom)),
S(ArrCod|) x, T(ArrCod)

]o

abbreviation (input) prod-2-Par = V = V = V (infixr <4xps> 80)
where prod-2-Par = prod-2-Rel

abbreviation (input) prod-2-Set = V = V = V (infixr <4xg.p> 80)
where prod-2-Set = prod-2-Rel

Components.

lemma prod-2-Rel-components:
shows (S axper T)(ArrVal]) = prod-2-Rel-ArrVal (S(ArrVal])) (T(ArrVal))
and [cat-cs-simps]: (S axger T)(ArrDom|) = S(ArrDom|) x, T(ArrDom])
and [cat-cs-simps]: (S axger T)(ArrCod)) = S(ArrCod)) x, T(ArrCod))
(proof)
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17.12.2 Product arrow for Rel is an arrow in Rel

lemma prod-2-Rel-is-cat-Rel-arr:
assumes S : Ay poq Band T: C =y per o D
shows S axpe; T: A xo C =4t Rel o B %o D

(proof)

lemma prod-2-Rel-is-cat-Rel-arr'| cat- Rel-par-set-cs-intros]:
assumes S : A =1 el o B
and T : C =41 Rel o D
and A" = A x, C
and B'= B x, D
and €' = cat-Rel «
shows S gxpe; T : A’ =g B’
{proof)

17.12.3 Product arrow for Rel is an arrow in Set

lemma prod-2-Rel-app| cat-rel-par-Set-cs-simps):
assumes S : A =1 6ot o B
and T': C ™ cat-Set o D
and a €, A
and c ¢, C
and ac = (a, ¢)
shows (S axger T)(ArrVal)(ac) = (S(ArrVal)(al), T(ArrVal)(c|))
{proof)

lemma prod-2-Rel-is-cat-Set-arr:
assumes S: A w6 o Band T: C o600 0 D
shows S gxge; T 1 A %o C = (pp-Get o B %o D
{proof)

lemma prod-2-Rel-is-cat-Set-arr'[ cat-rel-par-Set-cs-intros):
assumes S: A+ 164 o B
and T : C 4160t o D
and AC = A x, C
and BD = B x, D
and €' = cat-Set a
shows S sxg.; T : AC =g BD
(proof)

17.12.4 Product arrow for Rel is an isomorphism in Set

lemma prod-2-Rel-is-cat-Set-iso-arr:
assumes S A =is000t-Set o Band T2 C =ie000t-Set o P
shows S sxge; T 1 A X6 C »is0pqt-Set o B %o D

{proof)

lemma prod-2-Rel-is-cat-Set-iso-arr'[ cat-rel-par-Set-cs-intros]:
assumes S : A =is000t-Set o B
and T': C ~isocqs-Set o D
and AC = A x, C
and BD = B x, D
and ¢’ = cat-Set «
shows S sxg.; T : AC isog’ BD
(proof)
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17.12.5 Further elementary properties

lemma prod-2-Rel-Comp:
assumes G': B' = i pet o B
and F': A’ ™ cat-Rel o A"
and G : B~ 4t Rel o B’
and F: A ~ A’
shows
G' axrel F'oncgt-Rel o G AXRet F =
(G"oncat-Rel o G) axret (F' 0acqt-Rel o )
{proof)

cat-Rel «

lemma (in Z) prod-2-Rel-CId[ cat-cs-simps]:
assumes A €, cat-Rel a(|Obj]) and B €, cat-Rel a(Obj))
shows
(cat-Rel a(CId)(A)) axrer (cat-Rel a(CId)(B)) = cat-Rel a(CId)(A xo B)
(proof)

lemma cf-dag-Rel-ArrMap-app-prod-2- Rel:
assumes S: A= i poro Band T: C =y pero D
shows
tc.ret a(ArrMap))(S axger T)) =
(tc.ret a(ArrMap))(S)) axret (Tc.rer a(ArrMap)(T))
{proof)

17.13 Product functor for Rel

definition cf-prod-2-Rel = V = V
where cf-prod-2-Rel 2 =
[ (A Be, (A x¢ A)(0bj]). AB(0) xo AB(IN)),
(ASTeo (2 xc W)(Arr). (STOD) axrer (ST(IxD)).
A xo A,
A
]O

Components.

lemma cf-prod-2-Rel-components:
shows cf-prod-2-Rel 2A(0bjMap|) = (AABe. (2 xc A)(0bj)). AB(0]) x, AB(In])
and cf-prod-2-Rel A(ArrMap|) =
(ASTeo (U xo A)(Arr]). (ST(0)) axrer (ST(IN])))
and [cat-cs-simps]: cf-prod-2-Rel A(HomDom|) = A xc A
and [ cat-cs-simps]: cf-prod-2-Rel A(|HomCod]) = A
(proof)

17.13.1 Object map

mk-VLambda cf-prod-2-Rel-components(1)
|vsv cf-prod-2-Rel-ObjMap-vsv| cat-cs-intros]|
|vdomain cf-prod-2-Rel-ObjMap-vdomain| cat-cs-simps]|

lemma cf-prod-2-Rel-ObjMap-app| cat-cs-simps]:
assumes AB = [A, B], and AB ¢, (2 x¢ 2A)(Obj)
shows A ®HM~OCf-p7"0d-2-R€l A B=Ax,B

{proof)

lemma (in Z) cf-prod-2-Rel-ObjMap-vrange:
Ro (cf-prod-2-Rel (cat-Rel a)(ObjMap))) S, cat-Rel aObj))
{proof)
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17.13.2 Arrow map

mk-VLambda cf-prod-2-Rel-components(2)
|vsv cf-prod-2-Rel-ArrMap-vsv| cat-cs-intros]|
|vdomain cf-prod-2-Rel-ArrMap-vdomain| cat-cs-simps]|

lemma cf-prod-2-Rel-ArrMap-app| cat-cs-simps]:
assumes GF = [G, F], and GF &, (A x¢ A)(Arr)
shows G ®HM-ACf—p7‘0d—2—Rel A F =G gxpet F
(proof)

17.13.3 Product functor for Rel is a functor

lemma (in Z) cf-prod-2-Rel-is-functor:
cf-prod-2-Rel (cat-Rel «) : cat-Rel a x¢ cat-Rel o —>cq cat-Rel «
{proof)

lemma (in Z) cf-prod-2-Rel-is-functor'[ cat-cs-intros]:
assumes 2’ = cat-Rel a x¢o cat-Rel o
and B’ = cat-Rel o
and o' = «
shows cf-prod-2-Rel (cat-Rel a) : A" =0 B’
(proof)

lemmas [cat-cs-intros] = Z.cf-prod-2-Rel-is-functor’

17.14 Product universal property arrow for Set

17.14.1 Definition and elementary properties

definition cat-Set-obj-prod-up = V= (V=>V)=>V=>(V=>V)=V
where cat-Set-obj-prod-up I F A ¢ =
[(Aag. A. (NieoI. ¢ i(ArrVal])(a))), A, (TToicl. F )]0

Components.

lemma cat-Set-obj-prod-up-components:
shows cat-Set-obj-prod-up I F A o(ArrVal)) =
(Aae A. (NieoI. ¢ i(ArrVal)(al))
and [cat-Set-cs-simps]:
cat-Set-obj-prod-up I F A p(ArrDom|) = A
and [cat-Set-cs-simps]:
cat-Set-obj-prod-up I F' A p(ArrCod)) = (I1ci€o1. F i)
{proof)

17.14.2 Arrow value

mk-VLambda cat-Set-obj-prod-up-components(1)
|vsv cat-Set-obj-prod-up-Arr Val-vsv[ cat-Set-cs-intros]|
|vdomain cat-Set-obj-prod-up-Arr Val-vdomain| cat-Set-cs-simps]|
lapp cat-Set-obj-prod-up-ArrVal-app

lemma cat-Set-obj-prod-up-ArrVal-vrange:
assumes Ni. i €, [ == @ it A1 Gor o F 0
shows R, (cat-Set-obj-prod-up I F A (| ArrVal))) S ([TotcoI. F i)
(proof)

lemma cat-Set-obj-prod-up-ArrVal-app-vdomain[ cat-Set-cs-simps):

assumes g €, A
shows D, (cat-Set-obj-prod-up I F A p(ArrVal)(a))) = I
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{proof)

lemma cat-Set-obj-prod-up-ArrVal-app-component| cat-Set-cs-simps]:
assumes a €, A and 7 e, I
shows cat-Set-obj-prod-up I F A o(ArrVal])(al) (i) = ¢ i(ArrVal])(al)
(proof)

lemma cat-Set-obj-prod-up-ArrVal-app-vrange:

assumes a €, Aand Ai. i €, [ = pi: A = cat-Set o F i

shows R, (cat-Set-obj-prod-up I F' A p(ArrVal)(a])) So (Uoteol. F 7)
{proof)

17.14.3 Product universal property arrow for Set is an arrow in Set

lemma (in Z) cat-Set-obj-prod-up-cat-Set-is-arr:
assumes A €, cat-Set a(0bj|
and VLambda I F ¢, Vset o
and Ni.iec I = it A gpGop o F o
shows cat-Set-obj-prod-up I F A ¢ : A = 41-6et o (TTot€cl. F 1)
{proof)

17.14.4 Further properties

lemma (in Z) cat-Set-cf-comp-proj-obj-prod-up:
assumes A €, cat-Set a(Obj))
and VLambda I F €, Vset «
and N\i. 16, I = pi: A~
and i€, |
shows
@ 1 = vprojection-arrow I F i o4 44 Gt o COt-Set-obj-prod-up I F A ¢
(is «p i = 2Fi 0op pgi-Set o 79)
{proof)

Fi

cat-Set «

17.15 Coproduct universal property arrow for Set

17.15.1 Definition and elementary properties

definition cat-Set-obj-coprod-up = V= (V=>V)=>V=>(V=>V)=>T
where cat-Set-obj-coprod-up [ FF' A ¢ =
[(Nizeo (1l oteol. F 7). @ (ufst ix)(ArrVal)(vsnd iz))), (I oiccl. F i), Ao

Components.

lemma cat-Set-obj-coprod-up-components:
shows cat-Set-obj-coprod-up I F A p(ArrVal]) =
(Nizeo (L oteol. F 0). @ (ufst iz)(ArrVal])(vsnd iz)))
and [cat-Set-cs-simps]:
cat-Set-obj-coprod-up I F A p(ArrDom|) = (11 ci€.I. F i)
and [cat-Set-cs-simps]:
cat-Set-obj-coprod-up I F A p(ArrCod]) = A
(proof)

17.15.2 Arrow value

mk-VLambda cat-Set-obj-coprod-up-components(1)
|vsv cat-Set-obj-coprod-up-ArrVal-vsv| cat-Set-cs-intros]|
|vdomain cat-Set-obj-coprod-up-ArrVal-vdomain[ cat-Set-cs-simps]|
lapp cat-Set-obj-coprod-up-ArrVal-app’|

lemma cat-Set-obj-coprod-up-ArrVal-appl cat-cs-simps]:
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assumes iz = (i, z) and (i, z) € (o€ 1. F 7)
shows cat-Set-obj-coprod-up I F A o(ArrVal))(iz]) = ¢ i(ArrVal]) (]
{proof)

lemma cat-Set-obj-coprod-up-ArrVal-vrange:

assumes N\i. i € [ = @ i: Fivr 600 A

shows R, (cat-Set-obj-coprod-up I F A o(ArrVal)) ¢, A
{proof)

17.15.3 Coproduct universal property arrow for Set is an arrow in Set

lemma (in Z) cat-Set-obj-coprod-up-cat-Set-is-arr:
assumes A €, cat-Set a(O0bj)
and VLambda I F ¢, Vset o
and \i. i€ [ == @ i: Fir gy 6000 A
shows cat-Set-obj-coprod-up I FF A ¢ : (I oi€l. F i) = o41-Set o A
{proof)

17.15.4 Further properties

lemma (in Z) cat-Set-cf-comp-coprod-up-vcia:
assumes A €, cat-Set a(O0bj|
and VLambda I F ¢, Vset
and A\i. 16, | = ¢ i: Fiw~
and 7 €, [
shows
@ 1 = cat-Set-obj-coprod-up I F' A ¢ 04 .0t-Set o vCinjection-arrow I F i
(is «p i = % 0apgi-Set o FD)
{proof)

A

cat-Set «

17.16 Equalizer object for the category Set

The definition of the (non-categorical concept of an) equalizer can be found in [2]*°

definition vequalizer = V. = V = V =V
where vequalizer X f g = set {z. v ¢ X A f(ArrVal)(z) = g(ArrVal)(z)}

lemma small-vequalizer[simp]:

small {z. z €c X A f(ArrVal)(z]) = g(ArrVal])(z))}
{proof)

Rules.

lemma vequalizerl:
assumes z €, X and f(ArrVal)(z)) = g(ArrVal)(z)
shows z €, vequalizer X f g

{proof)

lemma vequalizerD[ dest]:
assumes z €, vequalizer X f g
shows = ¢, X and f(ArrVal)(z) = g(ArrVal)(z|

{proof)

lemma vequalizerE[ elim]:
assumes z €, vequalizer X f g
obtains z ¢, X and f(ArrVal)(z) = g(ArrVal)(z)

{proof)

Ohttps://en.wikipedia.org/wiki/Equaliser (mathematics)

242


https://en.wikipedia.org/wiki/Equaliser_(mathematics)

Elementary results.

lemma vequalizer-vsubset-vdomain| cat-Set-cs-intros]: vequalizer a g f o a

{proof)

lemma Limit-vequalizer-in- Vset[ cat-Set-cs-intros):
assumes Limit o and a €, cat-Set a(Obj)
shows vequalizer a g f €, cat-Set a(Obj))
(proof)

lemma vequalizer-flip: vequalizer a f g = vequalizer a g f

{proof)

lemma cat-Set-incl-Set-commute:
assumes g : o . Ger o 0ANd fra = r 600 b
shows
0 %4 cqt-Set o incl-Set (vequalizer a f g) a =
f oA cat-Set o incl-Set (vequalizer a f g) a
(is <@ °acqp-Set o 7incl = F oacqt-Set o ?inch)
{proof)

17.17 Application of a function to a finite sequence as an arrow in Set

definition vfsequence-map = V = V
where vfsequence-map F =
[
(Azse,vfsequences-on (F(ArrDom))). F(ArrVal]) oo xs),
vfsequences-on (F(ArrDom))),
vfsequences-on (F(ArrCod)))

]o

Components.

lemma vfsequence-map-components:
shows ufsequence-map F(ArrVal]) =
(Azsesvfsequences-on (F(ArrDom))). F(ArrVal]) o, xs)
and [cat-cs-simps]: vfsequence-map F(ArrDom|) = vfsequences-on (F(ArrDom]|))
and [cat-cs-simps]: vfsequence-map F(ArrCod]) = vfsequences-on (F(ArrCod)))
(proof)

17.17.1 Arrow value

mk-VLambda vfsequence-map-components(1)
|vsv vfsequence-map-ArrVal-vsv[ cat-cs-intros, cat-Set-cs-intros]|
|[vdomain vfsequence-map-ArrVal-vdomain| cat-cs-simps, cat-Set-cs-simps]|
|app vfsequence-map-ArrVal-app|

lemma vfsequence-map-ArrVal-app-app:
assumes F': A 16 o B
and zs €, vfsequences-on A
and i € D, ws
shows ufsequence-map F(ArrVal])(zs]) (i) = F(ArrVal])(xs(i))
{proof)

17.17.2 Application of a function to a finite sequence is an arrow in Set

lemma vfsequence-map-is-arr:

assumes F : Ay 600 o B

shows vfsequence-map F : vfsequences-on A v« .1 6ot o Vfsequences-on B
{proof)
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lemma (in Z) vfsequence-map-is-monic-arr:

assumes F': A =00 c0t-Set o B

shows vfsequence-map F : vfsequences-on A = oncat-Set o Vfsequences-on B
(proof)

lemma (in Z) vfsequence-map-is-epic-arr:

assumes F': A = epicor Set o B

shows vfsequence-map F : vfsequences-on A = cpicar-Set o Vfsequences-on B
(proof)

lemma vfsequence-map-is-iso-arr:

assumes F : A =ie0000-Set o B

shows vfsequence-map F : vfsequences-on A =;socut-Set o Ufsequences-on B
{proof)

17.18 An injection from the range of an arrow in Set into its domain

17.18.1 Definition and elementary properties

definition vrange-iso = V = V
where vrange-iso F =
[
(AyeoRo (F(ArrVal)). (SOME z. z €, F(ArrDom|) A y = F(ArrVal)(z))),
Ro (F(ArrVal))),
F(ArrDom))

o

Components.

lemma vrange-iso-components:
shows vrange-iso F(ArrVal|) =
(A\yeoRo (F(ArrVal)). (SOME z. z €, F(ArrDom|) A y = F(ArrVal)(z]))
and [cat-cs-simps]: vrange-iso F(ArrDom]) = R, (F(ArrVal))
and [ cat-cs-simps]: vrange-iso F(ArrCod]) = F(ArrDom])
{proof)

17.18.2 Arrow value

mk-VLambda vrange-iso-components(1)
|vsv vrange-iso-ArrVal-vsv| cat-cs-intros]|
|vdomain vrange-iso-Arr Val-vdomain] cat-cs-simps]|
|app vrange-iso-ArrVal-appl|

lemma vrange-iso-ArrVal-rules:
assumes F : A .1 604 o Band y e, Ro (F(ArrVal]))
shows vrange-iso F(ArrVal))(y]) €. A
and y = F(ArrVal)(vrange-iso F(ArrVal])(y))
(proof)

17.18.3 An injection from the range of a function into its domain is a monic in Set

lemma vrange-iso-is-arr:

assumes I': A 1600 o B

shows vrange-iso F : Ro (F(ArrVal) & cot-Set o A
{proof)

lemma vrange-iso-is-arr":

assumes F': A 16 o B
and B’ = R, (F(ArrVal))
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and ¢’ = cat-Set «
shows vrange-iso I : B’ —gr A

{proof)

lemma vrange-iso-is-monic-arr:
assumes I': A 16 o B
shows vrange-iso F' : Ro (F(ArrVal)) =moncat-Set o 4

(proof)

lemma vrange-iso-is-monic-arr'”:
assumes I': A 160 o B
and B’ = R, (F(ArrVal))
and €’ = cat-Set «
shows vrange-iso I : B' = ongr A

{proof)

17.19 Auxiliary

This subsection is reserved for insignificant helper lemmas and rules that are used in applied
formalization elsewhere.
lemma (in Z) cat-Rel-CId-is-cat-Set-arr:

assumes A €, cat-Rel a(Obj))
shows cat-Rel a(CId)(A]) : A —

{proof)

A

cat-Set «

lemma (in Z) cat-Rel-CId-is-cat-Set-arr'[ cat-rel-par-Set-cs-intros]:
assumes A €, cat-Rel a(Obj))
and B'= A
and C'= 4
and ¢’ = cat-Set «
shows cat-Rel a(CId)(A]) : B =gs C'
{proof)
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18 GRPH
18.1 Background

The methodology for the exposition of GRPH as a category is analogous to the one used in [8]
for the exposition of GRPH as a semicategory.

named-theorems cat-GRPH-simps
named-theorems cat-GRPH-intros

18.2 Definition and elementary properties

definition cat-GRPH =V = V
where cat-GRPH o =

[
set {€. digraph o €},
all-dghms «,
(A\Feoall-dghms o. F(HomDom))),
(AFeoall-dghms a. F(HomCod))),
(A&Fe, composable-arrs (dg-GRPH «). F(0) cperm SF(IN)),
(ACe,set {€. digraph o €}. dghm-id €)

]0

Components.

lemma cat-GRPH-components:
shows cat-GRPH a(O0bj)) = set {€. digraph o €}
and cat-GRPH a(Arr)) = all-dghms «
and cat-GRPH a(Dom|) = (A§esall-dghms . §(HomDom]))
and cat-GRPH a(Cod)) = (AFeoall-dghms a. F(HomCod)))
and cat-GRPH «a(Comp)|) =
(ABFe, composable-arrs (dg-GRPH «). &F(0) cparm SF(In)
and cat-GRPH o(CId)) = (\€e,set {€. digraph o €}. dghm-id €)
{proof)

Slicing.

lemma cat-sme-GRPH: cat-sme (cat-GRPH «) = smc-GRPH «
{proof)

lemmas-with [folded cat-smc-GRPH, unfolded slicing-simps]:
— Digraph
cat-GRPH-ObjI = smc-GRPH-0bjI
and cat-GRPH-0bjD = smc-GRPH-0ObjD
and cat-GRPH-ObjE = smc-GRPH-ObJE
and cat-GRPH-Obj-iff [ cat-GRPH-simps] = smc-GRPH-Obj-iff
and cat-GRPH-Dom-app| cat-GRPH-simps] = smc-GRPH-Dom-app
and cat-GRPH-Cod-app] cat-GRPH-simps] = sme-GRPH-Cod-app
and cat-GRPH-is-arrl = smc-GRPH-is-arrl
and cat-GRPH-is-arrD = smc-GRPH-is-arrD
and cat-GRPH-is-arrE = smc-GRPH-is-arrE
and cat-GRPH-is-arr-iff [ cat-GRPH-simps] = smc-GRPH-is-arr-iff

lemmas-with [folded cat-smc-GRPH, unfolded slicing-simps, unfolded cat-sme-GRPH]:
— Semicategory
cat-GRPH-Comp-vdomain = smc-GRPH-Comp-vdomain
and cat-GRPH-composable-arrs-dg-GRPH = smc-GRPH-composable-arrs-dg-GRPH
and cat-GRPH-Comp = smc-GRPH-Comp
and cat-GRPH-Comp-app| cat-GRPH-simps] = sme-GRPH-Comp-app
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lemmas-with (in Z) [folded cat-smce-GRPH, unfolded slicing-simps]:
— Semicategory
cat-GRPH-obj-initiall = smc-GRPH-obj-initiall
and cat-GRPH-obj-initialD = smc-GRPH-obj-initialD
and cat-GRPH-obj-initialE = smc-GRPH-obj-initialE
and cat-GRPH-obj-initial-iff [ cat-GRPH-simps] = smc-GRPH-obj-initial-iff
and cat-GRPH-obj-terminall = smc-GRPH-obj-terminall
and cat-GRPH-obj-terminalE = smc-GRPH-obj-terminalE

18.3 Identity

lemma cat-GRPH-CId-app| cat-GRPH-simps]:
assumes digraph a €
shows cat-GRPH o(CId) (<€) = dghm-id €

{proof)

lemma cat-GRPH-CId-vdomain: D, (cat-GRPH o(CId))) = set {€. digraph o €}
{proof)

lemma cat-GRPH-CId-vrange: Ro (cat-GRPH o(CId]) S, all-dghms o
{proof)

18.4 GRPH is a category

lemma (in Z) tiny-category-cat-GRPH:
assumes Z § and « €,
shows tiny-category 8 (cat-GRPH «)

{proof)

18.5 Isomorphism

lemma cat-GRPH-is-iso-arrl:
assumes § : A > paisoa B
shows § : A =is0001-GRPH o B
{proof)

lemma cat-GRPH-is-iso-arrD:

assumes § : A =000t GRPH o B
shows § : A »—pg.isoa B

{proof)

lemma cat-GRPH-is-iso-arrE:

assumes § : A =000t GRPH o B
obtains §: A »~pg isoa B

{proof)

lemma cat-GRPH-is-iso-arr-iff | cat-GRPH-simps]:
3' 22 isocat-GRPH o B % 22 PP DG isoa B
{proof)

18.6 Isomorphic objects

lemma cat-GRPH-obj-isol:
assumes A ¥paa B
shows A %ovjce1-GRPH o B
{proof)

lemma cat-GRPH-obj-isoD:
assumes 2 ¥objcqi GRPH o D

247



shows A ~pga B
{proof)

lemma cat-GRPH-obj-isoE:
assumes A %objcqi GRPH o D
obtains A xpgo B

{proof)

lemma cat-GRPH-obj-iso-iff+ A ~ovjc0t-GRPH o B < A ~pga B
(proof)
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19 SemiCAT
19.1 Background

The methodology for the exposition of SemiCAT as a category is analogous to the one used in
[8] for the exposition of SemiCAT as a semicategory.

named-theorems cat-SemiCAT-simps
named-theorems cat-SemiCAT-intros

19.2 Definition and elementary properties

definition cat-SemiCAT = V = V
where cat-SemiCAT « =

[
set {€. semicategory o €},
all-smcfs a,
(AFeoall-smefs a. F(HomDom))),
(A§eoall-smefs . F(HomCod))),
(A&Fe,composable-arrs (dg-SemiCAT «). &F(0) csmor &F(InN)),
(ACe,set {€. semicategory a €}. smef-id €)

]o

Components.

lemma cat-SemiCAT-components:
shows cat-SemiCAT a(Obj)) = set {€. semicategory o €}
and cat-SemiCAT a(Arr]) = all-smefs «
and cat-SemiCAT a(Dom|) = (A\Fesall-smefs a. F(HomDom|))
and cat-SemiCAT a(Cod)) = (AFeoall-smefs a. F(HomCod)))
and cat-SemiCAT «(Comp)) =
(ABFe, composable-arrs (dg-SemiCAT «). &F(0) osmcr BF(In))
and cat-SemiCAT a(CId) = (ACeset {€. semicategory o €}. smef-id €)
{proof)

Slicing.

lemma cat-smc-SemiCAT: cat-smc (cat-SemiCAT o) = sme-SemiCAT «
{proof)

lemmas-with [folded cat-smc-SemiCAT, unfolded slicing-simps]:
— Digraph
cat-SemiCAT-0bjI = smc-SemiCAT-0bjl
and cat-SemiCAT-0bjD = smc-SemiCAT-0bjD
and cat-SemiCAT-ObjE = smec-SemiCAT-ObjE
and cat-SemiCAT-Obj-iff | cat-SemiCAT-simps] = smc-SemiCAT-Obj-iff
and cat-SemiCAT-Dom-app| cat-SemiCAT-simps]| = smc-SemiCAT-Dom-app
and cat-SemiCAT-Cod-app| cat-SemiCAT-simps] = smc-SemiCAT-Cod-app
and cat-SemiCAT-is-arrl = smc-SemiCAT-is-arrl
and cat-SemiCAT-is-arrD = smc-SemiCAT-is-arrD
and cat-SemiCAT-is-arrE = smc-SemiCAT-is-arrE
and cat-SemiCAT-is-arr-iff [ cat-SemiCAT-simps]| = smc-SemiCAT-is-arr-iff

lemmas-with |
folded cat-smc-SemiCAT, unfolded slicing-simps, unfolded cat-smc-SemiCAT
]:
— Semicategory
cat-SemiCAT-Comp-vdomain = smc-SemiCAT-Comp-vdomain
and cat-SemiCAT-composable-arrs-dg-SemiCAT =
smec-SemiCAT-composable-arrs-dg-SemiCAT
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and cat-SemiCAT-Comp = smc-SemiCAT-Comp
and cat-SemiCAT-Comp-app| cat-SemiCAT-simps] = sme-SemiCAT-Comp-app
and cat-SemiCAT-Comp-vrange = smc-SemiCAT-Comp-vrange

lemmas-with (in Z) [folded cat-smc-SemiCAT, unfolded slicing-simps]:
— Semicategory
cat-SemiCAT-obj-initiall = smc-SemiCAT-obj-initiall
and cat-SemiCAT-obj-initialD = smc-SemiCAT-obj-initialD
and cat-SemiCAT-obj-initialE = smc-SemiCAT-obj-initial
and cat-SemiCAT-obj-initial-iff [ cat-SemiCAT-simps] =
smc-SemiCAT-obj-initial-iff
and cat-SemiCAT-obj-terminall = smc-SemiCAT-obj-terminall
and cat-SemiCAT-obj-terminalE = smc-SemiCAT-obj-terminalEl

19.3 Identity

lemma cat-SemiCAT-CId-app| cat-SemiCAT-simps]:
assumes semicategory o €
shows cat-SemiCAT o(CId)(€) = smcf-id €

(proof)

lemma cat-SemiCAT-CIld-vdomain] cat-SemiCAT-simps]:
D, (cat-SemiCAT a(CId)) = set {€. semicategory o €}

{proof)

lemma cat-SemiCAT-CIld-vrange: Ro (cat-SemiCAT «(CId)) S, all-smcfs «
{proof)

19.4 SemiCAT is a category

lemma (in Z) tiny-category-cat-SemiCAT:
assumes Z § and a €, 3
shows tiny-category B (cat-SemiCAT «)

{proof)

19.5 Isomorphism

lemma cat-SemiCAT-is-iso-arrl:
assumes § : 2A =—g170.is0a B
shows § : A =is0c4-SemiCAT o B
{proof)

lemma cat-SemiCAT-is-iso-arrD:

assumes § : 2 =504 SemiCAT o D
shows § : A = grmc.isoa B

{proof)

lemma cat-SemiCAT-is-iso-arrE:

assumes § : 2 Pisocat-SemiCAT « B
obtains § : A »~gsr0.isoa B

{proof)

lemma cat-SemiCAT-is-iso-arr-iff [ cat-SemiCAT-simps]:
8’ 22 '_)’iSOcat_SemiCAT o B % 22U PP SMC.isoq B
(proof)

19.6 Isomorphic objects

lemma cat-SemiCAT-obj-isol:
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assumes 2 ~gproa B

shows 2 Nobjcat-SemiCAT o B
(proof)

lemma cat-SemiCAT-obj-isoD:

assumes 2 Nobjcat-SemiCAT o B
shows A ~grrca B

(proof)

lemma cat-SemiCAT-obj-isoFE:

assumes 2 Nobjcat-SemiCAT o B
obtains A g0 B

{proof)
lemma cat-SemiCAT-obj-iso-iff [ cat-SemiCAT-simps]:

2 Nobjcat-SemiCAT o B «— A rgyca B
(proof )
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20 CAT as a digraph
20.1 Background

CAT is usually defined as a category of categories and functors (e.g., see Chapter I-2 in [7]).
However, there is little that can prevent one from exposing CAT as a digraph and provide
additional structure gradually in subsequent theories. Thus, in this section, a-CAT is defined
as a digraph of categories and functors in the set V,, and a-Cat is defined as a digraph of tiny
categories and tiny functors in V.

named-theorems dg-CAT-simps
named-theorems dg-CAT-intros

20.2 Definition and elementary properties

definition dg-CAT =V = V
where dg-CAT a =

set {€. category o €},

all-cfs a,

(AFesall-cfs o. F(HomDom))),

(AFeoall-cfs a. F(HomCod)))
lo

Components.

lemma dg-CAT-components:
shows dg-CAT a(Obj|) = set {€. category a €}
and dg-CAT a(Arr|) = all-cfs «
and dg-CAT a(Dom|) = (A§esall-cfs a. F(HomDom)))
and dg-CAT «a(Cod)) = (A\Fesall-cfs a. F(HomCod)))
(proof)

20.3 Object

lemma dg-CAT-ObjI:
assumes category o A
shows 2 €, dg-CAT «(Obj)

{proof)

lemma dg-CAT-0bjD:
assumes 2 €, dg-CAT «a(Obj)
shows category o 2

{proof)

lemma dg-CAT-ObjE:
assumes 2 €, dg-CAT a(0bj)
obtains category a 2

{proof)

lemma dg-CAT-0bj-iff[ dg-CAT-simps]: A €, dg-CAT a(Obj)) < category o A
(proof)

20.4 Domain and codomain

lemma [dg-CAT-simps]:
assumes § €, all-cfs «
shows dg-CAT-Dom-app: dg-CAT a(Dom|)(F) = F(HomDom))
and dg-CAT-Cod-app: dg-CAT a(Cod))(F) = F(HomCod)
(proof)
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20.5 (AT is a digraph

lemma (in Z) tiny-category-dg-CAT:
assumes Z (§ and « &
shows tiny-digraph 5 (dg-CAT «)
{proof)

20.6 Arrow with a domain and a codomain

lemma dg-CAT-is-arrl:
assumes § : A »>c0q B
shows § : 2 = dg-CAT o B

{proof)

lemma dg-CAT-is-arrD:
assumes § : 2A = dg-CAT « B
shows § : A »>cq B
(proof)

lemma dg-CAT-is-arrE:
assumes § : A = dg-CAT « B
obtains § : A oo B
(proof)

lemma dg-CAT-is-arr-iff [ dg-CAT-simps]:
S’:Q{Hdg—CATa%(—)S:Q[HHCCY%
(proof )
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21 (AT as a semicategory

21.1 Background

The subsection presents the theory of the semicategories of a-categories. It continues the
development that was initiated in section 20.

named-theorems smc-CAT-simps
named-theorems smc-CAT-intros

21.2 Definition and elementary properties

definition smc-CAT =V = V
where smc-CAT « =

[
set {€. category o €},
all-cfs a,
(AFeoall-cfs a. F(HomDom))),
(AFeoall-cfs a. F(HomCod))),
(A&Fe,composable-arrs (dg-CAT «). 8F(0) ocr BF(In])

]O

Components.

lemma smc-CAT-components:
shows smc-CAT a(Obj)) = set {€. category o €}
and smc-CAT a(Arr) = all-cfs a
and smc-CAT a(Dom)) = (A\Fesall-cfs a. F(HomDom)))
and smc-CAT a(Cod)) = (A\Feoall-cfs a. F(HomCod)))
and smc-CAT a(Comp|) = (A&Fe,composable-arrs (dg-CAT «). &F(0) occr GF(In]))
{proof)

Slicing.

lemma smc-dg-CAT: sme-dg (sme-CAT o) = dg-CAT «
{proof)

lemmas-with [folded smc-dg-CAT, unfolded slicing-simps]:
sme-CAT-0bjI = dg-CAT-0bjl
and smc-CAT-0bjD = dg-CAT-ObjD
and smc-CAT-ObjE = dg-CAT-ObjE
and smc-CAT-Obj-iff [ sme-CAT-simps] = dg-CAT-Obj-iff
and smc-CAT-Dom-app[sme-CAT-simps]| = dg-CAT-Dom-app
and smc-CAT-Cod-app[sme-CAT-simps| = dg-CAT-Cod-app
and smc-CAT-is-arrl = dg-CAT-is-arrl
and smc-CAT-is-arrD = dg-CAT-is-arrD
and smc-CAT-is-arrE = dg-CAT-is-arrE
and smc-CAT-is-arr-iff [sme-CAT-simps] = dg-CAT-is-arr-iff

21.3 Composable arrows

lemma smc-CAT-composable-arrs-dg-CAT:
composable-arrs (dg-CAT «) = composable-arrs (sme-CAT «)

{proof)

lemma smc-CAT-Comp:
smc-CAT a(Comp|) = (AEFe,composable-arrs (smc-CAT a). &F(0) osmcr GF(IN))
{proof)
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21.4 Composition

lemma smc-CAT-Comp-app[ sme-CAT-simps]:
assumes 6 : B ~» . o, Cand F: ™A > oar o B
shows & o4 gpne.cAT o §= O osmor §

{proof)

lemma smc-CAT-Comp-vdomain: Do (sme-CAT aComp))) = composable-arrs (sme-CAT «)
(proof)

lemma smc-CAT-Comp-vrange: Ro (sme-CAT a(Comp))) So all-cfs «
(proof)

21.5 (AT is a category

lemma (in Z) tiny-semicategory-smc-CAT:
assumes Z  and a €, 3
shows tiny-semicategory 8 (sme-CAT «)

{proof)

21.6 Initial object

lemma (in Z) sme-CAT-obj-initiall: obj-initial (smc-CAT ) cat-0
— See [1]').
{proof)

lemma (in Z) smc-CAT-obj-initialD:
assumes obj-initial (smc-CAT o) A
shows 2l = cat-0
(proof)

lemma (in Z) smc-CAT-obj-initialE:
assumes obj-initial (smc-CAT «) A
obtains 2 = cat-0
(proof)

lemma (in Z) sme-CAT-obj-initial-iff [ sme-CAT-simps]:
obj-initial (smc-CAT «) A «— A = cat-0
(proof)

21.7 Terminal object

lemma (in Z) sme-CAT-obj-terminall:
— See [1]*2.
assumes a €, Vset a and f €, Vset
shows obj-terminal (smc-CAT «) (cat-1 a f)

{proof)

lemma (in Z) smc-CAT-obj-terminalE:
assumes obj-terminal (sme-CAT «) B
obtains a f where a €, Vset a and f €, Vset a and B = cat-1 a f

{proof)

"https://ncatlab.org/nlab/show /initial+object
2https://ncatlab.org/nlab/show /terminal-+object
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22 CAT

22.1 Background

The subsection presents the theory of the categories of a-categories. It continues the develop-
ment that was initiated in sections 20-21.

named-theorems cat-CAT-simps
named-theorems cat-CAT-intros

22.2 Definition and elementary properties

definition cat-CAT = V = V
where cat-CAT o =

[
set {€. category o €},
all-cfs a,
(AFeoall-cfs a. F(HomDom))),
(AFeoall-cfs a. F(HomCod))),
(A&Fe, composable-arrs (dg-CAT «). &F(0) ocr GF(In])),
(ACe,set {€. category a €}. cf-id €)

]0

Components.

lemma cat-CAT-components:
shows cat-CAT a(Obj) = set {€. category o €}
and cat-CAT a(Arr)) = all-cfs a
and cat-CAT a(Dom|) = (A§e.all-cfs a. F(HomDom]))
and cat-CAT a(Cod)) = (A\Fesall-cfs a. F(HomCod)))
and cat-CAT aComp)) =
(ABFe, composable-arrs (dg-CAT ). F(0) occr BF(In]))
and cat-CAT a(CId) = (ACe;set {€. category o €}. cf-id €)
(proof)

Slicing.

lemma cat-smc-CAT: cat-sme (cat-CAT «) = sme-CAT «
{proof)

lemmas-with [folded cat-smc-CAT, unfolded slicing-simps]:
— Digraph
cat-CAT-ObjI = smc-CAT-ObjI
and cat-CAT-0bjD = smc-CAT-0bjD
and cat-CAT-ObjE = smc-CAT-ObjE
and cat-CAT-Obj-iff [ cat-CAT-simps] = smec-CAT-0bj-iff
and cat-CAT-Dom-app| cat-CAT-simps] = sme-CAT-Dom-app
and cat-CAT-Cod-app| cat-CAT-simps] = sme-CAT-Cod-app
and cat-CAT-is-arrl = smc-CAT-is-arrl
and cat-CAT-is-arrD = smc-CAT-is-arrD
and cat-CAT-is-arrE = sme-CAT-is-arrE
and cat-CAT-is-arr-iff [ cat-CAT-simps]| = smc-CAT-is-arr-iff

lemmas-with [folded cat-smc-CAT, unfolded slicing-simps, unfolded cat-smc-CAT]:
— Semicategory
cat-CAT-Comp-vdomain = smc-CAT-Comp-vdomain
and cat-CAT-composable-arrs-dg-CAT = smc-CAT-composable-arrs-dg-CAT
and cat-CAT-Comp = sme-CAT-Comp
and cat-CAT-Comp-app[ cat-CAT-simps] = smc-CAT-Comp-app
and cat-CAT-Comp-vrange = smc-CAT-Comp-vrange
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lemmas-with (in Z) [folded cat-sme-CAT, unfolded slicing-simps]:
— Semicategory
cat-CAT-obj-initiall = sme-CAT-obj-initiall
and cat-CAT-obj-initialD = smc-CAT-obj-initialD
and cat-CAT-obj-initialE = smec-CAT-obj-initialEl
and cat-CAT-obj-initial-iff [ cat- CAT-simps] = smc-CAT-obj-initial-iff
and cat-CAT-obj-terminall = smc-CAT-obj-terminall
and cat-CAT-obj-terminalE = smc-CAT-obj-terminalE

22.3 Identity

lemma cat-CAT-CId-app| cat-CAT-simps]:
assumes category o €
shows cat-CAT a(CId)(€]) = cf-id €
(proof )

lemma cat-CAT-Cld-vdomain: D (cat-CAT a(CId) = set {€. category a €}
{proof)

lemma cat-CAT-Cld-vrange: Ro (cat-CAT o(CId) S, all-cfs o
(proof)

22.4 (AT is a category

lemma (in Z) tiny-category-cat-CAT:
assumes Z  and a €, 3
shows tiny-category B (cat-CAT «)

{proof)

lemmas [cat-cs-intros] = Z.tiny-category-cat-CAT

22.5 Isomorphism

lemma cat-CAT-is-iso-arrl:
assumes § : A >0 is0a B
shows § : A =is0041-CAT o B
{proof)

lemma cat-CAT-is-iso-arrD:
assumes § : A =000t CAT o B
shows § : A = is0a

(proof)

lemma cat-CAT-is-iso-arrk:
assumes § : A =500t CAT o B
obtains § : A »—¢ is0a

{proof)

lemma cat-CAT-is-iso-arr-iff [ cat-CAT-simps]:
§: P isocat-CAT o B — F: A o500 B
(proof)

22.6 Isomorphic objects

lemma cat-CAT-obj-isol:
assumes A ~oq B
shows A ~opjcqr.cAT o B
{proof)
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lemma cat-CAT-o0bj-isoD:
assumes A ¥opjot CAT o B
shows A ~cq B

{proof)

lemma cat-CAT-obj-isoE:
assumes 2 ¥opj .0t CAT o B
obtains A ~oq B

(proof )
lemma cat-CAT-obj-iso-iff [ cat-CAT-simps]:

A ~objeat-CAT o B <= A ~ca B
(proof)
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23 FUNCT and Funct as digraphs
23.1 Background

A general reference for this section is Chapter II-4 in [7].

named-theorems dg-FUNCT-cs-simps
named-theorems dg-FUNCT-cs-intros
named-theorems cat-map-cs-simps
named-theorems cat-map-cs-intros
named-theorems cat-map-eztra-cs-simps

23.2 Functor map

23.2.1 Definition and elementary properties

definition cf-map = V = V
where cf-map § = [§(0bjMap|), F(ArrMap))]o

abbreviation c¢f-maps = V=V =V =V
where cf-maps a A B = set {cf-map F|§. §F: A »—>ca B}

abbreviation tm-cfmaps = V=V =V =V
where tm-cf-maps a A B = set {cf-map F|F- F: A ~»c.ima B}

lemma tm-cf-maps-subset-cf-maps:
{cf-map §|§. §: A =»ciima B} € {cfmap §|F. §: A >-ca B}
(proof )

Components.
lemma cf-map-components| cat-map-cs-simps]:
shows c¢f-map §(0bjMap|) = F(ObjMap))
and cf-map F(ArrMap|) = F(ArrMap))
(proof)

Sequence characterization.

lemma dg-FUNCT-0bj-components:
shows [FOM, FAM].,(ObjMap|) = FOM
and [FOM, FAM|.(ArrMap|) = FAM
(proof)

lemma cf-map-vfsequence| cat-map-cs-intros]: vfsequence (cf-map §)

{proof)

lemma cf-map-vdomain[ cat-map-cs-simps]: Do (cf-map §F) = 2n

{proof)

lemma (in is-functor) cf-map-vsubset-cf: cf-map F So §

{proof)

Size.

lemma (in is-functor) cf-map-ObjMap-in-Vset:
assumes « €,
shows c¢f-map §(O0bjMap)) €, Vset
(proof)

lemma (in is-tm-functor) tm-cf-map-ObjMap-in-Vset: cf-map §(ObjMap)) €, Vset a
{proof)
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lemma (in is-functor) cf-map-ArrMap-in-Vset:
assumes « €, 3
shows cf-map F(ArrMap|) €, Vset 3

{proof)

lemma (in is-tm-functor) tm-cf-map-ArrMap-in-Vset: cf-map F(ArrMap|) €, Vset «
(proof)

lemma (in is-functor) cf-map-in-Vset-4: cf-map § €, Vset (o + 4N)
{proof)

lemma (in is-tm-functor) tm-cf-map-in-Vset: cf-map § €, Vset «

{proof)

lemma (in is-functor) cf-map-in-Vset:
assumes Z § and a €, 3
shows cf-map § €, Vset B

{proof)

lemma cf-maps-subset- Vset:

assumes Z § and a €, 3

shows {c¢f-map § | F. §: A »—>ca B} ¢ elts (Vset )
{proof)

lemma small-cf-maps[simp]: small {cf-map § | F. §F: A »—ca B}
(proof)

lemma small-tm-cf-maps[simp]: small {cf-map F | F. §: A »—c tma B}

{proof)

lemma (in Z) cf-maps-in-Vset:
assumes Z § and a €, 3
shows cf-maps a A B e, Vset

{proof)

lemma (in Z) tm-cf-maps-vsubset- Vset: tm-cf-maps o A B S, Vset o
{proof)

Rules.

lemma (in is-functor) cf-mapsl: cf-map § € cf-maps o A B

{proof)

lemma (in is-tm-functor) tm-cf-mapsl: cf-map § €, tm-cf-maps o A B

{proof)

lemma (in is-functor) cf-mapsl”:
assumes §' = cf-map §
shows §' €, cf-maps a A B
(proof)

lemma (in is-tm-functor) tm-cf-mapsI":
assumes §' = cf-map §
shows §’ €, tm-cf-maps o 2 B
(proof)

lemmas [ cat-map-cs-intros| =
is-functor.cf-mapsI

260



lemmas cf-mapsl'[ cat-map-cs-intros] =
is-functor.cf-mapsl [ rotated]

lemmas [cat-map-cs-intros] =
is-tm-functor.tm-cf~-mapsl

lemmas tm-cf-mapsl'[ cat-map-cs-intros] =
is-tm-functor.tm-cf-mapsl [ rotated)

lemma cf-mapsE[elim]:
assumes § €, cf-maps a A B
obtains ® where § = ¢f-map & and & : A »—cq B

{proof)

lemma tm-cf-mapsE[elim]:
assumes § €, tm-cf-maps a A B
obtains ® where § = ¢f-map ® and & : A >~ yma B
(proof)

The opposite functor map.

lemma (in is-functor) cf-map-op-cf|cat-op-simps]: c¢f-map (op-¢f §) = cf-map §
(proof)

lemmas [cat-op-simps] = is-functor.cf~-map-op-cf

Elementary properties.

lemma tm-cf-maps-vsubset-cf~-maps: tm-cf-maps o A B S, cf-maps o A B

{proof)

lemma tm-cf-maps-in-cf-maps:
assumes § €, tm-cf~-maps o A B
shows § €, cf-maps a A B
(proof)

lemma cf-map-inj:
assumes cf-map § = c¢f-map & and § : A »—~cq B and 6 : A >~ B
shows § = &

{proof)

lemma cf-map-eq-iff [ cat-map-cs-simps]:
assumes § : A »—>oq Band & : A >y B
shows cf-map § = c¢f-map & «— F =6
(proof)

lemma cf-map-eql:
assumes § €, c¢f-maps a A B
and & €, cf-maps a A B
and F(0bjMap|) = &(0biMap))
and §F(ArrMap)) = (ArrMap))
shows § = &
{proof)

23.3 Conversion of a functor map to a functor

23.3.1 Definition and elementary properties

definition cf-of-cf-map = V=V =V =V
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where cf-of-cf-map A B F = [F(0biMap)), F(ArrMap)), A, B,

Components.

lemma cf-of-cf~-map-components:
shows cf-of-cf-map A B F(ObjMap)) = F(ObjMap))
and cf-of-cf-map A B F(ArrMap|) = F(ArrMap))
and cf-of-cf-map A B F(HomDom|) = A
and cf-of-c¢f-map A B F(HomCod)) = B
(proof)

lemmas [cat-map-extra-cs-simps] = cf-of-cf-map-components(1-2)
lemmas [cat-map-cs-simps] = cf-of-cf-map-components(3—4)

23.3.2 The conversion of a functor map to a functor is a functor

lemma (in is-functor) cf-of-cf~map-is-functor:
cf-of-cf-map A B (cf-map §F) : A »—>cq B
{proof)

lemma (in is-functor) cf-of-cf~-map-is-functor”:
assumes §' = cf-map §

and 2" =2

and B' =B
shows cf-of-cf-map A B F': A > B’
(proof)

lemmas [cat-map-cs-intros] = is-functor.cf-of-cf~map-is-functor’

23.3.3 The value of the conversion of a functor map to a functor

lemma (in is-functor) cf-of-cf-map-of-cf-map| cat-map-cs-simps]:
cf-of-cf-map A B (cf-map §) = §
{proof)

lemmas [cat-map-cs-simps] = is-functor.cf-of-cf-map-of-cf-map

23.4 Natural transformation arrow
23.4.1 Definition and elementary properties
definition nicf-arrow = V = V

where nicf-arrow 9 = [NM(NTMap)), cf-map (N(NTDom)), c¢f-map (N(NTCod)))]o

abbreviation ntcf-arrows = V=V = V =V
where ntcf-arrows o A B =
set {ntcf-arrow N |N. IFG. N:Fcrp 6 : A >y B}

abbreviation tm-ntcf-arrows = V=V = V = V
where tm-ntcf-arrows a A B =
set {ntcf-arrow N | N. IF E. N:F cr.im 6 : A >0 ima B}

lemma tm-ntcf-arrows-subset-ntcf-arrows:
{ntcf-arrow N |N. IF S N:Fcr.im & : Ao ima B} €
{ntcf-arrow M| M. IF E. N: For & : A »>>0q B}
(proof)

Components.

lemma nitcf-arrow-components:
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shows [ cat-map-cs-simps]: ntcf-arrow M(NTMap|) = N(NTMap))
and ntcf-arrow M(NTDoml|) = cf-map (NM(NTDom)))
and nicf-arrow M(NTCod)) = cf-map (N(NTCod))

{proof)

lemma (in is-ntcf) ntef-arrow-components”
shows ntcf-arrow M(NTMap|) = N(NTMap))
and ntcf-arrow M(NTDoml|) = cf-map §F
and nicf-arrow M(NTCod)) = cf-map &

(proof )
lemmas [cat-map-cs-simps] = is-ntcf .ntcf-arrow-components’(2,3)

Elementary properties.

lemma dg-FUNCT-Arr-components:
shows [NTM, NTD, NTC],(NTMap|) = NTM
and [NTM, NTD, NTC|,(NTDom|) = NTD
and [NTM, NTD, NTC|,(NTCod) = NTC
(proof)

lemma ntcf-arrow-vfsequence[ cat-map-cs-intros): vfsequence (ntcf-arrow )

{proof)

lemma nicf-arrow-vdomain| cat-map-cs-simps): Do (ntcf-arrow N) = Iy

{proof)

Size.

lemma (in is-ntcf) ntcf-arrow-NTMap-in-Vset:
assumes « €, 3
shows nicf-arrow M(NTMap)) €, Vset (8

{proof)

lemma (in is-tm-ntcf) tm-ntcf-arrow-NTMap-in- Vset:
ntcf-arrow N(NTMap)) €, Vset a
(proof)

lemma (in is-ntcf) ntcf-arrow-NTDom-in-Vset:
assumes Z § and « €, 3
shows ntcf-arrow M(NTDom|) €, Vset 8

{proof)

lemma (in is-tm-ntcf) tm-ntcf-arrow-NTDom-in- Vset:
ntef-arrow M(NTDom|) e, Vset o
{proof)

lemma (in is-ntcf) ntcf-arrow-NTCod-in-Vset:
assumes Z J and a €, 8
shows nicf-arrow M(NTCod)) €, Vset

{proof)

lemma (in is-tm-nicf) tm-nicf-arrow-NTCod-in- Vset:
nicf-arrow NM(NTCod)) €, Vset o
(proof)

lemma (in is-ntcf) ntcf-arrow-in-Vset:
assumes Z  and a ¢ 3
shows ntcf-arrow M e, Vset 3

(proof)

263



lemma (in is-tm-nicf) tm-ntcf-arrow-in- Vset: ntcf-arrow N €, Vset «
{proof)

lemma ntcf-arrows-subset-Vset:
assumes Z § and a €, 3

shows
{ntcf-arrow M| M. IF G N: For & : A »>cq B} C elts (Vset B)
{proof )

lemma tm-ntcf-arrows-subset- Vset:
assumes Z § and « €,
shows
{ntcf-arrow N |N. IF G N:F cr.im & : A >0 ma B} €
elts (Vset 3)
(proof)

lemma small-ntcf-arrows[ simp):
small {ntcf-arrow N | M. IFS. N:F »op & : A »>oq B}
(proof)

lemma small-tm-ntcf-arrows| simp):
small {ntcf-arrow N | M. IF S N:F =>cp.tm 6 : A >0 tma B}

(proof)

lemma (in is-nicf) ntcf-arrow-in-Vset-7: ntcf-arrow M €, Vset (o + TN)
(proof)

lemma (in Z) ntcf-arrows-in-Vset:
assumes Z § and a €, 3
shows ntcf-arrows o A B €, Vset 3

{proof)

lemma (in Z) tm-ntcf-arrows-vsubset-Vset: tm-ntcf-arrows a A B S, Vset «

(proof)
Rules.

lemma (in is-ntcf) ntcf-arrowsl: ntef-arrow N €, ntef-arrows o A B
(proof)

lemma (in is-tm-ntcf) tm-nicf-arrowsl: ntcf-arrow N €, tm-ntcf-arrows o A B

{proof)

lemma (in is-ntcf) ntcf-arrowsIl”:
assumes N’ = nicf-arrow N
shows N’ €, ntcf-arrows o A B

{proof)

lemma (in is-tm-nicf) tm-ntcf-arrowsl”:
assumes N’ = nicf-arrow N
shows N’ €, tm-ntcf-arrows o A B

{proof)

lemmas [cat-map-cs-intros| =
is-ntcf .ntcf-arrowsl

lemmas ntcf-arrowsl | cat-map-cs-intros] =
is-ntcf .ntcf-arrowsl rotated)
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lemmas [ cat-map-cs-intros| =
is-tm-ntcf.tm-ntcf-arrowsl

lemmas tm-ntcf-arrowsl’| cat-map-cs-intros| =
is-tm-ntcf .tm-ntcf-arrowsl [ rotated ]

lemma nicf-arrowsE[ elim]:
assumes N &, ntcf-arrows o A B
obtains 91 § & where Dt = nicf-arrow Mand M : §F —»op & : A »>>0q B

{proof)

lemma tm-ntcf-arrowsE[ elim]:
assumes N &, tm-nicf-arrows a A B
obtains 9 § & where N = ntcf-arrow M
and M : §F =cop.im G A >0 tma B
(proof)

Elementary properties.

lemma tm-ntcf-arrows-vsubset-ntcf-arrows:
tm-ntcf-arrows a A B S, ntef-arrows a A B

{proof)

lemma tm-nicf-arrows-in-cf-arrows| cat-map-cs-intros]:
assumes N €, tm-nicf-arrows a A B
shows M €, ntcf-arrows o A B

{proof)

lemma nicf-arrow-ing:
assumes ntcf-arrow M = nicf-arrow N
and M:Frreorp & : Ao B
and N:F ' »eor & : Asoq B
shows 91 = N
(proof)

lemma nicf-arrow-eq-iff | cat-map-cs-simps]:
assumes M:Fer G : Ao Band N:F' mor B : A o B
shows ntcf-arrow M = ntcf-arrow N «— M =N

{proof)

lemma nicf-arrow-eql:
assumes M €, nicf-arrows a A B
and N &, ntcf-arrows a A B
and M(NTMap)) = N(NTMap))
and M(NTDom|) = N(NTDom)
and M(NTCod)) = N(NTCod))
shows 91 =N

{proof)

23.5 Conversion of a natural transformation arrow to a natural transforma-
tion

23.5.1 Definition and elementary properties

definition ntcf-of-ntcf-arrow = V=V =V = V
where ntcf-of-ntcf-arrow A B N =

[
N(NTMap)),
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cf-of-cf-map A B (N(NTDom))),
cf-of-cf-map A B (N(NTCod))),
52[)
B

]o

Components.

lemma nitcf-of-ntcf-arrow-components:
shows nicf-of-ntcf-arrow A B N(NTMap|) = N(NTMap))
and nicf-of-nicf-arrow A B N(NTDom]|) = cf-of-cf~map A B (N(NTDom]))
and nicf-of-nicf-arrow A B N(NTCod|) = cf-of-cf-map A B (N(NTCod))
and ntcf-of-nitcf-arrow A B NM(NTDGDom|) = A
and nicf-of-ntcf-arrow A B N(NTDGCod|) = B

{proof)

lemmas [ cat-map-eztra-cs-simps] = ntcf-of-ntef-arrow-components(1)
lemmas [ cat-map-cs-simps] = ntcf-of-ntef-arrow-components(2-5)

23.5.2 The conversion of a natural transformation arrow to a natural transforma-
tion is a natural transformation
lemma (in is-ntcf) ntcf-of-ntcf-arrow-is-nicf:
ntcf-of-ntef-arrow A B (ntcf-arrow N) : F —»cop B : A »>cq B
{proof)

lemma (in is-ntcf) ntcf-of-ntcf-arrow-is-nicf":
assumes N’ = ntcf-arrow N and A’ = A and B’ = B
shows ntcf-of-ntcf-arrow A B N : Frop G : A »oq B/
(proof)

lemmas [cat-map-cs-intros] = is-ntcf.ntef-of-ntcf-arrow-is-ntef’

23.5.3 The composition of the conversion of a natural transformation arrow to a
natural transformation
lemma (in is-nicf) ntcf-of-ntcf-arrow| cat-map-cs-simps):
ntcf-of-ntef-arrow A B (ntcf-arrow N) = N
(proof)

lemmas [cat-map-cs-simps] = is-ntcf.nicf-of-ntcf-arrow

23.6 Composition of the natural transformation arrows

definition nicf-arrow-vcomp = V=V = V =V =V
where ntcf-arrow-vcomp A B M N =
nitcf-arrow (ntcf-of-nicf-arrow A B M -y roF nicf-of-ntcf-arrow 2A B N)

syntax -nicf-arrow-vcomp =V =V =V =V =V
(((—/ *NTCF-,- —)) [55, 56, 57, 58] 55)
syntax-consts -ntcf-arrow-vcomp = ntcf-arrow-vcomp
translations 9t ‘NTCFQ B N = CONST ntcf-arrow-vcomp A B M N

Components.

lemma (in is-ntcf) ntcf-arrow-vcomp-components:
(ntcf-arrow M <N o rg s ntcf-arrow MY(NTMap)) = (M -y rcr N)(NTMap))

(ntcf-arrow M -n T org s ntcf-arrow N)(NTDom|) = cf-map (M -yrcr N)(NTDoml)
(ntef-arrow N ‘NTCFB ntcf-arrow M)(NTCod)) = cf-map (N -yror M)(NTCod))

{proof)
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lemmas [cat-map-cs-simps] = is-ntcf .ntcf-arrow-vecomp-components

Elementary properties.

lemma ntcf-arrow-vcomp-nicf-vcompl| cat-map-cs-simps|:
assumes M: G »op H: Ao Band N:Froor B : Apq B
shows ntcf-arrow M ‘NTCFUB nicf-arrow N = ntcf-arrow (M «yrcor N)

(proof)

23.7 Identity natural transformation arrow

definition nicf-arrow-id =V =V = V = V
where ntcf-arrow-id A B §F = nicf-arrow (ntef-id (cf-of-cf-map A B F))

Components.

lemma (in is-functor) ntcf-arrow-id-components:
(ntcf-arrow-id A B (cf-map §F))(NTMap)) = nicf-id F(NTMap))
(ntef-arrow-id A B (cf-map F))(NTDom|) = cf-map (ntef-id F(NTDom))
(ntef-arrow-id A B (cf-map F))(NTCod)) = cf-map (nitcf-id F(NTCod)))
{proof)

lemmas [ cat-map-cs-simps] = is-functor.ntcf-arrow-id-components

Identity natural transformation arrow is a natural transformation arrow.

lemma ntcf-arrow-id-nitcf-id[ cat-map-cs-simps]:
assumes § : A »>oq B
shows ntcf-arrow-id A B (cf-map §) = ntcf-arrow (ntcf-id §F)
(proof)

23.8 FUNCT

23.8.1 Definition and elementary properties

definition dg-FUNCT =V =V = V = V
where dg-FUNCT o A ‘B =
[
cf-maps o A B,
ntcf-arrows a A B,
(AMNeontef-arrows a A B. N(NTDoml)),
(Mieontef-arrows a A B. N(NTCod)))

]o

lemmas [dg-FUNCT-cs-simps]| = cat-map-cs-simps
lemmas [dg-FUNCT-cs-intros] = cat-map-cs-intros

Components.

lemma dg-FUNCT-components:
shows dg-FUNCT o A B(0bj) = cf-maps o A B
and dg-FUNCT o A B(Arr) = ntcf-arrows o A B
and dg-FUNCT a U B(Dom)) = (Me.ntcf-arrows o A B. N(NTDom]))
and dg-FUNCT o U B(Cod)) = (Mle,ntcf-arrows o A B. N(NTCod)))

{proof)

23.8.2 Objects

lemma (in is-functor) dg-FUNCT-ObjI: cf-map § €, dg-FUNCT o 2 B(0bj)
(proof)
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23.8.3 Domain and codomain

mk-VLambda dg-FUNCT-components(3)
|vsv dg-FUNCT-Dom-vsv| dg-FUNCT-cs-intros]|
|vdomain dg-FUNCT-Dom-vdomain[dg-FUNCT-cs-simps]|

mk-VLambda dg-FUNCT-components(4)
|vsv dg-FUNCT-Cod-vsv[ dg-FUNCT-cs-intros]|
|vdomain dg-FUNCT-Cod-vdomain|dg-FUNCT-cs-simps]|

lemma (in is-ntcf)
shows dg-FUNCT-Dom-app: dg-FUNCT o A B(Doml)(ntcf-arrow N|) = cf-map §
and dg-FUNCT-Cod-app: dg-FUNCT o A B(Cod|)(ntcf-arrow N|) = cf-map &
{proof)

lemma (in is-ntcf)
assumes N’ = nicf-arrow N
shows dg-FUNCT-Dom-app” dg-FUNCT o A B(Dom|)(N') = cf-map §
and dg-FUNCT-Cod-app” dg-FUNCT o A B(Cod))(N') = c¢f-map &
(proof )

lemmas [dg-FUNCT-cs-simps] =
is-ntcf.dg-FUNCT-Dom-app’
is-ntcf.dg-FUNCT-Cod-app’

lemma
shows dg-FUNCT-Dom-vrange: Ro (dg-FUNCT « 2L B(Dom|) S, dg-FUNCT o 2 B(0bj)
and dg-FUNCT-Cod-vrange: Ro (dg-FUNCT « 2L B(Cod)) So dg-FUNCT o« 2 B(0bj|

{proof)

23.8.4 FUNCT is a tiny digraph

lemma (in Z) tiny-digraph-dg-FUNCT:
assumes Z § and « €, 3
shows tiny-digraph 8 (dg-FUNCT « 21 ©B)
{proof)

23.8.5 Arrow with a domain and a codomain

lemma dg-FUNCT-is-arrl:

assumes N:F —op & : A 00 B

shows ntcf-arrow M : cf-map § = dg-FUNCT o 2 B cf-map &
{proof)

lemma dg-FUNCT-is-arrl"
assumes N’ = nicf-arrow N
and N:§F»or 6: A >cq B
and §' = cf-map §
and &' = ¢f-map &
shows N': §' =0 FUNCT o A B &'
(proof)

lemmas [dg-FUNCT-cs-intros] = dg-FUNCT-is-arrl’

lemma dg-FUNCT-is-arrD[dest]:

assumes N : § = dg-FUNCT o 2 B &

shows ntcf-of-ntcf-arrow A B N :
cf-of-cf-map A B §F —cp cf-of-cf-map A B & : A »—~>cq B
and N = nicf-arrow (ntcf-of-ntcf-arrow A B N)
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and § = ¢f-map (cf-of-cf-map A B F)
and & = c¢f-map (cf-of-cf-map A B &)
{proof)

lemma dg-FUNCT-is-arrE[elim]:
assumes M : § = dg-FUNCT o 2 B (&}
obtains ' §' &’
where ' : §F' »cr &' : A scon B

and N = ntcf-arrow N’
and § = ¢f-map §’
and & = cf-map &'

(proof)

23.9 Funct

23.9.1 Definition and elementary properties

definition dg-Funct = V = V =V = V
where dg-Funct a A ‘B =
[
tm-cf-maps a A B,
tm-ntcf-arrows o A B,
(ANestm-nicf-arrows o A B. N(NTDom))),
(AMNestm-ntcf-arrows o A B. N(NTCod)))

lo

Components.

lemma dg-Funct-components:
shows dg-Funct a A B(0bj) = tm-cf-maps o A B
and dg-Funct o A B(Arr)) = tm-ntcf-arrows o A B
and dg-Funct o 2 B(Doml|) = (ANestm-ntcf-arrows a A B. NM(NTDom)))
and dg-Funct a 2 B(Cod]) = (ANe.tm-ntcf-arrows a A B. N(NTCod)))

(proof)

23.9.2 Objects

lemma (in is-tm-functor) dg-Funct-Objl: cf-map §F €, dg-Funct o A B(Obj)
(proof )

23.9.3 Domain and codomain

mk-VLambda dg-Funct-components(3)
|vsv dg-Funct-Dom-vsv[ dg-FUNCT-cs-intros]|
|vdomain dg-Funct-Dom-vdomain[ dg-FUNCT-cs-simps]|

mk-VLambda dg-Funct-components(4)
|vsv dg-Funct-Cod-vsv[ dg-FUNCT-cs-intros]|
|vdomain dg-Funct-Cod-vdomain| dg-FUNCT-cs-simps]|

lemma (in is-tm-nicf)
shows dg-Funct-Dom-app: dg-Funct o A B(Doml|)(ntcf-arrow N) = cf-map §F
and dg-Funct-Cod-app: dg-Funct a 2 B(Cod|)(ntcf-arrow N|) = cf-map &
(proof)

lemma (in is-tm-nicf)
assumes N’ = nicf-arrow N
shows dg-Funct-Dom-app": dg-Funct o 20 B(Dom])(N') = ¢f-map §
and dg-Funct-Cod-app": dg-Funct o 24 B(Cod))(N) = cf-map &
(proof)
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lemmas [dg-FUNCT-cs-simps] =
is-tm-ntcf.dg-Funct-Dom-app’
is-tm-ntcf.dg- Funct-Cod-app’

lemma
shows dg-Funct-Dom-vrange: Ro (dg-Funct o 2 B(Doml)) S dg-Funct a 2 B(Obj))
and dg-Funct-Cod-vrange: R, (dg-Funct a 2 B(Cod])) So dg-Funct o A B(0bj)
(proof )

23.9.4 Arrow with a domain and a codomain

lemma dg-Funct-is-arrl:
assumes N : § »cp.im & A >->cpma B
shows ntcf-arrow M : cf-map § = g punct o A B ¢f-map &

{proof)

lemma dg-Funct-is-arrl”
assumes N’ = nicf-arrow N
and N : 3 = CF.tm G2 P Ctma B
and §' = ¢f-map §
and &' = cf-map &
shows N : §’ = dg-Funct o A B &’
(proof)

lemmas [dg-FUNCT-cs-intros] = dg-Funct-is-arrl’

lemma dg-Funct-is-arrD[ dest]:

assumes 9N : § P dg-Funct o 2 B ®
shows ntcf-of-ntcf-arrow A B N :

cf-of-cfmap A B § —>cp.im cf-of-cf-map A B & : A > yma B
and N = nicf-arrow (ntcf-of-nicf-arrow A B N)
and § = c¢f-map (cf-of-cf-map A B F)
and & = c¢f-map (cf-of-cf-map A B &)
{proof)

lemma dg-Funct-is-arrE[ elim]:
assumes N : § =0 punct o oA B 6
obtains M’ §’' &’ where MU' : §' =cr.im &' : A =0 tma B
and N = nicf-arrow N’
and § = cf-map §’
and & = c¢f-map &'
(proof)

23.9.5 Funct is a digraph

lemma digraph-dg-Funct:
assumes tiny-category a A and category a B
shows digraph o (dg-Funct o 2 B)

(proof)

23.9.6 Funct is a subdigraph of FUNCT

lemma subdigraph-dg-Funct-dg-FUNCT":
assumes Z § and « €, § and tiny-category o A and category o B
shows dg-Funct « A B Spag dg-FUNCT o A B

{proof)
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24 FUNCT and Funct as semicategories

24.1 Background

The subsection presents the theory of the semicategories of a-functors between two a-categories.
It continues the development that was initiated in section 23. A general reference for this section
is Chapter 1I-4 in [7].

named-theorems smc-FUNCT-cs-simps
named-theorems smc-FUNCT-cs-intros

lemmas [smc-FUNCT-cs-simps] = cat-map-cs-simps
lemmas [smc-FUNCT-cs-intros] = cat-map-cs-intros

24.2 FUNCT
24.2.1 Definition and elementary properties

definition smc-FUNCT =V = V = V =V
where smc-FUNCT o 2B =
[
cf-maps o A B,
ntcf-arrows a A B,
(Mieontef-arrows a A B. N(NTDom)),
(MNeontcf-arrows a A B. N(NTCod))),
(AMNe, composable-arrs (dg-FUNCT o A B). MN(0) v rcrg g MMN(In))

]o

Components.

lemma smc-FUNCT-components:
shows smc-FUNCT o A B(0bj) = c¢f-maps o A B
and smc-FUNCT o A B(Arr]) = ntcf-arrows o A B
and smc-FUNCT a A B(Dom|) = (M, nicf-arrows a A B. N(NTDom)))
and smc-FUNCT a A B(Cod)) = (AMNe,ntef-arrows o A B. N(NTCod)))
and smc-FUNCT o A B(Comp)) =
(AMNe, composable-arrs (dg-FUNCT a A B). MN(0) -nrcrg g3 MN(In))

(proof)
Slicing.

lemma smc-dg-FUNCT: smc-dg (sme-FUNCT o A B) = dg-FUNCT o A B
{proof)

context is-ntcf
begin

lemmas-with [folded smc-dg-FUNCT, unfolded slicing-simps]:
smce-FUNCT-Dom-app = dg-FUNCT-Dom-app
and smc-FUNCT-Cod-app = dg-FUNCT-Cod-app

end

lemmas [smc-FUNCT-cs-simps] =
is-ntcf.sme-FUNCT-Dom-app
is-ntcf.sme-FUNCT-Cod-app

lemmas-with [folded smc-dg-FUNCT, unfolded slicing-simps]:

sme-FUNCT-Dom-vsv|intro] = dg-FUNCT-Dom-vsv
and smc-FUNCT-Dom-vdomain[smc-FUNCT-cs-simps] = dg-FUNCT-Dom-vdomain
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and smc-FUNCT-Cod-vsv[intro] = dg-FUNCT-Cod-vsv

and smc-FUNCT-Cod-vdomain[ sme-FUNCT-cs-simps] = dg-FUNCT-Cod-vdomain
and smc-FUNCT-Dom-vrange = dg-FUNCT-Dom-vrange

and smc-FUNCT-Cod-vrange = dg-FUNCT-Cod-vrange

and smc-FUNCT-is-arrl = dg-FUNCT-is-arrl

and smc-FUNCT-is-arrl'[sme-FUNCT-cs-intros| = dg-FUNCT-is-arrl’

and smc-FUNCT-is-arrD = dg-FUNCT-is-arrD

and smc-FUNCT-is-arrE[elim] = dg-FUNCT-is-arrE

24.2.2 Composable arrows

lemma smc-FUNCT-composable-arrs-dg-FUNCT:
composable-arrs (dg-FUNCT o 24 B) = composable-arrs (smc-FUNCT o A B)

{proof)

lemma smc-FUNCT-Comp:
sme-FUNCT a A B(Comp|) =
(A&Fe,composable-arrs (sme-FUNCT o 2L B). 85(0) ‘NTCFB &F(In))

{proof)

24.2.3 Composition

lemma smc-FUNCT-Comp-vsv[intro]: vsv (sme-FUNCT o A B(Comp)))
(proof)

lemma smc-FUNCT-Comp-vdomain:
Do (sme-FUNCT o 2 B(Comp|)) = composable-arrs (sme-FUNCT o 2L B)

(proof)

lemma smc-FUNCT-Comp-app[smc-FUNCT-cs-simps]:

assumes M : & =g pUNCT o 9 B D and N § =g pUNCT o A B ©
shows M o4 e FUNCT o 2 B N =M vrorgm N
{proof)

lemma smc-FUNCT-Comp-vrange: Ro (sme-FUNCT o 2 B(Compl)) S, ntcf-arrows o A B
{proof)

24.2.4 FUNCT is a semicategory

lemma (in Z) tiny-semicategory-smc-FUNCT:
assumes Z  and a €, 3
shows tiny-semicategory 5 (smc-FUNCT o 21 B)

{proof)

24.3 Funct

24.3.1 Definition and elementary properties

definition smc-Funct = V=V = V = V
where smc-Funct o A B =
[
tm-cf-maps a A B,
tm-ntcf-arrows a A B,
(Miestm-nicf-arrows o A B. M(NTDom))),
(Miestm-ntcf-arrows a A B. N(NTCod))),
(ADNe, composable-arrs (dg-Funct o A B). MN(0) *n1crgy 3 MN(In))

]o

Components.
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lemma smc-Funct-components:
shows smc-Funct o 2 B(0bj]) = tm-cf-maps o A B
and smc-Funct a A B(Arr)) = tm-nicf-arrows o A B
and smc-Funct a A B(Dom|) = (Metm-ntcf-arrows o A B. M(NTDomy))
and smec-Funct o 20 B(Cod]) = (Mestm-ntcf-arrows o A B. N(NTCod)))
and smc-Funct a A B(Comp|) =
(AMNe, composable-arrs (dg-Funct o A B). MN(0) N rcrg 3 MN(In])

{proof)
Slicing.

lemma smc-dg-Funct: sme-dg (sme-Funct « 20 B) = dg-Funct o 2 B
{proof)

context is-tm-nicf
begin

lemmas-with [folded smc-dg-Funct, unfolded slicing-simps]:
sme-Funct-Dom-app = dg-Funct-Dom-app
and smc-Funct-Cod-app = dg-Funct-Cod-app

end

lemmas [smc-FUNCT-cs-simps] =
is-tm-ntcf.smc-Funct-Dom-app
is-tm-ntcf.smc-Funct-Cod-app

lemmas-with [folded smc-dg-Funct, unfolded slicing-simps]:
sme-Funct-Dom-vsv[intro] = dg-Funct-Dom-vsv
and smc-Funct-Dom-vdomain[ sme-FUNCT-cs-simps| = dg-Funct-Dom-vdomain
and smc-Funct-Cod-vsv[ intro] = dg-Funct-Cod-vsv
and smc-Funct-Cod-vdomain[ sme-FUNCT-cs-simps| = dg-Funct-Cod-vdomain
and smc-Funct-Dom-vrange = dg-Funct-Dom-vrange
and smc-Funct-Cod-vrange = dg-Funct-Cod-vrange
and smc-Funct-is-arrl = dg-Funct-is-arrl
and smec-Funct-is-arrl ' sme-FUNCT-cs-intros] = dg-Funct-is-arrl’
and smc-Funct-is-arrD = dg-Funct-is-arrD
and smc-Funct-is-arrE[ elim] = dg-Funct-is-arrE

24.3.2 Composable arrows

lemma smc-Funct-composable-arrs-dg-FUNCT:
composable-arrs (dg-Funct o A B) = composable-arrs (sme-Funct o A B)

{proof)

lemma smc-Funct-Comp:
sme-Funct o A B(Compl|) =
(A&Fe, composable-arrs (sme-Funct o A B). &F(0) ‘vrcorg s F(In))

{proof)

24.3.3 Composition
lemma smc-Funct-Comp-vsv[intro]: vsv (sme-Funct a A B(Comp))

{proof)

lemma smc-Funct-Comp-vdomain:
D, (sme-Funct o A B(Comp))) = composable-arrs (sme-Funct o A B)

{proof)
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lemma smc-Funct-Comp-app[smc-FUNCT-cs-simps):
assumes M : & =g munct o A B N and N § =g punct o A B O
shows M o4 g Funct a o 3 N =M ‘NTCF,B n

{proof)

lemma smc-Funct-Comp-vrange:

assumes category o B

shows R, (smc-Funct a A B(Comp|)) So tm-ntcf-arrows o A B
(proof)

24.3.4 Funct is a semicategory

lemma semicategory-smc-Funct:

assumes tiny-category a A and category a B

shows semicategory o (sme-Funct o A B) (is <semicategory o ?Funct))
{proof)

24.3.5 Funct is a subsemicategory of FUNCT

lemma subsemicategory-sme-Funct-sme-FUNCT:
assumes Z § and « €, § and tiny-category a A and category o B
shows smc-Funct v A B Ssmep sme-FUNCT o A B

(proof)
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25 FUNCT and Funct
25.1 Background

The subsection presents the theory of the categories of a-functors between two a-categories. It
continues the development that was initiated in sections 23 and 24. A general reference for this
section is Chapter II-4 in [7].

named-theorems cat-FUNCT-cs-simps
named-theorems cat-FUNCT-cs-intros

lemmas (in is-functor) [cat-FUNCT-cs-simps] = cat-map-cs-simps
lemmas (in is-functor) [cat-FUNCT-cs-intros] = cat-map-cs-intros

lemmas [cat-FUNCT-cs-simps] = cat-map-cs-simps
lemmas [cat-FUNCT-cs-intros] = cat-map-cs-intros

25.2 FUNCT
25.2.1 Definition and elementary properties

definition cat-FUNCT =V = V =V =V
where cat-FUNCT o A ‘B =
[

cf-maps o A B,
ntcef-arrows o A B,
(AMNesntef-arrows a A B. N(NTDoml)),
(AMNeontcf-arrows a A B. N(NTCod))),
(AMNe, composable-arrs (dg-FUNCT o A B). MN(0) -N rorg 3 MN(In)),
(AFeocf-maps a A B. nicf-arrow-id A B F)

lo

Components.

lemma cat-FUNCT-components:

shows [cat-FUNCT-cs-simps]: cat-FUNCT o 2 B(0bj)) = cf-maps o A B
and cat-FUNCT o A B(Arr]) = ntcf-arrows o A B
and cat-FUNCT o A B(Dom|) = (AMe,ntcf-arrows a A B. N(NTDom)))
and cat-FUNCT a A B(Cod]) = (Me,ntcf-arrows o A B. N(NTCod)))
and cat-FUNCT o A B(Comp)|) =

(AMMNe, composable-arrs (dg-FUNCT a A B). MN(0) v rcrg g3 MN(In))

and cat-FUNCT o A B(CId) = (A\Feocf-maps o A B. ntef-arrow-id A B F)

(proof)
Slicing.

lemma cat-smce-FUNCT: cat-sme (cat-FUNCT o A B) = sme-FUNCT o 2 B
{proof)

context is-ntcf
begin

lemmas-with [folded cat-smc-FUNCT, unfolded slicing-simps]:
cat-FUNCT-Dom-app = smc-FUNCT-Dom-app
and cat-FUNCT-Cod-app = smc-FUNCT-Cod-app

end

lemmas [smc-FUNCT-cs-simps] =

is-ntcf.cat-FUNCT-Dom-app
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is-ntcf.cat-FUNCT-Cod-app

lemmas-with [folded cat-smc-FUNCT, unfolded slicing-simps]:
cat-FUNCT-Dom-vsv[intro] = sme-FUNCT-Dom-vsv
and cat-FUNCT-Dom-vdomain[ cat-FUNCT-cs-simps] = sme-FUNCT-Dom-vdomain
and cat-FUNCT-Cod-vsv[intro] = smc-FUNCT-Cod-vsv
and cat-FUNCT-Cod-vdomain[ cat-FUNCT-cs-simps] = sme-FUNCT-Cod-vdomain
and cat-FUNCT-Dom-vrange = smc-FUNCT-Dom-vrange
and cat-FUNCT-Cod-vrange = smc-FUNCT-Cod-vrange
and cat-FUNCT-is-arrl = smc-FUNCT-is-arr]
and cat-FUNCT-is-arrl'[ cat-FUNCT-cs-intros] = sme-FUNCT-is-arrl’
and cat-FUNCT-is-arrD = smc-FUNCT-is-arrD
and cat-FUNCT-is-arrE[elim] = sme-FUNCT-is-arrE

lemmas-with [folded cat-smc-FUNCT, unfolded slicing-simps]:
cat-FUNCT-Comp-app| cat-FUNCT-cs-simps] = sme-FUNCT-Comp-app

25.2.2 Identity

mk-VLambda cat-FUNCT-components(6)
|vsv cat-FUNCT-CId-vsv| cat-FUNCT-cs-intros]|
|vdomain cat-FUNCT-CId-vdomain| cat-FUNCT-cs-simps]|
lapp cat-FUNCT-CId-app| cat-FUNCT-cs-simps]|

lemma smc-FUNCT-Cld-vrange: Ro (cat-FUNCT o A B(CId))) S, ntcf-arrows o A B
{proof)

25.2.3 The conversion of a natural transformation arrow to a natural transforma-
tion is a bijection
lemma bij-betw-ntcf-of-ntcf-arrow:
bij-betw
(ntef-of-nicf-arrow A B)
(elts (ntcf-arrows o A B))
(elts (ntefs a A B))

{proof)

lemma bij-betw-ntcf-of-nicf-arrow-Hom:
assumes § : A »—>oq Band & : A »—cn B
shows bij-betw
(ntef-of-ntcf-arrow A B)
(elts (Hom (cat-FUNCT o A B) (cf-map §) (cf-map &)))
(elts (these-ntcfs o A B § &))
{proof)

25.2.4 FUNCT is a category

lemma (in Z) tiny-category-cat-FUNCT[ cat-FUNCT-cs-intros]:
assumes Z § and « &
shows tiny-category B8 (cat-FUNCT o A B) (is <tiny-category 8 ?FUNCTY)

(proof)
lemmas (in Z) [cat-FUNCT-cs-intros] = tiny-category-cat-FUNCT

25.2.5 Isomorphism

lemma cat-FUNCT-is-iso-arrl:
assumes N : § > cor.iso ® : A o B
shows ntcf-arrow N : cf-map § ~isocqt- FUNCT o 2 8 ¢f-map &
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(proof)

lemma cat-FUNCT-is-iso-arrl'[ cat-FUNCT-cs-intros):
assumes N : F 2 criso ®: A 0q B
and N’ = nicf-arrow N
and §' = c¢f-map §
and &' = ¢f-map &
shows N §' =is0cut-FUNCT o 21 8 ¢f-map &
(proof )

lemma cat-FUNCT-is-iso-arrD:
assumes N : § =isocqt FUNCT o A B & (I8 N F =isozpuner ©2)
shows ntcf-of-ntcf-arrow A B N :
cf-of-cfmap A B § —cr.iso cf-of-cf-map A DB & : A >0 B
and N = nicf-arrow (ntcf-of-ntcf-arrow A B N)
and § = c¢f-map (cf-of-cf-map A B F)
and & = c¢f-map (cf-of-cf-map A B &)
{proof)

25.3 Funct

25.3.1 Definition and elementary properties

definition cat-Funct = V =V = V = V
where cat-Funct o 2 ‘B =

[
tm-cf-maps a A B,
tm-ntcf-arrows o A B,
(ANestm-ntcf-arrows o A B. N(NTDom))),
(ANestm-ntcf-arrows o A B. N(NTCod))),
(AMNe, composable-arrs (dg-Funct o A B). MN(0) ‘NTCF B MN(In)),
(A§eotm-cf-maps o A B. ntcf-arrow-id A B F)

lo

Components.

lemma cat-Funct-components:

shows [cat-FUNCT-cs-simps]: cat-Funct o 24 B(0bj|) = tm-cf-maps o A B
and cat-Funct o A B(Arr]) = tm-ntcf-arrows o 2A B
and cat-Funct a A B(Dom)) = (ANestm-ntcf-arrows o A B. N(NTDom)))
and cat-Funct o A B(Cod)) = (Mestm-nicf-arrows o A B. N(NTCod)))
and cat-Funct o A B(Comp|) =

(AMNe, composable-arrs (dg-Funct o A B). MN(0) ‘NTCF B MN( In))

and cat-Funct o A B(CId) = (AFeotm-cf-maps a A B. nicf-arrow-id A B F)

(proof)
Slicing.

lemma cat-sme-Funct: cat-sme (cat-Funct o 20 B) = sme-Funct a A B
{proof)

context is-tm-ntcf
begin

lemmas-with [folded cat-smc-Funct, unfolded slicing-simps]:
cat-Funct-Dom-app = smc-Funct-Dom-app

and cat-Funct-Cod-app = smc-Funct-Cod-app

end
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lemmas [cat-FUNCT-cs-simps] =
is-tm-ntcf . cat- Funct-Dom-app
is-tm-ntcf . cat- Funct-Cod-app

lemmas-with [folded cat-smc-Funct, unfolded slicing-simps]:
cat-Funct-Dom-vsv[ cat-FUNCT-cs-intros] = sme-Funct-Dom-vsv
and cat-Funct-Dom-vdomain[ cat-FUNCT-cs-simps] = sme-Funct-Dom-vdomain
and cat-Funct-Cod-vsv| cat-FUNCT-cs-intros] = sme-Funct-Cod-vsv
and cat-Funct-Cod-vdomain| cat-FUNCT-cs-simps| = sme-Funct-Cod-vdomain
and cat-Funct-Dom-vrange = smc-Funct-Dom-vrange
and cat-Funct-Cod-vrange = smc-Funct-Cod-vrange
and cat-Funct-is-arrl = smc-Funct-is-arrl
and cat-Funct-is-arrl [ cat-FUNCT-cs-intros] = sme-Funct-is-arrl’
and cat-Funct-is-arrD = smec-Funct-is-arrD
and cat-Funct-is-arrE[elim] = sme-Funct-is-arrE

lemmas-with [folded cat-smc-Funct, unfolded slicing-simps]:
cat-Funct-Comp-app[ cat-FUNCT-cs-simps]| = sme-Funct-Comp-app

25.3.2 Identity

mk-VLambda cat-Funct-components(6)
|vsv cat-Funct-CId-vsv[intro|
|vdomain cat-Funct-Cld-vdomain[ cat-FUNCT-cs-simps]|
lapp cat-Funct-Cld-app[ cat-FUNCT-cs-simps]|

lemma smc-Funct-Cld-vrange: Ro (cat-Funct o A B(CId))) S, ntcf-arrows o A B
{proof)

25.3.3 Funct is a category

lemma category-cat-Funct:
assumes tiny-category o A and category o ‘B
shows category a (cat-Funct o A B) (is <category « ?Funct))

{proof)

lemma category-cat-Funct'[ cat-FUNCT-cs-intros]:
assumes tiny-category a A
and category o ‘B

and § = «
shows category « (cat-Funct 8 21 B)
(proof)

25.3.4 Funct is a subcategory of FUNCT

lemma subcategory-cat-Funct-cat-FUNCT:
assumes Z [ and « €, § and tiny-category o A and category o B
shows cat-Funct o 2 B Sop cat-FUNCT o A B

(proof)

25.3.5 Isomorphism

lemma (in is-tm-iso-nicf) cat-Funct-is-iso-arri:
assumes category o B
shows ntcf-arrow M : cf-map § =isocat-Funct o 2 B ¢f-map &

{proof)

lemma (in is-tm-iso-nicf) cat-Funct-is-iso-arrl”:
assumes category o B
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and N’ = nicf-arrow N

and §' = cf-map §

and &' = ¢f-map &
shows N : §' =50 cat-Funct o 24 B ¢f-map &
(proof)

lemmas [cat-FUNCT-cs-intros] =
is-tm-iso-ntcf . cat- Funct-is-iso-arrl [ rotated 2]

lemma cat-Funct-is-iso-arrD:
assumes tiny-category o 2
and category o B
and N : § =isocat-Funct o A B O (I8 N F ~isoopuner )
shows ntcf-of-ntcf-arrow A B N :
cf—of—cf—map ADB F =cr.tm.iso cf—of—cf—map ADB & : A =>=0pma B
and N = nicf-arrow (ntcf-of-ntcf-arrow A B N)
and § = c¢f-map (cf-of-cf-map A B F)
and & = c¢f-map (cf-of-cf-map A B &)
{proof)

25.4 Diagonal functor

25.4.1 Definition and elementary properties

See Chapter III-3 in [7].

definition cf-diagonal = V =V = V = V (KAgp»)
where Agr a J € =

(Aaeo€(Obj]). cf-map (cf-const J € a)),
(Afe€(Arr]). ntcf-arrow (ntcf-const J € f)),
¢,
cat-FUNCT o J €

Jo

Components.

lemma cf-diagonal-components:
shows Agr a J €(0bjMap)) = (Aae,€(0bj)). cf-map (cf-const J € a))
and Acyp a J €(ArrMap)) = (\fe.€(Arr]). ntcf-arrow (ntcf-const J € f))
and Acp a J €(HomDom)) = €
and Acr a J €(HomCod)) = cat-FUNCT o J €
(proof)

25.4.2 Object map

mk-VLambda cf-diagonal-components(1)
|vsv cf-diagonal-ObjMap-vsv| cat-cs-intros]|
|vdomain cf-diagonal-ObjMap-vdomain| cat-cs-simps]|
lapp cf-diagonal-ObjMap-app| cat-cs-simps]|

lemma cf-diagonal-ObjMap-vrange:
assumes Z fand a €, § and category o J and category a €
shows R, (Acr a J €(0bjMap)) S, cat-FUNCT « J €(0bj)
(proof)

25.4.3 Arrow map

mk-VLambda cf-diagonal-components(2)
|vsv cf-diagonal-ArrMap-vsv[ cat-cs-intros]|
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|vdomain cf-diagonal-ArrMap-vdomain[ cat-cs-simps]|
lapp cf-diagonal-ArrMap-app[ cat-cs-simps]|

25.4.4 Diagonal functor is a functor

lemma cf-diagonal-is-functor| cat-cs-intros]:
assumes Z [ and « €, § and category o J and category o €
shows Agra J€: € Pog cat-FUNCT a J € (is «(?A : € aladel ?FUNCTY)

(proof)

lemma cf-diagonal-is-functor'[ cat-cs-intros]:
assumes Z [
and a €, 3
and category o J
and category a €
and ' =€
and B’ = cat-FUNCT a J ¢
shows Acgra J € : A’ el B’

{proof)

25.5 Diagonal functor for functors with tiny maps

25.5.1 Definition and elementary properties

See Chapter III-3 in [7].

definition tm-cf-diagonal = V=V = V = V (KAcr.tm’)
where Acp.ym a J € =
[
(Aae.€(Obj)). cf-map (cf-const J € a)),
(Afeo€(Arr]). ntcf-arrow (ntef-const J € f)),
¢,
cat-Funct a J €

lo

Components.

lemma tm-cf-diagonal-components:
shows Acr.im a J €(0biMap)) = (Aac.€(0bj)). c¢f-map (cf-const J € a))
and Agrp.im a J C(ArrMap)) = (Mfe.€(Arr]). nicf-arrow (ntcf-const J € f))
and Agrp.tm o J €(HomDom|) = €
and Acr.im a J €(HomCod|) = cat-Funct a J €

{proof)

25.5.2 Object map

mk-VLambda tm-cf-diagonal-components(1)
|vsv tm-cf-diagonal-ObjMap-vsv cat-cs-intros]|
|vdomain tm-cf-diagonal-ObjMap-vdomain[ cat-cs-simps]|
lapp tm-cf-diagonal-ObjMap-app[ cat-cs-simps]|

lemma tm-cf-diagonal-ObjMap-vrange:
assumes tiny-category o J and category o €
shows Ro (Acp.im @ J €(0bjMap|)) So cat-Funct a J €(0bj)
{proof)

25.5.3 Arrow map

mk-VLambda tm-cf-diagonal-components(2)
|vsv tm-cf-diagonal-ArrMap-vsv| cat-cs-intros]|

280



|vdomain tm-cf-diagonal-ArrMap-vdomain[ cat-cs-simps]|
lapp tm-cf-diagonal-ArrMap-app[ cat-cs-simps]|

25.5.4 Diagonal functor for functors with tiny maps is a functor

lemma tm-cf-diagonal-is-functor| cat-cs-intros]:
assumes tiny-category o J and category o €
shows Acp.im @ J € : € »>coq cat-Funct a« J €
(is <2A : € > ?Functy)
(proof)

lemma tm-cf-diagonal-is-functor'[ cat-cs-intros]:
assumes tiny-category o J
and category a €
and o' = «
and A =¢C
and B = cat-Funct o J €
shows Acp im a J €: A »oc B

{proof)

25.6 Functor raised to the power of a category

25.6.1 Definition and elementary properties

Most of the definitions and the results presented in this and the remaining subsections can be
found in [7] and [12] (e.g., see Chapter X-3 in [7]).

definition exp-cf-cat = V=V =V =V
where ezp-cf-cat @« K A =

[

(
AGe,cat-FUNCT o 2 (R(HomDoml]))(Obj)).

cf-map (R ocr cf-of-cf-map A (R(HomDoml)) &)
),

(
Ao€ocat-FUNCT o A (R(HomDoml|))(Arr]).

ntcf-arrow (R oor-nToF ntef-of-ntef-arrow A (R(HomDoml)) o)
)

cat-FUNCT « 2 (R(HomDom))),
cat-FUNCT o A (R(HomCod)))

lo

Components.

lemma exp-cf-cat-components:
shows exp-cf-cat a & A(ObjMap)) =
(
AGe,cat-FUNCT o A (R(HomDom)))(Obj)).
cf-map (R ocp cf-of-cf-map A (R(HomDom]|)) &)
)
and
exp-cf-cat o R A(ArrMap)) =
(
Ao€ocat-FUNCT o A (R(HomDoml|))(Arr)).
ntcf-arrow (R ocp-nTor (ntef-of-nicf-arrow A (R(HomDom)|)) o))
)

and ezp-cf-cat a R A(HomDom]|) = cat-FUNCT « A (R(HomDom)))
and exp-cf-cat o R A(HomCod|) = cat-FUNCT a A (R(HomCod)))

{proof)
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25.6.2 Object map

mk-VLambda exp-cf-cat-components(1)
|vsv exp-cf-cat-components-ObjMap-vsv| cat-FUNCT-cs-intros]|

context

fixesa KRB ¢

assumes f: R: B g €
begin

interpretation f: is-functor a B € & (proof)

mk-VLambda ezp-cf-cat-components(1)[where 8=8 and a=«, unfolded cat-cs-simps]
|vdomain exp-cf-cat-components-ObjMap-vdomain| cat-FUNCT-cs-simps]|
lapp exp-cf-cat-components-ObjMap-app| cat-FUNCT-cs-simps]|

end

25.6.3 Arrow map

mk-VLambda exp-cf-cat-components(2)
|usv exp-cf-cat-components-ArrMap-vsv[ cat-FUNCT-cs-intros]|

context

fixesa KRB ¢

assumes f: R: B »gq €
begin

interpretation R: is-functor a B € & (proof)

mk-VLambda exp-cf-cat-components(2)[where =8 and a=a, unfolded cat-cs-simps]
|vdomain exp-cf-cat-components-ArrMap-vdomain| cat-FUNCT-cs-simps]|
lapp exp-cf-cat-components-ArrMap-app| cat-FUNCT-cs-simps]|

end

25.6.4 Domain and codomain

context

fixesa KRB ¢

assumes f: R: B »oq €
begin

interpretation f: is-functor a B € & (proof)

lemmas exp-cf-cat-HomDom|[ cat-FUNCT-cs-simps]

exp-cf-cat-components(3)[where =R and a=«, unfolded cat-cs-simps]
and exp-cf-cat-HomCod| cat-FUNCT-cs-simps] =

exp-cf-cat-components(4)[where =8 and a=a, unfolded cat-cs-simps]

end

25.6.5 Functor raised to the power of a category is a functor

lemma exp-cf-cat-is-tiny-functor:
assumes Z [ and a €, § and category a A and K : B »—~gq €
shows exp-cf-cat a R A : cat-FUNCT « 2 B PO ting 3 cat-FUNCT o A &

(proof)
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lemma exp-cf-cat-is-tiny-functor'[ cat-FUNCT-cs-intros):
assumes Z [
and «a €, 3
and category a A
and R: B »gq €
and A’ = cat-FUNCT o 21 B
and B’ = cat-FUNCT a 2 €
shows ezp-cf-cat o & A : A’ P CLting 8 B’

{proof)

25.6.6 Further properties

lemma exp-cf-cat-cf-comp:

assumes category a® and & : B »>on Cand §: A »>0q B

shows exp-cf-cat o (& ogp §F) D = exp-cf-cat o & D ooy exp-cf-cat a F D
{proof)

lemma exp-cf-cat-cf-id-cat:

assumes category o € and category o ®©

shows exp-cf-cat o (cf-id €) D = c¢f-id (cat-FUNCT o ® €)
(proof)

lemma cf-comp-exp-cf-cat-exp-cf-cat-cf-id[ cat-FUNCT-cs-simps]:

assumes category a A and § : B »—pon €

shows exp-cf-cat a § A oo exp-cf-cat a (cf-id B) A = exp-cf-cat a« F A
{proof)

lemma cf-comp-exp-cf-cat-cf-id-exp-cf-cat| cat-FUNCT-cs-simps]:
assumes category o A and § : B »—>cq €
shows exp-cf-cat o (cf-id €) A oo exp-cf-cat a §F A = exp-cf-cat a« F A
{proof)

25.7 Category raised to the power of a functor

25.7.1 Definition and elementary properties

definition exp-cat-cf = V=V =V =V
where ezp-cat-cf a A R =
[

(
AG¢e,cat-FUNCT a (R(HomCod])) 2(Obj).

cf-map (cf-of-cf-map (R(HomCod))) A & ocp R)
),

(
Ao€ocat-FUNCT o (R(HomCodl))) A(Arr]).

ntcf-arrow (ntef-of-nicf-arrow (R(HomCod)) A ¢ onror-cr R)
),

cat-FUNCT o (R(HomCod))) 2,
cat-FUNCT o (R(HomDom]|)) 2

lo

Components.

lemma exp-cat-cf-components:
shows exp-cat-cf o A K(ObjMap|) =
(
ASe,cat-FUNCT « (R(HomCod))) 20(Obj]).
cf-map (cf-of-cf-map (R(HomCod))) A & ocp R)
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)
and ezp-cat-c¢f o A R(ArrMap)) =

(
Ao€ocat-FUNCT a (R(HomCod])) 2A(Arr]).

ntcf-arrow (ntcf-of-ntcf-arrow (KR(HomCod))) A 0 onrorp-cr R)

)
and exp-cat-cf o A R(HomDoml|) = cat-FUNCT o (R(HomCod))) 2

and ezp-cat-¢f a A R(HomCod|) = cat-FUNCT o (R(HomDoml)) 2
{proof)

25.7.2 Object map

context

fixesa KRB ¢

assumes f: R: B »gq €
begin

interpretation R: is-functor a B € & (proof)

mk-VLambda exp-cat-cf-components(1)[where =R and o=, unfolded cat-cs-simps]
|vsv exp-cat-cf-components-ObjMap-vsv| cat-FUNCT-cs-intros]|
|vdomain exp-cat-cf-components-ObjMap-vdomain| cat-FUNCT-cs-simps]|
lapp exp-cat-cf-components-ObjMap-app| cat-FUNCT-cs-simps]|

end

25.7.3 Arrow map

context

fixesa KRB €

assumes f: R: B »gq €
begin

interpretation R: is-functor a B € & (proof)

mk-VLambda exp-cat-cf-components(2)[where 8=8 and a=a, unfolded cat-cs-simps]
|vsv exp-cat-cf-components-ArrMap-vsv| cat-FUNCT-cs-intros]|
|vdomain exp-cat-cf-components-ArrMap-vdomain| cat-FUNCT-cs-simps]|
lapp exp-cat-cf-components-ArrMap-app| cat-FUNCT-cs-simps]|

end

25.7.4 Domain and codomain

context

fixesa KRB €

assumes f: R: B »oq €
begin

interpretation R: is-functor a B € & (proof)
lemmas exp-cat-cf-HomDom|[ cat-FUNCT-cs-simps] =
exp-cat-cf-components(3)[where =R and a=«, unfolded cat-cs-simps]
and ezp-cat-cf-HomCod[ cat-FUNCT-cs-simps] =

exp-cat-cf-components(4)[where =8 and a=a, unfolded cat-cs-simps]

end
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25.7.5 Category raised to the power of a functor is a functor

lemma exp-cat-cf-is-tiny-functor:
assumes Z  and a €, § and category o A and K : B »—gq €
shows exp-cat-cf a A R : cat-FUNCT o €2 =0 ting 8 cat-FUNCT o B A

(proof)

lemma exp-cat-cf-is-tiny-functor’[ cat-FUNCT-cs-intros]:
assumes Z 3
and a &,
and category o A
and R: B »oq €
and 2’ = cat-FUNCT o € 2
and B’ = cat-FUNCT o B 2
shows ezp-cat-cf o A & : A’ P Cting B B’

{proof)

25.7.6 Further properties

lemma exp-cat-cf-cat-cf-id:

assumes category o A and category o €

shows exp-cat-cf a A (¢f-id €) = ¢f-id (cat-FUNCT « € )
(proof)

lemma exp-cat-cf-cf-comp:

assumes category a A and & : € »—>oq D and § : B —»>oq €

shows exp-cat-cf a A (& ogp §F) = exp-cat-¢f a A F ocp exp-cat-¢f a A &
{proof)

25.8 Natural transformation raised to the power of a category

25.8.1 Definition and elementary properties

definition exp-ntcf-cat = V=V =V =V
where exp-ntcf-cat a« M D =
[

(
AGe,cat-FUNCT o ® (N(NTDGDom)))(Obj).

ntcf-arrow (N oyrop-cr cf-of-cf-map © (N(NTDGDom]))) &)
)

exp-cf-cat o (NM(NTDom|)) D,
exp-cf-cat o (M(NTCod))) D,
cat-FUNCT a © (M(NTDGDom))),
cat-FUNCT a ® (M(NTDGCod)))

]o

Components.

lemma exp-nicf-cat-components:
shows ezp-nicf-cat a N D(NTMap|) =

AG€, cat-FUNCT a © (N(NTDGDoml))(0bj).
ntcf-arrow (N oyrop-cr cf-of-cf-map © (M(NTDGDoml))) &)
)

and ezp-nicf-cat a« N D(NTDom|) = exp-cf-cat a (M(NTDoml)) ©

and exp-ntcf-cat o N D(NTCod)) = exp-cf-cat « (M(NTCod))) D

and exp-ntcf-cat o N D(NTDGDom)|) = cat-FUNCT o © (N(NTDGDom))
and ezp-ntcf-cat a« N D(NTDGCod|) = cat-FUNCT o ® (M(NTDGCod)))

{proof)
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25.8.2 Natural transformation map

mk-VLambda exp-nicf-cat-components(1)
|vsv exp-ntcf-cat-components-NTMap-vsv| cat-FUNCT-cs-intros]|

context is-ntcf
begin

lemmas exp-ntcf-cat-components’ =
exp-nicf-cat-components[where a=a and M=, unfolded cat-cs-simps]

lemmas [cat-FUNCT-cs-simps] = exp-ntcf-cat-components’(2-5)

mk-VLambda exp-nicf-cat-components(1)[where N=N, unfolded cat-cs-simps]
|vdomain exp-ntcf-cat-components-NTMap-vdomain[ cat-FUNCT-cs-simps]|
lapp exp-nicf-cat-components-NTMap-app| cat-FUNCT-cs-simps]|

end

lemmas [cat-FUNCT-cs-simps] =
is-nicf . exp-ntcf-cat-components'(2-5)
is-ntcf . exp-ntcf-cat-components-NTMap-vdomain
is-ntcf . exp-ntcf-cat-components-NTMap-app

25.8.3 Natural transformation raised to the power of a category is a natural trans-
formation

lemma exp-nicf-cat-is-tiny-nicf:

assumes Z 3
and o €, f3
and N:F rorp & :Acn B
and category o ©

shows exp-nicf-cat a N D :
exp-cf-cat o § D = p.tiny exp-cf-cat a & D :
cat-FUNCT o ® 2 P Cting 8 cat-FUNCT o © B

(proof)

lemma exp-nicf-cat-is-tiny-ntcf [ cat-FUNCT-cs-intros]:

assumes Z 3
and a &
and N:F rorp & :Aon B
and category a ®
and §' = ezp-cf-cat a F D
and &' = exp-cf-cat o & D
and A’ = cat-FUNCT o ® 2
and B’ = cat-FUNCT a D B

shows exp-ntcf-cat a« M D : F' > cp.piny & A’ P CLting 8 B’

{proof)

25.8.4 Further properties

lemma exp-nicf-cat-cf-ntcf-comp:
assumes N :F —ocr G : A »>0q B
and ) : B »oq €
and category o ©
shows
exp-nicf-cat o (9 occp_NTor N) D =
exp-cf-cat a« H O ocp_NyTCoF exp-ntcf-cat a N D
{proof)
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lemma exp-nicf-cat-ntcf-cf-comp:
assumes N :§F —or B :B >y €
and ) : A »>—>cq B
and category o ©
shows
exp-ntcf-cat « (M onrop-cr H) D =
exp-ntcf-cat a M D oyrop-crF exp-cf-cat o H D
{proof)

lemma exp-ntcf-cat-ntcf-vcomp:
assumes category a A
and M: B »eop H: B opoa €
and N:F ocrp B :B oo €
shows
exp-nitcf-cat o« (M yrorp N) A =
exp-ntcf-cat a« M A «nyrop exp-ntcf-cat o N A
{proof)

lemma ntcf-id-exp-cf-cat:

assumes category o A and § : B »—>cq €

shows nicf-id (exp-cf-cat o § A) = exp-nicf-cat o (ntcf-id F) A
{proof)

25.9 Category raised to the power of the natural transformation

25.9.1 Definition and elementary properties

definition exp-cat-ntcf = V=V =V =>V
where exp-cat-ntcf o € N =

[

(
AGe,cat-FUNCT o (M(NTDGCod)) €(0bj).

ntcf-arrow (cf-of-cf-map (M(NTDGCod))) € S ocp_nTor N)
),

exp-cat-cf a € (M(NTDom))),
exp-cat-cf a € (MN(NTCod))),
cat-FUNCT « (M(NTDGCod)) €,
cat-FUNCT o (M(NTDGDom|)) €

lo

Components.

lemma exp-cat-ntcf-components:
shows exp-cat-ntcf o € N(NTMap|) =
(
AGe,cat-FUNCT a (M(NTDGCod))) €(0bj).
ntcf-arrow (cf-of-cf-map M(NTDGCod)) € & ogp_nTcr N)

and exp-cat-ntcf o € N(NTDom|) = exp-cat-cf o € (N(NTDom]))

and exp-cat-ntcf o € N(NTCod)) = exp-cat-cf a € (M(NTCod)))

and exp-cat-ntef o € N(NTDGDom)) = cat-FUNCT o (N(NTDGCod))) €

and exp-cat-ntef o € N(NTDGCod|) = cat-FUNCT a (N(NTDGDom))) €
(proof)

25.9.2 Natural transformation map

mk-VLambda exp-cat-ntcf-components(1)
|vsv exp-cat-nicf-components-NTMap-vsv| cat-FUNCT-cs-intros]|
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context is-ntcf
begin

lemmas exp-cat-nicf-components’ =
exp-cat-ntcf-components[where a=a and N=N, unfolded cat-cs-simps]

lemmas [cat-FUNCT-cs-simps] = exp-cat-ntcf-components’(2-5)

mk-VLambda exp-cat-ntcf-components(1)[where N=N, unfolded cat-cs-simps]
|vdomain exp-cat-ntcf-components-NTMap-vdomain| cat-FUNCT-cs-simps]|
lapp exp-cat-nicf-components-NTMap-app| cat-FUNCT-cs-simps]|

end
lemmas exp-cat-nicf-components’ = is-ntcf.exp-cat-nicf-components’

lemmas [cat-FUNCT-cs-simps] =
is-nicf . exp-cat-nicf-components’(2-5)
is-ntcf . exp-cat-nicf-components-NTMap-vdomain
is-ntcf . exp-cat-nitcf-components-NTMap-app

25.9.3 Category raised to the power of a natural transformation is a natural trans-
formation

lemma exp-cat-ntcf-is-tiny-ntcf:
assumes Z [
and « €, 3
and N:F ooerp B :Aoq B
and category a €
shows exp-cat-ntcf a € N :
exp-cat-cf o € F = cp.piny exp-cat-cf o € & :
cat-FUNCT o B € = Clting cat-FUNCT a A €
{proof)

lemma exp-cat-ntcf-is-tiny-nicf'[ cat-FUNCT-cs-intros]:

assumes Z [
and « €, 3
andngw(;p@:m'—»»c@%
and category a €
and §' = exp-cat-cf a € F
and &' = exp-cat-¢f a € &
and 2’ = cat-FUNCT a B €
and B’ = cat-FUNCT a 2 €

shows ezp-cat-ntcf « €N : F' =cptiny &'+ A’ P Cting B’

{proof)

25.9.4 Further properties

lemma ntcf-id-exp-cat-cf:

assumes category o A and § : B »—>oq €

shows nicf-id (exp-cat-cf a A F) = exp-cat-ntcf a A (ntef-id §)
{proof)

lemma exp-cat-ntcf-nicf-cf-comp:
assumes N:F —rop & : B »>oq €
and ) : A »>cq B
and category a ©
shows
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exp-cat-ntcf a ® M onyror-cr H) =
exp-cat-cf a ® $H ocp_nTCF exp-cat-ntcf a D N
{proof)

lemma exp-cat-ntcf-cf-ntcf-comp:
assumes N:§F —»op & : A 00 B
and ) : B »on €
and category a ®
shows
exp-cat-ntef o ® (9 ocp-nTor N) =
exp-cat-ntcf a ® N oyrop-cr exp-cat-cf a D H
{proof)

lemma exp-cat-ntcf-ntcf-vcomp:
assumes category a A
and M : & »op H: B Hocoa €
and N:Frcrp G :B o €
shows
exp-cat-ntef a A (M -yTor N) =
exp-cat-ntcf a A M «nyror exp-cat-ntcf a AN
(proof)
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26 Hom-functor

26.1 hom-function

The hom-function is a part of the definition of the Hom-functor, as presented in [1]

definition cf-hom =V = V = V
where cf-hom € f =

[

(
Agec Hom € (€(Cod))(vpfst f)) (€(Doml))(vpsnd f)).

vpsnd f oag q oag vpfst f
)s

Hom € (&(Cod))(vpfst f))) (€(Dom))(vpsnd f))),
Hom € (€(Dom|)(vpfst f))) (€(Cod))(vpsnd f]))

]o

Components.

lemma cf-hom-components:

shows cf-hom € f(ArrVal]) =

Ageoc Hom € (€(Cod))(vpfst f)) (€(Doml])(vpsnd f)).
) vpsnd f oxq¢ q oag vpfst f

and cf-hom € f(ArrDom|) = Hom € (&(Cod))(upfst f)) (€(Doml) (vpsnd f)))
and cf-hom € f(ArrCod)) = Hom € (€(Dom|)(vpfst f)) (€(Cod|)(vpsnd f])

{proof)

26.1.1 Arrow value

mk-VLambda cf-hom-components(1)
|vsv cf-hom-ArrVal-vsv[ cat-cs-intros]|

lemma cf-hom-ArrVal-vdomain[ cat-cs-simps]:
assumes ¢ : a & oot @ band f:a' ¢ b’
shows D, (cf-hom € [g, flo(ArrVal])) = Hom € a o’
(proof)

lemma cf-hom-ArrVal-app| cat-cs-simps):
assumes ¢ : ¢ =, o ¢ dand ¢: ¢ ~g c'and f: ¢ g d’
shows cf-hom € [g, flo(ArrVal)(q) = f cag ¢ 0ag 9
(proof)

lemma (in category) cf-hom-ArrVal-vrange:

assumes ¢ : a P cp ¢ band f:a’ g b

shows R, (cf-hom € [g, flo(ArrVal)) <o Hom € b b’
{proof)

26.1.2 Arrow domain

lemma (in category) cf-hom-ArrDom:
assumes gf : [¢, ¢lo =y cat @ xo @ dd’
shows cf-hom € gf(ArrDom|) = Hom € ¢ ¢’
{proof)

lemmas [cat-cs-simps] = category.cf-hom-ArrDom

3https:/ /ncatlab.org/nlab/show/hom-functor
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26.1.3 Arrow codomain

lemma (in category) cf-hom-ArrCod:
assumes gf : cc’ =4 cqr @ xp ¢ [d ']
shows c¢f-hom € gf (ArrCod|) = Hom € d d’
{proof)

lemmas [cat-cs-simps| = category.cf-hom-ArrCod

26.1.4 hom-function is an arrow in the category Set

lemma (in category) cat-cf-hom-ArrRel:
assumes gf : c¢’ =g ot ¢ < ¢ dd
shows arr-Set a (cf-hom € gf)
{proof)

lemmas [cat-cs-intros] = category.cat-cf-hom-ArrRel

lemma (in category) cat-cf~hom-cat-Set-is-arr:

assumes ¢f : [a, blo = p_cat ¢ x ¢ [6 dlo
shows cf-hom € gf : Hom € a b = 44 Gt o Hom € c d

(proof)

lemma (in category) cat-cf~hom-cat-Set-is-arr”:
assumes gf : [a, blo =gy cat ¢ xo @ [6 dlo
and A’ = Hom € a b
and 8’ = Hom € c d
and €' = cat-Set «
shows cf-hom € gf : A" = B’
(proof)

lemmas [cat-cs-intros] = category. cat-cf-hom-cat-Set-is-arr’

26.1.5 Composition
lemma (in category) cat-cf-hom-Comp:
assumes g : b = op-cat ¢ €
and ¢g': b' =g ¢
and f: a = op-cat € b
and f':a' g b’
shows
cf-hom € [g’ gl]o CAcat-Set o ¢f-hom € [f7 f,]o =
cf-hom € [g oapp-cat € fr 9" 0ag ['o
{proof)

lemmas [cat-cs-simps] = category. cat-cf-hom-Comp

26.1.6 Identity

lemma (in category) cat-cf-hom-CId:

assumes [c¢, ¢']o € (op-cat € x¢o €)(0bj))

shows cf-hom € [€(CId)(c]), €(CId)(c)]o = cat-Set a(CId)(Hom € ¢ ¢'))
(proof)

lemmas [cat-cs-simps] = category. cat-cf-hom-CId

26.1.7 Opposite hom-function

lemma (in category) cat-op-cat-cf-hom:
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assumes g : a ~¢ band g': a’ = op-cat € b’
shows cf-hom (op-cat €) [g, g']o = c¢f-hom € [g', g]o
(proof)

lemmas [cat-cs-simps] = category. cat-op-cat-cf-hom

26.2 Hom-functor

26.2.1 Definition and elementary properties

See [1]14.

definition ¢f-Hom = V = V = V (<Homo.c1-'(/-,—-/"))
where Homop ca®(-,-) =
[
(Aaeo(op-cat € xo €)(0bj). Hom € (vpfst a) (vpsnd a)),
(Meo(op-cat € xo €)(Arr]). c¢f-hom € f),
op-cat € xo €,
cat-Set o

lo

Components.

lemma cf-Hom-components:
shows Homo.ca®(—,—)(0bjMap)) =
(Aaes(op-cat € x ¢ €)(0bj]). Hom € (vpfst a) (vpsnd a))
and Homo. ca€(-,—)(ArrMap)) = (Afeo(op-cat € xo €)(Arr]). cf-hom € f)
and Homo. ca€(-,—-)(HomDom|) = op-cat € x¢ €
and Homo. ca€(-,—)(HomCod]) = cat-Set «
(proof)

26.2.2 Object map

mk-VLambda cf-Hom-components(1)
|vsv cf-Hom-ObjMap-vsv|

lemma cf-Hom-ObjMap-vdomain[ cat-cs-simps]:
Do (Homo.ca€(-,-)(0biMap|)) = (op-cat € xc €)(Obj)
{proof)

lemma cf-Hom-ObjMap-app| cat-cs-simps]:
assumes [a, b], € (op-cat € x¢o €)(0bj))
shows Homo.ca®(-,—)(0biMap|)(a, b)e = Hom € a b
(proof)

lemma (in category) cf-Hom-ObjMap-vrange:
Ro (Homo. ca®(-,—)(ObjMap|)) S, cat-Set a(Obj))
{proof)

26.2.3 Arrow map

mk-VLambda cf-Hom-components(2)
|vsv cf-Hom-ArrMap-vsv|
|vdomain cf-Hom-ArrMap-vdomain| cat-cs-simps]|
lapp cf-Hom-ArrMap-app| cat-cs-simps]|

“https:/ /ncatlab.org/nlab/show/hom-functor
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26.2.4 Hom-functor is a functor

lemma (in category) cat-Hom-is-functor:
Homo.ca€(-,-) : op-cat € xg € =g cat-Set a
{proof)

lemma (in category) cat-Hom-is-functor”:
assumes 3 = a and A’ = op-cat € xo € and B’ = cat-Set o
shows Homo. ca@(—,—) : A’ aadel! B’
(proof)

lemmas [cat-cs-intros] = category.cat-Hom-is-functor’

26.3 Composition of a Hom-functor and two functors

26.3.1 Definition and elementary properties

definition cf-bcomp-Hom = V = V = V = V = V (tHomo.c1-'(/-——/"))
— The following definition may seem redundant, but it will help to avoid proof duplication later.
where Homo. ca@(F—,6-) = cf-cn-cov-bcomp (Homo. ca€(-,—)) § &

26.3.2 Object map

lemma cf-bcomp-Hom-ObjMap-vsv: vsv (Homo.ca®(F-,8-)(0bjMap)))
(proof )

lemma cf-bcomp-Hom-ObjMap-vdomain[ cat-cs-simps):
assumes § : A »—>oq Cand & : B o €
shows D, (Homo. ca€(F-,6-)(0bjMap))) = (op-cat A xc B)(Obj)
(proof )

lemma cf-bcomp-Hom-ObjMap-app| cat-cs-simps]:
assumes § : A »—>oq €
and & : B >0 €
and [a, bl € (op-cat A xc B)(0bj)
shows Homo. ca€(F—,6-)(0bjMap))(a, b)s =
oo, coR(- )M FOMorb o), &(0NMorb ).
proof

lemma (in category) cf-bcomp-Hom-ObjMap-vrange:
assumes § : A »—>coq €
and & : B »gq €
shows R, (Homo.ca€(F—,6-)(0bjMap))) S, cat-Set a(Obj))
(proof)

26.3.3 Arrow map

lemma cf-bcomp-Hom-ArrMap-vsv: vsv (Homo. ca®(§—,6-)(ArrMap)))
{proof)

lemma cf-bcomp-Hom-ArrMap-vdomain[ cat-cs-simps):
assumes § : A oo Cand & : B >y €
shows D, (Homo.ca®(F-,6-)(ArrMap))) = (op-cat A xc B)(Arr|
(proof )

lemma cf-bcomp-Hom-ArrMap-app| cat-cs-simps]:
assumes § : A »—>coq €
and & : B »gq €
and [f, g]o € (op-cat A xc B)(Arr|
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shows

Homo. ca®(§-,6-)(ArrMap)(f, g)e =
< H;;no.Ca(f(—r)GATTMapDGS(IAWMapD(Iny &(ArrMap))(g)D.
PToo

lemma (in category) cf-bcomp-Hom-ArrMap-vrange:
assumes § : A »>oq €
and & : B »—cn €
shows R, (Homo.caC(F—,6-)(ArrMap))) So cat-Set a(Arr]
(proof)

26.3.4 Composition of a Hom-functor and two functors is a functor

lemma (in category) cat-cf-bcomp-Hom-is-functor:
assumes § : A o Cand & : B >y €
shows Homo. ca@(F—,6-) : op-cat A xg B —»—cq cal-Set «
(proof)

lemma (in category) cat-cf-bcomp-Hom-is-functor’:

assumes § : A »—cq €

and & : B »go €

and (8 = «

and A’ = op-cat A x¢ B

and B’ = cat-Set «
shows H0m0.0a€(3—7®—) 22 '—>'—>0/B B’
(proof)

lemmas [cat-cs-intros] = category. cat-cf-bcomp-Hom-is-functor’

26.4 Composition of a Hom-functor and a functor

26.4.1 Definition and elementary properties

See subsection 1.15 in [3].

definition cf-lcomp-Hom = V = V = V = V (<Homo.c1-'(/-—,—]"))
where Homo. ca@(F—-,—) = cf-cn-cov-lcomp € (Homo.ca®(-,-)) §

definition cf-rcomp-Hom = V = V = V = V (<Homo.c1-'(/-,-—/"))
where Homo ca®(-,6-) = cf-cn-cov-rcomp € (Homo. ca®(-,—)) &

26.4.2 Object map

lemma cf-lcomp-Hom-ObjMap-vsv| cat-cs-intros]: vsv (Homo. ca€(F-,-)(0bjMap)))
(proof)

lemma cf-rcomp-Hom-O0bjMap-vsv| cat-cs-intros]: vsv (Homo. ca®(—,6-)(0bjMap)))
{proof)

lemma cf-lcomp-Hom-ObjMap-vdomain| cat-cs-simps]:
assumes category o €and § : B »—oq €
shows D, (Homo.ca€(F-,-)(0biMap))) = (op-cat B xc €)(0bj)
{proof)

lemma cf-rcomp-Hom-ObjMap-vdomain| cat-cs-simps]:
assumes & : B >4 €
shows D, (Homo.ca€(-,6-)(0bjMap))) = (op-cat € xc B)(0bj)
{proof)
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lemma cf-lcomp-Hom-ObjMap-app[ cat-cs-simps]:
assumes category o €
and §: B »cq €
and b €, op-cat B(0bj)
and c ¢, €(0bj)
shows Homo.ca®(F-,—)(0biMap))(b, c)e =
Homo. ca€(~.)(ObiMap) ((ObiMap) (1), ).
(proof )

lemma cf-rcomp-Hom-ObjMap-app| cat-cs-simps]:
assumes & : B »—oy €
and c €, op-cat €(0bj)
and b €, B(O0bj)
shows Homo.ca€(—,6-)(0bjMap))(c, b)e =
Homo.ca€(=,-)(0bjMap))(c, &(0bjMap)) (b)),
(proof)

lemma (in category) cat-cf-lcomp-Hom-ObjMap-vrange:
assumes § : B »—>oq €
shows R, (Homo.ca®(F-,-)(0bjMap))) So cat-Set a(Obj))
(proof)

lemma (in category) cat-cf-rcomp-Hom-ObjMap-vrange:
assumes & : B »—on €
shows R, (Homo.ca€(—,6-)(0bjMap))) So cat-Set a(Obj))
(proof)

26.4.3 Arrow map

lemma cf-lcomp-Hom-ArrMap-vsv| cat-cs-intros]: vsv (Homo.ca€(F-,-)(ArrMapl))
(proof)

lemma cf-rcomp-Hom-ArrMap-vsv| cat-cs-intros]: vsv (Homo. ca®(—,6-)(ArrMap)))
{proof)

lemma cf-lcomp-Hom-ArrMap-vdomain| cat-cs-simps]:
assumes category o €and § : B »—oq €
shows D, (Homo.ca®(F-,-)(ArrMap))) = (op-cat B xc €)(Arr)
{proof)

lemma cf-rcomp-Hom-ArrMap-vdomain| cat-cs-simps]:
assumes category o € and & : B > €
shows D, (Homo.ca®(-,6-)(ArrMap))) = (op-cat € xc B)(Arr|
{proof)

lemma cf-lcomp-Hom-ArrMap-app| cat-cs-simps]:
assumes category o €
and § : B »gg €
and g : a = op-cat B b
and f:a' —g b
shows Homo ca€(F—,—)(ArrMap))(g, f)e =
Homo.ca@(-,~)(ArrMap)) (§(ArrMap])(g)), fDe
(proof)

lemma cf-rcomp-Hom-ArrMap-app| cat-cs-simps]:
assumes & : B »—>oq €
and ¢ : a = op-cat € b
and f:a' g b
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shows Homo.ca@(~-,6-)(ArrMap))(g, f)e =
( Hm}%)o.CaC(—,—)(|A7“7'MGP|)(|97 &(ArrMap)) (£
Proo

lemma (in category) cf-lcomp-Hom-ArrMap-vrange:
assumes § : B »—oq €
shows R, (Homo.ca®(§-,-)(ArrMap|)) So cat-Set a(Arr|)

{proof)

lemma (in category) cf-rcomp-Hom-ArrMap-vrange:
assumes & : B »—>oq €
shows R, (Homo. ca®(-,&-)(ArrMap))) Co cat-Set a(Arr|

{proof)

26.4.4 Further properties

lemma cf-bcomp-Hom-cf-lcomp-Hom| cat-cs-simps]:
Homo.ca€(F-,cf-id €) = Homo.ca€(F-,-)
(proof)

lemma cf-bcomp-Hom-cf-rcomp-Hom| cat-cs-simps]:
Homo.ca€(cf-id €-,6-) = Homo. ca®(—,6-)
(proof)

26.4.5 Composition of a Hom-functor and a functor is a functor

lemma (in category) cat-cf-lcomp-Hom-is-functor:
assumes § : B »—oq €
shows Homo.ca€(F—,—) : op-cat B x¢ € »>cq cat-Set «

{proof)

lemma (in category) cat-cf-lcomp-Hom-is-functor”:
assumes § : B »—oq €
and § = «
and ' = op-cat B x¢ €
and B’ = cat-Set o
shows Homo. caq@(F-,—) : A’ el B’
(proof)

lemmas [cat-cs-intros] = category.cat-cf-lcomp-Hom-is-functor’

lemma (in category) cat-cf-rcomp-Hom-is-functor:
assumes & : B »—cn €
shows Homo.ca€(—,6-) : op-cat € xg B > cat-Set «

{proof)

lemma (in category) cat-cf-rcomp-Hom-is-functor”:
assumes & : B »—cq Cand 8 = «
and 2’ = op-cat € xo B
and B’ = cat-Set o
shows Homo. caq@(—,6-) : A’ el B’
(proof)

lemmas [cat-cs-intros] = category.cat-cf-rcomp-Hom-is-functor’

26.4.6 Flip of a projections of a Hom-functor

lemma (in category) cat-bifunctor-flip-cf-rcomp-Hom:
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assumes & : B »>on €
shows
bifunctor-flip (op-cat €) B (Homo.cal(-,6-)) =
Homo. caop-cat €(op-cf &-,-)
{proof)

lemmas [cat-cs-simps] = category. cat-bifunctor-flip-cf-rcomp-Hom

lemma (in category) cat-bifunctor-flip-cf-lcomp-Hom:
assumes § : B »o0q €
shows
bifunctor-flip (op-cat B) € (Homo.ca®(F-,-)) =
Homo. caop-cat €(—,op-cf F-)
{proof)

lemmas [cat-cs-simps] = category. cat-bifunctor-flip-cf-lcomp-Hom

26.5 Projections of the Hom-functor

The projections of the Hom-functor coincide with the definitions of the Hom-functor given in
Chapter 11-2 in [7]. They are also exposed in the aforementioned article in nLab [1]'°.

26.5.1 Definitions and elementary properties

definition ¢f-Hom-snd = V = V = V = V (xHomo.c1-'(/-—]"))
where Homo. ca€(a,~) = HomO.Con(_v_)op—cat Q,Q(GF)CF

definition cf-Hom-fst = V = V = V = V (<Homo.c1-'(/-,-]")»)
where Homo_CO[@(—,b) = Homo_CaQt(—,—)op_cat @76(_’b)CF

26.5.2 Projections of the Hom-functor are functors

lemma (in category) cat-cf-Hom-snd-is-functor:
assumes a €, €(0bj)
shows Homo. cq€(a,-) : € »—>cq cat-Set a

(proof)

lemma (in category) cat-cf-Hom-snd-is-functor”:
assumes a € €(0bj)) and 5 = o and €' = € and D' = cat-Set o
shows Homo ca€(a,-) : €’ aager D’

(proof )
lemmas [cat-cs-intros] = category.cat-cf-Hom-snd-is-functor’

lemma (in category) cat-cf-Hom-fst-is-functor:
assumes b €, €(0bj))
shows Homo. ca€(—,b) : op-cat € ——cq cat-Set «

{proof)

lemma (in category) cat-cf-Hom-fst-is-functor”:
assumes b €, €(0bj)) and § = « and €’ = op-cat € and D' = cat-Set «
shows Homo_CQQ:(—,b) : ¢! "’"’Cﬁ D'
(proof)

lemmas [cat-cs-intros] = category. cat-cf-Hom-fst-is-functor’

https://ncatlab.org /nlab/show /hom-functor
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26.5.3 Object maps

lemma (in category) cat-cf-Hom-snd-ObjMap-vsv| cat-cs-intros]:
assumes a €, €(0bj)
shows vsv (Homo.ca€(a,—)(ObjMap)))

(proof)
lemmas [cat-cs-intros] = category.cat-cf-Hom-snd-ObjMap-vsv

lemma (in category) cat-cf-Hom-fst-ObjMap-vsv| cat-cs-intros]:
assumes b €, €(O0bj)
shows vsv (Homo. ca€(-,b)(0bjMap)))

(proof)
lemmas [cat-cs-intros] = category.cat-cf-Hom-fst-ObjMap-vsv

lemma (in category) cat-cf-Hom-snd-ObjMap-vdomain| cat-cs-simps]:
assumes a € €(0bj)
shows D, (Homo.ca€(a,~)(0bjMap))) = €(0bj)
(proof)

lemmas [cat-cs-simps] = category. cat-cf-Hom-snd-ObjMap-vdomain

lemma (in category) cat-cf-Hom-fst-ObjMap-vdomain| cat-cs-simps]:
assumes b €, €(0bj)
shows D, (Homo.ca€(-,b)(0bjMap))) = op-cat €(Obj))
(proof )

lemmas [cat-cs-simps] = category. cat-cf-Hom-fst-ObjMap-vdomain

lemma (in category) cat-cf-Hom-snd-ObjMap-app| cat-cs-simps]:
assumes a € op-cat €(0bj)) and b €, €(Obj)
shows Homo.ca®(a,~)(0bjMap))(b]) = Hom € a b

{proof)
lemmas [cat-cs-simps] = category. cat-cf-Hom-snd-ObjMap-app

lemma (in category) cat-cf-Hom-fst-ObjMap-appl cat-cs-simps]:
assumes b €, €(0bj) and a €, op-cat €(Obj))
shows Homo ca€(-,b0)(0bjMap|)(al) = Hom € a b

{proof)

lemmas [cat-cs-simps] = category. cat-cf-Hom-fst-ObjMap-app

26.5.4 Arrow maps

lemma (in category) cat-cf-Hom-snd-ArrMap-vsv[ cat-cs-intros]:
assumes a €, op-cat €(0bj|)
shows vsv (Homo. ca€(a,~)(ArrMapl|))

{proof)

lemmas [cat-cs-intros] = category.cat-cf-Hom-snd-ArrMap-vsv
lemma (in category) cat-cf-Hom-fst-ArrMap-vsv[ cat-cs-intros]:

assumes b €, €(O0bj)
shows vsv (Homo. ca€(—,b)(ArrMap)))

{proof)

lemmas [cat-cs-intros] = category.cat-cf- Hom-fst- ArrMap-vsv
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lemma (in category) cat-cf-Hom-snd-ArrMap-vdomain| cat-cs-simps]:
assumes a €, op-cat €(Obj)
shows D, (Homo.ca€(a,~)(ArrMap))) = €(Arr|
(proof )

lemmas [cat-cs-simps] = category. cat-cf-Hom-snd- ArrMap-vdomain

lemma (in category) cat-cf-Hom-fst-ArrMap-vdomain| cat-cs-simps]:
assumes b €, €(0bj)
shows D, (Homo.ca€(-,b)(ArrMap|)) = op-cat €(Arr|
(proof)

lemmas [cat-cs-simps] = category. cat-cf-Hom-fst-ArrMap-vdomain

lemma (in category) cat-cf-Hom-snd-ArrMap-app| cat-cs-simps]:

assumes a €, op-cat €(Obj) and f: b g b’

shows Homo.ca€(a,~)(ArrMap))(f]) = c¢f-hom € [op-cat €(CId])(al), flo
{proof)

lemmas [cat-cs-simps] = category. cat-cf~-Hom-snd-ArrMap-app

lemma (in category) cat-cf-Hom-fst-ArrMap-app| cat-cs-simps]:
assumes b € C(Obj) and f : a =y 41 ¢ @
shows Homo.ca®(-,b)(ArrMap)(f]) = c¢f-hom € [f, €(CId)(b])]o
{proof)

lemmas [cat-cs-simps] = category. cat-cf-Hom-fst-ArrMap-app

26.5.5 Opposite Hom-functor projections

lemma (in category) cat-op-cat-cf-Hom-snd:
assumes a €, €(Obj)
shows Homo. cqop-cat €(a,—) = Homo. ca€(-,a)
{proof)

lemmas [cat-op-simps] = category.cat-op-cat-cf-Hom-snd

lemma (in category) cat-op-cat-cf-Hom-fst:
assumes a €, €(00bj)
shows Homo. cqop-cat €(—,a) = Homo ca®(a,-)
{proof)

lemmas [cat-op-simps]| = category.cat-op-cat-cf-Hom-fst

26.5.6 Hom-functors are injections on objects

lemma (in category) cat-cf-Hom-snd-inj:
assumes Homo. ca€(a,—) = Homo.ca€(b,—)
and a €, €(]00bj)
and b €, €(0bj)
shows a = b
{proof)

lemma (in category) cat-cf-Hom-fst-ing:
assumes Homo.ca€(-,a) = Homo.ca€(-,b) and a €, €(0bj) and b €, €(O0bj))
shows a = b

{proof)
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26.5.7 Hom-functor is an array bifunctor
lemma (in category) cat-cf-Hom-is-cf-array:
— See Chapter II-3 in [7].
Homo.ca®(-,-) =
cf-array (op-cat €) € (cat-Set o) (cf-Hom-fst o €) (¢f~-Hom-snd o €)
(proof)

26.5.8 Projections of the compositions of a Hom-functor and a functor are projec-
tions of the Hom-functor
lemma (in category) cat-cf-rcomp-Hom-cf-Hom-snd:
assumes & : B »—oq € and a €, €(0bj)
shows Homo.ca®(=,8-)gp-cat ¢,8(0,=)cr = Homo.ca€(a,~) ocr &

(proof)
lemmas [cat-cs-simps] = category. cat-cf-rcomp-Hom-cf-Hom-snd

lemma (in category) cat-cf-lcomp-Hom-cf-Hom-snd:
assumes § : B oo € and b €, B(0bj)
shows Homo.ca@(§-:-) gp-cat B,¢(b:=)cr = Homo.ca€(F(0biMap)(b),-)
(proof)

lemmas [cat-cs-simps] = category. cat-cf-lcomp-Hom-cf-Hom-snd
lemma (in category) cat-cf-rcomp-Hom-cf-Hom-fst:
assumes § : B »—cq € and b €, B(0bj)

shows Homo.ca@(=8-) op-cat €8 (—:0)cr = Homo.ca@(-F(0bjMap)) (b))
{proof)

lemmas [cat-cs-simps] = category. cat-cf-rcomp-Hom-cf-Hom-fst
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27 Cones and cocones

27.1 Cone and cocone

27.1.1 Definition and elementary properties

In the context of this work, the concept of a cone corresponds to that of a cone to the base of
a functor from a vertex, as defined in Chapter III-4 in [7]; the concept of a cocone corresponds
to that of a cone from the base of a functor to a vertex, as defined in Chapter III-3 in [7].

locale is-cat-cone = is-nicf a J € «cf-const J € o> FNforacJ CF N +
assumes cat-cone-obj| cat-cs-intros]: ¢ €, €(0bj))

syntax -is-cat-cone = V=V =V =V = V = V = bool
(«(-:/ - <cF.cone -:] -P=c1-) [61, 51, 51, 51, 51] 51)
syntax-consts -is-cat-cone = is-cat-cone
translations M : ¢ <gp.cone § : J Prca €=
CONST is-cat-cone v ¢ J € F N

locale is-cat-cocone = is-ntcf o J € F «cf-const J &€ o> Nfor a c JEF N +
assumes cat-cocone-obj| cat-cs-intros]: ¢ €, €(ObY)

syntax -is-cat-cocone = V=V =V =V = V = V = bool
(«(-:/ - >CcF.cocone - i -P—c1 -0 [51, 51, 51, 51, 51] 51)
syntax-consts -is-cat-cocone = is-cat-cocone
translations N : § >cr.cocone ¢ J Proa €=
CONST is-cat-cocone o ¢ §J € F N

Rules.

lemma (in is-cat-cone) is-cat-cone-azioms’| cat-cs-intros]:
assumes ' =aand ¢’'=cand J' =Jand ¢'=Cand F'=F
shows N : ¢’ <cr.cone § 1 J =0, €

{proof)

mk-ide rf is-cat-cone-def[unfolded is-cat-cone-azioms-def]
|intro is-cat-conel|
|dest is-cat-coneD[dest!]]
|elim is-cat-coneE| elim!]|

lemma (in is-cat-cone) is-cat-coneD'[ cat-cs-intros]:
assumes ¢’ = ¢f-const J € ¢
shows N:c' =»cp F:J =»ca €

(proof)

lemma (in is-cat-cocone) is-cat-cocone-azioms'[ cat-cs-intros|:
assumes o' =acand ¢’=cand J'=Jand ¢'=Cand §' = F
shows 91 : Sl >CF.cocone ¢ :J, inangeorv ¢’

{proof)

mk-ide rf is-cat-cocone-def[unfolded is-cat-cocone-axioms-def]
|intro is-cat-coconel|
|dest is-cat-coconeD[ dest!]|
|elim is-cat-coconeE[ elim!]|

lemma (in is-cat-cocone) is-cat-coconeD'| cat-cs-intros]:
assumes ¢’ = ¢f-const J € ¢
shows M:Fcorpc’ i Jon €

{proof)
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Duality.

lemma (in is-cat-cone) is-cat-cocone-op:
op-ntcf N : op-cf § >CF.cocone € 0p-cat J =r>cq op-cat €
(proof )

lemma (in is-cat-cone) is-cat-cocone-op'[ cat-op-intros]:
assumes o’ = o and J' = op-cat J and €' = op-cat € and §F' = op-cf §
shows op-ntcf M :F' >cr.cocone ¢ J o, €

{proof)
lemmas [cat-op-intros] = is-cat-cone.is-cat-cocone-op’

lemma (in is-cat-cocone) is-cat-cone-op:
op-ntef M : ¢ <cr.cone Op-cf § : op-cat J =+ cq op-cat €
{proof)

lemma (in is-cat-cocone) is-cat-cone-op'[ cat-op-intros]:
assumes o’ = o and J' = op-cat J and €' = op-cat € and §F' = op-cf §F
shows op-ntcf M: ¢ <op.cone § 13 =y €
(proof)

lemmas [cat-op-intros] = is-cat-cocone.is-cat-cone-op’

Elementary properties.
lemma (in is-cat-cone) cat-cone-LArr-app-is-arr:
assumes j €, J(Obj)
shows N(NTMap))(j)) : ¢ =¢ F(ObMap])(j)
{proof)

lemma (in is-cat-cone) cat-cone-LArr-app-is-arr’[ cat-cs-intros]:
assumes j €, J(0bj) and Fj = F(ObjMap)) (j))
shows M(NTMap)(j) : ¢ »¢ Tj
(proof)

lemmas [cat-cs-intros] = is-cat-cone.cat-cone-LArr-app-is-arr’

lemma (in is-cat-cocone) cat-cocone-LArr-app-is-arr:
assumes j €, J(O0bj)
shows N(NTMap|)(j) : $(ObjMap)(j) ~¢ ¢
(proof)

lemma (in is-cat-cocone) cat-cocone-LArr-app-is-arr'| cat-cs-intros]:
assumes j € J(0bj) and Fj = F(ObjMap)) (j)
shows M(NTMap))(j) : Tj ~e ¢
(proof)

lemmas [cat-cs-intros] = is-cat-cocone. cat-cocone-LArr-app-is-arr’

lemma (in is-cat-cone) cat-cone-Comp-commute| cat-cs-simps]:
assumes f:a >~ b
shows §(ArrMap)(f]) cag MINTMap|)(a) = N(NTMap|)(b)
(proof)

thm is-cat-cone.cat-cone-Comp-commute
lemma (in is-cat-cocone) cat-cocone-Comp-commute] cat-cs-simps]:

assumes f:a >~ b
shows M(NTMap))(b) cag F(ArrMap))(f]) = N(NTMap))(al)

302



{proof)

thm is-cat-cocone.cat-cocone-Comp-commute

Utilities/helper lemmas.

lemma (in is-cat-cone) helper-cat-cone-ntcf-vcomp-Comp:
assumes N’ : ¢’ <gp.cone §:J »ca €
and f': ¢’ ~¢ ¢
and M =N -yrcF ntcf-const J € f'
and j €, 3(Obj)
shows 9U(NTMap) (j) = ANTMap) () oae f*
{proof)

lemma (in is-cat-cone) helper-cat-cone-Comp-ntcf-vcomp:
assumes N': ¢’ <CF.cone 175’ : 3 indngele’ ¢
and f': ¢’ —¢ c
and Aj. j €& J(Obj) = N(NTMap|)(j) = N(NTMap)(j) ca¢ f’
shows M/ = N -y ror nicf-const J € f'
{proof)

lemma (in is-cat-cone) helper-cat-cone-Comp-ntcf-vcomp-iff:
assumes N’ : ¢’ <or.cone F:J »ca €
shows f': ¢' =g c AN =N yrop ntef-const J € f/«—
(f’: C)’ e e A (Y jeJ(0b)). W(NTMap)(j) = NINTMap)(j) cae f)
proof

lemma (in is-cat-cocone) helper-cat-cocone-ntcf-vecomp-Comp:
assumes N’ : §F >cr. cocone ¢ 1 J Proa €
and f': ¢ —¢ ¢
and N’ = nicf-const JE f'-yrocr N
and j € J(Obj)
shows N'(NTMap))(j) = f' ocag M(NTMap)) ()
{proof)

lemma (in is-cat-cocone) helper-cat-cocone-Comp-nicf-vcomp:
assumes N’ : § >cr. cocone ¢ 1 J Pca €
and f': ¢ =g ¢’
and Aj. j € J(Obj) = N(NTMap)(j) = f' o.a¢ NINTMap])(j)
shows N’ = ntcf-const J € f' nror N
{proof)

lemma (in is-cat-cocone) helper-cat-cocone-Comp-nicf-vcomp-iff:
assumes N’ : 8" >CF.cocone c': 3 == Cca ¢
shows f': ¢ g ¢' AN = ntcf-const JE f'yrorp N «—
(f’i C)Hc " A (Y jeI(Obf). W(NTMap)(j) = f" 0oag NINTMap)) ()
proof

27.1.2 Vertical composition of a natural transformation and a cone

lemma ntcf-vcomp-is-cat-cone| cat-cs-intros):
assumes M : & —cp H: A o B
and N: a <gr.cone & : A =>cq B
shows 9N *NTCF N:a <CF.cone G A inandolet B

{proof)

27.1.3 Composition of a functor and a cone, composition of a functor and a cocone

lemma cf-nicf-comp-cf-cat-cone:
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assumes N : c <cpr.cone 5 : A o Band & : B »—oq €
shows & oopr_nror N : B(0biMap)(c]) <cF.cone & ocr §: A »coq €
(proof )

lemma cf-ntcf-comp-cf-cat-cone’[ cat-cs-intros]:
assumes N : ¢ <oF.cone §: A »—>ca B
and & : B g €
and ¢’ = B(0bjMap))(c)
and 85 = G ogp §
shows & ocp_yror M ¢’ <cr.cone BF + A »>0q €
(proof)

lemma cf-nicf-comp-cf-cat-cocone:

assumes N : F >cF.cocone C: A P>cq Band & : B gy €

shows & occp_y7or M B ocp § >cr.cocone B(ObMap))(c]) : A —»cq €
{proof)

lemma cf-ntcf-comp-cf-cat-cocone’[ cat-cs-intros]:
assumes N : 8' >CF.cocone C* 2 Indnd ol B
and & : B »gq €
and ¢’ = B(0bjMap))(c))
and 6F =B ogp §
shows & occr - nToF N 6F >CF.cocone A o €

(proof)

27.1.4 Cones, cocones and constant natural transformations

lemma nicf-vcomp-nicf-const-is-cat-cone:
assumes N : b <cp.cone § : A =rca Band f:a >y b
shows N -y ror ntcf-const A B f: a <cr.cone §: A —»—~ca B

{proof)

lemma ntcf-vcomp-ntcf-const-is-cat-cone’[ cat-cs-intros]:
assumes N : b <cp.cone §: A =»>ca B
and 9N = nicf-const A B f
and f:a g b
shows N -nrocr M: a <cr.cone §: A =>ca B

{proof)

lemma nitcf-vcomp-nicf-const-is-cat-cocone:
assumes N : §F >cr.cocone @ A >cq Band f:arg b
shows ntcf-const A B f nrcr M :F >cF.cocone 0+ A —»—>cq B

(proof)

lemma ntcf-vcomp-ntcf-const-is-cat-cocone’[ cat-cs-intros):
assumes N : 8" >CF.cocone @ A PP Ca B
and 9 = ntcf-const A B f
and f:a gy b
shows I *NTCF N : g >CF.cocone b:2A indngele’ B

{proof)

lemma ntcf-vcomp-nicf-const-Cld:
assumes M : b <CF.cone S 22 indadole B
shows N -y ror ntef-const A B (B(CIA) (b)) =N

(proof)

lemma ntcf-vcomp-ntcf-const-CId'| cat-cs-simps):
assumes N : b <gr.cone 5 : A »>cq B and B' =B
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shows N -y rop ntcf-const A B (B'(CIA) (b)) =N
{proof)

27.2 Cone and cocone functors

27.2.1 Definition and elementary properties

See Chapter V-1 in [7].

definition c¢f-Cone = V = V =V =V
where c¢f-Cone a § § =
Homo.cpgeat-FUNCT o (§(HomDoml|)) (F(HomCod))(~,cf-map §) ocr
op-cf (Acr a (§(HomDoml) (F(HomCod))))

definition cf-Cocone = V=V =V = V
where cf-Cocone a 5 § =
Homo.cpgeat-FUNCT o (§(HomDoml|)) (F(HomCod)))(cf-map §,-) ocr
(Acr a (§(HomDom))) (F(HomCod))))

An alternative form of the definition.

context is-functor
begin

lemma cf-Cone-def":
¢f-Cone a § § = Homo.cgcat-FUNCT o 2 B(—,cf-map §) ocr op-¢f (Acr a A B)

(proof)
lemma cf-Cocone-def":

cf-Cocone o 8 § = Homo.cgeat-FUNCT o 2 B(cf-map §,-) cor (Acr a A B)
(proof)

end

27.2.2 Object map

lemma (in is-functor) cf-Cone-ObjMap-vsv[ cat-cs-intros]:
assumes Z § and « & 3
shows vsv (c¢f-Cone a 8 F(ObjMap)))

{proof)
lemmas [cat-cs-intros] = is-functor.cf-Cone-ObjMap-vsv
lemma (in is-functor) cf-Cocone-ObjMap-vsv| cat-cs-intros]:

assumes Z § and a €, 3
shows wvsv (c¢f-Cocone o 8 F(ObjMap)))

{proof)

lemmas [cat-cs-intros] = is-functor.cf-Cocone-ObjMap-vsv

lemma (in is-functor) cf-Cone-ObjMap-vdomain[ cat-cs-simps]:
assumes Z  and «a & ( and b €, B(0bj)

shows D, (c¢f-Cone o 8 F(ObjMapl))) = B(0bj)
{proof)

lemmas [cat-cs-simps] = is-functor.cf-Cone-ObjMap-vdomain
lemma (in is-functor) cf-Cocone-ObjMap-vdomain| cat-cs-simps]:

assumes Z 3 and a ¢, 8 and b €, B(0bj|
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shows D, (c¢f-Cocone a  F(ObjMap))) = B(0bj)
{proof)

lemmas [cat-cs-simps] = is-functor.cf-Cocone-ObjMap-vdomain

lemma (in is-functor) cf-Cone-ObjMap-app| cat-cs-simps]:
assumes Z 8 and «a € ( and b €, B(0bj)
shows ¢f-Cone o 8 F(ObjMap)) (b)) =
Hom (cat-FUNCT a A B) (c¢f-map (cf-const A B b)) (cf-map §)

(proof)
lemmas [cat-cs-simps] = is-functor.cf-Cone-ObjMap-app

lemma (in is-functor) cf-Cocone-ObjMap-app| cat-cs-simps]:
assumes Z 8 and a €, 8 and b €, B(0bj|
shows c¢f-Cocone o 8 F(ObjMap)) (b)) =
Hom (cat-FUNCT o 24 B) (c¢f-map §) (cf-map (cf-const A B b))
(proof)

lemmas [cat-cs-simps] = is-functor.cf-Cocone-ObjMap-app

27.2.3 Arrow map

lemma (in is-functor) cf-Cone-ArrMap-vsv[ cat-cs-intros):
assumes Z § and « & (3
shows wvsv (¢f-Cone a 8 F(ArrMap)))

{proof)

lemmas [cat-cs-intros] = is-functor.cf-Cone-ArrMap-vsv

lemma (in is-functor) cf-Cocone-ArrMap-vsv[ cat-cs-intros|:
assumes Z J and a &, 3
shows vsv (cf-Cocone o 3 F(ArrMap)))

{proof)
lemmas [cat-cs-intros] = is-functor.cf-Cocone-ArrMap-vsv

lemma (in is-functor) cf-Cone-ArrMap-vdomain[ cat-cs-simps]:
assumes Z 8 and «a € ( and b €, B(0bj|
shows D, (c¢f-Cone a B F(ArrMap))) = B(Arr)

{proof)
lemmas [cat-cs-simps] = is-functor.cf-Cone-ArrMap-vdomain

lemma (in is-functor) cf-Cocone-ArrMap-vdomain[ cat-cs-simps]:
assumes Z § and a €, 8 and b €, B(O0bj)
shows D, (cf-Cocone o 8 F(ArrMapl)) = B(Arr|

{proof)

lemmas [cat-cs-simps] = is-functor.cf-Cocone-ArrMap-vdomain

lemma (in is-functor) cf-Cone-ArrMap-app| cat-cs-simps]:
assumes Z 3
and a &
and f:a e b
shows c¢f-Cone o 8 F(ArrMap))(f]) = cf-hom
(cat-FUNCT o« 2 B)
[ntef-arrow (ntcf-const A B f), cat-FUNCT o A B(CId)(cf-map F)]o
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{proof)
lemmas [cat-cs-simps] = is-functor.cf-Cone-ArrMap-app

lemma (in is-functor) cf-Cocone-ArrMap-app| cat-cs-simps]:
assumes Z (3
and « €, 3
and f:a g b
shows cf-Cocone a 8 F(ArrMap))(f]) = ¢f-hom
(cat-FUNCT o A B)
[cat-FUNCT o A B(CId)(cf-map F)), ntef-arrow (ntef-const A B f)]o
{proof)

lemmas [cat-cs-simps] = is-functor.cf-Cocone-ArrMap-app

27.2.4 The cone functor is a functor

lemma (in is-functor) tm-cf-cf-Cone-is-functor-if-ge-Limit:
assumes Z  and a €, 3
shows cf-Cone a 8 § : op-cat B adadel:: cat-Set 3

(proof)

lemma (in is-functor) tm-cf-cf-Cocone-is-functor-if-ge-Limit:
assumes Z (§ and « &
shows c¢f-Cocone oo 8 § : B andadel;; cat-Set B

(proof)
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28 Smallness for cones and cocones

28.1 Cone with tiny maps and cocone with tiny maps

28.1.1 Definition and elementary properties

locale is-tm-cat-cone =
is-ntef a J € <cf-const J € o> § N + NTCod: is-tm-functor a J € §
foracJECF N+
assumes tm-cat-cone-obj[ cat-cs-intros, cat-small-cs-intros]: ¢ €, €(0bj))

syntax -is-tm-cat-cone = V=V =V = V = V = V = bool
(<(‘ :/ - <CF.tm.cone ~ :/ - PP Citml ‘)> [517 51; 513 517 51] 51)
syntax-consts -is-tm-cat-cone = is-tm-cat-cone
translations N : ¢ <gp.itm.cone 5 J PP C.tma € =
CONST is-tm-cat-cone a ¢ J € F N

locale is-tm-cat-cocone =
is-ntef a J € F <cf-const J € ¢» N+ NTDom: is-tm-functor a J € §
foracJECF N+
assumes tm-cat-cocone-obj[ cat-cs-intros, cat-small-cs-intros]: ¢ €, €(0bj))

syntax -is-tm-cat-cocone = V=V = V = V =V = V = bool
(((' :/ - >CF.tm.cocone ~ :/ - PP Citml ‘)> [517 51) 517 517 51] 51)
syntax-consts -is-tm-cat-cocone = is-tm-cat-cocone
translations N : § >cr.tm.cocone €3 P~ C.tma &=
CONST is-tm-cat-cocone o ¢ J € F N

Rules.

lemma (in is-tm-cat-cone) is-tm-cat-cone-azioms'[
cat-cs-intros, cat-small-cs-intros
assumes o' =aand ¢'=cand J' =Jand ¢'=Cand F'=§
shows 0 : ¢’ <CF.tm.cone g, : 3, P Cltme’ ¢’

{proof)

mk-ide rf is-tm-cat-cone-def[unfolded is-tm-cat-cone-axioms-def]
|intro is-tm-cat-conel|
|dest is-tm-cat-coneD| dest!]|
|elim is-tm-cat-coneE[ elim!]]

lemma (in is-tm-cat-cocone) is-tm-cat-cocone-axioms'[
cat-cs-intros, cat-small-cs-intros
assumes ' =acand ¢'=cand J'=Jand ¢'=Cand §'=F
shows 91 : S, >CF.tm.cocone ¢ 3, PP Citmeg,’ ¢’

{proof)

mk-ide rf is-tm-cat-cocone-def [ unfolded is-tm-cat-cocone-axioms-def]
|intro is-tm-cat-coconel|
|dest is-tm-cat-coconeD| dest!]|
|elim is-tm-cat-coconeE[ elim!]|

Duality.

lemma (in is-tm-cat-cone) is-tm-cat-cocone-op:
0p-7’Lth N : OP-Cf S’ >CF.tm.cocone C* OP'Cat 5 PP Ctma 0p-C(lt <

{proof)

lemma (in is-tm-cat-cone) is-tm-cat-cocone-op'[ cat-op-intros]:
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assumes o’ = « and J' = op-cat J and €’ = op-cat € and F' = op-¢f §
shows OP-TLth N: S, >CF.tm.cocone C* 3, P Cltme,’ ¢’

{proof)
lemmas [cat-op-intros| = is-tm-cat-cone.is-tm-cat-cocone-op’

lemma (in is-tm-cat-cocone) is-tm-cat-cone-op:
op-ntcf N:c <CF.tm.cone OP'Cf g: op-cat J P o tma OP-cat <

{proof)

lemma (in is-tm-cat-cocone) is-tm-cat-cone-op'[ cat-op-intros]:
assumes o’ = « and J' = op-cat J and €’ = op-cat € and F' = op-¢f §
shows OP-Hth MN:c <CF.tm.cone S, : 3, P Cltme’ ¢’

{proof)

lemmas [ cat-op-intros] = is-cat-cocone.is-cat-cone-op’

Elementary properties.

lemma (in is-tm-cat-cone) tm-cat-cone-is-tm-ntcf’|
cat-cs-intros, cat-small-cs-intros
]:
assumes ¢’ = cf-const J € ¢
shows N : ¢’ »cp.im §:J =~ C.ima €
(proof)

lemmas [cat-small-cs-intros] = is-tm-cat-cone.tm-cat-cone-is-tm-ntcf’

sublocale is-tm-cat-cone € is-tm-ntcf a J € <cf-const J € ¢» §N
(proof)

lemma (in is-tm-cat-cocone) tm-cat-cocone-is-tm-ntcf'|
cat-cs-intros, cat-small-cs-intros
assumes ¢’ = ¢f-const J € ¢
shows N: § =cop.tm ¢’ J > cima €

{proof)

lemmas [cat-small-cs-intros, cat-cs-intros] =
is-tm-cat-cocone.tm-cat-cocone-is-tm-ntcf’

sublocale is-tm-cat-cocone S is-tm-nicf a J € § <cf-const J € o> N

{proof)

sublocale is-tm-cat-cone € is-cat-cone

{proof)

lemmas (in is-tm-cat-cone) tm-cat-cone-is-cat-cone = is-cat-cone-axioms
lemmas [cat-small-cs-intros] = is-tm-cat-cone.tm-cat-cone-is-cat-cone

sublocale is-tm-cat-cocone € is-cat-cocone

{proof)

lemmas (in is-tm-cat-cocone) tm-cat-cocone-is-cat-cocone = is-cat-cocone-arioms
lemmas [cat-small-cs-intros] = is-tm-cat-cocone.tm-cat-cocone-is-cat-cocone
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28.1.2 Vertical composition of a natural transformation with tiny maps and a cone
with tiny maps

lemma nicf-vcomp-is-tm-cat-cone| cat-cs-intros):
assumes M : B »cp im H A >0 tma B
and N: a <CF.tm.cone G2 P otma B
shows 9 ‘NTCF N:a <CF.tm.cone 9 : A PP Citma ‘B

{proof)

28.1.3 Composition of a functor and a cone with tiny maps, composition of a
functor and a cocone with tiny maps

lemma cf-ntcf-comp-tm-cf-tm-cat-cone:
assumes N : ¢ <cp.im.cone S * A P>ciima B
and & : B »0q €
and & ocp §: A =0 pma €
shows & OCF-NTCF N ®(|Ob]Map|)(|C|) <CF.tm.cone (G oCF g 22 =P Citma ¢

{proof)

lemma cf-ntcf-comp-tm-cf-tm-cat-cone’[ cat-small-cs-intros]:
assumes N : ¢ <cr.tm.cone § * A »>cima B
and & : B »—cn €
and & ocp §: A >0 pma €
and ¢’ = &(0bjiMap))(c)
and 5 = & ogp §
shows & OCF-NTCF N:c <CF.tm.cone 63 22 == Cotma ¢

{proof)

lemma cf-ntcf-comp-tm-cf-tm-cat-cocone:
assumes 1 : S >CF.tm.cocone C* 2 = Citma B
and & : B >y €
and & ocp §: A =0 ma €
shows & OSCF-NTCF N: & °CF 175: >CF.tm.cocone Q5(|ObJMGP|)(|CD 22 =P C tma ¢

{proof)

lemma cf-ntcf-comp-tm-cf-tm-cat-cocone’[ cat-small-cs-intros]:
assumes 1 : 3’ >CF.tm.cocone C* 2 = Cotma B
and & : B > €
and & ocp §: A =0 pma €
and ¢’ = B(0bjMap))(c])
and &5 = & ogp §
shows & OCF-NTCF N: 63’ >CF.tm.cocone ¢ PP Citma ¢

{proof)

28.1.4 Cones and cocones with tiny maps and constant natural transformations

lemma ntcf-vcomp-ntcf-const-is-tm-cat-cone:
assumes N : b <cr.im.cone 8 A »=>cima B and f:a g b
shows I *NTCF ’]’Lth—CO’I’LSt A B f a4 <CF.tm.cone 3 c A PP Ctma B

(proof)

lemma ntcf-vcomp-ntcf-const-is-tm-cat-cone'[ cat-small-cs-intros):
assumes N : b <cr.tm.cone 8+ A PP ctma B
and N = ntcf-const A B f
and f:a e b
shows 1 ‘NTCF M:a <CF.tm.cone % gt =P otma B

{proof)

lemma nicf-vcomp-nicf-const-is-tm-cat-cocone:
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assumes N : F >Cr.tm.cocone @ A =0 ima B and f:a-g b
shows ntcf-const A B [ n1cr N :F >cF.tm.cocone 0 A =0 tma B

{proof)

lemma ntcf-vcomp-ntcf-const-is-tm-cat-cocone’[ cat-cs-intros]:
assumes 1 : 3 >CF.tm.cocone @ 2 =P Citma B
and M = ntcf-const A B f
and f:a g b
shows 9N ‘NTCF N S >CF.tm.cocone b:A = Citma B

{proof)

28.2 Small cone and small cocone functors

28.2.1 Definition and elementary properties

definition tm-cf-Cone = V= V = V
where tm-cf-Cone a § =
Homo.cocat-Funct o (§(HomDom|)) (§(HomCod)))(-,cf-map §) ocr
op-¢f (Acr.tm o (F(HomDoml|) (§(HomCod))))

definition tm-cf-Cocone = V= V = V
where tm-cf-Cocone o § =
Homo.cacat-Funct « (F(HomDom)|) (F(HomCod)))(cf-map §,-) ccr
(Acrp.tm o (§(HomDoml|)) (§(HomCod)))

Alternative definitions.

context is-tm-functor
begin

lemma tm-cf-Cone-def":
tm-cf-Cone o § =
Homo.cocat-Funct a A B(—,cf-map §) ocr op-¢f (Acr.im o A B)
(proof)

lemma tm-cf-Cocone-def":
tm-cf-Cocone o § =
Homo.cocat-Funct o A B(cf-map §,—) ccr (Acp.im a A B)
(proof)

end

28.2.2 Object map

lemma (in is-tm-functor) tm-cf-Cone-ObjMap-vsv[ cat-small-cs-intros]:
vsv (tm-cf-Cone a F(ObjMap)))

{proof)

lemmas [cat-small-cs-intros] = is-tm-functor.tm-cf-Cone-ObjMap-vsv

lemma (in is-tm-functor) tm-cf-Cocone-ObjMap-vsv[ cat-small-cs-intros]:
vsv (tm-cf-Cocone a F(ObjMap)))
{proof)

lemmas [ cat-small-cs-intros] = is-tm-functor.tm-cf-Cocone-ObjMap-vsv
lemma (in is-tm-functor) tm-cf-Cone-ObjMap-vdomain| cat-small-cs-simps]:
assumes b €, B(0bj)

shows D, (tm-cf-Cone a F(O0bjMap))) = B(0bj)
{proof)
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lemmas [cat-small-cs-simps] = is-tm-functor.tm-cf-Cone-ObjMap-vdomain

lemma (in is-tm-functor) tm-cf-Cocone-ObjMap-vdomain[ cat-small-cs-simps]:
assumes b €, B(0bj))
shows D, (tm-cf-Cocone o F(ObjMap))) = B(0bj)

{proof)

lemmas [cat-small-cs-simps| = is-tm-functor.tm-cf-Cocone-ObjMap-vdomain

lemma (in is-tm-functor) tm-cf-Cone-ObjMap-app| cat-small-cs-simps):
assumes b €, B(0bj)
shows tm-cf-Cone a §(ObjMap|) (b)) =
Hom (cat-Funct o A B) (c¢f-map (cf-const A B b)) (cf-map §)
{proof)

lemmas [ cat-small-cs-simps] = is-tm-functor.tm-cf-Cone-ObjMap-app

lemma (in is-tm-functor) tm-cf-Cocone-ObjMap-app[ cat-small-cs-simps]:
assumes b €, B(0bj)
shows tm-cf-Cocone o F(ObjMap)) (b)) =
Hom (cat-Funct a A B) (c¢f-map §) (c¢f-map (cf-const A B b))
{proof)

lemmas [cat-small-cs-simps]| = is-tm-functor.tm-cf-Cocone-ObjMap-app

28.2.3 Arrow map

lemma (in is-tm-functor) tm-cf-Cone-ArrMap-vsv[ cat-small-cs-intros]:
vsv (tm-cf-Cone o F(ArrMap)))

{proof)

lemmas [ cat-small-cs-intros] = is-tm-functor.tm-cf-Cone-ArrMap-vsv

lemma (in is-tm-functor) tm-cf-Cocone-ArrMap-vsv[ cat-small-cs-intros]:
vsv (tm-cf-Cocone o F(|ArrMap)))
{proof)

lemmas [ cat-small-cs-intros] = is-tm-functor.tm-cf-Cocone- ArrMap-vsv

lemma (in is-tm-functor) tm-cf-Cone-ArrMap-vdomain[ cat-small-cs-simps]:
assumes b €, B(0bj))
shows D, (tm-cf-Cone o F(ArrMap))) = B(Arr)

(proof)

lemmas [cat-small-cs-simps] = is-tm-functor.tm-cf-Cone-ArrMap-vdomain

lemma (in is-tm-functor) tm-cf-Cocone-ArrMap-vdomain[ cat-small-cs-simps]:
assumes b €, B(0bj))
shows D, (tm-cf-Cocone a F(ArrMap|)) = B(Arr|

{proof)

lemmas [cat-small-cs-simps| = is-tm-functor.tm-cf-Cocone- ArrMap-vdomain

lemma (in is-tm-functor) tm-cf-Cone-ArrMap-app| cat-small-cs-simps]:
assumes f : a —eq b
shows tm-cf-Cone o F(ArrMap|)(f]) = cf-hom
(cat-Funct o A B)
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[ntcf-arrow (ntef-const A B f), cat-Funct o A B(CId))(cf-map F)]o
{proof)

lemmas [cat-small-cs-simps] = is-tm-functor.tm-cf-Cone-ArrMap-app

lemma (in is-tm-functor) tm-cf-Cocone-ArrMap-app| cat-small-cs-simps]:
assumes f : a —e b
shows tm-cf-Cocone o F(ArrMap))(f]) = cf-hom
(cat-Funct o 2A B)
[cat-Funct oo A B(CId))(cf-map F), ntcf-arrow (ntcf-const A B f)]o

(proof)

lemmas [cat-small-cs-simps] = is-tm-functor.tm-cf-Cocone- ArrMap-app

28.2.4 Small cone functor and small cocone functor are functors
lemma (in is-tm-functor) tm-cf-cf-Cone-is-functor:

tm-cf-Cone o § : op-cat B —+—cq cat-Set «
{proof)

lemma (in is-tm-functor) tm-cf-cf-Cone-is-functor’[ cat-small-cs-intros]:
assumes 2’ = op-cat B and B’ = cat-Set o and o’ = «
shows tm-cf-Cone a § : A" > 1 B’

(proof)
lemmas [cat-small-cs-intros] = is-tm-functor.tm-cf-cf-Cone-is-functor’

lemma (in is-tm-functor) tm-cf-cf-Cocone-is-functor:
tm-cf-Cocone o § : B »—cq cat-Set

{proof)

lemma (in is-tm-functor) tm-cf-cf-Cocone-is-functor'[ cat-small-cs-intros]:
assumes B’ = cat-Set a and o' = «

shows tm-cf-Cocone a § : B = 1 B’

{proof)

lemmas [cat-small-cs-intros] = is-tm-functor.tm-cf-cf-Cocone-is-functor’
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29 Yoneda Lemma

29.1 Yoneda map

The Yoneda map is the bijection that is used in the statement of the Yoneda Lemma, as
presented, for example, in Chapter III-2 in [7] or in subsection 1.15 in [3].
definition Yoneda-map = V=V = V = V

where Yoneda-map o« R r =

(
Apesthese-ntcfs o (R(HomDom))) (cat-Set o) Homo.caR(HomDoml|)(r,—) K.

Y(NTMap)) (r))(ArrVal]) (R(HomDoml]|) (| CId)) ()]

Elementary properties.

mk-VLambda Yoneda-map-def
|vsv Yoneda-map-vsv| cat-cs-intros]|

mk-VLambda (in is-functor) Yoneda-map-def[where a=«a and R=F, unfolded cf-HomDom]
|vdomain Yoneda-map-vdomain|
lapp Yoneda-map-app[unfolded these-ntcfs-iff]|

lemmas [cat-cs-simps] = is-functor. Yoneda-map-vdomain

lemmas Yoneda-map-app| cat-cs-simps] =
is-functor. Yoneda-map-app[ unfolded these-ntcfs-iff |

29.2 Yoneda component

29.2.1 Definition and elementary properties

The Yoneda components are the components of the natural transformations that appear in the
statement of the Yoneda Lemma (e.g., see Chapter III-2 in [7] or subsection 1.15 in [3]).

definition Yoneda-component : V=V =V =V =V
where Yoneda-component R r u d =

(MfecHom (R(HomDom)) r d. R(ArrMap))(f]) (ArrVal])(u))),
Hom (R8(HomDom)) r d,
R(ObjMapl)(d)

o

Components.

lemma (in is-functor) Yoneda-component-components:
shows Yoneda-component § r u d(ArrVal)) =
(MesHom A r d. F(ArrMap)) (f]) (ArrVal])(u))
and Yoneda-component § v u d(ArrDom|) = Hom 2 r d
and Yoneda-component § v u d(ArrCod|) = F(ObjMap))(d))

{proof)

29.2.2 Arrow value

mk-VLambda (in is-functor) Yoneda-component-components(1)
|vsv Yoneda-component-ArrVal-vsv|
|vdomain Yoneda-component-ArrVal-vdomain|
lapp Yoneda-component-ArrVal-app[unfolded in-Hom-iff ||

lemmas [cat-cs-simps] = is-functor. Yoneda-component-ArrVal-vdomain
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lemmas Yoneda-component-ArrVal-app| cat-cs-simps] =
is-functor. Yoneda-component- ArrVal-app[ unfolded in-Hom-iff ]

29.2.3 Yoneda component is an arrow in the category Set

lemma (in category) cat- Yoneda-component-is-arr:
assumes R : € —» oo cat-Set o
and r €, €(Obj)
and u €, R(ObjMapl)(r)
and d €, €(0bj)
shows Yoneda-component & ru d: Hom € 1 d = 44 get o £(ObjMapl)(d])
{proof)

lemma (in category) cat- Yoneda-component-is-arr":
assumes R : € » o cat-Set «
and r € €(Obj)
and u €, R(ObjMap))(r)
and d ¢, €(0bj)
and s = Hom € r d
and ¢ = R(ObjMapl|)(d)
and ® = cat-Set «
shows Yoneda-component R rud: sw—gp t

{proof)

lemmas [cat-cs-intros] = category.cat- Yoneda-component-is-arr /[ rotated 1]

29.3 Yoneda arrow

29.3.1 Definition and elementary properties

The Yoneda arrows are the natural transformations that appear in the statement of the Yoneda
Lemma in Chapter III-2 in [7] and subsection 1.15 in [3].

definition Yoneda-arrow = V=V =V =V =>V
where Yoneda-arrow o« & r u =
[
(Adeo R(HomDom|)(0bj]). Yoneda-component & r u d),
Homo. caR(HomDom)|)(r,-),
8,
R(HomDom)),
cat-Set «

]o

Components.

lemma (in is-functor) Yoneda-arrow-components:
shows Yoneda-arrow o § r u(NTMap)|) =
(Ade (| Obj]). Yoneda-component § r u d)
and Yoneda-arrow o § r u(NTDom| = Homo.ca2A(r,-)
and Yoneda-arrow o § r u(NTCod)) = §
and Yoneda-arrow o § r u(NTDGDom]) = 2
and Yoneda-arrow o § r u(NTDGCod)) = cat-Set o

{proof)

29.3.2 Natural transformation map

mk-VLambda (in is-functor) Yoneda-arrow-components(1)
|vsv Yoneda-arrow-NTMap-vsv|
|vdomain Yoneda-arrow-NTMap-vdomain|
|app Yoneda-arrow-NTMap-app|
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lemmas [cat-cs-simps] = is-functor. Yoneda-arrow-NTMap-vdomain

lemmas Yoneda-arrow-NTMap-app| cat-cs-simps] =
is-functor. Yoneda-arrow-NTMap-app

29.3.3 Yoneda arrow is a natural transformation

lemma (in category) cat- Yoneda-arrow-is-ntcf:
assumes R : € »— o cat-Set «
and r € €(Obj)
and u €, R(ObjMap))(r)
shows Yoneda-arrow o & v u : Homo.ca€(r,-) »or & : € g cat-Set «

{proof)

29.4 Yoneda Lemma

The following lemma is approximately equivalent to the Yoneda Lemma stated in subsection
1.15 in [3] (the first two conclusions correspond to the statement of the Yoneda lemma in
Chapter III-2 in [7]).

lemma (in category) cat-Yoneda-Lemma:
assumes 8 : € > g cat-Set o and 1 €, €(O0bj))
shows v11 (Yoneda-map o & r)
and R, (Yoneda-map o & r) = K(ObjiMap|) (7|
and ( Yoneda-map a & r)7, = (A\ue, R(ObjMap|)(r]). Yoneda-arrow o & r u)
{proof)

29.5 Inverse of the Yoneda map

lemma (in category) inv-Yoneda-map-vl1:
assumes 8 : € »cq cat-Set o and r €, €(O0bj))
shows v11 (( Yoneda-map o & r)71,)

{proof)

lemma (in category) inv-Yoneda-map-vdomain:
assumes 8 : € > g cat-Set o and 1 €, €(O0bj))
shows D, ((Yoneda-map o & r)~',) = K(ObjMap)) ()
(proof)

lemmas [cat-cs-simps| = category.inv- Yoneda-map-vdomain

lemma (in category) inv-Yoneda-map-app:
assumes 8 : € g cat-Set a and r €, €(0bj]) and u €, K] ObjMap])(r)
shows (Yoneda-map a & 1)~ o(u) = Yoneda-arrow o & r u

(proof)
lemmas [cat-cs-simps| = category.inv- Yoneda-map-app

lemma (in category) inv- Yoneda-map-vrange:
assumes R : € > cat-Set «
shows R, (( Yoneda-map o & r)7%,) =
these-ntcfs a € (cat-Set ) Homo, ca€(r,—-) R
(proof)
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29.6 Component of a composition of a Hom-natural transformation with nat-
ural transformations

29.6.1 Definition and elementary properties

The following definition is merely a technical generalization that is used in the context of the
description of the composition of a Hom-natural transformation with a natural transformation
later in this section (also see subsection 1.15 in [3]).

definition nicf~-Hom-component = V =V = V=V =V
where ntcf-Hom-component ¢ ¥ a b =

[
(
AeoHom (p(NTDGCod)) (¢(NTCod))(ObjiMap))(a))) (v(NTDoml])(ObjMap|)(b))).
Y(NTMap)(b) ©ay(NTDGCod) | ©4p(NTDGCod) PINTMap)(a)
),
Hom (p(NTDGCod))) (¢(NTCod))(ObjMap)(a))) (v»(NTDom|)(ObjMap) (b)),
Hom (p(NTDGCod))) ((NTDom|)(|ObjMap))(a))) (+(NTCod)(|ObjMap)) (b))

]o

Components.

lemma nicf-Hom-component-components:
shows ntcf-Hom-component ¢ ¢ a b(ArrVal]) =

(
AeoHom (p(NTDGCod)) (¢(NTCod))(ObjiMap))(a))) (v»(NTDoml|)(ObjMap))(d))).

D(NTMap) () e ay(NTDGCod) T CAp(NTDGCod) P(NTMap)(a)

and ntcf-Hom-component ¢ 1 a b(ArrDom|) =

Hom (¢(NTDGCod)) (p(NTCod)(ObjMap))(a))) (v (NTDom|)(ObjMap)) (b))
and ntcf-Hom-component ¢ ¥ a b(ArrCod|) =

Hom (o(NTDGCod))) (p(NTDom|)(ObjMap|)(a))) (v (NTCod])(|ObjMap|)(b]))

(proof)

29.6.2 Arrow value

mk-VLambda ntcf-Hom-component-components(1)
|vsv ntcf-Hom-component-ArrVal-vsv| intro]|

context
fixessapyp FHF S'ABC
assumes @: @ : Frop B A oy €
and Y: Y : F oo & B ooy €
begin

interpretation ¢: is-ntcf a A € F & ¢ (proof)
interpretation v: is-ntcf o B € F' &' ¢ (proof)

mk-VLambda
ntcf-Hom-component-components( 1)
[

of ¢ 1,
unfolded

p.ntcf~-NTDom .ntcf~-NTDom
p.ntcf-NTCod .ntcf~-NTCod
p.ntcf~-NTDGDom p.ntcf-NTDGDom
p.ntef-NTDGCod p.ntcf-NTDGCod

]

|vdomain ntef-Hom-component-ArrVal-vdomain|
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|app ntcf-Hom-component-ArrVal-app| unfolded in-Hom-iff ]|

lemmas [cat-cs-simps] =
ntcf-Hom-component-ArrVal-vdomain
ntef-Hom-component-ArrVal-app

lemma ntcf-Hom-component-ArrVal-vrange:
assumes a € 2A(0bj)) and b €, B(O0bj)
shows
Ro (ntcf-Hom-component ¢ 1 a b(|ArrVal])) S,
Hom € (§(0bjMap))(a)) (&'(ObjMap])(b])
{proof)

end

29.6.3 Arrow domain and codomain

context
fixesapyp FHF S'ABC
assumes @: @ : Frop B A oy €
and Y: Y : § oo & B ooy €
begin

interpretation ¢: is-ntcf a A € F & ¢ (proof)
interpretation v: is-ntcf a B € F' &' ¢ (proof)

lemma nicf-Hom-component-ArrDom| cat-cs-simps):
ntef-Hom-component ¢ ¢ a b(ArrDom|) = Hom € (&(0bjiMap|)(al)) (F'(ObjiMap)) (b))
{proof)

lemma ntcf-Hom-component-ArrCod| cat-cs-simps]:
nicf-Hom-component ¢ v a b(ArrCod|) = Hom € (F(0bjMap|)(a))) (&'(ObjMap|)(5]))
{proof)

end

29.6.4 Component of a composition of a Hom-natural transformation with natural
transformations is an arrow in the category Set

lemma (in category) cat-ntcf~-Hom-component-is-arr:
assumes ¢ : § »op & A »>pon €
and ¢ : §' =op 81 B g €
and a €, op-cat A(Obj)
and b €, B(0bj)
shows
ntcf-Hom-component ¢ ¢ a b :
Hom € (&(ObjMap) (a)) (5'(ObMap) (W) > gup-Set o
Hom € (F(ObjMap)(a)) (&' ObjMap) (4))
{proof)

lemma (in category) cat-ntcf-Hom-component-is-arr':
assumes @ : § »op & A »>oq €

and ¢ : §' =op 8B g €
and a €, op-cat A(Obj)
and b €, B(0bj)
and A’ = Hom € (&(0bjMap|)(al)) (F'(ObjMap)) (b))
and B’ = Hom € (3(0bjMap)(a)) (&'(ObjMap)(b))
and ¢’ = cat-Set «
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shows nicf-Hom-component o v a b : A’ i B’
(proof)

lemmas [cat-cs-intros] = category.cat-ntcf-Hom-component-is-arr’

29.6.5 Naturality of the components of a composition of a Hom-natural transfor-
mation with natural transformations

lemma (in category) cat-ntcf-Hom-component-nat:
assumes @ : § o 6 : A oq €
and ¢ : §' =op &' 1B o €
and g: a o cqp 9 @
and f: by b
shows
ntcf-Hom-component ¢ 1 a’ b' 04 .o1-Set
cf-hom € [&(ArrMap))(g), T (|A7’1"Map|)(|f|)]
cf-hom € [§(ArrMap))(g), & (ArrMap)(fD]o ©acat-Set o
ntcf-Hom-component ¢ ¢ a b

(proof)

29.6.6 Composition of the components of a composition of a Hom-natural trans-
formation with natural transformations

lemma (in category) cat-ntef-Hom-component-Comp:
assumes ¢’ : B Hop H A o €
and o : § o & : A pn €
and ' : &' —op 9B gy €
and ¢ : ' =op &' 1B o €
and a €, 2(00bj)
and b €, B(0bj)
shows
ntcf-Hom-component o ' a b °A cat-Set o ntcf-Hom-component o’ v a b =
nicf-Hom-component (@' -nrcr ¢) (W nTcr ¥) a'b
(is «#prp’ ®Acat-Set o Wl = Pl )
{proof)

lemmas [cat-cs-simps] = category. cat-ntcf-Hom-component-Comp

29.6.7 Component of a composition of Hom-natural transformation with the iden-
tity natural transformations

lemma (in category) cat-ntcf-Hom-component-ntcf-id:
assumes § : A »—coq €
and §: B —»—cq €
and a €, 2A(O0bj))
and b & B(0bj))
shows
nicf-Hom-component (nitcf-id §) (ntcf-id F') a b =
cat-Set a(CId))(Hom € (F(ObjMap))(al)) (F'(ObjMap]) (b))
(is <785’ = cat-Set a(CId) (25 aF b])»)
{proof)

lemmas [cat-cs-simps] = category. cat-nicf-Hom-component-nicf-id
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29.7 Component of a composition of a Hom-natural transformation with a
natural transformation

29.7.1 Definition and elementary properties

definition ntcf-lcomp-Hom-component = V = V = V = V
where ntcf-lcomp-Hom-component ¢ a b =
ntef-Hom-component ¢ (ntcf-id (cf-id (¢(NTDGCod))))) a b

definition ntcf-rcomp-Hom-component = V =V = V = V
where ntcf-rcomp-Hom-component ¢ a b =
ntef-Hom-component (ntef-id (cf-id (W(NTDGCod)))) v a b

29.7.2 Arrow value

lemma ntcf-lcomp-Hom-component-ArrVal-vsv:
vsv (ntef-lcomp-Hom-component ¢ a b(ArrVal)))

{proof)

lemma ntcf-rcomp-Hom-component-ArrVal-vsv:
vsv (ntef-rcomp-Hom-component 1 a b(ArrVal]))

{proof)

lemma ntcf-lcomp-Hom-component-ArrVal-vdomain| cat-cs-simps]:

assumes ¢ : § >op & : A > 0q € and b €, €(O0b))

shows D, (ntcf-lcomp-Hom-component ¢ a b(ArrVal)) = Hom € (&(0bjMap|)(a])) b
{proof)

lemma ntcf-rcomp-Hom-component-ArrVal-vdomain| cat-cs-simps]:

assumes ¢ : § —»op 6 : B »0q € and a € op-cat €(0bj))

shows D, (ntcf-rcomp-Hom-component ¥ a b(ArrVal])) = Hom € a (F(ObjMap|) (b))
(proof)

lemma ntcf-lcomp-Hom-component-ArrVal-app| cat-cs-simps]:
assumes @ : § —op 6 1 A g €
and a €, op-cat 2A(Obj))
and b €, €(0bj)
and h : 8(0biMap))(a)) ~¢ b
shows ntcf-lcomp-Hom-component ¢ a b(ArrVal)(h)) = h cag @(NTMap])(al)
(proof )

lemma ntcf-rcomp-Hom-component-ArrVal-app| cat-cs-simps]:
assumes ¥ : § »op 6 1B g €
and a €, op-cat €(Obj))
and b €, B(O0bj)
and h: a ¢ F(ObjMap|) (D)
shows ntcf-rcomp-Hom-component ¥ a b(|ArrVal)(h]) = »(NTMap))(b]) cag h
{proof)

lemma nitcf-lcomp-Hom-component-ArrVal-vrange:
assumes @ : § —op 6 1 A g €
and a €, op-cat 2A(Obj))
and b €, €(0bj)
shows R, (ntcf-lcomp-Hom-component ¢ a b(ArrVal)) <, Hom € (F(ObjMap|)(al)) b
(proof)

lemma ntcf-rcomp-Hom-component-ArrVal-vrange:

assumes ¥ : § »op 6 1B g €
and a €, op-cat €(Obj))
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and b €, B(O0bj)
shows R, (ntcf-rcomp-Hom-component ¢ a b(ArrVal])) co Hom € a (&(0bjiMap|) (b))

{proof)

29.7.3 Arrow domain and codomain

lemma ntcf-lcomp-Hom-component-ArrDom] cat-cs-simps]:

assumes ¢ : F —»op & : A —»oq €and b & E(0b))

shows nicf-lcomp-Hom-component ¢ a b(ArrDom|) = Hom € (&(0bjMap))(al)) b
{proof)

lemma ntcf-rcomp-Hom-component-ArrDom| cat-cs-simps]:

assumes ¢ : F oop 6 : B »oq € and a € op-cat €(0bj))

shows nicf-rcomp-Hom-component ¥ a b(ArrDoml|) = Hom € a (F(ObjMap|) (b))
{proof)

lemma nicf-lcomp-Hom-component-ArrCod| cat-cs-simps]:

assumes ¢ : §F —»op & : A —»oq €and b & E(0b))

shows nicf-lcomp-Hom-component ¢ a b(ArrCod)) = Hom € (F(ObjMap))(a))) b
{proof)

lemma ntcf-rcomp-Hom-component-ArrCod| cat-cs-simps]:

assumes ¢ : F oop 6 : B »>oq € and a € op-cat €(0bj))

shows ntcf-rcomp-Hom-component ¢ a b(ArrCod]) = Hom € a (&(ObjMap|) (b))
{proof)

29.7.4 Component of a composition of a Hom-natural transformation with a nat-
ural transformation is an arrow in the category Set

lemma (in category) cat-ntef-lcomp-Hom-component-is-arr:
assumes @ : § o 6 : A »>oq €
and a €, op-cat A(Obj))
and b €, €(0bj)
shows ntcf-lcomp-Hom-component ¢ a b :
o € (OUOUMERD ) b a5 o Hom € SO Map) (D) b
proo,

lemma (in category) cat-ntef-lcomp-Hom-component-is-arr”:
assumes @ : § —op 6 A »>oq €
and a €, op-cat A(Obj)
and b €, €(0bj)
and A’ = Hom € (&(0bjMap|)(al)) b
and B’ = Hom € (F(ObjiMap|)(al)) b
and €’ = cat-Set «
shows ntcf-lcomp-Hom-component ¢ a b : A" =er B’

(proof)
lemmas [cat-cs-intros] = category.cat-ntcf-lcomp-Hom-component-is-arr’

lemma (in category) cat-ntef-rcomp-Hom-component-is-arr:
assumes ¥ : § »op 6 1B g €
and a €, op-cat €(Obj))
and b & B(0bj))
shows ntcf-rcomp-Hom-component ¥ a b :
Hom € a (F(0bjMap))(b)) = cat-Set o Hom € a (&(ObjMap|)(b]))

{proof)

lemma (in category) cat-ntcf~rcomp-Hom-component-is-arr”:
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assumes ¢ : § —»op & 1 B gy €
and a €, op-cat €(0bj))
and b €, B(0bj)
and 2’ = Hom € a (F(O0bjMap)) (b))
and B’ = Hom € a (&(0bjMap|)(b])
and ¢’ = cat-Set «
shows ntcf-rcomp-Hom-component ¢ a b : A" =g B’

{proof)

lemmas [cat-cs-intros] = category.cat-ntcf-rcomp-Hom-component-is-arr’

29.8 Composition of a Hom-natural transformation with two natural trans-
formations

29.8.1 Definition and elementary properties

See subsection 1.15 in [3].

definition ntcf-Hom = V = V = V = V (<Homa c1'(/-—,—/"))
where Homy ca(o—-) =

[

Aabe,(op-cat (p(NTDGDom)) xc »(NTDGDom]))(Obj)).
ntcf-Hom-component ¢ v (vpfst ab) (vpsnd ab)
),

Homo. ca?(NTDGCod|)(o(NTCod|)-»((NTDom|)-),
Homo. ca?(NTDGCod|)(o(NTDom)-,p(NTCod))-),
op-cat (¢(NTDGDom))) xc Y»(NTDGDom)),

cat-Set o

lo

Components.

lemma ntcf-Hom-components:
shows Homa co(o—-)(NTMap)) =

Aabeo(op-cat (o(NTDGDoml)) xc w(NTDGDom)|)(Obj)).
ntcf-Hom-component ¢ 1 (vpfst ab) (vpsnd ab)
)

and Homa co(e—0—)(NTDom|) =
Homo.cap(NTDGCod|)(p(NTCod|)-,p(NTDom|)-)
and Homa. ca(o—0—)(NTCod)) =
Homo. cat?(NTDGCod|)(o(NTDoml|) - (NTCod|)-)
and Homa co(e—,0—)(NTDGDom|) = op-cat (o(NTDGDom))) x¢ »(NTDGDom))
and Homa co(e—-)(NTDGCod)) = cat-Set «

{proof)

29.8.2 Natural transformation map

mk-VLambda ntcf-Hom-components(1)
|vsv ntcf-Hom-NTMap-vsv|

context
fixesapyp FHF S ABC
assumes @: @ : Frop B A oy €
and ¢: Y : §' =op BB o €
begin

interpretation ¢: is-ntcf a A € F & ¢ (proof)
interpretation ¢: is-ntcf a B € F' &’ ¢ (proof)
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mk-VLambda ntcf-Hom-components(1)[of - ¢ v, simplified]
|vdomain ntcf-Hom-NTMap-vdomain[unfolded in-Hom-iff ||

lemmas [cat-cs-simps| = ntcf-Hom-NTMap-vdomain

lemma nicf-Hom-NTMap-app| cat-cs-simps]:
assumes [a, bl € (op-cat A x¢o B)(O0bj)
shows Homa co(o—0—)(NTMap))(a, b)e = ntcf-Hom-component ¢ b a b
(proof)

end

lemma (in category) ntcf-Hom-NTMap-vrange:
assumes 0 : Fror B : Ao Cand Y : F' oeorp ' B gy €
shows R, (Homa.ca(e—,0—)(NTMap))) S, cat-Set a(Arr))

{proof)

29.8.3 Composition of a Hom-natural transformation with two natural transfor-
mations is a natural transformation

lemma (in category) cat-ntcf-Hom-is-nicf:
assumes 0 : F oo B : Ao Cand Y : F' oorp B ooy €
shows Homa co(o—0-) :
Homo.ca€(6-,5'-) »cr Homo. caC(F-,6"-) :
op-cat A xo B —»>cq cat-Set o
{proof)

lemma (in category) cat-ntcf-Hom-is-ntcf":
assumes ¢ : § »op & A »>on €
and ¢ : §F' mop 6B gy €
and (3 = «
and A’ = Homo.ca€(6-,5'-)
and B’ = Homo. ca€(F-,6"-)
and €' = op-cat A xc B
and D' = cat-Set o
shows Homu ca(p—-) : A —»op B’ : &’ Pecg D’
(proof )

lemmas [cat-cs-intros] = category.cat-ntcf-Hom-is-ntcf’

29.8.4 Composition of a Hom-natural transformation with two vertical composi-
tions of natural transformations

lemma (in category) cat-ntcf-Hom-vcomp:
assumes @' : B »op H: A gy €
and o : o & : A g €
and ¢’ : &' —cp H B g €
and ¢ : §F' mop 8B gy €
shows
Homa ca(yp' NTor o= *NTCoF ¥-) =
Homa. ca(p=2"=) ‘nrcor Homa. ca(p'=1p-)
(proof)

lemmas [cat-cs-simps] = category. cat-ntef-Hom-vcomp
lemma (in category) cat-ntcf-Hom-ntcf-id:

assumes § : A »—»cq Cand F: B =0 €
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shows Hom 4 cq(ntef-id F-,ntef-id F'-) = ntcf-id Homo. ca€(F—,F'-)
{proof)

lemmas [cat-cs-simps] = category.cat-nicf-Hom-ntcf-id

29.9 Composition of a Hom-natural transformation with a natural transfor-
mation

29.9.1 Definition and elementary properties

See subsection 1.15 in [3].

definition nicf-lcomp-Hom = V = V = V (<Homa c1'(/-—,~]")»)
where Homy ca(o—,—) = Homa co(p—,ntcf-id (cf-id (o(NTDGCod))))-)

definition nicf-rcomp-Hom = V. = V = V (<Homu c1'(/-,—]")})
where Homa. ca(=0-) = Homa. ca(ntcf-id (cf-id (p(NTDGCodl)))-,4-)

29.9.2 Natural transformation map

lemma nitcf-lcomp-Hom-NTMap-vsv: vsv (Homa ca(p—,—)(NTMapl))
(proof)

lemma ntcf-rcomp-Hom-NTMap-vsv: vsv (Homa ca(—0-)(NTMap)))
(proof)

lemma ntcf-lcomp-Hom-NTMap-vdomain| cat-cs-simps]:

assumes @ : § »op 6 A »>poq €

shows D, (Homa. ca(p—,—)(NTMap)) = (op-cat A x¢ €)(Obj)
{proof)

lemma ntcf-rcomp-Hom-NTMap-vdomain[ cat-cs-simps]:

assumes ¥ : § »op 6 1B g €

shows D, (Homa . ca(—4—-)(NTMap))) = (op-cat € xc B)(0bj)
{proof)

lemma nitcf-lcomp-Hom-NTMap-app| cat-cs-simps]:
assumes ¢ : § »op & A »>on €
and a €, op-cat 2A(Obj))
and b €, €(0bj)
shows Hom 4. ca(p—,—)(NTMap))(a, b))e = ntcf-lcomp-Hom-component ¢ a b
{proof)

lemma nicf-rcomp-Hom-NTMap-app| cat-cs-simps]:
assumes ¢ : § —»op & 1B gy €
and a €, op-cat €(0bj))
and b €, B(0bj)
shows Homa co(-,0-)(NTMap|)(a, b))e = ntcf~rcomp-Hom-component ¢ a b
{proof)

lemma (in category) ntcf-lcomp-Hom-NTMap-vrange:
assumes @ : § —op 6 1 A g €
shows Ro (Homa ca(e——)(NTMap)|)) S, cat-Set a(Arr]
(proof)

lemma (in category) ntef-rcomp-Hom-NTMap-vrange:
assumes ¢ : F >op & B g €
shows Ro (Homa co(-,0-)(NTMap|)) S, cat-Set o Arr|)
{proof)
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29.9.3 Composition of a Hom-natural transformation with a natural transformation
is a natural transformation

lemma (in category) cat-ntef-lcomp-Hom-is-nicf:
assumes @ : § »op 6 : A oq €
shows Homa ca(p—,-) :
Homo.ca®(®-,-) »cr Homo.caC(F-,-) : op-cat A xo € —»>cq cat-Set a
(proof)

lemma (in category) cat-ntcf-lcomp-Hom-is-nicf":

assumes @ : § »op 6 : A »>oq €

and § = «

and A’ = Homo.ca€(G-,-)

and B’ = Homo.caQ:(S—,—)

and €' = op-cat A x¢ €

and D' = cat-Set «
shows Homa.ca(p—.—) : A" m»op B': ¢ »og D
(proof)

lemmas [cat-cs-intros] = category.cat-ntcf-lcomp-Hom-is-ntcf’

lemma (in category) cat-ntcf-rcomp-Hom-is-nicf:
assumes ¥ : § »op 6 1B g €
shows Homa co(-0-) :
Homo.ca®(—,5-) »cor Homo.ca€(-,8-) : op-cat € xg B o cat-Set «
(proof )

lemma (in category) cat-ntcf-rcomp-Hom-is-ntcf":
assumes ¥ : § »op 6 1B g €
and [ = «
and A’ = Homo.ca®(—,3-)
and B’ = Homo. ca€(-,6-)
and €' = op-cat € xo B
and ©' = cat-Set o
shows Homu ca(-4-) : A »ep B': € opq D7

{proof)

lemmas [cat-cs-intros] = category.cat-ntcf-rcomp-Hom-is-ntcf’

29.9.4 Component of a composition of a Hom-natural transformation with a nat-
ural transformation and the Yoneda component

lemma (in category) cat-ntcf-lcomp-Hom-component-is- Yoneda-component:
assumes @ : § o 6B »Hoq €
and b €, op-cat B(0bj)
and c €, €(0bj)
shows
ntcf-lcomp-Hom-component ¢ b ¢ =
Yoneda-component Homo . ca€(F(0bjiMap))(b),-) (&(0biMap)) (b)) (p(NTMap)(d)) ¢
(is «Zlcomp = ?Ye))
{proof)

29.9.5 Composition of a Hom-natural transformation with a vertical composition
of natural transformations

lemma (in category) cat-ntcf-lcomp-Hom-vcomp:
assumes ¢’ : B op H: Ao Cand : Froop & : Aoy €
shows Homa ca(p’'*NTcoF ¢=—) = Homa ca(ep=,-) ‘Nrcr Homa ca(p'-,-)
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(proof)
lemmas [cat-cs-simps] = category. cat-nicf-lcomp-Hom-vcomp

lemma (in category) cat-ntcf-rcomp-Hom-vcomp:

assumes ¢’ : B op H: Ao Cand : Froorp & : Aoy €

shows Homa ca(=¢" NToF ¢=) = Homa ca(=¢'~) ‘NTor Homa ca(-p-)
{proof)

lemmas [cat-cs-simps] = category. cat-nicf-rcomp-Hom-vcomp

29.9.6 Composition of a Hom-natural transformation with an identity natural trans-
formation
lemma (in category) cat-ntcf-lcomp-Hom-ntcf-id:
assumes § : A »>coq €
shows Hom s co(ntcf-id §—,—) = nicf-id Homo. ca€(F-,-)
{proof)

lemmas [cat-cs-simps] = category. cat-nitcf-lcomp-Hom-nicf-id

lemma (in category) cat-ntcf-rcomp-Hom-ntcf-id:

assumes § : B o €

shows Hom a co(-,ntcf-id F-) = ntcf-id Homo. ca€(-,5-)
{proof)

lemmas [cat-cs-simps] = category. cat-ntcf-rcomp-Hom-ntcf-id

29.10 Projections of a Hom-natural transformation

The concept of a projection of a Hom-natural transformation appears in the corollary to the
Yoneda Lemma in Chapter III-2 in [7] (although the concept has not been given any specific
name in the aforementioned reference).

29.10.1 Definition and elementary properties

definition ntcf-Hom-snd = V = V = V = V (<Homa.c1-'(/-=]")»)
where Homy ca€(f,~) =
Yoneda-arrow a (Homo. ca€(€(Dom)(f).-)) (€(Cod)(f)) f

definition ntcf-Hom-fst = V= V = V = V (<Homa c1-'(/-,-/"))
where Homy ca®(-,f) = Homa. caop-cat €(f,-)

Components.

lemma (in category) cat-ntcf-Hom-snd-components:
assumes f : s >¢ 1
shows Hom . ca®(f,-)(NTMap|) =
(Ade.€(Obj]). Yoneda-component Homo ca®(s,—) v f d)
and Homa ca®€(f,-)(NTDom|) = Homo.ca€(r,-)
and Homa ca®(f,-)(NTCod)) = Homo.ca€(s,—)
and Homa ca®(f,-)(NTDGDom| = &
and Homa ca€(f,-)(NTDGCod)) = cat-Set «

{proof)
lemma (in category) cat-ntcf-Hom-fst-components:

assumes f: 1 g s
shows Hom . ca®(—,f)(NTMap|) =

326



(Adesop-cat €(Obj)). Yoneda-component Homo.ca®(-,s) 7 f d)
and Homa ca@(—,f)(NTDom| = Homo.ca®(-,r)

and Homa ca®(-,f)(NTCod|) = Homo.ca€(-,s)

and Homa ca®(-,f)(NTDGDom|) = op-cat €

and Homa ca€(-,f)(NTDGCod)) = cat-Set «

{proof)

Alternative definition.

lemma (in category) ntcf-Hom-snd-def":
assumes f : 7 g s
shows Homa ca®(f,-) = Yoneda-arrow o (Homo. ca®(r,-)) s f

{proof)

lemma (in category) ntcf-Hom-fst-def":

assumes f : 7 g s

shows Homa ca®(-,f) = Yoneda-arrow o Homo.ca€(—,8) 7 f
{proof)

29.10.2 Natural transformation map

context category
begin

context

fixes sr f

assumes f: f: s >g T
begin

mk-VLambda cat-ntcf-Hom-snd-components(1)[ OF f]
|vsv nitcf-Hom-snd-NTMap-vsv[intro]|
|vdomain ntef-Hom-snd-NTMap-vdomain|
|app ntcf-Hom-snd-NTMap-app

end

context

fixes s r f

assumes f: f : 7 =g S
begin

mk-VLambda cat-ntcf-Hom-fst-components(1)[ OF f]
|vsv ntcf-Hom-fst-NTMap-vsv[ intro]|
|vdomain ntcf-Hom-fst-NTMap-vdomain|
|app ntcf-Hom-fst-NTMap-app|

end

end

lemmas [cat-cs-simps] =
category.ntcf-Hom-snd-NTMap-vdomain
category.ntcf-Hom-fst-NTMap-vdomain

lemmas ntcf-Hom-snd-NTMap-app| cat-cs-simps] =

category.ntcf-Hom-snd-NTMap-app
category.ntcf-Hom-fst-NTMap-app
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29.10.3 Hom-natural transformation projections are natural transformations

lemma (in category) cat-ntcf-Hom-snd-is-ntcf:
assumes f : s ¢ T
shows Homa. ca®(f,-) :
Homo.cal(r,-) »cr Homo.ca€(s,—) : € »—>gq cal-Set «
{proof)

lemma (in category) cat-ntcf-Hom-snd-is-ntcf":

assumes f : s =g T

and (8 = «

and 2l = Homo.ca(r,-)

and B’ = Homo.ca€(s,—)

and ¢’ = ¢

and ' = cat-Set «
shows Homa ca€(f,-) : A »eop B': €’ el D'
(proof)

lemmas [cat-cs-intros] = category.cat-ntcf-Hom-snd-is-ntcf’

lemma (in category) cat-ntcf-Hom-fst-is-nicf:
assumes f : 7 g s
shows Homa ca€(-,f) :
Homo.ca®(-,r) »cr Homo.ca€(-,s) : op-cat € »—>cq cat-Set o
{proof)

lemma (in category) cat-ntcf~-Hom-fst-is-ntcf":

assumes f : 7 g s

and 8 = «

and 2’ = Homo. ca®(-,r)

and B’ = Homo.ca®(-,s)

and €’ = op-cat €

and D' = cat-Set «
shows HomA,Cae(—,f) 2! =CoF B¢’ l—>'—>c/3 D'
(proof)

lemmas [cat-cs-intros] = category.cat-ntcf-Hom-fst-is-ntcf’

29.10.4 Opposite Hom-natural transformation projections

lemma (in category) cat-op-cat-ntcf-Hom-snd:
Hom . caop-cat €(f,—) = Homa ca®(-,f)
(proof )

lemmas [cat-op-simps] = category.cat-op-cat-ntcf-Hom-snd

lemma (in category) cat-op-cat-ntcf-Hom-fst:
Hom . caop-cat €(—.f) = Homa ca®(f,-)
(proof )

lemmas [cat-op-simps] = category.cat-op-cat-ntcf-Hom-fst

29.10.5 Hom-natural transformation projections and the Yoneda component

lemma (in category) cat- Yoneda-component-cf-Hom-snd-Comp:
assumes ¢g: b~y cand f: a g band d e, €(O0bj)
shows
Yoneda-component Homo. ca®(a,=) b fd oacut-Set o
Yoneda-component Homo.ca€(b,~) ¢ g d =
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Yoneda-component Homo.ca€(a,~) ¢ (g oag f) d
(is<?Ya b fdonpgrSet o 2Ybcgd=2Yac (goag f) dv)
{proof)

lemmas [cat-cs-simps] =
category. cat- Yoneda-component-cf-Hom-snd-Comp[ symmetric]

lemma (in category) cat- Yoneda-component-cf-Hom-snd-CId:
assumes ¢ €, €(0bj)) and d €, €(Obj)
shows
Yoneda-component Homo . ca€(c,—) ¢ (€(CId))(c])) d =
cat-Set o CId))(Hom € ¢ d))
(is «?Yed = cat-Set a(CId)(Hom € ¢ d|)»)

{proof)

lemmas [cat-cs-simps] = category. cat- Yoneda-component-cf-Hom-snd-CId

29.10.6 Hom-natural transformation projection of a composition
lemma (in category) cat-ntcf-Hom-snd-Comp:

assumes g: by cand f: a g b

shows Homa.ca€(g cag f,—) = Homa.ca®(f,~) ‘nrcr Homa. ca®(g,~)

(is «?H-gf = ?H-f -nTcF ?H-g0)
{proof)

lemmas [cat-cs-simps| = category. cat-nicf-Hom-snd-Comp

lemma (in category) cat-ntcf-Hom-fst-Comp:

assumes g: bg cand f:a g b

shows Homa. ca®(—,9 cag [) = Homa.ca®(-,9) ‘Nrcr Homa ca€(-.f)
{proof)

lemmas [cat-cs-simps] = category. cat-ntcf-Hom-fst-Comp

29.10.7 Hom-natural transformation projection of an identity

lemma (in category) cat-ntcf-Hom-snd-CId:
assumes ¢ €, €(0bj)
shows Homa. ca€(E€(CILd)(c),-) = ntef-id Homo. ca€(c,~)
(is «?H-c = ?id-H-c»)

{proof)

lemmas [cat-cs-simps] = category.cat-ntcf-Hom-snd-CId

lemma (in category) cat-ntcf-Hom-fst-CId:

assumes ¢ €, €(0bj))

shows Homa ca®(—-,€(CId))(c)) = ntef-id Homo. ca€(—,c)
(proof)

lemmas [cat-cs-simps] = category. cat-ntcf-Hom-fst-Cld

29.10.8 Hom-natural transformation and the Yoneda map

lemma (in category) cat- Yoneda-map-of-nicf-Hom-snd:
assumes f : s >¢ 1
shows Yoneda-map o (Homo.ca®(s,—)) r(Homa.ca€(f,-)) = f
(proof)

lemmas [cat-cs-simps] = category. cat- Yoneda-map-of-nicf-Hom-snd
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lemma (in category) cat- Yoneda-map-of-nicf-Hom-fst:

assumes f : 7 g s

shows Yoneda-map o (Homo.ca€(-,8)) r(Homa.ca®(=.f)) = f
(proof)

lemmas [cat-cs-simps] = category. cat- Yoneda-map-of-nitcf-Hom-fst

29.11 Evaluation arrow

29.11.1 Definition and elementary properties

The evaluation arrow is a part of the definition of the evaluation functor. The evaluation functor
appears in Chapter III-2 in [7].

definition cf-eval-arrow = V=V =V =V
where cf-eval-arrow €N f =

[

(
Aze.N(NTDoml) (|ObjiMap|) (€(Dom)) (-

N(NTCod))(|ArrMap|) (f) (ArrVal) (N(NTMap)) (€ Dom|) (f])]) ( Arr Val]) (z])])

S NTDom))( ObjMap) (€(Dom)(f)).
N(NTCod))(|ObjMap|) (€| Cod)) (DD

lo

Components.

lemma cf-eval-arrow-components:
shows cf-eval-arrow € N f(ArrVal]) =
(
Aze.N(NTDoml) (|ObjiMap)) (€| Dom)) (f]))-
N(NTCod|) (| ArrMap)) (f) (Arr Val) (N(NTMap)) (€| Doml|) ()] | Arr Val]) (z))])

and cf-eval-arrow € N f(ArrDom|) = M(NTDom|)(ObjMap]) (€] Dom)(f])
and cf-eval-arrow € N f(ArrCod|) = N(NTCod|)(|ObjMap|) (€ Cod))(f])]

{proof)

context
fixesaNEF S abf
assumes N : F »cop 6 : € >0 cat-Set a
and f: f:a g b
begin

interpretation 2 is-ntcf « € <cat-Set ay F & N (proof)

lemmas cf-eval-arrow-components’ = cf-eval-arrow-components|
where €=C and N=«ntcf-arrow N> and f=f,
unfolded
ntcf-arrow-components
cf-map-components
N.NTDom.HomDom.cat-is-arrD[ OF f]
cat-cs-simps

]
lemmas [cat-cs-simps] = cf-eval-arrow-components’(2,3)

end
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29.11.2 Arrow value

context
fixesaNEFBabf
assumes M:N: § »op & : € > cat-Set o
and f: f:aw=g b
begin

mk-VLambda cf-eval-arrow-components’(1)[ OF N f]
|vsv cf-eval-arrow-Arr Val-vsv| cat-cs-intros]|
|vdomain cf-eval-arrow-Arr Val-vdomain| cat-cs-simps]|
lapp cf-eval-arrow-ArrVal-app[ cat-cs-simps]|

end

29.11.3 Evaluation arrow is an arrow in the category Set

lemma cf-eval-arrow-is-arr:
assumes N : § =cp & : € o cat-Set a and f:a g b
shows cf-eval-arrow € (nicf-arrow MN) f :
§(0bjMap)(a) = cqt-Set o ©(ObiMap))(b)
{proof)

lemma cf-eval-arrow-is-arr’[ cat-cs-intros]:
assumes N’ = nicf-arrow N
and Fa = F(ObjMap))(al)
and &b = B(0bjMap|) (b))
and N:§ »eop 6 : € o cat-Set «
and f:a ¢ b
shows cf-eval-arrow € N’ f: Fa = 41-Set o B

{proof)

lemma (in category) cat-cf-eval-arrow-ntcf-vcomp| cat-cs-simps):
assumes M : & »op H : € > cat-Set «
and N:§ —»cp & : € >0 cat-Set a
and g: b g c
and f:a ~¢ b
shows
cf-eval-arrow € (ntcf-arrow (M nrer N)) (9 cag f) =
cf-eval-arrow € (ntcf-arrow M) g ©A ut-Set o
cf-eval-arrow € (ntef-arrow N) f

{proof)
lemmas [cat-cs-simps] = category. cat-cf-eval-arrow-ntcf-vcomp
lemma (in category) cat-cf-eval-arrow-ntcf-id[ cat-cs-simps]:
assumes § : € »—cq cat-Set o and ¢ €, €(O0bj))
shows
cf-eval-arrow € (ntef-arrow (ntef-id §)) (€(CIA)(c])) =
cat-Set a( CId)) (F( ObjMapl)(c)))
{proof)

lemmas [cat-cs-simps| = category. cat-cf-eval-arrow-ntcf-id

29.12 HOM-functor

29.12.1 Definition and elementary properties

The following definition is a technical generalization that is used later in this section.
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definition ¢f-HOM-snd = V. = V = V (<HOM 1'(/,-—/")»)
where HOM ¢o(,5-) =

[
(Aag,op-cat (F(HomCod)))(0bj]). cf-map (Homo.ca(F(HomCCod)))(a,~) ocr TF)),

Mesop-cat (F(HomCod)))(Arr].
ntcf-arrow (Homa co(F(HomCod))(f,-) oNToF-cF §)

),
op-cat (F(HomCod))),
cat-FUNCT o (§(HomDoml) (cat-Set a)

lo

definition ¢f-HOM-fst = V. = V = V (<HOM 1'(/--,]")»)
where HOM ¢ (3-,) =
[
(Naeo (F(HomCod)))(Obj)). cf-map (Homo. ca(F(HomCod))(-,a) ocr op-cf §)),

(
Meo(F(HomCod))) (Arr]).

ntcf-arrow (Homa . ca(F(HomCod))(-.f) onTor-cF op-c¢f §)

),
F(HomCod)),

cat-FUNCT « (op-cat (F(HomDom)))) (cat-Set a)
]o

Components.

lemma cf-HOM-snd-components:
shows HOM ¢ (,5-)(0bjMap)) =

(Aaesop-cat (F(HomCod)))(0bj). cf-map (Homo.ca(F(HomCod)))(a,~) ccr §))
and HOM ca(,5-)(ArrMap)) =
(

Meoop-cat (F(HomCod))(Arr)).
ntcf-arrow (Homa . ca(F(HomCod)(f,—) oNTcF-cF §)
)

and [cat-cs-simps]: HOM 0o (,;§—)(HomDom|) = op-cat (F(HomCod)))
and [ cat-cs-simps]:
HOM ¢o(,5-)(HomCod|) = cat-FUNCT « (F(HomDom)|)) (cat-Set )
(proof)

lemma cf-HOM-fst-components:
shows HOM ¢ (F-,)(ObjMap]) =

(Aago (F(HomCod)))(Obj)). cf-map (Homo. ca(F(HomCod)))(—,a) ocr op-cf §))
and HOM ¢ (F-,)(ArrMap)) =

Aeo(F(HomCCod))) (|Arr)).
ntcf-arrow (Homa co(F(HomCod))(-.f) onTcr-cFr op-cf §)
)

and HOM ¢ (§-,)(HomDom]|) = F(HomCod))
and HOM ¢q(F-,)(HomCod)) = cat-FUNCT « (op-cat (F(HomDom)|))) (cat-Set «)

{proof)

context is-functor
begin

lemmas cf-HOM-snd-components’ =
cf-HOM-snd-components[where §=§, unfolded cf-HomDom cf-HomCod]

lemmas [cat-cs-simps] = cf~-HOM-snd-components’(3,4)
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lemmas cf-HOM-fst-components’ =
cf-HOM-fst-components|[where §=F, unfolded cf-HomDom cf-HomCod]

lemmas [cat-cs-simps] = ¢f-HOM-snd-components’(8,4)

end

29.12.2 Object map
mk-VLambda c¢f-HOM-snd-components(1)
|vsv cf-HOM-snd-ObjMap-vsv cat-cs-intros]|

mk-VLambda (in is-functor) cf-HOM-snd-components’(1)[unfolded cat-op-simps]
|vdomain cf-HOM-snd-ObjMap-vdomain[ cat-cs-simps]|
lapp cf-HOM-snd-ObjMap-app] cat-cs-simps]|

mk-VLambda c¢f-HOM-snd-components(1)
|vsv cf-HOM-fst-ObjMap-vsv| cat-cs-intros]|

mk-VLambda (in is-functor) cf-HOM-fst-components'(1)[unfolded cat-op-simps]
|vdomain cf-HOM-fst-ObjMap-vdomain| cat-cs-simps]|
lapp cf-HOM-fst-ObjMap-app] cat-cs-simps]|

29.12.3 Arrow map

mk-VLambda c¢f-HOM-snd-components(2)
|vsv cf-HOM-snd-ArrMap-vsv[ cat-cs-intros]|

mk-VLambda (in is-functor) cf-HOM-snd-components’(2)[unfolded cat-op-simps]
|vdomain cf-HOM-snd-ArrMap-vdomain[ cat-cs-simps]|
lapp cf-HOM-snd-ArrMap-app[ cat-cs-simps]|

mk-VLambda cf-HOM-fst-components(2)
|vsv cf-HOM-fst-ArrMap-vsv| cat-cs-intros]|

mk-VLambda (in is-functor) cf-HOM-fst-components'(2)[unfolded cat-op-simps]

|vdomain cf-HOM-fst-ArrMap-vdomain[ cat-cs-simps]|
lapp cf-HOM-fst-ArrMap-app] cat-cs-simps]|

29.12.4 Opposite HOM-functor

lemma (in is-functor) cf-HOM-snd-op| cat-op-simps]:
HOM ca(,0p-cf §-) = HOM ca(S-,)
(proof)

lemmas [cat-op-simps] = is-functor.cf-HOM-snd-op

context is-functor
begin

lemmas cf-HOM-fst-op[ cat-op-simps] =
is-functor.cf-HOM-snd-op[ OF is-functor-op, unfolded cat-op-simps, symmetric]

end

lemmas [cat-op-simps] = is-functor.cf~-HOM-fst-op
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29.12.5 HOM-functor is a functor

lemma (in is-functor) cf-HOM-snd-is-functor:
assumes Z (§ and « &
shows HOM ca(,§-) : op-cat B »rcg cat-FUNCT o A (cat-Set o)

(proof)

lemma (in is-functor) cf-HOM-snd-is-functor’[ cat-cs-intros]:
assumes Z 3
and a &,
and €’ = op-cat B
and D = cat-FUNCT o A (cat-Set «)
shows HOM ¢o(,5-) : €’ dagels D

(proof)
lemmas [cat-cs-intros] = is-functor.cf-HOM-snd-is-functor’

lemma (in is-functor) cf-HOM-fst-is-functor:
assumes Z § and a €, 3
shows HOM ca(3-,) : B =+ cg cat-FUNCT o (op-cat ) (cat-Set «)

{proof)

lemma (in is-functor) cf-HOM-fst-is-functor’[ cat-cs-intros]:
assumes Z [
and « €, 3
and ¢' =B
and ® = cat-FUNCT « (op-cat ) (cat-Set o)
shows HOM ¢q(§-,) : €’ el D

{proof)

lemmas [cat-cs-intros] = is-functor.cf-HOM-fst-is-functor’

29.13 Evaluation functor

29.13.1 Definition and elementary properties

See Chapter III-2 in [7].

definition cf-eval = V=V = V = V
where cf-eval a § € =

(AFdeo(cat-FUNCT « € (cat-Set a) xo €)(0bj]). Fd(0)(ObjMap)) (Fd(In]])),
(
Mifeo(cat-FUNCT « € (cat-Set o) x¢ €)(Arr)).
cf-eval-arrow € (MF(0)) (Nf(In]))
)s
cat-FUNCT « € (cat-Set o) x¢ €,
cat-Set 3

]o

Components.

lemma cf-eval-components:
shows cf-eval a 8 €(ObjMap|) =
(AFdeo(cat-FUNCT « € (cat-Set o) x¢ €)(0bj]). Fd(0)(ObjiMap))(Fd(In)))
and cf-eval o f €(ArrMap|) =
(
Mife,(cat-FUNCT « € (cat-Set o) x¢ €)(Arr)).
cf-eval-arrow € (MNF(0)) (Nf(IN]))
)
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and [ cat-cs-simps]:
cf-eval o B €(HomDom|) = cat-FUNCT « € (cat-Set o) x¢ €
and [cat-cs-simps]: cf-eval a B €(HomCod|) = cat-Set
(proof)

29.13.2 Object map

lemma cf-eval-ObjMap-vsv[ cat-cs-intros]: vsv (cf-eval o f €(ObjMap)))
(proof )

lemma cf-eval-ObjMap-vdomain[ cat-cs-simps]:
D, (c¢f-eval o B €(0bjMap))) = (cat-FUNCT « € (cat-Set o) x¢ €)(Obj)
(proof)

lemma (in category) cf-eval-ObjMap-app] cat-cs-simps]:
assumes §c = [¢f-map §, clo
and § : € » o cat-Set «
and ¢ €, €(0bj)
shows cf-eval a 8 €(ObjMap|)(Fc)) = F(ObjMap|)(c)
{proof)

lemmas [cat-cs-simps] = category.cf-eval-ObjMap-app

29.13.3 Arrow map

lemma cf-eval-ArrMap-vsv| cat-cs-intros]: vsv (cf-eval o § €(ArrMap)))
(proof)

lemma cf-eval-ArrMap-vdomain[ cat-cs-simps):
D, (c¢f-eval a § €(ArrMap))) = (cat-FUNCT « € (cat-Set ) x¢o €)(Arr]
(proof)

lemma (in category) cf-eval-ArrMap-appl cat-cs-simps]:
assumes Nf = [ntcf-arrow N, f]o
and N:§ —»cp & : € >0 cat-Set a
and f:a ¢ b
shows cf-eval a 8 C(ArrMap|)(Mf]) = cf-eval-arrow € (nicf-arrow N) f
{proof)

lemmas [cat-cs-simps] = category. cf-eval-ArrMap-app

29.13.4 Evaluation functor is a functor

lemma (in category) cat-cf-eval-is-functor:
assumes Z § and a €, 3
shows cf-eval o 8 € : cat-FUNCT o € (cat-Set a) xc € =»rcg cat-Set 3

(proof)

lemma (in category) cat-cf-eval-is-functor”
assumes Z [
and a €, 3
and A’ = cat-FUNCT « € (cat-Set ) x¢ €
and B’ = cat-Set 8

and f' =3
shows cf-eval a 3 € : A’ g B!
(proof)

lemmas [cat-cs-intros] = category.cat-cf-eval-is-functor’
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29.14 N-functor

29.14.1 Definition and elementary properties

See Chapter III-2 in [7].

definition ¢f-nt = V=V =V=V
where c¢f-nt a f § =
bifunctor-flip (§(HomCod|)) (cat-FUNCT « (§F(HomDom])) (cat-Set o))
(HOmoicﬂcat—FUNCT a (F(HomDom)) (cat-Set a)(HOM ca(,5-)-,-))

Alternative definition.

lemma (in is-functor) cf-nt-def":
cf-nta B § =
bifunctor-flip B (cat-FUNCT « 2 (cat-Set «))
(Homo.cgeat-FUNCT o 2 (cat-Set a)(HOM ca(:85-)-.-))

{proof)

Components.

lemma cf-nt-components:
shows cf-nt « f F(ObjMap]) =
(
bifunctor-flip (F§(HomCod|)) (cat-FUNCT « (§(HomDom|)) (cat-Set «))
(Homo.cgcat-FUNCT o (F(HomDom)) (cat-Set a)(HOM ca(,§-)-,-))
)(ObjMapl)
and cf-nt o 8 F(ArrMap)) =

bifunctor-flip (§F(HomCod))) (cat-FUNCT « (F(HomDom]|)) (cat-Set «))
(Homo.cpcat-FUNCT o (F(HomDom)) (cat-Set o) (HOM ca(,8-)-,-))
) ArrMap)
and cf-nt o 8 F(HomDom]|) =

bifunctor-flip (§(HomCod))) (cat-FUNCT o (§(HomDoml)) (cat-Set «))
(Homo.cgeat-FUNCT o (§(HomDoml)) (cat-Set a)(HOM ca(.§-)-,-))
)(HomDom))
and cf-nt o § F(HomCod|) =
( bifunctor-flip (F(HomCod))) (cat-FUNCT o (§(HomDoml) (cat-Set «))
(Homo.cgeat-FUNCT o (F(HomDom)) (cat-Set o) (HOM ca(,§-)-,-))
Y(HomCod))

{proof)

lemma (in is-functor) cf-nt-components”:

assumes Z  and a €, 3

shows cf-nt o 8 F(ObjMap)|) =
(

bifunctor-flip B (cat-FUNCT o A (cat-Set a))
(Homo.cgcat-FUNCT o U (cat-Set a)(HOM ca(.8-)-,-))
)(ObjMap)
and cf-nt o 8 F(ArrMap)) =

bifunctor-flip B (cat-FUNCT o A (cat-Set «))
(Homo.cgeat-FUNCT a 2 (cat-Set a)(HOM ca(.8-)-,-))
)(ArrMapl)
and [cat-cs-simps]:
cf-nt a B F(HomDom|) = cat-FUNCT o 2 (cat-Set o) x¢ B
and [ cat-cs-simps]:
cf-nt a f F(HomCod)) = cat-Set
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(proof)

lemmas [cat-cs-simps] = is-functor.cf-nt-components’(3,4)

29.14.2 Object map

lemma cf-nt-ObjMap-vsv[ cat-cs-intros]: vsv (¢f-nt o B €(ObjMap)))
(proof)

lemma (in is-functor) cf-nt-ObjMap-vdomain| cat-cs-simps]:

assumes Z § and a &, 3

shows D, (c¢f-nt a 8 F(ObjMap))) = (cat-FUNCT « U (cat-Set o) x¢ B)(0bj)
(proof)

lemmas [cat-cs-simps] = is-functor.cf-nt-ObjMap-vdomain

lemma (in is-functor) cf-nt-ObjMap-app[ cat-cs-simps]:
assumes Z [
and « €, 3
and &b = [¢f-map &, b,
and & : A —»—go cat-Set o
and b €, B(O0bj)
shows cf-nt o 8 F(ObjMap|)(&b) = Hom
(cat-FUNCT o 2 (cat-Set )
(cf-map (Homo.caB(b,~) ocr ¥))
(cf-map ©)
{proof)

lemmas [cat-cs-simps] = is-functor.cf-nt-ObjMap-app

29.14.3 Arrow map

lemma c¢f-nt-ArrMap-vsv[ cat-cs-intros]: vsv (¢f-nt a 8 €(ArrMap)))
{proof)

lemma (in is-functor) cf-nt-ArrMap-vdomain[ cat-cs-simps]:
assumes Z J and a €, 3
shows D, (¢f-nt a 8 F(ArrMap))) = (cat-FUNCT o U (cat-Set o) x¢ B)(Arr))

{proof)
lemmas [cat-cs-simps] = is-functor.cf-nt-ArrMap-vdomain

lemma (in is-functor) cf-nt-ArrMap-app[ cat-cs-simps]:
assumes Z [
and « €, 3
and Nf = [nicf-arrow N, f]o
and M : & —»cp H: A > cat-Set o
and f:a~qp b
shows cf-nt o 8 F(ArrMap))(Nf]) = cf-hom
(cat-FUNCT o A (cat-Set )
[ntef-arrow (Homa.caB(f,-) onTor-cr §), ntcf-arrow N,
{proof)

lemmas [cat-cs-simps] = is-functor.cf-nt-ArrMap-app

29.14.4 N-functor is a functor

lemma (in is-functor) cf-ni-is-functor:
assumes Z J and a &, 3

337



shows cf-nt o 8§ : cat-FUNCT «a U (cat-Set o) x¢ B g cat-Set
{proof)

lemma (in is-functor) cf-nt-is-functor”:
assumes Z [
and « €, 3
and A’ = cat-FUNCT a 2 (cat-Set o) x¢ B
and B’ = cat-Set 3

and 3' =3
shows cf-nt o f §: A’ o B’
(proof)

lemmas [cat-cs-intros] = is-functor.cf-nt-is-functor’

29.15 Yoneda natural transformation arrow

29.15.1 Definition and elementary properties

The following subsection is based on the elements of the content of Chapter III-2 in [7].

definition nicf-Yoneda-arrow = V=V =V =V = V
where ntcf-Yoneda-arrow a € § r =

[

(
Mpes Hom (cat-FUNCT « € (cat-Set «)) (¢f-map (Homo.ca€(r,-))) §.

Yoneda-map o (cf-of-cf-map € (cat-Set o) F) r(
nicf-of-ntcf-arrow € (cat-Set «)

)
);

Hom (cat-FUNCT « € (cat-Set «)) (cf-map (Homo.ca€(r,—))) T,
F(ObjMap))(r))

o

Components

lemma nicf- Yoneda-arrow-components:
shows ntcf-Yoneda-arrow o € § r(ArrVal)) =
(
Mpes Hom (cat-FUNCT « € (cat-Set «)) (cf-map (Homo.ca®(r,-))) §.
Yoneda-map a (cf-of-cf-map € (cat-Set «) §) r(
ntcf-of-ntef-arrow € (cat-Set «)

D
)

and [ cat-cs-simps]: ntef-Yoneda-arrow o € § r(ArrDom)|) =
Hom (cat-FUNCT « € (cat-Set «)) (cf-map (Homo.ca®(r,-))) §
and [cat-cs-simps]: ntcf-Yoneda-arrow o € § r(|ArrCod)) = F(ObjMap))(r)
{proof)

29.15.2 Arrow map

mk-VLambda ntcf- Yoneda-arrow-components(1)
|vsv nicf- Yoneda-arrow-vsv[ cat-cs-intros]|
|vdomain ntef-Yoneda-arrow-vdomain| cat-cs-simps]|

context category
begin

context
fixes § = V
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begin

mk-VLambda nitcf- Yoneda-arrow-components(1)[where a=a and €=¢ and §F=<cf-map § ]
|app ntcf-Yoneda-arrow-app'|

lemmas ntcf- Yoneda-arrow-app =
ntcf- Yoneda-arrow-app'unfolded in-Hom-iff, cat-cs-simps]

end
end

lemmas [cat-cs-simps] = category.ntcf-Yoneda-arrow-app

29.15.3 Several technical lemmas

lemma (in vsv) vsv-vrange-VLambda-app:
assumes g ‘elts A = elts (D, 1)
shows R, (A\z€,A. r(g z) = Ro 7
{proof)

lemma (in vsv) vsv-vrange-VLambda-app”
assumes g ‘ elts A = elts (D, 1)

and R=R. r
shows R, (Aze,A. r(g z))) = R
(proof)

lemma (in v11) v11-VLambda-v11-bij-betw-comp:
assumes bij-betw g (elts A) (elts (Do 1))
shows v11 (Aze, A. r(g z))

{proof)

29.15.4 Yoneda natural transformation arrow is an arrow in the category Set

lemma (in category) cat-ntcf- Yoneda-arrow-is-arr-isomoprhism:
assumes Z 3
and o €, 3
and § : € » g cat-Set «
and r € €(O0bj)
shows nicf-Yoneda-arrow o € (c¢f-map §) r:
Hom
(cat-FUNCT o € (cat-Set o))
(¢f-map (Homo.ca®(r,—)))
(cf-map §) ~isocat-Set B
3(ObjMap) ()
(proof )

lemma (in category) cat-ntcf- Yoneda-arrow-is-arr-isomoprhism”:
assumes Z [

and « €, 3

and §' = cf-map §

and B = F(0bjMap)) (7]

and A = Hom
(cat-FUNCT o € (cat-Set o))
(¢f-map (Homo.ca€(r,—)))
(cf-map F)

and § : € > cat-Set «

and r €, €(Obj)
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shows ntcf-Yoneda-arrow a € §' 1+ A =50 cat-Set 8 B

{proof)

lemmas [cat-arrow-cs-intros] =
category. cat-ntcf- Yoneda-arrow-is-arr-isomoprhism’

lemma (in category) cat-ntcf- Yoneda-arrow-is-arr:
assumes Z [
and « ¢, 3
and § : € »— (g cat-Set «
and r €, €(O0bj)
shows nicf-Yoneda-arrow o € (cf-map §) r:
Hom
(cat-FUNCT « € (cat-Set )
(¢f-map (Homo.ca€(r,—)))
(cf-map F) ™ cat-Set B
§(ObjMap)(r))
(proof)

lemma (in category) cat-ntcf- Yoneda-arrow-is-arr'[ cat-cs-intros]:
assumes Z 3
and o €, 3
and §' = c¢f-map §
and B = §(0bjMap)(r)
and A = Hom
(cat-FUNCT « € (cat-Set )
(¢f-map (Homo.ca®(r,-)))
(cf-map §)
and § : € »> g cat-Set «
and r € €(Obj)
shows ntcf-Yoneda-arrow o € §' 7+ A = 01 6 8 B

{proof)

lemmas [ cat-arrow-cs-intros] = category.cat-nicf- Yoneda-arrow-is-arr’

29.16 Commutativity law for the Yoneda natural transformation arrow

lemma (in category) cat-ntcf- Yoneda-arrow-commute:
assumes Z [
and « €, 3
and N:§ »cp & : € >0 cat-Set a
and f:a ¢ b
shows
ntcf-Yoneda-arrow o € (cf-map &) b o4 cut-Set 8
cf-hom
(cat-FUNCT « € (cat-Set )
[ntcf-arrow Homa ca€(f,-), ntef-arrow N, =
cf-eval-arrow € (ntcf-arrow M) f o4 cut-Set 38
nicf- Yoneda-arrow o € (cf-map §) a

(proof)

29.17 Yoneda Lemma: naturality

29.17.1 The Yoneda natural transformation: definition and elementary properties

The main result of this subsection corresponds to the corollary to the Yoneda Lemma on page
61 in [7].
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definition ntcf-Yoneda = V=V = V =V
where ntcf-Yoneda a 5 € =
[
(
AFres(cat-FUNCT « € (cat-Set o) x¢o €)(0bj).
ntef-Yoneda-arrow o € (Fr(0)) (Fr(Iin))
),
cf-nt o B (cf-id €),
cf-eval a B €,
cat-FUNCT o € (cat-Set o) x¢ €,
cat-Set S

lo

Components.

lemma ntcf- Yoneda-components:
shows ntcf-Yoneda o 8 E(NTMap|) =

AFreo(cat-FUNCT a € (cat-Set ) x ¢ €)(Obj)).
ntcf-Yoneda-arrow o € (Fr(0) (Fr(In))
)

and [cat-cs-simps]: nicf-Yoneda o 8 €(NTDom|) = ¢f-nt a 8 (cf-id €)
and [cat-cs-simps]: ntcf-Yoneda a f €(NTCod)) = cf-eval a 8 €
and [ cat-cs-simps]:
ntef-Yoneda oo B €(NTDGDoml) = cat-FUNCT « € (cat-Set o) xo €
and [cat-cs-simps]: ntef-Yoneda o B €(NTDGCod)) = cat-Set
(proof)

29.17.2 Natural transformation map

mk-VLambda nitcf- Yoneda-components(1)
|vsv ntcf-Yoneda-NTMap-vsv| cat-cs-intros]|
|vdomain ntef-Yoneda-NTMap-vdomain] cat-cs-intros]|

lemma (in category) ntcf-Yoneda-NTMap-app| cat-cs-simps]:
assumes Z 3
and a €, 3
and §r = [¢f-map §, 7]o
and § : € »> g cat-Set «
and r € €(Obj)
shows nicf-Yoneda o 8 €(NTMap|)(Fr]) = nicf-Yoneda-arrow o € (cf-map §) r
{proof)

lemmas [cat-cs-simps] = category.ntcf-Yoneda-NTMap-app

29.17.3 The Yoneda natural transformation is a natural transformation

lemma (in category) cat-ntcf-Yoneda-is-ntcf:
assumes Z § and « €, 3
shows ntcf-Yoneda o g € :
cf-nt o B (cf-id €) »cor.iso ¢f-eval a 8 € :
cat-FUNCT o € (cat-Set o) x¢ € =»>cg cat-Set 8

(proof)

29.18 Hom-map

This subsection presents some of the results stated as Corollary 2 in subsection 1.15 in [3] and
the corollary following the statement of the Yoneda Lemma on page 61 in [7] in a variety of
forms.

341



29.18.1 Definition and elementary properties

The following function makes an explicit appearance in subsection 1.15 in [3].

definition nitcf~-Hom-map = V=V =V =V =V
where ntcf~-Hom-map o € a b = (A\feocHom € a b. Homa ca€(f,-))

Elementary properties.

mk-VLambda nicf-Hom-map-def
|vsv nitcf-Hom-map-vsv|
|vdomain ntef-Hom-map-vdomain| cat-cs-simps]|
|app ntef-Hom-map-applunfolded in-Hom-iff, cat-cs-simps]|

29.18.2 Hom-map is a bijection

lemma (in category) cat-ntcf-Hom-snd-is-ntcf-Hom-snd-unique:
— The following lemma approximately corresponds to the corollary on page 61 in [7].
assumes 1 €, €(Obj)
and s €, €(O0bj)
and N : Homo.ca®(r,—) »cor Homo. ca®(s,—) : € —»cq cat-Set a
shows Yoneda-map oo Homo.ca@(s,—) r(N) : s =g
and N = Homa . ca€(Yoneda-map o Homo.ca€(s,—) r(N),-)
and Af. [ f € €(Arr); M= Homa. ca€(f,-) ]| =
f = Yoneda-map o Homo.ca®(s,—) r(N)
{proof)

lemma (in category) cat-ntcf-Hom-fst-is-ntcf-Hom-fst-unique:
assumes 1 €, €(0bj|
and s €, €(0bj)
and N : Homo. ca€(—,r) »cr Homo.ca®(-,s) : op-cat € —cq cat-Set a
shows Yoneda-map oo Homo.ca@(=,s) r(N) : 7 =g s
and N = Homa. ca®(—, Yoneda-map o Homo.ca®(-,s) r(N)))
and Af. [ f & €(Arr]); N = Homa. ca€(-.f) | =
f = Yoneda-map o Homo.ca®(-,s) r(N)
(proof)

lemma (in category) cat-ntef-Hom-snd-is-ntcf-Hom-snd-unique”:
assumes 1 €, €(0bj)
and s €, €(O0bj)
and N : Homo.ca®(r,—) »cr Homo.ca®(s,—) : € »cq cat-Set a
shows 3!f. f €, €(Arr) A M = Homa. caC(f,-)
{proof)

lemma (in category) cat-ntcf-Hom-fst-is-ntcf-Hom-fst-unique”:
assumes r €, €(Obj)
and s €, €(0bj)
and N : Homo. ca®(—,r) »or Homo.ca®(-,s) : op-cat € —cq cat-Set a
shows 3If. f e, €(Arr]) A N = Homa ca€(-.f)
(proof)

lemma (in category) cat-ntcf-Hom-snd-inj:
assumes Homa ca€(g,—) = Homa. ca€(f,—)
and g:a g b
and f:a g b
shows ¢ = f
{proof)

lemma (in category) cat-ntcf-Hom-fst-ing:
assumes Homya ca@(—,9) = Homa. ca@(-.f)
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and g:a g b
and f:a ¢ b
shows g = f
{proof)

lemma (in category) cat-ntcf~-Hom-map:
assumes a € €(0bj]) and b €, €(O0bj)
shows v11 (ntcf-Hom-map « € a b)
and R, (ntcf~-Hom-map o € a b) =
these-nicfs o € (cat-Set o) Homo.ca®(b,—) Homo.ca®(a,~)
and (ntcf-Hom-map o € a b)™!, =
(ADeothese-nicfs o € (cat-Set a) Homo.ca€(b,—) Homo.ca€(a,-).
Yoneda-map o Homo. ca€(a,—) b(N))
{proof)

29.18.3 Inverse of a Hom-map

lemma (in category) inv-ntcf-Hom-map-v11:
assumes a €, €(O0bj)) and b €, €(0bj))
shows v11 ((ntcf-Hom-map o € a b)™%,)

{proof)

lemma (in category) inv-ntcf-Hom-map-vdomain:
assumes a €, €(Obj]) and b €, €(0bj))
shows D, ((ntcf-Hom-map o € a b)71,) =
these-ntcfs o € (cat-Set o) Homo.ca@(b,—) Homo. ca€(a,~)
(proof)

lemmas [cat-cs-simps] = category.inv-ntcf-Hom-map-vdomain

lemma (in category) inv-ntcf-Hom-map-app:
assumes a €, €(0bj)
and b €, €(0bj)
and N : Homo.ca€(b,-) »cr Homo.ca€(a,~) : € > cq cat-Set «
shows (ntcf-Hom-map o € a b)1,(N) = Yoneda-map o Homo.ca@(a,~) b(MN)
(proof)

lemmas [cat-cs-simps] = category.inv-ntcf-Hom-map-app

lemma inv-ntcf-Hom-map-vrange: Ro ((ntcf-Hom-map o € a b)) = Hom € a b

{proof)

29.18.4 Hom-natural transformation and isomorphisms

This subsection presents further results that were stated as Corollary 2 in subsection 1.15 in
[3].

lemma (in category) cat-is-iso-arr-ntcf-Hom-snd-is-iso-ntcf:
assumes f : s >i00 T
shows Hom ca€(f,-) :
Homo.ca®(r,-) »or.iso Homo.ca€(s,—) : € = cq cat-Set «
{proof)

lemma (in category) cat-is-iso-arr-ntcf-Hom-fst-is-iso-ntcf:
assumes f : 1 00 S
shows Hom ca€(-,f) :
Homo.ca®(-,r) »cF.iso Homo.ca€(-,s) : op-cat € ——cq cat-Set «
{proof)
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lemma (in category) cat-ntcf-Hom-snd-is-iso-ntcf-Hom-snd-unique:
assumes r €, €(Obj)
and s €, €(0bj)
and N : Homo.ca®(r,—) »cor.iso Homo.ca€(s,—) : € »>cq cat-Set «
shows Yoneda-map o Homo.ca®(s,—) 7(N) : s =isoe T
and N = Hom . ca€(Yoneda-map o Homo.ca®(s,—) r(N),-)
and Af. [ f € €(Arr); M= Homa. ca€(f,-) || =
f = Yoneda-map o Homo.ca®(s,—) r(N)
{proof)

lemma (in category) cat-ntcf-Hom-fst-is-iso-ntcf-Hom-fst-unique:

assumes 1 €, €(0bj|

and s €, €(O0bj)

and 91 :

Homo.ca®(-,r) »cF.iso Homo.ca€(-,s) : op-cat € »—cq cat-Set «
shows Yoneda-map o Homo.ca@(=,s) r(MN) : 7 ~is0¢ s

and N = Homa . ca€(-, Yoneda-map o« Homo.ca€(—,s) r(N))

and Af. [ f € €(Arr); M= Homa. ca®(-.f) || =

f = Yoneda-map o Homo.ca€(-,s) r(MN)

(proof)

lemma (in category) cat-is-iso-arr-if-ntcf-Hom-snd-is-iso-nicf:
assumes f : s >¢ 1
and Homa co®(f,-) :
Homo.ca®(r,-) »cr.iso Homo.ca€(s,—) : € »cq cat-Set «
shows f : s =500 T
{proof)

lemma (in category) cat-is-iso-arr-if-ntcf-Hom-fst-is-iso-ntcf:
assumes f : 7 g s
and Homa ca€(-,f) :
Homo.ca®(-,1) »cr.iso Homo.ca€(-,s) : op-cat € »—cq cal-Set «
shows f : r =500 s
{proof)

29.18.5 The relationship between a Hom-natural transformation and the composi-
tions of a Hom-natural transformation and a natural transformation

lemma (in category) cat-ntcf-lcomp-Hom-ntcf-Hom-snd-NTMap-app:
assumes @ : § ~op BB ooy €
and b €, B(O0bj)
and c €, €(0bj)
( shOV;s Hom.ca(p==)(NTMap) (b, c))e = Homa.ca@(@(NTMap)(b),~)(NTMap)(c)
proof

lemmas [cat-cs-simps] = category. cat-ntcf-lcomp- Hom-ntcf-Hom-snd-NTMap-app
lemma (in category) cat-bnt-proj-snd-tcf-lcomp-Hom-ntcf-Hom-snd:
assumes @ : §F »op & 1B »og €
and b €, B(0bj)

ShOWS HomA~COé(99_7_)op-cat %7Q:(b;_)NTCF = HOmA.CaQ:(SDqNTMap|)(|bD7_)
{proof)

lemmas [cat-cs-simps] = category. cat-bnt-proj-snd-tcf-lcomp-Hom-ntcf-Hom-snd
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29.18.6 The relationship between the Hom-natural isomorphisms and the compo-
sitions of a Hom~-natural isomorphism and a natural transformation

lemma (in category) cat-ntcf-lcomp-Hom-if-nitcf-Hom-snd-is-iso-nicf:
assumes @ : § o 6B »Hoq €
and Ab. b €, B(0bj)) = Homa.ca€(p(NTMap|)(b),~)
Homo.ca€(&(0biMap|)(b]),-) = cF.iso Homo. ca€(F(ObiMap))(b]),-) :
¢ o cat-Set «
shows Homa ca(p—,-) :
Homo.ca@(®~,~) =cr.iso Homo.ca®(§—,-) :
op-cat B x¢o € = cat-Set «
{proof)

lemma (in category) cat-ntcf-Hom-snd-if-ntcf-lcomp-Hom-is-iso-nicf:
assumes @ : § o 6B »Hoq €
and Homa cao(p—,—) :
Homo.ca®(B-,-) »cr.iso Homo. ca@(F-,-) :
op-cat B xo € —>—>cq cat-Set a
and b €, B(0bj)
shows Hom . ca€(e(NTMap))(b),-) :

Homo . ca€(&(0bjMap))(b),-) »crF.iso Homo. ca€(F(0bjMap|)(b]),-) :
¢ >0 cat-Set «

{proof)

29.19 Yoneda map for arbitrary functors

The concept of the Yoneda map for arbitrary functors was developed based on the function that
was used in the statement of Lemma 3 in subsection 1.15 in [3].
definition af-Yoneda-map =V =V =V =V

where af-Yoneda-map o § & =
(Apesthese-ntcfs o (F(HomDom))) (§(HomCod))) § &. Homa calp-,-))

Elementary properties.

context
fixesa B EF S
assumes §: § : B~ €
and &: & : B »>oq €
begin

interpretation §: is-functor a B € § (proof)
interpretation &: is-functor a B € & (proof)

mk-VLambda
af-Yoneda-map-def[where F=F and &=6, unfolded §.cf~-HomDom §.cf-HomCod]
|vsv af-Yoneda-map-vsv|
|vdomain af-Yoneda-map-vdomain| cat-cs-simps]|
lapp af-Yoneda-map-app[unfolded these-ntcfs-iff, cat-cs-simps]|

end
29.20 Yoneda arrow for arbitrary functors

29.20.1 Definition and elementary properties

The following natural transformation is used in the proof of Lemma 3 in subsection 1.15 in [3].

definition af-Yoneda-arrow = V=V =V =V => V
where af-Yoneda-arrow a § & N =
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[

(
Abeo (F(HomDom|)) (| Obj)).

Yoneda-map oo Homo. oo (HomCod)) (F( ObjMap)) (b)) (8(0bjMap|)(b))(
?op—cat (S(|H0mDom\)),S(|H0mCod|)(b’_)NTCF

37

6’

F(HomDom)|),

F(HomCod))
]O

Components.

lemma af- Yoneda-arrow-components:
shows af-Yoneda-arrow oo § & M(NTMap)) =

(
Abeo§(HomDom]|)(Obj).
Yoneda-map o Homo. caF(HomCod)) (F(ObjiMap))(b),-) (&(ObjMap))(b]))(
mop-cat (S(|HomDom\)),3’(]H0mCod|)(b’_)NTCF
)

and af-Yoneda-arrow a § & N(NTDom|) = §

and af-Yoneda-arrow a § & N(NTCod)) = &

and af-Yoneda-arrow a § & N(NTDGDom|) = F(HomDom)|)
and af-Yoneda-arrow a § & M(NTDGCod)) = F(HomCod))

{proof)

29.20.2 Natural transformation map

mk-VLambda af- Yoneda-arrow-components(1)
|vsv af- Yoneda-arrow-NTMap-vsv|

context

fixesa B € §

assumes §: g : B oo €
begin

interpretation §: is-functor a B € §F (proof)

mk-VLambda
af-Yoneda-arrow-components(1)[where §=F, unfolded §.cf-HomDom §.cf-HomCod]
|vdomain af- Yoneda-arrow-NTMap-vdomain| cat-cs-simps]|
lapp af-Yoneda-arrow-NTMap-app| cat-cs-simps]|

end

lemma (in category) cat-af-Yoneda-arrow-is-ntcf:
assumes § : B »>0q €
and & : B > €
and 91 :
Homo.ca®(®~-,~) »cr Homo.ca®(F-,-) :
op-cat B x¢ € —»—>cq cat-Set «
shows af-Yoneda-arrow a § & N:F oop & : B oy €
{proof)

lemma (in category) cat-af-Yoneda-arrow-is-ntcf":
assumes § : B »—0q €
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and & : B o €
and M :
Homo.ca€(®B-,-) »cr Homo. ca€(F-,-) :
op-cat B xo € —>—>cq cat-Set a
and § = «
and §' =%
and &' = &
shows af-Yoneda-arrow a § & N:F' »op &' : B Peog €
(proof)

lemmas [cat-cs-intros] = category. cat-af- Yoneda-arrow-is-ntcf’

29.20.3 Yoneda Lemma for arbitrary functors

The following lemmas correspond to variants of the elements of Lemma 3 in subsection 1.15 in
[3].
lemma (in category) cat-af-Yoneda-map-af-Yoneda-arrow-app:
assumes § : B >0 €
and & : B »gq €
and 91 :
Homo.ca€(®B-,-) »crp Homo. ca€(F-,-) :
op-cat B x¢o € »—>cq cat-Set a
shows 9 = Homa . ca(af-Yoneda-arrow o § & N—,-)
{proof)

lemma (in category) cat-af- Yoneda-Lemma:
assumes § : B > Cand & : B »on €
shows v11 (af-Yoneda-map o § &)
and R, (af-Yoneda-map o § &) =
these-ntcfs o (op-cat B x¢ €) (cat-Set o) Homo.ca®(B-,—) Homo. ca®(F--)
and (af-Yoneda-map o § &) ', =
(
ANe, these-nicfs
a (op-cat B x¢ €) (cat-Set «) Homo. ca®(G-,—) Homo. ca®(F-,-).
af-Yoneda-arrow oo § & N
)
{proof)

29.20.4 Inverse of the Yoneda map for arbitrary functors

lemma (in category) inv-af-Yoneda-map-v11:
assumes § : B > Cand & : B »on €
shows v11 ((af-Yoneda-map o § &)71,)
(proof )

lemma (in category) inv-af- Yoneda-map-vdomain:
assumes § : B oo Cand & : B »on €
shows D, ((af-Yoneda-map o § &)7L,) =
these-ntcfs o (op-cat B x¢ €) (cat-Set «) Homo.caC(G—,—) Homo.cal(F-,-)
(proof )

lemmas [cat-cs-simps] = category.inv-af- Yoneda-map-vdomain
lemma (in category) inv-af- Yoneda-map-app:
assumes § : B oo Cand & : B »oq €

and 91 :
Homo.ca€(B-,-) »cr Homo.ca®(§-,-):
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op-cat B x¢o € —»—cq cat-Set «
shows (af-Yoneda-map a § &) 1o (N) = af- Yoneda-arrow o § & N
(proof)

lemmas [cat-cs-simps| = category.inv-af- Yoneda-map-app

lemma (in category) inv-af- Yoneda-map-vrange:

assumes § : B oo Cand & : B > €

shows R, ((af-Yoneda-map o § &)71,) = these-ntcfs a B € F &
(proof)

29.20.5 Yoneda map for arbitrary functors and natural isomorphisms

The following lemmas correspond to variants of the elements of Lemma 3 in subsection 1.15 in
[3].
lemma (in category) cat-ntcf-lcomp-Hom-is-iso-nicf-if-is-iso-ntcf:
assumes @ : § P oF.iso ® 1B g €
shows Homa ca(p—,-) :
Homo.ca€(®-,-) »cr.iso Homo. ca€(§-,-) :
op-cat B xo € > cat-Set a

{proof)

lemma (in category) cat-ntcf-lcomp-Hom-is-iso-ntcf-if-is-iso-ntcf":
assumes @ : g = CF.iso 6 : B = Cca ¢
and 8 = «
and &' = Homo,(;a@:(ﬁ—,—)
and §' = Homo. ca@(§-,-
and B’ = op-cat B xo €
and €' = cat-Set o
shows Homa.ca(p—=) : &' =cr.iso §': B g €

{proof)

lemmas [cat-cs-intros] =
category. cat-nicf-lcomp-Hom-is-iso-ntcf-if-is-iso-ntcf’

lemma (in category) cat-aYa-is-iso-ntcf-if-ntcf-lcomp-Hom-is-iso-ntcf:
assumes § : B »>0q €
and & : B »—on €
and 91 :
Homo.ca®(B-,-) »cr.iso Homo. ca@(F-,-) :
op-cat B xo € —»—>cq cat-Set a
shows af-Yoneda-arrow a § & N : §F —cop.iso & B »—ooq €
{proof)

lemma (in category) cat-aYa-is-iso-ntcf-if-nicf-lcomp-Hom-is-iso-ntcf":
assumes § : B »o0q €
and & : B »—gn €
and I :
Homo.ca®(B-,-) »cr.iso Homo. ca@(F-,-) :
op-cat B xo € >—>cq cat-Set a
and § = «
and §' =%
and &' =6
shows af-Yoneda-arrow a § & N : F' =op.iso &' B »poq €

{proof)

lemmas [ cat-cs-intros]| =
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category.cat-a Ya-is-iso-ntcf-if-ntcf-lcomp- Hom-is-iso-ntcf’

lemma (in category) cat-iso-functor-if-cf-lcomp-Hom-iso-functor:
assumes § : B »0q €
and & : B »—go €
and Homo. ca®(F-,-) rcra Homo. ca€(B-,-)
shows § #cpa ®
(proof )

lemma (in category) cat-cf-lcomp-Hom-iso-functor-if-iso-functor:
assumes § : B »—>oq €
and & : B b0 €
and § ~cra ©
shows Homo.ca®(§-,-) rcra Homo. ca€(®-,-)
{proof)

lemma (in category) cat-cf-lcomp-Hom-iso-functor-if-iso-functor”:
assumes § : B »>oq €
and & : B g €
and § #crq ©
and o' = «
and ¢’ = ¢
shows Homo.ca@(S—,~) ¥cra Homo.c €' (6~,~-)

(proof)

lemmas [cat-cs-intros] =
category. cat-cf-lcomp-Hom-iso-functor-if-iso-functor’

29.21 The Yoneda Functor

29.21.1 Definition and elementary properties

See Chapter III-2 in [7].

definition Yoneda-functor = V=V = V
where Yoneda-functor a © =

[
(Areqop-cat D(0bj]). cf-map (Homo.caD(r,-))),
(Meoop-cat D(Arr|). ntef-arrow (Homa. ca®(f,-))),
op-cat D,
cat-FUNCT a © (cat-Set «)

]O

Components.

lemma Yoneda-functor-components:
shows Yoneda-functor a ©(ObjMap|) =
(Aresop-cat D(Obj)). cf-map (Homo.ca®(r,-)))
and Yoneda-functor o D(ArrMap)) =
(Afeoop-cat D(Arr)). ntef-arrow (Homa ca®(f,-)))
and Yoneda-functor a« ©(HomDom]|) = op-cat ©
and Yoneda-functor « ©(HomCod|) = cat-FUNCT o © (cat-Set «)
(proof)

29.21.2 Object map

mk-VLambda Yoneda-functor-components(1)
|vsv Yoneda-functor-ObjMap-vsv| cat-cs-intros]|
|vdomain Yoneda-functor-ObjMap-vdomain[ cat-cs-simps]|
|app Yoneda-functor-ObjMap-app| cat-cs-simps]|
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lemma (in category) Yoneda-functor-ObjMap-vrange:
Ro (Yoneda-functor a €(|0ObjMap|)) So cat-FUNCT « € (cat-Set «)(Obj))
{proof)

29.21.3 Arrow map

mk-VLambda Yoneda-functor-components(2)
|vsv Yoneda-functor-ArrMap-vsv| cat-cs-intros]|
|vdomain Yoneda-functor-ArrMap-vdomain[ cat-cs-simps]|
|app Yoneda-functor-ArrMap-app| cat-cs-simps]|

lemma (in category) Yoneda-functor-ArrMap-vrange:
Ro (Yoneda-functor a €(ArrMap))) So cat-FUNCT « € (cat-Set «)(Arr|
{proof)

29.21.4 The Yoneda Functor is a fully faithful functor

lemma (in category) cat- Yoneda-functor-is-functor:
assumes Z (§ and « &
shows Yoneda-functor o € : op-cat € »¢ fr5 cat-FUNCT a € (cat-Set «)

(proof)
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30 Orders
30.1 Background

named-theorems cat-order-cs-simps
named-theorems cat-order-cs-intros

30.2 Preorder category

See Chapter I-2 in [7].

locale cat-preorder = category o € for o € +
assumes cat-peo:
[ a e €(Ob)); b eo €O ]| =
(3f. Hom € a b = set {f}) v (Hom € a b = 0)

Rules.

lemma (in cat-preorder) cat-preorder-azioms’| cat-order-cs-intros]:
assumes o' = «
shows cat-preorder o' €

(proof)

mk-ide rf cat-preorder-def[unfolded cat-preorder-axioms-def|
|intro cat-preorderl]|
|dest cat-preorderD][ dest]|
|elim cat-preorderE[ elim]|

lemmas [cat-order-cs-intros| = cat-preorderD(1)

Elementary properties.

lemma (in cat-preorder) cat-peo-HomE:
assumes a € €(0bj) and b €, €(O0bj)
obtains f where <Hom € a b = set {f}» | <Hom € a b= 0»

{proof)

lemma (in cat-preorder) cat-peo-is-thin-category:
— The statement of the lemma appears in nLab [1]6.
assumes f:a g band g:a g b
shows f = ¢

{proof)

30.3 Order relation

30.3.1 Definition and elementary properties

definition is-le = V = V = V = bool (infix <ov 50)
where a <og b« Hom € ab# 0

Rules.

mk-ide is-le-def
|intro is-lel|
|dest is-leD[ dest]|
|elim is-leE[ elim]|

Elementary properties.

lemma (in cat-preorder) cat-peo-is-le[ cat-order-cs-intros]:
assumes f : a ¢ b

https://ncatlab.org/nlab/show/preorder

351


https://ncatlab.org/nlab/show/preorder

shows a <p¢ b

{proof)

lemmas [cat-order-cs-intros| = cat-preorder.cat-peo-is-le

lemma (in cat-preorder) cat-peo-is-le-exl:
assumes a <o¢ b and a €, €(0bj)) and b €, €(Obj)
shows J!f. f:a g b

{proof)

lemma (in cat-preorder) cat-peo-is-le-ex[elim]:
assumes a <o¢ b and a €, €(0bj)) and b €, €(Obj)
obtains f where f: a ¢ b
{proof)

30.3.2 Order relation on a preorder category is a preorder

lemma (in cat-preorder) is-le-refl:
assumes a €, €(Obj)
shows a <o¢ a

{proof)

lemma (in cat-preorder) is-le-trans:
assumes a € €(0bj)
and b €, €(0bj)
and c ¢, €(0bj)
and a <p¢ b
and b <p¢ ¢
shows a <p¢ ¢

{proof)

30.4 Partial order category
See Chapter I-2 in [7].

locale cat-partial-order = cat-preorder o € for a € +
assumes cat-po: [[ a € €(O0bj)); b € C(Ob)); a <og b; b<og a]] = a=1b

Rules.

lemma (in cat-partial-order) cat-partial-order-azioms'[ cat-order-cs-intros]:
assumes o’ = «
shows cat-partial-order o' €

{proof)

mk-ide rf cat-partial-order-def[unfolded cat-partial-order-axioms-def]
|intro cat-partial-orderl|
|dest cat-partial-orderD[dest]|
|elim cat-partial-orderE[ elim]|

lemmas [cat-order-cs-intros| = cat-partial-orderD(1)

30.5 Linear order category

See Chapter I-2 in [7].

locale cat-linear-order = cat-partial-order o € for a € +
assumes cat-lo: [[ a €, €(Obj)); b e C(Ob)) ]] = a <og bV b <og a

Rules.
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lemma (in cat-linear-order) cat-linear-order-azioms’] cat-order-cs-intros):
assumes o’ = «
shows cat-linear-order o' €

{proof)

mk-ide rf cat-linear-order-def [ unfolded cat-linear-order-azioms-def]
|intro cat-linear-orderl|
|dest cat-linear-orderD[ dest]
|elim cat-linear-orderE| elim]|

lemmas [ cat-order-cs-intros] = cat-linear-orderD(1)

30.6 Preorder functor

30.6.1 Definition and elementary properties

See [1]17.

locale is-preorder-functor =
is-functor a A B § + HomDom: cat-preorder o A + HomCod: cat-preorder o B
for a A B §

syntax -is-preorder-functor = V. = V = V = V = bool
((-: - <c.ppor -) [51, 51, 51] 51)
syntax-consts -is-preorder-functor = is-preorder-functor
translations § : A <o . prpoa B = CONST is-preorder-functor a A B §

Rules.

lemma (in is-preorder-functor) is-preorder-functor-azioms'[ cat-order-cs-intros|:
assumes o’ = ¢ and 2’ = 2 and B’ =B
shows § : ' <¢.pro,’ B’

{proof)

mk-ide rf is-preorder-functor-def
|intro is-preorder-functorl|
|dest is-preorder-functorD| dest]
|elim is-preorder-functorE[ elim]|

lemmas [ cat-order-cs-intros] = is-preorder-functorD

30.6.2 A preorder functor is a faithful functor

sublocale is-preorder-functor ¢ is-ft-functor
(proof)

lemmas (in is-preorder-functor) is-preorder-functor-is-ft-functor =
is-ft-functor-axioms

lemmas [ cat-order-cs-intros] =
is-preorder-functor.is-preorder-functor-is-ft-functor

30.6.3 A preorder functor is a monotone function

lemma (in is-preorder-functor) cat-peo:
— Based on [1]'8

"https:/ /ncatlab.org/nlab/show/monotone-+function
8https://ncatlab.org/nlab/show/monotone-+function
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assumes a €, A(O0bj)) and b €, A(Obj]) and a <pg b
shows §(ObjMap))(a) <og F(ObMap|)(b)
{proof)

30.6.4 Composition of preorder functors

lemma cf-comp-is-preorder-functor| cat-order-cs-intros]:
assumes & : B <¢ ppoa Cand §: A <¢ proa B
shows & ocp §: A <o proa €

{proof)

lemma (in cat-preorder) cat-peo-cf-is-preorder-functor:
cf-id €: € <o proa €
(proof)

lemma (in cat-preorder) cat-peo-cf-is-preorder-functor’| cat-order-cs-intros]:
assumes 2’ = € and B'= ¢
shows cf-id € : A" <c. ppoa B’

{proof)

lemmas [cat-order-cs-intros| = cat-preorder. cat-peo-cf-is-preorder-functor’

31 Smallness for orders

31.1 Background

named-theorems cat-small-order-cs-simps
named-theorems cat-small-order-cs-intros

31.2 Tiny preorder category

locale cat-tiny-preorder = tiny-category a € for a € +
assumes cat-tiny-peo:
[ a € €(0bj); b e, €(0b]) ]| =
(3f. Hom € a b = set {f}) v (Hom € a b = 0)

Rules.

lemma (in cat-tiny-preorder) cat-tiny-preorder-azioms’| cat-order-cs-intros):
assumes o’ = «
shows cat-tiny-preorder o’ €

{proof)

mk-ide rf cat-tiny-preorder-def[unfolded cat-tiny-preorder-azioms-def]
|intro cat-tiny-preorderl|
|dest cat-tiny-preorderD| dest]
|elim cat-tiny-preorderE| elim]|

lemmas [cat-small-order-cs-intros] = cat-tiny-preorderD(1)

Tiny preorder is a preorder.

sublocale cat-tiny-preorder < cat-preorder
(proof)

lemmas (in cat-tiny-preorder) cat-tiny-peo-is-cat-preoder = cat-preorder-azioms

lemmas [cat-small-order-cs-intros] =
cat-tiny-preorder. cat-tiny-peo-is-cat-preoder
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31.3 Tiny partial order category

locale cat-tiny-partial-order = cat-tiny-preorder a € for o € +
assumes cat-tiny-po:
[ ac C(Obj); b e €(ObI]); a <og b; b<og a]] = a=10

Rules.

lemma (in cat-tiny-partial-order)
cat-tiny-partial-order-azioms'[ cat-order-cs-intros]:
assumes o’ = «
shows cat-tiny-partial-order o’ €

{proof)

mk-ide rf cat-tiny-partial-order-def[ unfolded cat-tiny-partial-order-azioms-def]
|intro cat-tiny-partial-orderl|
|dest cat-tiny-partial-orderD| dest]|
|elim cat-tiny-partial-orderE|[ elim]|

lemmas [cat-small-order-cs-intros| = cat-tiny-partial-orderD(1)

Tiny partial order is a partial order.

sublocale cat-tiny-partial-order < cat-partial-order

(proof)
lemmas (in cat-tiny-preorder) cat-tiny-po-is-cat-preoder = cat-preorder-azioms

lemmas [cat-small-order-cs-intros] =
cat-tiny-preorder. cat-tiny-peo-is-cat-preoder

lemma cat-tiny-partial-orderl "
assumes tiny-category a €
and cat-partial-order o €
shows cat-tiny-partial-order a €

{proof)

31.4 Tiny linear order category

locale cat-tiny-linear-order = cat-tiny-partial-order a € for a € +
assumes cat-tiny-lo: [ a €, C(Obj)); b €, €(Ob)]) ]] = a <o¢ bV b <og a

Rules.

lemma (in cat-tiny-linear-order)
cat-tiny-linear-order-azioms'] cat-order-cs-intros):
assumes o’ = «
shows cat-tiny-linear-order o' €

{proof)

mk-ide rf cat-tiny-linear-order-def[unfolded cat-tiny-linear-order-axzioms-def]
|intro cat-tiny-linear-orderl|
|dest cat-tiny-linear-orderD[ dest]|
|elim cat-tiny-linear-orderE[ elim]|

lemmas [cat-small-order-cs-intros] = cat-tiny-linear-orderD(1)

Tiny linear order is a partial order.

sublocale cat-tiny-linear-order ¢ cat-linear-order

{proof)
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lemmas (in cat-tiny-linear-order) cat-tiny-lo-is-cat-partial-order =
cat-linear-order-azioms

lemmas [ cat-small-order-cs-intros]| =
cat-tiny-linear-order. cat-tiny-lo-is-cat-partial-order

lemma cat-tiny-linear-orderl "
assumes tiny-category o € and cat-linear-order o €
shows cat-tiny-linear-order a €

{proof)

31.5 Tiny preorder functor

locale is-tiny-preorder-functor =
is-functor a A B §F +
HomDom: cat-tiny-preorder a A +
HomCod: cat-tiny-preorder o B
for a A B F

syntax -is-tiny-preorder-functor = V. = V = V = V = bool
(«(-:/ - <c.pEO.tinyt ) [51, 51, 51] 51)
syntax-consts -is-tiny-preorder-functor = is-tiny-preorder-functor
translations § : A <c.pro.tinya B =
CONST is-tiny-preorder-functor a A B §

Rules.

lemma (in is-tiny-preorder-functor)
is-tiny-preorder-functor-azioms'[ cat-order-cs-intros]:
assumes o’ = ¢ and 2’ = 2 and B’ =B
shows § : A’ <¢c.pgo.tiny, B’

{proof)

mk-ide rf is-tiny-preorder-functor-def
|intro is-tiny-preorder-functorl|
|dest is-tiny-preorder-functorD[ dest]|
|elim is-tiny-preorder-functorE[ elim]|

lemmas [ cat-small-order-cs-intros] = is-tiny-preorder-functorD(1)

Tiny preorder functor is a tiny functor

sublocale is-tiny-preorder-functor  is-tiny-functor

{proof)

32 Ordinal numbers

32.1 Background

The content of this section is based on the treatment of the ordinal numbers from the perspective
of category theory as exposed, for example, in Chapter I-2 in [7].

named-theorems cat-ordinal-cs-simps
named-theorems cat-ordinal-cs-intros

32.2 Arrows associated with an ordinal number

definition ordinal-arrs = V = V
where ordinal-arrs A = set {[a, b]lo | a b. a € AANbe AN a<b}
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lemma small-ordinal-arrs| simp]:
small {[a, blo | ab. aec AANbe, AAac<b}

(proof)
Rules.

lemma ordinal-arrsi| cat-ordinal-cs-intros):
assumes z = [a, b]o and a €, Aand be, Aand a <b
shows z €, ordinal-arrs A

{proof)

lemma ordinal-arrsD[ dest]:
assumes [a, b], € ordinal-arrs A
shows a €, Aand be, Aand a < b

{proof)

lemma ordinal-arrsE[ elim]:
assumes z €, ordinal-arrs A
obtains a b where a €, Aand be, Aand a < band z = [a, b

{proof)

32.3 Composable arrows

abbreviation ordinal-composable = V. = V
where ordinal-composable A = set
{
[[b, clo, [a, blo]o | @ b c.
a6 ANbec ANces Anasbabsec

}

lemma small-ordinal-composable[ simp]:
small
{
[[b, c]o, [a, blo]o | @ b c.
aco ANbegc Ance,c Aha<bAb<e
¥
(proof)

Rules.

lemma ordinal-composablel[ cat-ordinal-cs-intros]:
assumes z = [[b, c]o, [a, blo]o
and a €, A
and be, A
and c e A
and a < b
and b < ¢
shows z €, ordinal-composable A

{proof)

lemma ordinal-composableD[ dest]:
assumes [[b, c]o, [a, blo]o € ordinal-composable A
shows a ¢, Aand be;, Aand cec Aand a<band b < ¢
{proof)

lemma ordinal-composableE[ elim]:
assumes z €, ordinal-composable A
obtains a b ¢
where = = [[b, c]o, [a, b]o]o
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and a €, A
and b e, A
and c e, A
and a < b
and b < ¢

{proof)

32.4 Ordinal number as a category

32.4.1 Definition and elementary properties

definition cat-ordinal = V = V
where cat-ordinal A =

[
A,
ordinal-arrs A,
(Mfesordinal-arrs A. f(0)),
(Mfeoordinal-arrs A. f(IN)),
(Agfeoordinal-composable A. [gf (In)(0), 9f(O)(In]]s),
Az, A. [z, x]o)

lo

Components.

lemma cat-ordinal-components:

shows [ cat-ordinal-cs-simps]: cat-ordinal A(Obj)) = A
and [ cat-ordinal-cs-simps]: cat-ordinal A(Arr)) = ordinal-arrs A
and cat-ordinal A(Dom|) = (Afe.ordinal-arrs A. f(0))
and cat-ordinal A(Cod|) = (\fe,ordinal-arrs A. f(|IN])
and cat-ordinal A(Comp|) =

(Agfeoordinal-composable A. [gf (InN) (O], 9f (O)(InD]o)

and cat-ordinal A(CId)) = (Aze. A. [z, z]o)

(proof)

32.4.2 Domain

mk-VLambda cat-ordinal-components(3)
|vsv cat-ordinal-Dom-vsv[ cat-ordinal-cs-intros]|
|vdomain
cat-ordinal-Dom-vdomain|
folded cat-ordinal-components, cat-ordinal-cs-simps

]
|

lemma cat-ordinal-Dom-app| cat-ordinal-cs-simps]:
assumes z €, cat-ordinal A(Arr]) and z = [a, b],
shows cat-ordinal A(Dom|)(z]) = a

{proof)

lemma cat-ordinal-Dom-vrange: Ro (cat-ordinal A(Doml)) S, cat-ordinal A(Obj)

{proof)

32.4.3 Codomain

mk-VLambda cat-ordinal-components(4)
|usv cat-ordinal-Cod-vsv cat-ordinal-cs-intros]|
|vdomain
cat-ordinal-Cod-vdomain|
folded cat-ordinal-components, cat-ordinal-cs-simps

]

358



lemma cat-ordinal-Cod-appl cat-ordinal-cs-simps]:
assumes z €, cat-ordinal A(Arr]) and z = [a, b],
shows cat-ordinal A(Cod))(z]) = b

{proof)

lemma cat-ordinal-Cod-vrange: Ro (cat-ordinal A(Cod))) Co cat-ordinal A(Obj)
{proof)

32.4.4 Arrow with a domain and a codomain

Rules.

lemma cat-ordinal-is-arrl[ cat-ordinal-cs-intros]:
assumes a €&, A and b €, A and a < b and f = [a, b,
shows f : a =4t ordinal A b

(proof)

lemma cat-ordinal-is-arrD| dest]:

assumes [ : @ =y ordinal A 0
shows a €, Aand be, Aand a < band f = [a, b,

{proof)

lemma cat-ordinal-is-arrE[ elim]:

assumes f : @ =41 ordinal A D
obtains a €, Aand be, Aand ¢ < band f = [qa, b],

{proof)

Elementary properties.

lemma cat-ordinal-is-arr-not:
assumes -a < b
shows —f : a 7 cat-ordinal A b
(proof)

lemma cat-ordinal-is-arr-is-unique:

assumes [ : a =41 ordingl A 0 and g1 a = o ordingl A 0
shows f = ¢

{proof)

lemma cat-ordinal-Hom-ne:

assumes [ : a 7 cat-ordinal A b

shows Hom (cat-ordinal A) a b = set {f}
{proof)

lemma cat-ordinal-Hom-empty:
assumes -a < b
shows Hom (cat-ordinal A) a b =0

{proof)

lemma cat-ordinal-ing:
assumes cat-ordinal m = cat-ordinal n
shows m = n

{proof)

32.4.5 Composition
mk-VLambda cat-ordinal-components(5)
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|vsv cat-ordinal-Comp-vsv[ cat-ordinal-cs-intros]|
|vdomain cat-ordinal-Comp-vdomain[folded cat-ordinal-components, cat-cs-simps]|

lemma cat-ordinal-Comp-app| cat-ordinal-cs-simps]:
assumes g : b " cat-ordinal A € and f: a ™ cat-ordinal A b
shows g °4 ot ordinal A [ = [a, c]o

{proof)

32.4.6 Identity

mk-VLambda cat-ordinal-components(6)
lvsv cat-ordinal-CId-vsv[ cat-ordinal-cs-intros]|
|vdomain cat-ordinal-Cld-vdomain] cat-ordinal-cs-simps]|
lapp cat-ordinal-Cld-app| cat-ordinal-cs-simps]|

32.4.7 Order relation

lemma cat-ordinal-is-leD[ dest]:
assumes @ <0 gt ordinal A b

shows [a, b], : a = cat-ordinal A 0

{proof)

lemma cat-ordinal-is-leE[ elim]:
assumes @ <o 4t ordinal A 0
obtains [a, blo : @ = .yt ordinal A O

{proof)

lemma cat-ordinal-is-le-iff:

@ <0cqt-ordinal A b <= [@ blo © @ = ot ordinal A b
(proof)

32.4.8 Every ordinal number is a category

lemma (in Z) cat-linear-order-cat-ordinal| cat-ordinal-cs-intros]:
assumes Ord A and A S, o
shows cat-linear-order o (cat-ordinal A)

(proof)
lemmas [cat-ordinal-cs-intros] = Z.cat-linear-order-cat-ordinal

lemma (in Z) cat-tiny-linear-order-cat-ordinal[ cat-ordinal-cs-intros):
assumes Ord A and A €, «
shows cat-tiny-linear-order a (cat-ordinal A)

(proof)

lemmas [cat-ordinal-cs-intros] = Z.cat-linear-order-cat-ordinal

lemma (in Z) finite-category-cat-ordinal[ cat-ordinal-cs-intros]:
assumes a €, w

shows finite-category o (cat-ordinal a)
{proof)

lemmas [cat-ordinal-cs-intros] = Z.finite-category-cat-ordinal
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33 Simplicial category
33.1 Background

The content of this section is based, primarily, on the elements of the content of Chapter I-2 in
(7).

named-theorems cat-simplicial-cs-simps
named-theorems cat-simplicial-cs-intros

33.2 Composable arrows for simplicial category

definition composable-cat-simplicial = V = V = V
where composable-cat-simplicial o A = set

{
(9, flo | gf 3mnp.
g : cat-ordinal n <o ppoa cat-ordinal p A

f : cat-ordinal m <¢. pgoa cat-ordinal n A
me AAne AApe A

}

lemma small-composable-cat-simplicial[ simp):
small

[9: flo | g - 3m np.
g : cat-ordinal n <o . proa cat-ordinal p A

f ¢ cat-ordinal m <¢. proq cat-ordinal n A
me AAne AApe A

(is <small 25)
(proof)

Rules.

lemma composable-cat-simpliciall:
assumes ¢ : cat-ordinal n <¢.ppoe cat-ordinal p
and f : cat-ordinal m <o prpoa cat-ordinal n
and m €, A
and n €, A
and p e, A
and ¢f = [g, flo

shows ¢f €, composable-cat-simplicial o A

{proof)

lemma composable-cat-simplicial E[ elim]:
assumes gf €, composable-cat-simplicial o A
obtains g f m n p where gf = [g, f]o
and g : cat-ordinal n <¢_ppoe cat-ordinal p
and f : cat-ordinal m <¢.proa cat-ordinal n
and m ¢, A
and n €, A
and p e, A
{proof)

33.3 Simplicial category
33.3.1 Definition and elementary properties

definition cat-simplicial = V = V = V
where cat-simplicial o« A =
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[

set {cat-ordinal m | m. m €, A},
set
{
f.3mn.
f i cat-ordinal m <o . proa cat-ordinal n A m e, A Ane, A
I

(
Afe, set
{
f.dm n.
f i cat-ordinal m <c.pgoq cat-ordinal n A m e, AAne, A
}. f(HomDom))

)

(
Me, set
{
f.-Imn.
f ¢ cat-ordinal m <¢.proa cat-ordinal n A m e, AAne, A

+. f(HomCod)
)
(Agfe.composable-cat-simplicial a A. gf (0) ccr gf (IN]),
(Amegset {cat-ordinal m | m. m €, A}. cf-id m)

lo

Components.

lemma cat-simplicial-components:
shows cat-simplicial o A(Obj)) = set {cat-ordinal m | m. m e, A}
and cat-simplicial « A(Arr|) =
set {f. 3m n. f : cat-ordinal m <c. pgoa cat-ordinal n A m €, A A n €, A}
and cat-simplicial @ A(Dom|) =
(
Afeoset
{
f.3mn.
f i cat-ordinal m <o . pgoa cat-ordinal n A m e, AAne, A
}. f(HomDom))

and cat-simplicial o A(|Cod)) =
(
Meoset
{
f-Imn.

[+ cat-ordinal m <o ppoa cat-ordinal m A m €, AAne, A
}. f(HomCod))

and cat-simplicial o A(|Comp)) =
(Agfeocomposable-cat-simplicial o A. gf(0) occr gf (IN])
and cat-simplicial o A(CId)) =
(Amesset {cat-ordinal m | m. m €, A}. cf-id m)

{proof)

33.3.2 Objects

lemma cat-simplicial-Objl | cat-simplicial-cs-intros]:
assumes m €, A and a = cat-ordinal m
shows a €, cat-simplicial o A(Obj))

{proof)
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lemma cat-simplicial-ObjD:
assumes cat-ordinal m €, cat-simplicial o A(Obj))
shows m ¢, A

{proof)

lemma cat-simplicial-ObjE:
assumes M ¢, cat-simplicial o A(Obj))
obtains m where M = cat-ordinal m and m €, A

{proof)

33.3.3 Arrows

lemma small-cat-simplicial-Arr[ simp]:
small {f. Am n. f : cat-ordinal m <¢ proa cat-ordinal n A m €, A A n e, A}
(is «small 25»)

(proof)

lemma cat-simplicial-ArrI[ cat-simplicial-cs-intros):
assumes f : cat-ordinal m <o ppoa cat-ordinal n and m €, A and n €, A
shows [ €, cat-simplicial o A(Arr])

{proof)

lemma cat-simplicial-ArrE:
assumes f €, cat-simplicial oo A(Arr])
obtains m n
where f : cat-ordinal m <¢. proa cat-ordinal n and m €, A and n €, A

(proof)

33.3.4 Domain

mk-VLambda cat-simplicial-components(3)
|vsv cat-simplicial-Dom-vsv[ cat-simplicial-cs-intros]|
|vdomain
cat-simplicial-Dom-vdomain|
folded cat-simplicial-components, cat-simplicial-cs-simps
]
|

lapp cat-simplicial-Dom-app| folded cat-simplicial-components]|

lemma cat-simplicial-Dom-app[ cat-simplicial-cs-simps]:
assumes [ : cat-ordinal m <o ppoa cat-ordinal n and m €, A and n €, A
shows cat-simplicial a A(Doml|)(f]) = cat-ordinal m

(proof)

33.3.5 Codomain

mk-VLambda cat-simplicial-components(4)
|usv cat-simplicial-Cod-vsv| cat-simplicial-cs-intros]|
|vdomain
cat-simplicial-Cod-vdomain[
folded cat-simplicial-components, cat-simplicial-cs-simps
]
|

lapp cat-simplicial-Cod-app| folded cat-simplicial-components]|

lemma cat-simplicial-Cod-app'[ cat-simplicial-cs-simps]:
assumes [ : cat-ordinal m <¢.proq cat-ordinal n and m €, A and n €, A
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shows cat-simplicial o A(Cod))(f]) = cat-ordinal n
(proof)

33.3.6 Arrow with a domain and a codomain

lemma cat-simplicial-is-arrl:
assumes f : cat-ordinal m <o . proa cat-ordinal n
and m €, A
and n €, A
shows f : cat-ordinal m = cat-simplicial o A cat-ordinal n

{proof)

lemma cat-simplicial-is-arrl’[ cat-simplicial-cs-intros]:
assumes f : cat-ordinal m <o .proa cat-ordinal n
and m €, A
and n €, A
and a = cat-ordinal m
and b = cat-ordinal n
shows f : a —

{proof)

cat-simplicial o A b

lemma cat-simplicial-is-arrD| dest]:
assumes [ : cat-ordinal m > cat-simplicial o A cat-ordinal n
and m €, A
and n €, A
shows f : cat-ordinal m <c. proa cat-ordinal n

(proof)

lemma cat-simplicial-is-arrE[ elim]:
assumes [ : a 7 cat-simplicial o A b
obtains m n where f : cat-ordinal m <¢ proa cat-ordinal n
and m €, A
and n e, A
and a = cat-ordinal m
and b = cat-ordinal n

{proof)

33.3.7 Composition

mk-VLambda cat-simplicial-components(5)
|vsv cat-simplicial-Comp-vsv[ cat-simplicial-cs-intros]|
|vdomain cat-simplicial-Comp-vdomain[ cat-simplicial-cs-simps]|

lemma cat-simplicial-Comp-app[ cat-simplicial-cs-simps]:
assumes ¢ : cat-ordinal n = cat-simplicial o A cat-ordinal p
and f : cat-ordinal m — 4 cat-ordinal n
and m €, A
and n €, A
and p e, A
shows g ©A cat-simplicial o A f=gccrf
{proof)

cat-simplicial o

33.3.8 Identity

context
fixesa A=V
begin
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mk-VLambda cat-simplicial-components(6)[where a=a and A=A]
|vsv cat-simplicial-CId-vsv[ cat-simplicial-cs-intros]|
|vdomain
cat-simplicial-CId-vdomain'|
folded cat-simplicial-components(1)[where a=a and A=A]
]
|
lapp cat-simplicial-CId-app'|
folded cat-simplicial-components(1)[where a=a and A=A]
]
|

lemmas cat-simplicial-Cld-vdomain[ cat-simplicial-cs-simps] =
cat-simplicial- CId-vdomain’

lemmas cat-simplicial-CId-app[ cat-simplicial-cs-simps] =
cat-simplicial-CId-app’

end

33.3.9 Simplicial category is a category

lemma (in Z) category-simplicial:
assumes Ord A and A S, «
shows category « (cat-simplicial o A)
{proof)
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34 Example: categories with additional structure

34.1 Background

The examples that are presented in this section showcase how the framework developed in this
article can be used for the formalization of the theory of categories with additional structure.
The content of this section also indicates some of the potential future directions for this body
of work.

34.2 Dagger category

named-theorems dag-field-simps

named-theorems dagcat-cs-simps
named-theorems dagcat-cs-intros

definition DagCat :: V where [dag-field-simps]: DagCat = 0
definition DagDag :: V where [dag-field-simps]: DagDag = In

abbreviation DagDag-app = V = V (<fo»)
where 7¢ € = €(DagDag))

34.2.1 Definition and elementary properties

For further information see [1]19.

locale dagger-category =
Z o+
vfsequence € +
DagCat: category o <€(DagCat)> +
DagDayg: is-functor « <op-cat (€(DagCat)))s «€(DagCat])s t¢ €
for a € +
assumes dagcat-length: veard € = 2N
and dagcat-ObjMap-identity[ dagcat-cs-simps]:
a € €(DagCat)(0bj) = (T¢ €)(0bjMap))(a)) = a
and dagcat-DagCat-idem[ dagcat-cs-simps]:
o € oo fo € = ¢f-id (€(DagCat)))

lemmas [dagcat-cs-simps] =
dagger-category.dagcat-ObjMap-identity
dagger-category.dagcat-DagCat-idem

Rules.

lemma (in dagger-category) dagger-category-azioms'[ dageat-cs-intros):
assumes o’ = «
shows dagger-category o’ €

{proof)

mk-ide rf dagger-category-def[unfolded dagger-category-azioms-def]
|intro dagger-categoryl|
|dest dagger-categoryD| dest]
|elim dagger-categoryE[ elim]

lemma category-if-dagger-category[ dageat-cs-intros|:
assumes €’ = (€(|DagCat))) and dagger-category o €
shows category o €'

9https://ncatlab.org /nlab/show/dagger-+category
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{proof)

lemma (in dagger-category) dagcat-is-functor’[ dageat-cs-intros]:
assumes 2" = op-cat (€(DagCat))) and B’ = €(DagCat))
shows f¢ €: A" g B’

{proof)

lemmas [dagcat-cs-intros] = dagger-category.dagcat-is-functor’

34.3 Rel as a dagger category

34.3.1 Definition and elementary properties

For further information see [1]%°.

definition dagcat-Rel = V = V
where dagcat-Rel o = [cat-Rel a, To. Rgel @]o

Components.

lemma dagcat-Rel-components:
shows dagcat-Rel a(DagCat]) = cat-Rel «
and dagcat-Rel a(DagDag|) = To.Rel @
(proof )

34.3.2 Rel is a dagger category

lemma (in Z) dagger-category-dageat-Rel: dagger-category o (dagcat-Rel o)
{proof)

34.4 Monoidal category

For background information see Chapter 2 in [4].

34.4.1 Background

named-theorems mcat-field-simps

named-theorems mcat-cs-simps
named-theorems mcat-cs-intros

definition Mcat = V where [mcat-field-simps]: Mcat = 0
definition Mcf = V where [mcat-field-simps]: Mcf = In
definition Me :: V where [mcat-field-simps]: Me = 2N
definition M« :: V where [mcat-field-simps]: Mo = 3N
definition M[ :: V where [mcat-field-simps]: Ml = 4n
definition Mr :: V where [mcat-field-simps]: Mr = 5n

34.4.2 Definition and elementary properties

locale monoidal-category =
— See Definition 2.2.8 in [4].
Z o+
vfsequence € +
Mcat: category o <€(|Mcat))) +
Mcf: is-functor a «(€(Mecat)) xc (€(Meat)))r «€(Mecat])y <C(Mcf])> +
Ma: is-iso-ntcf
a «C(Mcat]) "oz «€(Mcat])r <cf-blecomp (C(Mcf]))> <cf-breomp (C€(Mcf])r «C(Mal) +

*Ohttps://ncatlab.org/nlab/show/Rel
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MI: is-iso-ntcf
!
«&(Mcat))»
«&(Mcat))
@(Mef)e(mcat),e(Meat) (CIMe) =) o r>
<cf-id (€(Mcat)))»
€Ml +
Mr: is-iso-ntcf
!
«C(Mcat))»
«&(Mcat))»
@(Mefde(meat),e(Meat) (—E(MeD) o>
<ef-id (€(Mcat)))>
& Mr))»
for a € +
assumes mcat-length[ mecat-cs-simps): veard € = 6n
and mcat-Me-is-obj[ meat-cs-intros]: €(Me|) €, €(Mcat])(Obj)
and mcat-pentagon:
I
a € €(Mcat))(Obj));
b € €(Mcat])(Obj));
¢ € €(Mcat]) (| Obj]);
d €, €(Mcat])(Obj))
] =
(C(IMcatD(|CIdD(|a|) ®HMA¢GMCfD C(|MO[DGNTM(1])D(I[), c, dD.) OA€(|Mcat|)
@(I]WO[D(I]\/vfz—']WapD(]a7 b ®HM~O€(]MCfD c, dD. OA@(‘Mcatl)
(e(Ma)(NTMap))(a, b, c|). ®HM.Ag(Mcf) C(|Mcat)(CId)(d]) =
€(|MaD(|NTMapD(|a, b, c ®HM-OQ:(|MCf|) dD. °A€(|Mcat|)
C(Ma))(NTMap))(a ®uM.o¢(Mcf) b © d)e
and mcat-triangle[ meat-cs-simps]:
[ a € €(Mcat)(Obj); b s €(Mcat])(Obj]) ]| =
¢(Ma))(NTMap))(a, €(Me)), b)s =
(QMrDINTMap){a) ®1rar. agqasepy COMeat) (CIA)(b))

lemmas [mcat-cs-intros] = monoidal-category.mcat-Me-is-obj
lemmas [mcat-cs-simps]| = monoidal-category.mcat-triangle

Rules.

lemma (in monoidal-category) monoidal-category-azioms'[ mcat-cs-intros]:
assumes o' = «
shows monoidal-category o’ €

{proof)

mk-ide rf monoidal-category-def[ unfolded monoidal-category-azioms-def]
|intro monoidal-categoryl|
|dest monoidal-categoryD[ dest]|
|elim monoidal-categoryE| elim]|

Elementary properties.

lemma mcat-eql:
assumes monoidal-category a A
and monoidal-category o B
and A(Mcat) = B(Mcat)
and 2A(Mcf]) = B(Mcf)
and 2A(Me]) = B(Me]
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and A(Ma)) = B(Ma)
and A( M) = 9B (Mi)
and A(Mr|) = B(Mr|)
shows 2 = B
(proof)

34.5 Components for Ma for Rel

34.5.1 Definition and elementary properties

definition M«a-Rel-arrow-lr = V=V = V = V
where Ma-Rel-arrow-lr A B C =
[
(Aab-ceo(A xo B) xo C. (vfst (ufst ab-c), (vsnd (vfst ab-c), vsnd ab-c))),
(A %, B) x, C,
A x5 (B x, C)
]o

definition Ma-Rel-arrow-rl =V =V = V => V
where Ma-Rel-arrow-rl A B C =

[
(Aa-beeo A xo (B %o C). {{vfst a-be, vfst (vsnd a-bc)), vsnd (vsnd a-be))),

A %o (B Xo C)a
(A %, B) xo C
Jo
Components.

lemma M a-Rel-arrow-lr-components:
shows Ma-Rel-arrow-lr A B C(ArrVal) =
(Aab-ceo(A xo B) xo C. (ufst (vfst ab-c), (vsnd (uvfst ab-c), vsnd ab-c)))
and [cat-cs-simps]: Ma-Rel-arrow-lr A B C(ArrDom|) = (A xo B) x, C
and [cat-cs-simps]: Ma-Rel-arrow-lr A B C(ArrCod]) = A x, (B %, C)
(proof)

lemma M a-Rel-arrow-ri-components:
shows Ma-Rel-arrow-rl A B C(ArrVal]) =
(Aa-beeo A x4 (B %o C). ({vfst a-be, vfst (vsnd a-be)), vsnd (vsnd a-be)))
and [cat-cs-simps]: Ma-Rel-arrow-rl A B C(|{ArrDom|) = A x, (B %, C)
and [cat-cs-simps]: Ma-Rel-arrow-rl A B C(ArrCod)) = (A x, B) x, C
(proof)

34.5.2 Arrow value

mk-VLambda M a-Rel-arrow-lr-components(1)
|vsv M a-Rel-arrow-lr- ArrVal-vsv[ cat-cs-intros]|
|vdomain Ma-Rel-arrow-lr-ArrVal-vdomain| cat-cs-simps]|
|app M a-Rel-arrow-lr-ArrVal-app’|

lemma Ma-Rel-arrow-lr- ArrVal-app| cat-cs-simps]:
assumes ab-c = {{a, b), ¢} and ab-c & (A x, B) x, C
shows Ma-Rel-arrow-lr A B C(ArrVal|)(ab-c]) = (a, (b, c))
(proof)

mk-VLambda Ma-Rel-arrow-ri-components(1)
|vsv M a-Rel-arrow-rl-ArrVal-vsv[ cat-cs-intros]|
|vdomain Ma-Rel-arrow-rl-ArrVal-vdomain| cat-cs-simps]|

lapp M a-Rel-arrow-rl-ArrVal-app’|

lemma Ma-Rel-arrow-rl-ArrVal-app| cat-cs-simps]:
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assumes a-bc = (a, (b, ¢)) and a-bc €, A x, (B %, C)
shows Ma-Rel-arrow-rl A B C(ArrVal])(a-bc]) = ({a, b}, ¢)
{proof)

34.5.3 Components for M« for Rel are arrows

lemma (in Z) Ma-Rel-arrow-lr-is-cat-Set-arr- Vset:
assumes A €, Vset « and B ¢, Vset a and C €, Vset a
shows Ma-Rel-arrow-lr A B C: (A xo B) %o C = 41-6et o A %o (B %o C)

{proof)

lemma (in Z) Ma-Rel-arrow-ri-is-cat-Set-arr-Vset:
assumes A ¢, Vset « and B ¢, Vset a and C &, Vset o
shows Ma-Rel-arrow-rl A B C': A xo (B %o C) = u1-Set o (4 %o B) x5 C

{proof)

lemma (in Z) Ma-Rel-arrow-lr-is-cat-Set-arr:
assumes A €, cat-Set a(O0bj)
and B ¢, cat-Set a(Obj))
and C €, cat-Set a(Obj))
shows Ma-Rel-arrow-lr A B C: (A xo B) %o C = 41-Set o A %o (B %o C)
{proof)

lemma (in Z) Ma-Rel-arrow-lr-is-cat-Set-arr'[ cat-rel-par-Set-cs-intros]:
assumes A €, cat-Set a(Obj))
and B ¢, cat-Set a(Obj))
and C ¢, cat-Set a(Obj)
and A’ = (A x, B) x, C
and B’ = A x, (B %, C)
and €' = cat-Set o
shows Ma-Rel-arrow-Ir A B C : A" =g B’

{proof)
lemmas [cat-rel-par-Set-cs-intros] = Z.Ma-Rel-arrow-lr-is-cat-Set-arr’

lemma (in Z) Ma-Rel-arrow-rl-is-cat-Set-arr:
assumes A €, cat-Set a(Obj))
and B €, cat-Set a(O0bj)
and C ¢, cat-Set aObj)
shows Ma-Rel-arrow-rl A B C : A xo (B %o C) » 41-Set o (A %o B) %o C

{proof)

lemma (in Z) Ma-Rel-arrow-rl-is-cat-Set-arr'[ cat-rel-par-Set-cs-intros]:
assumes A €, cat-Set a(O0bj|
and B €, cat-Set a(O0bj)
and C €, cat-Set a(Obj))
and A’ = A x, (B %, C)
and B’ = (A x, B) x, C
and ¢’ = cat-Set «
shows Ma-Rel-arrow-rl A B C : A" =g B’

{proof)
lemmas [ cat-rel-par-Set-cs-intros| = Z.Ma-Rel-arrow-ri-is-cat-Set-arr’
lemma (in Z) Ma-Rel-arrow-lr-is-cat-Par-arr:

assumes A €, cat-Par a(Obj)

and B ¢, cat-Par a(Obj)
and C €, cat-Par a(Obj)
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shows Ma-Rel-arrow-lr A B C : (A xo B) xo C = pt-Par o 4 %o (B %o C)
{proof)

lemma (in Z) Ma-Rel-arrow-lr-is-cat-Par-arr'[ cat-rel-Par-set-cs-intros):
assumes A €, cat-Par «(O0bj))
and B ¢, cat-Par a(O0bj)
and C ¢, cat-Par a(Obj)
and A’ = (A x, B) x, C
and B’ = A x, (B %, C)
and ¢’ = cat-Par «
shows Ma-Rel-arrow-lr A B C : A" g1 B’

{proof)
lemmas [ cat-rel-Par-set-cs-intros]| = Z.Ma-Rel-arrow-lr-is-cat- Par-arr’

lemma (in Z) Ma-Rel-arrow-rl-is-cat-Par-arr:
assumes A €, cat-Par a(O0bj)
and B €, cat-Par a(Obj)
and C €, cat-Par a(Obj|)
shows Ma-Rel-arrow-rl A B C': A xo (B %o C) = cur-Par o (A %o B) xo C
(proof)

lemma (in Z) Ma-Rel-arrow-rl-is-cat-Par-arr'[ cat-rel-Par-set-cs-intros]:
assumes A €, cat-Par a(Obj)
and B ¢, cat-Par «o(Obj)
and C ¢, cat-Par a(Obj)
and A’ = A x, (B x, C)
and B’ = (A x, B) x, C
and ¢’ = cat-Par «
shows Ma-Rel-arrow-rl A B C = A" g1 B’

{proof)
lemmas [ cat-rel-Par-set-cs-intros] = Z.Ma-Rel-arrow-rl-is-cat-Par-arr’

lemma (in Z) Ma-Rel-arrow-lr-is-cat-Rel-arr:
assumes A €, cat-Rel a(O0bj))
and B ¢, cat-Rel a(Obj)
and C ¢, cat-Rel a(Obj))
shows Ma-Rel-arrow-lr A B C: (A xo B) %o C = ur-Rel o A %o (B %o C)
{proof)

lemma (in Z) Ma-Rel-arrow-lr-is-cat-Rel-arr'[ cat-Rel-par-set-cs-intros]:
assumes A €, cat-Rel a(O0bj)
and B €, cat-Rel a(Obj))
and C ¢, cat-Rel a(Obj))
and A’ = (A x, B) x, C
and B’ = A x, (B %, C)
and ¢’ = cat-Rel «
shows Ma-Rel-arrow-lr A B C = A" g1 B’

{proof)
lemmas [ cat-Rel-par-set-cs-intros| = Z.Ma-Rel-arrow-lr-is-cat-Rel-arr’

lemma (in Z) Ma-Rel-arrow-ri-is-cat-Rel-arr:
assumes A €, cat-Rel a(Obj)
and B €, cat-Rel a(Obj))
and C €, cat-Rel a(Obj))
shows Ma-Rel-arrow-rl A B C': A xo (B %o C) = ¢gt-Rel o (A %o B) %o C
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(proof)

lemma (in Z) Ma-Rel-arrow-rl-is-cat-Rel-arr'[ cat-Rel-par-set-cs-intros]:
assumes A €, cat-Rel a(O0bj))
and B ¢, cat-Rel a(Obj)
and C ¢, cat-Rel a(Obj))
and A’ = A x, (B x, C)
and B’ = (A x, B) x, C
and €' = cat-Rel «
shows Ma-Rel-arrow-rl A B C : A" =g B’

{proof)

lemmas [ cat-Rel-par-set-cs-intros] = Z.Ma-Rel-arrow-rl-is-cat-Rel-arr’

34.5.4 Further properties

lemma (in Z) Ma-Rel-arrow-rl-Ma-Rel-arrow-Ir| cat-cs-simps]:
assumes A €, Vset a and B ¢, Vset a and C €, Vset o
shows
Ma-Rel-arrow-rl A B C 04 ct-Set oo Ma-Rel-arrow-Ir A B C' =
cat-Set a(CId)((A xo B) %o C)
{proof)

lemma (in Z) Ma-Rel-arrow-rl-Ma-Rel-arrow-Ir'[ cat-cs-simps]:
assumes A €, cat-Set a(Obj))
and B ¢, cat-Set a(Obj))
and C ¢, cat-Set a(Obj)
shows
Ma-Rel-arrow-rl A B C 04 p44.Get oo Ma-Rel-arrow-lr A B C' =
cat-Set a(CId)((A x, B) x, C)
{proof)

lemmas [cat-cs-simps] = Z.Ma-Rel-arrow-rl-M a-Rel-arrow-Ir’

lemma (in Z) Ma-Rel-arrow-lr-M a-Rel-arrow-rl] cat-cs-simps]:
assumes A ¢, Vset a and B ¢, Vset o and C €, Vset o
shows
Ma-Rel-arrow-lIr A B C 04 ct-Set oo Ma-Rel-arrow-rl A B C' =
cat-Set a(CId)(A %o (B x, C)))
{proof)

lemma (in Z) Ma-Rel-arrow-lr-Ma-Rel-arrow-rl'] cat-cs-simps]:
assumes A €, cat-Set a(0bj|
and B €, cat-Set a(O0bj)
and C ¢, cat-Set a(Obj)
shows
Ma-Rel-arrow-lIr A B C 04 c4-Set oo Ma-Rel-arrow-rl A B C =
cat-Set a(CId) (A4 %, (B x, O))
{proof)

lemmas [cat-cs-simps] = Z.Ma-Rel-arrow-Ir-M - Rel-arrow-rl’

34.5.5 Components for Ma for Rel are isomorphisms

lemma (in Z)
assumes A ¢, Vset « and B €, Vset o and C €, Vset a
shows M a-Rel-arrow-lr-is-cat-Set-iso-arr- Vset:
Ma-Rel-arrow-lr A B C: (A %o B) %o C »isopat-Set @ A %o (B %o C)
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and Ma-Rel-arrow-ri-is-cat-Set-iso-arr- Vset:
Ma-Rel-arrow-rl A B C : A x5 (B %o C) »isocat-Set o (A %o B) xo C
(proof )

lemma (in 2)
assumes A €, cat-Set a(0bj|
and B €, cat-Set a(O0bj)
and C ¢, cat-Set a(Obj)
shows M a-Rel-arrow-lr-is-cat-Set-iso-arr:
Ma-Rel-arrow-lr A B C: (A %o B) %o C »isopqt-Set @ A %o (B %o C)
and Ma-Rel-arrow-rl-is-cat-Set-iso-arr:
Ma-Rel-arrow-rl A B C : A xo (B %o C) »isocat-Set o (A X0 B) xo C
(proof )

lemma (in 2)
Ma-Rel-arrow-lr-is-cat-Set-iso-arr'[ cat-rel-par-Set-cs-intros]:
assumes A €, cat-Set a(0bj|
and B €, cat-Set a(0bj)
and C €, cat-Set a(Obj))
and A’ = (A x, B) x, C
and B'= A x, (B x, C)
and ¢’ = cat-Set «
shows Ma-Rel-arrow-lr A B C : A’ Hisog! B’
(proof)

lemmas [ cat-rel-par-Set-cs-intros]| =
Z.Mo-Rel-arrow-lr-is-cat-Set-iso-arr’

lemma (in Z)
Ma-Rel-arrow-ri-is-cat-Set-iso-arr'[ cat-rel-par-Set-cs-intros]:
assumes A €, cat-Set a(Obj))
and B €, cat-Set a(0bj)
and C ¢, cat-Set a(Obj)
and A’ = A x, (B x, C)
and B’ = (A x, B) x, C
and €’ = cat-Set «
shows Ma-Rel-arrow-rl A B C : A" =509 B’

{proof)

lemmas [ cat-rel-par-Set-cs-intros] =
Z.Ma-Rel-arrow-rl-is-cat-Set-iso-arr’

lemma (in 2)
assumes A €, cat-Par a(O0bj)
and B €, cat-Par a(Obj)
and C €, cat-Par a(Obj))
shows M a-Rel-arrow-lr-is-cat- Par-iso-arr:
Ma-Rel-arrow-lr A B C : (A %o B) %o C ¥ isocat-Par o A %o (B %o C)
and Ma-Rel-arrow-ri-is-cat-Par-iso-arr:
Ma-Rel-arrow-rl A B C': A x4 (B %o C) = is0cat-Par o (4 %o B) %o C
{proof)

lemma (in 2)
Ma-Rel-arrow-lr-is-cat-Par-iso-arr'| cat-rel-Par-set-cs-intros]:
assumes A €, cat-Par a(Obj)
and B €, cat-Par a(Obj)
and C €, cat-Par a(Obj))
and A’ = (A x, B) x, C
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and B’ = A x, (B %, C)
and ¢’ = cat-Par o
shows Ma-Rel-arrow-lr A B C : A’ S isog B’

{proof)

lemmas [ cat-rel-Par-set-cs-intros] =
Z.Ma-Rel-arrow-lr-is-cat- Par-iso-arr’

lemma (in 2)
Ma-Rel-arrow-ri-is-cat-Par-iso-arr | cat-rel-Par-set-cs-intros|:
assumes A €, cat-Par a(O0bj)
and B €, cat-Par a(Obj)
and C ¢, cat-Par a(Obj)
and A’ = A x, (B %, C)
and B’ = (4 x, B) x, C
and ¢’ = cat-Par «
shows Ma-Rel-arrow-rl A B C : A’ Fisog! B’
{proof)

lemmas [ cat-rel-Par-set-cs-intros] =
Z.Ma-Rel-arrow-rl-is-cat-Par-iso-arr’

lemma (in 2)
assumes A €, cat-Rel a(Obj))
and B ¢, cat-Rel a(Obj)
and C €, cat-Rel aObj))
shows M a-Rel-arrow-Ilr-is-cat-Rel-iso-arr:
Moa-Rel-arrow-ir A B C': (A %o B) %o C =isocat-Rel a A %o (B %o C)
and M a-Rel-arrow-ri-is-cat-Rel-iso-arr:
Moa-Rel-arrow-rl A B C : A %o (B %o C) =isocat-Rel o (4 %o B) %o C
{proof)

lemma (in 2)
Ma-Rel-arrow-lr-is-cat- Rel-iso-arr'| cat- Rel-par-set-cs-intros]:
assumes A €, cat-Rel a(Obj))
and B ¢, cat-Rel a(Obj)
and C €, cat-Rel a(Obj))
and A’ = (A x, B) x, C
and B’ = A x, (B %, C)
and €' = cat-Rel «
shows Ma-Rel-arrow-ir A B C : A’ P isog! B’

{proof)

lemmas [ cat-Rel-par-set-cs-intros] =
Z.Ma-Rel-arrow-lr-is-cat-Rel-iso-arr’

lemma (in 2)
Ma-Rel-arrow-ri-is-cat- Rel-iso-arr'| cat- Rel-par-set-cs-intros]:
assumes A €, cat-Rel a(Obj)
and B €, cat-Rel a(Obj))
and C ¢, cat-Rel a(Obj))
and A'= A x, (B %, C)
and B’ = (A x, B) x, C
and €’ = cat-Rel o
shows Ma-Rel-arrow-rl A B C : A’ Hisog! B’
(proof)

lemmas [ cat-Rel-par-set-cs-intros] =
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Z.Mo-Rel-arrow-rl-is-cat-Rel-iso-arr’

34.6 Ma for Rel
34.6.1 Definition and elementary properties

definition Ma-Rel = V = V
where Mo-Rel € =

[
(Aabeeo (€ 7¢3)(0b)). Ma-Rel-arrow-Ir (abe(0))) (abe(In])) (abe(2n])),
cf-blcomp (cf-prod-2-Rel €),
cf-brcomp (cf-prod-2-Rel €),
Q:AC?M
¢

1o

Components.

lemma M a-Rel-components:
shows Ma-Rel €(NTMap|) =
(Aabeeo (€7¢3)(0b]). Ma-Rel-arrow-Ir (abe(0)) (abe(In]) (abe(2n]))
and [cat-cs-simps]: Ma-Rel €(NTDom|) = cf-blcomp (cf-prod-2-Rel €)

and [cat-cs-simps]: Ma-Rel €(NTCod)) = cf-brcomp (cf-prod-2-Rel €)
and [cat-cs-simps]: Ma-Rel €(NTDGDom)) = € o3
and [cat-cs-simps]: Ma-Rel E(NTDGCod|) = €

(proof)

34.6.2 Natural transformation map

mk-VLambda Ma-Rel-components(1)
|vsv Ma-Rel-NTMap-vsv| cat-cs-intros]|
|vdomain Ma-Rel-NTMap-vdomain| cat-cs-simps]|
|app Ma-Rel-NTMap-app'|

lemma Ma-Rel-NTMap-app| cat-cs-simps]:
assumes ABC = [A, B, C], and ABC ¢, (€ ¢3)(0bj)
shows Ma-Rel €(NTMap))(ABC)) = Ma-Rel-arrow-lr A B C
(proof)

34.6.3 Ma for Rel is a natural isomorphism

lemma (in Z) Ma-Rel-is-iso-ntcf:
Ma-Rel (cat-Rel o) :
cf-blcomp (cf-prod-2-Rel (cat-Rel a)) = o F.iso
cf-brcomp (cf-prod-2-Rel (cat-Rel «)) :
cat-Rel o ¢c3 = cq cat-Rel o
(proof)

lemma (in Z) Ma-Rel-is-iso-ntcf [ cat-cs-intros]:
assumes §' = cf-blcomp (cf-prod-2-Rel (cat-Rel «))
and &' = ¢f-brcomp (cf-prod-2-Rel (cat-Rel «))
and 2’ = cat-Rel a3
and B’ = cat-Rel «
and o' = o
shows Ma-Rel (cat-Rel o) : §' = cr.iso 8+ A =g 0 B’
(proof)

lemmas [cat-cs-intros] = Z.Ma-Rel-is-iso-ntcf’
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34.7 M| and Mr for Rel

34.7.1 Definition and elementary properties

definition M{-Rel :: V = V = V
where MI-Rel € a =

(ABe,€(Obj]). vsnd-arrow (set {a}) B),
cf-prod-2-Rel &g ¢(set {a},~)cr,
cf-id €,
Qa
¢
]O

definition Mr-Rel = V = V = V
where Mr-Rel € b =

(AAe,€(0bj]). vfst-arrow A (set {b})),
cf-prod-2-Rel &g ¢(—,set {b})cr,
of-id @,
Qt7
¢
]o

Components.

lemma Mi-Rel-components:
shows Ml-Rel € a(NTMap)) = (ABe,€(0bj)). vsnd-arrow (set {a}) B)
and [cat-cs-simps]: Ml-Rel € a(NTDoml) = cf-prod-2-Rel €g ¢(set {a},~)cr
cat-cs-simps]: Ml-Rel € a(NTCod)) = cf-id €
cat-cs-simps]: Ml-Rel € a(NTDGDom|) = €
cat-cs-simps]: Ml-Rel € a(NTDGCod)) = €

and
and
and

{proof)

—re e

lemma Mr-Rel-components:
shows Mr-Rel € b(NTMap)) = (AAe,€(0bj)). vfst-arrow A (set {b}))
and [cat-cs-simps]: Mr-Rel € b(NTDom)|) = cf-prod-2-Rel €g ¢(-,set {b})cr
and [cat-cs-simps]: Mr-Rel € b(NTCod)) = cf-id €
and [cat-cs-simps]: Mr-Rel € b(NTDGDom|) = €
and [cat-cs-simps]: Mr-Rel € b(NTDGCod)) = €
(proof)

—re e

34.7.2 Natural transformation map

mk-VLambda Mi-Rel-components(1)
|vsv Ml-Rel-components-NTMap-vsv[ cat-cs-intros]|
|vdomain Mi-Rel-components-NTMap-vdomain| cat-cs-simps]|
|app MI-Rel-components-NTMap-app| cat-cs-simps]|

mk-VLambda Mr-Rel-components(1)
|vsv Mr-Rel-components-NTMap-vsv| cat-cs-intros]|
|vdomain Mr-Rel-components-NTMap-vdomain| cat-cs-simps]|
|app Mr-Rel-components-NTMap-app| cat-cs-simps]|

34.7.3 Ml and Mr for Rel are natural isomorphisms

lemma (in Z) Mi-Rel-is-iso-ntcf:
assumes a €, cat-Rel a(Obj)
shows MI-Rel (cat-Rel o) a:
cf-prod-2-Rel (cat-Rel &) cus-Rel o, cat-Rel o(s€t {a},=)cr »cp.iso
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cf-id (cat-Rel o) :
cat-Rel o =+ cat-Rel a
{proof)

lemma (in Z) Mi-Rel-is-iso-ntcf'| cat-cs-intros]:

assumes a €, cat-Rel a(Obj)
and §' = c¢f-prod-2-Rel (cat-Rel &) q41-Rel o, cat-Rel alset {a},~)cor
and &' = ¢f-id (cat-Rel «)
and A’ = cat-Rel o
and B’ = cat-Rel o
and o' = «

shows Mi-Rel (cat-Rel a) a: §' =cop.iso &' A =g 0 B’

(proof )

lemmas [ cat-cs-intros] = Z.MiI-Rel-is-iso-ntcf’

lemma (in Z) Mr-Rel-is-iso-ntcf:
assumes b €, cat-Rel a(Obj))
shows Mr-Rel (cat-Rel «) b :
cf-prod-2-Rel (cat-Rel @) cqp.Rel o, cat-Rel a(=set {b})cr =cor.iso
¢f-id (cat-Rel «) :
cat-Rel o =g cat-Rel a
(proof)

lemma (in Z) Mr-Rel-is-iso-ntcf [ cat-cs-intros]:
assumes b €, cat-Rel a(Obj)
and §' = cf-prod-2-Rel (cat-Rel &) 4t Rel «,cat-Rel a(=set {b})cr
and &' = ¢f-id (cat-Rel a)
and 2" = cat-Rel o
and B’ = cat-Rel o
and o' = «
shows Mr-Rel (cat-Rel a) b:§" =cp.iso & A =g 0 B’
{proof)

lemmas [cat-cs-intros] = Z.Mr-Rel-is-iso-ntcf’

34.8 Rel as a monoidal category

34.8.1 Definition and elementary properties

For further information see [2]?!.
definition mcat-Rel = V = V = V
where mcat-Rel o a =
[
cat-Rel «,
¢f-prod-2-Rel (cat-Rel a),
set {a},
Ma-Rel (cat-Rel o),
Mi-Rel (cat-Rel o) a,
Mr-Rel (cat-Rel @) a
Io

Components.

lemma mecat-Rel-components:
shows mcat-Rel a a(|Mcat]) = cat-Rel «
and mcat-Rel o a(Mcf]) = cf-prod-2-Rel (cat-Rel o)

*'https://en.wikipedia.org/wiki/Category_of _relations
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and mcat-Rel o a(Me]) = set {a}

and mcat-Rel o a(Ma]) = Ma-Rel (cat-Rel «)
and mecat-Rel o a(Ml) = Mi-Rel (cat-Rel o) a
and mcat-Rel o a(Mr]) = Mr-Rel (cat-Rel «) a

{proof)

34.8.2 Rel is a monoidal category

lemma (in Z) monoidal-category-mcat-Rel:
assumes a €, cat-Rel a(Obj))
shows monoidal-category o (mcat-Rel o a)

(proof)

34.9 Dagger monoidal categories

34.9.1 Background

See [13] for further information.

named-theorems dmcat-field-simps

named-theorems dmcat-cs-simps
named-theorems dmcat-cs-intros

definition DMcat :: V where [dmcat-field-simps]: DMcat = 0
definition DMdag :: V where [dmcat-field-simps]: DMdag = In
definition DMcf :: V where [dmcat-field-simps]: DMcf = 2N
definition DMe :: V where [dmcat-field-simps]: DMe = 3x
definition DM« :: V where [dmcat-field-simps]: DMa = N
definition DMI :: V where [dmcat-field-simps]: DMI = 5x
definition DMr :: V where [dmcat-field-simps]: DMr = 6y

abbreviation DMDag-app = V = V (<o)
where ¢ € = €(DMdag)

34.9.2 Slicing

Dagger category.

definition dmcat-dagcat = 'V = V
where dmcat-dageat € = [€(DMecat]), €(DMdag)]o

lemma dmcat-dagceat-components| slicing-simps|:
shows dmcat-dagcat €(|DagCat]) = €(DMcat))
and dmcat-dageat €(DagDagl) = €(DMdag])

{proof)

Monoidal category.

definition dmcat-mcat = V = V
where dmcat-mcat € = [€(DMcat)), €(DMcf]), €(DMe|), €(DMcal), €(DMI|), €(DMr)],

lemma dmcat-mcat-components| slicing-simps]:
shows dmcat-mcat €(Mcat]) = €(DMcat))
and dmcat-mcat €(Mcf]) = €(DMcf))
and dmcat-meat €(Me]) = €(DMe)
and dmcat-meat €(Ma)) = €(DMa))
and dmcat-meat €(MI)) = €(DMI))
and dmcat-mcat €(Mr|) = €(DMr))

{proof)
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34.9.3 Definition and elementary properties

locale dagger-monoidal-category = Z o + vfsequence € for a € +
assumes dmcat-length| dmcat-cs-simps): vecard € = TN

and dmecat-dagger-category: dagger-category o (dmcat-dageat €)
and dmcat-monoidal-category: monoidal-category a (dmcat-mcat €)
and dmcat-compatibility:

[ 9:c¢reqpmeaty &5 a=epmeat) 01 =

tac €(ArrMap)(g ®am.ag(pumes) f) =
tuc C(ArrMap)(g) @ . ag(pues) o E(ArrMap))(f)

and dmcat-Ma-unital: A €, (€(DMcat]) “¢3)(0bj) =

tuc €(ArrMap)) (€(DMal) (NTMap)) (A)) = (€(DMa)(NTMap)(AD)™ ce(picat)
and dmcat-Mi-unital: a €, €(DMecat])(Obj) —

tac €(ArrMap))(€(DMI)(NTMap)(a)) = (€(DMI)(NTMap)(a))™ c¢qpreat)
and dmcat-Mr-unital: a €, €(DMcat])(Obj) —

tauc €(ArrMap) (€(DMr)) (NTMap))(al)) = (€(DMr))(NTMap)(a))™ ce(pascat)

Rules.

lemma (in dagger-monoidal-category)
dagger-monoidal-category-azioms'] dmcat-cs-intros):
assumes o' = «
shows dagger-monoidal-category o' €

{proof)

mk-ide rf
dagger-monoidal-category-def [ unfolded dagger-monoidal-category-azioms-def]
|intro dagger-monoidal-categoryl[intro]|
|dest dagger-monoidal-categoryD| dest]|
|elim dagger-monoidal-categoryE[ elim]|

Elementary properties.

lemma dmcat-eql:
assumes dagger-monoidal-category o 2
and dagger-monotdal-category o B
and A(DMcat)) = B(DMecat)
and A(DMdag|) = B(DMdag|)
and 2A(DMcf)) = B(DMcf)
and A(DMe|) = B(DMe))
and A(DMa|) = B(DMa)
and 2A(DMI) = B(DMI)
and 2A(DMr|) = B(DMr))
shows 2 =B
(proof)

Slicing.

context dagger-monoidal-category
begin

interpretation dagcat: dagger-category o <dmcat-dagcat €»

{proof)

sublocale DMCat: category o <€(DMcat))»
{proof)

sublocale DMDayg: is-functor « <op-cat (€(DMcat)))> <«€(DMcat])) Tapc ©
(proof)
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lemmas-with [unfolded slicing-simps]:
dmcat-Dom-vdomain[ dmcat-cs-simps] = dageat.dageat-ObjMap-identity
and dmcat-DagCat-idem[dmcat-cs-simps] = dagcat.dagcat-DagCat-idem
and dmecat-is-functor' dmeat-cs-intros] = dagcat.dagcat-is-functor’

end

lemmas [dmcat-cs-simps] =
dagger-monoidal-category.dmcat-Dom-vdomain
dagger-monoidal-category.dmcat-DagCat-idem

lemmas [dmcat-cs-intros] = dagger-monoidal-category.dmcat-is-functor’

context dagger-monoidal-category
begin

interpretation mcat: monoidal-category a <dmcat-mcat &>

{proof)

sublocale DMcf: is-functor o «€(DMecat]) xc €(DMcat]) <«C(DMcat])> <«C(DMcf])»
{proof)

sublocale DMa: is-iso-ntcf
a «€(DMcat)) “c3> «€(DMcat)) <cf-blecomp (€(DMcf)))» <cf-brcomp (€(DMcf)))» «C(DMa)>
(proof)

sublocale DMiI: is-iso-ntcf
@
«&(DMcat))
«€(DMcat))»
€(DMcf)e(prseat)),c(DMeat) (E(DMe),=) o >
<cf-id (€(DMcat)))»
«&(DMI)»
(proof)

sublocale DMr: is-iso-ntcf
a
«&(DMcat))
«&(DMcat))
€(DMcf)e(DMeat),e(DMeat) (—E(DMe)) o r
<cf-id (€(DMecat)))>
«&(DMr))»
{proof)

lemmas-with [unfolded slicing-simps]:
dmcat-Me-is-obj| dmcat-cs-intros] = meat.mcat-Me-is-obj
and dmcat-pentagon = mcat.mcat-pentagon
and dmcat-triangle[ dmcat-cs-simps] = mcat.mcat-triangle

end

lemmas [ dmcat-cs-intros] = dagger-monoidal-category.dmcat-Me-is-obj
lemmas [dmcat-cs-simps] = dagger-monoidal-category.dmcat-triangle
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34.10 Rel as a dagger monoidal category

34.10.1 Definition and elementary properties

definition dmcat-Rel =V = V = V
where dmcat-Rel o a =

[
cat-Rel «,
TC.Rel Q,
cf-prod-2-Rel (cat-Rel o),
set {a},
Ma-Rel (cat-Rel o),
Mi-Rel (cat-Rel «) a,
Mr-Rel (cat-Rel ) a

lo

Components.

lemma dmcat-Rel-components:

shows dmcat-Rel o a(|DMcat]) = cat-Rel «
and dmcat-Rel o a((DMdag|) = T¢.Rer @
and dmecat-Rel « a((DMcf]) = cf-prod-2-Rel (cat-Rel «)
and dmcat-Rel o a(DMel]) = set {a}
and dmcat-Rel o a(DMa]) = Ma-Rel (cat-Rel «)
and dmcat-Rel o a(|DMI)) = Mi-Rel (cat-Rel «) a
and dmcat-Rel o a((DMr|) = Mr-Rel (cat-Rel o) a

{proof)
Slicing.
lemma dmecat-dageat-dmeat-Rel: dmcat-dageat (dmeat-Rel o a) = dagceat-Rel «

(proof)

lemma dmcat-mcat-dmcat-Rel: dmcat-mcat (dmcat-Rel o a) = mcat-Rel o a
{proof)

34.10.2 Rel is a dagger monoidal category

lemma (in Z) dagger-monoidal-category-dmecat-Rel:
assumes A €, cat-Rel a(Obj))
shows dagger-monoidal-category o (dmcat-Rel o A)

{proof)
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