AutoFocus Stream Processing for Single-Clocking

and Multi-Clocking Semantics

David Trachtenherz

October 13, 2025

Abstract

We formalize the AutoFocus Semantics (a time-synchronous subset
of the Focus formalism) as stream processing functions on finite and
infinite message streams represented as finite/infinite lists. The for-
malization comprises both the conventional single-clocking semantics
(uniform global clock for all components and communications chan-
nels) and its extension to multi-clocking semantics (internal execution
clocking of a component may be a multiple of the external commu-
nication clocking). The semantics is defined by generic stream pro-
cessing functions making it suitable for simulation/code generation in
Isabelle/HOL. Furthermore, a number of AutoFocus semantics prop-
erties are formalized using definitions from the Nat-Interval-Logic the-
ories.

Contents

1 Additional definitions and results for lists
1.1 Slicing lists into lists of lists . . . . . . ... ... ... ....

2 AutoFocus message streams
2.1 Basic definitions . . . . ... ..o oL
2.1.1 Time-synchronous streams . . . . . . . ... ... ...
2.1.2 Time abstraction . . . . . ... ... ... ...
2.2  Expanding and compressing lists and streams . . . . . .. ..
2.2.1 Expanding message streams . . . . . . ... ... ...
2.2.2 Aggregating lists . . . .. ... ... ... ... ...
2.2.3 Compressing message streams . . . . . . . . ... ...
2.2.4 Holding last messages in everly cycle of a stream . . .
2.2.5 Compressing lists . . . . . ... ... ...

3 Processing of message streams
3.1 Executing components with state transition functions Ce
3.1.1 Basic definitions . . . . ... .. oo

w W

S IR |

10
11

16
19
26
29

33
33



3.2

3.1.2 Basicresults . .. ... ... ... ... ... .. ... 34
3.1.3 Connected streams . . . . . ... ... ... ...... 52
3.1.4 Additional auxiliary results . . . . .. ... ... ... 55
Components with accelerated execution . . . ... ... ... 57
3.2.1 Equivalence relation for executions . . . . . ... ... 57
3.22 Idlestates . . . . . . . .. ... ... 63
3.2.3 Basic definitions for accelerated execution . . . . . . . 67
3.2.4 Basic results for accelerated execution . . . .. .. .. 68
3.2.5 Basic results for accelerated execution with initial state

in the resulting stream . . . . . .. ... ... .. 76
3.2.6 Rules for proving execution equivalence . . . ... .. 79
3.2.7 Idle states and accelerated execution . . . . . . .. .. 85

4 AutoFocus message streams and temporal logic on intervals 88

4.1

4.2

Stream views — joining streams and intervals . . . .. . . .. 88
4.1.1 Basic definitions . . . . .. ... ... L. 88
4.1.2 Basicresults . . ... .. ... ... ... 0. 89
4.1.3 Results for intervals from IL-Interval . . . . . . . . .. 93
Streams and temporal operators . . . ... ... ... .... 97

5 AutoFocus message stream processing and temporal logic

on intervals 98
5.1 Correlation between Pre/Post-Conditions for f-Ezec-Comp-Stream
and f-Exec-Comp-Stream-Init . . . . . . . .. .. .. .. ... 99
5.2 i-Exec-Comp-Stream-Acc-Output and temporal operators with
bounded intervals. . . . . .. ... Lo 100
5.3 i-Exec-Comp-Stream-Acc-Output and temporal operators with
unbounded intervals and start/finish events. . . . . . . . . .. 101
5.4 i-Exec-Comp-Stream-Acc-Output and temporal operators with

idle states. . . . . . . . 103



[1purel |
[Tools] |
(o)

[List-Infinite]

| ListSlice | | [Nat-Interval-Logic]

AF_Stream

| AF_Stream_Exec | | IL_AF_Stream |

IL_AF_Stream_Exec



1 Additional definitions and results for lists

theory ListSlice
imports List— Infinite. ListInf
begin

1.1 Slicing lists into lists of lists

definition ilist-slice :: 'a ilist = nat = 'a list dlist
where ilist-slice f k = Ax. map [ [z * k..<Suc x * k]

primrec list-slice-auz :: 'a list = nat = nat = 'a list list
where
list-slice-auz zs k 0 = []
| list-slice-auz zs k (Suc n) = take k xs # list-slice-aux (xs 1 k) kn

definition list-slice :: 'a list = nat = 'a list list
where list-slice xs k = list-slice-auz xs k (length xs div k)

definition list-slice2 :: 'a list = nat = 'a list list
where list-slice? zs k =
list-slice xs k Q (if length s mod k = 0 then || else [zs T (length zs div k = k)])

No function list-unslice for finite lists is needed because the corresponding
functionality is already provided by concat. Therefore, only a ilist-unslice
function for infinite lists is defined.

definition ilist-unslice :: 'a list ilist = 'a ilist
where ilist-unslice f = An. f (n div length (f 0)) ! (n mod length (f 0))

lemma list-slice-auz-length: Nxs. length (list-slice-auzx zs kn) = n
(proof)

lemma list-slice-auz-nth:
Am zs. m < n = (list-slice-auz xzs kn) ! m = (xs T (m % k) | k)

(proof)

lemma list-slice-length: length (list-slice xs k) = length zs div k
(proof)

lemma list-slice-0: list-slice xs 0 = |]

(proof)

lemma list-slice-1: list-slice xs (Suc 0) = map (Az. [z]) xs

{(proof)

lemma list-slice-less: length xs < k = list-slice xs k = ||
(proof)



lemma list-slice-Nil: list-slice [| k = |]
(proof)

lemma list-slice-nth:
m < length zs div k = list-slice xs k! m = xzs T (m x k) | k

(proof)

lemma list-slice-nth-length:
m < length zs div k = length ((list-slice zs k) ! m) = k

{(proof)

lemma list-slice-nth-eq-sublist-list:
m < length zs div k = list-slice xs k | m = sublist-list xs [m * k..<m * k + k]

(proof)

lemma list-slice-nth-nth:
[ m < length zs divk; n < k]| =
(list-slice zs k) ' m ! n =xs! (m x k + n)
(proof )

lemma list-slice-nth-nth-rev:

n < length zs div k x k =

(list-slice zs k) ! (n div k) ! (n mod k) = zs ! n
(proof)

lemma list-slice-eq-list-slice-take:
list-slice (xs | (length zs div k x k)) k = list-slice xs k
(proof)

lemma list-slice-append-mult:

Nzs. length s = m x k =

list-slice (xs Q ys) k = list-slice xs k Q list-slice ys k
(proof)

lemma list-slice-append-mod:
length xs mod k = 0 =
list-slice (xs Q ys) k = list-slice xs k Q list-slice ys k
(proof)

lemma list-slice-div-eq-1[rule-format):
length zs div k = Suc 0 = list-slice zs k = [take k xs]

(proof)

lemma list-slice-div-eq-Suc|rule-format]:

length xs div k = Suc n =

list-slice xs k = list-slice (xs | (n x k)) k Q [zs T (n * k) | K]
(proof)

lemma [ist-slice2-mod-0:



length s mod k = 0 = list-slice2 xs k = list-slice xs k
(proof )

lemma list-slice2-mod-gr0:
0 < length xs mod k = list-slice2 xs k = list-slice zs k Q [zs 1 (length xs div k

(proof)

lemma list-slice2-length:

length (list-slice2 xs k) = (

if length xs mod k = 0 then length xs div k else Suc (length zs div k))
(proof)

lemma list-slice2-0:
list-slice2 xs 0 = (if (length xs = 0) then || else [xs])
(proof)

lemma list-slice2-1: list-slice2 zs (Suc 0) = map (Az. [z]) zs
(proof)

lemma list-slice2-le:
length xs < k = list-slice2 xs k = (if length xs = 0 then [] else [zs])

(proof)

lemma list-slice2-Nil: list-slice2 || k = ||

(proof)

lemma list-slice2-list-slice-nth:
m < length xs div k => list-slice2 xs k | m = list-slice xs k! m

(proof)

lemma list-slice2-last:
[ length xs mod k > 0; m = length zs div k | =
list-slice2 xs k' ! m = xs T (length xs div k * k)

(proof)

lemma list-slice2-nth:

[ m < length zs divk | =

list-slice2 xs k' m = xs + (m * k) | k
(proof)

lemma [list-slice2-nth-length-eq1:
m < length zs div k = length (list-slice2 zs k! m) = k

(proof)

lemma list-slice2-nth-length-eq2:
[ length xs mod k > 0; m = length zs div k | =
length (list-slice2 zs k! m) = length xs mod k

(proof)



lemma list-slice2-nth-nth-eq!:
[ m < length zs divk; n < k]| =
(list-slice2 xzs k) ! m ! n=as! (m x k + n)

(proof)

lemma list-slice2-nth-nth-eq2:
[ m = length zs div k; n < length xs mod k | =
(list-slice2 xzs k) ! m ! n=as! (m x k + n)

{(proof)

lemma list-slice2-nth-nth-rev:
n < length xs = (list-slice2 zs k) ! (n div k) ! (n mod k) = zs ! n
(proof)

lemma list-slice2-append-mult:

length s = m *x k =

list-slice2 (xs Q ys) k = list-slice2 xs k Q list-slice2 ys k
(proof)

lemma list-slice2-append-mod:
length s mod k = 0 =
list-slice2 (xs Q ys) k = list-slice2 xs k Q list-slice2 ys k
(proof)

lemma ilist-slice-nth:
(ilist-slice f k) m = map f [m * k..<Suc m * k]
(proof )

lemma ilist-slice-nth-length: length ((ilist-slice f k) m) = k
(proof)

lemma ilist-slice-nth-nth:
n < k = (ilist-slice fk) m! n=f (m* k + n)
(proof)

lemma ilist-slice-nth-nth-rev:
0 < k = (ilist-slice f k) (n divk) ! (n mod k) = fn
(proof)

lemma list-slice-concat:
concat (list-slice xs k) = xzs | (length zs div k * k)
(is 7P as k)

(proof)

lemma list-slice-unslice-mult:
length s = m x k = concat (list-slice zs k) = xs

(proof)



lemma ilist-slice-unslice: 0 < k = ilist-unslice (ilist-slice f k) = f
(proof)

lemma i-take-ilist-slice-eq-list-slice:
0 < k = ilist-slice f k | n = list-slice (f | (n * k)) k
(proof)

lemma list-slice-i-take-eq-i-take-ilist-slice:
list-slice (f | n) k = ilist-slice f k | (n div k)
{(proof)

lemma ilist-slice-i-append-mod:
length s mod k = 0 =
ilist-slice (xs ~ f) k = list-slice xs k —~ ilist-slice f k

(proof)

corollary ilist-slice-append-mult:
length xs = m x k =
ilist-slice (xs ~ f) k = list-slice xs k —~ ilist-slice f k

(proof)

end

2 AutoFocus message streams

theory AF-Stream
imports ListSlice
begin

2.1 Basic definitions
2.1.1 Time-synchronous streams
datatype ‘a message-af = NoMsg | Msg 'a

notation (latex)
NoMsg (s&)) and
Msg («Msg»)

Abbreviation for finite streams
type-synonym ’a fstream-af = 'a message-af list
Abbreviation for infinite streams

type-synonym 'a istream-af = 'a message-af ilist

lemma not-NoMsg-eq: (m # ¢) = (3z. m = Msg x)
(proof)



lemma not-Msg-eq: (Vz. m # Msg ) = (m = ¢€)
(proof )

primrec the-af :: 'a message-af = 'a
where the-af (Msg z) =z

By this definition one can determine, whether data elements of different
data structures with messages, especially product types of arbitrary sizes
and records, are pointwise equal to NoMsg, i.e., contain only NoMsg entries.

consts is-NoMsg :: 'a = bool

overloading is-NoMsg = is-NoMsg :: 'a message-af = bool
begin

primrec is-NoMsg :: 'a message-af = bool
where

is-NoMsg € = True
| is-NoMsg (Msg z) = False

end

overloading is-NoMsg = is-NoMsg :: (‘a x 'b) = bool
begin

definition is-NoMsg-tuple-def :
is-NoMsg (p::'a x 'b) = (is-NoMsg (fst p) N is-NoMsg (snd p))

end

overloading is-NoMsg = is-NoMsg :: 'a set = bool
begin

definition is-NoMsg-set-def :
is-NoMsg (A::'a set) = (Vaz€A. is-NoMsg )

end

record SomeRecordExample =

Fieldl :: nat message-af

Field2 :: int message-af

Field3 :: int message-af
overloading is-NoMsg = is-NoMsg :: 'a SomeRecordExample-scheme = bool
begin

definition is-NoMsg-SomeRecord Example-def :
is-NoMsg (r:: 'a SomeRecordExample-scheme) =
Fieldl r =€ N Field2r = e N\ Field3 r = ¢
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end

definition is-Msg :: 'a = bool
where is-Msg © = (— is-NoMsg x)

lemma is-NoMsg-message-af-conv: is-NoMsg m = (case m of € = True | Msg x
= Fulse)
(proof)

lemma is-NoMsg-message-af-conv2: is-NoMsg m = (m = ¢)

(proof)

lemma is-Msg-message-af-conv: is-Msg m = (case m of € = Fualse | Msg © =
True)
{proof )

lemma is-Msg-message-af-conv2: is-Msg m = (m # €)
(proof )

Collection for definitions for is-NoMsg.

named-theorems is-NoMsg-defs

declare
is-NoMsg-tuple-def[is-NoMsg-defs)
is-NoMsg-set-def [is-NoMsg-defs]
is-NoMsg-SomeRecord Example-def [is-NoMsg-defs]
is-Msg-def[is-NoMsg-defs)

lemma not-is-NoMsg: (= is-NoMsg m) = is-Msg m
(proof)

lemma not-is-Msg: (= is-Msg m) = is-NoMsg m
(proof)

lemma is-NoMsg (e::(nat message-af))
(proof)

lemma is-NoMsg (e::(nat message-af), e::(nat message-af))

(proof)

lemma is-NoMsg (e::(nat message-af), €::(nat message-af), €::(nat message-af))
(proof)

lemma is-Msg (e::(nat message-af), Msg (1::nat), e::(nat message-af))

(proof)

lemma is-NoMsg {e::(nat message-af), €}
(proof)
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lemma is-Msg {e::(nat message-af), Msg 1}

(proof)

lemma is-NoMsg (| Fieldl = e, Field2 = ¢, Field3 = ¢
(proof )

lemma is-Msg ( Fieldl = ¢, Field2 = Msg 1, Field3 = ¢ )
(proof)

2.1.2 Time abstraction

primrec untime :: 'a fstream-af = 'a list

where
untime [| = |]
| untime (z#xs) =
(ifr=c¢

then (untime xs)
else (the-af x) # (untime zs))

lemma untime-eq-filter[rule-format]:
map (A\zx. Msg ) (untime s) = filter (Az. x # €) s
(proof )

The following lemma involves the-af function and thus is some more limited
than the previous lemma

corollary untime-eq-filter2|[rule-format]:
untime s = map (Az. the-af x) (filter (\z. z # ) )
(proof)

definition untime-length :: 'a fstream-af = nat
where untime-length s = length (untime s)

primrec untime-length-cnt :: 'a fstream-af = nat
where
untime-length-cnt [| = 0
| untime-length-cnt (x # xs) =
(if x = € then 0 else Suc 0) + untime-length-cnt xs

lemma untime-length-eq-untime-length-cnt:
untime-length s = untime-length-cnt s

(proof)

definition untime-length-filter :: 'a fstream-af = nat
where untime-length-filter s = length (filter (Az. x # €) s)

lemma untime-length-filter-eg-untime-length:
untime-length-filter s = untime-length s

(proof)



lemma untime-empty-conv: (untime s = [|) = (Vn<length s. s | n = ¢€)
(proof)

lemma untime-not-empty-conv: (untime s # [|) = (In<length s. s! n # ¢)

(proof)

corollary untime-empty-imp-NoMsg|[rule-format]:
[ untime s =1[; n < lengths] = sln=c¢

{(proof)

lemma untime-nth-eq-filter:

n < untime-length s =

Msg (untime s ! n) = (filter (Az. x £ ¢) s) ! n
(proof)

corollary untime-nth-eq-filter2:

n < untime-length s =

untime s | n = the-af ((filter (Az. z # ¢€) s) | n)
(proof)

lemma untime-hd-eq-filter-hd:

untime s # [| =

Msg (hd (untime s)) = hd (filter (A\z. x # €) )
(proof)

corollary untime-hd-eq-filter-hd2:

untime s # [| =

hd (untime s) = the-af (hd (filter (Az. x # €) 5))
(proof)

lemma untime-last-eq-filter-last:
untime s # [| =
Msg (last (untime s)) = last (filter (Az. z # €) s)

(proof)

corollary untime-last-eq-filter-last2:

untime s # [| =

last (untime s) = the-af (last (filter (Az. z # €) s))
(proof )

2.2 Expanding and compressing lists and streams

2.2.1 Expanding message streams

primrec f-ezpand :: 'a fstream-af = nat = 'a fstream-af (infixl «©p» 100)
where
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f-expand-Nil: [| ©f k =[]
| f-expand-Cons: (z # zs) Of k =
(if 0 < k then z # F — Suc 0 @ (g5 Of k) else [])

definition i-expand :: ‘a istream-af = nat = 'a istream-of (infixl «©;> 100)
where
i-expand = \f k n.
(if k = 0 then ¢ else
if n mod k = 0 then f (n div k) else €)

primrec f-ezpand-Suc :: 'a fstream-af = nat = 'a fstream-af (infixl «©gg,» 100)
where

f-expand-Suc [ k = []
| frexpand-Suc (z # xs) k = z # ¥ @ (f-ezpand-Suc zs k)

definition i-ezpand-Suc :: 'a istream-af = nat = 'a istream-af (infixl «©;g,.
100)
where i-ezpand-Suc = N\ k n. if n mod (Suc k) = 0 then f (n div (Suc k)) else e

notation
f-expand (infixl «®) 100) and
i-expand (infixl <®» 100)

lemma length-f-expand-Suc[simp): length (f-expand-Suc zs k) = length xs * Suc k
(proof)

lemma i-expand-if:
[ ©i k= (if k= 0 then (An. €) else
(An. if n mod k = 0 then f (n div k) else €))

(proof)

lemma f-expand-one: 0 < k = [a] Oy k = a # gk — Suc 0
{proof )

lemma f-expand-0[simp]: zs ©f 0 = ||

(proof)

corollary f-expand-0-is-zero-element: zs ©f 0 = ys Of 0
(proof )

lemma i-expand-0[simp]: f ©; 0 = (An. €)

(proof)

corollary i-expand-0-is-zero-element: f ©®; 0 = g ®; 0
(proof)

lemma f-expand-gr0-f-expand-Suc: 0 < k = zs ©y k = f-expand-Suc xs (k — Suc
0)

(proof)

lemma i-expand-gro-i-expand-Suc: 0 < k = [ ©; k = i-exzpand-Suc f (k — Suc
0)



(proof)

lemma i-expand-gro:
0<k= fQ®; k= (An.ifnmodk = 0then f (n divk) elsec)

(proof)
lemma f-expand-1[simp|: xs @y Suc 0 = xs

(proof)
lemma i-expand-1[simp|: f @; Suc 0 = f

(proof)

lemma f-expand-length[simp]: length (zs ©f k) = length s * k
(proof)

lemma f-ezpand-empty-conv: (zs Of k=) = (zs =[] V k= 0)
(proof)

lemma f-expand-not-empty-conv: (zs Of k # []) = (xs # | A 0 < k)
(proof)

lemma f-expand-Cons:
0<k:>(x#xs)®fkzx#sk_S“CO@(a:sG)f k)
(proof)
lemma f-expand-append[simp]: Ays. (zs Q ys) ©5 k = (zs O k) Q (ys Oy k)
(proof )

lemma f-expand-snoc:
0 <k= (s Q[z]) O k = zs Oy k Q z # replicate (k — Suc 0)
(proof)

lemma f-expand-nth-mult: An.
[n<lengthzs; 0 < k] = (zs @ k) ! (n*xk)=2as!n
(proof )

lemma i-expand-nth-mult: 0 < k = (f ©@; k) (n x k) = fn
(proof)

lemma f-expand-nth-if: A\n.

n < length zs * k =

(zs ©f k) ! n = (if n mod k = 0 then xs ! (n div k) else ¢)
(proof)

corollary f-expand-nth-mod-eq-0:
[ n < length s x k; nmodk = 0] = (zs ©f k) ! n = as ! (n div k)
(proof)

corollary f-expand-nth-mod-neq-0:
[n<lengthzs x k; 0 < nmod k]| = (zs Op k) ! n=¢
(proof )

lemma f-expand-nth-0-upto-k-minus-1-if:
[t<lengthxs;n=txk+ii<k]=

14
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(zs O k) ' n = (if i = 0 then zs ! ¢ else €)
(proof)

lemma f-expand-take-mult: xs Of k| (nx k) = (zs | n) Of k
(proof)

lemma f-expand-take-mod:
nmodk=0= xsOf kln=uasl|(ndivk) Of k
(proof)

lemma f-ezxpand-drop-mult: zs ©¢ k1 (n x k) = (zs T n) Of k
(proof)

lemma f-expand-drop-mod:
nmodk=0= zsOrktn=ast(ndivk) O k
(proof )

lemma f-expand-take-mult-Suc:
[ n < lengthxs; i < k] = »
s Op kl(nxk+ Suci)=(zsln)Of kQ (zs! n#eh
(proof)

lemma f-expand-take-Suc:

n < length zs x k =

s @p k| Sucn=(zsl (ndivk)) Of k Q (zs! (n divk) # " mod k)
{proof )

lemma i-expand-nth-if:
0<k= (f©; k) n=(if n mod k = 0 then f (n div k) else ¢)

(proof)

corollary i-expand-nth-mod-eq-0:
[0<k;nmodk=0]= (f ©i k) n=7Ff(ndivk)

(proof)

corollary i-expand-nth-mod-neq-0:
0<nmodk = (fO;k)n=c¢

(proof )

lemma i-expand-nth-0-upto-k-minus-1-if:
[n=txk+ii<k] =
(f ©®i k) n= (if i = 0 then [t else €)
(proof)

lemma i-ezpand-i-take-mult: f ©; k| (nx k) = (f 4 n) Oy k
(proof)

lemma i-expand-i-take-mod:
nmodk=0=fo; kdn=fI(ndivk) ok
(proof )
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lemma i-expand-i-drop-mult: (f ©; k) t (nx k) = (f t n) ©; k
(proof)

lemma i-expand-i-drop-mod:
nmodk=0= fO;, kftn=fN(ndivk) ®; k
(proof )

lemma i-expand-i-take-mult-Suc: .
i<k=fo;ik)(nxk+Suci)=(fUn) OrkQ(fn#e"
(proof)

lemma i-expand-i-take-Suc:
0<k=fo; k| Sucn=(f{(ndivk)) ©f kQ(f (n divk) #Enmodk)
(proof)

lemma f-expand-nth-interval-eq-nth-append-replicate-NoMsg[rule-format):
[0<kt<lengthas;txk<tl;t1 <txk+k— Sucl0] =
zs Of kiSuctlT(t*k):ms!t#sﬂ —txk

(proof)

lemma f-expand-nth-interval-eq-replicate-NoMsg:
[0 <kstsk<tl;t]l <t2;t2 <txk+k; t2<lengthxzs x k] =
zs Of k| t2 1 t1 =l - U

(proof)

lemma i-expand-nth-interval-eq-nth-append-replicate- NoMsg|rule-format):
[0<kitsxk<tl;tl <tsxk+k— Sucl] =
FOikl Suctl +(txk)=ft#eld—txk

(proof )

lemma i-expand-nth-interval-eq-replicate-NoMsg:
[0 <kitsk<ti; t1 <i2;82<txk+k]—=
Foiklt2ttr =et? —H

(proof )

lemma f-ezpand-replicate-NoMsg[simp]: (e™) @ k = ™ * k

{proof)

lemma i-expand-const-NoMsg[simp]: (An. €) @; k = (An. €)
(proof)

lemma f-ezpand-assoc: s O a Of b = s Of (a * b)
(proof)

lemma i-expand-assoc: f ©; a ©; b= f @; (a * b)

(proof)
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lemma f-expand-commute: s @y a ©f b= 25 O b Of a
(proof)

lemma i-expand-commute: f ©; a ©; b=f ©; b ®; a

(proof)

lemma i-expand-i-append: (zs ~ f) ©; k = xzs O k ~ (f ©; k)
(proof )

lemma f-expand-eq-conv:
0 <k= (s Of k=ys Oy k) = (zs = ys)
(proof)

lemma i-expand-eq-conv:
0<k= (foik=9g0; k) =(f=y9)
(proof)

lemma f-expand-eq-conv’:

(xs' ©p k = xs) =

(length s’ x k = length xs A

(Vi<length zs. xs ! i = (if i mod k = 0 then xs'! (i div k) else €)))
(proof)

lemma i-expand-eq-conv’:

0<k= (f'o;k=f) =

(Vi. fi= (if i mod k = 0 then f' (i div k) else €))
(proof)

2.2.2 Aggregating lists

definition f-aggregate :: 'a list = nat = (‘a list = 'a) = 'a list
where f-aggregate s k ag = map ag (list-slice s k)

definition i-aggregate :: 'a ilist = nat = ('a list = 'a) = 'a ilist
where i-aggregate s k ag = An. ag (s  (n * k) | k)

lemma f-aggregate-0[simpl: f-aggregate xs 0 ag = ||
(proof)

lemma f-aggregate-1:

(Az. ag [z] = 2) =
f-aggregate zs (Suc 0) ag = xs
(proof)

lemma f-aggregate-Nil[simp]: f-aggregate [| k ag = []
(proof)



lemma f-aggregate-length[simp]: length (f-aggregate xs k ag) = length zs div k
(proof )

lemma f-aggregate-empty-conv:
0 < k = (f-aggregate xzs k ag = []) = (length zs < k)
(proof)

lemma f-aggregate-one:
[ 0 < k; length xs = k | = f-aggregate xs k ag = [ag zs]
{(proof)

lemma f-aggregate-Cons:

[0 < k;length as = k]| =

f-aggregate (zs Q ys) k ag = ag xs # (f-aggregate ys k ag)
{proof )

lemma f-aggregate-eq-f-aggregate-take:
f-aggregate (zs | (length xs div k * k)) k ag = f-aggregate zs k ag
(proof)

lemma f-aggregate-nth:

n < length zs div k =

(f-aggregate zs k ag) ' n = ag (xs T (n *x k) | k)
(proof)

lemma f-aggregate-nth-eq-sublist-list:

n < length zs div k =

(f-aggregate xzs k ag) ! n = ag (sublist-list xs [n * k..<n x k + k)
(proof)

lemma f-aggregate-take-nth:
Nzs m. [ n < length zs divk; n < m divk ]| =
f-aggregate (zs | m) k ag ! n = f-aggregate zs k ag ! n
(proof)

lemma f-aggregate-hd:

[0 <k;k <lengthzs ]| =

hd (f-aggregate xzs k ag) = ag (zs | k)
(proof)

lemma f-aggregate-append-mod:

length s mod k = 0 =

f-aggregate (zs Q ys) k ag =

fraggregate xs k ag @ f-aggregate ys k ag
(proof)
lemma f-aggregate-append-mult:

length xs = m x k —

f-aggregate (zs Q ys) k ag =

fraggregate xs k ag @ f-aggregate ys k ag

18
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(proof)

lemma f-aggregate-snoc:
[ 0 < k; length ys = k; length s mod k = 0 | =
fraggregate (zs Q ys) k ag = f-aggregate zs k ag Q [ag ys]
(proof)

lemma f-aggregate-take:
fraggregate (zs | n) k ag = f-aggregate zs k ag | (n div k)
{(proof)

lemma f-aggregate-take-mult:
f-aggregate (zs | (n x k)) k ag = f-aggregate zs k ag | n
(proof)

lemma f-aggregate-drop-mult:
f-aggregate (zs 1 (n x k)) k ag = f-aggregate zs k ag T n

(proof)

lemma f-aggregate-drop-mod:
n mod k = 0 = f-aggregate (xs T n) k ag = f-aggregate zs k ag T (n div k)
(proof )

lemma f-aggregate-assoc:
(Azs. length s mod a = 0 = ag (f-aggregate zs a ag) = ag xs) =
f-aggregate (f-aggregate zs a ag) b ag = f-aggregate xs (a * b) ag
(proof)

lemma f-aggregate-commute:
[ Azs. length xs mod a = 0 = ag (f-aggregate xs a ag) = ag xs;
Nzs. length xs mod b = 0 = ag (f-aggregate zs b ag) = ag xs | =
f-aggregate (f-aggregate xs a ag) b ag = f-aggregate (f-aggregate s b ag) a ag
{proof)

lemma i-aggregate-0[simpl: i-aggregate f 0 ag = (Az. ag [])

(proof)

lemma i-aggregate-1: (\z. ag [z] = ©) = i-aggregate f (Suc 0) ag = f
{proof)

lemma i-aggregate-nth: i-aggregate f k agn = ag (f ¥ (n x k) | k)
(proof)

lemma i-aggregate-hd: i-aggregate fk ag 0 = ag (f | k)

(proof)

lemma i-aggregate-nth-eq-map: i-aggregate f k ag n = ag (map f [n * k.<n x k +

k)
(proof)

lemma i-aggregate-i-append-mod:
length s mod k = 0 =
i-aggregate (zs —~ f) k ag = f-aggregate xs k ag —~ i-aggregate f k ag
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(proof)

lemma i-aggregate-i-append-mult:

length xs = m x k —

i-aggregate (zs —~ f) k ag = f-aggregate xs k ag —~ i-aggregate f k ag
(proof)

lemma i-aggregate-Cons:

[0 < k;length zs = k| =

i-aggregate (zs —~ f) k ag = [ag zs] —~ (i-aggregate f k ag)
(proof)

lemma i-aggregate-take-nth:
n < m divk = f-aggregate (f | m) k ag ! n = i-aggregate f k ag n
{proof )

lemma i-aggregate-i-take:
f~aggregate (f | n) k ag = i-aggregate f k ag | (n div k)
(proof)

lemma i-aggregate-i-take-mult:
0 < k = f-aggregate (f | (n * k)) k ag = i-aggregate f k ag |} n
(proof)

lemma i-aggregate-i-drop-mult:
i-aggregate (f f (n * k)) k ag = i-aggregate f k ag f} n
{proof)

lemma i-aggregate-i-drop-mod:
nmodk =0 =
i-aggregate (f 1 n) k ag = i-aggregate f k ag ft (n div k)
(proof )

lemma i-aggregate-assoc:
[0<a;0<b:
Nzs. length xs mod a = 0 = ag (f-aggregate zs a ag) = ag xs | =
i-aggregate (i-aggregate f a ag) b ag = i-aggregate f (a * b) ag
(proof)

lemma i-aggregate-commute:
[0 < a; 0 < b
Nzs. length xs mod a = 0 = ag (f-aggregate xs a ag) = ag xs;
Nzs. length xs mod b = 0 = ag (f-aggregate zs b ag) = ag xs | =
i-aggregate (i-aggregate zs a ag) b ag = i-aggregate (i-aggregate xs b ag) a ag
(proof)

2.2.3 Compressing message streams

Determines the last non-empty message.



21

primrec last-message :: 'a fstream-af = 'a message-af
where
last-message [| = €
| last-message (x # xs) = (if last-message xs = € then x else last-message 1s)

definition f-shrink :: ‘a fstream-af = nat = 'a fstream-af (infixl <=;> 100)
where f-shrink zs k = f-aggregate xs k last-message

definition i-shrink :: ‘a istream-af = nat = 'a istream-af (infixl <=;» 100)
where i-shrink f k = i-aggregate f k last-message

notation
f-shrink (infix]l <= 100) and
i-shrink (infixl <+» 100)

lemmas f-shrink-defs = f-shrink-def f-aggregate-def
lemmas i-shrink-defs = i-shrink-def i-aggregate-def

lemma last-message-Nil: last-message [| = €

(proof)

lemma last-message-one: last-message [m] = m
(proof)

lemma last-message-replicate: 0 < n => last-message (m™) = m

(proof)

lemma last-message-replicate-NoMsg: last-message (™) = &

{(proof)

lemma last-message-Cons-NoMsg: last-message (¢ # xs) = last-message s
(proof )

lemma last-message-append-one:
last-message (zs @Q [m]) = (if m = e then last-message s else m)

(proof)

lemma last-message-append: J\zs.
last-message (xs Q ys) = (
if last-message ys = € then last-message xs else last-message ys)

(proof)

corollary last-message-append-replicate-NoMsg:
last-message (zs @ ™) = last-message xs

{(proof)

lemma last-message-replicate-NoMsg-append:



last-message (€™ @ zs) = last-message xs
(proof)

lemma last-message-NoMsg-conv:
(last-message zs = €) = (Vi<length xs. xs | i = ¢)

(proof)

lemma last-message-not-NoMsg-conv:
(last-message s # €) = (Fi<length zs. xs | i # €)
{(proof)

lemma not-NoMsg-imp-last-message:
[ i < length xs; zs | i # ¢ | = last-message zs # ¢
(proof)

lemma last-message-exists-nth:

last-message xs # ¢ =

Fi<length xs. last-message xs = zs | i A (Vi<length xzs. i < j —> azs ! j =€)
(proof)

lemma last-message-exists-nth':
last-message ©s # ¢ = Fi<length xs. last-message xs = xs | {

(proof)

lemma last-messagel2-auz: J\i.
[ i < length xs; xs | i # &
Vi i<jANj<lengthas — zs!j=c] =
last-message xs = xs | i
(proof)

lemma last-messagel2:
[ i < length xs; xs | i # &
Ni-li<jgij<lengthas] = uazs!lj=¢c] =
last-message ©s = zs | i
(proof)

lemma last-messagel:
[ m #¢e; i < length zs; xs | i = m;
Ni-li<jij<lengthas] = azs!lj=¢c] =
last-message xs = m
(proof)

lemma last-message-Msg-eqg-last:
[ zs # []; last xs # € | = last-message xs = last xs

(proof)

lemma last-message-conv:
m# e =
(last-message zs = m) =

22



(Fi<length zs. xs i = m A (Vj<length xs. i < j — xs ! j = €))
(proof )

lemma last-message-conv-if:

(last-message Ts = m) =

(if m = ¢ then Vi<length zs. zs | i = ¢

else Ji<length zs. zs ' i = m A (Vj<length zs. i < j — xs ! j = ¢g))
(proof)

lemma last-message-not-NoMsg-eq-conv:
[ last-message xs # €; last-message ys # € | =
(last-message xs = last-message ys) =
(ij. i < length xzs N j < length ys N zs ! i # e A
zsli=ys!jA
(Vn<length zs. i <n — xs!n=¢) A
(Vn<length ys. j < n — ys! n =c¢))

(proof)

lemma f-shrink-0[simp|: zs +5 0 = ||

(proof)

lemma f-shrink-1[simp|: zs +; Suc 0 = xs
(proof)

lemma f-shrink-Nil[simp]: [| +¢ k = |]
(proof)

lemma f-shrink-length: length (zs <+ k) = length zs div k
(proof)

lemma f-shrink-empty-conv: 0 < k = (zs +5 k = []) = (length zs < k)

(proof)

lemma f-shrink-Cons:
[0 < k;length xs = k| = (zs Q ys) +; k = last-message zs # (ys + k)
(proof)

lemma f-shrink-one:
[ 0 < k; length xs = k| = xs +5 k = [last-message xs]
(proof)

lemma f-shrink-eq-f-shrink-take:
zs | (length xs divk x k) ~r k= as +5 k
(proof)

lemma f-shrink-nth:
n < length zs div k =
(zs +; k) ! n = last-message (zs T (n = k) | k)

23



(proof)

lemma f-shrink-nth-eq-sublist-list:
n < length zs div k =
(zs +; k) ! n = last-message (sublist-list s [n * k..<n * k + k])

(proof)

lemma f-shrink-take-nth:
[n<lengthzs divk;n <mdivk] = (zs |l m) ~pk!n=as+¢yk!n

{(proof)

lemma f-shrink-hd:
[0 < k; k <length zs | = hd (zs +¢ k) = last-message (zs | k)
(proof )

lemma f-shrink-append-mod:
length xs mod k = 0 = (zs Q ys) +; k = xzs +; k Q (ys +5 k)
(proof)

lemma f-shrink-append-mult:
length xs = mx k= (zs Q ys) ~; k=as +; k Q (ys =~y k)
(proof )

lemma f-shrink-snoc:
[ 0 < k; length ys = k; length s mod k = 0 | =
(zs Q ys) +5 k = xs +¢ k Q [last-message ys]
(proof)

lemma f-shrink-last-message[rule-format]:
length xs mod k = 0 — last-message (s +¢ k) = last-message xs

{(proof)

lemma f-shrink-replicate: m" +; k = m" div k

(proof)

lemma f-shrink-f-expand-id: 0 < k = s Oy k +y k = x5

(proof)

lemma f-expand-f-shrink-id-take[rule-format]:
[ Vi<length zs. 0 < imod k — xs!i=¢] =
zs ¢ k ©f k= s | (length s div k * k)

(proof)

corollary f-expand-f-shrink-id-mod-0:
[ length zs mod k = 0;
Ni.[i<lengthzs; 0 < imodk] = azs!li=¢c] =
xs +5 k Of k= wxs
{proof )
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lemma f-shrink-take:
zsln+pk=as+r k| (ndivk)
(proof)

lemma f-shrink-take-mult: zs | (n* k) =y k=xs +; k|l n
(proof)

lemma f-shrink-drop-mult: s T (n x k) +y k=as ~r kT n
(proof)

lemma f-shrink-drop-mod:
nmodk=0=zstn+rk=uas+5k?t (ndvk)
(proof)

lemma f-shrink-eq-conv:
(xs +7 k1 = ys +; k2) =
(length xzs div k1 = length ys div k2 A
(Vi<length xzs div k1.
last-message (xs 1T (i * k1) | k1) = last-message (ys 1 (i x k2) | k2)))
(proof)

lemma f-shrink-eq-conv’:
(zs’ =5 k = as) =
(length zs’ div k = length xs A
(Vi<length zs.
if zs | i = e then (Vj<k. zs'! (i * k + j) = ¢)
else (An<k. zs'"! (i x k+n) =axs ! i A
(Vj<k.n<j—as'! (ixk+j) =c¢))))
(proof)

lemma f-shrink-assoc: s +¢ a +5 b= xs +5 (a * b)

(proof)

lemma f-shrink-commute: zs +y a 7y b =25 +¢y b +y a
(proof)

lemma i-shrink-0[simp): f +; 0 = (An. €)

(proof )

lemma i-shrink-1[simp|: f =; Suc 0 = f

(proof )

lemma i-shrink-nth: (f =; k) n = last-message (f 1 (n * k) | k)
(proof)

lemma i-shrink-nth-eq-map: (f <+; k) n = last-message (map f [n * k.<n x k +
k])

(proof )

lemma i-shrink-hd: (f +; k) 0 = last-message (f | k)

(proof)

lemma i-shrink-i-append-mod:
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length xs mod k = 0 = (zs ~ f) = k=as +5 k ~ (f + k)
(proof)

lemma i-shrink-i-append-mult:
lengthxs =m*x k= (zs ~ f) = k=as +7 k ~ (f +i k)
(proof)

lemma i-shrink-Cons:
[0 < k;length zs = k| = (xs ~ f) +i k = [last-message xs] ~ (f +; k)
{(proof)

lemma i-shrink-take-nth:
n<mdvk= (flm)=skln=(+kn
{(proof )

lemma i-shrink-const[simp]: 0 < k = (Az. m) +; k = (Az. m)

(proof)

lemma i-shrink-const-NoMsg[simp]: (Az. €) +; k = (Az. €)
(proof)

lemma i-shrink-i-expand-id: 0 < k = f ©; k ~; k= f
(proof)

lemma i-shrink-i-take-mult: 0 < k= fl (n*xk) +rk=f+ kin
(proof)

lemma i-shrink-i-take:
fldn+rk=f+ ki (ndivk)
(proof)

lemma i-shrink-i-drop-mult: f t (nx k) -, k=f =k n

(proof)

lemma i-shrink-i-drop-mod:
nmodk=0= fftn+; k=f=+ kN (ndivk)

(proof)

lemma i-shrink-eq-conuv:
(f +i k1 =g+ k2) =
(V1. last-message (f 1 (i x k1) | k1) =
last-message (g ft (i x k2) | k2))
(proof)

lemma i-shrink-eq-conv’:
(f'+ik=f)=
(Vi.if fi=cthenVj<k. f' (ixk+j) =c¢
else An<k. f' (i*xk+n)=fiA
(Vi<k.n<j—f'(ixk+j)=¢))
(proof)
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lemma i-shrink-assoc: [ +; a +; b= f +; (a x b)
(proof)

lemma i-shrink-commute: f ~; a ~; b=f +; b +; a

(proof)

2.2.4 Holding last messages in everly cycle of a stream

primrec last-message-hold-init :: 'a fstream-af = 'a message-af = 'a fstream-af
where
last-message-hold-init [| m = ||
| last-message-hold-init (z # xs) m =
(if x = € then m else x) #
(last-message-hold-init xs (if x = € then m else 1))

definition last-message-hold :: 'a fstream-af = 'a fstream-af
where last-message-hold xs = last-message-hold-init zs

lemma last-message-hold-init-length[simp:
Am. length (last-message-hold-init xs m) = length xs
(proof)

lemma last-message-hold-init-nth:
Aim. i < length s =
(last-message-hold-init xs m) ! i = last-message (m # zs | Suc i)

(proof)

lemma last-message-hold-init-snoc:
last-message-hold-init (xs Q [z]) m =
last-message-hold-init s m Q
[if © = e then last-message (m # xs) else x]

(proof)

lemma last-message-hold-init-append|rule-format):
Nzs m. last-message-hold-init (xs Q ys) m =
last-message-hold-init xs m Q last-message-hold-init ys (last-message (m # xs))

(proof)

lemma last-message-hold-length[simp]: length (last-message-hold zs) = length xs

(proof)

lemma last-message-hold-Nil[simp]: last-message-hold [| = |]
(proof)

lemma last-message-hold-one[simp]: last-message-hold [z] = [z]

(proof)

lemma last-message-hold-nth:



28

i < length s = last-message-hold xs ! i = last-message (xs | Suc 7)
(proof )

lemma last-message-hold-last:
zs # [| = last (last-message-hold xs) = last-message s

(proof)

lemma last-message-hold-take:
last-message-hold xs | n = last-message-hold (zs | n)

{(proof)

lemma last-message-hold-snoc:
last-message-hold (zs Q [z]) =
last-message-hold xs Q [if © = & then last-message zs else x]

(proof)

lemma last-message-hold-append:
last-message-hold (zs Q ys) =
last-message-hold xs Q last-message-hold-init ys (last-message xs)

(proof)

lemma last-message-hold-append’:
last-message-hold (zs Q ys) =
last-message-hold xs Q tl (last-message-hold (last-message xs # ys))

(proof)

lemma last-message-last-message-hold[simp]:
last-message (last-message-hold xs) = last-message xs

(proof)

lemma last-message-hold-idem|[simp):
last-message-hold (last-message-hold xs) = last-message-hold s

(proof)

Returns for each point in time the currently last non-empty message of the
current stream cycle of length k.

definition f-last-message-hold :: 'a fstream-af = nat = 'a fstream-af (infixl
(—¢> 100)
where f-last-message-hold xs k = concat (map last-message-hold (list-slice2 xs

k)

definition i-last-message-hold :: 'a istream-af = nat = 'a istream-af (infixl
(—;» 100)

where i-last-message-hold f k = An. last-message (f 1+ (n — n mod k) |} Suc (n
mod k))

notation
f-last-message-hold (infixl <—> 100) and
i-last-message-hold (infixl <—> 100)
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lemma f-last-message-hold-0[simp|: zs — ¢ 0 = last-message-hold xs
(proof)

lemma f-last-message-hold-1[simp]: s — (Suc 0) = zs

(proof)

lemma f-last-message-hold-Nil[simp): [| —¢ k = ||
(proof)

lemma f-last-message-hold-length[simp]: length (xs —f k) = length xs

(proof)

lemma f-last-message-hold-le: length xs < k = zs —; k = last-message-hold xs

(proof)

lemma f-last-message-hold-append-mult:
length xs = m * k = (s Q ys) ¢ k = as — 5 k Q (ys —y k)
(proof)

lemma f-last-message-hold-append-mod:
length xs mod k = 0 => (25 Q ys) —y k= zs — 5 k Q (ys — k)
(proof)

lemma f-last-message-hold-nth[rule-format]:

Vn. n < length xs — zs —; k| n = last-message (xs T (n div k * k) | Suc (n
mod k))
(proof )

lemma f-last-message-hold-take: s | n—y k=as —; k| n

{(proof)

lemma f-last-message-hold-drop-mult:
st (nxk)r—ypk=as—y¢ k1 (nx*k)
(proof)

lemma f-last-message-hold-drop-mod:
nmodk=0=zstnr—sk=xs—;kTn
(proof)

lemma f-last-message-hold-idem: s —y k ——y k = x5 — 7 k

(proof)

lemma f-shrink-nth-eq-f-last-message-hold-last:
n < length zs divk => zs +¢ k! n = last (zs —5 kT (n*x k) | k)
(proof)

lemma f-shrink-nth-eq-f-last-message-hold-nth:
n<lengthzs divk = zs +y k!n=as—yp k! (n*xk+k— Suc0)



30

(proof)

lemma last-message-f-last-message-hold:
last-message (zs — ¢ k) = last-message s

(proof)

lemma i-last-message-hold-0[simp]: f —; 0 = (An. last-message (f | Suc n))
(proof)

lemma i-last-message-hold-1[simpl: f —; Suc 0 = f

{(proof)

lemma i-last-message-hold-nth:
(f i k) n = last-message (f 1 (n — n mod k) | Suc (n mod k))

(proof)

lemma i-last-message-hold-i-append-mult:
length xs = m x k = (zs ~ f) —; k = (xzs —5 k) ~ (f i k)
(proof)

lemma i-last-message-hold-i-append-mod:
length xs mod k = 0 = (zs ~ f) —; k = (zs —f k) ~ (f — k)
(proof)

lemma i-last-message-hold-i-take: f 4 n+—f k= (f—i k) I n
(proof)

lemma i-last-message-hold-i-drop-mult:
fA(nxk)r—ik=fr—; k1t (nxk)
(proof)

lemma i-last-message-hold-i-drop-mod:
nmodk=0= fin—k=fr—k{n

{proof)

lemma i-last-message-hold-idem: f —; k—>; k= f —; k
(proof)

lemma i-shrink-nth-eq-i-last-message-hold-nth:
0<k= (f=ik)n=(fr—ik)(n*xk+k— Suc0)
(proof)

lemma i-shrink-nth-eq-i-last-message-hold-last:
0<k= (f-ik)n=last (f —i kft (nxk) | k)
(proof)

2.2.5 Compressing lists

Lists/Non-message streams do not have to permit the empty message ¢ to
be element. Thus, they are compressed by factor k by just aggregating every



sequence of length k to its last element.

definition f-shrink-last :: 'a list = nat = a list (infix] <+ 100)
where f-shrink-last xs k = f-aggregate xs k last

definition i-shrink-last :: 'a ilist = nat = 'a ilist (infix] <+;p 100)
where i-shrink-last f k = i-aggregate f k last

notation
f-shrink-last (infixl <+, 100) and
i-shrink-last (infixl «+p 100)

lemma f-shrink-last-0[simp]: zs +g 0 = ]
(proof )

lemma f-shrink-last-1[simp]: xs +q Suc 0 = s

(proof)

lemma f-shrink-last-Nil[simp]: [| +7 k = ]
(proof)

lemma f-shrink-last-length: length (xs +f k) = length xs div k
(proof)

lemma f-shrink-last-empty-conv:
0 <k= (zs +g k=)= (length zs < k)
(proof)

lemma f-shrink-last-Cons:

[0<k

length xs = k | = (2s Q ys) +5 k = last xs # (ys +p k)
(proof)

lemma f-shrink-last-one:
[ 0 <k lengthzs = k]| = zs +5 k = [last 3]
(proof)

lemma f-shrink-last-eq-f-shrink-last-take:
zs | (length xs divk * k) +gk =as +pgk
(proof)

lemma f-shrink-last-nth:
n < length zs divk = (zs +g k) ! n=as! (n* k + k — Suc 0)
(proof)

corollary f-shrink-last-nth’:
n < length xs div k = (zs +pg k) ! n = as ! (Sucn x k — Suc 0)
(proof )
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lemma f-shrink-last-hd:
[0 <kik<lengthas] = hd (zs +g k) = 2s ! (k — Suc 0)
(proof )

lemma f-shrink-last-map: (map f xs) +7 k = map f (zs +g k)
(proof)

lemma f-shrink-last-append-mod:
length zs mod k = 0 = (zs Q ys) +gk =a2s Tk Q (ys +q k)
(proof )

lemma f-shrink-last-append-mult:
length s = m * k = (2s Q ys) +gk =as +gk Q (ys +7 k)
(proof)

lemma f-shrink-last-snoc:
[ 0 < k; length ys = k; length s mod k = 0 | =
(zs @ ys) +q k = s +5 k Q [last ys]

(proof)

lemma f-shrink-last-last:
length xs mod k = 0 = last (zs +p k) = last zs

(proof)

lemma f-shrink-last-replicate: m™ +g k = m" div k

(proof)

lemma f-shrink-last-take:
zslntpgk=uas+gkl (ndivk)
(proof)

lemma f-shrink-last-take-mult: zs | (n * k) Tpk=zs+pkln
(proof)

lemma f-shrink-last-drop-mult: xzs 1 (n * k) Tpk=as+pgktn
(proof)

lemma f-shrink-last-drop-mod:
nmodk=0= xzstn+gk=uas+gk? (ndivk)
(proof)

lemma f-shrink-last-assoc: zs +fa +7 b= as +pg (a * b)
(proof)

lemma f-shrink-last-commute: xs +ga +gb=1zs +qb+qa
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(proof)

lemma i-shrink-last-1[simp): f +; Suc 0 = f

(proof)

lemma i-shrink-last-nth: 0 < k = (f +5k)n= f (nxk + k — Suc 0)
(proof)

lemma i-shrink-last-nth”: 0 < k = (f +5 k) n= f (Sucn * k — Suc 0)
(proof)

lemma i-shrink-last-hd: (f +; k) 0 = last (f | k)
(proof)

lemma i-shrink-last-0: 0 < k = (fog) ~gk=1fo (g +;%)
(proof)

lemma i-shrink-last-i-append-mod:
length s mod k = 0 = (zs ~ f) Ty k=as +gk ~ (f -4 k)
(proof)

lemma i-shrink-last-i-append-mult:
length xs = m x k = (xs —~ f) +ilk:x5+ﬂkﬁ(f+ilk)
(proof)

lemma i-shrink-last-Cons:
[0 <k;lengthas =k] = (xs ~ f) v+ k = [last xs] ~ (f +; k)
(proof)

lemma i-shrink-last-const: 0 < k = (Az. m) +;4 k = (Az. m)
(proof)

lemma i-shrink-last-i-take-mult:
0<k=fl(nxk)+pgk=f+ykin
(proof)

lemma i-shrink-last-i-take:
fdn+gk=f<ykl(ndivk)
(proof)

lemma i-shrink-last-i-drop-mult: f ft (n* k) =gk =f +5k Nt n
(proof)

lemma i-shrink-last-i-drop-mod:
nmodk=0= fn+gk=Ff+;k10 (ndivk)
(proof)

lemma i-shrink-last-assoc: f +; a +;5 b= f +; (a * b)

(proof)
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lemma i-shrink-last-commute: f ;a0 +;b=f ;b +,a
(proof)

Shrinking a message stream with last-message as aggregation function cor-
responds to shrinking the stream holding last message in each cycle with
last as aggregation function.

lemma f-shrink-eq-f-last-message-hold-shrink-last:
xs+fk:acs»—>fk+ﬂk
(proof )

lemma i-shrink-eg-i-last-message-hold-shrink-last:
(proof )

end

3 Processing of message streams

theory AF-Stream-Ezec
imports AF-Stream List— Infinite. ListInf-Prefix List— Infinite.SetIntervalStep
begin

3.1 Executing components with state transition functions

3.1.1 Basic definitions

Function type for functions converting an input value to an input port mes-
sage for a component

type-synonym (‘a, in) Port-Input-Value = 'a = 'in message-af

Function type for functions extracting the output value of a single output
port from a component value

type-synonym ('comp, ‘out) Port-Output-Value = 'comp = 'out message-af
Function type for functions extracting the local state of a component from
a component value

type-synonym (‘comp, 'state) Comp-Local-State = 'comp = 'state

Function type for transition functions computing the component’s value af-
ter processing an input for a single time unit

type-synonym (‘comp, ‘input) Comp-Trans-Fun = "input = 'comp = 'comp

— Execute a component for all inputs in the input stream "input list
primrec f-Fzec-Comp :: ('comp, "input) Comp-Trans-Fun = "input list = 'comp
= ‘comp
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where

f-Ezec-Nil:  f-Exec-Comp trans-fun [| ¢ = ¢
| f-Ezec-Cons: f-Exec-Comp trans-fun (z#zs) ¢ = f-Ezec-Comp trans-fun zs (trans-fun
z c)

— Execute the component for at most n steps
definition f-Ezec-Comp-N :: (‘comp, "input) Comp-Trans-Fun = nat = 'input
list = 'comp = "comp

where f-Ezec-Comp-N trans-fun n xs ¢ = f-Exec-Comp trans-fun (zs L n) ¢

— Produce the component stream for all inputs in the input stream
primrec f-Ezec-Comp-Stream :: ('comp, "input) Comp-Trans-Fun = 'input list =
‘comp = 'comp list
where
f-Exec-Stream-Nil: f-Exec-Comp-Stream trans-fun [] ¢ = []
| f-Exec-Stream-Cons: f-Exec-Comp-Stream trans-fun (z # zs) ¢ =
(trans-fun z ¢) # ( f-Ezec-Comp-Stream trans-fun xs (trans-fun z c) )

primrec f-FEzec-Comp-Stream-Init ::
(‘comp, "input) Comp-Trans-Fun = 'input list = 'comp = 'comp list
where
f-Exec-Stream-Init-Nil:  f-Exec-Comp-Stream-Init trans-fun [| ¢ = [c]
| f-Ezec-Stream-Init-Cons: f-Exec-Comp-Stream-Init trans-fun (x # zs) ¢ =
¢ # ( f-Ezxec-Comp-Stream-Init trans-fun xs (trans-fun = c) )

definition i-Fzec-Comp-Stream ::
(‘comp, "input) Comp-Trans-Fun = "input ilist = 'comp = 'comp ilist
where i- Exec-Comp-Stream = Atrans-fun input ¢ n. f-Ezec-Comp trans-fun (input

I Suc n) ¢

definition i-Ezxec-Comp-Stream-Init ::
("comp, "input) Comp-Trans-Fun = "input ilist = 'comp = 'comp ilist
where i-Ezec-Comp-Stream-Init = Atrans-fun input ¢ n. f-Fzec-Comp trans-fun
(input | n) ¢

3.1.2 Basic results

lemma f-Exec-one: f-Exec-Comp trans-fun [m] ¢ = trans-fun m ¢
(proof )

lemma f-Ezec-Stream-length[rule-format, simp):
Y ¢. length (f-Exec-Comp-Stream trans-fun xs ¢) = length xs
(proof)

lemma f-Ezec-Stream-empty-conv:
(f-Ezec-Comp-Stream trans-fun zs ¢ = []) = (xs = [])

(proof)

lemma f-Ezec-Stream-not-empty-conv:
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(f-Ezec-Comp-Stream trans-fun zs ¢ # []) = (xs # [])
(proof)

lemma f-Exec-eq-f-Ezec-Stream-last][rule-format):

Y c. f-Exec-Comp trans-fun xs ¢ = last (¢ # (f-Exec-Comp-Stream trans-fun xs
c))
(proof)

corollary f-Exec-eq-f-Ezec-Stream-last2|[rule-format]:
f-Ezec-Comp trans-fun xs ¢ = last (f-Exec-Comp-Stream trans-fun s c)

(proof)

corollary f-Exec-eq-f-Exec-Stream-last-if:
f-Exec-Comp trans-fun xs ¢ = (if xs = [] then c else last (f-Exec-Comp-Stream
trans-fun xs ¢))

(proof)

corollary f-Exec-take-eq-last-f-FExec-Stream-take:
[zs#£[; 0<n] =
f-Exec-Comp trans-fun (xs | n) ¢ =
last (f-Exec-Comp-Stream trans-fun (xs | n) c)
(proof)

corollary f-FEzxec-N-eq-last-f-FExec-Stream-take:
[zs#[; 0 <n] =
f-Ezec-Comp-N trans-fun n xs ¢ =
last (f-Exec-Comp-Stream trans-fun (zs | n) c)

(proof)

lemma f-FEzec-Stream-nth:
An c. n < length s =
f-Ezec-Comp-Stream trans-fun xs ¢ ! n = f~-Ezec-Comp trans-fun (zs | Suc n) ¢

(proof)

lemma f-Ezxec-Stream-nth2:

n < length ts =

(¢ # f-Exec-Comp-Stream trans-fun xs ¢) ! n = f-Ezec-Comp trans-fun (xs | n)
c
(proof)

lemma f-Ezec-N-all:
length zs < n =
f-Ezec-Comp-N trans-fun n xs ¢ = f-Ezxec-Comp trans-fun xs c

(proof)

lemma f-Exec-Stream-append[rule-format]:V c.
f-Exec-Comp-Stream trans-fun (zs Q ys) ¢ =
(f-Ezec-Comp-Stream trans-fun xs ¢) Q
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(f-Exec-Comp-Stream trans-fun ys (f-Exec-Comp trans-fun zs c))
(proof)

corollary f-Exec-Stream-append-last-Cons|rule-format]:
f-Exec-Comp-Stream trans-fun (zs Q ys) ¢ =
(f-Ezec-Comp-Stream trans-fun xs ¢) @
(f-Exec-Comp-Stream trans-fun ys (last (¢ # (f-Fxec-Comp-Stream trans-fun

as c))))
(proof)

corollary f-Exec-Stream-append-last[rule-format]:
xzs # [| =
J-Ezec-Comp-Stream trans-fun (zs Q ys) ¢ =
(f-Ezec-Comp-Stream trans-fun xs c) Q
(f-Exec-Comp-Stream trans-fun ys (last (f-Exec-Comp-Stream trans-fun zs c)))

(proof)

corollary f-Ezxec-Stream-append-if:
J-Ezec-Comp-Stream trans-fun (zs Q ys) ¢ =
(f-Ezxec-Comp-Stream trans-fun xs c) Q
(f-Exec-Comp-Stream trans-fun ys (
if zs =[] then c else last (f-Exec-Comp-Stream trans-fun s c)))
(proof)
corollary f-Ezec-append:
f-Exec-Comp trans-fun (xs Q ys) ¢ =
f-Exec-Comp trans-fun ys (f-Exec-Comp trans-fun s c)

(proof)

corollary f-Exec-Stream-Cons-rev:
zs # [ =
(trans-fun (hd xs) c) #
f-Exec-Comp-Stream trans-fun (tl zs) (trans-fun (hd zs) ¢) =
f-Exec-Comp-Stream trans-fun xs c

(proof)

lemma f-FEzec-Stream-snoc:
f-Exec-Comp-Stream trans-fun (zs Q [z]) ¢ =
f-Ezxec-Comp-Stream trans-fun zs ¢ @
[trans-fun x (f-Exec-Comp trans-fun xs c)]

(proof)

lemma f-Ezec-snoc:
f-Exec-Comp trans-fun (zs Q [z]) ¢ =
trans-fun z (f-Exec-Comp trans-fun zs c)
(proof)

lemma f-Exec-N-append|rule-format):
f-Exec-Comp-N trans-fun (a + b) xs ¢ =
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f-Exec-Comp-N trans-fun b (zs T a) (f-Exec-Comp-N trans-fun a zs c)
(proof)

corollary f-Exec-N-Suc[rule-format]:

f-Ezec-Comp-N trans-fun (Suc n) xs ¢ =

f-Exec-Comp-N trans-fun (Suc 0) (zs T n) (f-Exec-Comp-N trans-fun n s c)
(proof)

corollary f-Exec-N-Suc2[rule-format]:
n < length ts =
f-Exec-Comp-N trans-fun (Suc n) xs ¢ =
trans-fun (xs ! n) (f-Ezec-Comp-N trans-fun n s c¢)

(proof)

theorem f-FExec-Stream-take:
(f-Exec-Comp-Stream trans-fun xs ¢) | n =
J-Ezec-Comp-Stream trans-fun (zs L n) c

(proof)

theorem f-FEzec-Stream-drop:
(f-Exec-Comp-Stream trans-fun xs ¢) T n =
f-Exec-Comp-Stream trans-fun (zs T n)
(f-Ezec-Comp trans-fun (xzs | n) c)
(proof)

lemma i-FEzxec-Stream-nth;:

i-Bxec-Comp-Stream trans-fun input ¢ n = f-Exec-Comp trans-fun (input || Suc
n) ¢
(proof)

lemma ¢-Exec-Stream-nth-Suc:
i-Bxec-Comp-Stream trans-fun input ¢ (Suc n) =
trans-fun (input (Suc n)) (i-Exec-Comp-Stream trans-fun input c n)

(proof)

lemma i-Ezec-Stream-nth-Suc-first:

i- Exec-Comp-Stream trans-fun input ¢ (Suc n) =

(i- Exec-Comp-Stream trans-fun (input |t Suc 0) (trans-fun (input 0) ¢) n)
(proof)

lemma f-Ezec-Stream-nith-eq-i- Exec-Stream-nth:
n<n =
f-Exec-Comp-Stream trans-fun (input | n') ¢! n =
i-Ezec-Comp-Stream trans-fun input ¢ n

(proof)

lemma i-FExec-Stream-append:
i- Exec-Comp-Stream trans-fun (zs —~ input) ¢ =



f-Exec-Comp-Stream trans-fun xs ¢ —~
i-Brec-Comp-Stream trans-fun input (f-Ezec-Comp trans-fun zs c)
(proof)

lemma i-Exec-Stream-append-last-Cons:
i-Bxec-Comp-Stream trans-fun (zs —~ input) ¢ =
f-Ezec-Comp-Stream trans-fun zs ¢ —~
i-EBrec-Comp-Stream trans-fun input (
last (¢ # f-Exec-Comp-Stream trans-fun zs c))
(proof )

lemma i-Ezec-Stream-append-last:
ms £ | =
i-EBzec-Comp-Stream trans-fun (zs —~ input) ¢ =
f-Ezec-Comp-Stream trans-fun zs ¢ —~
i-Bxec-Comp-Stream trans-fun input (
last (f-Exec-Comp-Stream trans-fun s c))
(proof)

lemma i-Ezec-Stream-append-if:
i-Bxec-Comp-Stream trans-fun (zs —~ input) ¢ =
f-Ezec-Comp-Stream trans-fun zs ¢ —~
i-EBrec-Comp-Stream trans-fun input (

if zs =[] then ¢
else last (f-Exec-Comp-Stream trans-fun zs c))
(proof)

corollary i-Ezec-Stream-Cons:
i-Exec-Comp-Stream trans-fun ([z] —~ input) ¢ =
[trans-fun x ¢] ~ i-Ezec-Comp-Stream trans-fun input (trans-fun z c)

{(proof)

corollary i-FEzxec-Stream-Cons-rev:
[trans-fun (input 0) c] ~
i-Exec-Comp-Stream trans-fun (input + Suc 0) (trans-fun (input 0) ¢) =
i-Exec-Comp-Stream trans-fun input c

(proof)

theorem i-FEzxec-Stream-take:
(i- Exec-Comp-Stream trans-fun input c¢) | n =
f-Exec-Comp-Stream trans-fun (input | n) c
{proof )

theorem i-Exec-Stream-drop:
(i- Exec-Comp-Stream trans-fun input c¢) f} n =
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i-EBzec-Comp-Stream trans-fun (input { n) (f-Ezec-Comp trans-fun (input | n)

¢)
(proof)
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lemma f-Ezec-Stream-expand-aggregate-map-take:
f~aggregate (map f (f-Exec-Comp-Stream trans-fun (zs Of k) ¢)) kag | n =
f-aggregate (map f (f-Exec-Comp-Stream trans-fun ((xzs | n) ©f k) ¢)) k ag
(proof )

corollary f-Ezxec-Stream-expand-aggregate-take:
f-aggregate (f-Exec-Comp-Stream trans-fun (zs ©f k) ¢) kag | n =
f-aggregate (f-Exec-Comp-Stream trans-fun ((zs | n) ©f k) ¢) k ag
(proof)

lemma i-FEzec-Stream-expand-aggregate-map-take:
0<k=
i-aggregate (f o (i-Ezec-Comp-Stream trans-fun (input ©; k) ¢)) k ag I n =
f-aggregate (map f (f-Exec-Comp-Stream trans-fun ((input |} n) ©f k) c)) k ag
(proof)

corollary i-Exec-Stream-expand-aggregate-take:
0<k=
i-aggregate (i-Ezec-Comp-Stream trans-fun (input ©; k) ¢) kag | n =
f-aggregate (f-Exec-Comp-Stream trans-fun ((input | n) ©f k) ¢) k ag
(proof )

lemma f-Ezec-Stream-expand-aggregate-map-drop:
f-aggregate (map f (f-Exec-Comp-Stream trans-fun (zs Of k) ¢)) kag T n =
f-aggregate (map f (f-Exec-Comp-Stream trans-fun ((zs T n) ©f k) (
f-Ezxec-Comp trans-fun ((zs | n) ©f k) ¢))) k ag
{proof)

corollary f-Exec-Stream-expand-aggregate-drop:
f-aggregate (f-Exec-Comp-Stream trans-fun (zs ©f k) ¢) kag T n =
f-aggregate (f-Ezec-Comp-Stream trans-fun ((zs T n) ©f k) (
f-Ezec-Comp trans-fun ((zs | n) @f k) ¢)) k ag
(proof)

lemma i-Ezec-Stream-expand-aggregate-map-drop:
0<k=
i-aggregate (f o (i-Exec-Comp-Stream trans-fun (input ©; k) ¢)) k ag ff n =
i-aggregate (f o (i-Exec-Comp-Stream trans-fun ((input f n) ©; k) (
J-Ezec-Comp trans-fun ((input | n) ©f k) ¢))) k ag
(proof)

corollary i-FEzxec-Stream-expand-aggregate-drop:
0<k=
i-aggregate (i-Exec-Comp-Stream trans-fun (input ©; k) ¢) k ag ff n =
i-aggregate (i-Ezec-Comp-Stream trans-fun ((input f n) ©; k) (
f-Ezec-Comp trans-fun ((input | n) ©f k) ¢)) k ag
(proof)
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lemma f-Ezec-Stream-expand-aggregate-map-nth-eq-i-nth:
[0<kn<n]=
J-aggregate (map f (f-Exec-Comp-Stream trans-fun (input || n’ ©f k) ¢)) k ag !
n =
i-aggregate (f o (i-Exec-Comp-Stream trans-fun (input ©; k) ¢)) k ag n
(proof)

corollary f-FEzec-Stream-expand-aggregate-map-nth-eq-i-nth’:

0<k=

f-aggregate (map f (f-Exec-Comp-Stream trans-fun (input | Suc n @y k) c)) k ag
In=

i-aggregate (f o (i-Exec-Comp-Stream trans-fun (input ®; k) ¢)) k ag n
(proof)

corollary f-FEzxec-Stream-expand-aggregate-nth-eq-i-nth:
[0<kn<n]=
f-aggregate (f-Exec-Comp-Stream trans-fun (input | n’ ©f k) ¢) kag! n =
i-aggregate (i-Ezxec-Comp-Stream trans-fun (input ©; k) ¢) k ag n

(proof)

corollary f-FEzxec-Stream-expand-aggregate-nth-eq-i-nth’:
0<k=
f-aggregate (f-Exec-Comp-Stream trans-fun (input |} Suc n ©Of k) ¢) kag! n =
i-aggregate (i-Ezec-Comp-Stream trans-fun (input ©; k) ¢) k ag n

(proof)

lemma f-Ezec-Stream-expand-shrink-last-map-nth-eq-f-Fxec- Comp:
[0 < k;n < length xs | =
map f (f-Exec-Comp-Stream trans-fun (zs O k) c) +ak In=
[ (f-Ezec-Comp trans-fun ((zs | Suc n) ©f k) c)

(proof)

corollary f-FEzec-Stream-expand-shrink-last-nth-eq-f-Exec- Comp:
[0 < k;n < length xs ] =
f-Ezec-Comp-Stream trans-fun (zs ©¢ k) ¢ +ak I'n=
f-Ezec-Comp trans-fun ((zs | Suc n) Of k) c

(proof )

lemma f-Ezec-Stream-expand-aggregate-map-nth:
[0 < k;n < length xs | =
f-aggregate (map f (f-Exec-Comp-Stream trans-fun (zs ©f k) ¢)) kag! n =
ag (map f (f-Exec-Comp-Stream trans-fun (xs | n # ek — Suc 0y
(f-Ezec-Comp trans-fun (zs L n @y k) c)))
{proof)

corollary f-Exec-Stream-expand-aggregate-nth:
[0 < k;n < length xs | =
f-aggregate (f-Exec-Comp-Stream trans-fun (zs @5 k) ¢) kag ! n =
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ag (f-Exec-Comp-Stream trans-fun (zs | n # ¢k — Suc 0)

(f-Ezec-Comp trans-fun (zs L n ©f k) c))
(proof)

corollary f-FEzxec-Stream-expand-shrink-map-nth:
[0 < k;n < lengthzs ] =
(map f (f-Ezec-Comp-Stream trans-fun (zs @ k) ¢)) 5 k! n =
last-message (map [ (f-Ezec-Comp-Stream trans-fun (zs! n # gh — Suc 0)
(f-Ezec-Comp trans-fun (zs | n ©f k) c)))
(proof)

lemma i-Ezec-Stream-expand-aggregate-map-nth:
0<k=
i-aggregate (f o (i-Ezec-Comp-Stream trans-fun (input ©; k) ¢)) k ag n =
ag (map f (f-Exec-Comp-Stream trans-fun (input n # gk — Suc 0y
(f-Ezec-Comp trans-fun ((input 4 n) ©f k) c)))
(proof)

corollary i-FEzxec-Stream-expand-aggregate-nth:
0<k=
i-aggregate (i-Exec-Comp-Stream trans-fun (input ©; k) ¢) k agn =
ag (f-Ezec-Comp-Stream trans-fun (input n # & — Suc 0)
(f-Ezec-Comp trans-fun ((input | n) Oy k) c))
(proof)

corollary i-FEzxec-Stream-expand-shrink-map-nth:
0 < k=
((f o (i-Ezec-Comp-Stream trans-fun (input ©; k) ¢)) +; k) n =
last-message (map f (f-FExec-Comp-Stream trans-fun (input n # ek
(f-Ezec-Comp trans-fun (input { n ©f k) c)))
(proof)

— Suc 0)

lemma f-Ezec-Stream-expand-snoc:
[0 < k;n < length xs | =
f-Ezec-Comp-Stream trans-fun (zs @f k) ¢ T (nx k) | k =
f-Ezec-Comp-Stream trans-fun (zs | n # ¢k — Suc 0)
(f-Ezec-Comp trans-fun (zs L n ©f k) c)
(proof )

lemma f-FEzec-Stream-expand-map-aggregate-append:
f-aggregate (map f (f-Exec-Comp-Stream trans-fun ((zs Q ys) ©f k) ¢)) k ag =
f-aggregate (map f (f-Exec-Comp-Stream trans-fun (zs ©f k) c)) k ag @
f-aggregate (map f (f-Exec-Comp-Stream trans-fun (ys Of k) (
J-Ezec-Comp trans-fun (zs ©f k) c))) k ag
(proof)

lemma i-Ezec-Stream-expand-map-aggregate-append:
i-aggregate (f o (i-Exec-Comp-Stream trans-fun ((zs —~ input) @; k) ¢)) k ag =
f~aggregate (map f (f-Exec-Comp-Stream trans-fun (zs ©Of k) ¢)) k ag ~
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i-aggregate (f o (i-Exec-Comp-Stream trans-fun (input ©; k) (
J-Ezec-Comp trans-fun (zs @5 k) c))) k ag
(proof)

lemma f-FEzec-Stream-expand-map-aggregate-Cons:
0<k=
f-aggregate (map f (f-Exec-Comp-Stream trans-fun ((z # xs) Of k) c)) k ag =
ag (map f (f-Ezec-Comp-Stream trans-fun (x # gk — Suc 0y ¢)) #
f-aggregate (map f (f-Exec-Comp-Stream trans-fun (zs ©f k) (
f-Exec-Comp trans-fun (z # gk — Suc 0) ) k ag
(proof)

lemma f-Ezec-Stream-expand-map-aggregate-snoc:
0<k=
f-aggregate (map f (f-Exec-Comp-Stream trans-fun ((zs Q [z]) ©f k) c)) k ag =
f-aggregate (map f (f-Exec-Comp-Stream trans-fun (zs ©f k) c)) k ag @Q
lag (map f (f-Exec-Comp-Stream trans-fun (z # ek — Sue 0 (
f-Ezec-Comp trans-fun (zs Oy k) ¢)))]
(proof)

lemma i-Ezec-Stream-expand-map-aggregate-Cons:
0<k=
i-aggregate (f o (i-Exec-Comp-Stream trans-fun (([z] —~ input) ©; k) ¢)) k ag =
[ag (map f (f-Exec-Comp-Stream trans-fun (z # gh — Suc 0y )] —~
i-aggregate (f o (i-Exec-Comp-Stream trans-fun (input ©; k) (
f-Ezec-Comp trans-fun (z # ¥ = 5uc 0y ))) k ag
(proof)

lemma f-Ezec-N-eq-f-Ezxec-Stream-nth:
n < length rs =
f-Exec-Comp-N trans-fun n xs ¢ = (¢ # f-Ezec-Comp-Stream trans-fun xs ¢) ! n

(proof)

theorem f-FExec-Stream-causal:

sl n=ysln—=

(f-Ezec-Comp-Stream trans-fun zs c¢) | n = (f-Exec-Comp-Stream trans-fun ys c)
In
(proof)

theorem i-Ezec-Stream-causal:

input! || n = input2 | n =

(i-Ezec-Comp-Stream trans-fun input!l c) |} n = (i-Ezec-Comp-Stream trans-fun
input2 c) | n
(proof )

Results for f-Exec-Comp-Stream-Init

f-Ezec-Comp-Stream-Init computes the execution stream of a component
with the initial value of the component at the beginning of the result stream.

lemma f-Exec-Stream-Init-length|rule-format, simp]:
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Y c. length (f-Exec-Comp-Stream-Init trans-fun zs ¢) = Suc (length xs)
(proof)

lemma f-FEzec-Stream-Init-not-empty:
(f-Ezec-Comp-Stream-Init trans-fun xs ¢ # [])
(proof)

lemma f-Exec-eq-f- Exec-Stream-Init-last|rule-format]:
Y c. f-Exec-Comp trans-fun zs ¢ = last (f-Ezec-Comp-Stream-Init trans-fun s c)

{(proof)

lemma f-Exec-Stream-Init-eq-f-Exec-Stream-Cons|rule-format]:
Y c. f-Exec-Comp-Stream-Init trans-fun zs ¢ = ¢ # f-Exec-Comp-Stream trans-fun
xs ¢

(proof)

corollary f-FEzec-Stream-Init-eq-f- Exec-Stream-Cons-output:
output-fun ¢ = ¢ =
map outpul-fun (f-Ezec-Comp-Stream-Init trans-fun xs c¢) =
e # map output-fun (f-Exec-Comp-Stream trans-fun zs c)

(proof)

corollary f-FEzec-Stream-Init-tl-eq-f- Exec-Stream:
tl (f-Ezxec-Comp-Stream-Init trans-fun xs ¢) = f-Exec-Comp-Stream trans-fun xs
¢

(proof)

lemma f-Ezec-N-eq-last-f-Exec-Stream-Init-take:
f-Exec-Comp-N trans-fun n xs ¢ =
last (f-Exec-Comp-Stream-Init trans-fun (zs | n) c)

{(proof)

lemma f-Ezec-Stream-Init-nth:

n < length zs =

f-Ezec-Comp-Stream-Init trans-fun xs ¢ | n = f-Ezec-Comp trans-fun (zs | n) ¢
(proof)

lemma f-Ezec-Stream-Init-nth-0: f-Exec-Comp-Stream-Init trans-fun zs ¢! 0 = ¢
(proof)

lemma f-Exec-Stream-Init-hd: hd (f-Ezec-Comp-Stream-Init trans-fun zs ¢) = ¢

(proof)

lemma f-Ezec-Stream-Init-nth-Suc-eq-f-FExec-Stream-nth:
J-Ezec-Comp-Stream-Init trans-fun xs ¢ ! (Suc n) = f-Exec-Comp-Stream trans-fun
zscln

{(proof)

lemma f-FEzec-Stream-Init-append:
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J-Exec-Comp-Stream-Init trans-fun (xs Q ys) ¢ =
(f-Ezec-Comp-Stream-Init trans-fun zs c¢) Q
tl (f-Ezec-Comp-Stream-Init trans-fun ys (f-Ezec-Comp trans-fun zs c))

(proof)

corollary f-Ezxec-Stream-Init-append-last:
f-Ezec-Comp-Stream-Init trans-fun (zs @ ys) ¢ =
(f-Ezec-Comp-Stream-Init trans-fun zs c¢) Q
tl (f-Exec-Comp-Stream-Init trans-fun ys (last (f-Exec-Comp-Stream-Init trans-fun
zs c)))
(proof)

lemma f-Ezec-Stream-Init-f-FExec-Stream-append:
f-Ezec-Comp-Stream-Init trans-fun (zs Q ys) ¢ =
(f-Ezxec-Comp-Stream-Init trans-fun zs ¢) Q
(f-Ezec-Comp-Stream trans-fun ys (f-Exec-Comp trans-fun zs c¢))

(proof)

lemma f-Ezec-Stream-Init-take:
(f-Ezxec-Comp-Stream-Init trans-fun zs ¢) | Suc n =
f-Exec-Comp-Stream-Init trans-fun (xs | n) ¢

(proof)

lemma f-Ezec-Stream-Init-drop:
n < length rs —
(f-Exec-Comp-Stream-Init trans-fun xs ¢) T n =
f-Exec-Comp-Stream-Init trans-fun (zs 1 n)
(f-Exec-Comp trans-fun (xzs | n) c)
(proof)

lemma f-FEzec-Stream-Init-drop-geq-not-valid:
length zs < n =
(f-Exec-Comp-Stream-Init trans-fun zs ¢) 1 Suc n #
f-Exec-Comp-Stream-Init trans-fun arbitrary-input arbitrary-comp

(proof)

lemma i-FExec-Stream-Init-nth:

i-Exec-Comp-Stream-Init trans-fun input ¢ n = f-Ezec-Comp trans-fun (input |
n) ¢
(proof )

lemma i-Exec-Stream-Init-nth-0:
i-Ezec-Comp-Stream-Init trans-fun input ¢ 0 = ¢

(proof)

lemma i-Exec-Stream-Init-nth-Suc-eq-i- Exec-Stream-nth:
i- Exec-Comp-Stream-Init trans-fun input ¢ (Suc n) = i-Exec-Comp-Stream trans-fun
mput ¢ n

(proof)
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lemma i-Exec-Stream-Init-eq-i- Exec-Stream-Cons:
i- Exec- Comp-Stream-Init trans-fun input ¢ = [c] ~ i-Exec-Comp-Stream trans-fun
input ¢

(proof)

corollary i-FEzec-Stream-Init-eq-i- Exec-Stream-Cons-output:
output-fun ¢ = ¢ =
output-fun o i-Exec-Comp-Stream-Init trans-fun input ¢ =
[e] —~ (output-fun o i-Exec-Comp-Stream trans-fun input c)

(proof)

lemma i-Ezec-Stream-Init-append:
i-Bzec-Comp-Stream-Init trans-fun (input! —~ input2) c =
(f-Ezxec-Comp-Stream-Init trans-fun inputl c) —~
((i-Exzec-Comp-Stream-Init trans-fun input2 (f-Exec-Comp trans-fun inputl c))
1 Suc 0)
(proof)

corollary i-FEzxec-Stream-Init-append-last:
i-Bxec-Comp-Stream-Init trans-fun (input! —~ input2) ¢ =
(f-Ezec-Comp-Stream-Init trans-fun inputl ¢) —~
((i-Exec-Comp-Stream-Init trans-fun input?2 (last (f-Ezec-Comp-Stream-Init
trans-fun input! c))) ft Suc 0)
(proof)

lemma i-Exec-Stream-Init-i- Exec-Stream-append:
i-Brec-Comp-Stream-Init trans-fun (input! —~ input2) ¢ =
(f-Ezec-Comp-Stream-Init trans-fun inputl c¢) —~
(i- Exzec-Comp-Stream trans-fun input2 (f-Ezec-Comp trans-fun inputl c))
{proof )

lemma i-Exec-Stream-Init-take:
(i- Exec-Comp-Stream-Init trans-fun input ¢) | Suc n =
f-Ezec-Comp-Stream-Init trans-fun (input | n) c
(proof)
lemma i-Ezec-Stream-Init-drop:
(i- Exec-Comp-Stream-Init trans-fun input ¢) ff n =
i-Brec-Comp-Stream-Init trans-fun (input | n)
(f-Ezec-Comp trans-fun (input | n) c)
(proof)

theorem f-Ezec-Stream-Init-strictly-causal:

sl n=ysln—

(f-Ezec-Comp-Stream-Init trans-fun xs ¢) | Suc n = (f-Ezec-Comp-Stream-Init
trans-fun ys ¢) | Suc n

{(proof)

theorem i-Ezec-Stream-Init-strictly-causal:
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input! || n = input?2 | n =
(i-Exec-Comp-Stream-Init trans-fun input! c) | Suc n = (i-Exec-Comp-Stream-Init
trans-fun input2 c) | Suc n

(proof)

theorem f-Ezec-N-eq-f-Exec-Stream-Init-nth:
n < length zs =
f-Exec-Comp-N trans-fun n xs ¢ = f-Exec-Comp-Stream-Init trans-fun xs ¢ ! n

(proof)
Basic results for previous element functions

The functions [list-Previous and ilist-Previous return the previous element
of the list relatively to the specified position n or the initial element if n is
0,

definition list-Previous :: 'value list = 'value = nat = 'value
where list-Previous xs init n =
case n of
0 = init
| Suc n’ = zs ! n’

definition ilist- Previous :: 'value ilist = 'value = nat = 'value
where ilist-Previous f init n =
case n of
0 = init
| Sucn’ = fn'

abbrevia}/tion list-Previous’ :: "value list = 'value = nat = 'value
("~ 11000, 10, 100] 100)

,
where s ™y = list-Previous xs init n

abbreviation ilist-Previous’ :: 'value ilist = "value = nat = "value
(<= 5 [1000, 10, 100] 100)
where f< ity = jlist-Previous f init n

’oe .
lemma list-Previous-nth: zs< " p = (case n of 0 = init | Suc n' = zs ! n’)

(proof)

lemma ilist- Previous-nth: f< "t n = (case n of 0 = init | Suc n' = fn’)

(proof)

lemma list- Previous-nth-if: st Wit g = (if n = 0 then init else xs ! (n — Suc

0))
(proof)

lemma ilist- Previous-nth-if: < ™ p = (if n = 0 then init else f (n — Suc 0))

(proof)

o
lemma list- Previous-Cons: zs~ "t n = (init # zs) | n
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(proof)

lemma ilist- Previous-Cons: < ™t n = ([init] ~ f) n

(proof)

s
lemma list-Previous-0: zs ™ 0 = init

(proof)

lemma ilist-Previous-0: f* M 0 = init

{(proof)

lemma list-Previous-gr0: 0 < n —> zst Mty — g (n — Suc 0)
(proof )

lemma ilist- Previous-gr0: 0 < n = f< Mt p — f (n — Suc 0)

(proof)

lemma list-Previous-Suc: zs¢ it (Sucn)=uzs!n
(proof)

lemma ilist-Previous-Suc: f< ™ (Suc n) = fn

(proof)

lemma f-FEzec-Stream-Previous-f-Exec-Stream-Init:
f-Ezec-Comp-Stream-Init trans-fun zs ¢ ! n =

(f-Exec-Comp-Stream trans-fun xs c)<_/ ¢

(proof)

n

lemma i-Ezxec-Stream-Previous-i- Ezec-Stream-Init:
i-Exec-Comp-Stream-Init trans-fun input ¢ n =
(i- Ezec-Comp-Stream trans-fun input ¢)< ¢ n

(proof)

lemma f-Ezec-Stream-hd:
0 < length xs = hd (f-Exzec-Comp-Stream trans-fun xzs ¢) = trans-fun (hd xs) c

(proof)

lemma f-Ezec-Stream-nth-0:
0 < length xs = (f-Ezec-Comp-Stream trans-fun zs ¢) ! 0= trans-fun (zs! 0) ¢

(proof)

The calculation of the n-th result stream element from the previous result
stream element and the current input stream element.

lemma f-Ezec-Stream-nth-gr0-calc:
[ n < lengthzs; 0 < n] =
f-Ezec-Comp-Stream trans-fun zs ¢! n =
trans-fun (zs ! n) (f-Exec-Comp-Stream trans-fun zs ¢! (n — 1))
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(proof)

lemma f-Ezec-Stream-nth-calc-Previous:
n < length zs =
f-Exec-Comp-Stream trans-fun xs ¢! n =

trans-fun (zs ! n) ((f-Ezec-Comp-Stream trans-fun s c)<_/ €n)

(proof)

lemma i-Exec-Stream-nth-0:
(i-Ezec-Comp-Stream trans-fun input ¢) 0 = trans-fun (input 0) ¢

(proof)

lemma i-Ezec-Stream-nth-gr0-calc:
0<n=
(i-Ezec-Comp-Stream trans-fun input ¢) n =
trans-fun (input n) ((i-Ezec-Comp-Stream trans-fun input ¢) (n — 1))

(proof)

The component state (and thus its output) at time point n is computed
from the previous state (the state at time n — 1 for 0 < n or the initial
state for n = 0) and the input at time n.

lemma i-Ezrec-Stream-nth-calc- Previous:
i-Exec-Comp-Stream trans-fun input ¢ n =
trans-fun (input n) ((i-Ezec-Comp-Stream trans-fun input c

(proof)

)(—Cn)

lemma f-Ezec-Stream-Init-nth-Suc-calc:
n < length zs —
f-Ezec-Comp-Stream-Init trans-fun zs ¢ ! Suc n =
trans-fun (zs ! n) (f-Ezec-Comp-Stream-Init trans-fun xs c | n)

(proof)

lemma f-Ezec-Stream-Init-nth- Plus1-calc:
n < length zs =
f-Exec-Comp-Stream-Init trans-fun zs ¢ ! (n + 1)=
trans-fun (zs ! n) (f-Ezec-Comp-Stream-Init trans-fun xs ¢ ! n)

(proof)

lemma f-FEzec-Stream-Init-nth-gro-calc:
[ n<lengthzs; 0 < n] =
f-Exec-Comp-Stream-Init trans-fun s ¢ ! n =
trans-fun (zs ! (n — 1)) (f-Ezec-Comp-Stream-Init trans-fun zs ¢ ! (n — 1))

(proof)

At the beginning, the component state (and thus its output) for the execu-
tion stream with initial state is represented by the initial state, contrary to
the i-Fxec- Comp-Stream that does not contain the initial state.
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The component state (and thus its output) at time point n + 1 for the
execution stream with initial state is computed from the previous state (the
state at time n) and the previous input (input at time n), contrary to the
i-Exec-Comp-Stream, where each state at time n represents the resulting
state after processing the input at time n.

lemma i-FEzec-Stream-Init-nth-Suc-calc:

i-Brec-Comp-Stream-Init trans-fun input ¢ (Suc n) =

trans-fun (input n) (i-Ezec-Comp-Stream-Init trans-fun input ¢ n)
(proof)

lemma i-Ezec-Stream-Init-nth- Plus1-calc:

i- Exec-Comp-Stream-Init trans-fun input ¢ (n + 1) =

trans-fun (input n) (i-Ezec-Comp-Stream-Init trans-fun input ¢ n)
(proof)

lemma i-Ezec-Stream-Init-nth-gr0-calc:

0<n=—

i-Ezec-Comp-Stream-Init trans-fun input ¢ n =

trans-fun (input (n — 1)) (i-Ezec-Comp-Stream-Init trans-fun input ¢ (n — 1))
(proof)

Correlation between Pre/Post-Conditions for f-Ezec-Comp-Stream and f- Exec-Comp-Stream-Init

lemma f-FEzec-Stream-Pre-Post1:
[ n < length wxs;
c-n = (f-Ezec-Comp-Stream trans-fun xs c)<_l Cnyzn=uxs!ln] =
(P1 z-n A P2 c-n — Q (f-Ezec-Comp-Stream trans-fun zs ¢ ! n)) =
(P1 z-n A P2 c-n — Q (trans-fun x-n c-n))

(proof)

Direct relation between input and result after transition

lemma f-FEzec-Stream-Pre-Post2:
[ n < length xs;
c-n = (f-Exec-Comp-Stream trans-fun xs c)<_l Cnjan=zs!n] =
(P c-n — Q (xs ! n) (f~Exec-Comp-Stream trans-fun zs ¢! n)) =
(P ¢-n — @ z-n (trans-fun z-n c-n))

(proof)

lemma f-Ezec-Stream-Pre-Post2-Suc:
[ Suc n < length zs;

c-n = f-Ezec-Comp-Stream trans-fun xs ¢ ! n; z-nl = zs | Suc n | =
(P cn — Q (s ! Suc n) (f-Ezec-Comp-Stream trans-fun zs ¢ ! Suc n)) =
(P ¢-n — Q z-nl (trans-fun z-nl c-n))

(proof)

lemma f-FEzec-Stream-Init-Pre-Post1:
[ n < length xs;
c-n = f-Ezec-Comp-Stream-Init trans-fun zs ¢ ! n; x-n = zs ! n | =
(P! z-n A P2 c-n — Q (f-Ezec-Comp-Stream-Init trans-fun zs ¢ ! Suc n)) =
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(P1 z-n N P2 c-n — Q (trans-fun x-n c-n))
(proof)

Direct relation between input and state before transition

lemma f-Ezec-Stream-Init-Pre-Post2:
[ n < length wxs;
c-n = f-Exec-Comp-Stream-Init trans-fun zs ¢ ! n; x-n = zs ! n | =
(P (zs ! n) (f-Exec-Comp-Stream-Init trans-fun zs ¢ ! n) —
Q (f-Ezec-Comp-Stream-Init trans-fun zs ¢ ! Suc n)) =
(P z-n c-n — Q (trans-fun z-n c-n))

(proof)

lemma i-Ezrec-Stream-Pre-Post1 :
[ ¢-n = (i-Exec-Comp-Stream trans-fun input c n; x-n = input n | =
(P1 z-n A P2 c-n — Q (i-Exzec-Comp-Stream trans-fun input ¢ n)) =
(P1 z-n A P2 ¢c-n — Q (trans-fun z-n c-n))

(proof)

Direct relation between input and result after transition

ke

lemma i-Ezec-Stream-Pre-Post2:
[ ¢-n = (i-Exec-Comp-Stream trans-fun input c) n; x-n = input n | =
(P ¢-n — Q (input n) (i-Exec-Comp-Stream trans-fun input ¢ n)) =
(P ¢-n — @ z-n (trans-fun z-n c-n))

(proof)

— cC

lemma i-Ezec-Stream-Pre-Post2-Suc:
[ ¢-n = i-Ezec-Comp-Stream trans-fun input ¢ n; x-nl = input (Suc n) | =
(P ¢-n — @Q (input (Suc n)) (i-Ezxec-Comp-Stream trans-fun input ¢ (Suc n)))

7(P c-n — Q x-nl (trans-fun x-nl c-n))
(proof)

lemma i-Ezec-Stream-Init- Pre-Post1:
[ e-n = i-Exec-Comp-Stream-Init trans-fun input ¢ n; z-n = input n | =
(P1 z-n A P2 ¢c-n — Q (i-Exec-Comp-Stream-Init trans-fun input ¢ (Suc n))) =
(P1 z-n A P2 c-n — Q (trans-fun a-n c-n))

(proof)

Direct relation between input and state before transition

lemma i-Ezec-Stream-Init- Pre-Post2:
[ ¢-n = i-Ezec-Comp-Stream-Init trans-fun input ¢ n; z-n = input n | =
(P (input n) (i-Exec-Comp-Stream-Init trans-fun input ¢ n) —
Q (i-Exec-Comp-Stream-Init trans-fun input ¢ (Suc n))) =
(P z-n ¢c-n — @ (trans-fun z-n c-n))

(proof)

Basic results for stream prefices

lemma f-FEzec-Stream-prefix:
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prefix xs ys =
prefiz (f-Ezec-Comp-Stream trans-fun zs c)
(f-Exec-Comp-Stream trans-fun ys c)

(proof)

lemma i-FEzec-Stream-prefix:

zs C input =
f-Exec-Comp-Stream trans-fun xzs ¢ C
i-Exec-Comp-Stream trans-fun input c

{(proof)

lemma f-Fxec-N-prefix:
[ n < length xs; prefiz zs ys | =
f-Ezxec-Comp-N trans-fun n xs ¢ =
f-Ezxec-Comp-N trans-fun n ys c

(proof)

theorem f-Ezec-Stream-prefiz-causal[rule-format]:
n < length (zs M ys) =
f-Ezec-Comp-Stream trans-fun zs ¢ | n =
f-Ezec-Comp-Stream trans-fun ys ¢ | n

(proof)

lemma f-Ezec-Stream-Init-prefiz:
prefix s ys =
prefic (f-Exec-Comp-Stream-Init trans-fun xs c)
(f-Exec-Comp-Stream-Init trans-fun ys c)

(proof)

lemma i-Ezec-Stream-Init-prefix:

zs C input =
f-Ezec-Comp-Stream-Init trans-fun zs ¢ &
i-Ezec-Comp-Stream-Init trans-fun input c

(proof)

theorem f-FEzec-Stream-Init-prefiz-strictly-causal[rule-format]:
n < length (zs N ys) =
f-Ezec-Comp-Stream-Init trans-fun zs ¢ | Suc n =
f-Ezec-Comp-Stream-Init trans-fun ys ¢ | Suc n

(proof)

A predicate indicating whether a component is deterministically dependent
on the local state extracted by the the given local state function.

definition Deterministic- Trans-Fun ::
("comp, "input) Comp-Trans-Fun = ('comp, 'state) Comp-Local-State = bool
where Deterministic- Trans-Fun trans-fun localState =
V¢l c2 z. localState c1 = localState ¢2 — trans-fun x cl = trans-fun x c2

lemma Deterministic-f-Exec:
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[ Deterministic-Trans-Fun trans-fun localState; localState c¢1 = localState c2; s

#1]1=

f-Exec-Comp trans-fun zs c1 = f-Exec-Comp trans-fun xs c2

(proof)

lemma Deterministic-f-Ezxec-Stream:

[ Deterministic-Trans-Fun trans-fun localState; localState ¢1 = localState c2 |
—

f-Ezec-Comp-Stream trans-fun xs c¢1 = f-Exec-Comp-Stream trans-fun xs c2

{(proof)

lemma Deterministic-i- Exec-Stream:

[ Deterministic-Trans-Fun trans-fun localState; localState c¢1 = localState c2 |
—

i-Exec-Comp-Stream trans-fun input c1 = i-Ezec-Comp-Stream trans-fun input
c2

(proof)

3.1.3 Connected streams

A predicate indicating for two message streams, that the ports, they corre-
spond to, are connected. The predicate implies strict causality.

definition f-Streams-Connected :: 'a fstream-af = 'a fstream-af = bool
where f-Streams-Connected outS inS = inS = € # outS

definition i-Streams-Connected :: 'a istream-af = 'a istream-af = bool
where i-Streams-Connected outS inS = inS = [e] ~ outS

lemmas Streams-Connected-defs =
f-Streams-Connected-def
i-Streams-Connected-def

lemma f-Streams-Connected-imp-not-empty: f-Streams-Connected outS inS —
inS # ||
(proof)

lemma f-Streams-Connected-nth-conv:
f-Streams-Connected outS inS =
(length inS = Suc (length outS) A
(Vi<length inS. inS ! i = (case i of 0 = ¢ | Suc k = outS ! k)))

(proof)

lemma f-Streams-Connected-nth-conv-if:

f-Streams-Connected outS inS =

(length inS = Suc (length outS) A

(Vi<length inS. inS ! i = (if i = 0 then € else outS ! (i — Suc 0))))
(proof)

lemma i-Streams-Connected-nth-conv:
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i-Streams-Connected outS inS =

(Vi. inS i = (case i of 0 = ¢ | Suc k = outS k))
(proof)

lemma i-Streams-Connected-nth-conv-if:
i-Streams-Connected outS inS =
(Vi. inS i = (if i = 0 then e else outS (i — Suc 0)))
(proof)

lemma f-FEzec-Stream-Init-eq-output-channel:
[ output-fun ¢ = &;
f-Streams-Connected
(map output-fun (f-Exec-Comp-Stream trans-fun xs c))
channel | =
map output-fun (f-Ezec-Comp-Stream-Init trans-fun zs ¢) = channel

(proof)

lemma i-Ezrec-Stream-Init-eq-output-channel:
[ output-fun ¢ = &;
i-Streams-Connected
(output-fun o (i-Exec-Comp-Stream trans-fun input c))
channel | =
output-fun o (i-Exec-Comp-Stream-Init trans-fun input ¢) = channel

(proof)

lemma f-Ezec-Stream-output-causal:
[asdn=ysln;
output! = map output-fun (f-Exec-Comp-Stream trans-fun xs c);
output2 = map output-fun (f-Exec-Comp-Stream trans-fun ys c¢) | =
outputl | n = output2 | n
(proof)

lemma f-Ezec-Stream-Init-output-strictly-causal:
[zs) n=yslmn
output! = map output-fun (f-Exec-Comp-Stream-Init trans-fun xs c);
output2 = map output-fun (f-Exec-Comp-Stream-Init trans-fun ys c¢) | =
outputl | Suc n = output? | Suc n
(proof)

lemma i-Exec-Stream-output-causal:
[ input? | n = input2 | n;
outputl = output-fun o i-Exec-Comp-Stream trans-fun input! c;
output?2 = output-fun o i-Ezec-Comp-Stream trans-fun input2 ¢ | =
outputl || n = output2 | n
(proof)

lemma i-Ezec-Stream-Init-output-strictly-causal:
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[ input? | n = input2 | n;
output! = output-fun o i-FExec-Comp-Stream-Init trans-fun inputl c;
output?2 = output-fun o i-Exec-Comp-Stream-Init trans-fun input2 ¢ | =
output1 | Suc n = output2 | Suc n
(proof )

lemma f-Ezec-Stream-Connected-strictly-causal:
[osdn=uysin
f-Streams-Connected
(map output-fun (f-Exec-Comp-Stream trans-fun xs c))
channell;
f-Streams-Connected
(map output-fun (f-Ezec-Comp-Stream trans-fun ys c))
channel?2 | =
channell | Suc n = channel2 | Suc n

(proof)

lemma i-Ezxec-Stream-Connected-strictly-causal:
[ input? |} n = input2 | n;
1-Streams-Connected
(portOutput o (i-Exec-Comp-Stream trans-fun inputl c))
channell;
i-Streams-Connected
(portOutput o (i-Ezxec-Comp-Stream trans-fun input2 c))
channel? | =
channell || Suc n = channel2 || Suc n

(proof)

A predicate for the semantics with initial state in result stream indicating
for two message streams that the ports, they correspond to, are connected.

definition f-Streams-Connected-Init :: 'a fstream-af = 'a fstream-af = bool
where f-Streams-Connected-Init outS inS = inS = outS

definition i-Streams-Connected-Init :: 'a istream-af = 'a istream-af = bool
where i-Streams-Connected-Init outS inS = inS = outS

lemmas Streams-Connected-Init-defs =
f-Streams-Connected-Init-def
i-Streams-Connected-Init-def

lemma f-Streams-Connected-Init-nth-conv:
f-Streams-Connected-Init outS inS =
(length inS = length outS A (Vi<length inS. inS ! i = outS ! 1))
(proof)

lemma i-Streams-Connected-Init-nth-conv:
i-Streams-Connected-Init outS inS =
(Vi. inS i = outS i)

(proof)
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lemma f-Ezec-Stream-Init-eq-output-channel?2:
[ output-fun ¢ = &;
f-Streams-Connected-Init
(map output-fun (f-Ezec-Comp-Stream-Init trans-fun xs c))
channel | =
map oulpul-fun (f-Ezec-Comp-Stream-Init trans-fun zs ¢) = channel
(proof)
lemma i-Exec-Stream-Init-eq-output-channel2:
[ output-fun ¢ = ¢
i-Streams-Connected-Init
(output-fun o (i-Ezec-Comp-Stream-Init trans-fun input c))
channel | =
output-fun o (i-Exec-Comp-Stream-Init trans-fun input ¢) = channel

(proof)

lemma f-Ezec-Stream-Connected-Init-strictly-causal:
[zs) n=yslmn
f-Streams-Connected-Init
(map output-fun (f-Ezec-Comp-Stream-Init trans-fun xs c))
channell;
f-Streams-Connected-Init
(map output-fun (f-Ezec-Comp-Stream-Init trans-fun ys c))
channel? | =
channell | Suc n = channel2 | Suc n

(proof)

lemma i-Ezec-Stream-Connected-Init-strictly-causal:
[ input? | n = input2 | n;
1-Streams-Connected-Init
(portOutput o (i-Exec-Comp-Stream-Init trans-fun inputl c))
channell;
i-Streams-Connected-Init
(portOutput o (i-Ezec-Comp-Stream-Init trans-fun input?2 c))
channel? | =
channell || Suc n = channel2 || Suc n

(proof)

3.1.4 Additional auxiliary results

The following lemma shows that, if the system state is different at some
time points with respect to a certain predicate P, then there exists a defined
time point between these two, where the state change has taken place

lemma f-State-Change-ezists-set:
[nl <n2;nl €l;n2 €l
= P (f-Ezec-Comp trans-fun (input | n1) c);
P (f-Ezec-Comp trans-fun (input | n2) c¢) | =
dnel. nl <nAn<n2A



= P (f-Ezec-Comp trans-fun (input | n) ¢) A
P (f-Exec-Comp trans-fun (input | (inext n I)) c)
(proof)

lemma f-State-Change-exists:
[ n1 < n2;
= P (f-Ezec-Comp trans-fun (input | n1) c);
P (f-Ezec-Comp trans-fun (input | n2) c¢) | =
dn>nl. n < n2 A
= P (f-Ezec-Comp trans-fun (input L n) ¢) A
P (f-Ezxec-Comp trans-fun (input | (Suc n)) c)
(proof)

lemma i-State-Change-exists-set:
[ nl <n2;nl €I;n2 €l
= P (i-Ezec-Comp-Stream trans-fun input ¢ nl);
P (i-Exec-Comp-Stream trans-fun input ¢ n2) | =
dnel. n1 < nAn<n2A
= P (i-Ezec-Comp-Stream trans-fun input ¢ n) A
P (i-Exec-Comp-Stream trans-fun input ¢ (inext n I))

(proof)

lemma i-State-Change-exists:
[ n1 < n2;
= P (i-Ezec-Comp-Stream trans-fun input ¢ nl);
P (i-Exec-Comp-Stream trans-fun input ¢ n2) | =
dn>nl. n < n2 A
= P (i-Ezec-Comp-Stream trans-fun input ¢ n) A
P (i-Exec-Comp-Stream trans-fun input ¢ (Suc n))
(proof)

lemma i-State-Change-Init-exists-set:
[nl <n2;nl €l;,n2 €l
= P (i-Ezec-Comp-Stream-Init trans-fun input ¢ nl);
P (i-Exec-Comp-Stream-Init trans-fun input ¢ n2) | =
dnel. nl1 <nAn<n2A
= P (i-Ezec-Comp-Stream-Init trans-fun input ¢ n) A
P (i-Ezxec-Comp-Stream-Init trans-fun input ¢ (inext n I))

{proof)

lemma i-State-Change-Init-exists:
[ n1 < n2;
= P (i-Ezec-Comp-Stream-Init trans-fun input ¢ nl);
P (i-Exec-Comp-Stream-Init trans-fun input ¢ n2) | =
dn>nl. n < n2 A
= P (i-Ezec-Comp-Stream-Init trans-fun input ¢ n) A
P (i-Exec-Comp-Stream-Init trans-fun input ¢ (Suc n))
{proof)

o7
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3.2 Components with accelerated execution

This section deals with variable execution speed components. A component
accelerated by a (clocking) factor k processes streams expanded by factor k
and its output streams are compressed by factor k.

3.2.1 Equivalence relation for executions

A predicate indicating for two components together with transition functions
and a given equivalence predicate for their local states, that the components
exhibit equivalent observable behaviour after expanding input streams and
shrinking output streams by a constant factor, given that their local states
are equivalent with respect to the specified equivalence relations.

definition
FEquiv-Exec ::
"input =
('statel = 'state2 = bool) = — Equivalence predicate for local states
("compl, 'statel) Comp-Local-State =
("comp2, 'state2) Comp-Local-State =
("input, "inputl) Port-Input-Value = — Input adaptor for first component
("input, "input2) Port-Input-Value = — Input adaptor for second component
("comp1, 'output) Port-Output-Value =
("comp?2, 'output) Port-Output-Value =
("compl, "inputl message-af) Comp-Trans-Fun =
("comp2, "input2 message-af) Comp-Trans-Fun =
nat = nat = 'compl = 'comp2 = bool
where
FEquiv-Ezxec

m equiv-states
localStatel localState2 input-funl input-fun2 output-funl output-fun2
trans-funl trans-fun2 k1 k2 c1 c2 =
equiv-states (localStatel c1) (localState2 ¢2) — (
last-message (map output-funl (
f-Ezec-Comp-Stream trans-funl (input-funl m # €
last-message (map output-fun2 (
J-Ezec-Comp-Stream trans-fun? (input-fun2 m # k2 — Suc 0y ¢2)) A
equiv-states
(localStatel (f-Exec-Comp trans-funl (input-funl m # gkl — Suc 0y (1Y)
(localState2 (f-Exec-Comp trans-fun? (input-fun2 m # k2 — Suc 0y c9yy)

k1 — Suc 0) c1))

Predicate indicating for two components together with transition functions
and a given equivalence predicate for their local states, that the equivalence
predicate is stable with respect to component execution, i.e., it determines
the equivalence of components’ local states both for the initial states and
after the components have processed an arbitrary input. The restricting ver-
sion Equiv-Ezec-stable-set guarantees stability only for inputs from a given
restriction set, the not-restricting version guarantees stability for all inputs.
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definition

FEquiv-Ezxec-stable-set ::

"input set =

('statel = 'state2 = bool) = — Equivalence predicate for local states
("comp1, 'statel) Comp-Local-State =
("comp?2, 'state2) Comp-Local-State =
("input, "inputl) Port-Input-Value = — Input adaptor for first component
("input, "input2) Port-Input-Value = — Input adaptor for second component
(
(
(
(

/

/

compl, 'output) Port-Output-Value =
comp2, 'output) Port-Output-Value =
compl, "inputl message-af) Comp-Trans-Fun =
comp2, "input?2 message-af) Comp-Trans-Fun =
nat = nat = 'compl = 'comp2 = bool
where
FEquiv-Ezxec-stable-set A
equiv-states localStatel localState2 input-funl input-fun2 output-funl output-fun2
trans-funl trans-fun2 k1 k2 cl c2 =
Vinput m. set input C A A mée A —
Equiv-Exec m
equiv-states localStatel localState2 input-funl input-fun?2 output-funl out-
put-fun?
trans-funl trans-fun2 k1 k2
(f-Ezec-Comp trans-funl (map input-funl input ©f k1) cl)
(f-Ezec-Comp trans-fun2 (map input-fun2 input ©Of k2) c2)

definition
FEquiv-Exec-stable ::
('statel = 'state2 = bool) = — Equivalence predicate for local states
("compl, 'statel) Comp-Local-State =
("comp2, 'state2) Comp-Local-State =
("input, "inputl) Port-Input-Value = — Input adaptor for first component
("input, "input2) Port-Input-Value = — Input adaptor for second component
("compl, 'output) Port-Output-Value =
("comp2, 'output) Port-Output-Value =
("comp1, "inputl message-af) Comp-Trans-Fun =
("comp2, "input2 message-af) Comp-Trans-Fun =
nat = nat = 'compl = "comp2 = bool
where
FEquiv-Ezxec-stable
equiv-states localStatel localState2 input-funl input-fun?2 output-funl output-fun2
trans-funl trans-fun2 k1 k2 c1 c2 =
Y input m.
Fquiv-Exec m
equiv-states localStatel localState?2 input-funl input-fun?2 output-funl out-
put-fun
trans-funl trans-fun2 k1 k2
(f-Ezxec-Comp trans-funl (map input-funi input ©¢ k1) cl)
(f-Ezec-Comp trans-fun2 (map input-fun2 input ©; k2) c2)
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lemma FEquiv- Exec-equiv-statesl:
[ equiv-states (localStatel c1) (localState2 c2);
FEquiv-Ezec
m equiv-states
localStatel localState2 input-funl input-fun2 output-funl output-fun2
trans-funl trans-fun2 k1 k2 c1 c2 | =
equiv-states
(localStatel (f-Ezec-Comp trans-fund (input-funi m # k1 — Suc 0y c1y)
(localState2 (f-Ezec-Comp trans-fun2 (input-fun2 m # k2 — Suc 0y c9))

{proof)

lemma FEquiv-Ezrec-output-eql:
[ equiv-states (localStatel c1) (localState2 c2);
Equiv-Ezec
m equiv-states
localStatel localState2 input-funl input-fun2 output-funl output-fun2
trans-funl trans-fun2 k1 k2 ¢l ¢2 | =
last-message (map output-funl (
f-Ezec-Comp-Stream trans-funl (input-funl m # ¢
last-message (map output-fun? (
f-Ezec-Comp-Stream trans-fun?2 (input-fun2 m # ¢
(proof)

k1 — Suc 0) 1)) =

k2 — Suc 0) c2))

lemma Equiv-Exec-equiv-statesl .
[ equiv-states (localStatel c1) (localState2 c2);
Fquiv-Ezec
m equiv-states
localStatel localState2 input-funl input-fun2 output-funl output-fun2
trans-funl trans-fun2 k1 k2 c1 c2 | =

equiv-states
(localStatel (f-Exec-Comp trans-funl NoMsgkl — Suc 0 (trans-funl (input-funl

m) cl)))

(localState2 (f-Exec-Comp trans-fun2 NoMsgk? — Suc 0 (trans-fun?2 (input-fun2
m) c2)))
(proof)

lemma Equiv-Ezec-lel:
[ k1 < Suc 0; k2 < Suc 0;
equiv-states (localStatel c1) (localState2 c2);
FEquiv-Exec m
equiv-states localStatel localState2 input-funl input-fun?2 output-funl out-
put-fun2
trans-funl trans-fun2 k1 k2 c1 c2 | =
output-funl (trans-funl (input-funl m) c1) =
output-fun? (trans-fun?2 (input-fun2 m) c2) A
equiv-states
(localStatel (trans-funl (input-funl m) cl))
(localState2 (trans-fun2 (input-fun2 m) c2))

(proof)
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lemma Equiv-Ezec-stable-set-UNIV:

FEquiv-Ezxec-stable-set
UNIV equiv-states
localStatel localState2 input-funl input-fun2 output-funl output-fun2
trans-funl trans-fun2 k1 k2 c1 c2 =

FEquiv-Ezxec-stable
equiv-states
localStatel localState2 input-funl input-fun? output-funl output-fun2
trans-funl trans-fun2 ki1 k2 c1 c2

{proof)

lemma FEquiv-Ezec-stable-setl:
[ Equiv-Ezec-stable-set A
equiv-states localStatel localState2 input-funl input-fun2 output-funl output-fun2
trans-funl trans-fun2 k1 k2 c1 c2;
set input C A;me A] =
Equiv-Ezec
m equiv-states
localStatel localState2 input-funl input-fun2 output-funl output-fun2
trans-funl trans-fun2 k1 k2
(f-Ezec-Comp trans-funl (map input-funl input ©f k1) cl)
(f-Ezec-Comp trans-fun2 (map input-fun2 input ©Of k2) c2)
(proof)

lemma FEquiv-Ezrec-stablel:
FEquiv-FEzxec-stable
equiv-states localStatel localState2 input-funl input-fun?2 output-funl output-fun2
trans-funl trans-fun2 k1 k2 cl c2 —
FEquiv-Exec m
equiv-states localStatel localState2 input-funl input-fun2 output-funl output-fun2
trans-funl trans-fun2 k1 k2
(f-Ezec-Comp trans-funl (map input-funl input ©f k1) cl)
(f-Ezec-Comp trans-fun2 (map input-fun2 input ©Of k2) c2)
(proof)

Reflexitity, symmetry and transitivity results for Fquiv-Ezec

lemma FEquiv-Ezxec-refl:
[ Ac. equiv-states (localState c) (localState ¢) | =
FEquiv-Ezxec
m equiv-states
localState localState input-fun input-fun output-fun output-fun
trans-fun trans-fun k k ¢ ¢

(proof)

lemma FEquiv-Ezec-sym[rule-format]:
[Vel c2.
equiv-states (localStatel c1) (localState2 c¢2) =



equiv-states (localState2 c2) (localStatel c1) | =
FEquiv-Exec
m equiv-states
localStatel localState2 input-funl input-fun?2 output-funl output-fun2
trans-funl trans-fun2 k1 k2 c1 c2 =
FEquiv-Ezxec
m equiv-states
localState2 localStatel input-fun2 input-funl output-fun2 output-funlt
trans-fun2 trans-funl k2 ki1 c2 cl

{(proof)

lemma FEquiv-Ezec-sym2:

[ equiv-states-sym = (Asl s2. equiv-states s2 s1) | =

FEquiv-Exec
m equiv-states
localStatel localState2 input-funl input-fun? output-funl output-fun2
trans-funl trans-fun2 k1 k2 c1 c¢2 =

FEquiv-Ezxec
m equiv-states-sym
localState2 localStatel input-fun?2 input-funl output-fun2 output-funl
trans-fun2 trans-funl k2 ki c2 cl1

(proof)

lemma FEquiv-Ezec-sym2-ex:
3 equiv-states-sym.
FEquiv-Ezec
m equiv-states

localStatel localState?2 input-funl input-fun2 output-funl output-fun2

trans-funl trans-fun2 k1 k2 cl c2 =
FEquiv-Ezec
m equiv-states-sym
localState2 localStatel input-fun? input-funl output-fun2 output-funt
trans-fun2 trans-funl k2 k1 c2 cl

{proof)

lemma FEquiv-Ezrec-trans:
[ Equiv-Ezec
m equiv-states12

localStatel localState?2 input-funl input-fun2 output-funl output-fun2

trans-funl trans-fun2 k1 k2 c1 c2;
FEquiv-Ezec
m equiv-states23

localState2 localStates input-fun? input-fund output-fun2 output-fund

trans-fun2 trans-fund k2 k3 c2 c3;
equiv-states18 = (Asl s3. (
if s1 = localStatel c1 N s8 = localState3 c3 then
equiv-states12 s1 (localState2 c2) A
equiv-states23 (localState2 ¢2) s3
else
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localState2 (f-Exec-Comp trans-fun2 (input-fun2 m # k2 — Suc 0y ¢2)))

equiv-states23 (

localState2 (f-Exec-Comp trans-fun2 (input-fun2 m # gh? — Suc 0y ¢2))

Fquiv-Ezec
m equiv-statesly
localStatel localStated input-funl input-fund output-funl output-fund
trans-funl trans-fund k1 k3 cl ¢3

(proof)

lemma FEquiv-Ezec-trans-ex:
[ Equiv-Ezec

m equiv-states12
localStatel localState2 input-funl input-fun2 output-funl output-fun2
trans-funl trans-fun?2 k1 k2 c1 c2;

Fquiv-Ezec
m equiv-states23
localState2 localStated input-fun? input-fund output-fun2 output-fund
trans-fun?2 trans-fund k2 k3 ¢2 ¢3 | =

d equiv-states18. Equiv-Exec
m equiv-statesl3
localStatel localState3 input-funl input-fund output-funl output-fun3
trans-funl trans-fund k1 k3 c1 ¢3

(proof)

A predicate indicating for a given local state extraction function and a given
transition function, that components, whose states are equal with regard to
the local state extraction function, are transformed into equal componenents,

when the transition function is applied with the same input.
definition FEzec-FEqual-State ::

("comp, 'state) Comp-Local-State = ('comp, "input message-af) Comp-Trans-Fun

= bool
where FEzxec-Equal-State localState trans-fun =

Vel ¢2 m. localState c1 = localState c2 — trans-fun m cl = trans-fun m c2

lemma FEzec-Equal-StateD:
[ Ezec-Equal-State localState trans-fun;
localState c1 = localState c2 | =
trans-fun m c1 = trans-fun m c2

(proof)

lemma FEzec-Equal-StateD":
Ezec-Equal-State localState trans-fun —

V¢l ¢2 m. localState c1 = localState c2 — trans-fun m c1 = trans-fun m c2

(proof)

lemma Ezec-Equal-Statel:
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(Al ¢2 m. localState c1 = localState ¢2 = trans-fun m c1 = trans-fun m c2)

= FExec-Equal-State localState trans-fun
(proof)

lemma f-Ezec-Equal-State: Ncl c2.
[ Ezec-Equal-State localState trans-fun;
localState c1 = localState ¢2; zs # || | =
f-Exec-Comp trans-fun zs c1 = f-Exec-Comp trans-fun xs c2

(proof)

lemma f-Ezec-Stream-Equal-State:

[ Exec-Equal-State localState trans-fun;
localState ¢1 = localState c2 | =
f-Ezec-Comp-Stream trans-fun xs c1 =
f-Ezec-Comp-Stream trans-fun s c2

(proof)

lemma i-Ezxec-Stream-Equal-State:
[ Ezec-Equal-State localState trans-fun;
localState ¢1 = localState c2 | =
i-Ezxec-Comp-Stream trans-fun input c1 =
i-Ezec-Comp-Stream trans-fun input c2

(proof)

3.2.2 1Idle states
definition State-Idle ::

(‘comp, 'state) Comp-Local-State = ('comp = 'output message-af) =

("comp, "input message-af) Comp-Trans-Fun = 'state = bool
where State-Idle localState output-fun trans-fun state =
V c. localState ¢ = state —
localState (trans-fun e ¢) = state A
output-fun (trans-fun e c) = €

lemma State-IdleD:
[ State-Idle localState output-fun trans-fun state;
localState ¢ = state | =
localState (trans-fun € ¢) = state A
output-fun (trans-fun e ¢) = ¢
(proof)

lemma State-IdleD":
State-Idle localState output-fun trans-fun state —>
Y c. localState ¢ = state —
localState (trans-fun € ¢) = state A
output-fun (trans-fune c) = ¢

(proof)

lemma State-Idlel:
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[ Ac. localState ¢ = state =
localState (trans-fun € ¢) = state A
output-fun (trans-fun e ¢) = e | =
State-Idle localState output-fun trans-fun state
(proof)

lemma State-Idle-step|rule-format):
[ State-Idle localState output-fun trans-fun (localState ¢) | =
State-Idle localState output-fun trans-fun (localState (trans-fun e ¢))

{(proof)

lemma f-Exec-State-Idle-replicate-NoMsg-state[rule-format]:
Nec. State-Idle localState output-fun trans-fun (localState ¢) =
localState (f-Exec-Comp trans-fun €™ ¢) = localState ¢

(proof)

lemma f-Exec-State-Idle-replicate-NoMsg-gr0-output|[rule-format]: \c.
[ State-Idle localState output-fun trans-fun (localState ¢); 0 < n ] =
output-fun (f-Exec-Comp trans-fun €™ ¢) = ¢

(proof)

lemma f-Exec-State-Idle-replicate-NoMsg-output[rule-format]:
[ State-Idle localState output-fun trans-fun (localState c);
output-fun ¢ = ¢ | =
output-fun (f-Exec-Comp trans-fun €™ ¢) = ¢
(proof)

lemma f-Exec-Stream-State-I1dle-replicate- NoMsg-output|rule-format):
[ State-Idle localState output-fun trans-fun (localState ¢) | =
map output-fun (f-Exec-Comp-Stream trans-fun e™ ¢) = ™

(proof)

corollary f-Ezxec-State-Idle-append-replicate-NoMsg-state:
[ State-Idle localState output-fun trans-fun (
localState (f-Exec-Comp trans-fun xs c)) | =
localState (f-Fxec-Comp trans-fun (zs @ e™) ¢) =
localState (f-Exec-Comp trans-fun xs c)

(proof)

corollary f-FEzec-State-Idle-append-replicate-NoMsg-ge-state:
[ State-Idle localState output-fun trans-fun (
localState (f-Exec-Comp trans-fun (zs Q ™) ¢));
m<n]=
localState (f-Exec-Comp trans-fun (zs Q ™) ¢) =
localState (f-Exec-Comp trans-fun (zs @ ™) ¢)

{(proof)

corollary f-Exec-State-Idle-replicate-NoMsg-ge-state:
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[ State-Idle localState output-fun trans-fun (
localState (f-FEzec-Comp trans-fun €™ c));
m<n] =
localState (f-FExec-Comp trans-fun ™ ¢) =
localState (f-Exec-Comp trans-fun €™ ¢)

(proof)

corollary f-Exec-State-Idle-append-replicate-NoMsg-gr0-output:
[ State-Idle localState output-fun trans-fun (
localState (f-FExec-Comp trans-fun xs c));
0<n]=
output-fun (f-Ezec-Comp trans-fun (zs Q €™) ¢) = ¢
(proof)

corollary f-FEzxec-Stream-State-Idle-append-replicate- NoMsg-gr0-output:
[ State-Idle localState output-fun trans-fun (
localState (f-Exec-Comp trans-fun xs c)) | =
map output-fun (f-Ezec-Comp-Stream trans-fun (zs @Q ™) ¢) =
map output-fun (f-Ezec-Comp-Stream trans-fun xs c) Q g™

(proof)

corollary f-Ezxec-State-Idle-append-replicate-NoMsg-gr-output:
[ State-Idle localState output-fun trans-fun (
localState (f-Exec-Comp trans-fun (zs @ &™) c¢));
m<n] =
output-fun (f-Exec-Comp trans-fun (zs Q ™) ¢) = ¢
{proof)

corollary f-Exec-State-Idle-append-replicate-NoMsg-ge-output:
[ State-Idle localState output-fun trans-fun (
localState (f-Exec-Comp trans-fun (zs @ ™) ¢));
output-fun (f-Exec-Comp trans-fun (xzs Q™) ¢) =e;m < n] =
output-fun (f-Ezec-Comp trans-fun (zs @ ™) ¢) = ¢
(proof)

corollary f-FEzxec-State-Idle-replicate-NoMsg-gr-output:
[ State-Idle localState output-fun trans-fun (
localState (f-Exec-Comp trans-fun €™ c));
m<n] =
output-fun (f-Ezec-Comp trans-fun €™ ¢) = ¢
(proof)

corollary f-Exec-State-Idle-replicate-NoMsg-ge-output:
[ State-Idle localState output-fun trans-fun (
localState (f-FEzec-Comp trans-fun €™ c));
output-fun (f-Ezec-Comp trans-fun €™ ¢) =e; m < n] =
output-fun (f-Exec-Comp trans-fun €™ ¢) = ¢

(proof)
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lemma State-Idle-append-replicate-NoMsg-output-last-message:
[ State-Idle localState output-fun trans-fun (
localState (f-Exec-Comp trans-fun xs c)) | =
last-message (map output-fun (f-Exec-Comp-Stream trans-fun (zs @Q e™) ¢)) =
last-message (map output-fun (f-Exec-Comp-Stream trans-fun xs c))
(proof)

lemma State-Idle-append-replicate-NoMsg-output-Msg-eq-last-message:
[ State-Idle localState output-fun trans-fun (
localState (f-Exec-Comp trans-fun zs c));
output-fun (f-Exec-Comp trans-fun xs c) # ¢;
v # [ ] =
last-message (map output-fun (f-Exec-Comp-Stream trans-fun (zs @Q ™) ¢)) =
output-fun (f-Exec-Comp trans-fun s c)

(proof)

corollary State-Idle-output-Msg-eq-last-message:
[ State-Idle localState output-fun trans-fun (
localState (f-FExec-Comp trans-fun xs c));
output-fun (f-Ezec-Comp trans-fun zs c¢) # ¢;
ws ] —
last-message (map output-fun (f-Exec-Comp-Stream trans-fun xs c)) =
output-fun (f-Exec-Comp trans-fun s c)

(proof)

lemma State-Idle-imp-exists-state-change:

[ — State-Idle localState output-fun trans-fun (localState c);

State-Idle localState output-fun trans-fun (localState (f-Ezec-Comp trans-fun "

)] =

Ji<n. (

_ — State-Idle localState output-fun trans-fun (localState (f-Ezec-Comp trans-fun
' ¢)) A (

Vj<n. i <j— State-Idle localState output-fun trans-fun (localState (f-Exec-Comp
trans-fun € ¢))))

(proof)

lemma State-Idle-imp-exists-state-change2:
[ — State-Idle localState output-fun trans-fun (localState c);
State-Idle localState output-fun trans-fun (localState (f-Ezec-Comp trans-fun ™
)]l =
Fi<n. (
(Vj<i. = State-Idle localState output-fun trans-fun (localState (f-Exec-Comp
trans-fun €* ¢))) A
(Vj<n. i <j— State-Idle localState output-fun trans-fun (localState (f-Ezec-Comp
trans-fun € c))))

{(proof)
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3.2.3 Basic definitions for accelerated execution

Stream processing with accelerated components

definition f-Fzec-Comp-Stream-Acc-Output ::

nat = — Acceleration factor
("comp = 'output message-af) = — Output extraction function
(‘comp, "input message-af) Comp-Trans-Fun =
"input fstream-af = 'comp =
"output fstream-af

where f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun zs ¢ =
(map output-fun (f-Exec-Comp-Stream trans-fun (zs Of k) ¢)) +¢ k

definition f-FEzec-Comp-Stream-Acc-LocalState ::

nat = — Acceleration factor
(‘comp = 'state) = — Local state extraction function
("comp, "input message-af) Comp-Trans-Fun =
"input fstream-af = 'comp =
'state list

where f-Exec-Comp-Stream-Acc-LocalState k localState trans-fun xs ¢ =
(map localState (f-Ezec-Comp-Stream trans-fun (zs ©Of k) c)) +g k

definition i-Exec-Comp-Stream-Acc-Output ::

nat = — Acceleration factor
("comp = 'output message-af) = — Output extraction function
("comp, "input message-af) Comp-Trans-Fun =
"input istream-af = 'comp =
'output istream-af

where i-Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ =
(output-fun o (i-Exec-Comp-Stream trans-fun (input ®; k) ¢)) +; k

definition i-Ezec-Comp-Stream-Acc-LocalState ::

nat = — Acceleration factor
(‘comp = 'state) = — Local state extraction function
("comp, "input message-af) Comp-Trans-Fun =
"input istream-af = 'comp =
'state ilist

where i-Exec-Comp-Stream-Acc-LocalState k localState trans-fun input ¢ =
(localState o (i-Exec-Comp-Stream trans-fun (input ©; k) ¢)) = k

definition f-Fzxec-Comp-Stream-Acc-Output-Init ::

nat = — Acceleration factor
("comp = 'output message-af) = — Output extraction function
("comp, "input message-af) Comp-Trans-Fun =
"input fstream-af = 'comp =
'output fstream-af

where f-Exec-Comp-Stream-Acc-Output-Init k output-fun trans-fun zs ¢ =
(output-fun c) # f-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun xs c

definition f-Ezec-Comp-Stream-Acc-LocalState-Init ::
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nat = — Acceleration factor
(‘comp = 'state) = — Local state extraction function
("comp, "input message-af) Comp-Trans-Fun = 'input fstream-af = 'comp =
'state list

where f-Exec-Comp-Stream-Acc-LocalState-Init k localState trans-fun zs ¢ =
(localState ¢) # f-Exec-Comp-Stream-Acc-LocalState k localState trans-fun zs ¢

definition i-Fzec-Comp-Stream-Acc-Output-Init ::
nat = — Acceleration factor
("comp = 'output message-af) = — Output extraction function
(‘comp, "input message-af) Comp-Trans-Fun =
"input istream-af = 'comp =
"output istream-af
where i-Exec-Comp-Stream-Acc-Output-Init k output-fun trans-fun input ¢ =
[output-fun c] ~ (i-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun input
c)

definition i-FEzec-Comp-Stream-Acc-LocalState-Init ::
nat = — Acceleration factor
(‘comp = 'state) = — Local state extraction function
("comp, "input message-af) Comp-Trans-Fun =
"input istream-af = 'comp =
'state ilist
where i-Exec-Comp-Stream-Acc-LocalState-Init k localState trans-fun input ¢ =
[localState c] ~ (i-Exec-Comp-Stream-Acc-LocalState k localState trans-fun input
c)

lemma f-Exec-Stream-Acc-Output-length[simp]:

0<k=

length (f-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun zs ¢) = length zs
(proof)

lemma f-Ezec-Stream-Acc-LocalState-length[simp]:

0<k=

length (f-Ezec-Comp-Stream-Acc-LocalState k localState trans-fun zs c) = length
xs

(proof)

lemmas f-Ezec-Stream-Acc-length =
f-Exec-Stream-Acc-LocalState-length
f-Ezec-Stream-Acc- Output-length

3.2.4 Basic results for accelerated execution

lemma f-Exec-Stream-Acc-Output-Nil[simp):
f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun || ¢ = []
(proof)

lemma f-Ezec-Stream-Acc-LocalState-Nil[simp):
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J-Exec-Comp-Stream-Acc-LocalState k localState trans-fun [| ¢ = |]
(proof)

lemmas f-Exec-Stream-Acc-Nil =
f-Exec-Stream-Acc-LocalState- Nil
f-Ezxec-Stream-Acc- Output-Nil

lemma f-Ezec-Stream-Acc-Output-0|[simpl:
f-Exec-Comp-Stream-Acc-Output 0 output-fun trans-fun xs ¢ = [|
{(proof)

lemma f-Ezec-Stream-Acc-LocalState-0[simpl:
f-Ezec-Comp-Stream-Acc-LocalState 0 localState trans-fun xs ¢ = ||
(proof)

lemmas f-Exec-Stream-Acc-0 =
f-Ezec-Stream-Acc-LocalState-0
f-Exec-Stream-Acc-Output-0

lemma f-Exec-Stream-Acc-Output-1[simp]:
f-Ezec-Comp-Stream-Acc-Output (Suc 0) output-fun trans-fun zs ¢ =
map output-fun (f-Ezec-Comp-Stream trans-fun s c)

(proof)

lemma f-Ezec-Stream-Acc-LocalState-1[simpl:
f-Exec-Comp-Stream-Acc-LocalState (Suc 0) localState trans-fun xs ¢ =
map localState (f-Exec-Comp-Stream trans-fun xs c)

(proof)

lemma i-Ezec-Stream-Acc-Output-1[simp):
i- Exec-Comp-Stream-Acc-Output (Suc 0) output-fun trans-fun input ¢ =
output-fun o (i-Exec-Comp-Stream trans-fun input c)

(proof)

lemma i-Ezec-Stream-Acc-LocalState-1[simpl]:
i- Exec-Comp-Stream-Acc-LocalState (Suc 0) localState trans-fun input ¢ =
localState o (i-Exec-Comp-Stream trans-fun input c)

(proof)

lemma f-Ezec-Stream-Acc-Output-eq-last-message-hold:
f-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun xs ¢ =
(map output-fun (f-Ezec-Comp-Stream trans-fun (zs Of k) ¢)) —¢ k +g k
(proof)

lemma i-Ezrec-Stream-Acc- Output-eq-last-message-hold: 0 < k =
i-Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ =
(output-fun o (i-Exec-Comp-Stream trans-fun (input ©; k) ¢)) — k +5 k
(proof)



lemma f-Ezec-Stream-Acc-Output-take:
f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun zs ¢ | n =
f-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun (zs | n) ¢

(proof)

lemma f-FEzec-Stream-Acc-Output-drop:
f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun zs ¢ T n =
f-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun (zs T n) (
f-Ezec-Comp trans-fun (zs | n ©Of k) c)
(proof )

lemma i-Ezec-Stream-Acc-OQutput-take:
0<k=
i-Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ | n
f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun (input | n)
(proof )

lemma i-Ezrec-Stream-Acc-Output-drop:
0<k=
i-Ezxec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ f n
i- Exec-Comp-Stream-Acc-Output k output-fun trans-fun (input f n)
f-Ezxec-Comp trans-fun (input | n Oy k) c)
(proof)

lemma i-Exec-Stream-Acc-LocalState-take:
0 < k=
i-Exec-Comp-Stream-Acc-LocalState k localState trans-fun input c |

o

(

n

f-Ezec-Comp-Stream-Acc-LocalState k localState trans-fun (input | n)

(proof)

lemma i-Ezec-Stream-Acc-LocalState-drop:
0<k=
i-Exec-Comp-Stream-Acc-LocalState k localState trans-fun input c

n

o

i-Bxec-Comp-Stream-Acc-LocalState k localState trans-fun (input { n) (

f-Ezec-Comp trans-fun (input | n ©f k) ¢)
(proof)

lemma f-Ezec-Stream-Acc-Output-append:
J-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun (zs @ ys) ¢
f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun zs ¢ Q
f-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun ys (
f-Ezxec-Comp trans-fun (zs O k) c)
(proof)

lemma f-Ezec-Stream-Acc-Output-Cons:
0<k=

f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun (x # xs) ¢ =
last-message (map output-fun (f-Exec-Comp-Stream trans-fun (z # gh — Suc 0)

c)) #
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J-Exec-Comp-Stream-Acc-Output k output-fun trans-fun s (
f-Exec-Comp trans-fun (z # gh — Suc 0y )
(proof)

lemma f-Ezec-Stream-Acc-Output-one:
0<k=
f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun [x] ¢ =
[last-message (map output-fun (f-Exec-Comp-Stream trans-fun (x # ek
c))]
{proof )

lemma f-Ezec-Stream-Acc-Output-snoc:
0<k=
f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun (zs Q [z]) ¢ =
f-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun zs ¢ Q
[last-message (map output-fun (f-Ezec-Comp-Stream trans-fun (x # ek
(
f-Ezec-Comp trans-fun (zs Oy k) ¢)))]
(proof)

lemma i-Exec-Stream-Acc-Output-append:
i-Bxec-Comp-Stream-Acc-Output k output-fun trans-fun (zs —~ input) ¢
f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun xs ¢ —~
i-Brec-Comp-Stream-Acc-Output k output-fun trans-fun input (
J-Ezec-Comp trans-fun (zs ©f k) c)
(proof)

lemma i-Ezec-Stream-Acc-Output-Cons:
0<k=

i- Exec-Comp-Stream-Acc-Output k output-fun trans-fun ([x] —~ input) ¢

[last-message (map output-fun (f-Exec-Comp-Stream trans-fun (x # ek

)l ~

i-Bzec-Comp-Stream-Acc-Output k output-fun trans-fun input (
f-Exec-Comp trans-fun (z # gk — Suc 0y ¢)
(proof)

lemma f-FEzec-Stream-Acc-LocalState-append:
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— Suc 0)

— Suc 0)

— Suc 0)

f-Ezec-Comp-Stream-Acc-LocalState k localState trans-fun (xs @ ys) ¢ =

f-Exec-Comp-Stream-Acc-LocalState k localState trans-fun zs ¢ Q
J-Ezec-Comp-Stream-Acc-LocalState k localState trans-fun ys (
f-Ezec-Comp trans-fun (zs ©f k) c)
(proof)

lemma f-Ezec-Stream-Acc-LocalState-Cons:
0<k=
f-Ezec-Comp-Stream-Acc-LocalState k localState trans-fun (x # zs) ¢ =
localState (f-Ezec-Comp trans-fun (z # gk — Suc 0y ¢) #
J-Ezec-Comp-Stream-Acc-LocalState k localState trans-fun s (
f-Exec-Comp trans-fun (z # ¢k — Suc 0) ¢)



(proof)

lemma f-FEzec-Stream-Acc-LocalState-one:
0<k=
f-Exec-Comp-Stream-Acc-LocalState k localState trans-fun [z] ¢ =
[localState (f-Ezec-Comp trans-fun (z # b — Suc 0) ¢)]

(proof)

lemma f-Ezec-Stream-Acc-LocalState-snoc:
0<k=
f-Ezec-Comp-Stream-Acc-LocalState k localState trans-fun (zs @ [z]) ¢ =
f-Ezec-Comp-Stream-Acc-LocalState k localState trans-fun zs ¢ @
[localState (f-Exec-Comp trans-fun ((zs Q [z]) ©f k) c)]

(proof)

lemma i-Ezec-Stream-Acc-LocalState-append:
i- Exec-Comp-Stream-Acc-LocalState k localState trans-fun (zs —~ input) ¢ =
f-Ezec-Comp-Stream-Acc-LocalState k localState trans-fun s ¢ —~
i-Brec-Comp-Stream-Acc-LocalState k localState trans-fun input (
f-Ezec-Comp trans-fun (zs Oy k) c)
(proof)

lemma i-Ezec-Stream-Acc-LocalState-Cons:
0 < k=
i-Brec-Comp-Stream-Acc-LocalState k localState trans-fun ([z] ~ input) ¢ =
[localState (f-Exec-Comp trans-fun (z # & = Suc 0y ¢)] ~
i-Brec-Comp-Stream-Acc-LocalState k localState trans-fun input (
f-Exec-Comp trans-fun (z # gk — Suc 0) c)
(proof)

lemma f-Ezec-Stream-Acc-Output-nth:
[0 < k;n < length xs | =
f-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun zs ¢! n =
last-message (map output-fun (
f-Ezec-Comp-Stream trans-fun (zs ! n # gk — Suc 0y (
f-Ezec-Comp trans-fun (zs | n ©f k) ¢)))
{proof )

lemma f-Ezec-Stream-Acc-Output-nth-eq-i-nth:
[0<kn<n]=
f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun (input | n’) ¢! n =
i-Ezxec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ n

(proof)

lemma i-Ezec-Stream-Acc-Output-nth:
0<k=
i-Ezxec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ n =
last-message (map output-fun (

f-Ezec-Comp-Stream trans-fun (input n # gk — Suc 0y (
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< ]}—>E'xec—00mp trans-fun (input | n ©f k) ¢)))
PrOoo

corollary i-FEzec-Stream-Acc-Output-nth-f-nth:
0< k=
i-Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ n =
f-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun (input § Suc n) ¢! n
(proof)

corollary i-FEzec-Stream-Acc-Output-nth-f-last:
0<k=
i-Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ n =
last (f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun (input | Suc n) c)

(proof)

lemma f-Ezec-Stream-Acc-LocalState-nth:
[0 < k;n < length xs | =
f-Exec-Comp-Stream-Acc-LocalState k localState trans-fun xs ¢! n =
localState (f-Exec-Comp trans-fun (zs | Suc n ©f k) ¢)

(proof)

lemma f-Ezec-Stream-Acc-LocalState-nth-eq-i-nth:
[0<kn<n]=
f-Exec-Comp-Stream-Acc-LocalState k localState trans-fun (input | n') ¢! n =
i-Ezxec-Comp-Stream-Acc-LocalState k localState trans-fun input ¢ n

(proof)

corollary i-Exec-Stream-Acc-LocalState-nth-f-nith:
0<k=
i-Exec-Comp-Stream-Acc-LocalState k output-fun trans-fun input ¢ n =
f-Exec-Comp-Stream-Acc-LocalState k output-fun trans-fun (input || Suc n) ¢! n

(proof)

corollary i-Exec-Stream-Acc-LocalState-nth-f-last:

0<k=

i-Exec-Comp-Stream-Acc-LocalState k localState trans-fun input ¢ n =

last (f-Exec-Comp-Stream-Acc-LocalState k localState trans-fun (input |} Suc n)
c)
(proof)

lemma i-Ezec-Stream-Acc-LocalState-nth:
0 < k=
i-Exec-Comp-Stream-Acc-LocalState k localState trans-fun input ¢ n =
localState (f-Exec-Comp trans-fun (input | Suc n ©f k) c)

(proof)

lemma f-FEzec-Stream-Acc-Output-causal:
xsln=ysln=—=
f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun zs ¢ | n =
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f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun ys ¢ | n
(proof)

lemma i-Ezec-Stream-Acc-Output-causal:
inputl | n = input2 || n —
i-Exec-Comp-Stream-Acc-Output k output-fun trans-fun inputl ¢ | n =
i-Exec-Comp-Stream-Acc-Output k output-fun trans-fun input2 c¢ | n

(proof)

lemma f-FEzec-Stream-Acc-Output- Connected-strictly-causal:
[zs ) n=yslmn
f-Streams-Connected
(f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun s c)
channell ;
f-Streams-Connected
(f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun ys c)
channel? | =
channell | Suc n = channel2 | Suc n

(proof)

lemma i-Ezec-Stream-Acc-Output- Connected-strictly-causal:
[ input? | n = input2 | n;
i-Streams-Connected
(i-Exec-Comp-Stream-Acc-Output k output-fun trans-fun inputl c)
channell ;
i-Streams-Connected
(i- Exec-Comp-Stream-Acc-Output k output-fun trans-fun input2 c)
channel? | =
channell || Suc n = channel2 | Suc n

(proof)

Complete execution cycles/steps of accelrated execution

definition Acc-Trans-Fun-Step ::

nat = — Acceleration factor
("comp, "input message-af) Comp-Trans-Fun =
("comp list = 'comp) = — Pointwise output shrink function
"input message-af = 'comp =
'comp

where Acc-Trans-Fun-Step k trans-fun pointwise-shrink x ¢ =
pointwise-shrink (f-Ezec-Comp-Stream trans-fun (z # & — Suc 0) ¢)

definition is-Pointwise- Output-Shrink ::
("comp list = 'comp) = — Pointwise output shrink function
("comp = 'output message-af) = — Output extraction function for consideration
bool
where is- Pointwise- Output-Shrink pointwise-shrink output-fun =
Y cs. output-fun (pointwise-shrink cs) = last-message (map output-fun cs)

primrec is-Pointwise- Qutput-Shrink-list ::
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(‘comp list = 'comp) = — Pointwise output shrink function
("comp = 'output message-af) list = — List of output extraction functions for
consideration
bool
where
is- Pointwise- Output-Shrink-list pointwise-shrink [| = True
| is-Pointwise-Output-Shrink-list pointwise-shrink (f # fs) =
(is-Pointwise- Output-Shrink pointwise-shrink f N
is-Pointwise- Output-Shrink-list pointwise-shrink fs)

definition is-correct-localState- Pointwise- Output-Shrink ::
(‘comp list = 'comp) = — Pointwise output shrink function
("comp = 'state) = — Local state extraction function
bool
where is-correct-localState- Pointwise- Output-Shrink pointwise-shrink localState

V¢s. cs # || — localState (pointwise-shrink cs) = localState (last cs)

lemma Deterministic-trans-fun-imp-acc-trans-fun:
Deterministic-Trans-Fun trans-fun localState =
Deterministic- Trans-Fun (Acc-Trans-Fun-Step k trans-fun pointwise-shrink) lo-
calState
(proof)

lemma is- Pointwise- Output-Shrink-list-imp-is- Pointwise- Output-Shrink:
[ is-Pointwise-Output-Shrink-list pointwise-shrink fs; output-fun € set fs | =
is-Pointwise- OQutput-Shrink pointwise-shrink output-fun

(proof)

lemma is- Pointwise- Qutput-Shrink-list-eq-is- Pointwise- OQutput-Shrink-all:
(is-Pointwise- Output-Shrink-list pointwise-shrink fs) =
(V output-fun € set fs. is-Pointwise- Output-Shrink pointwise-shrink output-fun)
(proof)

lemma is-Pointwise- Output-Shrink-subset:
[ is-Pointwise-Output-Shrink-list pointwise-shrink fs; set fs’ C set fs | =
is- Pointwise- Qutput-Shrink-list pointwise-shrink fs’
(proof)

lemma f-Exec-Stream-Acc-LocalState-eq-Acc- Trans-Fun-Step-LocalState: \c.
[0<k
Deterministic- Trans-Fun trans-fun localState;
is-correct-localState- Pointwise- Output-Shrink pointwise-shrink localState | =
f-Exec-Comp-Stream-Acc-LocalState k localState trans-fun zs ¢ =
map localState (f-Exec-Comp-Stream (Acc-Trans-Fun-Step k trans-fun pointwise-shrink)
xs c)

{(proof)

lemma f-Exec-Stream-Acc-Output-eq-Ace- Trans- Fun-Step-Output: \c.



7

[0 <k
Deterministic- Trans-Fun trans-fun localState;
is-correct-localState- Pointwise- Output-Shrink pointwise-shrink localState;
is-Pointwise- Output-Shrink pointwise-shrink output-fun | =
f-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun zs ¢ =
map output-fun (f-Exec-Comp-Stream (Acc-Trans-Fun-Step k trans-fun point-
wise-shrink) zs c)
(proof)

lemma i-Exec-Stream-Acc-LocalState-eq- Acc- Trans-Fun-Step-LocalState: /\c.
[0<k
Deterministic-Trans-Fun trans-fun localState;
is-correct-localState- Pointwise- Output-Shrink pointwise-shrink localState | =
i-Exec-Comp-Stream-Acc-LocalState k localState trans-fun input ¢ =
localState o (i-Exec-Comp-Stream (Acc-Trans-Fun-Step k trans-fun pointwise-shrink)
input c)

(proof)

lemma i- Exec-Stream- Acc- Output-eq-Ace- Trans- Fun-Step-Output: \c.
[0<k
Deterministic- Trans-Fun trans-fun localState;
is-correct-localState- Pointwise- Output-Shrink pointwise-shrink localState;
is-Pointwise- Output-Shrink pointwise-shrink output-fun | =
i-Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ =
output-fun o (i-Exec-Comp-Stream (Acc-Trans-Fun-Step k trans-fun pointwise-shrink)
input c)

(proof)

3.2.5 Basic results for accelerated execution with initial state in
the resulting stream

lemma f-Ezec-Stream-Acc-OQutput-Init-length:

0<k=

length (f-Ezec-Comp-Stream-Acc-Output-Init k output-fun trans-fun zs ¢) = Suc
(length xs)

(proof)

lemma f-Ezec-Stream-Acc-LocalState-Init-length:

0<k=

length (f-Exec-Comp-Stream-Acc-LocalState-Init k localState trans-fun zs ¢) = Suc
(length xs)

(proof)

lemma f-Ezec-Stream-Acc-Output-Init-Nil:
f-Exec-Comp-Stream-Acc-Output-Init k output-fun trans-fun [| ¢ = [output-fun c|
(proof )

lemma f-Ezec-Stream-Acc-LocalState-Init-Nil:
f-Ezec-Comp-Stream-Acc-LocalState-Init k localState trans-fun [| ¢ = [localState
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<l

(proof)

lemma f-Ezec-Stream-Acc-Output-Init-1:
f-Exec-Comp-Stream-Acc-Output-Init (Suc 0) output-fun trans-fun zs ¢ =
map outpul-fun (f-Exec-Comp-Stream-Init trans-fun xs c)

(proof)

lemma f-Ezec-Stream-Acc-LocalState-Init-1:
f-Exec-Comp-Stream-Acc-LocalState-Init (Suc 0) localState trans-fun xs ¢ =
map localState (f-Exec-Comp-Stream-Init trans-fun s c)

(proof)

lemma i-Ezec-Stream-Acc-Output-Init-1:
i- Exec- Comp-Stream-Acc-Output-Init (Suc 0) output-fun trans-fun input ¢ =
output-fun o (i-Exec-Comp-Stream-Init trans-fun input c¢)

(proof)

lemma i-Ezec-Stream-Acc-LocalState-Init-1:
i- Exec-Comp-Stream-Acc-LocalState-Init (Suc 0) localState trans-fun input ¢ =
localState o (i-Exec-Comp-Stream-Init trans-fun input c)

(proof)

lemma f-FEzec-Stream-Acc-Output-Init-take:
f-Ezec-Comp-Stream-Acc-Output-Init k output-fun trans-fun zs c | (Suc n) =
f-Exec-Comp-Stream-Acc-Output-Init k output-fun trans-fun (zs L n) c
{proof)

lemma f-Exec-Stream-Acc-Output-Init-drop':
[0 < k;n < length xs | =
f-Ezec-Comp-Stream-Acc-Output-Init k output-fun trans-fun zs ¢ T Suc n =
f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun xs ¢ T n

(proof)

lemma i-Ezec-Stream-Acc-Output-Init-take:
0< k=
i-Bxec-Comp-Stream-Acc-Output-Init k output-fun trans-fun input ¢ |} (Suc n) =
J-Ezec-Comp-Stream-Acc-Output-Init k output-fun trans-fun (input | n) ¢
(proof)

lemma i-Erec-Stream-Acc- Qutput-Init-drop”:
0<k=
i-Exec-Comp-Stream-Acc-Output-Init k output-fun trans-fun xs ¢ { Suc n =
i-Exec-Comp-Stream-Acc-Output k output-fun trans-fun zs ¢ f n

(proof)

lemma f-Ezec-Stream-Acc-Output-Init-strictly-causal:
sl n=ysln—
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f-Exec-Comp-Stream-Acc-Output-Init k output-fun trans-fun xs ¢ | Suc n =
f-Exec-Comp-Stream-Acc-Output-Init k output-fun trans-fun ys ¢ | Suc n

(proof)

lemma i-Ezec-Stream-Acc-Output-Init-strictly-causal:
inputl | n = input2 || n —
i-Exec-Comp-Stream- Acc-Output-Init k output-fun trans-fun inputl ¢ || Suc n =
i-Exec-Comp-Stream- Acc-Output-Init k output-fun trans-fun input2 c || Suc n

(proof)

lemma f-Ezec-Stream-Acc-Output-Init-eq-f- Exec-Stream- Acc- Output-Cons:
f-Exec-Comp-Stream-Acc-Output-Init k output-fun trans-fun zs ¢ =
output-fun ¢ # f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun zs c

(proof)

lemma f-FEzec-Stream-Acc-Output-Init-eq-f- Exec-Stream-Acc- Output-Cons-output:

output-fun ¢ = ¢ =
f-Exec-Comp-Stream-Acc-Output-Init k output-fun trans-fun zs ¢ =
€ # f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun zs c

(proof)

lemma f-Ezec-Stream--Acc-Outputinit-ti-eq-f- Exec-Stream- Acc- Output:
tl (f-Ezxec-Comp-Stream-Acc-Output-Init k output-fun trans-fun xs ¢) =
f-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun s c

(proof)

lemma f-Ezec-Stream-Previous-f-Ezxec-Stream-Acc- Output-Init:
f-Exec-Comp-Stream-Acc-Output-Init k output-fun trans-fun xs ¢ ! n =

(f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun s c)<_l output-fun ¢
(proof)

n

lemma f-FEzec-Stream-Acc-Output-Init-eq-output-channel:
[ output-fun ¢ = ¢
f-Streams-Connected
(f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun s c)
channel | =
f-Ezec-Comp-Stream-Acc- Output-Init k output-fun trans-fun xs ¢ = channel

(proof)

lemma i-Ezec-Stream-Acc- Output-Init-eq-i- Exec-Stream-Acc- Output- Cons:
i-Ezec-Comp-Stream- Acc- Output-Init k output-fun trans-fun input ¢ =
[output-fun c] ~ i-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun input c

(proof)

lemma i-Ezec-Stream-Acc- Output-Init-eq-i- Exec-Stream-Acc- Output-Cons-output:

output-fun ¢ = ¢ =



80

i-Exec-Comp-Stream- Acc-Output-Init k output-fun trans-fun input ¢ =
[e ] ~ i-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun input c

(proof)

lemma i-Exec-Stream-Previous-i- Exec-Stream-Acc- Output-Init:
i-Exec-Comp-Stream-Acc-Output-Init k output-fun trans-fun input ¢ n =
(i-Exec-Comp-Stream-Acc-Output k output-fun trans-fun input c) output-fun

(proof)

n

lemma i-FExec-Stream-Acc- Output-Init-eq-output-channel:
[ output-fun ¢ = ¢
i-Streams-Connected
(i-Exec-Comp-Stream-Acc-Output k output-fun trans-fun input c)
channel | =
i-Ezxec-Comp-Stream- Acc- Output-Init k output-fun trans-fun input ¢ = channel

(proof)

3.2.6 Rules for proving execution equivalence

A required precondition is that the equiv-states relation, which indicates
whether the local states of c¢1 and ¢2 are equivalent with respect to observ-
able behaviour, is preserved also after executing an input stream, because
the equiv-states relation should deliver valid results not only at the time
point 0 but at every time point.

lemma f-Equiv-Ezec-Stream-expand-shrink-equiv-state-set[rule-format]:
Nel c2i. |
0 < k1; 0 < k2;
equiv-states (localStatel c1) (localState2 c2);
Vinput0. set input0 C A — (VmeA.
Fquiv-Exec m equiv-states
localStatel localState2 input-funl input-fun2 output-funl output-fun2
trans-funl trans-fun?2 k1 k2
(f-Ezec-Comp trans-funl (map input-funl input0 @ k1) cl)
(f-Ezec-Comp trans-fun2 (map input-fun2 input0 O k2) c2));
— equiv-states relation implies equivalent executions
— not only at the beginning but also after processing an input
set input C A; { < length input | =
equiv-states
(localStatel ((f-Exec-Comp-Stream trans-funl (map input-funl input Of k1)

c1) +q k1 10))

(localState2 ((f-Ezec-Comp-Stream trans-fun2 (map input-fun? input ©f k2)
c2) +q k2 1))
{proof)

corollary f-FEquiv-FExec-Stream-expand-shrink-equiv-state:
[0 < ki;0< k2
equiv-states (localStatel c1) (localState2 c2);
Ninput0 m. Equiv-Ezec m
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equiv-states localStatel localState2 input-funl input-fun?2 output-funl out-
put-fun
trans-funl trans-fun2 k1 k2
(f-Ezxec-Comp trans-funl (map input-funl input0 ©f k1) cl)
(f-Ezec-Comp trans-fun2 (map input-fun2 input0 O k2) c2);
i<length input | =
equiv-states
(localStatel ((f-Ezec-Comp-Stream trans-funl (map input-funl input ©Of k1)

c1) +p k1 1 0))

(localState2 ((f-Ezec-Comp-Stream trans-fun?2 (map input-fun?2 input ©f k2)
c2) +q k2 1))
(proof)

lemma f-Fquiv-Exec-expand-shrink-equiv-state-set:
[0 < ki; 0 < k2; equiv-states (localStatel c1) (localState2 c2);
Ninput0 m. [set input0 C A; m € A] =
Equiv-Ezec
m equiv-states localStatel localState2
input-funl input-fun2 output-funl output-fun?2 trans-funl trans-fun2 ki k2
(f-Ezec-Comp trans-funl (map input-funl input0 ©f k1) cl)
(f-Ezec-Comp trans-fun2 (map input-fun2 input0 O k2) c2);
set input C A | =
equiv-states
(localStatel (f-Exec-Comp trans-funl (map input-funl input O k1) c1))
(localState2 (f-Exec-Comp trans-fun?2 (map input-fun?2 input O k2) c2))
(proof)

lemma f-FEquiv-Exec-expand-shrink-equiv-state:
[0 < kl; 0 < k2; equiv-states (localStatel c1) (localState2 c2);
Ninput0 m.
Equiv-Ezec
m equiv-states localStatel localState2
input-funl input-fun2 output-funl output-fun2 trans-funl trans-fun2 ki k2
(f-Ezec-Comp trans-funl (map input-funl input0 @y k1) cl)
(f-Ezec-Comp trans-fun2 (map input-fun? input0 © k2) c2) | =
equiv-states
(localStatel (f-Exec-Comp trans-funl (map input-funl input O k1) cl))
(localState2 (f-Exec-Comp trans-fun2 (map input-fun2 input ©f k2) c2))
(proof )

lemma i- Equiv- Ezec-Stream-ezpand-shrink-equiv-state-set|[rule-format):
[0 < k1; 0 < k2; equiv-states (localStatel c1) (localState2 c2);

NinputO m. [set input0 C A; m € A] =
Equiv-Ezec
m equiv-states localStatel localState2
input-funl input-fun2 output-funl output-fun?2 trans-funl trans-fun2 ki k2
(f-Ezec-Comp trans-funl (map input-funl input0 @ k1) cl)
(f-Exec-Comp trans-fun2 (map input-fun2 input0 O k2) c2);

range input C A | =
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equiv-states
(localStatel ((i-Exec-Comp-Stream trans-funl ((input-funl o input) ©®; k1) cl
i k1) 1))
(localState2 ((i-Exec-Comp-Stream trans-fun2 ((input-fun2 o input) ©; k2) c2
= k2) i)
(proof)

lemma i- Equiv- Exec-Stream-expand-shrink-equiv-state:
[0 < k1; 0 < k2; equiv-states (localStatel c1) (localState2 c2);
Ninput0 m.
FEquiv-Exec
m equiv-states localStatel localState2
input-funl input-fun2 output-funl output-fun2 trans-funi trans-fun2 ki k2
(f-Exec-Comp trans-funl (map input-funl input0 ©¢ k1) cl)
(f-Ezxec-Comp trans-fun2 (map input-fun? inputd ©f k2) c2) | =
equiv-states
(localStatel ((i-Exec-Comp-Stream trans-funl ((input-funl o input) ©; k1) cl
i k1) 7))
(localState2 ((i-Exec-Comp-Stream trans-fun2 ((input-fun2 o input) ©; k2) c2
- k2) 1))
(proof )

lemma f-FEquiv-Exec-Stream-expand-shrink-output-set-eq:
[0 < ki; 0< k2
equiv-states (localStatel c1) (localState2 c2);
Ninput0 m. [ set input0 C A;m € A ]| =
Fquiv-Exec
m equiv-states localStatel localState2
input-funl input-fun2 output-funl output-fun2 trans-funi trans-fun2 ki1 k2
(f-Exec-Comp trans-funl (map input-funl input0 ©f k1) cl)
(f-Ezec-Comp trans-fun?2 (map input-fun? input0 ©Of k2) c2);
set input C A ] =
(map output-funl (
f-Ezec-Comp-Stream trans-funl (map input-funl input ©f k1) c1)) +5 kI =
(map output-fun? (
f-Ezec-Comp-Stream trans-fun?2 (map input-fun? input ©¢ k2) c2)) +¢ k2
(proof )

lemma f-FEquiv-Exec-Stream-expand-shrink-output-eq:
[0 < ki; 0< k2
equiv-states (localStatel c1) (localState2 c2);
Ninput0 m.
Fquiv-Exec
m equiv-states localStatel localState2
input-funl input-fun2 output-funl output-fun2
trans-funl trans-fun2 k1 k2
(f-Exec-Comp trans-funl (map input-funl input0 ©f k1) cl)
(f-Ezec-Comp trans-fun2 (map input-fun2 input0 O k2) c2) | =
(map output-funl (
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f-Ezxec-Comp-Stream trans-funl (map input-funl input ©f k1) c1)) +5 kI =
(map output-fun? (
f-Ezxec-Comp-Stream trans-fun2 (map input-fun? input ©f k2) c2)) +5 k2
(proof )

lemma i-Fquiv-Exec-Stream-expand-shrink-output-set-eq:
[0 < ki;0< k2
equiv-states (localStatel c1) (localState2 c2);
Ninput0 m. [ set input0 C A;me A] =
Equiv-Ezec
m equiv-states localStatel localState2
input-funl input-fun2 output-funl output-fun2
trans-funl trans-fun2 k1 k2
(f-Ezec-Comp trans-funl (map input-funl input0 ©f k1) cl)
(f-Ezxec-Comp trans-fun2 (map input-fun? input0 ©Of k2) c2);
range input C A ] =
(output-funl o
i-Exec-Comp-Stream trans-funl ((input-funl o input) ©; k1) c1) +; k1 =
(output-fun2 o
i-Ezec-Comp-Stream trans-fun2 ((input-fun2 o input) ©; k2) c2) +; k2
(proof )

lemma i- Equiv- Exec-Stream-expand-shrink-output-eq:
[0 < ki; 0< k2
equiv-states (localStatel c1) (localState2 c2);
Ninput0 m.
Fquiv-Exec
m equiv-states localStatel localState2
input-funl input-fun2 output-funl output-fun2 trans-funi trans-fun2 ki1 k2
(f-Exec-Comp trans-funl (map input-funl input0 ©f k1) cl)
(f-Ezec-Comp trans-fun2 (map input-fun? inputd ©f k2) c2) | =
(output-funl o
i-Bxec-Comp-Stream trans-funl ((input-funl o input) ©; k1) c1) +; k1 =
(output-fun2 o
i-EBzec-Comp-Stream trans-fun2 ((input-fun2 o input) ©; k2) c2) +; k2
(proof)

lemma f-Equiv-FExec-Stream-Acc-LocalState-set:
[0 < ki; 0< k2

equiv-states (localStatel c1) (localState2 c2);

Equiv-Ezec-stable-set A
equiv-states localStatel localState2
input-funl input-fun2 output-funl output-fun?2
trans-funl trans-fun2 k1 k2 cl c2;
— equiv-states relation implies equivalent executions
— not only at the beginning but also after processing an input

set input C A;

i < length input | =
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equiv-states
(f-Ezec-Comp-Stream-Acc-LocalState k1 localStatel trans-funl (map input-funl
input) ¢l ! 1)
(f-Ezxec-Comp-Stream-Acc-LocalState k2 localState2 trans-fun?2 (map input-fun2
input) ¢2 ! Q)
(proof)

lemma f-Equiv-Exec-Stream-Acc-LocalState:
[0 < kl; 0< k2
equiv-states (localStatel c1) (localState2 c2);
FEquiv-FEzec-stable
equiv-states localStatel localState2
input-funl input-fun2 output-funl output-fun2
trans-funl trans-fun2 k1 k2 c1 c2;
— equiv-states relation implies equivalent executions
— not only at the beginning but also after processing an input
i < length input | =
equiv-states
(f-Ezec-Comp-Stream-Acc-LocalState k1 localStatel trans-funl (map input-funl
input) cl ! 7)
(f-Ezxec-Comp-Stream-Acc-LocalState k2 localState2 trans-fun2 (map input-fun2
input) ¢2! 1)
(proof)

lemma f-FEquiv-Exec-Stream-Acc-Output-set-eq:
[0 <kl;0< k2
equiv-states (localStatel c1) (localState2 c2);
Equiv-Ezxec-stable-set A
equiv-states localStatel localState2
input-funl input-fun? output-funl output-fun2 trans-funl trans-fun2 k1 k2 cl1
c2;
set input C A ] =
J-Exec-Comp-Stream-Acc-Output k1 output-funl trans-funl (map input-funl in-
put) ¢l =
J-Ezec-Comp-Stream-Acc-Output k2 output-fun? trans-fun2 (map input-fun2 in-
put) c2
(proof )

lemma f-Equiv-Exec-Stream-Acc-Output-eq:
[0 < ki; 0< k2
equiv-states (localStatel c1) (localState2 c2);
FEquiv-Ezxec-stable
equiv-states localStatel localState2
input-funl input-fun2 output-funl output-fun2 trans-funl trans-fun2 k1 k2 c1
2] =
J-Ezec-Comp-Stream-Acc-Output k1 output-funl trans-funl (map input-funl in-
put) ¢l =
f-Exec-Comp-Stream-Acc-Output k2 output-fun? trans-fun2 (map input-fun2 in-
put) c2
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(proof)

lemma i- Equiv- Exec-Stream-Acc-LocalState-set:
[0 < kl;0< k2
equiv-states (localStatel c1) (localState2 c2);
Equiv-Ezxec-stable-set A
equiv-states localStatel localState2 input-funl input-fun?2 output-funl out-
put-fun?
trans-funl trans-fun2 k1 k2 cl1 c2;
range input C A ] =
equiv-states
(i- Exec-Comp-Stream-Acc-LocalState k1 localStatel trans-funl (input-funl o
input) cl 1)
(i-Ezec-Comp-Stream-Acc-LocalState k2 localState2 trans-fun2 (input-fun2 o
input) c2 1)
(proof)

lemma i- Equiv- Exec-Stream-Acc-LocalState:
[0 < kl; 0< k2
equiv-states (localStatel c1) (localState2 c2);
FEquiv-Ezxec-stable
equiv-states localStatel localState2
input-funl input-fun2 output-funl output-fun2
trans-funl trans-fun2 k1 k2 c1 ¢2 | =
equiv-states
(i- Exec-Comp-Stream-Acc-LocalState k1 localStatel trans-funl (input-funl o
input) cl 1)
(i- Exec-Comp-Stream-Acc-LocalState k2 localState2 trans-fun2 (input-fun?2 o
input) c2 1)
(proof)

lemma i- Equiv- Exec-Stream-Acc- OQutput-set-eq:
[0 < ki; 0< k2
equiv-states (localStatel c1) (localState2 c2);
Equiv-Exec-stable-set A
equiv-states localStatel localState2
input-funl input-fun2 output-funl output-fun2 trans-funl trans-fun2 k1 k2 c1
c2;
range input C A ] =
i- Exec-Comp-Stream-Acc-Output k1 output-funl trans-funl (input-funl o input)
cl =
i- Exec-Comp-Stream-Acc-Output k2 output-fun? trans-fun2 (input-fun2 o input)
c2
(proof)

lemma i- Fquiv-Exec-Stream-Acc-Output-eq:
[0 < kl;0< k2
equiv-states (localStatel c1) (localState2 c2);
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FEquiv-Ezec-stable
equiv-states localStatel localState2
input-funl input-fun2 output-funl output-fun2 trans-funl trans-fun2 k1 k2 cl1
2| =
i- Exec-Comp-Stream-Acc-Output k1 output-funl trans-funl (input-funl o input)
cl =
i- Exec-Comp-Stream-Acc-Output k2 output-fun? trans-fun?2 (input-fun2 o input)
c2
(proof)

3.2.7 1dle states and accelerated execution

lemma f-Ezec-Stream-Acc-LocalState--State-1dle-nth|rule-format):

Ne i.

[ 0 < ;1< k; Exec-Equal-State localState trans-fun;
V n<i. State-Idle localState output-fun trans-fun (

f-Exec-Comp-Stream-Acc-LocalState 1 localState trans-fun zs ¢ ! n);

i < length zs | =

f-Ezec-Comp-Stream-Acc-LocalState k localState trans-fun xzs ¢! i =

f-Ezec-Comp-Stream-Acc-LocalState 1 localState trans-fun xs ¢ ! i

(proof)

corollary f-Exec-Stream-Acc-LocalState--State-I1dle-eq[rule-format):
[ 0 < ;1 < k; Ezxec-Equal-State localState trans-fun;
V n<length xs. State-Idle localState output-fun trans-fun (
f-Exec-Comp-Stream-Acc-LocalState 1 localState trans-fun zs ¢ ! n) | =
f-Exec-Comp-Stream-Acc-LocalState k localState trans-fun zs ¢ =
f-Exec-Comp-Stream-Acc-LocalState [ localState trans-fun s ¢

(proof)

lemma i-Exec-Stream-Acc-LocalState--State-Idle-nth|rule-format]:
[ 0 < ;1< k; FExec-Equal-State localState trans-fun;
YV n<i. State-Idle localState output-fun trans-fun (
i- Exec- Comp-Stream-Acc-LocalState [ localState trans-fun input ¢ n) | =
i-Exec-Comp-Stream-Acc-LocalState k localState trans-fun input ¢ ¢ =
i-Ezxec-Comp-Stream-Acc-LocalState | localState trans-fun input c 4

(proof)

corollary i-Ezec-Stream-Acc-LocalState--State-I1dle-eq[rule-format):
[ 0 < ;1 < k; FEzxec-Equal-State localState trans-fun;
V' n. State-Idle localState output-fun trans-fun (
i- Exec-Comp-Stream-Acc-LocalState 1 localState trans-fun input ¢ n) | =
i-Exec-Comp-Stream-Acc-LocalState k localState trans-fun input ¢ =
i-Exec-Comp-Stream-Acc-LocalState [ localState trans-fun input c

(proof)

lemma f-Exec-Stream-Acc-Output--State-Idle-nth[rule-format]:
[ 0 < ;1< k; Exec-Equal-State localState trans-fun;
YV n<i. State-Idle localState output-fun trans-fun (
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f-Exec-Comp-Stream-Acc-LocalState [ localState trans-fun zs ¢ ! n);
i < length zs | =
f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun zs ¢ ! i =
f-Ezec-Comp-Stream-Acc-Output | output-fun trans-fun xs ¢! 4

(proof)

lemma f-Exec-Stream-Acc-Output--State-Idle-eq[rule-format]:
[ 0 < ;1 < k; Fzec-Equal-State localState trans-fun;
V n<length xs. State-Idle localState output-fun trans-fun (
f-Exec-Comp-Stream-Acc-LocalState 1 localState trans-fun zs ¢ ! n) | =
f-Exec-Comp-Stream-Acc-Output k output-fun trans-fun xs ¢ =
f-Exec-Comp-Stream-Acc-Output | output-fun trans-fun zs c

(proof)

lemma i-Exec-Stream-Acc-Output--State-Idle-nth[rule-format]:
[ 0 < ;1< k; Exec-Equal-State localState trans-fun;
YV n<i. State-Idle localState output-fun trans-fun (
i- Exec- Comp-Stream-Acc-LocalState 1 localState trans-fun input ¢ n) | =
i-Exec-Comp-Stream-Acc-Output k output-fun trans-fun input c i =
i-Ezxec-Comp-Stream-Acc-Output | output-fun trans-fun input c i

(proof)

lemma i- Exec-Stream-Acc-Output--State-Idle-eq[rule-format]:
[ 0 < ;1 < k; Fxec-Equal-State localState trans-fun;
V n. State-Idle localState output-fun trans-fun (
i- Exec-Comp-Stream-Acc-LocalState 1 localState trans-fun input ¢ n) | =
i-Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ =
i-Exec-Comp-Stream-Acc-Output | output-fun trans-fun input c

(proof)

When a certain number [ of steps suffices to reach an idle state from any
other idle state, than for any acceleration factor I < k the accelerated pro-
cessing of every input message will be finished in an idle state.

lemma f-Exec-Stream-Acc-LocalState--State-1dle-all[rule-format):
Nexs. [0 <1<k
State-Idle localState output-fun trans-fun (localState c);
Y ¢ m. State-Idle localState output-fun trans-fun (localState ¢) —
State-Idle localState output-fun trans-fun (
localState (f-Exec-Comp trans-fun (m # gt = Suc 0y ¢)).
i < length zs | =
State-Idle localState output-fun trans-fun (
f-Exec-Comp-Stream-Acc-LocalState k localState trans-fun zs ¢ ! i)

(proof)

lemma i-Exec-Stream-Acc-LocalState--State-1dle-all[rule-format)]:
[0<1;1<k
State-Idle localState output-fun trans-fun (localState c);
V¢ m. State-Idle localState output-fun trans-fun (localState ¢) —
State-Idle localState output-fun trans-fun (



localState (f-Exzec-Comp trans-fun (m # et = Suc 0y ¢)) | =
State-Idle localState output-fun trans-fun (
i-Exec-Comp-Stream-Acc-LocalState k localState trans-fun zs ¢ 7)

(proof)

lemma f-Exec-Stream-Acc-Output--State-Idle-all-imp-eq[rule-format]:
[ 0 < ;1< k; Exec-Equal-State localState trans-fun;
State-Idle localState output-fun trans-fun (localState c);
Y ¢ m. State-Idle localState output-fun trans-fun (localState ¢) —
State-Idle localState output-fun trans-fun (
localState (f-Exec-Comp trans-fun (m # £l — Suc 0y ) | —
f-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun xs ¢ =
f-Ezec-Comp-Stream-Acc-Output | output-fun trans-fun xs c

(proof)

lemma i-Exec-Stream-Acc-Output--State-Idle-all-imp-eq|rule-format)]:
[ 0 < ;1< k; FErec-Equal-State localState trans-fun;
State-Idle localState output-fun trans-fun (localState c);
Y ¢ m. State-Idle localState output-fun trans-fun (localState ¢) —
State-Idle localState output-fun trans-fun (
localState (f-Exec-Comp trans-fun (m # el = Suc 0y o)) | =
i-Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ =
i-Exec-Comp-Stream-Acc-Output | output-fun trans-fun input c

(proof)

lemma f-Exec-Stream-Acc-LocalState--State-Idle-all-imp-eq|rule-format):

[ 0 < ;1< k; Exec-Equal-State localState trans-fun;
State-Idle localState output-fun trans-fun (localState c);
Y ¢ m. State-Idle localState output-fun trans-fun (localState ¢) —
State-Idle localState output-fun trans-fun (
localState (f-Exec-Comp trans-fun (m # £l — 5uc 0y ¢)) | =
f-Exec-Comp-Stream-Acc-LocalState k localState trans-fun zs ¢ =
f-Ezec-Comp-Stream-Acc-LocalState | localState trans-fun s ¢

(proof)

lemma i-Exec-Stream-Acc-LocalState--State-Idle-all-imp-eq|rule-format):

[ 0 < ;1< k; Fzec-Equal-State localState trans-fun;
State-Idle localState output-fun trans-fun (localState c);
Y ¢ m. State-Idle localState output-fun trans-fun (localState ¢) —
State-Idle localState output-fun trans-fun (
localState (f-Exec-Comp trans-fun (m # b — Suc 0y ¢)) | —
i-Ezxec-Comp-Stream-Acc-LocalState k localState trans-fun zs ¢ =
i-Exec-Comp-Stream-Acc-LocalState | localState trans-fun zs c

(proof)

Converting inputs

lemma f-Exec-input-map: J\c.

J-Exec-Comp trans-fun (map f xs) ¢ = f-Exec-Comp (trans-fun o f) zs ¢

(proof)

88
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lemma f-Ezec-Stream-input-map:
f-Ezec-Comp-Stream trans-fun (map f zs) ¢ =
f-Ezec-Comp-Stream (trans-fun o f) zs ¢

(proof )

lemma i-FEzxec-Stream-input-map:
i-Brec-Comp-Stream trans-fun (f o input) ¢ =
i-Brec-Comp-Stream (trans-fun o f) input ¢

(proof)

end

4 AutoFocus message streams and temporal logic
on intervals

theory IL-AF-Stream
imports Main Nat— Interval— Logic.IL- TemporalOperators AF-Stream
begin

4.1 Stream views — joining streams and intervals

4.1.1 Basic definitions

primrec f-join-auz :: 'a list = nat = iT = 'a list
where
f-join-aux [| n I =]
| f~join-auz (x # zs) n I =
(if n € I then [z] else []) Q f-join-aux xs (Suc n) I

The functions f-join and i-join deliver views of finite and infinite streams
through intervals (more exactly: arbitrary natural sets). A stream view
contains only the elements of the original stream at positions, which are
contained in the interval. For instance, f-join [0,10,20,30,40] {1.,4} =
[10,40]
definition f-join :: ‘a list = iT = 'a list (infix] «Xz» 100)

where zs Xy I = f-join-auz s 0 1

definition i-join :: 'a ilist = T = ‘a ilist  (infix] <X;» 100)
where f X, I = An. (f (I — n))

notation
f-join (infixl <X, 100) and
i-join (infixl X, 100)

The function i-f-join can be used for the case, when an infinite stream is
joined with a finite interval. The function é-join would then deliver an
infinite stream, whose elements after position card I are equal to initial
stream’s element at position Maz I. The function i-f-join in contrast cuts
the resulting stream at this position and returns a finite stream.
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definition i-f-join :: ‘a ilist = iT = 'a list  (infixl (X;_p 100)
where f X;_¢I = f | Suc (Maz I) My I

notation
i-f-join (infixl <X, 100)

The function i-f-join should be used only for finite sets in order to deliver
well-defined results. The function i-join should be used for infinite sets,
because joining an infinite stream s and a finite set I using i-join would
deliver an infinite stream, ending with an infinite sequence of elements equal
to s (Max I).

4.1.2 Basic results

lemma f-join-auz-length:
An. length (f-join-auz xs n I) = card (I N {n..<n + length xs})
(proof )

lemma f-join-aux-nth[rule-format]:

Vni. i< card (I N{n.<n + length zs}) —

(f-join-auz xs n I) ' i = zs ! (I N {n..<n + length zs}) — i) — n)
(proof)

Joining finite streams and intervals
lemma f-join-length: length (zs Xy I) = card (I |< length s)
(proof)

lemma f-join-nth: n < length (zs Xy I) = (zs Xy I) ! n =as! (I — n)

(proof)

lemma f-join-nth2: n < card (I |< length zs) = (zs Xy I) ! n=xs! (I — n)

(proof)

lemma f-join-empty: zs Xy {} = ]

(proof)

lemma f-join-Nil: [| Xy I = ||
{(proof )

lemma f-join-Nil-conv: (zs My I = []) = (I I< length zs = {})
(proof)

lemma f-join-Nil-conv”: (zs Xy I = [|) = (Vi<length zs. i ¢ I)
(proof)

lemma f-join-all-conv: (zs Wy I = zs) = ({..<length xs} C I)
(proof)

lemma f-join-all: {..<length zs} C I = xs Xy [ = x5
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(proof)

corollary f-join-UNIV: zs Xy UNIV = zs
(proof )

lemma f-join-union:
[ finite A; Max A < iMin B = 2s Xy (AU B) = 2s Xy A Q (zs Xy B)
(proof)

lemma f-join-singleton-if:
zs My {n} = (if n < length zs then [zs ! n] else [])
(proof )

lemma f-join-insert:

n < length zs =

zs My insert n I = xzs Xy (I < n) @ (zs ! n) # (zs Xy (I > n))
(proof)

lemma f-join-snoc:

(5 @ [o]) b4, 1 =

zs My I Q (if length zs € I then [z] else [])
(proof )

lemma f-join-append:
(zs @ ys) My [ = xs My I Q ys My (I ®&— (length xs))
(proof)

lemma take-f-join-eql:

n < card (I |< length xs) =

(s ™My I) | n=asX; (I]< (I — n))
(proof)

lemma take-f-join-eq2:
card (I |< length xs) < n = (xzs Xy I) | n=as Xy I
(proof)
lemma take-f-join-if:
(xs ™y I) | n=
(if n < card (I }< length xs) then xs Xy (I |< (I — n)) else xs Xy I)
(proof)

lemma drop-f-join-eq1:

n < card (I [< length xs) =

(xs ™y I)tn=uas™N; (I 1> (I — n))
(proof)

lemma drop-f-join-eq2:
card (I |< length zs) < n = (zs Xy I) T n = ||
(proof)



lemma drop-f-join-if:

(zs ™My I) T n=

(if n < card (I {< length xs) then zs Wy (I > (I — n)) else [])
(proof)

lemma f-join-take: zs | n Xy I = zs Xy (I | < n)
(proof )

lemma f-join-drop: zs 1 n Xy I = xs Xy (I & n)

{(proof)

lemma cut-less-eq-imp-f-join-eq:
A | < length vs = B | < length xs = xs Xy A = zs Xy B
(proof)

corollary f-join-cut-less-eq:
length s < t = xs Xy (I < t) = as My T
(proof)

lemma take-Suc-Max-eq-imp-f-join-eq:
[ finite I; xs | Suc (Maz I) = ys | Suc (Maz I) | =
xs My I = ys My T

(proof)

corollary f-join-take-Suc-Maz-eq:
finite I = zs | Suc (Max I) Xy [ = xs Xy T
(proof)

Joining infinite streams and infinite intervals

lemma i-join-nth: (f X; I) n=f (I — n)
(proof)

lemma i-join-UNIV: f X; UNIV = f
(proof )

lemma i-join-union:

[ finite A; Max A < iMin B; B # {} | =

f™ (AU B) = (f | Suc (Mazx A) My A) ~ (f X; B)
(proof)

lemma i-join-singleton: f X; {a} = (An. fa)
(proof)

lemma i-join-insert:
f ™y (insert n I) =
(f b n) Mg (I I<n) ~[fn] ~(
if I 1> mn={} then (\z. fn) else f X; (I |> n))
(proof)
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lemma i-join-i-append:
infinite I = (xs —~ f) X; I = (xs My I) ~ (f X; (I &— length xs))
(proof)

lemma i-take-i-join: infinite I = fX; I 4 n=f1 (I = n)Xp I

(proof)

lemma i-drop-i-join: I # {} = fX, It n=fX, (I > — n))
(proof)

lemma i-join-i-take: f | n Xy I = f X, I} card (I {< n)
(proof)

lemma i-join-i-drop: I #{} = f{nX, I =fX;, (I & n)
(proof)

lemma i-join-finite-nth-ge-card-eq-nth-Mazx:
[ finite I; I # {}; card I < Sucn] = (f ¥; I) n = f (Maz I)
(proof)

lemma i-join-finite-i-drop-card-eq-const-nth-Max:
[ finite I; I #{} ] = (f X; I) f} (card I) = (An. f (Maz I))
(proof)

lemma i-join-finite-i-append-nth-Maz-conv:
[finite I, I #{} ] = (f X, I) = f | Suc (Maz I) Xy I ~ (An. f (Maz I))
(proof)

Joining infinite streams and finite intervals

lemma i-f-join-length: finite I = length (f X;_;I) = card I
(proof )

lemma i-f-join-nth: n < card | = f Mgl I'n=f{ —n)
(proof)

lemma i-f-join-empty: f M;_¢{} = ||
(proof)

lemma i-f-join-eq-i-join-i-take:
finite | = f Mi_p 1 =f™; I (card I)
(proof)

lemma i-f-join-union:
[ finite A; finite B; Max A < iMin B | =
f Mi—f(A UB)=f Mi—fA Qf Ni—fB
(proof)

lemma i-f-join-singleton: f Mg {n} = [fn]



(proof)

lemma i-f-join-insert:

finite I =

fX_pinsertn I =f X, _¢(I]l<n)@Qfndfr;_¢(I]>n)
(proof)

lemma take-i-f-join-eql:
n<cardl = fX; gI]ln=fX_r(I]l<(I—n))
(proof)

lemma take-i-f-join-eq2:
[ finite Iy card I < n] = fM;_ sl n=fX;_¢I
(proof)

lemma take-i-f-join-if:
finite I =

fY_p Il n={(ifn<cardIthen fX;_;(I 1< (I — n)) elsefX; ;I

(proof)

lemma drop-i-f-join-eql:
n<cardl = fX;_gItn=fX_r(I]l=(—n))
(proof)

lemma drop-i-f-join-eq2:
[ finite Iy card I < n] = fX;_ I 1 n=][
(proof)

lemma drop-i-f-join-if:

finite | =

foR g It n= (if n < card I then f M_p (L= (1 — n)) else [])
(proof )

lemma i-f-join-i-drop:
finite I = ffrnX;_¢I =f Mz’—f(l @ n)
(proof)
lemma i-take-Suc-Mazx-eq-imp-i-f-join-eq:
f U Suc (Maz I) = g |} Suc (Maz I) = f™;_p I =gX;_ ;I
(proof)
lemma i-take-i-join-eq-i-f-join:
infinite | = f X, I § n=f My (I l< (I —n))
(proof)

4.1.3 Results for intervals from IL-Interval

lemma f-join-iFROM: zs Xy [n...] = zs T n
(proof)
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lemma i-join-iFROM: f X; [n...] = f ft n
(proof)

lemma f-join-iIN: zs My [n...,d] = zs T n | Suc d

(proof)

lemma i-f-join-iIN: f M;_¢ [n...d] =f 1 n{ Sucd
(proof)

lemma f-join-iTILL: zs M [...n] = zs | (Suc n)
(proof)

lemma i-f-join-iTILL: f Mi_f [...n] =f{ Sucn
(proof)

lemma f-join-f-expand-iT-Mult:
0<k=2sQp kX (I k) =asWXy I
(proof )

lemma i-join-i-expand-iT-Mult:
[0<kI#{]=f0ikX (I®Fk) =fr1T
(proof)

lemma i-f-join-i-expand-iT-Mult:
[0 <k finite] | = f & kNZ;f(I@k) =f™_y1
(proof)

lemma f-join-f-shrink-iT-Plus-iT-Div-mod:
[0<kVzel.zmodk =0] =
(zs—r k) Xy T @ (k—1)=as+5 kX (I OFk)
(proof)

lemma i-join-i-shrink-iT- Plus-iT-Div-mod:
[0<kI#{}Veel.zmodk=0] =
(F i B) % (T @ (K — )= +: k% (I 2 k)
(proof)

lemma i-f-join-i-shrink-iT-Plus-iT-Div-mod:
[0 <k finite I; Vael. x mod k = 0 | =
fr=ik) )T @(k—1)=f+ kX;_s(I Ok)
(proof )

corollary f-join-f-shrink-iT-Plus-iT-Div-mod-subst:
[0 < k;Vael. z mod k = 0;
A=1®(k—-1;B=I10k] =
(zs —>fp k) Xy A=1as +y kX; B
(proof)
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corollary i-join-i-shrink-iT-Plus-iT-Div-mod-subst:
[0<kI#{}Vzel. zmodk = 0;
A=T1e(k—-1;5;B=10k] =
(fr—i k)X A=f+, kX, B
(proof)
corollary i-f-join-i-shrink-iT-Plus-iT-Div-mod-subst:
[ 0 < k; finite I; Va€l. x mod k = 0;
A=T1e(k—-1;5;B=10k] =
(f —>; k) Ni*f A= f =i k Ni*f B
(proof)

lemma f-join-f-shrink-iT-Div-mod:
[0<kVael.zmodk=4%k—1] =
(xs —p k) My I =as +5 kMg (I O Fk)
(proof )

lemma i-join-i-shrink-iT-Div-mod:
[0<kI#{};Vecl.zmodk=%k—-1]=
(f i k) M I=f = kX (I © k)

(proof)

lemma i-f-join-i-shrink-iT-Div-mod:
[0 <k finite ;Vaeel. zmodk =k — 1 | =
(f —i k) Niffj =f+k Mi*f (I @k)
(proof)

lemma f-join-f-expand-iMOD:
0 < k= xs @p kXy [n*k, mod k] = zs Xy [n...]
(proof)
corollary f-join-f-expand-iMOD-0:
0 < k= xs ©f k Xz [0, mod k] = zs
(proof)

lemma f-join-f-expand-iMODb:
0 < k= xs ©p k Xy [nxk, modk, d =zs Xy [n...d]
(proof )

corollary f-join-f-expand-iMODb-0:
0 <k= 2s©Of kX [0, mod k, n] = zs Xy [...n]
(proof )

lemma i-join-i-expand-iMOD:
0 <k=f0o; kX [nx*k modkl=fNX;[n.]
(proof)

corollary i-join-i-expand-iMOD-0:
0<k= f©; kX [0, mod k] = f



97

(proof)

lemma i-join-i-expand-iMODb:
0<k=f©; kX, [n*k, mod k, d] = fX; [n,d]
(proof)

corollary i-join-i-expand-iMODb-0:
0<k=f©; kX [0, modk, n] =fX;[...n]
(proof)

lemma i-f-join-i-expand-iMODb:

0<k=[f0; kX g [nx k, mod k, d = f My [n...,d]
(proof)
corollary i-f-join-i-expand-iMODb-0:

0 <k=f©; kX;_f[0, modk, n] =fW,;_r[..n|
(proof)

lemma f-join-f-shrink-iMOD:
0 <k= (zs+—f k) Xy [nxk+ (k—1), modk] =zs +5 k Xy [n..]
(proof )

corollary f-join-f-shrink-iMOD-0:
0<k= (zs+—p k) XNy [k — 1, modk] =as+; k
(proof )

lemma f-join-f-shrink-iM ODb:
0<k= (zs+—; k) XNy [nxk+ (k— 1), modk, d = zs +5 kX [n...d
(proof)

corollary f-join-f-shrink-iMODb-0:
0 <k= (zs—5 k) Xy [k — 1, modk, n] =axs+¢ kNXy [...0]

(proof)

lemma i-join-i-shrink-iMOD:
0<k= (f—i k)X [nxk+(k—1), modk]=f—=+; kX [n...]
(proof )

corollary i-join-i-shrink-iMOD-0:
(proof)

lemma i-f-join-i-shrink-iMODb:
0<k= (fr—ik)X_snxk+ (k— 1), modk, dl =f+;kX;_s[n..d
(proof)

corollary i-f-join-i-shrink-iMODb-0:
0 < k= (f —; k‘) [Xli*f[k — 1, mod k, ’ﬂ] :f_z k szf[n]



(proof)

4.2 Streams and temporal operators

lemma i-shrink-eq-NoMsg-iAll-conv:

0<k= (s k)t=¢e)=(Otl [t *k. .. k— Suc0] stl =

(proof)

lemma i-shrink-eq-NoMsg-iAll-conv2:
0<k= (s k)t=e)=(@Otl[...k—1] D (t xk). stl
(proof)

lemma i-shrink-eq-Msg-iFx-iAll-conv:
[0<km#ec] =
(s = k) t=m)=
(O t1 [t*k...,k— Suc0].stl =mA
(Ot2 [Suctl..]. 12 <txk+k— Suc0 — st2 =¢))

(proof)

lemma i-shrink-eq-Msg-iEz-iAll-conv2:
[0<km#e] =
(s = k)t=m)=
(Ct1[..k—1]® (txk).stl =mA
oe2[1..]otl . 2<txk+k—1-—st2=c¢))
(proof)

lemma i-shrink-eq-Msg-iEx-iAll-cut-greater-conv:
[0<km#c] =
(s =i k)t=m) =
(O t1 [t*k...,k— Suc0]. stl =mA
(Ot2txk.,k— Suc0]|>1tl. st2 =¢))
(proof)

lemma i-shrink-eq-Msg-iEx-iAll-cut-greater-conv2:
[0<km#ec] =
((S—Zk‘)t:m):
(Ot1[...k—1]@® (txk).stl =mA
(Ot2(...k—1]® (tx k) I>tl. st2 = ¢))
(proof)

lemma i-shrink-eq-Msg-iSince-conv:
[0<km#e] =
(s = k) t=m)=
(st2 =e.t28S ¢l [t x k....k — Suc 0]. s t1 = m)
(proof)
lemma i-shrink-eq-Msg-iSince-conv2:
[0<km#e] =
(s k)t=m)=
(st2=e.t2S8St1[...k—1]® (t*xk). stl =m)
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(proof)

lemma iT-Mult-iAll-i-expand-nth-iff:
0<k=(0Ot(I®Ek).P((foik)t)=(@Otl P(ft))
(proof)

Streams and temporal operators cycle start /finish events

lemma i-shrink-eq-NoMsg-iAll-start-event-conv:

[0 < k; \t. event t = (t mod k = 0); t0 =t x k]| =

(s k)t=¢)=

(st0=eAN(Ot't0]0..]. (stl =e. t1 U t2 ([0...] ® t'). event t2)))
(proof)

lemma i-shrink-eq-Msg-iUntil-start-event-conv:
[0 <k m=#e At eventt = (tmodk=20);t0=txk]—=

((s =i k) t =m) = (
(st0=mA(Ot't0[0..]. (stl =e. t1 U 2 ([0...] ® t'). event t2))) V
(Ot't0[0...]. (—event t1. t1 U t2 ([0...] @ t'). (

st2=mA - eventt2 A (Ot t2[0...].
(st3=c. t8U t4 ([0...] B t"). event t4))))))
(proof )

lemma i-shrink-eq-NoMsg-iAll-finish-event-conv:
[1 <k At.eventt={tmodk=Fk—1);t0=1t+xk]—=

(s = k)t=¢)=

(st =eAN(Ot't0[0..]. (stl =e. t1U 2 ([0...] D t). (event t2 N s t2 =
€))))
(proof)

lemma i-shrink-eq-Msg-iUntil-finish-event-conv:
[1 <k;mz#e Nt.eventt=(tmodk=k—1);t0 =t+k] =
((s =i k) t =m) = (
(= event t1. t1 U t2 ([0...] D t0). event t2 A s t2 = m) V
(— event t1. t1 U t2 ([0...] ® t0). (— event t2 N st2 = m A (
Ot't2[0...]. (st3=c.t3U t4 ([0...] B 1t). event t4 N s t4 = ¢)))))

(proof)

end

5 AutoFocus message stream processing and tem-
poral logic on intervals

theory IL-AF-Stream-Ezec
imports Main IL-AF-Stream AF-Stream-Exec
begin
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5.1 Correlation between Pre/Post-Conditions for f-FEzec-Comp-Stream
and f-Fzxec-Comp-Stream-Init

lemma i-Ezec-Stream-Pre-Post1-iAll:
[ result = i-Fxec-Comp-Stream trans-fun input c;
YV z-n c-n. P1 x-n A P2 ¢c-n — @ (trans-fun z-n c¢-n) | =
Ot 1. (P1 (input t) A P2 (result™ € t) — Q (result t))
(proof)

Direct relation between input and result after transition

lemma i-Ezec-Stream-Pre-Post2-iAll:
[ result = i-Fzec-Comp-Stream trans-fun input c;
Vz-n c-n. P c-n — @ z-n (trans-fun z-n c¢-n) | =
atl. P (result™ ©t) — Q (input t) (result t)
(proof)

lemma i-Ezec-Stream-Pre-Post3-iAll-iNext:
[ result = i-Fxec-Comp-Stream trans-fun input c;
YV z-n c-n. P ¢-n — Q z-n (trans-fun z-n c-n);
Vitel. inext t I' = Suc t | =
Otl. P (resultt) — (O t1¢t1'. Q (input t1) (result t1))
(proof)

lemma i-Ezec-Stream-Init- Pre-Post1-iAll-iNext:
[ result = i-Exec-Comp-Stream-Init trans-fun input c;
YV a-n c-n. P1 z-n A P2 ¢-n — @ (trans-fun z-n c-n);
Viel. inext t I' = Suc t | =
O ¢ 1. (P1 (input t) A P2 (result t) — (O t1 ¢t I'. Q (result t1)))
(proof)

Direct relation between input and state before transition

lemma i-Ezec-Stream-Init- Pre- Post2-iAll-iNext:
[ result = i-Exec-Comp-Stream-Init trans-fun input c;
Va-n c-n. P z-n c-n — Q (trans-fun z-n c-n);
Viel. inext t I'= Suct ] =
O ¢ 1. (P (input t) (result t) — (O t1 ¢t I'. Q (result t1)))

(proof)

Relation between input and output

lemma i-Ezec-Stream-Init- Pre- Post3-iAll-iNext:
[ result = i-Exec-Comp-Stream-Init trans-fun input c;
Va-n c-n. P c-n — Q z-n (trans-fun z-n c-n);
Viel. inext t I'= Suct ] =
Otl. (P (resultt) — (O t1t 1. Q (input™ € t1) (result t1)))

{(proof)
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5.2  i-Exec-Comp-Stream-Acc-Output and temporal operators with
bounded intervals.

Temporal relation between uncompressed and compressed output of accel-
erated components.

lemma i-Ezec-Comp-Stream-Acc-Output--eq-NoMsg-iAll-conv:

0<k=

((i- Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢) t =€) =

(O t1 [t * k....k — Suc 0]. (output-fun o i-Exec-Comp-Stream trans-fun (input
®i k) C) t1 = 5)
(proof)

lemma i-Ezxec-Comp-Stream-Acc-Output--eq-NoMsg-iAll-conv2:
0<k=
((i- Exzec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢) t =€) =
(Ot [...k — Suc 0] & (t * k). (output-fun o i-Exec-Comp-Stream trans-fun
(input ©; k) ¢) t1 = ¢)
(proof)

lemma i-Ezxec-Comp-Stream-Acc-Output--Init--eq-NoMsg-iAll-conv:

0<k=

((i-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢) t = €) =

(O t1 [Suc (t * k)...,k — Suc 0]. (output-fun o i-Exec-Comp-Stream-Init trans-fun
(input ©; k) ¢) t1 = ¢)
{proof)

lemma i-Ezec-Comp-Stream-Acc- Output--eq-Msg-iFEx-iAll-cut-greater-conv:
[ 0 < k; m#e;s= (output-fun o i-Exec-Comp-Stream trans-fun (input ©; k)
o) ] =
((i-Exzec-Comp-Stream-Acc-Output k outpul-fun trans-fun input ¢) t = m) =
(Ot [t*xk....k— Suc0]. (st =m A
(Ot2[t*k....k— Suc0]l>tl.st2 =c¢))
{proof)

lemma i-Ezxec-Comp-Stream-Acc- Output--eq-Msg-iEz-iAll-cut-greater-conv2:
[ 0 < k; m#e; s = (output-fun o i-Ezec-Comp-Stream trans-fun (input ©@; k)
o) ] =
((i-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢) t = m) =
(Ct1[..k—SucOl& (t+k) (st =mA
@t2([...k—Suc 0] ® (txk))I>tl.st2 =¢)))
(proof)

lemma i-Ezec-Comp-Stream-Acc-Output--eq-Msg-iSince-conv:
[ 0 < k; m#e;s= (output-fun o i-Exec-Comp-Stream trans-fun (input ©; k)
o) ] =
((i-Ezec-Comp-Stream-Acc-Output k outpul-fun trans-fun input ¢) t = m) =
(st2 =e.t28S ¢l [t xk....k — Suc 0]. s t1 = m)
(proof)
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lemma i-Ezec- Comp-Stream-Acc-Output--eq-Msg-iSince-conv2:
[ 0 < k; m#e; s= (output-fun o i-Ezec-Comp-Stream trans-fun (input ©@; k)
o) ] =
((i-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢) t = m) =
(st2=e.t2S8tl ...k — Suc 0] ® (t*k). stl =m)
(proof)

lemma i-Ezec-Comp-Stream-Acc- Output--Init--eq- Msg-iSince-conv:
[ 0 < k; m#e; s = (output-fun o i-Exec-Comp-Stream-Init trans-fun (input ©;
k) o) ] =
((i- Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢) t = m) =
(st2 =¢e. t2 S t1 [Suc (t * k)....,k — Suc 0]. s tI = m)
(proof)

lemma i-Exec-Comp-Stream-Acc- Output--eq-iAll-iSince-conv:
[ 0 < k; s = (output-fun o i-Exec-Comp-Stream trans-fun (input @; k) ¢) | =
((#-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun input c) t = m) =
(m=e— (Ot [t*xk . ..k— Suc0]. stl =¢)) A
(m#£e— (st2=¢e.1t28S ¢l [t xk....,k — Suc 0]. s t1 = m))))

(proof)

lemma i-Ezec- Comp-Stream-Acc-Output--eq-iAll-iSince-conv2:
[ 0 < k; s = (output-fun o i-Exec-Comp-Stream trans-fun (input @; k) ¢) | =
((i-Ezec-Comp-Stream-Acc-Output k outpul-fun trans-fun input ¢) t = m) =
(m=e— (Ot [...k— Suc0) @ (t*k).stl =¢)) A
(m#e—(st2=c.1t28tl[...k— Suc 0] ® (t x k). stl =m))))
(proof)

5.3 i-Exec-Comp-Stream-Acc-Output and temporal operators with
unbounded intervals and start/finish events.

lemma i-Ezxec-Comp-Stream-Acc-Output--eq-NoMsg-iAll-start-event-conuv:
[0 <k N\t eventt= (tmodk=0);1t0 =1xk;

s = (output-fun o i-Exec-Comp-Stream trans-fun (input ©; k) ¢) |[=
((i- Ezec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢) t =€) =
(st0=eN(Ot't0]0...]. (stl =e. t1 U t2[0...] ® t'. event 12)))

(proof)

lemma i-Ezxec-Comp-Stream-Acc- Output--Init--eq-NoMsg-iAll-start-event-conv:
[0 <k At eventt=((t+ k— Suc0) mod k= 0); t0 = Suc (¢t * k);

s = (output-fun o i-Exec-Comp-Stream-Init trans-fun (input ©; k) ¢) |[=
((i- Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢) t =€) =
(st =eN(Ot't0[0...]. (stl =e. t1 U t2[0..] @ t'. event t2)))

(proof)

lemma i-Ezec-Comp-Stream-Acc- Output--Init--eq-NoMsg-iAll-start-event2-conv:
[ Suc 0 < k; A\ t. event t = (t mod k = Suc 0); t0 = Suc (t * k);
s = (output-fun o i-Exec-Comp-Stream-Init trans-fun (input ©; k) ¢) |=
((i- Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢) t =€) =
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(st =eN(Ot't0[0...]. (stl =e. t1 U t2[0..] & t'. event t2)))
(proof)

lemma i-Ezec- Comp-Stream-Acc-Output--eq-Msg-iUntil-start-event-conv:
[0 <k;m+#ce; Nt. eventt = (t mod k= 0); t0 =t x k;
s = (output-fun o i-Exec-Comp-Stream trans-fun (input ©; k) ¢) | =
((i- Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢) t = m) = (
(st0=mA(©Ot't0[0..]. (stl =e. t1 U t2 ([0...] ® t'). event t2))) V
(O t't0 [0...]. (— event t1. t1 U t2 ([0...] ® t'). (
st2=mA - eventt2 A (Ot t2]0...].
(st3=c.t3U t4 ([0...] D t"). event t4))))))
(proof)

lemma i-Ezxec- Comp-Stream-Acc- Output--Init--eq-Msg-i Until-start-event-conv:

[0 <k m#e; Nt event t = ((t + k — Suc 0) mod k = 0); t0 = Suc (t = k);

s = (output-fun o i-Exec-Comp-Stream-Init trans-fun (input ©; k) ¢) | =
((#-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢) t = m) = (
(st0=mA(Ot't0[0..]. (stl =e. t1 U t2 ([0...] ® t'). event t2))) V
(Ot t0[0..]. (— event ¢t1. t1 U t2 ([0...] @ ). (

st2 =m A - event t2 A (Ot 2 [0...].

(st3=c. t3U t4 ([0...] D t"). event t4))))))

(proof)

lemma i-Ezxec-Comp-Stream-Acc- Output--Init--eq-Msg-i Until-start-event2-conv:
[ Suc 0 < k; m # &; At. event t = (t mod k = Suc 0); t0 = Suc (t * k);

s = (output-fun o i-Exec-Comp-Stream-Init trans-fun (input ©; k) ¢) | =
((i-Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢) t = m) = (
(st0=mA (Ot't0[0...]. (stl =e. t1 U 2 ([0...] ® t). event t2))) V
(O ¢ t0[0...]. (— event ¢1. t1 U t2 ([0...] @ ). (

st2 =m A - event t2 A (Ot 2 [0...].

(st3=c. t3U t4 ([0...] D t"). event t4))))))

(proof)

lemma i-Ezec-Comp-Stream-Acc-Output--eq-NoMsg-iAll-finish-event-conv:
[ Suc 0 < k; A\ t. event t = (t mod k = k — Suc 0); t0 = t * k;
s = (output-fun o i-Exec-Comp-Stream trans-fun (input ®; k) ¢) |=
((i- Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢) t =€) =
(st0=eAN(Ot't0[0...]. (stl =e. t1U2[0..] Dt event t2 N 512 = ¢€)))
(proof)

lemma i-Ezec- Comp-Stream-Acc-Output--Init--eq- NoMsg-i All-finish-event-conv:
[ Suc 0 < k; N\ t. event t = (t mod k = 0); t0 = Suc (¢ * k);

s = (output-fun o i-Exec-Comp-Stream-Init trans-fun (input ©; k) ¢) |[=
((i- Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢) t =€) =
(st0=eAN(Ot't0[0...]. (stl =e. t1UL2[0..] Dt event t2 N 512 = ¢€)))

(proof)

lemma i-Ezec-Comp-Stream-Acc-Output--eq-Msg-iUntil-finish-event-conv:
[0<k;m+#e N\t eventt = (tmodk=Fk— Suc0);t0 =1tk
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s = (output-fun o i-Exec-Comp-Stream trans-fun (input ®; k) ¢) |[=
((i-Exzec-Comp-Stream-Acc-Output k outpul-fun trans-fun input ¢) t = m) =
((— event t1. t1 U t2 ([0...] ® 10). event t2 A s t2 = m) V
(— event t1. t1 U t2 ([0...] ® t0). (— event t2 A st2 = m A (

Ot't2[0...]. (st8 =ec. t3U t4 ([0...] ® t'). event t4 N sti =¢€)))))

(proof )

lemma i-Ezxec-Comp-Stream-Acc- Output--Init--eq-Msg-i Until-finish-event-conv:
[ Suc 0 < k;m #e; \ t. event t = (¢t mod k = 0); t0 = Suc (¢ * k);

s = (output-fun o i-Exec-Comp-Stream-Init trans-fun (input ©; k) ¢) |[=
((i- Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢) t = m) =
((— event t1.t1 U t2 ([0...] © t0). event t2 A s t2 = m) V
(—event t1.t1 U t2 ([0...] ® 10). (— event t2 AN st2 = m A (

Ot't2[0...]. (st8=e. t8U t} ([0...] D t). event t{ N st4 =¢€)))))

(proof)

5.4 i-Exec-Comp-Stream-Acc-Output and temporal operators with
idle states.

lemma i-FEzec-Comp-Stream-Acc-Output--eq-NoMsg-State-Idle-conv:

[0<k

State-Idle localState output-fun trans-fun (

i- Bxec-Comp-Stream-Acc-LocalState k localState trans-fun input c t);

t0 =t x k;

s = i-Ezec-Comp-Stream trans-fun (input ©; k) ¢ | =
(i- Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ t = €) =
(output-fun (s t1) =e. t1 U t2 ([0...] @ t0). (

output-fun (s t2) = € A State-Idle localState output-fun trans-fun (localState (s

t2))))
(proof)
lemma i-Ezxec- Comp-Stream-Acc-Output--eq-Msg-with-State-Idle-imp:
[0 <k
s = i-Ezec-Comp-Stream trans-fun (input ©; k) c;
t0 =t * k;

t1 € 10..., k — Suc 0] ® 0;
State-Idle localState output-fun trans-fun (localState (s t1));
output-fun (s t1) # ¢ ] =
i-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ t = output-fun (s
t1)
(proof)

lemma i-Ezec- Comp-Stream-Acc-Output--eq-Msg-with-State-Idle-conv2:
[0 <k
State-Idle localState output-fun trans-fun (
i- Bxec-Comp-Stream-Acc-LocalState k localState trans-fun input ¢ t);
m # g;
t0 =t * k;
s = i-Exec-Comp-Stream trans-fun (input ©; k) c;
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t1 €[0..., k — Suc 0] ® t0;
State-Idle localState output-fun trans-fun (localState (s t1));
output-fun (s t1) #e ]| =
(i-Ezec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ t = m) =
(O t1[0..., k — Suc 0] ® t0. (
(output-fun (s t1) = m A State-Idle localState output-fun trans-fun (localState
(s t1)))))
(proof )

Here the property to be checked uses only unbounded intervals suitable for
LTL.

lemma i-Ezxec- Comp-Stream-Acc- Output--eq-Msg-with-State-1dle-conv:
[0 <k
State-Idle localState output-fun trans-fun (
i- Bzec-Comp-Stream-Acc-LocalState k localState trans-fun input c t);
m # g;
t0 =t * k;
s = i-Ezec-Comp-Stream trans-fun (input ©; k) c;
t1 € [0..., k — Suc 0] ® t0;
State-Idle localState output-fun trans-fun (localState (s t1));
output-fun (s t1) # e ] =
(i- Exec-Comp-Stream-Acc-OQutput k output-fun trans-fun input ¢ t = m) =
((— State-Idle localState output-fun trans-fun (localState (s t2))). t2 U t1 [0.. ]
@ 0. (
(output-fun (s t1) = m A State-Idle localState output-fun trans-fun (localState
(s t1)))))
(proof )

lemma i-Ezxec-Comp-Stream-Acc-Output--eq-Msg-before-State-Idle-imp2:
[ Suc 0 < k;
State-Idle localState output-fun trans-fun (
i- Exec-Comp-Stream-Acc-LocalState k localState trans-fun input ¢ t);
m # g;
t0 =t x k;
s = i-Ezec-Comp-Stream trans-fun (input ©; k) c;
t1 €[0..., k — Suc 0] ® t0;
output-fun (s t1) = m;
o2t [0..].
((output-fun (s t3) =e. t3 U t4 ([0...] ® t2).
(output-fun (s t4) = € N State-Idle localState output-fun trans-fun (localState

(st4) ] =

i-Ezxec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ t = m

(proof)

lemma i-Ezxec-Comp-Stream-Acc- Output--eq-Msg-before-State-Idle-conv2:
[ Suc 0 < k;
State-Idle localState output-fun trans-fun (
i- Exec-Comp-Stream-Acc-LocalState k localState trans-fun input ¢ t);

m # g;
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t0 =t x k;
s = i-Exec-Comp-Stream trans-fun (input ©; k) c;
Otl[0...,k— Suc0] @ t0. - (
State-Idle localState output-fun trans-fun (localState (s t1)) A
output-fun (s t1) #¢) | =
(i- Exec-Comp-Stream-Acc-OQutput k output-fun trans-fun input ¢ t = m) =
(G t1[0..., k — Suc 0] ® 0. (
(output-fun (s t1) = m) A
(O t2t1[0..].
((output-fun (s t3) =e. t3 U t4 ([0...] ® t2).
(output-fun (s t4) = € N State-Idle localState output-fun trans-fun (localState
(s th))))
{proof

Here the property to be checked uses only unbounded intervals suitable for
LTL.

lemma i-Ezec-Comp-Stream-Acc- Qutput--eq-Msg-before-State-Idle-imp:
[ Suc 0 < k;
State-Idle localState output-fun trans-fun (
i-Exec-Comp-Stream-Acc-LocalState k localState trans-fun input c t);
m # g;
t0 =t * k;
s = i-Exec-Comp-Stream trans-fun (input ©; k) ¢;
(= State-Idle localState output-fun trans-fun (localState (s t1))). t1 U t2 [0.. ]
@ 0. (
(output-fun (s t2) = m) A
(Otst2 [0...].
((output-fun (s t4) =e. t4 U t5 ([0...] ® t3).
(output-fun (s t5) = e A State-Idle localState output-fun trans-fun (localState

(s t5))) | =

i-Ezxec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ t = m
(proof )
lemma i-Exec- Comp-Stream-Acc-Output--eq-Msg-before-State-Idle-conv:
[ Suc 0 < k;
State-Idle localState output-fun trans-fun (
i- Exec-Comp-Stream-Acc-LocalState k localState trans-fun input c t);
m # g;
t0 =t * k;
s = i-Exec-Comp-Stream trans-fun (input ©; k) ¢;
Ot [0..., k— Suc 0] ® t0. — (
State-Idle localState output-fun trans-fun (localState (s t1)) A
output-fun (s t1) #¢) | =
(i- Exec-Comp-Stream-Acc-OQutput k output-fun trans-fun input ¢ t = m) =
((— State-Idle localState output-fun trans-fun (localState (s t1))). t1 U t2 [0.. ]
@ 10. (
(output-fun (s t2) = m) A
(Otst2 [0..).
((output-fun (s t4) =e. t4 U t5 ([0...] ® t3).
(output-fun (s t5) = € N State-Idle localState output-fun trans-fun (localState
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(s t5))))))))
(proof)

lemma i-Ezec-Comp-Stream-Acc- Output--eq-Msg-State-Idle-conv2:
[ Suc 0 < k;
State-Idle localState output-fun trans-fun (
i- EBxec-Comp-Stream-Acc-LocalState k localState trans-fun input ¢ t);
m # g;
t0 =t * k;
s = i-Exec-Comp-Stream trans-fun (input ©; k) ¢ | =
(i- Exec-Comp-Stream-Acc-OQutput k output-fun trans-fun input ¢ t = m) =
(O t1[0..., k — Suc 0] ® 0. (
output-fun (s t1) = m A
(State-Idle localState output-fun trans-fun (localState (s t1)) V
(O t2t1]0...].
((output-fun (s t3) =e. t3 U t4 ([0...] ® t2).
(output-fun (s t4) = € A State-Idle localState output-fun trans-fun (localState
(s th))))
{proof

lemma i- Ezec- Comp-Stream-Acc- Output--eq-Msg-State-Idle-conv2’:
[ Suc 0 < k;
State-Idle localState output-fun trans-fun (
i- Bxec- Comp-Stream-Acc-LocalState k localState trans-fun input c t);
m # g;
t0 =t * k;
s = i-Ezec-Comp-Stream trans-fun (input ©; k) ¢ | =
(i- Exec-Comp-Stream-Acc-OQutput k output-fun trans-fun input ¢ t = m) =
(G t1]0..., k — Suc 0] & t0. (
output-fun (s t1) = m A State-Idle localState output-fun trans-fun (localState
(s t1)))) Vv
(O t1[0..., k — Suc 0] ® t0. (
((output-fun (s t1) = m) A
(Ot2t1]0...].
((output-fun (s t3) = e. t3 U t4 ([0...] @ 2).
(output-fun (s t4) = e A State-Idle localState output-fun trans-fun (localState
(s )
(proof)

lemma i-Ezec-Comp-Stream-Acc-Output--eq-iAll-iUntil-State-Idle-conv2:
[ Suc 0 < k;
State-Idle localState output-fun trans-fun (
i- Exec-Comp-Stream-Acc-LocalState k localState trans-fun input ¢ t);
t0 =t * k;
s = i-Ezec-Comp-Stream trans-fun (input @; k) ¢ | =
(i- Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ t = m) = (
(m=e¢ —
(output-fun (s t1) =e. t1 U t2 ([0...] @ t0). (
output-fun (s t2) = € A State-Idle localState output-fun trans-fun (localState



108

(s 12)) A
(m#e—
(Ot [0..., k — Suc 0] ® t0. (
output-fun (s t1) = m A
(State-Idle localState output-fun trans-fun (localState (s t1)) V
(Ot2t110..)].
((output-fun (s t3) =e. t3 U t4 ([0...] ® t2).
(output-fun (s t4) = € A State-Idle localState output-fun trans-fun (localState
(s £4)))))))))))
(proof )

lemma i- Exec- Comp-Stream-Acc-Output--eq-Msg-State-Idle-conv':
[ Suc 0 < k;
State-Idle localState output-fun trans-fun (
i- Bxec-Comp-Stream-Acc-LocalState k localState trans-fun input c t);
m # €;
t0 =t x k;
s = i-Ezec-Comp-Stream trans-fun (input @; k) ¢ | =
(i- Exec-Comp-Stream-Acc-Output k outpul-fun trans-fun input ¢ t = m) =
(((— State-Idle localState output-fun trans-fun (localState (s t2))). t2 U t1 [0.. ]
@ t0.
(output-fun (s t1) = m A State-Idle localState output-fun trans-fun (localState
(s t1)))) v
((= State-Idle localState output-fun trans-fun (localState (s t2))). t2 U t1 [0.. ]
@ t0.
(output-fun (s t1) = m A
(O t3t1]0...].
((output-fun (s t4) =e. t4 U t5 ([0...] ® t3).
(output-fun (s t5) = e N State-Idle localState output-fun trans-fun (localState
(s t5)))
(proof)

lemma i-Ezxec- Comp-Stream-Acc-Output--eq-Msg-State-1dle-conv:
[ Suc 0 < k;
State-Idle localState output-fun trans-fun (
i- Bzec-Comp-Stream-Acc-LocalState k localState trans-fun input c t);
m # g;
t0 =t * k;
s = i-Ezec-Comp-Stream trans-fun (input ©; k) ¢ | =
(i- Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ t = m) =
(((— State-Idle localState output-fun trans-fun (localState (s t2))). t2 U t1 [0.. ]
@ t0.
(output-fun (s t1) = m A
(State-Idle localState output-fun trans-fun (localState (s t1)) V
(O t3t1]0...].
((output-fun (s t4) =e. t4 U t5 ([0...] © t3).
(output-fun (s t5) = & A State-Idle localState output-fun trans-fun (localState
(s 15)))))
(proof)
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lemma i-Exec-Comp-Stream-Acc- Output--eq-iUntil-State-1dle-conv:
[ Suc 0 < k;
State-Idle localState output-fun trans-fun (
i- Exec-Comp-Stream-Acc-LocalState k localState trans-fun input ¢ t);
t0 =t * k;
s = i-Ezec-Comp-Stream trans-fun (input ©; k) ¢ | =
(i- Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ t = m) = (
(m=¢—
(output-fun (s t1) =e. t1 U t2 ([0...] @ t0). (
output-fun (s t2) = € A State-Idle localState output-fun trans-fun (localState
(s 2))) A
(m#e—
(((— State-Idle localState output-fun trans-fun (localState (s t2))). t2 U t1 [0.. ]
@ t0.
(output-fun (s t1) = m A
(State-Idle localState output-fun trans-fun (localState (s t1)) V
(O tst1]0...].
((output-fun (s t4) =e. t4 U t5 ([0...] ® 13).
(output-fun (s t5) = e A State-Idle localState output-fun trans-fun
(localState (5 £5)))))))

(proof)

Sufficient conditions for output messages.

corollary i-Exec-Comp-Stream-Acc- Output--eq-Msg-State-1dle-iEx-imp1 :
[ Suc 0 < k;
State-Idle localState output-fun trans-fun (
i- Bxec-Comp-Stream-Acc-LocalState k localState trans-fun input c t);
m # g;
t0 =t x k;
s = i-Exec-Comp-Stream trans-fun (input ©; k) c;
(O t1[0..., k — Suc 0] ® t0. (
output-fun (s t1) = m A State-Idle localState output-fun trans-fun (localState
(s 1)) ] =
i-Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ t = m

{proof)

corollary i-Ezec-Comp-Stream-Acc- OQutput--eq-Msg-State-Idle-iEz-imp2:
[ Suc 0 < k;
State-Idle localState output-fun trans-fun (
i- Exec-Comp-Stream-Acc-LocalState k localState trans-fun input ¢ t);
m # €
t0 =t x k;
s = i-Ezec-Comp-Stream trans-fun (input ©; k) c;
O t1[0..., k — Suc 0] & t0. (
((output-fun (s t1) = m) A
(Ot2t1]0...].
((output-fun (s t3) = . t3 U t4 ([0...] © t2).
(output-fun (s t4) = & A State-Idle localState output-fun trans-fun
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(localState (s t4)))))))) | =

i-Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ t = m
(proof)

lemma i-Ezec-Comp-Stream-Acc- Output--eq-Msg-State-1dle-iUntil-imp1 :
[ Suc 0 < k;
State-Idle localState output-fun trans-fun (
i- Exec- Comp-Stream-Acc-LocalState k localState trans-fun input c t);
m # g;
t0 =t * k;
s = i-Exec-Comp-Stream trans-fun (input ©; k) c;
(= State-Idle localState output-fun trans-fun (localState (s t2))). t2 U t1 [0.. ]
@ t0.
(output-fun (s t1) = m A State-Idle localState output-fun trans-fun (localState

(st1)) ] =
i-Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ t = m
(proof)
lemma i-Ezxec-Comp-Stream-Acc- Output--eq-Msg-State-1dle-iUntil-imp2:
[ Suc 0 < k;

State-Idle localState output-fun trans-fun (
i- Exec-Comp-Stream-Acc-LocalState k localState trans-fun input ¢ t);
m # g;
t0 =t x k;
s = i-Ezec-Comp-Stream trans-fun (input ©; k) c;
(= State-Idle localState output-fun trans-fun (localState (s t2))). t2 U t1 [0..]
@ t0.
(output-fun (s t1) = m A
(Ot3t1]0....
((output-fun (s t4) =e. t4 U t5 ([0...] ® t3).
(output-fun (s t5) = e A State-Idle localState output-fun trans-fun (localState

(s t5))) ] =

i-Exec-Comp-Stream-Acc-Output k output-fun trans-fun input ¢ t = m

(proof)

List of selected lemmas about output of accelerated components.

thm i-Exec-Comp-Stream-Acc- Output--eq-NoMsg-iAll-conv

thm i-Exec-Comp-Stream- Acc-Output--eq-Msg-iEz-iAll-cut-greater-conv
thm i- Exec- Comp-Stream-Acc-Output--eq-Msg-iSince-conv

thm i-Exec-Comp-Stream-Acc- Output--eq-iAll-iSince-conv

thm i-Exec-Comp-Stream- Acc-Output--eq-NoMsg-State-1dle-conv
thm i-Exec-Comp-Stream- Acc- Output--eq-Msg-State-I1dle-conv2
thm i-Exec-Comp-Stream-Acc-Output--eq-Msg-State-Idle-conv
thm i- Ezec- Comp-Stream-Acc- Output--eq-Msg-State-Idle-conv2’
thm i- Ezec- Comp-Stream-Acc- Output--eq-Msg-State-Idle-conv’

thm i-Exec-Comp-Stream-Acc-Output--eq-iAll-i Until-State-Idle-conv2
thm i-Exec-Comp-Stream-Acc-Output--eq-i Until-State-Idle-conv
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thm i-Exec-Comp-Stream-Acc- Output--eq-Msg-State-1dle-iEx-imp1
thm i-Exec-Comp-Stream- Acc-Output--eq-Msg-State-1dle-iEx-imp2
thm i-Exec-Comp-Stream-Acc-Output--eq-Msg-State-I1dle-i Until-imp 1
thm i-Exec- Comp-Stream-Acc-Output--eq-Msg-State-Idle-iUntil-imp2

end
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