Abstract

We utilize and extend the method of shallow semantic embeddings (SSEs) in classical
higher-order logic (HOL) to construct a custom theorem proving environment for abstract
objects theory (AOT) on the basis of Isabelle/HOL.

SSEs are a means for universal logical reasoning by translating a target logic to HOL using
a representation of its semantics. AOT is a foundational metaphysical theory, developed by
Edward Zalta, that explains the objects presupposed by the sciences as abstract objects that
reify property patterns. In particular, AOT aspires to provide a philosphically grounded
basis for the construction and analysis of the objects of mathematics.

We can support this claim by verifying Uri Nodelman’s and Edward Zalta’s reconstruc-
tion of Frege’s theorem: we can confirm that the Dedekind-Peano postulates for natural
numbers are consistently derivable in AOT using Frege’s method. Furthermore, we can sug-
gest and discuss generalizations and variants of the construction and can thereby provide
theoretical insights into, and contribute to the philosophical justification of, the construc-
tion.

In the process, we can demonstrate that our method allows for a nearly transparent
exchange of results between traditional pen-and-paper-based reasoning and the computer-
ized implementation, which in turn can retain the automation mechanisms available for
Isabelle/HOL.

During our work, we could significantly contribute to the evolution of our target theory
itself, while simultaneously solving the technical challenge of using an SSE to implement
a theory that is based on logical foundations that significantly differ from the meta-logic
HOL.

In general, our results demonstrate the fruitfulness of the practice of Computational
Metaphysics, i.e. the application of computational methods to metaphysical questions and
theories.

A full description of this formalization including references can be found at http://dx.
doi.org/10.17169/refubium-35141.

The version of Principia Logico-Metaphysica (PLM) implemented in this formalization
can be found at http://mally.stanford.edu/principia-2021-10-13.pdf, while the latest version
of PLM is available at http://mally.stanford.edu/principia.pdf.
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1 References

A full description of this formalization including references can be found at http://dx.doi.org/10.17169/
refubium-35141.

The version of Principia Logico-Metaphysica (PLM) implemented in this formalization can be found
at http://mally.stanford.edu/principia-2021-10-13.pdf, while the latest version of PLM is available at
http://mally.stanford.edu/principia.pdf.

2 Model for the Logic of AOT

We introduce a primitive type for hyperintensional propositions.

typedecl o

To be able to model modal operators following Kripke semantics, we introduce a primitive type for
possible worlds and assert, by axiom, that there is a surjective function mapping propositions to the
boolean-valued functions acting on possible worlds. We call the result of applying this function to a
proposition the Montague intension of the proposition.

typedecl w — The primtive type of possible worlds.
axiomatization AOT-model-do :: <0o=(w=>bool)> where
do-surj: <surj AOT-model-do»

The axioms of PLM require the existence of a non-actual world.

consts wp :: w — The designated actual world.
axiomatization where AOT-model-nonactual-world: <3 w . w # wo>»

Validity of a proposition in a given world can now be modelled as the result of applying that world to
the Montague intension of the proposition.

definition AOT-model-valid-in :: <w=-0=-bool> where
<AOT-model-valid-in w ¢ = AOT-model-do ¢ w»

By construction, we can choose a proposition for any given Montague intension, s.t. the proposition is
valid in a possible world iff the Montague intension evaluates to true at that world.

definition AOT-model-proposition-choice :: <(w=-bool) = o) (binder <&, » 8)
where (¢, w. ¢ w = (inv AOT-model-do) >
lemma AOT-model-proposition-choice-simp: <AOT-model-valid-in w (€0 w. W) = @ w»
by (simp add: surj-f-inv-f[OF do-surj] AOT-model-valid-in-def
AOT-model-proposition-choice-def)

Nitpick can trivially show that there are models for the axioms above.

lemma «True> nitpick[satisfy, user-azioms, expect = genuine] ..

typedecl w — The primtive type of ordinary objects/urelements.

Validating extended relation comprehension requires a large set of special urelements. For simple models
that do not validate extended relation comprehension (and consequently the predecessor axiom in the
theory of natural numbers), it suffices to use a primitive type as o, i.e. typedecl o.

typedecl o’
typedef 0 = <UNIV::((w = w = bool) set X (w = w = bool) set x o') set> ..

typedecl null — Null-urelements representing non-denoting terms.

datatype v = wv w | ov o | is-nullv: nullv null — Type of urelements

Urrelations are proposition-valued functions on urelements. Urrelations are required to evaluate to
necessarily false propositions for null-urelements (note that there may be several distinct necessarily
false propositions).

typedef urrel = <{ ¢ .V z w . “AOT-model-valid-in w (¢ (nullv z)) b
by (rule exl[where z=\ z . (g0 w . —is-nullv z))])
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(auto simp: AOT-model-proposition-choice-simp)

Abstract objects will be modelled as sets of urrelations and will have to be mapped surjectively into the
set of special urelements. We show that any mapping from abstract objects to special urelements has
to involve at least one large set of collapsed abstract objects. We will use this fact to extend arbitrary
mappings from abstract objects to special urelements to surjective mappings.

lemma ao-pigeonhole:

— For any arbitrary mapping ao from sets of urrelations to special urelements, there exists an abstract object
x, s.t. the cardinal of the set of special urelements is strictly smaller than the cardinal of the set of abstract
objects that are mapped to the same urelement as x under ao.

<3z . |UNIV:0o set| <o {y . ac z = ao y})

for ao :: <urrel set = o»
proof(rule ccontr)

have card-o-set-set-bound: <|UNIV::o set set| <o |UNIV::urrel set|»

proof —

let ?pick = Aus.eo w . case u of (ov s') = s’ € s| - = False>
have <3f :: 0 set = wurrel . inj f>
proof
show «nj (As . Abs-urrel (Au . ?pick u s))»
proof(rule injI)
fix zy
assume < Abs-urrel (Au. ?pick u ) = Abs-urrel (Au. ?pick u y)»
hence «(Au. ?pick u z) = (Au. Ppick u y)»
by (auto intro!: Abs-urrel-inject| THEN iffD1]
stmp: AOT-model-proposition-choice-simp)
hence (AOT-model-valid-in wo (?pick (ov s) z) =
AOT-model-valid-in wo (?pick (ov s) y)»
for s by metis
hence «(s € z) = (s € y)» for s
by (auto simp: AOT-model-proposition-choice-simp)
thus <z = »»
by blast
qed
qed
thus ?thesis
by (metis card-of-image inj-imp-surj-inv)
qed

Assume, for a proof by contradiction, that there is no large collapsed set.

assume Jz . |UNIV::0o set| <o |{y . a0 2 = ao y}|

hence A: Vz . |{y . ac z = ac y}| <o |UNIV:o set|
by auto

have union-univ: <(|Jz € range(inv ao) . {y . aoc z = ao y}) = UNIV)»
by auto (meson f-inv-into-f range-eql)

We refute by case distinction: there is either finitely many or infinitely many special urelements and in
both cases we can derive a contradiction from the assumption above.

{

Finite case.

assume finite-o-set: <finite (UNIV::0 set)»
hence finite-collapsed: «finite {y . ac = = ac y}» for z
using A card-of-ordLeg-infinite by blast
hence 0: Vz . card {y . aoc z = ao y} < card (UNIV::0 set)
by (metis A finite-o-set card-of-ordLeq inj-on-iff-card-le)
have I: <card (range (inv ao)) < card (UNIV::o set)
using finite-o-set card-image-le by blast
hence 2: (finite (range (inv ac))»
using finite-o-set by blast

define n where <n = card (UNIV::urrel set set))
define m where «<m = card (UNIV::o set)



have «n = card (Jz € range(inv ao) . {y . aoc © = ac y})
unfolding n-def using union-univ by argo

also have «... < (3 i€range (inv ao). card {y. ac i = ac y})»
using card-UN-le 2 by blast

also have «... < (3 i€range (inv ao). card (UNIV::o set))»
by (metis (no-types, lifting) 0 sum-mono)

also have «... < card (range (inv ao)) * card (UNIV::c set)
using sum-bounded-above by auto

also have «... < card (UNIV:0o set) * card (UNIV::o set)
using 1 by force

also have «... = mxm)
unfolding m-def by blast

finally have n-upper: <n < mxm>.

have «finite (Jz € range(inv ao) . {y . o z = ac y})»
using 2 finite-collapsed by blast

hence finite-aset: <finite (UNIV::urrel set set)»
using union-univ by argo

have «272"m = (2::nat) (card (UNIV::o set set)))
by (metis Pow-UNIV card-Pow finite-o-set m-def)
moreover have <card (UNIV::o set set) < (card (UNIV::urrel set))>
using card-o-set-set-bound
by (meson Finite-Set.finite-set card-of-ordLeq finite-aset
finite-o-set inj-on-iff-card-le)
ultimately have <2727m < (2::nat) (card (UNIV:: urrel set))»
by simp
also have «... = m
unfolding n-def
by (metis Finite-Set.finite-set Pow-UNIV card-Pow finite-aset)
finally have <272"m < n» by blast
hence <272"m < mxm» using n-upper by linarith
moreover {
have «(2:nat) (27m) > (27 (m + 1))
by (metis Suc-eq-plusl Suc-lel less-exp one-le-numeral power-increasing)
also have «(27(m + 1)) = (2::nat) * 2"m»
by auto
have (m < 2"m)
by (simp add: less-exp)
hence (mxm < (27m)*(2"m)»
by (simp add: mult-strict-mono)
moreover have ¢... = 27 (m+m)»
by (simp add: power-add)
ultimately have <msxm < 2 ~ (m + m)> by presburger
moreover have <m+m < 2"my»
proof (induct m)
case (
thus ?case by auto
next
case (Suc m)
thus ?case
by (metis Suc-lel less-exp mult-2 mult-le-mono2 power-Suc)
qed
ultimately have <mxm < 272"m»
by (meson less-le-trans one-le-numeral power-increasing)

ultimately have Fualse by auto

}

moreover {

Infinite case.

assume <infinite (UNIV::0 set)»



hence Cinfo: «Cinfinite |UNIV::o set|»
by (simp add: cinfinite-def)
have I: ¢|range (inv ao)| <o |UNIV:0o set|>
by auto
have 2: <Vi€range (inv ao). [{y . ao i = ac y}| <o |UNIV:0o set|
proof
fix i :: <urrel set
assume (i € range (inv ao)»
show ({y . ac i = ao y}| <o |UNIV::o set|)
using A by blast
qed
have «|J ((Ai. {y. ao i = ac y}) ‘ (range (inv ao)))| <o
|Sigma (range (inv ao)) (Ai. {y. ac i = ao y}))
using card-of-UNION-Sigma by blast
hence | UNIV::urrel set set| <o
|Sigma (range (inv ao)) (Ai. {y. ac i = ac y})|
using union-univ by argo
moreover have «|Sigma (range (inv ao)) (Ai. {y. ac i = ao y})| <o |UNIV:o set|
using card-of-Sigma-ordLeq-Cinfinite| OF Cinfo, OF 1, OF 2] by blast
ultimately have | UNIV::urrel set set| <o |UNIV::o set|»
using ordLeg-transitive by blast
moreover {
have (| UNIV:o set| <o |UNIV:o set set|>
by auto
moreover have (|UNIV::o set set| <o |UNIV::urrel set|»
using card-o-set-set-bound by blast
moreover have (| UNIV::urrel set| <o |UNIV::urrel set set|>
by auto
ultimately have | UNIV:o set| <o |UNIV::urrel set set|»
by (metis ordLess-imp-ordLeq ordLess-ordLeg-trans)
}
ultimately have False
using not-ordLeg-ordLess by blast
}

ultimately show Fualse by blast
qed

We introduce a mapping from abstract objects (i.e. sets of urrelations) to special urelements ao that is
surjective and distinguishes all abstract objects that are distinguished by a (not necessarily surjective)
mapping ao’. ac’ will be used to model extended relation comprehension.

consts ao’ :: (urrel set = o>
consts ao :: <urrel set = o

specification(ao)
QO -SUTj: <SUrj Qo
ac-ac” «aoc T = a0y = ac’' = ac’ P
proof —
obtain z where z-prop: |UNIV::c set| <o |{y. ac’ z = ac’ y}|»
using ao-pigeonhole by blast
have (3f :: urrel set = o . f ‘{y. a0’ z = ac’ y} = UNIV A fz = ac’
proof —
have 3f :: urrel set = o . f “{y. a0’ z = ac’ y} = UNIV)
by (simp add: z-prop card-of-ordLeq2 ordLess-imp-ordLeq)
then obtain f :: (urrel set = o> where «f ‘ {y. ac’ x = ac’ y} = UNIV>»
by presburger
moreover obtain ¢ where «fa = ac’ 2> and (ac’ a = ac’'
by (smt (verit, best) calculation UNIV-I image-iff mem-Collect-eq)
ultimately have «(f (a := fz, t:= fa)) ‘{y. a0’ = ac’ y} = UNIV A
(f(a:=fz,z:=fa) z=ac’'»
by (auto simp: image-def)
thus ?thesis by blast
qed
then obtain f where fimage: «f ‘{y. ac’ z = ac’ y} = UNIV>



and fr: (fz = ac’ »
by blast

define ao :: <urrel set = oy where
<o = X urrels . if ao’ urrels = ac’ A f urrels ¢ range ac’
then f urrels
else ac’ urrels
have (surj ao»
proof —
{
fix s o
{
assume (s € range ac’
hence 0: «ac’ (inv ac’ s) = &
by (meson f-inv-into-f)

assume (s = ao’ )
hence <ac z = s
using ao-def fxr by presburger
hence (3f . ac (fs) =
by auto
}

moreover {
assume (s # oo’
hence <ao (inv ac’ s) = &
unfolding ao-def 0 by presburger
hence (3f . ao (fs) = &
by blast
ultimately have <3f . ao (fs) = &
by blast
}
moreover {
assume (s ¢ range ac’
moreover obtain urrels where (f urrels = s» and oo’ z = ac’ urrels)
by (smt (verit, best) UNIV-I fimage image-iff mem-Collect-eq)
ultimately have <ao urrels = s
using ao-def by presburger
hence 3f . ao (fs) = &
by (meson f-inv-into-f range-eql)

ultimately have <3f . ao (fs) = &
by blast
}
thus ?thesis
by (metis surj-def)
qed
moreover have Vz y. o0 = ac y — ac’ z = ac’ y
by (metis ao-def rangel)
ultimately show ?thesis
by blast
qged

For extended models that validate extended relation comprehension (and consequently the predecessor
axiom), we specify which abstract objects are distinguished by aco’.

definition urrel-to-wrel :: <urrel = (w = w = bool)> where
currel-to-wrel = X r w w . AOT-model-valid-in w (Rep-urrel r (wv w))»
definition wrel-to-urrel :: «(w = w = bool) = urrel» where
cwrel-to-urrel = \ ¢ . Abs-urrel
Au.eo w. case u of wv x = @ z w | - = False)

definition AOT-urrel-wequiv :: <urrel = urrel = bool> where
(AOT-urrelwequiv = X r s .V u v . AOT-model-valid-in v (Rep-urrel r (wv u)) =



AOT-model-valid-in v (Rep-urrel s (wv u))»

lemma urrel-wrel-quot: «Quotient3 AOT-urrel-wequiv urrel-to-wrel wrel-to-urrely
proof(rule Quotient3I)
show (urrel-to-wrel (wrel-to-urrel a) = a) for a
unfolding wrel-to-urrel-def urrel-to-wrel-def
apply (rule ext)
apply (subst Abs-urrel-inverse)
by (auto simp: AOT-model-proposition-choice-simp)
next
show (AOT-urrel-wequiv (wrel-to-urrel a) (wrel-to-urrel a)> for a
unfolding wrel-to-urrel-def AOT-urrel-wequiv-def
apply (subst (1 2) Abs-urrel-inverse)
by (auto simp: AOT-model-proposition-choice-simp)
next
show «AOT-urrel-wequiv r s = (AOT-urrel-wequiv r r A AOT-urrel-wequiv s s A
urrel-to-wrel v = urrel-to-wrel s)» for r s
proof
assume (AOT-urrel-wequiv r s»
hence (AOT-model-valid-in v (Rep-urrel r (wv u)) =
AOT-model-valid-in v (Rep-urrel s (wv u))» for u v
using AOT-urrel-wequiv-def by metis
hence <urrel-to-wrel r = urrel-to-wrel s»
unfolding urrel-to-wrel-def
by simp
thus (AOT-urrel-wequiv r r A AOT-urrel-wequiv s s N\
urrel-to-wrel v = urrel-to-wrel s»
unfolding AOT-urrel-wequiv-def
by auto
next
assume (AOT-urrel-wequiv r r A AOT-urrel-wequiv s s A
urrel-to-wrel v = urrel-to-wrel s»
hence (AOT-model-valid-in v (Rep-urrel r (wv u)) =
AOT-model-valid-in v (Rep-urrel s (wv u))» for u v
by (metis urrel-to-wrel-def)
thus <(AOT-urrel-wequiv T s»
using AOT-urrel-wequiv-def by presburger
qged
qed

specification (ao’)
ao-eq-ord-exts-all:
«ao’ a = ac’ b = (\s . urrel-to-wrel s = urrel-to-wrel T = s € a)
= (A s . urrel-to-wrel s = urrel-to-wrel r = s € b))
ao-eq-ord-exts-ex:
«ac’ a=ac' b= (3 s.s € aA urrel-to-wrel s = urrel-to-wrel r)
= (s . s € b A urrel-to-wrel s = urrel-to-wrel r)»
proof —
define ao-wit-intersection where
<ao-wit-intersection = X\ urrels .
{ordext . Y urrel . urrel-to-wrel urrel = ordext — wurrel € urrels}»
define ao-wit-union where
<ao-wit-union = X urrels .
{ordext . Jurrelcurrels . urrel-to-wrel urrel = ordext}»

let 2ao-wit = <\ urrels .
let ordexts = ao-wit-intersection urrels in
let ordexts’ = ao-wit-union urrels in
(ordexts, ordexts’, undefined)>

define ao-wit :: <urrel set = o> where
cao-wit = X urrels . Abs-o (2o -wit urrels)»

{

fix a b :: «urrel set> and r s



assume (ao-wit a = ac-wit b
hence 0: {ordext. ¥ urrel. urrel-to-wrel urrel = ordext — wrrel € a} =
{ordext. ¥V urrel. urrel-to-wrel urrel = ordext — urrel € b}»
unfolding ao-wit-def Let-def
apply (subst (asm) Abs-c-inject)
by (auto simp: ac-wit-intersection-def ao-wit-union-def)
assume (urrel-to-wrel s = urrel-to-wrel r = s € @ for s
hence <urrel-to-wrel r €
{ordext. ¥V urrel. urrel-to-wrel urrel = ordext — urrel € a}»
by auto
hence <urrel-to-wrel r €
{ordext. ¥V urrel. urrel-to-wrel urrel = ordext — urrel € b}»
using 0 by blast
moreover assume (urrel-to-wrel s = urrel-to-wrel r»
ultimately have <s € b
by blast
}

moreover {
fix a b :: <urrel set> and s r
assume (ao-wit a = ao-wit b
hence 0: ({ordezt. urrel € a. urrel-to-wrel urrel = ordext} =
{ordext. urrel € b. urrel-to-wrel urrel = ordext}>
unfolding aoc-wit-def
using Abs-o-inject ao-wit-union-def by auto
assume <s € a»
hence (urrel-to-wrel s € {ordext. Jurrel € a. urrel-to-wrel urrel = ordext}>
by blast
moreover assume (urrel-to-wrel s = urrel-to-wrel r»
ultimately have <urrel-to-wrel r €
{ordext. Surrel € b. urrel-to-wrel urrel = ordext}»
using 0 by argo
hence <3s. s € b A urrel-to-wrel s = urrel-to-wrel r»
by blast
}

ultimately show ?thesis
by (safe introl: exI[where z=ao-wit]; metis)
qed

We enable the extended model version.

abbreviation (input) AOT-EztendedModel where <AOT-ExtendedModel = True»

Individual terms are either ordinary objects, represented by ordinary urelements, abstract objects, mod-
elled as sets of urrelations, or null objects, used to represent non-denoting definite descriptions.

datatype k = wk w | ak urrel sety | is-nullk: nulls null

The mapping from abstract objects to urelements can be naturally lifted to a surjective mapping from
individual terms to urelements.

primrec kv :: (k=v)> where
kU (wk ) = wu T

| «kv (ak z) = ov (a0 )

| «kv (nulls z) = nullv o>

lemma kv-surj: <surj Kv»
using ao-surj by (metis kv.simps(1) kv.simps(2) kv.simps(3) v.exhaust surj-def)

By construction if the urelement of an individual term is exemplified by an urrelation, it cannot be a
null-object.

lemma urrel-null-false:

assumes <AOT-model-valid-in w (Rep-urrel f (kv z))»

shows <—is-nullk x>

by (metis (mono-tags, lifting) assms Rep-urrel k.collapse(8) kv.simps(3)
mem-Collect-eq)



AOT requires any ordinary object to be possibly concrete and that there is an object that is not actually,
but possibly concrete.

consts AOT-model-concretew :: «w = w = bool»
specification (AOT-model-concretew)
AOT-model-w-concrete-in-some-world:
<3 w . AOT-model-concretew = w»
AOT-model-contingent-object:
<3 zw . AOT-model-concretew z w N ~AOT-model-concretew x wo>
by (rule exI[where z=«\- w. w # wo>]) (auto simp: AOT-model-nonactual-world)

We define a type class for AOT’s terms specifying the conditions under which objects of that type denote
and require the set of denoting terms to be non-empty.

class AOT-Term =
fixes AOT-model-denotes :: <'a = bool
assumes AOT-model-denoting-ex: <3 z . AOT-model-denotes x»

All types except the type of propositions involve non-denoting terms. We define a refined type class for
those.

class AOT-IncompleteTerm = AOT-Term +
assumes AOT-model-nondenoting-ex: <3 = . “AOT-model-denotes x»

Generic non-denoting term.

definition AOT-model-nondenoting :: <'a:: AOT-Incomplete Term) where
<AOT-model-nondenoting = SOME 1 . “AOT-model-denotes T»

lemma AOT-model-nondenoing: <—AOT-model-denotes (AOT-model-nondenoting)»
using somel-ex|OF AOT-model-nondenoting-ez)
unfolding AOT-model-nondenoting-def by blast

AOT-model-denotes can trivially be extended to products of types.

instantiation prod :: (AOT-Term, AOT-Term) AOT-Term
begin
definition AOT-model-denotes-prod :: <'ax’b = bool> where
<AOT-model-denotes-prod = A(z,y) . AOT-model-denotes x A AOT-model-denotes y»
instance proof
show «Jz::’'ax’b. AOT-model-denotes 1>
by (simp add: AOT-model-denotes-prod-def AOT-model-denoting-ezx)
qged
end

We specify a transformation of proposition-valued functions on terms, s.t. the result is fully determined by
reqular terms. This will be required for modelling n-ary relations as functions on tuples while preserving
AOT’s definition of n-ary relation identity.

locale AOT-model-irregular-spec =
fixes AOT-model-irregular :: <«('a = 0) = 'a = o
and AOT-model-regular :: <'a = bool>
and AOT-model-term-equiv :: <'a = 'a = bool
assumes AOT-model-irregular-false:
<= AOT-model-valid-in w (AOT-model-irregular ¢ x)»
assumes AOT-model-irregular-equiv:
<AOT-model-term-equiv x y =
AOT-model-irregular ¢ x = AOT-model-irregular ¢ y»
assumes AOT-model-irregular-eql:
(N z . AOT-model-regular t = ¢ © = ¢ z) =
AOT-model-irregular ¢ x = AOT-model-irregular ¢ x»

We introduce a type class for individual terms that specifies being regular, being equivalent (i.e. concep-
tually sharing urelements) and the transformation on proposition-valued functions as specified above.

class AOT-IndividualTerm = AOT-IncompleteTerm +
fixes AOT-model-reqular :: <'a = bool»
fixes AOT-model-term-equiv :: ('a = 'a = bool
fixes AOT-model-irregular :: «('a = o) = 'a = o
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assumes AOT-model-irregular-nondenoting:

<= AOT-model-reqular x = = AOT-model-denotes z»
assumes AOT-model-term-equiv-part-equivp:

<equivp AOT-model-term-equiv>
assumes AOT-model-term-equiv-denotes:

<AOT-model-term-equiv © y => (AOT-model-denotes x = AOT-model-denotes y)>
assumes AOT-model-term-equiv-regular:

<AOT-model-term-equiv x y = (AOT-model-regular z = AOT-model-regular y)»
assumes AOT-model-irreqular:

<AOT-model-irregular-spec AOT-model-irreqular AOT-model-regular

AOT-model-term-equivy

interpretation AOT-model-irreqular-spec AOT-model-irregular AOT-model-reqular
AOT-model-term-equiv
using AOT-model-irreqular .

Our concrete type for individual terms satisfies the type class of individual terms. Note that all unary
individuals are regular. In general, an individual term may be a tuple and is regular, if at most one tuple
element does not denote.

instantiation k :: AOT-IndividualTerm
begin
definition AOT-model-term-equiv-x :: <k = Kk = bool> where
<AOT-model-term-equiv-k = X Ty . KU T = KU Y»
definition AOT-model-denotes-x :: <k = bool> where
<AOT-model-denotes-k = A xz . ~is-nullk x>
definition AOT-model-reqular-x :: <k = bool> where
<AOT-model-regular-c = XA z . True)
definition AOT-model-irreqular- :: <(k = 0) = k = 0> where
<AOT-model-irregular-x = SOME ¢ . AOT-model-irreqular-spec o
AOT-model-reqular AOT-model-term-equivy
instance proof
show <3z :: k. AOT-model-denotes x>
by (rule exI[where z=«wk undefined)])
(simp add: AOT-model-denotes-k-def)
next
show <3z :: k. "AOT-model-denotes x>
by (rule exI[where z=<nulls undefined])
(simp add: AOT-model-denotes-k-def AOT-model-regular-r-def)
next
show = AOT-model-regular x = = AOT-model-denotes x for z :: K
by (simp add: AOT-model-regular-k-def)
next
show (equivp (AOT-model-term-equiv :: k = Kk = bool))
by (rule equivpl; rule reflpl exI sympl transpl)
(simp-all add: AOT-model-term-equiv-r-def)
next
fixzy:k
show <AOT-model-term-equiv x y =—> AOT-model-denotes x = AOT-model-denotes y»
by (metis AOT-model-denotes-k-def AOT-model-term-equiv-k-def k.exhaust-disc
Kv.stmps v.disc(1,8,5,6) is-ak-def is-wk-def is-nullk-def)
next
fixzy:k
show <AOT-model-term-equiv x y => AOT-model-regular x = AOT-model-regular y»
by (simp add: AOT-model-regular-r-def)
next
have AOT-model-irregular-spec (A ¢ (z::k) . €0 w . False)
AOT-model-reqular AOT-model-term-equiv
by standard (auto simp: AOT-model-proposition-choice-simp)
thus <AOT-model-irreqular-spec (AOT-model-irregular::(k=0) = K = 0)
AOT-model-reqular AOT-model-term-equivy
unfolding AOT-model-irregular-r-def by (metis (no-types, lifting) somel-ex)
qed
end
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We define relations among individuals as proposition valued functions. Denoting unary relations (among
&) will match the urrelations introduced above.

typedef ‘a rel (<->)) = <UNIV::('a:: AOT-IndividualTerm = o) set> ..
setup-lifting type-definition-rel

We will use the transformation specified above to ”fix” the behaviour of functions on irregular terms
when defining \-expressions.

definition fiz-irregular :: <('a:: AOT-IndividualTerm = o) = (‘a = o)> where
fiz-irregular = X ¢ z . if AOT-model-regular x
then ¢ x else AOT-model-irregular ¢ x»
lemma fiz-irregular-denoting:
<AOT-model-denotes © = fiz-irreqular ¢ © = ¢ o
by (meson AOT-model-irregular-nondenoting fiz-irreqular-def)
lemma fiz-irreqular-regular:
<AOT-model-regular x = fiz-irregular ¢ © = ¢ x>
by (meson AOT-model-irregular-nondenoting fiz-irreqular-def)
lemma fiz-irregular-irregular:
< AOT-model-reqular x => fiz-irreqular ¢ © = AOT-model-irregular ¢ x»
by (simp add: fiz-irregular-def)

Relations among individual terms are (potentially non-denoting) terms. A relation denotes, if it agrees
on all equivalent terms (i.e. terms sharing urelements), is necessarily false on all non-denoting terms and
is well-behaved on irregular terms.

instantiation rel :: (AOT-IndividualTerm) AOT-Incomplete Term
begin

lift-definition AOT-model-denotes-rel :: «<'a> = bool> is
Ao . (VY zy. AOT-model-term-equiv x y — ¢ £ = © y) A
(Y wz . AOT-model-valid-in w (¢ ) — AOT-model-denotes ) A
(VY z . 2"AOT-model-reqgular x — ¢ © = AOT-model-irregular ¢ z)» .
instance proof
have (AOT-model-irregular (fiz-irregular ¢) x = AOT-model-irregular ¢ x
for ¢ and 7 :: 'a
by (rule AOT-model-irregular-eql) (simp add: fiz-irregular-def)
thus (3 z :: <’a> . AOT-model-denotes z»
by (safe intro!: exlI[where z=<Abs-rel (fiz-irreqular (Az. e, w . False)))])
(transfer; auto simp: AOT-model-proposition-choice-simp fiz-irregular-def
AOT-model-irregular-equiv AOT-model-term-equiv-regular
AOT-model-irregular-false)
next
show 3f :: <'a> . “AOT-model-denotes f»
by (rule exI[where z=<(Abs-rel (Az. g5 w . True)];
auto simp: AOT-model-denotes-rel.abs-eq AOT-model-nondenoting-ex
AOT-model-proposition-choice-simp)
qed
end

Auxiliary lemmata.

lemma AOT-model-term-equiv-eps:

shows (AOT-model-term-equiv (Eps (AOT-model-term-equiv k)) K>

and (AOT-model-term-equiv k (Eps (AOT-model-term-equiv K))»

and (AOT-model-term-equiv k k' =>

(Eps (AOT-model-term-equiv k)) = (Eps (AOT-model-term-equiv k"))

apply (metis AOT-model-term-equiv-part-equivp equivp-def somel-ex)
apply (metis AOT-model-term-equiv-part-equivp equivp-def somel-ex)
by (metis AOT-model-term-equiv-part-equivp equivp-def)

lemma AOT-model-denotes-Abs-rel-fix-irreqularl:
assumes <A\ z y . AOT-model-term-equiv x y = © * = ¢ Y
and <A\ wz . AOT-model-valid-in w (¢ ) => AOT-model-denotes x>
shows (AOT-model-denotes (Abs-rel (fiz-irregular ¢))»
proof —
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have <AOT-model-irregular ¢ © = AOT-model-irreqular
(Az. if AOT-model-regqular = then ¢ z else AOT-model-irregular ¢ ) o
if (= AOT-model-regular
for z
by (rule AOT-model-irregular-eql) auto
thus %thesis
unfolding AOT-model-denotes-rel.rep-eq
using assms by (auto simp: AOT-model-irreqular-false Abs-rel-inverse
AOT-model-irreqular-equiv fix-irreqular-def
AOT-model-term-equiv-regular)
qed

lemma AOT-model-term-equiv-rel-equiv:
assumes (AOT-model-denotes x»
and (AOT-model-denotes y»
shows (AOT-model-term-equiv z y = (¥ II w . AOT-model-denotes II —
AOT-model-valid-in w (Rep-rel I1 ) = AOT-model-valid-in w (Rep-rel 11 y))»
proof
assume (AOT-model-term-equiv © y»
thus <V II w . AOT-model-denotes I — AOT-model-valid-in w (Rep-rel 11 z) =
AOT-model-valid-in w (Rep-rel 11 y)»
by (simp add: AOT-model-denotes-rel.rep-eq)
next
have 0: «(AOT-model-denotes ' A AOT-model-term-equiv z’ y) =
(AOT-model-denotes y' A AOT-model-term-equiv y' y)»
if «AOT-model-term-equiv =’ y'» for =’ y’
by (metis that AOT-model-term-equiv-denotes AOT-model-term-equiv-part-equivp
equivp-def)
assume <V II w . AOT-model-denotes II — AOT-model-valid-in w (Rep-rel 11 z) =
AOT-model-valid-in w (Rep-rel 11 y)»
moreover have <A0T-model-denotes (Abs-rel (fiz-irreqular
(A z . g0 w. AOT-model-denotes x A AOT-model-term-equiv x y)))»
(is AOT-model-denotes ?r)
by (rule AOT-model-denotes-Abs-rel-fiz-irreqularl)
(auto simp: 0 AOT-model-denotes-rel.rep-eq Abs-rel-inverse fiz-irreqular-def
AOT-model-proposition-choice-simp AOT-model-irregular-false)
ultimately have <AOT-model-valid-in w (Rep-rel ?r ) =
AOT-model-valid-in w (Rep-rel ?r y)» for w
by blast
thus <AOT-model-term-equiv = y»
by (simp add: Abs-rel-inverse AOT-model-proposition-choice-simp
fiz-irregular-denoting[OF assms(1)] AOT-model-term-equiv-part-equivp
fiz-irregular-denoting[ OF assms(2)] assms equivp-reflp)
qed

Denoting relations among terms of type x correspond to urrelations.

definition rel-to-urrel :: «<k> = urrel>) where
<rel-to-urrel = X I . Abs-urrel (A u . Rep-rel Il (SOME z . kv © = u))»
definition urrel-to-rel :: (urrel = <k>) where
currel-to-rel = X ¢ . Abs-rel (A z . Rep-urrel ¢ (kv z))»
definition AOT-rel-equiv :: <<'a:: AOT-IndividualTerm> = <'a> = bool> where
<AOT-rel-equiv = X f g . AOT-model-denotes f N AOT-model-denotes g A f = ¢

lemma urrel-quotient3: < Quotient3 AOT-rel-equiv rel-to-urrel urrel-to-rely
proof (rule Quotient3I)
have «(Au. Rep-urrel a (kv (SOME z. kv z = u))) = (Au. Rep-urrel a u)) for a
by (rule ext) (metis (mono-tags, lifting) kv-surj surj-f-inv-f verit-sko-ex")
thus «(rel-to-urrel (urrel-to-rel a) = a» for a
by (simp add: Abs-rel-inverse rel-to-urrel-def urrel-to-rel-def
Rep-urrel-inverse)
next
show (AOT-rel-equiv (urrel-to-rel a) (urrel-to-rel a)) for a
unfolding AOT-rel-equiv-def urrel-to-rel-def
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by transfer (simp add: AOT-model-reqular-r-def AOT-model-denotes-r-def
AOT-model-term-equiv-r-def urrel-null-false)
next
{
fix a
assume <V w z. AOT-model-valid-in w (a ) — — is-nullk
hence «((Au. a (SOME z. kv z = u)) €
{¢. Vz w. = AOT-model-valid-in w (¢ (nullv z))}»
by (simp; metis (mono-tags, lifting) k.ezhaust-disc kv.simps v.disc(1,3,5)
v.disc(6) is-ar-def is-wk-def somel-ex)
} note 1 = this
{
fix rs: k= o0
assume A: «Vz y. AOT-model-term-equivx y — rx = r 1
assume VY w z. AOT-model-valid-in w (r ) — AOT-model-denotes x>
hence 2: «(Au. 7 (SOME z. kv © = u)) €
{p. Vz w. = AOT-model-valid-in w (p (nullv x))}»
using 1 AOT-model-denotes-k-def by meson
assume B: Yz y. AOT-model-term-equiv x y — s & = s
assume vV w z. AOT-model-valid-in w (s ) — AOT-model-denotes x>
hence 3: «(Au. s (SOME z. kv z = u)) €
{¢. Vz w. = AOT-model-valid-in w (¢ (nullv z))}>
using 1 AOT-model-denotes-k-def by meson
assume <Abs-urrel (Au. 7 (SOME z. kv © = u)) =
Abs-urrel (Au. s (SOME z. kv z = u))>
hence 4: <r (SOME z. kv z = u) = s (SOME z::k. kv £ = u)> for u
unfolding Abs-urrel-inject|OF 2 3] by metis
have <r z = s o) for z
using 4[of kv 2]
by (metis (mono-tags, lifting) A B AOT-model-term-equiv-x-def somel-ex)
hence «r = s» by auto
}
thus (AOT-rel-equiv r s = (AOT-rel-equiv r r A AOT-rel-equiv s s A
rel-to-urrel v = rel-to-urrel s)» for r s
unfolding AOT-rel-equiv-def rel-to-urrel-def
by transfer auto
qed

lemma urrel-quotient:
<Quotient AOT-rel-equiv rel-to-urrel urrel-to-rel
(Az y. AOT-rel-equiv z © A rel-to-urrel x = y)»
using Quotient3-to-Quotient| OF urrel-quotient3] by auto

Unary individual terms are always regular and equipped with encoding and concreteness. The specifica-
tion of the type class anticipates the required properties for deriving the axiom system.

class AOT-UnarylndividualTerm =
fixes AOT-model-enc :: ('a = <’a:: AOT-IndividualTerm> = bool)
and AOT-model-concrete :: «<w = 'a = booly
assumes AOT-model-unary-regular:
<AOT-model-regular x» — All unary individual terms are regular.
and AOT-model-enc-relid:
<AOT-model-denotes F —>
AOT-model-denotes G —
(A z . AOT-model-enc z F <— AOT-model-enc z G)
= F =G
and AOT-model-A-objects:
«dz . AOT-model-denotes z A
(Vw. = AOT-model-concrete w x) A
(VF. AOT-model-denotes F —» AOT-model-enc z F = ¢ F))
and AOT-model-contingent:
<3 z w. AOT-model-concrete w x A = AOT-model-concrete wo x>
and AOT-model-nocoder:
<AOT-model-concrete w x => = AOT-model-enc z F»
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and AOT-model-concrete-equiv:
<AOT-model-term-equiv x y —>
AOT-model-concrete w x = AOT-model-concrete w y»
and AOT-model-concrete-denotes:
<AOT-model-concrete w x => AOT-model-denotes z»
— The following are properties that will only hold in the extended models.
and AOT-model-enc-indistinguishable-all:
<AOT-EzxtendedModel —>
AOT-model-denotes a => —~(3 w . AOT-model-concrete w a) =
AOT-model-denotes b = —(3 w . AOT-model-concrete w b) =
AOT-model-denotes I1 =
(A TO'. AOT-model-denotes 11" =
(A v . AOT-model-valid-in v (Rep-rel I’ a) =
AOT-model-valid-in v (Rep-rel I’ b))) =
(A TI'. AOT-model-denotes 11" =
(A vz .3 w. AOT-model-concrete w z =
AOT-model-valid-in v (Rep-rel I’ z) =
AOT-model-valid-in v (Rep-rel 11 z)) =
AOT-model-enc a 11') =
(A TO'. AOT-model-denotes 1" =
(Avz.3 w. AOT-model-concrete w x =>
AOT-model-valid-in v (Rep-rel 11’ z) =
AOT-model-valid-in v (Rep-rel 11 1)) =
AOT-model-enc b I1')»
and AOT-model-enc-indistinguishable-ex:
<AOT-EzxtendedModel —>
AOT-model-denotes a => —~(3 w . AOT-model-concrete w a) =
AOT-model-denotes b = —(3 w . AOT-model-concrete w b) =
AOT-model-denotes I1 =
(A I’ . AOT-model-denotes 11" =
(A v . AOT-model-valid-in v (Rep-rel I’ a) =
AOT-model-valid-in v (Rep-rel 11’ b))) =
(3 I’ . AOT-model-denotes II' A AOT-model-enc a II' A
Y vz .3 w. AOT-model-concrete w x) —»
AOT-model-valid-in v (Rep-rel 1" z) =
AOT-model-valid-in v (Rep-rel 11 z))) =
(3 I’ . AOT-model-denotes II' A AOT-model-enc b 1" A
(V vz .3 w. AOT-model-concrete w z) —»
AOT-model-valid-in v (Rep-rel 11" z) =
AOT-model-valid-in v (Rep-rel 11 z)))»

Instantiate the class of unary individual terms for our concrete type of individual terms «.

instantiation  :: AOT-UnaryIndividual Term
begin

definition AOT-model-enc-x :: <k = <k> = bool> where
<AOT-model-enc-k = X ¢ F .
case x of ak a = AOT-model-denotes F' N rel-to-urrel F' € a
| - = False
primrec AOT-model-concrete-x :: <w = k = bool> where
«AOT-model-concrete-x w (wk ) = AOT-model-concretew T w»
| «tAOT-model-concrete-x w (ax x) = False)
| <tAOT-model-concrete-x w (nullk x) = False»

lemma AOT-meta-A-objects-k:
Iz 1 k. AOT-model-denotes z N
(Vw. = AOT-model-concrete w x) A
(VF. AOT-model-denotes F — AOT-model-enc z F = ¢ F)) for ¢
apply (rule exl[where z=<ak {f . ¢ (urrel-to-rel f)}])
apply (simp add: AOT-model-enc-k-def AOT-model-denotes-r-def)
by (metis (no-types, lifting) AOT-rel-equiv-def urrel-quotient
Quotient-rep-abs-fold-unmap)
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instance proof
show <AOT-model-regular x> for z :: k
by (simp add: AOT-model-regular-x-def)
next
fix G :: «(<k>>
assume (AOT-model-denotes F»
moreover assume <AOT-model-denotes G»
moreover assume (A\z. AOT-model-enc x F = AOT-model-enc z G»
moreover obtain z where <V G. AOT-model-denotes G —» AOT-model-enc x G = (F = G)»
using AOT-meta-A-objects-x by blast
ultimately show «F = G) by blast
next
show <3z :: k. AOT-model-denotes x N
(Y w. = AOT-model-concrete w x) A
(VF. AOT-model-denotes F — AOT-model-enc © F = ¢ F)) for ¢
using AOT-meta-A-objects-x .
next
show «3 (z::k) w. AOT-model-concrete w x A = AOT-model-concrete wo x>
using AOT-model-concrete-.simps(1) AOT-model-contingent-object by blast
next
show <AOT-model-concrete w © = = AOT-model-enc z F» for w and z :: kK and F'
by (metis AOT-model-concrete-x.simps(2) AOT-model-enc-k-def k.case-eq-if
k.collapse(2))
next
show <AOT-model-concrete w x = AOT-model-concrete w y»
if (AOT-model-term-equiv x y»
for z y :: Kk and w
using that by (induct z; induct y; auto simp: AOT-model-term-equiv-k-def)
next
show <AOT-model-concrete w © = AOT-model-denotes x> for w and z :: K
by (metis AOT-model-concrete-k.simps(3) AOT-model-denotes-k-def k.collapse(3))

next
fix s k' mkand [T 1T’ :: «<<k> and w = w
assume ezt: <AOT-ExtendedModel
assume (AOT-model-denotes k»
moreover assume (#w. AOT-model-concrete w K>
ultimately obtain a where a-def: <ak a = k>
by (metis AOT-model-w-concrete-in-some-world AOT-model-concrete-.simps(1)
AOT-model-denotes-k-def k.discI(3) k.exhaust-sel)
assume (AOT-model-denotes "
moreover assume A w. AOT-model-concrete w k'>
ultimately obtain b where b-def: <ak b = k"
by (metis AOT-model-w-concrete-in-some-world AOT-model-concrete-&.simps(1)
AOT-model-denotes-k-def k.discI(3) k.ezhaust-sel)
assume (AOT-model-denotes 11" = AOT-model-valid-in w (Rep-rel 11’ k) =
AOT-model-valid-in w (Rep-rel 11" k") for ' w
hence (AOT-model-valid-in w (Rep-urrel v (kv K)) =
AOT-model-valid-in w (Rep-urrel r (kv k")) for r
by (metis AOT-rel-equiv-def Abs-rel-inverse Quotient3-rel-rep
iso-tuple- UNIV-I urrel-quotient3 wurrel-to-rel-def)
hence (et 7 = (Abs-urrel (A u . €0 w . u = KU K)) In
AOT-model-valid-in w (Rep-urrel r (kv Kk)) =
AOT-model-valid-in w (Rep-urrel r (kv k'))>
by presburger
hence ao-eq: «ao a = ao b
unfolding Let-def
apply (subst (asm) (1 2) Abs-urrel-inverse)
using AOT-model-proposition-choice-simp a-def b-def by force+
assume Il-den: <AOT-model-denotes IT»
have (= AOT-model-valid-in w (Rep-rel I (SOME za. kv za = nullv z))» for z w
by (metis (mono-tags, lifting) AOT-model-denotes-k-def
AOT-model-denotes-rel.rep-eq k.exhaust-disc kv.simps(1,2,3)
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<AOT-model-denotes Iy v.disc(8,9) v.distinct(3)
is-ak-def is-wr-def verit-sko-ex’)
moreover have (Rep-rel Il (wk z) = Rep-rel II (SOME y. kv y = wv z)) for z
by (metis (mono-tags, lifting) AOT-model-denotes-rel.rep-eq
AOT-model-term-equiv-k-def kv.simps(1) II-den verit-sko-ex')
ultimately have <Rep-rel Il (wk z) = Rep-urrel (rel-to-urrel II) (wv z)» for z
unfolding rel-to-urrel-def
by (subst Abs-urrel-inverse) auto
hence (37 .V z . Rep-rel Il (wk z) = Rep-urrel r (wv z)»
by (auto intro!: exI[where z=«<rel-to-urrel II)])
then obtain r where r-prop: <Rep-rel Il (wk z) = Rep-urrel r (wv z)» for z
by blast
assume <AOT-model-denotes II' —>
(Av z. Jw. AOT-model-concrete w T =
AOT-model-valid-in v (Rep-rel 11" z) =
AOT-model-valid-in v (Rep-rel 11 x)) = AOT-model-enc x 11"y for 11’
hence (AOT-model-denotes 11" =
(Av z. AOT-model-valid-in v (Rep-rel 11" (wk z)) =
AOT-model-valid-in v (Rep-rel 11 (wk z))) => AOT-model-enc k 11"y for 1’
by (metis AOT-model-concrete-k.simps(2) AOT-model-concrete-r.simps(8)
k.ezhaust-disc is-ak-def is-wk-def is-nullk-def)
hence «(A\v z. AOT-model-valid-in v (Rep-urrel r (wv z)) =
AOT-model-valid-in v (Rep-rel I1 (wk z))) = r € a» for r
unfolding a-def[symmetric] AOT-model-enc-k-def apply simp
by (smt (verit, best) AOT-rel-equiv-def Abs-rel-inverse Quotient3-def
kv.simps(1) iso-tuple-UNIV-I urrel-quotient3 urrel-to-rel-def)
hence ((A\v z. AOT-model-valid-in v (Rep-urrel v’ (wv z)) =
AOT-model-valid-in v (Rep-urrel v (wv z))) = ' € @ for r’
unfolding r-prop.
hence (As. urrel-to-wrel s = urrel-to-wrel r = s € a)
by (metis urrel-to-wrel-def)
hence 0: <\s. urrel-to-wrel s = urrel-to-wrel r => s € b
using ao-eq-ord-exts-all ao-eq ext ao-ao’ by blast

assume I1’-den: <AOT-model-denotes 11"
assume «Jw. AOT-model-concrete w x => AOT-model-valid-in v (Rep-rel 11’ z) =
AOT-model-valid-in v (Rep-rel 11 z)» for v z
hence (AOT-model-valid-in v (Rep-rel ' (wk z)) =
AOT-model-valid-in v (Rep-rel 11 (wk z))» for v x
using AOT-model-w-concrete-in-some-world AOT-model-concrete-k.simps(1)
by presburger
hence (AOT-model-valid-in v (Rep-urrel (rel-to-urrel I1') (wv z)) =
AOT-model-valid-in v (Rep-urrel v (wv z))» for v x
by (smt (verit, best) AOT-rel-equiv-def Abs-rel-inverse Quotient3-def
kv.simps(1) iso-tuple-UNIV-I r-prop urrel-quotients urrel-to-rel-def 11'-den)
hence <urrel-to-wrel (rel-to-urrel 11') = urrel-to-wrel r
by (metis (full-types) AOT-urrel-wequiv-def QuotientS-def urrel-wrel-quot)
hence «<rel-to-urrel 11’ € by using 0 by blast
thus «<AOT-model-enc k' 11"
unfolding b-def[symmetric] AOT-model-enc-k-def by (auto simp: I1'-den)
next
fix k k' 2 kand TTIT' :: «<k>> and w = w
assume ezt: <AOT-ExtendedModely
assume (AOT-model-denotes K»
moreover assume A w. AOT-model-concrete w K>
ultimately obtain a where a-def: <ak a = k>
by (metis AOT-model-w-concrete-in-some-world AOT-model-concrete-x.simps(1)
AOT-model-denotes-k-def k.discl(3) k.ezhaust-sel)
assume (AOT-model-denotes k"
moreover assume <J w. AOT-model-concrete w k">
ultimately obtain b where b-def: «<ax b = Kk
by (metis AOT-model-w-concrete-in-some-world AOT-model-concrete-.simps(1)
AOT-model-denotes-k-def k.discI(8) k.exhaust-sel)
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assume <AOT-model-denotes II' = AOT-model-valid-in w (Rep-rel I1' k) =
AOT-model-valid-in w (Rep-rel II' k")» for I’ w
hence (AOT-model-valid-in w (Rep-urrel v (kv k)) =
AOT-model-valid-in w (Rep-urrel v (kv k') for r
by (metis AOT-rel-equiv-def Abs-rel-inverse Quotient3-rel-rep
iso-tuple- UNIV-I urrel-quotient3 urrel-to-rel-def)
hence (et 7 = (Abs-urrel (A u . €0 w . u = KU K)) in
AOT-model-valid-in w (Rep-urrel v (kv K)) =
AOT-model-valid-in w (Rep-urrel v (kv K'))>
by presburger
hence ao-eq: «<aoc a = ac b
unfolding Let-def
apply (subst (asm) (1 2) Abs-urrel-inverse)
using AOT-model-proposition-choice-simp a-def b-def by force+
assume II-den: <AOT-model-denotes II»
have <= AOT-model-valid-in w (Rep-rel II (SOME za. kv za = nullv z))» for z w
by (metis (mono-tags, lifting) AOT-model-denotes-r-def
AOT-model-denotes-rel.rep-eq k.exhaust-disc kv.simps(1,2,3)
<AOT-model-denotes 11> v.disc(8) v.disc(9) v.distinct(3)
is-ak-def is-wk-def verit-sko-ex’)
moreover have (Rep-rel Il (wk z) = Rep-rel II (SOME za. kv za = wv z)» for z
by (metis (mono-tags, lifting) AOT-model-denotes-rel.rep-eq
AOT-model-term-equiv-k-def kv.simps(1) TI-den verit-sko-ex')
ultimately have <Rep-rel Il (wk z) = Rep-urrel (rel-to-urrel 1I) (wv z)» for z
unfolding rel-to-urrel-def
by (subst Abs-urrel-inverse) auto
hence (37 .V z . Rep-rel Il (wk z) = Rep-urrel r (wv z)»
by (auto intro!: exI[where z=«rel-to-urrel II)])
then obtain r where r-prop: <Rep-rel Il (wk z) = Rep-urrel r (wv z)» for z
by blast

assume (II1". AOT-model-denotes I1' A
AOT-model-enc k II' A
(Vv z. (3w. AOT-model-concrete w ) —» AOT-model-valid-in v (Rep-rel 11’ z) =
AOT-model-valid-in v (Rep-rel 11 z))»
then obtain I’ where
I’-den: «AOT-model-denotes 11’y and
k-enc-I1": <AOT-model-enc x 11’y and
II’-prop: «<3w. AOT-model-concrete w z —>
AOT-model-valid-in v (Rep-rel I’ z) =
AOT-model-valid-in v (Rep-rel 11 z)» for v z
by blast
have (AOT-model-valid-in v (Rep-rel 11’ (wk z)) =
AOT-model-valid-in v (Rep-rel 11 (wk z))» for z v
by (simp add: AOT-model-w-concrete-in-some-world T1'-prop)
hence 0: <AOT-urrel-wequiv (rel-to-urrel I1') (rel-to-urrel TI)»
unfolding AOT-urrel-wequiv-def
by (smt (verit) AOT-rel-equiv-def Abs-rel-inverse Quotient3-def
kv.simps(1) iso-tuple-UNIV-I urrel-quotient3 urrel-to-rel-def
IT-den M'-den)
have <rel-to-urrel 11’ € )
and <urrel-to-wrel (rel-to-urrel I1') = urrel-to-wrel (rel-to-urrel I1)»
apply (metis AOT-model-enc-k-def k.simps(11) k-enc-I1" a-def)
by (metis Quotient3-rel 0 urrel-wrel-quot)
hence 3s. s € b A urrel-to-wrel s = urrel-to-wrel (rel-to-urrel 11)»
using ao-eq-ord-exts-ex ao-eq ext ao-ao’ by blast
then obtain s where
s-prop: <s € b A urrel-to-wrel s = urrel-to-wrel (rel-to-urrel 11)»
by blast
then obtain 1" where
I1"-prop: <rel-to-urrel 11" = s» and I1"’-den: (AOT-model-denotes I1""
by (metis AOT-rel-equiv-def Quotient3-def urrel-quotients)
moreover have «A0T-model-enc k' 11"
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by (metis AOT-model-enc-r-def 11"'-den T1"'-prop k.simps(11) b-def s-prop)
moreover have (AOT-model-valid-in v (Rep-rel 1" z) =
AOT-model-valid-in v (Rep-rel 11 z)»
if «<(3w. AOT-model-concrete w x> for v z
proof(insert that)
assume (Jw. AOT-model-concrete w x>
then obtain u where z-def: <x = wk w
by (metis AOT-model-concrete-r.simps(2,3) k.exhaust)
show «AOT-model-valid-in v (Rep-rel 11" z) =
AOT-model-valid-in v (Rep-rel 11 x)»
unfolding z-def
by (smt (verit, best) AOT-rel-equiv-def Abs-rel-inverse Quotient3-def
I1""-den 1"'-prop 11-den rv.simps(1) iso-tuple-UNIV-I s-prop
urrel-quotientd urrel-to-wrel-def urrel-to-rel-def)
qed
ultimately show 31I". AOT-model-denotes II' A AOT-model-enc k' II’ A
(Vv z. (3w. AOT-model-concrete w ) — AOT-model-valid-in v (Rep-rel 11’ x) =
AOT-model-valid-in v (Rep-rel 11 z))»
apply (safe intro!: exl[where z=I1""])
by auto
qed
end

Products of unary individual terms and individual terms are individual terms. A tuple is regular, if at
most one element does not denote. L.e. a pair is regular, if the first (unary) element denotes and the
second is regular (i.e. at most one of its recursive tuple elements does not denote), or the first does not
denote, but the second denotes (i.e. all its recursive tuple elements denote).

instantiation prod :: (AOT-UnaryIndividualTerm, AOT-IndividualTerm) AOT-IndividualTerm
begin
definition AOT-model-regular-prod :: <'ax’b = bool> where
«AOT-model-regular-prod = X\ (z,y) . AOT-model-denotes x A AOT-model-regular y V
- AOT-model-denotes x N AOT-model-denotes y»
definition AOT-model-term-equiv-prod :: <'ax’'b = ‘ax’b = bool) where
<AOT-model-term-equiv-prod = X (z1,y1) (z2,y2) .
AOT-model-term-equiv 1 x2 N AOT-model-term-equiv y1 y2»
function AOT-model-irreqular-prod :: <(‘ax’b = o) = 'ax’b = o> where
AOT-model-irregular-proj2: <AOT-model-denotes v —>
AOT-model-irregular ¢ (z,y) =
AOT-model-irreqular (Ay. ¢ (SOME z' . AOT-model-term-equiv = ', y))
| AOT-model-irregular-projl: <~ AOT-model-denotes © N AOT-model-denotes y =
AOT-model-irregular ¢ (z,y) =
AOT-model-irregqular (Az. ¢ (z, SOME y' . AOT-model-term-equiv y y')) =
| AOT-model-irregular-prod-generic: <mAOT-model-denotes x A ~AOT-model-denotes y =
AOT-model-irregular ¢ (z,y) =
(SOME ® . AOT-model-irregular-spec ® AOT-model-regular AOT-model-term-equiv)
@ (z,y)
by auto blast
termination using termination by blast

instance proof
obtain z :: ‘a and y :: 'b where
< AOT-model-denotes x> and (wAOT-model-denotes y»
by (meson AOT-model-nondenoting-ex AOT-model-denoting-ex)
thus (3 z::'ax’'b. ~AOT-model-denotes >
by (auto simp: AOT-model-denotes-prod-def AOT-model-regular-prod-def)
next
show <equivp (AOT-model-term-equiv :: ‘ax’b = 'ax'b = bool)>
by (rule equivpl; rule reflpl sympl transpl;
simp add: AOT-model-term-equiv-prod-def AOT-model-term-equiv-part-equivp
equivp-reflp prod.case-eq-if case-prod-unfold equivp-symp)
(metis equivp-transp[OF AOT-model-term-equiv-part-equivp|)
next
show <= AOT-model-regular x => — AOT-model-denotes x> for z :: 'ax’'b
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by (metis (mono-tags, lifting) AOT-model-denotes-prod-def case-prod-unfold
AOT-model-irregular-nondenoting AOT-model-regular-prod-def)
next
fixzy: dax'b
show <AOT-model-term-equiv x y = AOT-model-denotes x = AOT-model-denotes y»
by (metis (mono-tags, lifting) AOT-model-denotes-prod-def case-prod-beta
AOT-model-term-equiv-denotes AOT-model-term-equiv-prod-def )
next
fixzy: dax'b
show <AOT-model-term-equiv x y => AOT-model-regular x = AOT-model-regular y»
by (induct z; induct y;
simp add: AOT-model-term-equiv-prod-def AOT-model-regular-prod-def)
(meson AOT-model-term-equiv-denotes AOT-model-term-equiv-regular)
next
interpret sp: AOT-model-irreqular-spec «\p (z::'ax’d) . e, w . False
AOT-model-regular AOT-model-term-equiv
by (simp add: AOT-model-irregular-spec-def AOT-model-proposition-choice-simp)
have ez-spec: <3 ¢ : (‘ax’b = 0) = ‘ax’b=o .
AOT-model-irregular-spec ¢ AOT-model-reqular AOT-model-term-equiv»
using sp. AOT-model-irreqular-spec-axioms by blast
have some-spec: < AOT-model-irregular-spec
(SOME ¢ :: ("ax'b = 0) = 'ax'b= o .
AOT-model-irregular-spec ¢ AOT-model-regular AOT-model-term-equiv)
AOT-model-reqular AOT-model-term-equivy
using somel-ex[OF ex-spec| by argo
interpret sp-some: AOT-model-irreqular-spec
(SOME ¢ :: ('lax’b = 0) = ‘ax'b=o.
AOT-model-irreqular-spec ¢ AOT-model-regular AOT-model-term-equiv»
AOT-model-regular AOT-model-term-equiv
using some-spec by blast
show (AOT-model-irregular-spec (AOT-model-irregular :: (‘ax’b = o) = ‘ax’'b = o)
AOT-model-regular AOT-model-term-equiv)
proof
have (= AOT-model-valid-in w (AOT-model-irregular ¢ (a, b))»
for wpand a:: ‘aand b:: b
by (induct arbitrary: ¢ rule: AOT-model-irregular-prod.induct)
(auto simp: AOT-model-irregular-false sp-some.AOT-model-irregular-false)
thus ~AOT-model-valid-in w (AOT-model-irregular ¢ z) for w ¢ and = :: <‘ax’b
by (induct z)
next
{
fix 21 y1 - ‘aand 22 y2 : ‘b and ¢ :: (‘ax'b=0
assume 1 y1-equiv: <AOT-model-term-equiv x1 y1»
moreover assume Zsyz-equiv: <AOT-model-term-equiv T2 y2»
ultimately have zy-equiv: «AOT-model-term-equiv (z1,22) (y1,y2)*
by (simp add: AOT-model-term-equiv-prod-def)
{
assume <AOT-model-denotes x1>
moreover hence <AOT-model-denotes y1»
using AOT-model-term-equiv-denotes AOT-model-term-equiv-regular
T1Y1-equiv T2y2-equiv by blast
ultimately have <AO0T-model-irregular ¢ (z1,22) =
AOT-model-irregular ¢ (y1,y2)>
using AOT-model-irregular-equiv AO T-model-term-equiv-eps(8)
T1Y1-equiv T2y2-equiv by fastforce
}

moreover {
assume <~ AOT-model-denotes 1 A AOT-model-denotes x>
moreover hence <~ AOT-model-denotes y1 A AOT-model-denotes ya»
by (meson AOT-model-term-equiv-denotes 1y1-equiv T2y2-equiv)
ultimately have <AOT-model-irreqular ¢ (z1,22) =
AOT-model-irregular ¢ (y1,y2)>
using AOT-model-irregular-equiv AO T-model-term-equiv-eps(3)
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T1Y1-equiv T2y2-equiv by fastforce
}
moreover {
assume denotes-z: «(mAOT-model-denotes z1 AN ~AOT-model-denotes z2)»
hence denotes-y: «(—mAOT-model-denotes y1 A ~AOT-model-denotes y2)»
by (meson AOT-model-term-equiv-denotes AOT-model-term-equiv-reqular
T1Y1-€qUIV T2Y2-equiv)
have eps-eq: <Eps (AOT-model-term-equiv 1) = Eps (AOT-model-term-equiv y1)»
by (simp add: AOT-model-term-equiv-eps(3) x1y1-equiv)
have <(AOT-model-irregular ¢ (z1,22) = AOT-model-irregular ¢ (y1,y2)>
using denotes-z denotes-y
using sp-some.AOT-model-irregular-equiv zy-equiv by auto
}
moreover {
assume denotes-z: (—AOT-model-denotes z1 A AOT-model-denotes z2»
hence denotes-y: <mAOT-model-denotes y1 N AOT-model-denotes y2»
by (meson AOT-model-term-equiv-denotes z1y1-equiv T2y2-equiv)
have eps-eq: <Eps (AOT-model-term-equiv z2) = Eps (AOT-model-term-equiv y2)»
by (simp add: AOT-model-term-equiv-eps(3) x2y2-equiv)
have «(AOT-model-irregular ¢ (z1,z2) = AOT-model-irregular ¢ (y1,y2)>
using denotes-z denotes-y
using AOT-model-irregular-nondenoting calculation(2) by blast
}
ultimately have <AOT-model-irregular ¢ (z1,22) = AOT-model-irregular ¢ (y1,y2)
using AOT-model-term-equiv-denotes AOT-model-term-equiv-reqular
sp-some. AO T-model-irreqular-equiv T1y1-equiv TaYy2-equiv TY-equiv
by blast
} note 0 = this
show (AOT-model-term-equiv x y =
AOT-model-irregular ¢ © = AOT-model-irregular ¢ y»
for z y :: ax'by and ¢
by (induct z; induct y; simp add: AOT-model-term-equiv-prod-def 0)
next
fix o 1 (ax'b = o
assume (AOT-model-reqular © = ¢ © = 1y > for z
hence ¢ (z, y) = ¥ (z, y)»
if <AOT-model-denotes © N AOT-model-reqular y Vv
= AOT-model-denotes x A AOT-model-denotes y» for z y
using that unfolding AOT-model-reqular-prod-def by simp
hence (AOT-model-irregular ¢ (z,y) = AOT-model-irregular ¢ (z,y)>
for z:: ‘aand y :: 'b
proof (induct arbitrary: ¢ ¢ rule: AOT-model-irregular-prod.induct)
case (1 zy ¢)
thus Zcase
apply simp
by (meson AOT-model-irregular-eql AOT-model-irregular-nondenoting
AOT-model-term-equiv-denotes AOT-model-term-equiv-eps(1))
next
case (2zy ¢)
thus Zcase
apply simp
by (meson AOT-model-irregular-nondenoting AOT-model-term-equiv-denotes
AOT-model-term-equiv-eps(1))
next
case (3 zy )
thus Zcase
apply simp
by (metis (mono-tags, lifting) AOT-model-regular-prod-def case-prod-conv
sp-some. AOT-model-irreqular-eql surj-pair)
qed
thus (AOT-model-irregular ¢ © = AOT-model-irreqular ) = for z :: (‘ax’'b
by (metis surjective-pairing)
qed
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qed
end

Introduction rules for term equivalence on tuple terms.

lemma AOT-meta-prod-equivl:
shows A (a::'a:: AOT-UnaryIndividualTerm) = (y :: 'b:: AOT-IndividualTerm) .
AOT-model-term-equiv x y => AOT-model-term-equiv (a,z) (a,y)
and A (z::'a:: AOT-UnaryIndividualTerm) y (b :: 'b:: AOT-IndividualTerm) .
AOT-model-term-equiv x y = AOT-model-term-equiv (z,b) (y,b)
unfolding AOT-model-term-equiv-prod-def
by (simp add: AOT-model-term-equiv-part-equivp equivp-refip)+

The type of propositions are trivial instances of terms.

instantiation o :: AOT-Term
begin
definition AOT-model-denotes-o :: <0 = bool> where
«AOT-model-denotes-o = \-. Trues
instance proof
show «3z::0. AOT-model-denotes x>
by (simp add: AOT-model-denotes-o-def)
qed
end

AOT’s variables are modelled by restricting the type of terms to those terms that denote.

typedef ‘a AOT-var = «{ z :: 'a::AOT-Term . AOT-model-denotes x }»
morphisms AOT-term-of-var AOT-var-of-term
by (simp add: AOT-model-denoting-ex)

Simplify automatically generated theorems and rules.

declare AOT-var-of-term-induct[induct del]
AOT-var-of-term-cases|cases del]
AOT-term-of-var-induct[induct del]
AOT-term-of-var-cases|cases del]
lemmas AOT-var-of-term-inverse = AOT-var-of-term-inverse[simplified)
and AOT-var-of-term-inject = AOT-var-of-term-inject[simplified]
and AOT-var-of-term-induct =
AOT-var-of-term-induct|simplified, induct type: AOT-var]
and AOT-var-of-term-cases =
AOT-var-of-term-cases[simplified, cases type: AOT-var]
and AOT-term-of-var = AOT-term-of-var(simplified)
and AOT-term-of-var-cases =
AOT-term-of-var-cases[simplified, induct pred: AOT-term-of-var|
and AOT-term-of-var-induct =
AOT-term-of-var-induct|simplified, induct pred: AOT-term-of-var]
and AOT-term-of-var-inverse = AOT-term-of-var-inverse[simplified]
and AOT-term-of-var-inject = AOT-term-of-var-inject|simplified)

Equivalence by definition is modelled as necessary equivalence.

consts AOT-model-equiv-def :: <0 = o = bool
specification(AO T-model-equiv-def)
AOT-model-equiv-def: «AOT-model-equiv-def ¢ ¥ = (V v . AOT-model-valid-in v ¢ =
AOT-model-valid-in v 1)»
by (rule exI[where z=\ ¢ ¢ .V v . AOT-model-valid-in v ¢ =
AOT-model-valid-in v ¥»]) simp

Identity by definition is modelled as identity for denoting terms plus co-denoting.

consts AOT-model-id-def :: <('b = 'a::AOT-Term) = ('b = 'a) = bools
specification(AOT-model-id-def)
AOT-model-id-def: <«(AOT-model-id-def T 0) = (V «a . if AOT-model-denotes (o )
then T =0 «
else ~AOT-model-denotes (T a))»
by (rule exl[where z=X 7 0 .V « . if AOT-model-denotes (o c)
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then T a =0 «
else “AOT-model-denotes (T «)])
blast

To reduce definitions by identity without free variables to definitions by identity with free variables acting
on the unit type, we give the unit type a trivial instantiation to AOT-Term.

instantiation unit :: AOT-Term

begin

definition AOT-model-denotes-unit :: <unit = bool> where
«AOT-model-denotes-unit = A-. True)

instance proof ged(simp add: AOT-model-denotes-unit-def)

end

Modally-strict and modally-fragile axioms are as necessary, resp. actually valid propositions.

definition AOT-model-axiom where
CAOT-model-axiom = X ¢ . ¥V v . AOT-model-valid-in v p»
definition AOT-model-act-axiom where
<AOT-model-act-aziom = X ¢ . AOT-model-valid-in wo >

lemma AOT-model-axioml:
assumes <A\v . AOT-model-valid-in v >
shows <(AOT-model-aziom >
unfolding AOT-model-aziom-def using assms ..

lemma AOT-model-act-aziomlI:
assumes (AOT-model-valid-in wo >
shows <AOT-model-act-aziom p»
unfolding AOT-model-act-axiom-def using assms .

3 Outer Syntax Commands

nonterminal AOT-prop
nonterminal ¢
nonterminal ¢’
nonterminal 7
nonterminal 7’
nonterminal AOT-aziom
nonterminal AOT-act-axiom
ML-file AOT-keys. ML
ML-file AOT-commands.ML
setup<AOT-Theorems.setupy
setup<AOT-Definitions.setup»
setup<AOT-no-atp.setup»

4 Approximation of the Syntax of PLM

locale AOT-meta-syntaz

begin

notation AOT-model-valid-in (<[- = -]»)
notation AOT-model-aziom («O[-])
notation AOT-model-act-axiom (<A[-]»)
end

locale AOT-no-meta-syntax

begin

no-notation AOT-model-valid-in (<[- = -]»)
no-notation AOT-model-axiom (<O[-]»)
no-notation AOT-model-act-aziom (<A[-]»)
end
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consts AOT-denotes :: <'a::AOT-Term = o>
AOT-imp :: <o, 0] = o>
AOT-not :: <0 = o
AOT-bozx :: <0 = o)
AOT-act :: <0 = o>
AOT-forall :: «('a:: AOT-Term = 0) = o»
AOT-eq :: 'a::AOT-Term = 'a::AOT-Term = o>
AOT-desc :: «('a:: AOT-UnaryIndividualTerm = o) = 'a»
AOT-exe :: «<'a:AOT-IndividualTerm> = 'a = o>
AOT-lambda :: «('a:: AOT-IndividualTerm = o) = <'a>»
AOT-lambda0 :: <0 = o)
AOT-concrete :: «<'a:: AOT-Unarylndividual Term> AOT-var>

nonterminal k; and Il and 110 and « and eze-arg and exe-args
and lambda-args and desc and free-var and free-vars
and AOT-props and AOT-premises and AOT-world-relative-prop

syntax -AOT-process-frees :: «p = @’ (¢=))
-AOT-verbatim :: <any = > (<«-»)
-AOT-verbatim :: <any = 7> (<«-»))
-AOT-quoted :: «p' = any> (<«-»)
-AOT-quoted :: <7" = anyy (<«-»)
2 = o (V)
-AOT-process-frees :: <t = 7" (4-)
TR = T (40)
Il = 7 (o)
e =1 (V-
-AOT-term-var :: <id-position = 7> (<))
-AOT-term-var :: <id-position = > (<)
-AOT-exe-vars :: <id-position = exe-argy ((-))
-AOT-lambda-vars :: <id-position = lambda-args> (<-»)
-AOT-var :: <id-position = o (<)
-AOT-vars :: <id-position = any>
-AOT-verbatim :: <any = a> ((«-»»)
-AOT-valid :: «w = ' = booly (<[- = )
-AOT-denotes :: <1 = > (<=]»)
-AOT-imp :: <[, @] = ¢ (infixl «(—> 25)
-AOT-not :: «p = @ (<™~ [50] 50)
-AOT-not :: <p = ¢ («—-» [50] 50)
-AOT-boz :: «p = @ (xO-» [49] 54)
-AOT-act == <«p = ¢ ((A~ [49] 54)
“AOT-all = <o = ¢ = @ (V- - [1,40])
syntax (input)
-AOT-all-ellipse
i ¢id-position = id-position = ¢ = ¢ (V-..V- - [1,40])
syntax (output)
-AOT-all-ellipse
it <id-position = id-position = ¢ = @ (V-..V-"(-")» [1,40])
syntax
-AOT-eq :: «[1, T] = ¢ (infix]l <=> 50)
-AOT-desc :: <o« = ¢ = desc> (<e--» [1,1000])
i desec = ke (¢-))
-AOT-lambda :: <lambda-args = @ = Iy (<[A- -]>)
-explicitRelation :: <7 = Iy ([-]»)
i (Rs = exe-argy (¢-))
i (exze-arg = exe-argsy (¢-))
-AOT-exe-args :: <exe-arg = exe-args = exe-args> (<--))
-AOT-exe-arg-ellipse :: <id-position = id-position = exe-args ((-...-))
-AOT-lambda-arg-ellipse
i (id-position = id-position = lambda-argsy (¢(-...-))
-AOT-term-ellipse :: <id-position = id-position = T) ({-...-)
-AOT-ezxe :: Il = exe-args = > (<--»)
-AOT-enc :: <exe-args = I = ¢» (¢--))
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-AOT-lambda0 :: «p = 110> (x[\ -])
2 <I10 = @ (=)
210 = 1 (o)
-AOT-concrete :: <IDy (<E!)
any = exe-argy ((4-»»)
it «desc = free-vary (¢-»)
I = free-vary (<-»)
-AOT-appl :: <id-position = free-vars = o> («-'{-'h
-AOT-appl :: <id-position = free-vars = 1> («-'{-'p
-AOT-appl :: <id-position = free-vars = free-vars) (
-AOT-appl :: <id-position = free-vars = free-vars) (
-AOT-term-var :: <id-position = free-vary (<-»)
any = free-vary (<«-»))
i (free-var = free-varsy ((-)
-AOT-args :: <free-var = free-vars = free-varsy (<-,-»)
-AOT-free-var-ellipse :: <id-position = id-position = free-var; (<-...->)
syntax -AOT-premises

2 (AOT-world-relative-prop = AOT-premises = AOT-premisesy (infixr ¢, 3)
-AOT-world-relative-prop :: ¢ = AOT-world-relative-prop (<))
i AOT-world-relative-prop = AOT-premises (<))
-AOT-prop :: <AOT-world-relative-prop = AOT-props (<-»)
2 (AOT-prop = AOT-props» (¢-»)
-AOT-derivable :: AOT-premises = ¢’ = AOT-prop (infix] - 2)
-AOT-nec-derivable :: AOT-premises = ¢’ = AOT-prop (infixl <—o» 2)
-AOT-theorem :: @' = AOT-prop (< =)
-AOT-nec-theorem :: o' = AOT-prop (<+o -)
-AOT-equiv-def :: «p = ¢ = AOT-prop) (infixl (=q5> 3)
-AOT-aziom :: ¢' = AOT-aziom (<-))
-AOT-act-aziom :: ' = AOT-act-aziom (<)
-AOT-aziom :: ¢’ = AOT-prop (<- € Ap»)
-AOT-act-aziom :: o' = AOT-prop (- € \)
-AOT-id-def :: <7 = 7 = AOT-props (infixl <=45> 3)
-AOT-for-arbitrary

i ¢id-position = AOT-prop = AOT-props (sfor arbitrary -: -» [1000,1] 1)

syntax (output) -lambda-args :: <any = patterns = patternsy (<--))

)
)
<{-b)
’ _l}>)

(-

translations
[w = ¢] => CONST AOT-model-valid-in w ¢

AOT-syntax-print-translations
[w = ¢] <= CONST AOT-model-valid-in w ¢

ML-file AOT-syntaxz.ML

AOT-register-type-constraints
Individual: <-:: AOT-UnarylndividualTerm» <-:: AOT-IndividualTerm) and
Proposition: o and
Relation: «<-::AOT-IndividualTerm>) and
Term: <-::AOT-Termy»

AOT-register-variable-names
Individual: zy zv pabcdand
Proposition: p q r s and
Relation: F G HP @ R S and
Term: a B v 9§

AOT-register-metavariable-names
Individual: k and
Proposition: ¢ ¥ x ¥ ¢ £ © and
Relation: II and
Term: T o

AOT-register-premise-set-names I' A A
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parse-ast-translationy]
(syntazx-const<-AOT-vary, K AOT-check-var),
(syntaz-const<-AOT-exe-varsy, K AOT-split-exe-vars),
(syntazx-const<-AOT-lambda-varsy, K AOT-split-lambda-args)
B

translations
-AOT-denotes T => CONST AOT-denotes T
-AOT-imp p ¢ => CONST AOT-imp ¢
-AOT-not ¢ => CONST AOT-not ¢
-AOT-box ¢ => CONST AOT-box ¢
-AOT-act ¢ => CONST AOT-act ¢
-AOT-eq 7 7' => CONST AOT-eq 7 7'
-AOT-lambda0 ¢ => CONST AOT-lambda0 ¢
-AOT-concrete => CONST AOT-term-of-var (CONST AOT-concrete)
-AOT-lambda o ¢ => CONST AOT-lambda (-abs v )
-explicitRelation 11 => 11

AOT-syntax-print-translations
-AOT-lambda (-lambda-args z y) ¢ <= CONST AOT-lambda (-abs (-pattern z y) )
-AOT-lambda (-lambda-args x y) ¢ <= CONST AOT-lambda (-abs (-patterns x y) @)
-AOT-lambda © ¢ <= CONST AOT-lambda (-abs z @)
-lambda-args © (-lambda-args y z) <= -lambda-args x (-patterns y z)
-lambda-args (z y z) <= -lambda-args (-tuple = (-tuple-arg (-tuple y z)))

AOT-syntax-print-translations
-AOT-imp ¢ Y <= CONST AOT-imp ¢ ¢
-AOT-not ¢ <= CONST AOT-not ¢
-AOT-box ¢ <= CONST AOT-box ¢
-AOT-act ¢ <= CONST AOT-act ¢
-AOT-all « ¢ <= CONST AOT-forall (-abs o )
-AOT-all « ¢ <= CONST AOT-forall (M. )
-AOT-eq 7 7" <= CONST AOT-eq 7 7'
-AOT-desc © ¢ <= CONST AOT-desc (-abs z ¢)
-AOT-desc x p <= CONST AOT-desc (Az. p)
-AOT-lambda0 ¢ <= CONST AOT-lambda0 ¢
-AOT-concrete <= CONST AOT-term-of-var (CONST AOT-concrete)

translations
-AOT-appl ¢ (-AOT-args a b) => -AOT-appl (¢ a) b
-AOT-appl p a => p a

parse-translation¢
[
(syntaz-const<-AOT-vary, parseVar true),
(syntaz-const -AOT-vars), parseVar false),
(syntaz-const <-AOT-valid>, fn ctat => fn [w,z] =>
const<AOT-model-valid-iny $ w $ z),
(syntaz-const-AOT-quotedy, fn ctat => fn [z] => ),
(syntaz-const <-AOT-process-freess, fn ctzt => fn [z] => processFrees ctut x),
(syntaz-const<-AOT-world-relative-prop, fn ctxt => fn [x] => let
val (z, premises) = processFreesAndPremises ctxt x
val (world::formulas) = Variable.variant-names (Variable.declare-names z ctzt)
((v, dummyT)::(map (fn - => (p, dummyT)) premises))
val term = HOLogic.mk-Trueprop
(Q{const AOT-model-valid-in} $ Free world $ processFrees ctxt x)
val term = fold (fn (premise,form) => fn trm =>
@{const Pure.imp} $
HOLogic.mk-Trueprop
(Const (const-name «Set.membery, dummyT) $ Free form $ premise) $
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(Term.absfree (Term.dest-Free (dropConstraints premise)) trm $ Free form)
) (ListPair.zipEq (premises,formulas)) term
val term = fold (fn (form) => fn trm =>
Const (const-name < Pure.ally, dummyT) $
(Term.absfree form trm,)
) formulas term
val term = Term.absfree world term
in term end),
(syntazx-const<-AOT-propy, fn ctxt => fn [z] => let
val world = case (AOT-ProofData.get ctxt) of SOME w => w
| - => raise Fail Expected world to be stored in the proof state.
in z $ world end),
(syntaz-const -AOT-theorem», fn ctzt => fn [z] =>
HOLogic.mk-Trueprop (@Q{const AOT-model-valid-in} $ @Q{const wo} $ z)),
(syntaz-const«-AOT-axiom», fn ctat => fn [z] =>
HOLogic.mk-Trueprop (Q{const AOT-model-axiom} $ 1)),
(syntaz-const <-AOT-act-aziom>, fn ctat => fn [z] =>
HOLogic.mk-Trueprop (Q{const AOT-model-act-aziom} $ z)),
(syntaz-const <-AOT-nec-theoremy, fn ctzt => fn [trm] => let
val world = singleton (Variable.variant-names (Variable.declare-names trm ctxzt)) (v, @{typ w})
val trm = HOLogic.mk-Trueprop (@{const AOT-model-valid-in} $ Free world $ trm)
val trm = Term.absfree world trm
val trm = Const (const-name <Pure.ally, dummyT) $ trm
in trm end),
(syntaz-const-AOT-derivables, fn ctzt => fn [z,y] => let
val world = case (AOT-ProofData.get ctxt) of SOME w => w
| - => raise Fail Expected world to be stored in the proof state.
in foldPremises world = y end),
(syntazx-const<-AOT-nec-derivable, fn ctzt => fn [z,y] => let
in Const (const-name (Pure.ally, dummyT) $
Abs (v, dummyT, foldPremises (Bound 0) z y) end),
(syntazx-const«-AOT-for-arbitrary, fn ctxt => fn [- $ var $ pos,trm] => let
val trm = Const (const-name <Pure.ally, dummyT) $
(Const (-constrainAbs, dummyT) $ Term.absfree (Term.dest-Free var) trm $ pos)
in trm end),
(syntaz-const-AOT-equiv-def s, parseEquivDef),
(syntaz-const-AOT-eze, parseEze),
(syntaz-const-AOT-ency, parseEnc)

]

>

parse-ast-translation«

[
(syntazx-const«-AOT-exe-arg-ellipses, parseEllipseList -AOT-term-vars),
(syntaz-const<-AOT-lambda-arg-ellipsey, parseEllipseList -AOT-vars),
(syntaz-const <-AOT-free-var-ellipsey, parseEllipseList -AOT-term-vars),
(syntazx-const«-AOT-term-ellipse>, parseEllipseList -AOT-term-vars),
(syntaz-const<-AOT-all-ellipser, fn ctx => fn [a,b,c] =>

Ast.mk-appl (Ast.Constant const-name<AOT-forally) |
Ast.mk-appl (Ast.Constant -abs) [parseEllipseList -AOT-vars ctz [a,b],c]

)
]

>

syntax (output)
-AOT-individual-term :: <'a = tuple-args> (<-»)
-AOT-individual-terms :: <tuple-args = tuple-args = tuple-args> (<--)
-AOT-relation-term :: <'a = T
-AOT-any-term :: <'a = 1>

print-ast-translation<AOT-syntaz-print-ast-translations|
(syntaz-const <-AOT-individual-termy, AOT-print-individual-term),
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(syntaz-const<-AOT-relation-term>, AOT-print-relation-term),
(syntazx-const<-AOT-any-term>, AOT-print-generic-term,)

B

AOT-syntax-print-translations
-AOT-individual-terms (-AOT-individual-term z) (-AOT-individual-terms (-tuple y z))
<= -AOT-individual-terms (-tuple = (-tuple-args y z))
-AOT-individual-terms (-AOT-individual-term ) (-AOT-individual-term y)
<= -AOT-individual-terms (-tuple z (-tuple-arg y))
-AOT-individual-terms (-tuple z y) <= -AOT-individual-term (-tuple = y)
-AOT-exe (-AOT-relation-term II) (-AOT-individual-term k) <= CONST AOT-eze 11 k
-AOT-denotes (-AOT-any-term k) <= CONST AOT-denotes k

AOT-define AOT-conj :: <[, @] = ¢ (infixl &> 35) «p & ¥ =q5 —(p = Y
declare AOT-conj[AOT del, AOT-defs del]

AOT-define AOT-disj :: <[p, ¢] = ¢ (infixl V> 35) <p V ¢ =q5 ~p — ¢

declare AOT-disj[AOT del, AOT-defs del]

AOT-define AOT-equiv :: <[p, p] = ¢ (infix =) 20) <o = ¢ =a7 (¢ = V) & (Y = o)
declare AOT-equiv[AOT del, AOT-defs del]

AOT-define AOT-dia :: «p = @ (<O [49] 54) Op =ay ~O-¢>

declare AOT-dia[AOT del, AOT-defs del]

context AOT-meta-syntax

begin

notation AOT-dia (<O-» [49] 54)
notation AOT-conj (infixl (&) 35)
notation AOT-disj (infixl <V» 35)
notation AOT-equiv (infixl <=» 20)
end

context AOT-no-meta-syntax

begin

no-notation AOT-dia (<0~ [49] 54)
no-notation AOT-conj (infixl &) 35)
no-notation AOT-disj (infixl V) 35)
no-notation AOT-equiv (infixl <=» 20)
end

print-translation «
AOT-syntaz-print-translations
[
AOT-preserve-binder-abs-tr’
const-syntax <AOT-forall
syntaz-const-AOT-all
(syntaz-const«-AOT-all-ellipse), true)
const-name <AOT-imp>,
AOT-binder-trans @Q{theory} Q{binding AOT-forall-binder} syntaz-const<-AOT-ally,
(const-syntax<AOT-descy, fn ctzt => Syntaz-Trans.preserve-binder-abs-tr’ syntaz-const-AOT-desc) ctat
dummyT),
AOT-binder-trans Q{theory} Q{binding AOT-desc-binder} syntax-const-AOT-descy,
AOT-preserve-binder-abs-tr’
const-syntax < AOT-lambday
syntaz-const -AOT-lambday
(syntaz-const-AOT-lambda-arg-ellipsey, false)
const-name <undefined>,
AOT-binder-trans
Q@{theory}
@{binding AOT-lambda-binder}
syntax-const -AOT-lambda>

]

>

parse-translation«
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[(syntaz-const -AOT-id-def>, parseldDef)]
)

parse-ast-translationy]
(syntaz-const«-AOT-ally,
AOT-restricted-binder const-name<AOT-forally const-name<AOT-impy),
(syntaz-const<-AOT-descy,
AOT-restricted-binder const-name<AOT-desc) const-name < AOT-conjy)

B

AOT-define AOT-exists :: < = ¢ = @» ««AOT-exists p» =qa5 Va ~p{ap
declare AOT-exists|AOT del, AOT-defs del]
syntax -AOT-ezists :: <o = ¢ = ¢ («I- - [1,40])

AOT-syntax-print-translations
-AOT-exists a p <= CONST AOT-exists (-abs o )
-AOT-exists a p <= CONST AOT-exists (Aa. @)

parse-ast-translation«
[(syntaz-const -AOT-exists»,

AOT-restricted-binder const-name<AOT-exists) const-name «AOT-cong»)]
>

context AOT-meta-syntax

begin

notation AOT-ezists (binder 3> 8)
end

context AOT-no-meta-syntax

begin

no-notation AOT-ezists (binder <3) 8)
end

syntax (input)
-AOT-exists-ellipse :: <id-position = id-position = ¢ = ¢» (I-...3- - [1,40])
syntax (output)
-AOT-ezists-ellipse :: <id-position = id-position = ¢ = ¢ («I-..3- (-")» [1,40])
parse-ast-translation«[(syntaz-const <-AOT-exists-ellipses, fn ctr => fn [a,b,c] =>
Ast.mk-appl (Ast.Constant AOT-ezists)
[Ast.mk-appl (Ast.Constant -abs) [parseEllipseList -AOT-vars ctz [a,b],c]])]>
print-translation<AOT-syntaz-print-translations |
AOT-preserve-binder-abs-tr’
const-syntax «AOT-existsy
syntaz-const -AOT-existsy
(syntaz-const -AOT-exists-ellipser true) const-name<AOT-cony»,
AOT-binder-trans
@{theory}
@{binding AOT-exists-binder}
syntax-const -AOT-existsy

B

syntax -AOT-DDDOT :: ¢ (<...»)
syntax -AOT-DDDOT :: ¢ (¢...»)
parse-translation«[(syntaz-const <-AOT-DDDOT), parseDDOT)]»

print-translation<AO T-syntax-print-translations
[(const-syntax «Pure.ally, fn ctat => fn [Abs (-, -,
Const (const-syntax«HOL. Trueprop), -) $
(Const (const-syntax<AOT-model-valid-iny, -) $ Bound 0 $ y))] => let
val y = (Const (syntax-const -AOT-process-freesy, dummyT) $ y)
in (Const (syntaz-const-AOT-nec-theorems, dummyT) $ y) end
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| [p as Abs (name, -,
Const (const-syntax «HOL. Trueprop, -) $
(Const (const-syntax«AOT-model-valid-iny, -) $ w $ y))]
=> (Const (syntaz-const-AOT-for-arbitrarys, dummyT) $
(Const (-bound, dummyT) $ Free (name, dummyT)) $
(Term.betapply (p, (Const (-bound, dummyT) $ Free (name, dummyT)))))

)

(const-syntax < AOT-model-valid-iny, fn ctzt =>
fn [w as (Const (-free, -) $ Free (v, -)), y] => let
val is-world = (case (AOT-ProofData.get ctxt)
of SOME (Free (w, -)) => Name.clean w = Name.clean v | - => false)
val y = (Const (syntax-const-AOT-process-freesy, dummyT) $ y)
in if is-world then y else Const (syntaz-const-AOT-validy, dummyT) $ w $ y end
| [Const (const-syntaxwor, -), y| => let
val y = (Const (syntaz-const-AOT-process-freesy, dummyT) $ y)
in case (AOT-ProofData.get ctzt) of SOME (Const (const-namewp, -)) => y |
- => Const (syntazx-const<-AOT-theoremy, dummyT) $ y end
| [Const (-var, -) $ -, y] => let
val y = (Const (syntax-const-AOT-process-frees), dummyT) $ y)
in Const (syntaz-const-AOT-nec-theoremy, dummyT) $ y end
),
(const-syntax < AOT-model-axziom), fn ctxt => fn [trm] =>
Const (syntaz-const-AOT-aziomy, dummyT) $
(Const (syntaz-const-AOT-process-freesy, dummyT) $ trm)),
(const-syntax < AOT-model-act-axziom>, fn ctzt => fn [trm] =>
Const (syntaz-const-AOT-aziomy, dummyT) $
(Const (syntaz-const-AOT-process-freesy, dummyT) $ trm)),
(syntaz-const«-AOT-process-frees), fn - => fn [t] => let
fun mapAppls (z as Const (-free, -) $
Free (-, Type (-ignore-type, [Type (fun, -)])))
= (Const (-AOT-raw-appl, dummyT) $ z)
| mapAppls (z as Const (-free, -) $ Free (-, Type (fun, -)))
= (Const (-AOT-raw-appl, dummyT) $ z)
| mapAppls (z as Const (-var, -) $
Var (-, Type (-ignore-type, [Type (fun, -)])))
= (Const (-AOT-raw-appl, dummyT) $ z)
| mapAppls (z as Const (-var, -) $ Var (-, Type (fun, -)))
= (Const (-AOT-raw-appl, dummyT) $ z)
| mapAppls (z $ y) = mapAppls  $ mapAppls y
| mapAppls (Abs (z,y,2)) = Abs (z,y, mapAppls z)
| mapAppls x = x
in mapAppls t end
)
]

>

print-ast-translation«AOT-syntaz-print-ast-translations

let

fun handleTermOfVar x kind name = (

let

val - = case kind of -free => () | -var => () | -bound => () | - => raise Match
n

case printVarKind name
of (SingleVariable name) => Ast.Appl [Ast.Constant kind, Ast.Variable name]
| (Ellipses (s, e)) => Ast.Appl [Ast.Constant -AOT-free-var-ellipse,
Ast. Appl [Ast.Constant kind, Ast.Variable s|,
Ast. Appl [Ast.Constant kind, Ast.Variable €]
]
| Verbatim name => Ast.mk-appl (Ast.Constant -AOT-quoted)
[Ast.mk-appl (Ast.Constant -AOT-term-of-var) [z]]
end

)
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fun termOfVar ctat (Ast.Appl [Ast. Constant -constrain,
z as Ast. Appl [Ast.Constant kind, Ast.Variable name], -]) = termOfVar ctzt ©
| termOfVar ctat (z as Ast. Appl [Ast. Constant kind, Ast.Variable name])
= handleTermOfVar x kind name
| termOfVar ctat (z as Ast. Appl [Ast.Constant rep, y]) = (
let
val (restr,-) = Local-Theory.raw-theory-result (fn thy => (
let
val restrs = Symtab.dest (AOT-Restriction.get thy)
val restr = List.find (fn (n,(-,Const (¢,t))) => (
¢ = rep orelse ¢ = Lexicon.unmark-const rep) | - => false) restrs
n
(restr,thy)
end
)) ctxt
m
case restr of SOME r => Ast.Appl [Ast.Constant (const-syntax<AOT-term-of-vars), yl
| - => raise Match
end)

in
[(const-syntax < AOT-term-of-vary, fn ctzt => fn [z] => termOfVar ctzt z),
(-AOT-raw-appl, fn ctat => fn t::a::args => let
fun applyTermOfVar (t as Ast.Appl (Ast.Constant const-syntax<AOT-term-of-vary::[z]))
= (case try (termOfVar ctzt) © of SOME y => y | - => t)
| applyTermOfVar y = (case try (termOfVar ctzt) y of SOME z => z | - => y)
val ts = fold (fn a => fn b => Ast.mk-appl (Ast.Constant syntazx-const-AOT-args»)
[b,applyTermOfVar a]) args (applyTermOfVar a)
in Ast.mk-appl (Ast.Constant syntaz-const-AOT-apply) [t,ts] end)]
end
>

context AOT-meta-syntax

begin

notation AOT-denotes (<-}»)

notation AOT-imp (infixl «(—» 25)
notation AOT-not («—-» [50] 50)
notation AOT-box (<0-» [49] 54)
notation AOT-act (<A~ [49] 54)
notation AOT-forall (binder V> 8)
notation AOT-eq (infixl <=» 50)
notation AOT-desc (binder <) 100)
notation AOT-lambda (binder «\> 100)
notation AOT-lambda0 (<[A -]»)
notation AOT-eze (<(-,-))*)

notation AOT-model-equiv-def (infixl =45 10)
notation AOT-model-id-def (infixl «<=q5> 10)
notation AOT-term-of-var (<{-)»)
notation AOT-concrete ((E!)

end

context AOT-no-meta-syntax

begin

no-notation AOT-denotes (<-»)
no-notation AOT-imp (infixl «(—> 25)
no-notation AOT-not (<—-» [50] 50)
no-notation AOT-box (<O-» [49] 54)
no-notation AOT-act (<A~ [49] 54)
no-notation AOT-forall (binder V) 8)
no-notation AOT-eq (infixl <=» 50)
no-notation AOT-desc (binder <) 100)
no-notation AOT-lambda (binder <X» 100)
no-notation AOT-lambda0 (<[ -]»)
no-notation AOT-eze (<(-,-])*)
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no-notation AOT-model-equiv-def (infixl «(=q4> 10)
no-notation AOT-model-id-def (infix] «(=q5> 10)
no-notation AOT-term-of-var (<{-)»)

no-notation AOT-concrete (<E!)

end

bundle AOT-syntax

begin

declare[[show-AOT-syntax=true, show-question-marks=false, eta-contract=falsel]
end

bundle AOT-no-syntax

begin

declare[[show-AOT-syntaz=false, show-question-marks=true]]
end

parse-translations
[(-AOT-restriction, fn ctzt => fn [Const (name,-)] =>
let
val (restr, ctzt) = ctzt |> Local-Theory.raw-theory-result
(fn thy => (Option.map fst (Symtab.lookup (AOT-Restriction.get thy) name), thy))
val restr = case restr of SOME © => x
| - => raise Fail (Unknown restricted type: ~ name)
in restr end

)]

>

print-translation«
AOT-syntaz-print-translations
[
(const-syntax < AOT-model-equiv-def», fn ctxt => fn [z,y] =>
Const (syntaz-const-AOT-equiv-defs, dummyT) $
(Const (syntaz-const<-AOT-process-freesy, dummyT)
(Const (syntaz-const-AOT-process-freesy, dummyT)

z) $

$
$ )

print-translation«
AOT-syntaz-print-translations |
(const-syntax « AOT-model-id-def>, fn ctxt =>
fn [lhs as Abs (lhsName, lhsTy, lhsTrm), rhs as Abs (rhsName, rhsTy, rhsTrm)] =>
let
val (name,-) = Name.variant lhsName
(Syntaz-Trans.declare-term-names ctzt rhsTrm
(Name.build-context (Syntaz-Trans.declare-term-names ctzt lhsTrm)));
val lhs = Term.betapply (lhs, Const (-bound, dummyT) $ Free (name, thsTy))
val ths = Term.betapply (rhs, Const (-bound, dummyT) $ Free (name, thsTy))
in
Const (const-syntax < AOT-model-id-def>, dummyT) $ lhs $ rhs
end
| [Const (const-syntax <case-prod>, -) $ lhs,
Const (const-syntax case-prods, -) $ rhs] =>
Const (const-syntax «AOT-model-id-def>, dummyT) $ lhs $ rhs
| [Const (const-syntaxcase-unity, -) $ lhs,
Const (const-syntax <case-unity, -) $ rhs] =>
Const (const-syntax «AOT-model-id-def>, dummyT) $ lhs $ rhs
| 2, 9] =>
Const (syntax-const-AOT-id-def>, dummyT) $
(Const (syntax-const -AOT-process-freesy, dummyT) $ z) $
(Const (syntaz-const<-AOT-process-freesy, dummyT) $§ y)

)b

Special marker for printing propositions as theorems and for pretty-printing AOT terms.
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definition print-as-theorem :: <o = bool> where
<print-as-theorem = X ¢ . Vv . [v E ¢
lemma print-as-theoreml:
assumes <\ v . [v E @]
shows «print-as-theorem >
using assms by (simp add: print-as-theorem-def)
attribute-setup print-as-theorem =
«Scan.succeed (Thm.rule-attribute ||
(K (fn thm => thm RS Q{thm print-as-theoreml})))>
Print as theorem.
print-translation<AO T-syntaz-print-translations |
(comnst-syntax <print-as-theoremy, fn ctzt => fn [x] =>
(Const (syntaz-const-AOT-process-frees), dummyT) $ z))

B

definition print-term :: <'a = 'a> where (print-term = X\ z . >
syntax -AOT-print-term :: <7 = 'a» ((AOT'-TERM[-]))
translations

-AOT-print-term ¢ => CONST print-term (-AOT-process-frees o)
print-translation<AOT-syntaz-print-translations |

(comst-syntax <print-term», fn ctat => fn [x] =>

(Const (syntaz-const-AOT-process-frees), dummyT) $ z))

B

interpretation AOT-no-meta-syntaz.

unbundle AOT-syntax

5 Abstract Semantics for AOT

specification(AOT-denotes)
— Relate object level denoting to meta-denoting. AOT’s definitions of denoting will become derivable at each
type.
AOT-sem-denotes: <Jw | 7)) = AOT-model-denotes T»
by (rule exlI[where z=«\ 7 . e, w . AOT-model-denotes 7))
(stmp add: AOT-model-proposition-choice-simp)

lemma AOT-sem-var-induct[induct type: AOT-var]:
assumes AOT-denoting-term-case: <\ 7 . [v = 7}] = [v = o{7}]

shows (v E o{a}]
by (simp add: AOT-denoting-term-case AOT-sem-denotes AOT-term-of-var)

specification(AOT-imp)
AOT-sem-imp: [w = ¢ = ] = ([w = @] — [w = ¥])
by (rule exI[where z=\ p ¢ . g5 w . ([w = @] — [w E Y])])
(simp add: AOT-model-proposition-choice-simp)

specification(AOT-not)
AOT-sem-not: ([w = —¢] = (0w | ¢])»
by (rule exl[where =\ ¢ . g, w . = [w E ¢]])
(sitmp add: AOT-model-proposition-choice-simp)

specification(AOT-bozx)

AOT-sem-boz: <[w = Op] = (V w. [w E= ¢])»
by (rule exI[where z=\ ¢ . g, w .V w . [w = ¢]])
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(stmp add: AOT-model-proposition-choice-simp)

specification(AOT-act)
AOT-sem-act: (w = Ag] = [wo = ]
by (rule exl[where =\ ¢ . g, w . [wo = ¢]}])
(stmp add: AOT-model-proposition-choice-simp)

Derived semantics for basic defined connectives.

lemma AOT-sem-conj: <[w = ¢ & ¢¥] = ([w = ¢] A [w = Y]

using AOT-conj AOT-model-equiv-def AOT-sem-imp AOT-sem-not by auto
lemma AOT-sem-equiv: (Jw = ¢ = 9] = ([w E ¢] = [w E ¢¥])»

using AOT-equiv AOT-sem-conj AOT-model-equiv-def AOT-sem-imp by auto
lemma AOT-sem-disj: (jw = ¢ V ¢¥] = ([w E ¢] V [w E ¥])

using AOT-disj AOT-model-equiv-def AOT-sem-imp AOT-sem-not by auto
lemma AOT-sem-dia: <Jw |= Op] = (3 w . [w = ¢])»

using AOT-dia AOT-sem-box AOT-model-equiv-def AOT-sem-not by auto

specification(AOT-forall)
AOT-sem-forall: <[w EVa p{a} =V 7. [wE 7l — [wE {7}
by (rule exl[where z=\ op . eo w .V 7 . [w = 7)] — [w = «op T»]])
(stmp add: AOT-model-proposition-choice-simp)

lemma AOT-sem-ezxists: (jw = Fa p{a}] =3 7. [w = 7] A [w E p{7}])»
unfolding AOT-ezists|unfolded AOT-model-equiv-def, THEN spec]
by (simp add: AOT-sem-forall AOT-sem-not)

specification(AOT-eq)
— Relate identity to denoting identity in the meta-logic. AOT’s definitions of identity will become derivable
at each type.
AOT-sem-eq: (qwET=7T=(wE T AlwETAT=1)
by (rule exl[where =\ 77" .o w. [wE T AwE T AT=71"])
(sitmp add: AOT-model-proposition-choice-simp)

specification(AOT-desc)
— Descriptions denote, if there is a unique denoting object satisfying the matrix in the actual world.
AOT-sem-desc-denotes: ([w = tx(p{z})l] = (3! k. [wo E K] A [wo E p{k}])
— Denoting descriptions satisfy their matrix in the actual world.
AOT-sem-desc-prop: «[w | tx(p{z})l] = [wo E e{tz(p{z})}]
— Uniqueness of denoting descriptions.
AOT-sem-desc-unique: <[w = tz(p{z}))] = [w = kl] = [wo = ¢{k}] =
[w | wx(p{z}) = kD
proof —
have 3 z::'a . ~AOT-model-denotes >
using AOT-model-nondenoting-ex
by blast

Note that we may choose a distinct non-denoting object for each matrix. We do this explicitly merely
to convince ourselves that our specification can still be satisfied.

then obtain nondenoting :: «('a = o) = 'a> where
nondenoting: <V ¢ . =“AOT-model-denotes (nondenoting )»
by fast
define desc where
<desc = (A p . if 3!k . [wo E k] A [wo E ©{k}])
then (THE k . [wo = k)] A [wo = ¢{k}])
else nondenoting ¢)»

fix o (‘a = o
assume ezl: <! k. [wo E K] A [wo E p{k}]
then obtain k where z-prop: [wo = k] A [wo E p{k}]
unfolding AOT-sem-denotes by blast
moreover have (desc ) = K
unfolding desc-def using z-prop exl by fastforce
ultimately have [wo = «desc p»]] A [wo = «p (desc ¢)»]
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by blast
} note 1 = this
moreover {
fix p:: a= o
assume nexl: P! k. [wo = K] A [wo = p{k}]
hence (desc ¢) = nondenoting ¢ by (simp add: desc-def AOT-sem-denotes)
hence [w = —«desc o»]] for w
by (simp add: AOT-sem-denotes nondenoting AOT-sem-not)
}

ultimately have desc-denotes-simp:
qu = «desc p»l] = (3! k. [wo E k)] A [wo |E {k}])» for ¢ w
by (simp add: AOT-sem-denotes desc-def nondenoting)

have «(Vo w. [w E «desc p»l] = (k. [wo E k] A [wo E p{k}])) A
(Vo w. [w = «desc prl] — [wo = «p (desc )»]) A
(Vo w k. [wE «desc prl] — [w |E k)] — [wo E ¢{k}] —

[w = «desc p» = K])»
by (insert 1; auto simp: desc-denotes-simp AOT-sem-eq AOT-sem-denotes
desc-def nondenoting)

thus %thesis

by (safe intro!: exlI[where z=desc|; presburger)
qed

specification(AOT-eze AOT-lambda)
— Truth conditions of exemplification formulas.
AOT-sem-eze: (w = [H]k1...kn] = (Jw E Ty A [w E K1..60d] A
[w = «Rep-rel II K1kn»])>
— n-conversion for denoting terms; equivalent to AOT’s axiom
AOT-sem-lambda-eta: [w = II}] = [w | [Avi..vy HMvy..vy] = O
— B-conversion; equivalent to AOT’s axiom
AOT-sem-lambda-beta: (w | [Av1..vn p{vi..va}[l] = [0 E k1...k0d] =
[wE Mvi.vp p{vi.vnl]ki.kn] = [w E k1. .k }]
— Necessary and sufficient conditions for relations to denote. Equivalent to a theorem of AOT and used to
derive the base cases of denoting relations (cqt.2).
AOT-sem-lambda-denotes: <(w = [Avi..vn p{vi..vn}{] =
(V v K16n k1'kn' . [0 Kieknd] A [v E k1 kL] A
VIv.vEII — [vE k1.6 = [v E [k k0]) —
[0 b= plrnin}] = [0 = plrnmn}])
— Equivalent to AOT’s coexistence axiom.
AOT-sem-lambda-coezx: [w = [Av1...vn p{vi..vn}[{] =
vV w Kikn . [w E K1bnd] — [w E e{ki...kn}] = [w E Y{Kk1...60}]) =
[w E [Avi..vn Y{vi..va D
— Only the unary case of the following should hold, but our specification has to range over all types. We might
move AOT-exe and AOT-lambda to type classes in the future to solve this.
AOT-sem-lambda-eq-prop-eq: <«[AV1..0n @]» = «[AVi..vsp Y]y = @ = >
— The following is solely required for validating n-ary relation identity and has the danger of implying artifactual
theorems. Possibly avoidable by moving AOT-exe and AOT-lambda to type classes.
AOT-sem-eze-denoting: |w |= 11| = AOT-exe II ks = Rep-rel II ks
— The following is required for validating the base cases of denoting relations (cqt.2). A version of this meta-
logical identity will become derivable in future versions of AOT, so this will ultimately not result in artifactual
theorems.
AOT-sem-exe-equiv: <AOT-model-term-equiv x y —> AOT-exe Il x = AOT-exe 11 y»
proof —
have 3 z :: <’a> . ~AOT-model-denotes ©>
by (rule exI[where z=(Abs-rel (A z . £o w. True))])
(meson AOT-model-denotes-rel.abs-eq AOT-model-nondenoting-ex
AOT-model-proposition-choice-simp)
define eze :: «<'a> = ‘a = o> where
ceze = A Il ks . if AOT-model-denotes 11
then Rep-rel 11 ks
else (eo w . False))
define lambda :: <('‘a=>0) = <'a>»> where
<lambda = X ¢ . if AOT-model-denotes (Abs-rel @)
then (Abs-rel ©)
else
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if (Vv kr"w. (AOT-model-denotes k A AOT-model-term-equiv k k') —>
[wE «p k] = [w E «p k])
then
Abs-rel (fiz-irregular (A z . if AOT-model-denotes z
then ¢ (SOME y . AOT-model-term-equiv  y)
else (e, w . False)))
else
Abs-rel >
have fiz-irregular-denoting-simp|[simp):
<fiz-irregular (Az. if AOT-model-denotes = then ¢ z else ¥ ) Kk = ¢ K
if c(AOT-model-denotes k»
for k :: '/a and ¢ 7
by (simp add: that fiz-irregular-denoting)
have denoting-eps-cong[cong|:
(w k= «p (Eps (AOT-model-term-equiv k))»] = [w = «p K»)>
if <AOT-model-denotes k»
and <V & k'. AOT-model-denotes k N AOT-model-term-equiv Kk k' —
Vw. [wE «p w»] = [wE «p &»])
for w:: wand & :: ‘a and ¢ :: (‘a=0
using that AOT-model-term-equiv-eps(2) by blast
have exe-rep-rel: <[w = «exe Il kikn»] = ([w E ] A [w E Ki...knd] A
[w = «Rep-rel 11 k1kn»])» for w Il Kiks,
by (metis AOT-model-denotes-rel.rep-eq exe-def AOT-sem-denotes
AOT-model-proposition-choice-simp)
moreover have ((w = «II»]] = [w = «lambda (eze II)» = «II»]» for IT w
by (auto simp: Rep-rel-inverse lambda-def AOT-sem-denotes AOT-sem-eq
AOT-model-denotes-rel-def Abs-rel-inverse exe-def)
moreover have lambda-denotes-beta:
(quw = «eze (lambda @) k »] = [w = «p k¥
if <Jw | «lambda o»!]> and (w = «x»l]
for ¢ Kk w
using that unfolding exe-def AOT-sem-denotes
by (auto simp: lambda-def Abs-rel-inverse split: if-split-asm)
moreover have lambda-denotes-simp:
(w | «lambda o»]] = (V v kikn k1'6n' . [0 E K1eknd] A [v E K1 kn L] A
VIv.[vEI] — [vE «eze II kikn»] = [v | «eze 1T k1'kn"»]) —>
[v EE o{ki...6n}] = [v E @w{r1".kn"}]) for ¢ w
proof
assume <([w = «lambda p»]]»
hence (AOT-model-denotes (lambda ¢)»
unfolding AOT-sem-denotes by simp
moreover have ((w = «p x»] = [w | «p &»]
and «Jw | «p k] = [w E «p k)
if <AOT-model-denotes k» and (AOT-model-term-equiv K k>
for w Kk k'
by (metis (no-types, lifting) AOT-model-denotes-rel.abs-eq lambda-def
that calculation)+
ultimately show <V v k1kn £1'kn’ . [V E K1kind] A [v | k1 kn ] A
VHov.[vET] — [vE «eze ll kikn»] = [v E «eze T k1'kn"»]) —
[vE o{ki...n}] = [vE p{r1"ra'}]
unfolding AOT-sem-denotes
by (metis (no-types) AOT-sem-denotes lambda-denotes-beta)
next
assume V v Kikn K160 . [VE K1eknd] A v E g1 k0 U] A
VIov.[vEI] — [vE «eze I kikn»] = [v = «eve I k1'kn"»]) —
[v E o{ki-bn}] = [v | {1 rn'}]
hence ((w | «p k»] = [w | «p &)
if <AOT-model-denotes k A AOT-model-denotes kK’ A AOT-model-term-equiv k k'
for w k k'
using that
by (auto simp: AOT-sem-denotes)
(meson AOT-model-term-equiv-rel-equiv AOT-sem-denotes exe-rep-rel)+
hence ([w | «p k»] = [w | «p &)
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if (AOT-model-denotes k A AOT-model-term-equiv k k>
for w k K’
using that AOT-model-term-equiv-denotes by blast
hence (AOT-model-denotes (lambda ¢)»
by (auto simp: lambda-def Abs-rel-inverse AOT-model-denotes-rel.abs-eq
AOT-model-irregular-equiv AOT-model-term-equiv-eps(3)
AOT-model-term-equiv-regular fiz-irreqular-def AOT-sem-denotes
AOT-model-term-equiv-denotes AOT-model-proposition-choice-simp
AOT-model-irregular-false
split: if-split-asm
intro: AOT-model-irreqular-eql)
thus ((w | «lambda p»]]»
by (simp add: AOT-sem-denotes)
qed
moreover have «[w = «lambda »]]»
if «([w = «lambda p»l]>
and <V w Kikn . [0 E K1..knd] — [0 E p{k1...6n}] = [0 E Y{K1...ka}]
for ¢ ¢ w using that unfolding lambda-denotes-simp by auto
moreover have (w |= II})] = eze Il ks = Rep-rel II ks> for II ks w
by (simp add: exe-def AOT-sem-denotes)
moreover have <lambda (Az. p) = lambda (A\z. q) = p = ¢ for p ¢
unfolding lambda-def
by (auto split: if-split-asm simp: Abs-rel-inject fix-irregular-def)
(meson AOT-model-irregular-nondenoting AOT-model-denoting-ex)—+
moreover have <AOT-model-term-equiv x y = exe Il = exe II 3> for z y II
unfolding eze-def
by (meson AOT-model-denotes-rel.rep-eq)
note calculation = calculation this
show %thesis
apply (safe introl: exI[where r=ecze] exI[where z=Ilambda])
using calculation apply simp-all
using lambda-denotes-simp by blast+
qed

lemma AOT-model-lambda-denotes:
«AOT-model-denotes (AOT-lambda p) = (V v Kk K’ .
AOT-model-denotes K A AOT-model-denotes k' A AOT-model-term-equiv k k' —
[vE «p r»] = [vE «p &»])
proof(safe)
fix vand k k' ‘a
assume (AOT-model-denotes (AOT-lambda @)>
hence 1: <AOT-model-denotes kK1kn A
AOT-model-denotes k1'kn’ A
(VII v. AOT-model-denotes I1 — [v = [H]K1...6n] = [v E [U]k1".60]) —
[viE o{ki...6n}] = [vE @{r1"kn'}] for kikn K1’k v
using AOT-sem-lambda-denotes[simplified AOT-sem-denotes] by blast
{
fix v and k1kp K1'kn' : 'a
assume d: <AOT-model-denotes kikn A AOT-model-denotes k1 'kn’ A
AOT-model-term-equiv kikn k1'kn"
hence VII w. AOT-model-denotes I — [w = []k1...6,] = [w | [U]k1" 6]
by (metis AOT-sem-exe-equiv)
hence «[v = ¢{k1...kn}] = [v E @{k1 ...k,"}]> using d 1 by auto

moreover assume (AOT-model-denotes k»
moreover assume (AQT-model-denotes k'
moreover assume (AQOT-model-term-equiv k k>
ultimately show «[v = «p k»] = [v & «p K]
and (v | «p k] = [v E «p k)
by auto
next
assume 0: <V v k &' . AOT-model-denotes k A AOT-model-denotes k' A
AOT-model-term-equiv k k' — [v = «p k»] = [v E «p &)
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fix Kikn K1'kn' 5 'a
assume den: <AOT-model-denotes k1kn>
moreover assume den’: <(AOT-model-denotes k1'kn ">
assume (VII v . AOT-model-denotes II —
[v E [k1...kn] = [vE k1 0]
hence «VII v . AOT-model-denotes 11 —
[v E «Rep-rel 11 kikn»] = [v = «Rep-rel I k1'kn"»]>
by (simp add: AOT-sem-denotes AOT-sem-exe den den’)
hence AOT-model-term-equiv kikn K1 'Kn'
unfolding AOT-model-term-equiv-rel-equiv[OF den, OF den']
by argo
hence v = ¢{k1...kn}] = [v E ©{k1 ..k} for v
using den den’ 0 by blast

thus (AOT-model-denotes (AOT-lambda ¢)»
unfolding AOT-sem-lambda-denotes|simplified AOT-sem-denotes]
by blast
qed

specification (A0T-lambda0)
AOT-sem-lambda0: AOT-lambda0 ¢ = ¢
by (rule exl[where z=«\z. ©]) simp

specification(AOT-concrete)
AOT-sem-concrete: |w |= [Elk] =
AOT-model-concrete w k)
by (rule exl[where z=<AOT-var-of-term (Abs-rel
Az . g0 w. AOT-model-concrete w z))»];
subst AOT-var-of-term-inverse)

(auto simp: AOT-model-unary-reqular AOT-model-concrete-denotes
AOT-model-concrete-equiv AOT-model-regular-k-def
AOT-model-proposition-choice-simp AOT-sem-exe Abs-rel-inverse
AOT-model-denotes-rel-def AOT-sem-denotes)

lemma AOT-sem-equiv-defI:
assumes <\ v. [vE ] = [v E Y]
and A v.[vEY] = [vE ¢
shows <AOT-model-equiv-def ¢ 1>
using AOT-model-equiv-def assms by blast

lemma AOT-sem-id-defI:
assumes <\ a v. [v E «o ar]] = [v E «T a» = «o an]
assumes <\ a v. 7[v = «o anl] = [v | —«T arlh
shows <AOT-model-id-def T o»
using assms
unfolding AOT-sem-denotes AOT-sem-eq AOT-sem-not
using AOT-model-id-def[THEN iffD2]
by metis

lemma AOT-sem-id-def2I:
assumes <\ a S v. [v I« a fr]] = [vE«T a By = «o a ]
assumes <\ a B v. 2[v |E «o a )] = [v |E ¢ a Byl
shows (AOT-model-id-def (case-prod T) (case-prod o)
apply (rule AOT-sem-id-defI)
using assms by (auto simp: AOT-sem-conj AOT-sem-not AOT-sem-eq AOT-sem-denotes
AOT-model-denotes-prod-def)

lemma AOT-sem-id-defE1:
assumes (AOT-model-id-def T o
and «([v = «o anl]
shows «([v &= «7 a» = «o ar]p
using assms by (simp add: AOT-model-id-def AOT-sem-denotes AOT-sem-eq)
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lemma AOT-sem-id-defE2:
assumes <(AOT-model-id-def T o>
and —[v = «o arl])
shows «—[v = «T a»l]
using assms by (simp add: AOT-model-id-def AOT-sem-denotes AOT-sem-eq)

lemma AOT-sem-id-defOI:
assumes <A v.[vfEol] = [vlET=0)
and <A\ v. v Eol] = [vE -7l)
shows (AOT-model-id-def (case-unit T) (case-unit o)»
apply (rule AOT-sem-id-defI)
using assms
by (simp-all add: AOT-sem-conj AOT-sem-eq AOT-sem-not AOT-sem-denotes
AOT-model-denotes-unit-def case-unit-Unity)

lemma AOT-sem-id-defOE1:
assumes <AOT-model-id-def (case-unit T) (case-unit o)>
and «[v = al]
shows (v =7 = o
by (metis (full-types) AOT-sem-id-defE1 assms(1) assms(2) case-unit-Unity)

lemma AOT-sem-id-defOE2:
assumes <AOT-model-id-def (case-unit T) (case-unit o)>
and =[v = ol
shows «—[v = 7]
by (metis AOT-sem-id-defE2 assms(1) assms(2) case-unit- Unity)

lemma AOT-sem-id-defOES:
assumes <AOT-model-id-def (case-unit ) (case-unit o)>
and «[v = al]
shows (v = 7]
using AOT-sem-id-def0E1[OF assms]
by (simp add: AOT-sem-eq AOT-sem-denotes)

lemma AOT-sem-ordinary-def-denotes: <(w = [Az Q[Elz]]]»
unfolding AOT-sem-denotes AOT-model-lambda-denotes
by (auto simp: AOT-sem-dia AOT-model-concrete-equiv
AOT-sem-concrete AOT-sem-denotes)
lemma AOT-sem-abstract-def-denotes: <Jw = Az =Q[E!z]{]>
unfolding AOT-sem-denotes AOT-model-lambda-denotes
by (auto simp: AOT-sem-dia AOT-model-concrete-equiv
AOT-sem-concrete AOT-sem-denotes AOT-sem-not)

Relation identity is constructed using an auxiliary abstract projection mechanism with suitable instan-
tiations for x and products.

class AOT-RelationProjection =
fixes AOT-sem-proj-id :: 'a:: AOT-IndividualTerm = ('a = o) = (‘a = o) = o
assumes AQOT-sem-proj-id-prop:
(vETI=11=
[v EI & I’ & Va («AOT-sem-proj-id o (A 7 . «[]7») (A 7 . «[IL'}7»)»)]
and AOT-sem-proj-id-refl:
v E 7] = [v E [Mvievn o{vicvn}] = Mvievn p{vi.on}]] =
[v = «AOT-sem-proj-id T @ ©»]>

class AOT-UnaryRelationProjection = AOT-RelationProjection +
assumes AOT-sem-unary-proj-id:
CAOT-sem-proj-id k ¢ ¥ = «[Av1..vn @{V1..Un}] = [AV1...vn Y{v1..0n}]0

instantiation « :: AOT-UnaryRelationProjection

begin

definition AOT-sem-proj-id-x :: <k = (k = 0) = (k = 0) = 0> where
CAOT-sem-proj-id-x k ¢ ¥ = «[Az o{z}] = [Az Y{z}]»
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instance proof
show (v Il =11 =
[vEEI & II'] & Va («AOT-sem-proj-id o (A 7 . «[]7») (A 7 . «[IL]7»)»)]>
for v and II II' :: «<Kx>>
unfolding AOT-sem-proj-id-x-def
by (simp add: AOT-sem-eq AOT-sem-conj AOT-sem-denotes AOT-sem-forall)
(metis AOT-sem-denotes AOT-model-denoting-ex AOT-sem-eq AOT-sem-lambda-eta)
next
show (AOT-sem-proj-id k ¢ = «[Av1..vn @{Vi..Vn}] = A1 Y{v1...0n M
for k :: k and ¢ ¥
unfolding AOT-sem-proj-id-x-def ..
next
show «[v = «AOT-sem-proj-id T © ©»]>
if <[v = 7l]» and (v E [Avi..vn {vi..vn}] = Mvievn e{vi.vnd]D
for 7 :: Kk and v @
using that by (simp add: AOT-sem-proj-id-x-def AOT-sem-eq)
qed
end

instantiation prod ::
({AOT-UnaryRelationProjection, AOT-UnaryIndividualTerm}, AOT-RelationProjection)
AOT-RelationProjection

begin
definition AOT-sem-proj-id-prod :: <'ax'b = (‘ax'b = o) = (‘ax'b = o) = o> where
«AOT-sem-proj-id-prod = X\ (z,y) ¢ ¥ . «[Az «p (z,9)»] = [Az «¥ (z,y)»] &

«AOT-sem-proj-id y (A a . ¢ (z,a)) (X a. ¢ (z,a))»»
instance proof

This is the main proof that allows to derive the definition of n-ary relation identity. We need to show
that our defined projection identity implies relation identity for relations on pairs of individual terms.

fix vand II II’ :: <</ax'b>»
have AOT-meta-proj-denotes1: <AOT-model-denotes (Abs-rel (Az. AOT-eze I1 (z, 5)))»
if <AOT-model-denotes II) for II :: <<’ax'b>> and
using that unfolding AOT-model-denotes-rel.rep-eq
apply (simp add: Abs-rel-inverse AOT-meta-prod-equivl (2) AOT-sem-denotes
that)
by (metis (no-types, lifting) AOT-meta-prod-equivl(2) AOT-model-denotes-prod-def
AOT-model-unary-reqular AOT-sem-exe AOT-sem-eze-equiv case-prodD)

fix k :: ‘a and II :: «<'ax'b>)
assume II-denotes: <AOT-model-denotes 11y
assume «a-denotes: <AOT-model-denotes k»
hence (AOT-ezxe 11 (k, ) = AOT-exe II (k, y)»
if cAOT-model-term-equiv = y> for zy :: 'b
by (simp add: AOT-meta-prod-equivl (1) AOT-sem-exe-equiv that)
moreover have (AOT-model-denotes k1 'kn’>
if <jw £ [k k1'...kn P for w K1’k
by (metis that AOT-model-denotes-prod-def AOT-sem-eze
AOT-sem-denotes case-prodD)
moreover {
fixz:: b
assume z-irregular: <—AOT-model-regular x>
hence prod-irreqular: <= AOT-model-reqular (k, x)»
by (metis (no-types, lifting) AOT-model-irregular-nondenoting
AOT-model-regular-prod-def case-prodD)
hence «(—=AOT-model-denotes k V = AOT-model-regular ) N
(AOT-model-denotes k V 2 AOT-model-denotes x)»
unfolding AOT-model-regular-prod-def by blast
hence z-nonden: <= AOT-model-reqular x>
by (simp add: a-denotes)
have <Rep-rel 11 (k, ) = AOT-model-irregular (Rep-rel II) (k, z)»
using AOT-model-denotes-rel.rep-eq 11-denotes prod-irregular by blast
moreover have <AOT-model-irreqular (Rep-rel II) (k, z) =
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AOT-model-irregular (Az. Rep-rel II (k, z)) o
using II-denotes z-irregular prod-irreqular x-nonden
using AOT-model-irregular-prod-generic
apply (induct arbitrary: II x rule: AOT-model-irregular-prod.induct)
by (auto simp: a-denotes AOT-model-irregular-nondenoting
AOT-model-regular-prod-def AOT-meta-prod-equivl(2)
AOT-model-denotes-rel.rep-eq AOT-model-term-equiv-eps(1)
introl: AOT-model-irreqular-eql)
ultimately have
«AOT-eze 11 (k, ) = AOT-model-irregular (Az. AOT-exe 11 (k, 2)) >
unfolding AOT-sem-eze-denoting]simplified AOT-sem-denotes, OF 11-denotes|
by auto
}
ultimately have <AOT-model-denotes (Abs-rel (Az. AOT-exe I1 (K, z)))»
by (simp add: Abs-rel-inverse AOT-model-denotes-rel.rep-eq)
} note AOT-meta-proj-denotes2 = this
{
fix k1'kn' 2 'band II :: <«<'ax'b>>
assume II-denotes: <AOT-model-denotes 11y
assume f-denotes: <AOT-model-denotes k1'kn">
hence <AOT-eze 11 (z, 51'kn’) = AOT-exe 1 (y, k1'kn ')
if cAOT-model-term-equiv z y> for z y :: 'a
by (simp add: AOT-meta-prod-equivl(2) AOT-sem-exe-equiv that)
moreover have (AOT-model-denotes k)
if <[w = [k k1"...60 P for w K
by (metis that AOT-model-denotes-prod-def AOT-sem-ezxe
AOT-sem-denotes case-prodD)
moreover {
fixz:'a
assume (—AOT-model-reqular z»
hence <Fulse)
using AOT-model-unary-reqular by blast
hence
(AOT-eze 11 (z,k1'kn") = AOT-model-irregular (A\z. AOT-eze 11 (2,61 k")) T
unfolding AOT-sem-ezxe-denoting[simplified AOT-sem-denotes, OF Il-denotes]
by auto

ultimately have (AO0T-model-denotes (Abs-rel (Az. AOT-exe 11 (z,k1'kn")))>
by (simp add: Abs-rel-inverse AOT-model-denotes-rel.rep-eq)
} note AOT-meta-proj-denotesl = this
{
assume II-denotes: < AOT-model-denotes 11y
assume I1’-denotes: «AOT-model-denotes I1"
have II-proj2-den: <AOT-model-denotes (Abs-rel (Az. Rep-rel 11 (a, z)))»
if <AOT-model-denotes > for «
using that AOT-meta-proj-denotes2[ OF 11-denotes]
AOT-sem-eze-denoting[simplified AOT-sem-denotes, OF 1l-denotes| by simp
have II'-proj2-den: «AOT-model-denotes (Abs-rel (Az. Rep-rel I’ (c, 2)))»
if <AOT-model-denotes > for «
using that AOT-meta-proj-denotes2|OF I1'-denotes|
AOT-sem-exe-denoting|simplified AOT-sem-denotes, OF 11'-denotes| by simp
have II-projl-den: <AOT-model-denotes (Abs-rel (Az. Rep-rel II (z, «)))»
if <AOT-model-denotes > for «
using that AOT-meta-proj-denotes1[OF II-denotes|
AOT-sem-exe-denoting[simplified AOT-sem-denotes, OF 11-denotes] by simp
have I1"-proj1-den: <AOT-model-denotes (Abs-rel (Az. Rep-rel II' (z, a)))»
if <AOT-model-denotes > for «
using that AOT-meta-proj-denotes1[OF T1'-denotes]
AOT-sem-exe-denoting|simplified AOT-sem-denotes, OF T1'-denotes| by simp
{

fix k :: ‘aand kK1'kn' 1 b

assume <II = I
assume (AOT-model-denotes (k.51 'kn")
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hence <AOT-model-denotes k» and beta-denotes: < AOT-model-denotes k1'tkn ">
by (auto simp: AOT-model-denotes-prod-def)

have «(AOT-model-denotes «[Az [z k1'...6n [
by (rule AOT-model-lambda-denotes| THEN iffD2])

(metis AOT-sem-eze-denoting AOT-meta-prod-equivl (2)
AOT-model-denotes-rel.rep-eq AOT-sem-denotes
AOT-sem-eze-denoting II-denotes)

moreover have ««[Az [z k1.6, ]» = «[Az 1z 61" k0]
by (simp add: II = 11")
moreover have (v = « AOT-sem-proj-id k1'kn' (Ak1'kn’. «[U]& k1" ckin'»)
Mk "6n o <[]k K" ookin )9 ]
unfolding (Il = II’» using beta-denotes
by (rule AOT-sem-proj-id-refl[unfolded AOT-sem-denotes];

simp add: AOT-sem-denotes AOT-sem-eq AOT-model-lambda-denotes)

(metis AOT-meta-prod-equivl(1) AOT-model-denotes-rel.rep-eq
AOT-sem-eze AOT-sem-exe-denoting I1'-denotes)

ultimately have ([v = «AOT-sem-proj-id (k,61'kn") (A K1kn . «[[]K1...kn»)
A B1n « «[I]K1.cin»)»]>
unfolding AOT-sem-proj-id-prod-def
by (simp add: AOT-sem-denotes AOT-sem-conj AOT-sem-eq)

moreover {
assume </ « . AOT-model-denotes o« =
[v E «AO0T-sem-proj-id o (A k16n - «[H]K1..6n?) (A K16n - «[I]K1.c6n0) 0]
hence 0: <AOT-model-denotes k =—> AOT-model-denotes k1 'k, —>
AOT-model-denotes «[Mz [I]z k1.6 ] A
AOT-model-denotes «[Az [IU]z k1'ockin]» A
«[Az Mz k1] = «[Az [Tz K1'occkn Ty A
[v E «AOT-sem-proj-id k1'kn’ (M61kn. «[U]K K1..ckin»)
(Ak1bn. «[IT']K K1...kn»)»]y for & K1 'k’
unfolding AOT-sem-proj-id-prod-def
by (auto simp: AOT-sem-denotes AOT-sem-conj AOT-sem-eq
AOT-model-denotes-prod-def)
obtain aden :: ‘a and Bden :: 'b where
aden: (AOT-model-denotes adensy and Bden: <AOT-model-denotes Bdeny
using AOT-model-denoting-ex by metis
{
fix k:: 'a
assume adenotes: <AOT-model-denotes k»
have I: (v E «AOT-sem-proj-id k1'kn’ (Ak1'kn'. «[]k K1’k '»)
(Me1'kn . «[M]K K1k )]
if <AOT-model-denotes k1'kn’y for ki'kyn’
using that 0 using adenotes by blast
hence v = «AOT-sem-proj-id B (Az. Rep-rel 11 (k, z))
(Az. Rep-rel TI' (K, z))»]»
if <AOT-model-denotes B> for B
using that
unfolding AOT-sem-eze-denoting[simplified AOT-sem-denotes, OF II-denotes]
AOT-sem-exe-denoting[simplified AOT-sem-denotes, OF T1'-denotes]
by blast
hence <Abs-rel (Az. Rep-rel 11 (k, z)) = Abs-rel (Az. Rep-rel ' (k, 2))»
using AOT-sem-proj-id-prop[of v <Abs-rel (Az. Rep-rel 11 (k, z))»
<Abs-rel (A\z. Rep-rel I’ (k, 2))»,
simplified AOT-sem-eq AOT-sem-conj AOT-sem-forall
AOT-sem-denotes, THEN iffD2]
-proj2-den|OF adenotes] I1'-proj2-den|OF adenotes]
unfolding AOT-sem-eze-denoting[simplified AOT-sem-denotes, OF II-denotes]
AOT-sem-exe-denoting[simplified AOT-sem-denotes,
OF 11-proj2-den|OF adenotes]]
AOT-sem-exe-denoting[simplified AOT-sem-denotes,
OF T'-proj2-den[OF adenotes]]
by (metis Abs-rel-inverse UNIV-I)
hence Rep-rel 11 (k,8) = Rep-rel 11’ (x,8) for B3
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by (simp add: Abs-rel-inject[simplified]) meson
} note adenotes = this
{
fix kK1'kn' 0 b
assume fSden: <AOT-model-denotes k1'kn”>
have 1: ««[Xz [U]z k1" = «[ A2z [Tz k1'ockn ]
using 0 Bden AOT-model-denoting-ex by blast
hence <Abs-rel (Az. Rep-rel 11 (z, k1'kn')) =
Abs-rel (Az. Rep-rel 11’ (z, k1'kn"))> (is <%a = ?by)
apply (safe introl: AOT-sem-proj-id-proplof v <%a> < by,
simplified AOT-sem-eq AOT-sem-conj AOT-sem-forall
AOT-sem-denotes, THEN iffD2, THEN conjunct2, THEN conjunct2]
[I-proj1-den|OF Bden] 11'-proji-den[OF Bden])
unfolding AOT-sem-exe-denoting[simplified AOT-sem-denotes, OF Il-denotes|
AOT-sem-exe-denoting|simplified AOT-sem-denotes, OF T1’-denotes]
AOT-sem-exe-denoting[simplified AOT-sem-denotes,
OF 1l-proj1-den[OF Bden]]
AOT-sem-eze-denoting[simplified AOT-sem-denotes,
OF T1'-proji-den|OF Bden]]
by (subst (0 1) Abs-rel-inverse; simp?)

(metis (no-types, lifting) AOT-model-denotes-rel.abs-eq
AOT-model-lambda-denotes AOT-sem-denotes AOT-sem-eq
AOT-sem-unary-proj-id Il-proj1-den[OF Bden])

hence <Rep-rel 11 (z,651'ks") = Rep-rel I (z,51 'k, ")» for z
by (simp add: Abs-rel-inject)

metis

} note Bdenotes = this
{
fixa:'aand B :: b
assume (AOT-model-regular (a, )
moreover {
assume (AOT-model-denotes o N AOT-model-regular [3»
hence «Rep-rel I (a,8) = Rep-rel I’ (o,3)>
using adenotes by presburger
}

moreover {
assume (—AQOT-model-denotes a A AOT-model-denotes [3»
hence <Rep-rel 11 (a,3) = Rep-rel I’ (o,3)>
by (simp add: Bdenotes)
}

ultimately have (Rep-rel 1 (a,3) = Rep-rel I’ (c,3)>
by (metis (no-types, lifting) AOT-model-regular-prod-def case-prodD)

hence «Rep-rel II = Rep-rel 11"
using II-denotes[unfolded AOT-model-denotes-rel.rep-eq,
THEN conjunct2, THEN conjunct2, THEN spec, THEN mp]
using T1’-denotes[unfolded AOT-model-denotes-rel.rep-eq,
THEN conjunct2, THEN conjunct2, THEN spec, THEN mp]
using AOT-model-irregular-eql[of «Rep-rel II) «Rep-rel T1'y «(-,-)]
using AOT-model-irregular-nondenoting by fastforce
hence «II = II")
by (rule Rep-rel-inject| THEN iffD1])
}

ultimately have (Il = II' = (V k . AOT-model-denotes K —»
[v E «AOT-sem-proj-id k (A K1kn . «[I]K1...Kn»)
(A K1kn - «[T)K1.kn)»])
by auto
}
thus«v EOD=1"T=[v I &I &
Va («AOT-sem-proj-id o (A k1kn . «[U]k1.ccbin») (A K1kin - «[IU]61.c6n»)0)]>
by (auto simp: AOT-sem-eq AOT-sem-denotes AOT-sem-forall AOT-sem-conj)
next
fix v and ¢ :: <‘ax’b=0) and T :: (‘ax'b
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assume <([v &= 7))
moreover assume ([v |= [Az1...2n €@ 212n»] = [A21...2n €@ Z12n2]]
ultimately show «[v = «AOT-sem-proj-id T ¢ p»)>
unfolding AOT-sem-proj-id-prod-def
using AOT-sem-proj-id-refl[of v snd T Ab. ¢ (fst T, b)]
by (auto simp: AOT-sem-eq AOT-sem-conj AOT-sem-denotes
AOT-model-denotes-prod-def AOT-model-lambda-denotes
AOT-meta-prod-equivl)
qed
end

Sanity-check to verify that n-ary relation identity follows.

lemma v EIO =11 = [v E I & '] & VaVy([rz [Tz y] = [Az [0z 9] &
Az [O)z 2] = [Az [Tz 2])]>
for IT :: «<KXK>)
by (auto simp: AOT-sem-proj-id-prop[of v I '] AOT-sem-proj-id-prod-def
AOT-sem-conj AOT-sem-denotes AOT-sem-forall AOT-sem-unary-proj-id
AOT-model-denotes-prod-def)
lemma v EN=11"=[vEI & 0] & Vz1Va2V 23 (
Az [z 22 23] = [z [1z 22 23] &
Az [O)z1 2z 23] = Az 071 2z 23] &
Mz [O)z1 22 2] = [Az [T]z1 22 2])]
for IT :: «<<KXKXK>»
by (auto simp: AOT-sem-proj-id-prop[of v I1 II'] AOT-sem-proj-id-prod-def
AOT-sem-conj AOT-sem-denotes AOT-sem-forall AOT-sem-unary-proj-id
AOT-model-denotes-prod-def)
lemma v EII =111 = [v = I} & I’} & V21V 22V 23V 24 (

Az [z 22 23 z4] = [Nz U]z 32 23 24] &
Mz [Mz1 2z 23 z4] = [Nz [H]21 2 23 24] &
Dz [z x2 2 24] = [Nz [M]21 22 2 24] &
Az [O)z1 22 x5 2] = A2z [M)z1 32 73 2])]

for IT :: «<<KXKXKXK>)

by (auto simp: AOT-sem-proj-id-prop[of v I1 '] AOT-sem-proj-id-prod-def
AOT-sem-conj AOT-sem-denotes AOT-sem-forall AOT-sem-unary-proj-id
AOT-model-denotes-prod-def)

n-ary Encoding is constructed using a similar mechanism as n-ary relation identity using an auxiliary
notion of projection-encoding.

class AOT-Enc =
fixes AOT-enc :: <'a = <'a::AOT-IndividualTerm> = o>
and AOT-proj-enc :: <'a = ('a = 0) = o
assumes AOT-sem-enc-denotes:
v |E «AO0T-enc kikn II»] = [v |E Ki...kad] A [v E L]
assumes AOT-sem-enc-proj-enc:
(v = «AOT-enc kikn II»] =
[v E I} & «AOT-proj-enc kikn (A Kikn. «[H]K1...60»)»]>
assumes AOT-sem-proj-enc-denotes:
(v = «AOT-proj-enc k1kn ©»] = [V |E K1...60d]>
assumes AOT-sem-enc-nec:
(v = «AOT-enc Ki1kn Iv] = [w = «AOT-enc Kikn ]
assumes AOT-sem-proj-enc-nec:
(v |E «AOT-proj-enc kikn p»] = [w = « AOT-proj-enc Kikn @»]>
assumes AOT-sem-universal-encoder:
3 Kikn. [V E KLk ) AV IL. [v E ] — [v | «AOT-enc kik, II»]) A
vV o . [vE [Meaezn o{z1-2n ] — [v E «AOT-proj-enc k1kn ©»])

AOT-syntax-print-translations
-AOT-enc (-AOT-individual-term k) (-AOT-relation-term II) <= CONST AOT-enc 11

context AOT-meta-syntax
begin

notation AOT-enc (<{-,-}»)
end
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context AOT-no-meta-syntax
begin

no-notation AOT-enc (<{-,->)
end

Unary encoding additionally has to satisfy the axioms of unary encoding and the definition of property
identity.

class AOT-UnaryEnc = AOT-UnaryIndividualTerm +
assumes AOT-sem-enc-eq: «[v =11} & 1"} & OVv (V[II] = v[II]) —» II =IO
and AOT-sem-A-objects: «[v =z (=O[EYz & VF (z[F] = p{F}))]
and AOT-sem-unary-proj-enc: <AOT-proj-enc x ¢ = AOT-enc x «[Az Y{z}]»
and AOT-sem-nocoder: «[v = [Ellk] = —[w |E «AOT-enc k II»]
and AOT-sem-ind-eq: <([v E k] A [v E &} A k= (K)) =
([0 = Do O[EYJa]s) A
[v E [A\z O[Ez]s] A
(v 0Tl [o b= T — [o k=[] = [o = (7))
V ([v E [z =O[Ez]k] A
[v E Mz ~O[E!z]x] A
(v 0Tl [o b= L] — [0 = &[T = [o = <))

and AOT-sem-enc-indistinguishable-all:
(AOT-ExtendedModel =
[v E [Az =O[El2]k] =
[v E [z ~O[Ez]x] =
ATV o = Y] = (A w. [w =[] = [ = [1]s7) =
[ = L] =
(A" . [v ETY] = (A ko . [v E [Mx O[EYz]ko] =

A w. [wk [Mro] = [w = [ko])) = [v b= £ =
(A" . [vET)] = (A ko - [v E M O[EYz]k0] =
A w. [k [Mro] = [w = ko)) = [v = w1

and AOT-sem-enc-indistinguishable-ex:
(AOT-ExtendedModel —>
[v = [Az ~O[Elz]k] =
[v E [z ~0[Elz]k] =
AT o =Y = (A w. [w = [T]6] = [w b [1x]) —
v = ] =
A . [vETYA[vEIT)]A

(V ko . [v E [Az O[E!2]ko] —
v w. [w e [Mko] = [w b= [Mro))) =
A . vEITA[NERTT)]A
(V ko . [v E [Mz O[E!2]ko] —
vV w. [w = [ro] = [w = [Mro))>

We specify encoding to align with the model-construction of encoding.

consts AOT-sem-enc-k :: (K = <K> = O
specification(AOT-sem-enc-x)
AOT-sem-enc-k:
(v = «AOT-sem-enc-k k II»] =
(AOT-model-denotes k AN AOT-model-denotes II A AOT-model-enc « II)»
by (rule exI[where z=«\ k Il . &, w . AOT-model-denotes kK N AOT-model-denotes II A
AOT-model-enc k ID])
(sitmp add: AOT-model-proposition-choice-simp AOT-model-enc-k-def k.case-eq-if)

We show that x satisfies the generic properties of n-ary encoding.

instantiation « :: AOT-Enc
begin
definition AOT-enc-x :: <k = <Kk> = 0> where
<AOT-enc-k = AOT-sem-enc-k»
definition AOT-proj-enc-k :: <k = (k = 0) = 0> where
(AOT-proj-enc-k = A k ¢ . AOT-enc k «[Az «p z»]»
lemma AOT-enc-k-meta:
(v = k)] = (AOT-model-denotes k A AOT-model-denotes II A AOT-model-enc  II)»
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for k::k
using AOT-sem-enc-x unfolding AOT-enc-k-def by auto
instance proof
fix vand k :: k and II
show «([v = «AOT-enc k II»] => [v = k] A [v = II]»
unfolding AOT-sem-denotes
using AOT-enc-k-meta by blast
next
fix v and « :: kK and II
show «[v |= &k[I1]] = [v | 11} & «AOT-proj-enc k (A &'. «[I[]x'»)»]>
proof
assume enc: ([v = &[]
hence II-denotes: «AOT-model-denotes 11
by (simp add: AOT-enc-x-meta)
hence IlI-eta-denotes: <AOT-model-denotes «[Az [II]z]»>
using AOT-sem-denotes AOT-sem-eq AOT-sem-lambda-eta by metis
show «[v = I & «AOT-proj-enc k (A k. «[I]»)»]>
using AOT-sem-lambda-eta[simplified AOT-sem-denotes AOT-sem-eq, OF 1I-denotes]
using II-eta-denotes I1-denotes
by (simp add: AOT-sem-conj AOT-sem-denotes AOT-proj-enc-k-def enc)
next
assume <[v |= I} & «AOT-proj-enc k (A k. «[I]&»)»]
hence II-denotes: AOT-model-denotes 11 and eta-enc: [v = k[A\z [1]Z]]
by (auto simp: AOT-sem-conj AOT-sem-denotes AOT-proj-enc-k-def)
thus (v = &[]
using AOT-sem-lambda-eta[simplified AOT-sem-denotes AOT-sem-eq, OF TlI-denotes|
by auto
ged
next
show «[v = « AOT-proj-enc k p»] = [v |= kl]> for v and & :: k and ¢
by (simp add: AOT-enc-k-meta AOT-sem-denotes AOT-proj-enc-x-def)
next
fix v w and k :: k and II
assume <[v = s[I]]
thus (w E &[]
by (simp add: AOT-enc-k-meta)
next
fix v wand k :: k and ¢
assume <[v = «AOT-proj-enc & p»)>
thus «[w | «AOT-proj-enc k p»)>
by (simp add: AOT-enc-k-meta AOT-proj-enc-r-def)
next
show Jkuk. [vERIA VI, [vEI] — [vE&[O)]) A
vV ¢ . [vE [ e{z}ll] — [vE «AOT-proj-enc k p»]) for v
by (rule exI[where z=<ax UNIV)])
(stimp add: AOT-sem-denotes AOT-enc-k-meta AOT-model-enc-k-def
AOT-model-denotes-r-def AOT-proj-enc-r-def)
qed
end

We show that x satisfies the properties of unary encoding.

instantiation x :: AOT-UnaryEnc
begin
instance proof
fix v and II 1" :: «<k>>
show (v E I} & ITI'} & OV v (v[[I] = v[IT]) — T =1
apply (simp add: AOT-sem-forall AOT-sem-eq AOT-sem-imp AOT-sem-equiv
AOT-enc-k-meta AOT-sem-conj AOT-sem-denotes AOT-sem-box)
using AOT-meta-A-objects-x by fastforce
next
fix v and p:: (<k> = o
show «[v = 3z (=0Q[E!z & VF (z[F] = p{F}))D
using AOT-model-A-objects[of A 11 . [v = p{I1}]]
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by (auto simp: AOT-sem-denotes AOT-sem-exists AOT-sem-conj AOT-sem-not
AOT-sem-dia AOT-sem-concrete AOT-enc-k-meta AOT-sem-equiv
AOT-sem-forall)
next
show (AOT-proj-enc z ¢ = AOT-enc x (AOT-lambda 1)) for z :: k and ¥
by (simp add: AOT-proj-enc-x-def)
next
show «[v |= [El]k] = = [w |= &[I]]> for v w and & :: kK and 1I
by (simp add: AOT-enc-k-meta AOT-sem-concrete AOT-model-nocoder)
next
fix vand k k' :: K
show ([t E k] A [vERI A=K =
(([v = [Az O[E]z]x] A
[v E Mz O[EYz]] A
(v oIl [0 1) — [v = [ = [0 = 1))
V ([v E [Az =O[EYz]k] A
[v E [z ~O[E!z]x] A
(v oIl [o = T — [v = &[] = [0 = &)
(is <?lhs = (Pordeq V ?abseq)»)
proof —
{
assume 0: v E k] A [vE K A K =KD
{
assume (is-wk K
hence v = [A\z O[E!z]x)
apply (subst AOT-sem-lambda-beta|OF AOT-sem-ordinary-def-denotes, of v k')
apply (simp add: 0)
apply (simp add: AOT-sem-dia)
using AOT-sem-concrete AOT-model-w-concrete-in-some-world is-wk-def by force
hence (?ordeq> unfolding 0[THEN conjunct2, THEN conjunct2] by auto
}
moreover {
assume (is-ak k"
hence (v = [Az ~O[E!z]x ]
apply (subst AOT-sem-lambda-beta| OF AOT-sem-abstract-def-denotes, of v k')
apply (simp add: 0)
apply (simp add: AOT-sem-not AOT-sem-dia)
using AOT-sem-concrete is-ax-def by force
hence (?abseq> unfolding 0[THEN conjunct2, THEN conjunct2] by auto
}
ultimately have «%ordeq V %abseq»
by (meson 0 AOT-sem-denotes AOT-model-denotes-r-def k.ezhaust-disc)

moreover {
assume ordeq: < ?ordeqs
hence k-denotes: «[v = kl]> and k’-denotes: v = k'|]»
by (simp add: AOT-sem-denotes AOT-sem-exe)+
hence (is-wk k> and (is-wk K"
by (metis AOT-model-concrete-r.simps(2) AOT-model-denotes-r-def
AOT-sem-concrete AOT-sem-denotes AOT-sem-dia AOT-sem-lambda-beta
AOT-sem-ordinary-def-denotes k.collapse(2) k.exhaust-disc ordeq)+
have denotes: «[v = [Az «go w . KU z = KV kY]]
unfolding AOT-sem-denotes AOT-model-lambda-denotes
by (simp add: AOT-model-term-equiv-r-def)
hence [v = [A\z «o w . kKU 2 = KV KY]K] = [V E [A2 66 w . KV 2 = KU KH]K]
using ordeq by (simp add: AOT-sem-denotes)
hence v = «s»d] A [v E «&"] Ak =KD
unfolding AOT-sem-lambda-beta|OF denotes, OF k-denotes]
AOT-sem-lambda-beta| OF denotes, OF k'-denotes|
using k’-denotes <is-wk K'> <is-wk K is-wk-def
AOT-model-proposition-choice-simp by force
}

moreover {
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assume 0: < Zabseq
hence k-denotes: «[v = k|]> and k’-denotes: «[v = k'|]»
by (simp add: AOT-sem-denotes AOT-sem-exe)+
hence (—is-wk k» and <—is-wK K
by (metis AOT-model-w-concrete-in-some-world AOT-model-concrete-.simps(1)
AOT-sem-concrete AOT-sem-dia AOT-sem-exe AOT-sem-lambda-beta
AOT-sem-not k.collapse(1) 0)+
hence <is-ak k> and <is-ak k"
by (meson AOT-sem-denotes AOT-model-denotes-k-def k.exhaust-disc
k-denotes k'-denotes)+
then obtain z y where k-def: <« = ak o and k’-def: v’ = arx ¥
using is-ak-def by auto
{
fix r
assume <(r € )
hence «[v = k[«urrel-to-rel r»]]
unfolding k-def
unfolding AOT-enc-k-meta
unfolding AOT-model-enc-k-def
apply (simp add: AOT-model-denotes-k-def)
by (metis (mono-tags) AOT-rel-equiv-def Quotient-def urrel-quotient)
hence «[v = k'[«urrel-to-rel r»]]
using AOT-enc-k-meta 0 by (metis AOT-sem-enc-denotes)
hence «r € y»
unfolding x’-def
unfolding AOT-enc-k-meta
unfolding AOT-model-enc-k-def
apply (simp add: AOT-model-denotes-k-def)
using Quotient-abs-rep urrel-quotient by fastforce
}
moreover {
fix r
assume <(r € y»
hence «[v = k'[«urrel-to-rel r»]]
unfolding x’-def
unfolding AOT-enc-k-meta
unfolding AOT-model-enc-k-def
apply (simp add: AOT-model-denotes-k-def)
by (metis (mono-tags) AOT-rel-equiv-def Quotient-def urrel-quotient)
hence v = k[«urrel-to-rel r»])
using AOT-enc-k-meta 0 by (metis AOT-sem-enc-denotes)
hence «r € o»
unfolding k-def
unfolding AOT-enc-k-meta
unfolding AOT-model-enc-k-def
apply (simp add: AOT-model-denotes-r-def)
using Quotient-abs-rep urrel-quotient by fastforce

ultimately have z = y by blast
hence v E k] A [v E &} A k=KD
using x’-def x’-denotes k-def by blast
}

ultimately show ?thesis
unfolding AOT-sem-denotes
by auto

qed

next
fix vand k k' 2 k and TI TT' 12 «<K>>
assume ezt: <AOT-ExtendedModely
assume <([v = [Az =OQ[E!]z]x]>
hence (is-ax k>
by (metis AOT-model-w-concrete-in-some-world AOT-model-concrete-x.simps(1)
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AOT-model-denotes-x-def AOT-sem-concrete AOT-sem-denotes AOT-sem-dia
AOT-sem-exe AOT-sem-lambda-beta AOT-sem-not k.collapse(1) k.erhaust-disc)
hence k-abs: «(=(3 w . AOT-model-concrete w k)»
using is-ak-def by fastforce
have k-den: <AOT-model-denotes k»
by (simp add: AOT-model-denotes-k-def k.distinct-disc(5) <is-ak k»)
assume (v = [z =Q[E!|z]x)
hence <is-ak k"
by (metis AOT-model-w-concrete-in-some-world AOT-model-concrete-.simps(1)
AOT-model-denotes-r-def AOT-sem-concrete AOT-sem-denotes AOT-sem-dia
AOT-sem-exze AOT-sem-lambda-beta AOT-sem-not k.collapse(1)
K.ezhaust-disc)
hence x'-abs: «<=(3 w . AOT-model-concrete w k')
using is-ark-def by fastforce
have k’-den: <AOT-model-denotes k">
by (meson AOT-model-denotes-r-def k.distinct-disc(6) <is-ar k')
assume «[v = II']] = [w E [II']k] = [w | I« for I’ w
hence indist: <[v = «Rep-rel 11’ k»] = [v = «Rep-rel 11’ k'»]>
if «AOT-model-denotes 11"y for 11" v
by (metis AOT-sem-denotes AOT-sem-exe k’-den k-den that)
assume k-enc-cond: <[v = 1I'|] =
(A ko w. [v E Az O[E!z]ko] =
[w = [Mko] = [w = [M]ko]) =
[v = &[] for I’
assume II-den”: v = II}]»
hence II-den: <AOT-model-denotes II»
using AOT-sem-denotes by blast
{
fix 1" «<k>>
assume I1'-den: «AOT-model-denotes 11"
hence II'-den”: «[v = II'}]»
by (simp add: AOT-sem-denotes)
assume I: <Jw. AOT-model-concrete w r =
[v |E «Rep-rel 11" z»] = [v |= «Rep-rel II z»]> for v z
{

fix ko :: Kk and w
assume <([v E [Az O[E!z]ko]>
hence <is-wk ko>
by (smt (23) AOT-model-concrete-k.simps(2) AOT-model-denotes-x-def
AOT-sem-concrete AOT-sem-denotes AOT-sem-dia AOT-sem-eze
AOT-sem-lambda-beta k.ezhaust-disc is-ak-def)
then obtain z where z-prop: <ko = wk
using is-wk-def by blast
have (3w . AOT-model-concrete w (wk z)»
by (simp add: AOT-model-w-concrete-in-some-world)
hence «[v = «Rep-rel 11’ (wk z)»] = [v = «Rep-rel 11 (wk z)»)» for v
using 1 by blast
hence ([w = [[I']ko] = [w = []ko]> unfolding z-prop
by (simp add: AOT-sem-eze AOT-sem-denotes AOT-model-denotes-r-def
IT’-den T-den)
} note 2 = this
have <[v = &[IT)
using k-enc-cond[OF M'-den’, OF 2]
by metis
hence <AOT-model-enc x 11"
using AOT-enc-k-meta by blast
} note k-enc-cond = this
hence (AOT-model-denotes 1" =
(Av z. 3w. AOT-model-concrete w ©z =
[v = «Rep-rel ' z»] = [v = «Rep-rel 11 z»]) =
AOT-model-enc k 11"y for T’
by blast
assume I1'-den”: «[v |= I’} ]»
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hence I1'-den: (AOT-model-denotes 11"
using AOT-sem-denotes by blast
assume ord-indist: <[v |= [Az O[Elz]ko] =
[w = [[Tko] = [w | []ko)> for ko w
{

fix w and ko :: K
assume 0: <Jw. AOT-model-concrete w ko>
hence «[v |= [Az O[E!z]ko]>
using AOT-model-concrete-denotes AOT-sem-concrete AOT-sem-denotes AOT-sem-dia
AOT-sem-lambda-beta AOT-sem-ordinary-def-denotes by blast
hence ([w = [[I'ko] = [w = [[]ko)>
using ord-indist by metis
hence ([w |= «Rep-rel II' ko»] = [w = «Rep-rel II ko»]»
by (metis AOT-model-concrete-denotes AOT-sem-denotes AOT-sem-eze 11'-den TI-den 0)
} note ord-indist = this
have <AOT-model-enc k' 11"
using AOT-model-enc-indistinguishable-all
[OF ext, OF k-den, OF k-abs, OF k'-den, OF k'-abs, OF Tl-den)|
indist k-enc-cond I1’-den ord-indist by blast
thus «[v = &'[IT'])
using AOT-enc-k-meta I1'-den k’-den by blast
next
fix vand k k' 2 k and TT TT' 12 «<K>>
assume ext: <(AOT-ExtendedModely
assume <([v E [Az =Q[E!]z]x]>
hence «(is-ak k>
by (metis AOT-model-w-concrete-in-some-world AOT-model-concrete-.simps(1)
AOT-model-denotes-r-def AOT-sem-concrete AOT-sem-denotes AOT-sem-dia
AOT-sem-exe AOT-sem-lambda-beta AOT-sem-not k.collapse(1)
k.ezhaust-disc)
hence k-abs: «(=(3 w . AOT-model-concrete w k)»
using is-ark-def by fastforce
have k-den: <AOT-model-denotes k»
by (simp add: AOT-model-denotes-k-def k.distinct-disc(5) <is-ak K»)
assume (v | [z =Q[E!z]x")
hence <is-ax k'
by (metis AOT-model-w-concrete-in-some-world AOT-model-concrete-.simps(1)
AOT-model-denotes-k-def AOT-sem-concrete AOT-sem-denotes AOT-sem-dia
AOT-sem-exe AOT-sem-lambda-beta AOT-sem-not k.collapse(1)
k.ezhaust-disc)
hence k’-abs: «(—=(3 w . AOT-model-concrete w k')»
using is-ak-def by fastforce
have x’-den: (AOT-model-denotes k'
by (meson AOT-model-denotes-r-def r.distinct-disc(6) <is-ak k')
assume v E II'}]] = [w E [[I'x] = [w E [I'&] for I’ w
hence indist: «[v = «Rep-rel 1" k»] = [v = «Rep-rel 11" k'»)»
if «AOT-model-denotes T1'> for I’ v
by (metis AOT-sem-denotes AOT-sem-exe k'-den k-den that)
assume II-den”: v = II}]»
hence II-den: <AOT-model-denotes II»
using AOT-sem-denotes by blast
assume 31" [v = II)] A [v | &[IT]] A
(Vko. [v = [Az O[E!z]ko] —
(V. [w = (ko] = [w = [Mxo]))
then obtain II’ where
IM’-den: <[v = T'}]> and
IM’-enc: <[v = &[I1']]> and
'-prop: <V ko. [v = Az O[E!1]ko] —
(V. [w = ko] = [w = [Mro])»
by blast
have (A0T-model-denotes 1"

using AOT-enc-k-meta I1'-enc by force
moreover have <AOT-model-enc k 11"
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using AOT-enc-s-meta I1’-enc by blast
moreover have (3 w. AOT-model-concrete w ko) =
[v E «Rep-rel I1" ko»] = [v | «Rep-rel I ko»]» for ko v
proof —
assume 0: <3 w. AOT-model-concrete w ko>
hence «([v = [A\z O[E!|z]ko]> for v
using AOT-model-concrete-denotes AOT-sem-concrete AOT-sem-denotes AOT-sem-dia
AOT-sem-lambda-beta AOT-sem-ordinary-def-denotes by blast
hence Vw. [w | [I']ko] = [w [ [H]ko]> using II'-prop by blast
thus «[v = «Rep-rel I’ ko»] = [v = «Rep-rel I ko»)»
by (meson 0 AOT-model-concrete-denotes AOT-sem-denotes AOT-sem-exe 11-den
calculation(1))
qed
ultimately have 3T1". AOT-model-denotes TI' A AOT-model-enc x T1' A
(Vv z. (Jw. AOT-model-concrete w ) —
[v E «Rep-rel 11" z»] = [v |= «Rep-rel II z»])»
by blast
hence 3T1". AOT-model-denotes T’ A AOT-model-enc ' I’ A
(Vv z. (3w. AOT-model-concrete w ) —
[v E «Rep-rel T1’ z»] = [v | «Rep-rel I1 z»])>
using AOT-model-enc-indistinguishable-ex
[OF ext, OF k-den, OF k-abs, OF k'-den, OF k'-abs, OF Il-den|
indist by blast
then obtain II"" where
I1""-den: «AOT-model-denotes T1""
and M"-enc: <AOT-model-enc k' 1"
and I1""-prop: «(3w. AOT-model-concrete w z) =>
[v |E «Rep-rel II"" z»] = [v = «Rep-rel II z»]> for v z
by blast
have «([v = IT""|]»
by (simp add: AOT-sem-denotes I1"'-den)
moreover have (v | «'[l1"]]
by (simp add: AOT-enc-r-meta I1"'-den 11"-enc x'-den)
moreover have ([v |E [A\z O[E!]z]ko] =
(Vw. [w = [0"]ko] = [w | [[]ko])> for ko
proof —
assume <[v E [A\z O[E!]z]ko)>
hence <3 w. AOT-model-concrete w ko>
by (metis AOT-sem-concrete AOT-sem-dia AOT-sem-exe AOT-sem-lambda-beta)
thus Vw. [w | [[1"]ko] = [w E [M]ko)>
using I1"'-prop
by (metis AOT-sem-denotes AOT-sem-exe I1"'-den I1-den)
ged
ultimately show 31" [v = T'}] A [v = &[I17] A
(Vko. [v E [Az O[E!z]ko] —
(V. [w = [Iko] = [w = []ko]))»
by (safe intro!: ezl[where z=I1""]) blast+
qed
end

Define encoding for products using projection-encoding.

instantiation prod :: (AOT-UnaryEnc, AOT-Enc) AOT-Enc
begin
definition AOT-proj-enc-prod :: <'ax’b = (‘ax’b = 0) = 0> where
«AOT-proj-enc-prod = X (k,&") ¢ . «s[Av «p (v,k')»] &
«AOT-proj-enc k' (Av. @ (K,v))»»
definition AOT-enc-prod :: ax’'b = <’ax’b> = o> where
«(AOT-enc-prod = X\ k II . «II} & «AOT-proj-enc £ (X k1'kn'. «[H]Kk1ckon »)»»>
instance proof
show «[v = K1..k,[Il]] = [v = K1...knd] A [0 =TI
for v and k1K, :: <‘ax’by and 11
unfolding AOT-enc-prod-def
apply (induct K1kn; simp add: AOT-sem-conj AOT-sem-denotes AOT-proj-enc-prod-def)
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by (metis AOT-sem-denotes AOT-model-denotes-prod-def AOT-sem-enc-denotes
AOT-sem-proj-enc-denotes case-prodl)
next
show «[v = K1...k,[I1]] =
[v = «IIv| & «AOT-proj-enc K1kn (A Kikn. «[H]K1...kn»)»]

for v and kik, :: (‘ax’by and I
unfolding AOT-enc-prod-def ..
next

show «[v = « AOT-proj-enc ks p»] = [v = «ks»]]>
for v and xs :: <‘ax’by and ¢
by (metis (mono-tags, lifting)
AOT-sem-conj AOT-sem-denotes AOT-model-denotes-prod-def
AOT-sem-enc-denotes AOT-sem-proj-enc-denotes
AOT-proj-enc-prod-def case-prod-unfold)

next
fix v w II and ki1ky :: <ax'b
show «[w = k1...kn[I] if <[v = K1...ka )] for v w I and k1K, 2 <ax b

by (metis (mono-tags, lifting)
AOT-enc-prod-def AOT-sem-enc-proj-enc AOT-sem-conj AOT-sem-denotes
AOT-sem-proj-enc-nec AOT-proj-enc-prod-def case-prod-unfold that)
next
show «[w = «AOT-proj-enc k1kn @»] if (v = « AOT-proj-enc K1kn ©»]>
for v w ¢ and ki1k, = (‘ax'b
by (metis (mono-tags, lifting)
that AOT-sem-enc-proj-enc AOT-sem-conj AOT-sem-denotes
AOT-sem-proj-enc-nec AOT-proj-enc-prod-def case-prod-unfold)
next
fix v
obtain « :: ‘a where a-prop: <[v E kJ]] AV II. [v E U] — [v E &[I]])>
using AOT-sem-universal-encoder by blast
obtain x1 'k, :: ‘b where b-prop:
qvE k1w AN o [vE [Aiewn «p viven]l] —
[v E «AOT-proj-enc k1'kn' ©»])
using AOT-sem-universal-encoder by blast
have «(AOT-model-denotes «[Av1...vn [«II»|v1...vpn K1'ookinT)
if <AOT-model-denotes II) for II :: «<<’ax 'b>»
unfolding AOT-model-lambda-denotes
by (metis AOT-meta-prod-equivl(2) AOT-sem-exe-equiv)
moreover have <AOT-model-denotes «[Avi...vn [«II¥]K vi...vp]»»
if «<AOT-model-denotes II) for II :: «<<'ax 'b>>»
unfolding AOT-model-lambda-denotes
by (metis AOT-meta-prod-equivl(1) AOT-sem-eze-equiv)
ultimately have I: (v = «(k,k1'kn )]
and 2. «(VII . [v EII})] — [vE & &1k
using a-prop b-prop
by (auto simp: AOT-sem-denotes AOT-enc-k-meta AOT-model-enc-x-def
AOT-model-denotes-k-def AOT-model-denotes-prod-def
AOT-enc-prod-def AOT-proj-enc-prod-def AOT-sem-conj)
have «(AOT-model-denotes «[Az1...2n €@ (212n, K1'Kn')»]»
if cAOT-model-denotes «[Az1...zm @{z1...2m}]» for ¢ i1 ax'b = o
using that
unfolding AOT-model-lambda-denotes
by (metis (no-types, lifting) AOT-sem-denotes AOT-model-denotes-prod-def
AOT-meta-prod-equivl (2) b-prop case-prodl)
moreover have (AOT-model-denotes «[Az1...zn «p (K, 212n)»]»
if cAOT-model-denotes «[Az1...zm @{z1...2m}]» for ¢ i1 'ax'b = o
using that
unfolding AOT-model-lambda-denotes
by (metis (no-types, lifting) AOT-sem-denotes AOT-model-denotes-prod-def
AOT-meta-prod-equivl(1) a-prop case-prodl)
ultimately have 3:
v E (k15 W AV @ . [vE [Me1ezn {2120 ] —
[v = «AOT-proj-enc (k,k1'kn") ©»])
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using a-prop b-prop
by (auto simp: AOT-sem-denotes AOT-enc-k-meta AOT-model-enc-r-def
AOT-model-denotes-k-def AOT-enc-prod-def AOT-proj-enc-prod-def
AOT-sem-conj AOT-model-denotes-prod-def)
show Frikni’ax’d. [v E Krknd] A (VI [o E I — [0 E K1k [H]]) A
vV ¢ . [vE[Az1.zn «p z1200]}] —
[v E «AOT-proj-enc ki1kn ©»])»
apply (rule exl[where z=¢(k,r1'k,"))]) using 1 2 3 by blast
qed
end

Sanity-check to verify that n-ary encoding follows.

lemma (v = k1k2[ll]] = [v = 11} & w1[Av [vks] & k2[Av [H]kv]]
for 1 :: 'a::AOT-UnaryEnc and ko :: 'b:: AOT-UnaryEnc
by (simp add: AOT-sem-conj AOT-enc-prod-def AOT-proj-enc-prod-def
AOT-sem-unary-proj-enc)
lemma (v | kik2k3[II]] =
[v = I & ki[Av [Hlvkaks] & ke[Av [H]kivks] & ks[Av [H]k1k2v])
for k1 K2 k3 = 'a::AOT-UnaryEnc
by (simp add: AOT-sem-conj AOT-enc-prod-def AOT-proj-enc-prod-def
AOT-sem-unary-proj-enc)

lemma AOT-sem-vars-denote: <[v = a1...anl])
by induct simp

Combine the introduced type classes and register them as type constraints for individual terms.

class AOT-ks = AOT-IndividualTerm + AOT-RelationProjection + AOT-Enc
class AOT-k = AOT-ks + AOT-UnarylndividualTerm +
AOT-UnaryRelationProjection + AOT-UnaryEnc

instance k :: AOT-k by standard
instance prod :: (AOT-x, AOT-ks) AOT-xks by standard

AOT-register-type-constraints
Individual: <-:AOT-ky <-:AOT-ks» and
Relation: «<-::AOT-ks>»

We define semantic predicates to capture the conditions of cqt.2 (i.e. the base cases of denoting terms)
on matrices of A\-expressions.

definition AOT-instance-of-cqt-2 :: «('a::AOT-ks = o) = bool> where
<AOT-instance-of-cqt-2 = X ¢ . ¥ z y . AOT-model-denotes © A AOT-model-denotes y N
AOT-model-term-equiv x y — @ & = @ Y
definition AOT-instance-of-cqt-2-exe-arg :: <('a::AOT-ks = 'b::AOT-ks) = bool> where
<AOT-instance-of-cqt-2-exe-arg = X ¢ .V z y .
AOT-model-denotes ¥ A AOT-model-denotes y N AOT-model-term-equiv x y —
AOT-model-term-equiv (¢ z) (¢ y)»

M-expressions with a matrix that satisfies our predicate denote.

lemma AOT-sem-cqt-2:
assumes (AOT-instance-of-cqt-2 p»
shows «([v = [Avi..vn o{vi..vp ]
using assms
by (metis AOT-instance-of-cqt-2-def AOT-model-lambda-denotes AOT-sem-denotes)

syntax AOT-instance-of-cqt-2 :: <id-position = AOT-prop»
(<INSTANCE'-OF'-CQT"'-2'(-")»)

Prove introduction rules for the predicates that match the natural language restrictions of the axiom.

named-theorems AOT-instance-of-cqt-2-intro

lemma AOT-instance-of-cqt-2-intros-const| AO T-instance-of-cqt-2-intro):
«AOT-instance-of-cqt-2 (Aa. @)»
by (simp add: AOT-instance-of-cqt-2-def AOT-sem-denotes AOT-model-lambda-denotes)

53



lemma AOT-instance-of-cqt-2-intros-not| AO T-instance-of-cqt-2-intro):
assumes <AOT-instance-of-cqt-2 p»
shows (AOT-instance-of-cqt-2 (A1. «—p{T}»)>
using assms
by (metis (no-types, lifting) AOT-instance-of-cqt-2-def)
lemma AOT-instance-of-cqt-2-intros-imp| AOT-instance-of-cqt-2-introl:
assumes (AOT-instance-of-cqt-2 p» and <AOT-instance-of-cqt-2 >
shows (AOT-instance-of-cqt-2 (A1. «p{7} — {T}»)
using assms
by (auto simp: AOT-instance-of-cqt-2-def AOT-sem-denotes
AOT-model-lambda-denotes AOT-sem-imp)
lemma AOT-instance-of-cqt-2-intros-box[ AOT-instance-of-cqt-2-introl:
assumes (AOT-instance-of-cqt-2 p»
shows (AOT-instance-of-cqt-2 (Ar. «Op{r}»)
using assms
by (auto simp: AOT-instance-of-cqt-2-def AOT-sem-denotes
AOT-model-lambda-denotes AOT-sem-box)
lemma AOT-instance-of-cqt-2-intros-act| AOT-instance-of-cqt-2-introl:
assumes (AOT-instance-of-cqt-2 p»
shows (AOT-instance-of-cqt-2 (A1. «Ap{7}»)
using assms
by (auto simp: AOT-instance-of-cqt-2-def AOT-sem-denotes
AOT-model-lambda-denotes AOT-sem-act)
lemma AOT-instance-of-cqt-2-intros-diamond|[AOT-instance-of-cqt-2-introl:
assumes (AOT-instance-of-cqt-2 p»
shows (AOT-instance-of-cqt-2 (A1. «Qp{T}»)
using assms
by (auto simp: AOT-instance-of-cqt-2-def AOT-sem-denotes
AOT-model-lambda-denotes AOT-sem-dia)
lemma AOT-instance-of-cqt-2-intros-conj| AOT-instance-of-cqt-2-introl:
assumes (AOT-instance-of-cqt-2 p» and <AOT-instance-of-cqt-2 >
shows (AOT-instance-of-cqt-2 (A1. «p{7} & Y{r}»)
using assms
by (auto simp: AOT-instance-of-cqt-2-def AOT-sem-denotes
AOT-model-lambda-denotes AOT-sem-cony)
lemma AOT-instance-of-cqt-2-intros-disj| AO T-instance-of-cqt-2-intro):
assumes (AOT-instance-of-cqt-2 p» and <AOT-instance-of-cqt-2 >
shows (AOT-instance-of-cqt-2 (A1. «p{7} V Y{r}»)
using assms
by (auto simp: AOT-instance-of-cqt-2-def AOT-sem-denotes
AOT-model-lambda-denotes AOT-sem-disj)
lemma AOT-instance-of-cqt-2-intros-equib[ AO T-instance-of-cqt-2-intro):
assumes (AOT-instance-of-cqt-2 p» and <AOT-instance-of-cqt-2 1>
shows (AOT-instance-of-cqt-2 (A1. «p{T} = Y{r}»)
using assms
by (auto simp: AOT-instance-of-cqt-2-def AOT-sem-denotes
AOT-model-lambda-denotes AOT-sem-equiv)
lemma AOT-instance-of-cqt-2-intros-forall[ AO T-instance-of-cqt-2-intro|:
assumes <\ « . AOT-instance-of-cqt-2 (¢ «a)»
shows (AOT-instance-of-cqt-2 (A1. «<Va ®{a,7}»)
using assms
by (auto simp: AOT-instance-of-cqt-2-def AOT-sem-denotes
AOT-model-lambda-denotes AOT-sem-forall)
lemma AOT-instance-of-cqt-2-intros-exists| AO T-instance-of-cqt-2-intro):
assumes <\ « . AOT-instance-of-cqt-2 (P «a)»
shows (AOT-instance-of-cqt-2 (A1. «Fa ®{a,7}»)>
using assms
by (auto simp: AOT-instance-of-cqt-2-def AOT-sem-denotes
AOT-model-lambda-denotes AOT-sem-exists)
lemma AOT-instance-of-cqt-2-intros-exe-arg-self [ AO T-instance-of-cqt-2-intro:
«AOT-instance-of-cqt-2-exe-arg (A\z. )
unfolding AOT-instance-of-cqt-2-exe-arg-def AOT-instance-of-cqt-2-def
AOT-sem-lambda-denotes
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by (auto simp: AOT-model-term-equiv-part-equivp equivp-reflp AOT-sem-denotes)
lemma AOT-instance-of-cqt-2-intros-exe-arg-const[ AO T-instance-of-cqt-2-intro]:
<AOT-instance-of-cqt-2-exe-arg (Az. K)>
unfolding AOT-instance-of-cqt-2-exe-arg-def AOT-instance-of-cqt-2-def
by (auto simp: AOT-model-term-equiv-part-equivp equivp-reflp
AOT-sem-denotes AOT-sem-lambda-denotes)
lemma AOT-instance-of-cqt-2-intros-exe-arg-fst[ AO T-instance-of-cqt-2-introl:
<AOT-instance-of-cqt-2-exe-arg fst»
unfolding AOT-instance-of-cqt-2-exe-arg-def AOT-instance-of-cqt-2-def
by (simp add: AOT-model-term-equiv-prod-def case-prod-beta)
lemma AOT-instance-of-cqt-2-intros-exe-arg-snd[AO T-instance-of-cqt-2-intro):
«AOT-instance-of-cqt-2-exe-arg snd»
unfolding AOT-instance-of-cqt-2-exe-arg-def AOT-instance-of-cqt-2-def
by (simp add: AOT-model-term-equiv-prod-def AOT-sem-denotes AOT-sem-lambda-denotes)
lemma AOT-instance-of-cqt-2-intros-exe-arg-Pair| AO T-instance-of-cqt-2-intro):
assumes (AOT-instance-of-cqt-2-exe-arg ¢> and <AOT-instance-of-cqt-2-exe-arg >
shows (AOT-instance-of-cqt-2-exe-arg (At. Pair (p 7) (¢ 7))
using assms
unfolding AOT-instance-of-cqt-2-exe-arg-def AOT-instance-of-cqt-2-def
AOT-sem-denotes AOT-sem-lambda-denotes AOT-model-term-equiv-prod-def
AOT-model-denotes-prod-def
by auto
lemma AOT-instance-of-cqt-2-intros-desc[AO T-instance-of-cqt-2-introl:
assumes (\z :: ‘a:AOT-k. AOT-instance-of-cqt-2 (P z)»
shows <AOT-instance-of-cqt-2-exe-arg (A & = 'b:AOT-k . «ez(P{z,5})»)>
proof —
have 0: <\ k k'. AOT-model-denotes k A AOT-model-denotes k' A
AOT-model-term-equiv k k' =
®2k=® 2k’ for z
using assms
unfolding AOT-instance-of-cqt-2-def
AOT-sem-denotes AOT-model-lambda-denotes by force
{

fix k K’
have ««z(®{z,k})» = «z(®{z,c'})»
if <AOT-model-denotes k A AOT-model-denotes k' A AOT-model-term-equiv k k'
using 0[OF that]
by auto
moreover have <AO0T-model-term-equiv z 1> for z :: <'a:: AOT-x»
by (metis AOT-instance-of-cqt-2-exe-arg-def
AOT-instance-of-cqt-2-intros-eze-arg-const
AOT-model-A-objects AOT-model-term-equiv-denotes
AOT-model-term-equiv-eps(1))
ultimately have (A0 T-model-term-equiv «tz(®{z,k})» «z2(P{z,6"})»
if <AOT-model-denotes k A AOT-model-denotes k' A AOT-model-term-equiv k k'
using that by simp

thus ?thesis using 0
unfolding AOT-instance-of-cqt-2-exe-arg-def
by simp
qed

lemma AOT-instance-of-cqt-2-intros-eze-const[ AOT-instance-of-cqt-2-intro]:
assumes (AOQT-instance-of-cqt-2-exe-arg Ks»
shows (AOT-instance-of-cqt-2 (Az :: 'b::AOT-ks. AOT-eze 11 (ks z))»
using assms
unfolding AOT-instance-of-cqt-2-def AOT-sem-denotes AOT-model-lambda-denotes
AOT-sem-disj AOT-sem-conj
AOT-sem-not AOT-sem-box AOT-sem-act AOT-instance-of-cqt-2-exe-arg-def
AOT-sem-equiv AOT-sem-imp AOT-sem-forall AOT-sem-exists AOT-sem-dia
by (auto intro!: AOT-sem-exe-equiv)
lemma AOT-instance-of-cqt-2-intros-ezxe-lam[AO T-instance-of-cqt-2-intro):
assumes <A y . AOT-instance-of-cqt-2 (A\z. ¢ x y)»
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and <AOT-instance-of-cqt-2-exe-arg Ks»
shows «AOT-instance-of-cqt-2 (Ak1kn = 'b::AOT-ks.
«[AVi..Vn ©{R1...kn,V1. . Un}|CKS Kikn»»))
proof —
{
fixzy: b
assume (AOT-model-denotes x»
moreover assume (AOT-model-denotes y»
moreover assume (AOT-model-term-equiv x y»
moreover have I: <o z = ¢
using assms calculation unfolding AOT-instance-of-cqt-2-def by blast
ultimately have <AOT-exe (AOT-lambda (¢ z)) (ks z) =
AOT-exe (AOT-lambda (¢ y)) (ks y)»
unfolding 7
apply (safe introl: AOT-sem-exe-equiv)
by (metis AOT-instance-of-cqt-2-exe-arg-def assms(2))
}
thus %thesis
unfolding AOT-instance-of-cqt-2-def
AOT-instance-of-cqt-2-exe-arg-def
by blast
qged
lemma AOT-instance-of-cqt-2-intro-prod[ AO T-instance-of-cqt-2-intro):
assumes <\ z . AOT-instance-of-cqt-2 (¢ z)>
and <\ z . AOT-instance-of-cqt-2 (X z . ¢ z z)»
shows (AOT-instance-of-cqt-2 (A(z,y) . ¢  y)»
using assms unfolding AOT-instance-of-cqt-2-def
by (auto simp add: AOT-model-lambda-denotes AOT-sem-denotes
AOT-model-denotes-prod-def
AOT-model-term-equiv-prod-def)

The following are already derivable semantically, but not yet added to AOT-instance-of-cqt-2-intro. They
will be added with the next planned extension of axiom cqt:2.

named-theorems AOT-instance-of-cqt-2-intro-next
definition AOT-instance-of-cqt-2-enc-arg :: <('a::AOT-ks = 'b::AOT-ks) = bool> where
<AOT-instance-of-cqt-2-enc-arg = X ¢ .V zy z .
AOT-model-denotes x A AOT-model-denotes y N AOT-model-term-equiv x y —>
AOT-enc (¢ ) z = AOT-enc (p y) »
definition AOT-instance-of-cqt-2-enc-rel :: <('a::AOT-ks = <'b::AOT-ks>) = bool> where
<AOT-instance-of-cqt-2-enc-rel = X p .V zy z .
AOT-model-denotes © N AOT-model-denotes y A AOT-model-term-equiv x y —
AOT-enc z (p ) = AOT-enc z (¢ y)»
lemma AOT-instance-of-cqt-2-intros-enc[AO T-instance-of-cqt-2-intro-next|:
assumes (AOT-instance-of-cqt-2-enc-rel Iy and <AOT-instance-of-cqt-2-enc-arg ks
shows (AOT-instance-of-cqt-2 (Az . AOT-enc (ks z) «[«IL z»]»)>
using assms
unfolding AOT-instance-of-cqt-2-def AOT-sem-denotes AOT-model-lambda-denotes
AOT-instance-of-cqt-2-enc-rel-def AOT-sem-not AOT-sem-box AOT-sem-act
AOT-sem-dia AOT-sem-conj AOT-sem-disj AOT-sem-equiv AOT-sem-imp
AOT-sem-forall AOT-sem-exists AOT-instance-of-cqt-2-enc-arg-def
by fastforce+
lemma AOT-instance-of-cqt-2-enc-arg-intro-const[ AO T-instance-of-cqt-2-intro-next]:
«AOT-instance-of-cqt-2-enc-arg (Az. c)»
unfolding AOT-instance-of-cqt-2-enc-arg-def by simp
lemma AOT-instance-of-cqt-2-enc-arg-intro-desc[AO T-instance-of-cqt-2-intro-next:
assumes (\z :: ‘a:AOT-x. AOT-instance-of-cqt-2 (P z)»
shows <AOT-instance-of-cqt-2-enc-arg (A k == 'b:AOT-K . «2(P{z,5})»)>
proof —
have 0: <\ k k' AOT-model-denotes kK A AOT-model-denotes k' A
AOT-model-term-equiv k k' =>
b 2k=® 2k’ for 2
using assms
unfolding AOT-instance-of-cqt-2-def

56



AOT-sem-denotes AOT-model-lambda-denotes by force
{
fix K k'
have <«2(®{z,k})» = «z(P{z,c'})»
if cAOT-model-denotes k A AOT-model-denotes k' A AOT-model-term-equiv k k"
using 0[OF that]
by auto
}
thus ?thesis using 0
unfolding AOT-instance-of-cqt-2-enc-arg-def by meson
qed
lemma AOT-instance-of-cqt-2-enc-rel-intro AO T-instance-of-cqt-2-intro-next):
assumes <\ k . AOT-instance-of-cqt-2 (A&’ :: '0::AOT-ks . p Kk K')
assumes (\ k' . AOT-instance-of-cqt-2 Mk :: 'a:AOT-ks . ¢ kK k')
shows <AOT-instance-of-cqt-2-enc-rel (A :: 'a::AOT-ks. AOT-lambda (Ak'. ¢ Kk K'))»
proof —
{
fixzy: ‘aand z :'b
assume <AOT-model-term-equiv >
moreover assume (AOT-model-denotes »
moreover assume <(AOT-model-denotes y»
ultimately have <p z = ¢
using assms unfolding AOT-instance-of-cqt-2-def by blast
hence (AOT-enc z (AOT-lambda (¢ z)) = AOT-enc z (AOT-lambda (¢ y))»
by simp
}

thus %thesis
unfolding AOT-instance-of-cqt-2-enc-rel-def by auto
qed

Further restrict unary individual variables to type x (rather than class AOT-x only) and define being
ordinary and being abstract.

AOT-register-type-constraints
Individual: <y <-::AOT-Ks>

AOT-define AOT-ordinary :: Il (<Ob) <O! =q5 [Az OE'z)
declare AOT-ordinary[AOT del, AOT-defs del]
AOT-define AOT-abstract :: (Il (<AD) <Al =45 [Az =OE!x)»
declare AOT-abstract|AOT del, AOT-defs del]

context AOT-meta-syntax

begin

notation AOT-ordinary («O!)
notation AOT-abstract ((Al)
end

context AOT-no-meta-syntax
begin

no-notation AOT-ordinary (<O!)
no-notation AOT-abstract (<Al»)
end

no-translations
-AOT-concrete => CONST AOT-term-of-var (CONST AOT-concrete)
parse-translation¢
[(syntaz-const <-AOT-concretes, fn - => fn [] =>
Const (const-name «(AOT-term-of-vary, dummyT)
$ Const (const-name «AOT-concretes, typ«<k> AOT-var))]
)

Auxiliary lemmata.

lemma AOT-sem-ordinary: «O» = «[Az OE!z]»
using AOT-ordinary[THEN AOT-sem-id-defOE1] AOT-sem-ordinary-def-denotes
by (auto simp: AOT-sem-eq)
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lemma AOT-sem-abstract: «Al» = «[Az ~OElz]»
using AOT-abstract| THEN AOT-sem-id-defOE1] AOT-sem-abstract-def-denotes
by (auto simp: AOT-sem-eq)
lemma AOT-sem-ordinary-denotes: [w = O]
by (simp add: AOT-sem-ordinary AOT-sem-ordinary-def-denotes)
lemma AOT-meta-abstract-denotes: <[w = All]»
by (simp add: AOT-sem-abstract AOT-sem-abstract-def-denotes)
lemma AOT-model-abstract-ak: <3 a . k = ak a) if v | Al
using that[unfolded AOT-sem-abstract, simplified
AOT-meta-abstract-denotes[unfolded AOT-sem-abstract, THEN AOT-sem-lambda-beta,
OF that[simplified AOT-sem-exe, THEN conjunct2, THEN conjunctl]]]
apply (simp add: AOT-sem-not AOT-sem-dia AOT-sem-concrete)
by (metis AOT-model-w-concrete-in-some-world AOT-model-concrete-.simps(1)
AOT-model-denotes-k-def AOT-sem-denotes AOT-sem-exe k.exhaust-disc
is-ak-def is-wk-def that)
lemma AOT-model-ordinary-wk: <3 a . k = wk a> if (v = O]
using that[unfolded AOT-sem-ordinary, simplified
AOT-sem-ordinary-denotes|unfolded AOT-sem-ordinary, THEN AOT-sem-lambda-beta,
OF that[simplified AOT-sem-exe, THEN conjunct2, THEN conjunct1]]]
apply (simp add: AOT-sem-dia AOT-sem-concrete)
by (metis AOT-model-concrete-x.simps(2) AOT-model-concrete-.simps(3)
k.ezhaust-disc is-ak-def is-wk-def is-nullk-def)
lemma AOT-model-wk-ordinary: <[v = Olkwk T»]»
by (metis AOT-model-abstract-ak AOT-model-denotes-r-def AOT-sem-abstract
AOT-sem-denotes AOT-sem-ind-eq AOT-sem-ordinary k.disc(7) x.distinct(1))
lemma AOT-model-ak-ordinary: [v = Alkar z»]>
by (metis AOT-model-denotes-k-def AOT-model-ordinary-wx AOT-sem-abstract
AOT-sem-denotes AOT-sem-ind-eq AOT-sem-ordinary k.disc(8) k.distinct(1))
AOT-theorem prod-denotesE: assumes <«(k1,k2)»)> shows k1l & K2l
using assms by (simp add: AOT-sem-denotes AOT-sem-conj AOT-model-denotes-prod-def)
declare prod-denotesE[AOT del]
AOT-theorem prod-denotesl: assumes <k1l & r2]) shows «(k1,k2)»>
using assms by (simp add: AOT-sem-denotes AOT-sem-conj AOT-model-denotes-prod-def)
declare prod-denotesI[AOT del]

Prepare the derivation of the additional axioms that are validated by our extended models.

locale AOT-ExtendedModel =
assumes AOT-ExtendedModel: < AOT-ExtendedModel»
begin
lemma AOT-sem-indistinguishable-ord-enc-all:
assumes II-den: v |= II]]»
assumes Az: v = Alz]
assumes Ay: (v = Aly)
assumes indist: v =V F O([Flz = [Fly)]
shows
(v E VGV 2(0lz — O([G]z = [I1]2)) — z[G])] =
[v EVGVz(0lz — O(G]z = [I1]2)) — y[G))]
proof —
have 0: «[v = [Az ~0[E!]z]z]
using Az by (simp add: AOT-sem-abstract)
have I: v E [Az =O[Ez]y]»
using Ay by (simp add: AOT-sem-abstract)

assume (v =V G(Vz (0Olz —» O([G]z = [1]z)) — z[G])]
hence 3: «[v E V G(Vz([\z O[E!z]z — O([G]z = [I]z)) — z[G])]»
by (simp add: AOT-sem-ordinary)
{
fix I’ «<k>>
assume I: (v = II'}]»
assume 2: <[v E [Az O[EYz]z — O([II]z = [I1]z)]» for 2
have (v | z[IT']])
using 3
by (auto simp: AOT-sem-forall AOT-sem-imp AOT-sem-box AOT-sem-denotes)
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(metis (no-types, lifting) 1 2 AOT-term-of-var-cases AOT-sem-box
AOT-sem-denotes AOT-sem-imp)
} note 3 = this
fix 117 «<k>>
assume II-den: <[v = II']]
assume 4: (v = Vz (0lz — O([I1"z = []2))]»

fix Ko
assume <[v = [Az O[E!z]ko]>
hence «[v = Olko)>
using AOT-sem-ordinary by metis
moreover have ([v E kol]
using calculation by (simp add: AOT-sem-ezxe)
ultimately have «[v = O([Il]ko = [H]ko)]»
using 4 by (auto simp: AOT-sem-forall AOT-sem-imp)
} note 4 = this
{
fix " «<k>>
assume <([v = II"]]»

moreover assume <[ H ’]/co = [w = [[l]ko]» if <[v | [Az OE!z]ro]> for ko w
ultimately have 5: B
using 4 &

by (auto simp: AOT-sem-imp AOT-sem-equiv AOT-sem-box)
} note 5 = this
have «[v = y[II']]
apply (rule AOT-sem-enc-indistinguishable-alllOF AOT-EzxtendedModel])
apply (fact 0)
by (auto simp: 5 0 1 II-den indist[simplified AOT-sem-forall
AOT-sem-box AOT-sem-equiv])
}
moreover {
{
assume (v =V G(Vz (0'z — O([G]z = [II]
hence 3: «[v E VGV z ([Az O[E!|z]z — O([G]
by (simp add: AOT-sem-ordinary)
{
fix II' 2 «<K>>
assume I: v = I’}
assume 2: [v = [Az O[E!|z]z — O([I1']z = [I1]2)]> for z
have «[v | y[II'])
using 3
apply (simp add: AOT-sem-forall AOT-sem-imp AOT-sem-box AOT-sem-denotes)
by (metis (no-types, lifting) 1 2 AOT-model. AOT-term-of-var-cases
AOT-sem-box AOT-sem-denotes AOT-sem-imp)
} note 3 = this
fix 17 :: <<k>»
assume Il-den: <[v = T’}
assume 4: (v E Vz (0lz — O([l1']z = []2))]
{
fix ko
assume <[v = [Az O[E!z]ko]>
hence v = Olko)>
using AOT-sem-ordinary by metis
moreover have <[v = kol]
using calculation by (simp add: AOT-sem-eze)
ultimately have ([v = O([Il'|ko = [[]xo))>
using 4 by (auto simp: AOT-sem-forall AOT-sem-imp)
} note 4 = this
{
fix IT" :: «<k>>
assume «[v = 11"
moreover assume (|w |= [[I"]ko] = [w & [IT']ko]> if <[v & [Az O E!z]ko]> for w ko
ultimately have (v = y[I1"]]p
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using 3 4 by (auto simp: AOT-sem-imp AOT-sem-equiv AOT-sem-box)
} note 5 = this
have «([v = z[IT']])
apply (rule AOT-sem-enc-indistinguishable-all|OF AOT-ExtendedModel])
apply (fact 1)
by (auto simp: 5 0 1 II-den indist[simplified AOT-sem-forall
AOT-sem-box AOT-sem-equiv])
}
}
ultimately show v E VG (Vz (0z — O([G]z = [I1]z)) — z[G])] =
[vEVG (Vz (0z — O(G]z = [I]z)) — y[G])]»
by (auto simp: AOT-sem-forall AOT-sem-imp)
qed

lemma AOT-sem-indistinguishable-ord-enc-ex:
assumes II-den: v = II]]»
assumes Az: «[v = Alz]
assumes Ay: <[v E Aly)
assumes indist: v =V F O([Flz = [Fly)]
shows (v E3G(Vz (02 — O([Glz = [M]2)) & z[G])] =
[viE=3IGV2(0z — O(G)z = [II]2)) & y[G]))
proof —
have Auz: v E [Az O[EYz]x] = ([v E [Az O[ENz]k] A [v E K{]) for v &
using AOT-sem-exe by blast
AOT-modally-strict {
fixzy
AOT-assume II-den: «[IT]}»
AOT-assume 2: <V F O([Fl|z = [Fly)»
AOT-assume <Alz»
AOT-hence 0: Az ~O[El]z]|z
by (simp add: AOT-sem-abstract)
AOQOT-assume (Aly»
AOT-hence I: <[Az =Q[Elz]y
by (simp add: AOT-sem-abstract)
{
AOT-assume (3 G(Vz (0'z — O([G]z = [II]2)) & z[G])»
then AOT-obtain IT’
where II'-den: I1']»
and [I’-indist: <Vz (Olz — O([I1']z = [I1]2))
and z-enc-I1": «z[I1])
by (meson AOT-sem-conj AOT-sem-exists)
{
fix Ko
AOT-assume <Az Q[E!|z]ko>
AQOT-hence O([ll'|xo = []ko)>
using I1’-indist
by (auto simp: AOT-sem-exze AOT-sem-imp AOT-sem-exists AOT-sem-conj
AOT-sem-ordinary AOT-sem-forall)
} note 3 = this
AOT-have Vz ([Az O[E!|z]z — O[]z = []z))
using I1’-indist by (simp add: AOT-sem-ordinary)
AOT-obtain IT"" where
I1"-den: I1"’]» and
"-indist: Az QO[E!|z]ko — O([1"]ko = [[]xo)> and
y-enc-11"": «y[I1"]> for ko
using AOT-sem-enc-indistinguishable-exz| OF AOT-ExtendedModel,
OF 0, OF 1, rotated, OF Tl-den,
OF exzl[where z=I1], OF conjl, OF Tl'-den, OF conjl,
OF z-enc-I1', OF alll, OF impl,
OF 38[simplified AOT-sem-box AOT-sem-equiv|, simplified, OF
2[simplified AOT-sem-forall AOT-sem-equiv AOT-sem-bot,
THEN spec, THEN mp, THEN spec], simplified)
unfolding AOT-sem-imp AOT-sem-box AOT-sem-equiv by blast
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AOT-have I1""}»
and Vz ([Az O[E!z]z — O([I1"]z = []z))>
and <y[IT")
apply (simp add: T1""-den)
apply (simp add: AOT-sem-forall T1"'-indist)
by (simp add: y-enc-11"")
} note 2 = this
AOT-have <3G(Vz (0lz — O([G]z = [1]2)) & y[G])
apply (simp add: AOT-sem-exists AOT-sem-ordinary
AOT-sem-imp AOT-sem-box AOT-sem-forall AOT-sem-equiv AOT-sem-conyj)
using 2[simplified AOT-sem-box AOT-sem-equiv AOT-sem-imp AOT-sem-forall
by blast

} note 0 = this
AOT-modally-strict {
{
fixzy
AOT-assume II-den: <[II]{»
moreover AOT-assume <V F O([Flz = [Fly)»
moreover AOT-have <V F O([Fly = [Flz)»
using calculation(2)
by (auto simp: AOT-sem-forall AOT-sem-box AOT-sem-equiv)
moreover AOT-assume <Alz)
moreover AOT-assume <Aly»
ultimately AOT-have (3G (V2 (0!z — O([G]z = [11]2)) & z[G]) =
3G (Vz (0lz = O([G)z = [I1]2)) & y[G])»
using 0 by (auto simp: AOT-sem-equiv)
}
have I: <[v = VF O([Fly = [Flz))
using indist
by (auto simp: AOT-sem-forall AOT-sem-box AOT-sem-equiv)
thus (v E 3G (Vz (02 — O([G]z = [1]2)) & z[G])] =
[viE3IG (Vz (0z = O(G]z = [I]2)) & y[G]))
using assms
by (auto simp: AOT-sem-imp AOT-sem-conj AOT-sem-equiv 0)
}
qed
end

setup«setup-AOT-no-atpy
bundle AOT-no-atp begin declare AOT-no-atp[no-atp] end

theory AOT-Definitions
imports AOT-semantics
begin

6 Definitions of AOT

AOT-theorem conventions:1: <p & ¥ =q5 —(p — )
using AOT-conj.

AOQOT-theorem conventions:2: <o V ¢ =q5 —¢p — ¢
using AOT-disj.

AOT-theorem conventions:3: «p = 9 =q5 (¢ = V) & (Y — @)
using AOT-equiv.

AOT-theorem conventions:4: <3a p{a} =45 Va -p{ap
using AOT-exists.

AQOT-theorem conventions:5: Q¢ =45 —U-¢p»
using AOT-dia.

61



declare conventions: 1{AOT-defs] conventions:2[AOT-defs|
conventions: 3[AOT-defs| conventions:4[AOT-defs]
conventions: 5[ AOT-defs]

notepad
begin
fix ¢ ¢ x

have conventions3[1]: <«p — ¥ = —b = —p» = «(p = V) = (= = —p)»
by blast
have conventions3[2]: ««p & ¥ — x» = «(¢ & ) — x»
and ««@ V¢ = x» = «(p V) = x»
by blast+
have conventions3[3]: ««p V ¥ & x» = «(¢ V ¢) & x»
and «p & Y V x» = «(p & ) V x»
by blast+ — Note that PLM instead generally uses parenthesis in these cases.
end

AOT-theorem ezistence:I: k| =q5 IF [Flr»
by (simp add: AOT-sem-denotes AOT-sem-ezists AOT-model-equiv-def)
(metis AOT-sem-denotes AOT-sem-exe AOT-sem-lambda-beta AOT-sem-lambda-denotes)
AOT-theorem ezistence:2: 11}, =q¢ Iz1...3 20 1.2 [
using AOT-sem-denotes AOT-sem-enc-denotes AOT-sem-universal-encoder
by (simp add: AOT-sem-denotes AOT-sem-exists AOT-model-equiv-def) blast
AOT-theorem ezistence:2[1]: <II} =45 Jz z[II)
using existence:2[of 11| by simp
AOT-theorem ezistence:2[2]: 11| =45 FzIy zy[II]>
using ezistence:2[of 1I]
by (simp add: AOT-sem-denotes AOT-sem-exists AOT-model-equiv-def
AOT-model-denotes-prod-def)
AOT-theorem ezistence:2[3]: Il =q5 23 y3 z zyz[II)
using existence:2[of 11|
by (simp add: AOT-sem-denotes AOT-sem-exists AOT-model-equiv-def
AOT-model-denotes-prod-def)
AOT-theorem ezistence:2[4]: <Il| =4 Iz13 223 233 T4 T1T2T374[IT]>
using ezistence:2[of 1I]
by (simp add: AOT-sem-denotes AOT-sem-exists AOT-model-equiv-def
AOT-model-denotes-prod-def)

AOT-theorem ezistence:3: «pl =ay [Az o]
by (simp add: AOT-sem-denotes AOT-model-denotes-o-def AOT-model-equiv-def
AOT-model-lambda-denotes)

declare existence: 1[AOT-defs] existence:2[AOT-defs] existence:2[1][AOT-defs]
existence: 2[2][AOT-defs] existence:2[3][AOT-defs]
existence: 2[4][AOT-defs| existence:3[AOT-defs)

AOT-theorem oa:1: <O! =45 [Az QFE!z]y using AOT-ordinary .
AOT-theorem oa:2: (Al =45 [Az —~QFElz]y using AOT-abstract .

declare oa:1[AOT-defs] oa:2][AOT-defs]

AOT-theorem identity: 1:
@ =1y =qr ([Oz & [Oy & OV F ([Flz = [Fly)) V
([Allz & [Ally & OV F (z[F] = y[F]))»
unfolding AOT-model-equiv-def
using AOT-sem-ind-eqlof - z y]
by (simp add: AOT-sem-ordinary AOT-sem-abstract AOT-sem-conj
AOT-sem-box AOT-sem-equiv AOT-sem-forall AOT-sem-disj AOT-sem-eq
AOT-sem-denotes)

AOT-theorem identity:2:
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F = G =45 Fl & G| & OV z(z[F] = z[G])

using AOT-sem-enc-eqlof - F G|

by (auto simp: AOT-model-equiv-def AOT-sem-imp AOT-sem-denotes AOT-sem-eq
AOT-sem-conj AOT-sem-forall AOT-sem-box AOT-sem-equiv)

AOT-theorem identity:3[2]:
F'= G =45 FIL & G| & Vy([\z [Flzy] = [Az [Glzy] & [Az [Flyz] = [z [Glyz])»
by (auto simp: AOT-model-equiv-def AOT-sem-proj-id-prop[of - F G|
AOT-sem-proj-id-prod-def AOT-sem-conj AOT-sem-denotes
AOT-sem-forall AOT-sem-unary-proj-id AOT-model-denotes-prod-def)
AOT-theorem identity:3[3)]:
F =G =45 Fl & Gl &Vy1Vy2([Az [Flzyryz]) = [Az [Glzyiyz2] &
Az [Flyrzys] = [Az [Glyizy2] &
Az [Flyry22] = [Az [G]yry22])>
by (auto simp: AOT-model-equiv-def AOT-sem-proj-id-proplof - F G|
AOT-sem-proj-id-prod-def AOT-sem-conj AOT-sem-denotes
AOT-sem-forall AOT-sem-unary-proj-id AOT-model-denotes-prod-def)
AOT-theorem identity:3[4]:
(F =G =ay FL & G| & ViV y2Vys([Az [Fleyiyays] = [Nz [Glayryzys] &
Az [Flyizy2ys] = [Az [Glyizy2ys] &
Az [Fly1y22ys] = [Az [Gly1y22ys] &
Az [Fly1y2ys2] = [Az [Gly1y2ys2])
by (auto simp: AOT-model-equiv-def AOT-sem-proj-id-proplof - F G|
AOT-sem-proj-id-prod-def AOT-sem-conj AOT-sem-denotes
AOT-sem-forall AOT-sem-unary-proj-id AOT-model-denotes-prod-def)
AOT-theorem identity:3:
F=G=q45 Fl & G|l & V1.V, «AOT-sem-proj-id z12n (A 7 . AOT-ezxe F 1)
(A7 . AOT-exe G )
by (auto simp: AOT-model-equiv-def AOT-sem-proj-id-proplof - F G|
AOT-sem-proj-id-prod-def AOT-sem-conj AOT-sem-denotes
AOT-sem-forall AOT-sem-unary-proj-id AOT-model-denotes-prod-def)

AOT-theorem identity:4:
(p=q=a5 pl & ¢l &Mz p] = Az gp
by (auto simp: AOT-model-equiv-def AOT-sem-eq AOT-sem-denotes AOT-sem-conj
AOT-model-lambda-denotes AOT-sem-lambda-eg-prop-eq)

declare identity: 1[AOT-defs] identity:2[AOT-defs] identity:3[2][AOT-defs]
identity:3[3][AOT-defs| identity:3[4][AOT-defs] identity:3[AOT-defs
identity:4[AOT-defs|

AOT-define AOT-nonidentical :: <7 = 7 = ¢ (infixl <#> 50)
=—infixz: <7 # 0 =q5 (T = o)

context AOT-meta-syntax

begin

notation AOT-nonidentical (infixl «#> 50)
end

context AOT-no-meta-syntax

begin

no-notation AOT-nonidentical (infixl «#> 50)
end

The following are purely technical pseudo-definitions required due to our internal implementation of
n-ary relations and ellipses using tuples.

AOT-theorem tuple-denotes: <«(T,7")») =ar 7| & 7'}
by (simp add: AOT-model-denotes-prod-def AOT-model-equiv-def
AOT-sem-conj AOT-sem-denotes)
AOT-theorem tuple-identity-1: <«(7,7")» = «(o, c')» =ay (T = 0) & (7
by (auto simp: AOT-model-equiv-def AOT-sem-conj AOT-sem-eq
AOT-model-denotes-prod-def AOT-sem-denotes)
AOT-theorem tuple-forall: vV ai..¥Van, o{ai..an}t =a5 Va1 (Vaz..Va, o{«(a1, azan)»})
by (auto simp: AOT-model-equiv-def AOT-sem-forall AOT-sem-denotes

I — O"))
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AOT-model-denotes-prod-def)
AOT-theorem tuple-exists: (Jai...3an p{ai...an} =qy Jar(Faz...3an p{«(a1, asan)»})
by (auto simp: AOT-model-equiv-def AOT-sem-exists AOT-sem-denotes
AOT-model-denotes-prod-def)
declare tuple-denotes[AOT-defs| tuple-identity-1{AOT-defs] tuple-foralll AOT-defs]
tuple-exists| AOT-defs)

end

7 Axioms of PLM

AOT-axiom pl:1: <p — (Y = o)

by (auto simp: AOT-sem-imp AOT-model-aziomlI)
AOT-axiom pl:2: <(¢ = (¥ = x)) = ((p = ¢¥) = (¢ = X))

by (auto simp: AOT-sem-imp AOT-model-azioml)
AOT-axiom pl:3: «(—¢ — ) = ((mp — ) = o)

by (auto simp: AOT-sem-imp AOT-sem-not AOT-model-azioml)

AOT-axiom cqgt:1: Va o{a} = (74 = o{7})
by (auto simp: AOT-sem-denotes AOT-sem-forall AOT-sem-imp AOT-model-axioml)

AOT-axiom cqt:2[const-var]: «al»
using AOT-sem-vars-denote by (rule AOT-model-azioml)
AOT-axiom cgt:2[lambda):
assumes (INSTANCE-OF-CQT-2(¢)»
shows (Avi..vn o{vi..va}]d
by (auto introl: AOT-model-aziomI AOT-sem-cqt-2[OF assms))
AOT-axiom cqt:2[lambda0]:
shows (X o]
by (auto introl: AOT-model-azioml
simp: AOT-sem-lambda-denotes existence:3[unfolded AOT-model-equiv-def])

AOT-axiom cgt:3: Vo (p{a} — Y{a}) - Va p{a} = Va p{a})
by (simp add: AOT-sem-forall AOT-sem-imp AOT-model-axioml)
AOT-axiom cqt:4: <p — Va p»
by (simp add: AOT-sem-forall AOT-sem-imp AOT-model-axioml)
AOT-axiom cgt:5:a: <[I]K1...6n — (I} & K1...knd)>
by (simp add: AOT-sem-conj AOT-sem-denotes AOT-sem-exe
AOT-sem-imp AOT-model-azioml)
AOT-axiom cgt:5:a[1]: «[II]x — (II} & k)
using cqgt:5:a AOT-model-aziomI by blast
AOT-axiom cgt:5:a[2]: (M]ki1ke — (II} & k1l & K2l )»
by (rule AOT-model-axioml)
(metis AOT-model-denotes-prod-def AOT-sem-conj AOT-sem-denotes AOT-sem-eze
AOT-sem-imp case-prodD)
AOT-axiom cqt:5:a[3]: (H]ki1k2rs = (I} & k1) & k2l & K3l)
by (rule AOT-model-azioml)
(metis AOT-model-denotes-prod-def AOT-sem-conj AOT-sem-denotes AOT-sem-exe
AOT-sem-imp case-prodD)
AOT-axiom cqt:5:a[4]: (H]k1k2k3ke = (I & k1l & kol & ksl & Kal)
by (rule AOT-model-azioml)
(metis AOT-model-denotes-prod-def AOT-sem-conj AOT-sem-denotes AOT-sem-exe
AOT-sem-imp case-prodD)
AOT-axiom cqt:5:b: <k1...60[11] = (I} & Ki...knd)»
using AOT-sem-enc-denotes
by (auto introl: AOT-model-azioml simp: AOT-sem-conj AOT-sem-denotes AOT-sem-imp)+
AOT-axiom cqt:5:b[1]: «x[ll] — (II} & k)
using cqt:5:b AOT-model-axiomlI by blast
AOT-axiom cgt:5:b[2]: «k1k2[Il] = (I} & K1l & K2l)»
by (rule AOT-model-aziomlI)
(metis AOT-model-denotes-prod-def AOT-sem-conj AOT-sem-denotes
AOT-sem-enc-denotes AOT-sem-imp case-prodD)
AOT-axiom cqt:5:b[3]: <kikars[ll] = (II] & k1l & K2l & K3l)»
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by (rule AOT-model-azioml)
(metis AOT-model-denotes-prod-def AOT-sem-conj AOT-sem-denotes
AOT-sem-enc-denotes AOT-sem-imp case-prodD)
AOT-axiom cqt:5:b[4]: <k1kaksralll] = (I} & k1l & Kol & k3l & Kal)
by (rule AOT-model-azioml)
(metis AOT-model-denotes-prod-def AOT-sem-conj AOT-sem-denotes
AOT-sem-enc-denotes AOT-sem-imp case-prodD)

AOT-axiom I—identity: <« = 8 — (¢{a} = {8}
by (rule AOT-model-azioml)
(sitmp add: AOT-sem-eq AOT-sem-imp)

AOT-act-axiom logic—actual: <Ap — >
by (rule AOT-model-act-azioml)
(simp add: AOT-sem-act AOT-sem-imp)

AQT-axiom logic—actual—nec:1: <A~p = —Ap»
by (rule AOT-model-axiomlI)
(simp add: AOT-sem-act AOT-sem-equiv AOT-sem-not)
AOT-axiom logic—actual—mnec:2: <A(p — ) = (Ap = AY)
by (rule AOT-model-aziomlI)
(stmp add: AOT-sem-act AOT-sem-equiv AOT-sem-imp)

AOT-axiom logic—actual—nec:3: <AV a p{a}) = Va Ap{a}
by (rule AOT-model-axzioml)
(sitmp add: AOT-sem-act AOT-sem-equiv AOT-sem-forall AOT-sem-denotes)
AOT-axiom logic—actual—nec:4: «(Ap = AAp)
by (rule AOT-model-axzioml)
(simp add: AOT-sem-act AOT-sem-equiv)

AOT-axiom gml:1: <O(p — ¢) = (Op — Oy)»
by (rule AOT-model-axioml)
(simp add: AOT-sem-box AOT-sem-imp)
AOT-axiom gml:2: <Oy — ¢»
by (rule AOT-model-axioml)
(simp add: AOT-sem-box AOT-sem-imp)
AOT-axiom gml:3: <O — OOp»
by (rule AOT-model-axiomlI)
(simp add: AOT-sem-box AOT-sem-dia AOT-sem-imp)

AOT-axiom gml:4: «)3z (E'z & —AE!z)>
using AOT-sem-concrete AOT-model-contingent
by (auto introl: AOT-model-azioml
simp: AOT-sem-box AOT-sem-dia AOT-sem-imp AOT-sem-exists
AOT-sem-denotes AOT-sem-conj AOT-sem-not AOT-sem-act
AOT-sem-ezxe)+

AOT-axiom gml—act:1: «Ap — OAp»
by (rule AOT-model-axzioml)
(simp add: AOT-sem-act AOT-sem-box AOT-sem-imp)
AOT-axiom gmi—act:2: <Op = Alp)
by (rule AOT-model-axzioml)
(simp add: AOT-sem-act AOT-sem-box AOT-sem-equiv)

AOT-axiom descriptions: <z = tx(p{z}) = V2(Ap{z} = z = z)»
proof (rule AOT-model-azioml)
AOT-modally-strict {
AOT-show <z = tx(p{z}) = V2(Ap{z} =2z = z)»
by (induct; simp add: AOT-sem-equiv AOT-sem-forall AOT-sem-act AOT-sem-eq)
(metis (no-types, opaque-lifting) AOT-sem-desc-denotes AOT-sem-desc-prop
AOT-sem-denotes)

qed
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AOT-axiom lambda—predicates: I:
(A1 o{vi vn L = Pvievn {viewn}] = A pin o{pa.pn}]
by (rule AOT-model-azioml)
(stmp add: AOT-sem-denotes AOT-sem-eq AOT-sem-imp)
AOT-axiom lambda—predicates: 1[zero]: <[A pld — [A p] = [A pp
by (rule AOT-model-azioml)
(sitmp add: AOT-sem-denotes AOT-sem-eq AOT-sem-imp)
AOT-axiom lambda—predicates:2:
(Az1czn o{zrzn = ([Az1eczn @{z1. 202120 = {2120 })
by (rule AOT-model-azioml)
(stmp add: AOT-sem-equiv AOT-sem-imp AOT-sem-lambda-beta AOT-sem-vars-denote)
AOT-axiom lambda—predicates:3: <[ Ax1...zn [Flz1...20] = F>
by (rule AOT-model-azioml)
(simp add: AOT-sem-lambda-eta AOT-sem-vars-denote)
AOT-axiom lambda—predicates:3[zerol: <[\ p] = p»
by (rule AOT-model-azioml)
(simp add: AOT-sem-eq AOT-sem-lambda0 AOT-sem-vars-denote)

AOT-axiom safe—ext:
([Avievn o{rvi.wvpdll & VY. Vo, (e{vi..vn} = Y{vi.vn})) —
Av1..vn Y{vr..vn H
using AOT-sem-lambda-coex
by (auto introl: AOT-model-aziomlI simp: AOT-sem-imp AOT-sem-denotes AOT-sem-conj
AOT-sem-equiv AOT-sem-box AOT-sem-forall)
AOT-axiom safe—ext[2)]:
([Avive o{vi,wa}ll & OVviV e (p{vi, va} = Y{vi, v2})) —
[)\Vlyz QJ){Ul,VQ}]J,)
using safe—ext[where p=\(z,y). ¢ z Y|
by (simp add: AOT-model-axiom-def AOT-sem-denotes AOT-model-denotes-prod-def
AOT-sem-forall AOT-sem-imp AOT-sem-conj AOT-sem-equiv AOT-sem-box)
AOT-axiom safe—ext[3]:
([Avivavs o{vi,va,vstd & OV VY vaVrs (e{ve, va, vs} = Y{vi, va, vs})) —
[)\V1V21/3 1/){1/1,1/2,V3}H,)
using safe—ext[where p=X\(z,y,2). ¢ z y 2|
by (simp add: AOT-model-axiom-def AOT-model-denotes-prod-def AOT-sem-forall
AOT-sem-denotes AOT-sem-imp AOT-sem-conj AOT-sem-equiv AOT-sem-boz)
AOT-axiom safe—ext[4]:
([Avivavsvs p{vi,we,vs,valt]l &
OV VvV sy (p{ve, v, vs, va} = {1, va, vs, va})) —
[Avivovsva {vi,va,vs,va}]dd
using safe—ext[where p=X\(z,y,z,w). ¢ Ty z W)
by (simp add: AOT-model-axiom-def AOT-model-denotes-prod-def AOT-sem-forall
AOT-sem-denotes AOT-sem-imp AOT-sem-conj AOT-sem-equiv AOT-sem-bozx)

AOT-axiom nary—encoding[2):
x122[F] = z[Ay [Flyze] & z2[Ay [Flary)
by (rule AOT-model-aziomI)
(stmp add: AOT-sem-conj AOT-sem-equiv AOT-enc-prod-def AOT-proj-enc-prod-def
AOT-sem-unary-proj-enc AOT-sem-vars-denote)
AOT-axiom nary—encoding|3]:
12223 F) = m1 [Ny [Flyzazs] & z2[Ay [Flziyzs] & zs[Ay [Flzizay)
by (rule AOT-model-axioml)
(stmp add: AOT-sem-conj AOT-sem-equiv AOT-enc-prod-def AOT-proj-enc-prod-def
AOT-sem-unary-proj-enc AOT-sem-vars-denote)
AOT-axiom nary—encoding[4]:
r1zez3zalF| = zi[Ay [Flyzezsza] &
o[ Ay [Flziyzszs] &
z3[Ay [Flzizeyzs] &
za[Ay [Flziz2239)
by (rule AOT-model-azioml)
(sitmp add: AOT-sem-conj AOT-sem-equiv AOT-enc-prod-def AOT-proj-enc-prod-def
AOT-sem-unary-proj-enc AOT-sem-vars-denote)
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AOT-axiom encoding: <z[F] — Oz[F]>
using AOT-sem-enc-nec
by (auto introl: AOT-model-aziomI simp: AOT-sem-imp AOT-sem-bozx)

AOT-axiom nocoder: <Olz — —3 F z[F)
by (auto introl: AOT-model-aziomI
simp: AOT-sem-imp AOT-sem-not AOT-sem-exists AOT-sem-ordinary
AOT-sem-dia
AOT-sem-lambda-beta| OF AOT-sem-ordinary-def-denotes,
OF AOT-sem-vars-denote])
(metis AOT-sem-nocoder)

AOT-axiom A—objects: <z (Alz & V F(z[F] = o{F}))
proof(rule AOT-model-axiomlI)
AOT-modally-strict {
AOT-obtain k where (x| & O-Elk & VF (k[F] = o{F})»
using AOT-sem-A-objects|of - ¢]
by (auto simp: AOT-sem-imp AOT-sem-box AOT-sem-forall AOT-sem-exists
AOT-sem-conj AOT-sem-not AOT-sem-dia AOT-sem-denotes
AOT-sem-equiv) blast
AOT-thus 3z (Alz & VF(z[F] = o{F}))»
unfolding AOT-sem-exists
by (auto introl: exI[where z=kx]
simp: AOT-sem-lambda-beta| OF AOT-sem-abstract-def-denotes]
AOT-sem-box AOT-sem-dia AOT-sem-not AOT-sem-denotes
AOT-var-of-term-inverse AOT-sem-conj
AOT-sem-equiv AOT-sem-forall AOT-sem-abstract)

}

qed

AOT-theorem universal-closure:
assumes <for arbitrary o: p{a} € A
shows Vo p{a} € App
using assms
by (metis AOT-term-of-var-cases AOT-model-aziom-def AOT-sem-denotes AOT-sem-forall)

AOT-theorem act-closure:
assumes (@ € A
shows <(Ap € Ay
using assms by (simp add: AOT-model-aziom-def AOT-sem-act)

AOT-theorem nec-closure:
assumes (p € A
shows Oy € A
using assms by (simp add: AOT-model-aziom-def AOT-sem-bozx)

AOT-theorem universal-closure-act:
assumes <for arbitrary a: p{a} € A
shows Va p{a} € A
using assms
by (metis AOT-term-of-var-cases AOT-model-act-axiom-def AOT-sem-denotes
AOT-sem-forall)

The following are not part of PLM and only hold in the extended models. They are a generalization of
the predecessor axiom.

context AOT-FExtendedModel
begin
AOT-axiom indistinguishable-ord-enc-all:
A1) & Alz & Aly & VF O([Flz = [Fly) —
(VG =2(0'z — O(G]z = M]z)) — z[G])) =
VGV 2(0z — O(G]z = [I1]z)) — y[G]))»
by (rule AOT-model-axioml)
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(auto simp: AOT-sem-equiv AOT-sem-imp AOT-sem-conj
AOT-sem-indistinguishable-ord-enc-all)
AOT-axiom indistinguishable-ord-enc-ex:
A1 & Alz & Aly & VF O([Flz = [Fly) —
(BGNV2(0'z = O([G)z = M]z)) & z[G])) =
FGV2(0lz — O([G]z = [II]2)) & y[G]))»
by (rule AOT-model-azioml)
(auto simp: AOT-sem-equiv AOT-sem-imp AOT-sem-conj
AOT-sem-indistinguishable-ord-enc-ex)
end

8 The Deductive System PLM

unbundle AOT-no-atp

8.1 Primitive Rule of PLM: Modus Ponens

AOT-theorem modus—ponens:
assumes (> and «p — Y
shows <«

using assms by (simp add: AOT-sem-imp)
lemmas MP = modus—ponens

8.2 (Modally Strict) Proofs and Derivations

AOT-theorem non—con—thm—thm:
assumes g ¢
shows <« ¢»
using assms by simp

AOT-theorem vdash—properties: 1[1]:
assumes < € A»
shows <« ¢»

using assms unfolding AOT-model-act-axiom-def by blast

Convenience attribute for instantiating modally-fragile axioms.

attribute-setup act-ariom-inst =
«Scan.succeed (Thm.rule-attribute ]
(K (fn thm => thm RS @{thm vdash—properties:1[1]})))>
Instantiate modally fragile axiom as modally fragile theorem.

AOT-theorem vdash—properties: 1[2]:
assumes (@ € A
shows <o ¢»

using assms unfolding AOT-model-axziom-def by blast

Convenience attribute for instantiating modally-strict axioms.

attribute-setup aziom-inst =
«Scan.succeed (Thm.rule-attribute ||
(K (fn thm => thm RS Q{thm vdash—properties:1[2]})))>
Instantiate axiom as theorem.

Convenience methods and theorem sets for applying ”cqt:2”.

method cqt-2-lambda-inst-prover =
(fast intro: AOT-instance-of-cqt-2-intro)
method cqt:2[lambda] =

68



(rule cqt:2[lambda)|aziom-inst]; cqt-2-lambda-inst-prover)
lemmas cgt:2 =
cqt: 2| const-var][aziom-inst] cqt:2[lambda][aziom-inst)]
AOT-instance-of-cqt-2-intro
method cqt:2 = (safe intro!: cqt:2)

AOT-theorem vdash—properties:3:
assumes g ¢»
shows «I' - ¢»
using assms by blast

AOT-theorem vdash—properties:5:
assumes 'y - ¢ and s - ¢ — Y»
shows 'y, I'2 F ¥»
using MP assms by blast

AOT-theorem vdash—properties:6:
assumes <> and «p — P>
shows <«
using MP assms by blast

AOT-theorem vdash—properties:8:
assumes (' - ¢» and «p - ¥»
shows I F »
using assms by argo

AOT-theorem vdash—properties:9:
assumes (@)
shows <) — ¢»
using MP pl: I[axiom-inst] assms by blast

AOT-theorem vdash—properties:10:
assumes < — 1> and <>
shows <«
using MP assms by blast

lemmas —F = vdash—properties: 10

8.3 Two Fundamental Metarules: GEN and RN

AOT-theorem rule—gen:
assumes <for arbitrary oz p{a}»
shows Va p{a}

using assms by (metis AOT-var-of-term-inverse AOT-sem-denotes AOT-sem-forall)
lemmas GEN = rule—gen

AOT-theorem RN|[prem]:

assumes <I' g ¢»

shows «I' kg Oy

by (meson AOT-sem-box assms image-iff)
AOT-theorem RN:

assumes g ¢»

shows <>

using RN[prem] assms by blast

8.4 The Inferential Role of Definitions
AOT-axiom df—rules—formulas|1]:
assumes (@ =g P>

shows «p — Y»

using assms
by (auto simp: assms AOT-model-axiomI AOT-model-equiv-def AOT-sem-imp)
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AOT-axiom df—rules—formulas[2]:
assumes (@ =g P>
shows ) — ¢»

using assms
by (auto simp: AOT-model-axiomI AOT-model-equiv-def AOT-sem-imp)

AOT-theorem df—rules—formulas[3):

assumes @ =qf P>

shows <@ — Y

using df —rules—formulas|1][aziom-inst, OF assms].
AOT-theorem df —rules—formulas[4]:

assumes (@ =q5 P>

shows <) — ¢»

using df —rules—formulas|2][aziom-inst, OF assms].

AOT-axiom df—rules—terms[1]:
assumes 7{aq...an} =af o{ar...an}
shows ((o{71..7n}l = 7{71..70n} = o{r1..7n}) &

(mo{r1..Thld = T{r1.. T H)

using assms
by (simp add: AOT-model-axiomI AOT-sem-conj AOT-sem-imp AOT-sem-eq
AOT-sem-not AOT-sem-denotes AOT-model-id-def)
AOT-axiom df—rules—terms[2):
assumes (T =q5 0)
shows (o] = 7 =0) & (mol — 7))
by (metis df —rules—terms[1] case-unit-Unity assms)

AOT-theorem df—rules—terms|[3):

assumes 7{a...atn} =af o{ai...an b

shows «(c{T1..7n}| = 7{T1.. 70} = o{7T1..70}) &

(mof{ri..TnHd = T{T1.. T H)

using df —rules—terms[I][aziom-inst, OF assms].
AOT-theorem df—rules—terms[4]:

assumes (T =q5 0)

shows (o] = 7 =0) & (mol — —7])»

using df —rules—terms|[2][aziom-inst, OF assms|.

8.5 The Theory of Negations and Conditionals

AOT-theorem if —p—then—p: <p — ©»
by (meson pl:1[aziom-inst] pl:2[aziom-inst] MP)

AOT-theorem deduction—theorem:
assumes < — ¥
shows «p — ¥

using assms by (simp add: AOT-sem-imp)
lemmas CP = deduction—theorem
lemmas — I = deduction—theorem

AOT-theorem ded—thm—cor:1:
assumes 'y F ¢ — ¢» and T2 Y —
shows I'1, I's ¢ — x»
using —E —1I assms by blast
AOT-theorem ded—thm—cor:2:
assumes 't F ¢ — (¢ — x)» and 'z F ¢
shows I'1, I's - ¢ — x»
using —F —1 assms by blast

AOT-theorem ded—thm—cor:3:
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assumes (p — ¥ and W — x»

shows ¢ — x»

using —F —1 assms by blast
declare ded—thm— cor:3[trans]
AOT-theorem ded—thm—cor:4:

assumes <@ — (Y — x)» and @

shows ¢ — x»

using —FE —1I assms by blast

lemmas Hypothetical Syllogism = ded—thm—-cor:3

AOT-theorem useful—tautologies:1: <——p — ©»

by (metis pl:3[aziom-inst] —1 Hypothetical Syllogism)
AOT-theorem useful—tautologies:2: <p — >

by (metis pl:3[aziom-inst] —1 ded—thm— cor:4)
AOT-theorem useful—tautologies:3: <—p — (¢ — V)

by (meson ded—thm—-cor:4 pl:3[aziom-inst] —1I)
AOT-theorem useful—tautologies:4: <«(—p — =) = (p — )

by (meson pl:3[aziom-inst] Hypothetical Syllogism —1I)
AOT-theorem useful—tautologies:5: <(p — ) = (= — —p)

by (metis useful—tautologies:4 Hypothetical Syllogism —1I)

AOT-theorem useful—tautologies:6: <(p — —p) — (Y — —p)
by (metis —1 MP useful—tautologies:4)

AOT-theorem useful—tautologies:7: «(—p — ¥) = (—p = o)
by (metis —1 MP useful—tautologies:3 useful—tautologies:5)

AOT-theorem useful—tautologies:8: «p — (=) = —(¢ = V)
by (metis —1 MP useful—tautologies:5)

AOT-theorem useful—tautologies:9: <(p — ) = ((mp = ¥) = P
by (metis —1 MP useful—tautologies:6)

AOT-theorem useful—tautologies:10: <(p — —p) = ((p = ©¥) = —p)»
by (metis —I1 MP pl:3laziom-inst])

AOT-theorem dn—i—e:1:

assumes (@)

shows <——p»

using MP useful—tautologies:2 assms by blast
lemmas ——] = dn—i—e:1
AOT-theorem dn—i—e:2:

assumes ()

shows <>

using MP useful—tautologies:1 assms by blast
lemmas ——F = dn—i—e:2

AOT-theorem modus—tollens:1:

assumes < — 1 and (—Y»

shows —»

using MP useful—tautologies:5 assms by blast
AOT-theorem modus—tollens:2:

assumes < — > and <Y

shows -y

using ——1 modus—tollens:1 assms by blast
lemmas MT = modus—tollens:1 modus—tollens:2

AOT-theorem contraposition:1[1]:
assumes < — V>
shows =9 — —¢»
using —1 MT(1) assms by blast
AOT-theorem contraposition:1[2]:
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assumes (7 — >
shows <@ — ¥
using —1 ——FE MT(2) assms by blast

AOT-theorem contraposition:2:
assumes < — Y
shows <) — —p»
using —1 MT(2) assms by blast

AOT-theorem reductio—aa:1:

assumes (- F - and <—p F ¥

shows <>

using —1 ——E MT(2) assms by blast
AOT-theorem reductio—aa:2:

assumes p - =) and «p - Y

shows ()

using reductio—aa:1 assms by blast
lemmas RAA = reductio—aa:1 reductio—aa:2

AOT-theorem exc—mid: «p V —¢»
using df —rules—formulas[4] if —p—then—p MP
conventions:2 by blast

AOT-theorem non—contradiction: <—=(¢ & —p)»
using df —rules—formulas[3] MT(2) useful—tautologies: 2
conventions:1 by blast

AOT-theorem con—dis—taut:1: <(p & V) — ©»
by (meson —I df—rules—formulas[8] MP RAA(1) conventions:1)
AOT-theorem con—dis—taut:2: (¢ & ) — >
by (metis =1 df —rules—formulas[3] MT(2) RAA(2)
——F conventions: 1)
lemmas Conjunction Simplification = con—dis—taut:1 con—dis—taut:2

AOT-theorem con—dis—taut:3: <o — (¢ V )
by (meson contraposition:1[2] df —rules—formulas[4]
MP —1I conventions:2)
AOT-theorem con—dis—taut:4: <) — (o V )
using Hypothetical Syllogism df —rules—formulas[4]
pl: 1[aziom-inst] conventions:2 by blast
lemmas Disjunction Addition = con—dis—taut:3 con—dis—taut:4

AOT-theorem con—dis—taut:5: <«p — (Y = (¢ & )
by (metis contraposition:2 Hypothetical Syllogism —I
df —rules—formulas[4] conventions:1)

lemmas Adjunction = con—dis—taut:5

AOT-theorem con—dis—taut:6: (¢ & @) = ¢»
by (metis Adjunction —I df —rules—formulas[4] MP
Conjunction Simplification(1) conventions:3)
lemmas Idempotence of & = con—dis—taut:6

AOT-theorem con—dis—taut:7: <(p V ¢) = >
proof —

AOT-assume (¢ V ¢»
AOT-hence (—p — @»
using conventions:2[THEN df —rules—formulas[3]] MP by blast
AOT-hence () using if —p—then—p RAA(1) MP by blast
}
moreover {
AQOT-assume <>
AOT-hence (¢ V ¢ using Disjunction Addition(1) MP by blast
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ultimately AOT-show (¢ V ¢) = ¢»
using conventions:3[THEN df —rules—formulas[4]] MP
by (metis Adjunction —1I)
qed
lemmas Idempotence of V = con—dis—taut:7

AOT-theorem con—dis—i—e:1:
assumes <) and <>
shows «p & ¥»
using Adjunction MP assms by blast
lemmas &I = con—dis—i—e:1

AOT-theorem con—dis—i—e:2:a:

assumes <@ & V)

shows <>

using Conjunction Simplification(1) MP assms by blast
AOT-theorem con—dis—i—e:2:b:

assumes <@ & V)

shows <

using Congjunction Simplification(2) MP assms by blast
lemmas &FE = con—dis—i—e:2:a con—dis—i—e:2:b

AOT-theorem con—dis—i—e:3:a:
assumes (@)
shows < V ¥»
using Disjunction Addition(1) MP assms by blast
AOT-theorem con—dis—i—e:3:b:
assumes <>
shows <@ V i
using Disjunction Addition(2) MP assms by blast
AOT-theorem con—dis—i—e:3:c:
assumes (¢ V ¥ and <p — x> and ) — O
shows «x V O»
by (metis con—dis—i—e:3:a Disjunction Addition(2)
df —rules— formulas[3] MT(1) RAA(1)
conventions:2 assms)
lemmas VI = con—dis—i—e:3:a con—dis—i—e:3:b con—dis—i—e:3:c

AOT-theorem con—dis—i—e:4:a:

assumes p V ¢ and <p — x» and @ — Y

shows «x»

by (metis MP RAA(2) df—rules—formulas[3] conventions:2 assms)
AOT-theorem con—dis—i—e:4:b:

assumes <@ V ¥ and —p)

shows <>

using con—dis—i—e:4:a RAA(1) —I assms by blast
AOT-theorem con—dis—i—e:4:c:

assumes <« V ¢ and —»

shows <>

using con—dis—i—e:4:a RAA(1) —1I assms by blast
lemmas VE = con—dis—i—e:4:a con—dis—i—e:4:b con—dis—i—e:4:c

AOT-theorem raa—cor:1:

assumes <~ F ¢ & )y

shows <>

using &F VE(3) VI(2) RAA(2) assms by blast
AOT-theorem raa—cor:2:

assumes (@ F ¥ & -

shows -y

using raa—cor:1 assms by blast
AOT-theorem raa—cor:3:
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assumes () and = = >

shows <

using RAA assms by blast
AOT-theorem raa—cor:4:

assumes (—¢> and (—Y F @)

shows <

using RAA assms by blast
AOT-theorem raa—cor:5:

assumes <) and Y = —p»

shows —»

using RAA assms by blast
AOT-theorem raa—cor:6:

assumes (¢ and ) - >

shows «—»

using RAA assms by blast

AOT-theorem oth—class—taut:1:a: <«(p — ) = —(¢ & —P)»
by (rule conventions:3[THEN df —rules—formulas[4], THEN —E])
(metis &E &I raa—cor:3 —1 MP)
AOT-theorem oth—class—taut: 1:b: <—(p — ) = (¢ & P)»
by (rule conventions:3[THEN df —rules—formulas[4], THEN —E])
(metis &E &I raa—cor:3 —1 MP)
AOT-theorem oth—class—taut:1:c: (¢ — ¥) = (mp V Y)
by (rule conventions:3[THEN df —rules—formulas[4], THEN —E])
(metis &I VI(1, 2) VE(3) =1 MP raa—-cor:1)

AOT-theorem oth—class—taut:2:a: (¢ & V) = (P & o)
by (rule conventions:3|THEN df —rules—formulas[4], THEN —E])
(meson &I &E —1)
lemmas Commutativity of & = oth—class—taut:2:a
AOT-theorem oth—class—taut:2:b: <(p & (Y & x)) = ((p & V) & x)»
by (rule conventions:3[THEN df —rules—formulas[4], THEN —E])
(metis &I &E —1)
lemmas Associativity of & = oth—class—taut:2:b
AOT-theorem oth—class—taut:2:c: <(p V ) = (¥ V @)
by (rule conventions:3[THEN df—rules—formulas[4], THEN —E])
(metis &I VI(1, 2) VE(1) —=1)
lemmas Commutativity of V = oth—class—taut:2:c
AOT-theorem oth—class—taut:2:d: <«(¢ V (¥ V x)) = ((¢ V ) V x)»
by (rule conventions:3[THEN df —rules—formulas[4], THEN —E])
(metis &I VI(1, 2) VE(1) —1)
lemmas Associativity of V = oth—class—taut:2:d
AOT-theorem oth—-class—taut:2:e: (¢ = ¢) = (Y = p)»
by (rule conventions:3[THEN df —rules—formulas[4], THEN —E]; rule &I;
metis &I df —rules—formulas[4] conventions:3 & E
Hypothetical Syllogism —I df —rules—formulas[3])
lemmas Commutativity of = = oth—class—taut:2:e
AOT-theorem oth—class—taut:2:f: (¢ = (¥ = x)) = (¢ = ¥) = x)»
using conventions:3[THEN df —rules—formulas[4]]
conventions:3[ THEN df —rules— formulas[3]]
—I -E &FE &I
by metis
lemmas Associativity of = = oth—class—taut:2:f

AOT-theorem oth—class—taut:3:a: <«p = p»
using &I vdash—properties:6 if —p—then—p
df —rules—formulas[4] conventions:3 by blast
AOT-theorem oth—class—taut:3:b: «p = ——»
using &I useful—tautologies: 1 useful—tautologies:2 —F
df —rules— formulas[4] conventions:3 by blast
AOT-theorem oth—class—taut:3:c: <—(p = =)
by (metis &E —E RAA df—rules—formulas[3] conventions:3)
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AOT-theorem oth—class—taut:4:a: <(p — V) = (¥ = x) = (¢ = X))
by (metis —E —1)
AOT-theorem oth—class—taut:4:b: (¢ = ) = (¢ = P)»
using conventions:3[THEN df —rules—formulas[4]]
conventions:3[THEN df —rules— formulas[3]]
—I1 -FE &E &I RAA by metis
AOT-theorem oth—class—taut:4:c: <(p =) = ((p = x) = W — X))
using conventions:3[THEN df —rules—formulas[4]]
conventions:3[ THEN df —rules— formulas[3]]
—1 —F &FE &I by metis
AOT-theorem oth—-class—taut:4:d: <(p =) = ((x = ¢) = (x = V)
using conventions:3[THEN df —rules—formulas[4]]
conventions: 3| THEN df —rules— formulas[3]]
—I1 -E &E &I by metis
AOT-theorem oth—class—taut:4:e: <(¢ = ¥) = ((p & x) = (¥ & x))»
using conventions:3[THEN df —rules—formulas[4]]
conventions:3[ THEN df —rules— formulas[3]]
—I1 —-FE &E &I by metis
AOT-theorem oth—class—taut:4:f: <(¢ = ¥) = ((x & ») = (x & Y))»
using conventions:3[THEN df —rules— formulas(4]]
conventions:3[ THEN df —rules— formulas[3]]
—1 —F &FE &I by metis
AOT-theorem oth—class—taut:4:9: <(¢ = V) = (¢ & ¥) V (mp & )
proof(safe introl: conventions:3[THEN df —rules—formulas[4], THEN —E|
&I =1
dest!: conventions:3|THEN df —rules—formulas|3], THEN — E])
AOT-show «p & Y V (mp & =) if (¢ = ) & (Y — o)
using &F VI —FE &I raa—cor:1 —1 VE that by metis
next
AOT-show i if «p & ¥ V (¢ & —)» and <>
using that VE &E raa—cor:3 by blast
next
AOT-show <) if <o & ¢ V (mp & =) and <>
using that VE &E raa—cor:3 by blast
qed
AOT-theorem oth—class—taut:4:h: <=(p = ) = ((p & =) V (—p & ¥))»
proof (safe introl: conventions:3[THEN df —rules—formulas[4], THEN —E]
&I —1I)
AOT-show < & =9 V (—p & ) if <=(p = )
by (metis that &I VI(1, 2) —=I MT(1) df—rules—formulas[4]
raa—cor:8 conventions:3)
next
AOT-show (—(p = ¢ if «p & P V (mp & )
by (metis that &E VE(2) —E df —rules—formulas|3]
raa—cor:3 conventions:3)
qged
AOT-theorem oth—class—taut:5:a: <(p & ) = =(—¢@ V =)
using conventions:3[THEN df —rules— formulas[4]]
—1 —-FE &F &I VI VE RAA by metis
AOT-theorem oth—class—taut:5:0: <(¢p V ¥) = =(—p & —¢)»
using conventions:3[THEN df —rules— formulas[4]]
—I -E &E &I VI VE RAA by metis
AOT-theorem oth—-class—taut:5:c: <—=(p & ¥) = (- V )
using conventions:3[THEN df —rules— formulas[4]]
—I -E &E &I VI VE RAA by metis
AOT-theorem oth—class—taut:5:d: <—=(p V ) = (- & )
using conventions:3[THEN df —rules— formulas[4]]
—I -E &E &I VI VE RAA by metis

lemmas DeMorgan = oth—class—taut:5:c oth—class—taut:5:d

AOT-theorem oth—class—taut:6:a:
(o & (VX)) =((p&d) V(e &x))
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using conventions:3[THEN df —rules—formulas[4]]
—I -E &E &I VI VE RAA by metis
AOT-theorem oth—class—taut:6:b:
eV @W&x) ={p V) &(pVx)
using conventions:3[THEN df —rules—formulas[4]]
—I1 -FE &E &I VI VE RAA by metis

AOT-theorem oth—-class—taut:7:a: <«((¢ & V) = x) = (¢ = (¥ = X))
by (metis &I —E —1I)

lemmas FEzportation = oth—class—taut:7:a

AOT-theorem oth—class—taut:7:b: «(p = (¥ —=x)) = (¢ & ¥) = x)»
by (metis &E —E —1)

lemmas Importation = oth—class—taut:7:b

AOT-theorem oth—class—taut:8:a:
=W —=x)=W@—=(¢—=>x)
using conventions:3[THEN df —rules—formulas[4]] =1 —FE &E &I
by metis
lemmas Permutation = oth—class—taut:8:a
AQOT-theorem oth—class—taut:8:b:
(o =) = ((p = x) = (¢ = (¥ & X))
by (metis &I —E —1I)
lemmas Composition = oth—class—taut:8:b
AOT-theorem oth—class—taut:8:c:
e —=x) > (W —=x) = (e VY) = X))
by (metis VE(2) -E —I RAA(1))
AOT-theorem oth—class—taut:8:d:
(p = 1) & (x = ) = ((p & x) = (¥ & O))
by (metis &E &I —E —1I)
lemmas Double Composition = oth—class—taut:8:d
AOT-theorem oth—class—taut:8:e:
((p&h)=(p&x) == @W=x))
by (metis conventions:3[ THEN df —rules—formulas[4]]
conventions:3[THEN df —rules— formulas[3]]
—1 —-FE &FE &I)
AOT-theorem oth—class—taut:8:f:
(&) =(x &) =@ = (p=X)
by (metis conventions:3[ THEN df —rules—formulas[4]]
conventions:3[THEN df —rules— formulas[3])
—I —-F &F &I)
AOT-theorem oth—class—taut:8:g:
W=x) = ((pVY)=(pVX)
by (metis conventions:3[ THEN df —rules—formulas[4]]
conventions:3[THEN df —rules— formulas[3]]
—I —-FE &FE &I VI VE(1))
AOT-theorem oth—class—taut:8:h:
W= = (¥Ve) = Ve
by (metis conventions:3[THEN df —rules— formulas[4]]
conventions:3[THEN df —rules— formulas[3]]
—1 —-FE &FE &I VI VE(1))
AOT-theorem oth—class—taut:8:i:
=W &x) = W= (p=x)
by (metis conventions:3[ THEN df —rules—formulas[4]]
conventions:3[THEN df —rules—formulas[3]]
—I —-F &F &I)

AOT-theorem intro—elim:1:
assumes ¢ V ¢ and (¢ = x» and ) = O
shows «x V ©»
by (metis assms VI(1, 2) VE(1) —I —E &E(1)
conventions:3[THEN df —rules—formulas[3]])

AOT-theorem intro—elim:2:
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assumes (p — ¥ and WY — @

shows «p = ¥»

by (meson &I conventions:3 df —rules—formulas[4] MP assms)
lemmas =1 = intro—elim:2

AOT-theorem intro—elim:3:a:

assumes (p = ¥» and <p»

shows <

by (metis VI(1) —1 VE(1) intro—elim:1 assms)
AOT-theorem intro—elim:3:b:

assumes (p = ¥» and >

shows <>

using intro—elim:3:a Commutativity of = assms by blast
AOT-theorem intro—elim:3:c:

assumes p = Y and <>

shows <=

using intro—elim:3:b raa—cor:3 assms by blast
AOT-theorem intro—elim:3:d:

assumes (@ = ¥» and (>

shows -y

using intro—elim:3:a raa—cor:3 assms by blast
AOT-theorem intro—elim:3:e:

assumes p = Yy and Y = x»

shows «p =

by (metis =1 —I intro—elim:3:a intro—elim:3:b assms)
declare intro—elim:3:e[trans|
AOT-theorem intro—elim:3:f:

assumes (@ = 1> and «p = \»

shows «xy = ¥»

by (metis =1 —1 intro—elim:3:a intro—elim:3:b assms)
lemmas =F = intro—elim:3:a intro—elim:3:b intro—elim:3:c

intro—elim:3:d intro—elim:3:e intro—elim:3:f

declare Commutativity of =[THEN =E(1), sym]

AOT-theorem rule—eq—df:1:

assumes (@ =g P>

shows «p = ¥»

by (simp add: =I df —rules—formulas|3] df —rules—formulas[4] assms)
lemmas =Df = rule—eq—df:1
AOT-theorem rule—eq—df:2:

assumes (@ =q7 ¥ and <p»

shows <«

using =Df =E(1) assms by blast
lemmas =45 F = rule—eq—df:2
AOT-theorem rule—eq—df:3:

assumes @ =q¢ ¢ and <«

shows <>

using =Df =E(2) assms by blast
lemmas =4¢1 = rule—eq—df:3

AOT-theorem df—simplify:1:
assumes <@ = (¢ & x)» and <>
shows «p =
by (metis &E(2) &I =E(1, 2) =I —I assms)

AOT-theorem df—simplify:2:

assumes <@ = (¢ & x)» and x>

shows «p = ¥»

by (metis &E(1) &I =E(1, 2) =1 —I assms)
lemmas =5 = df —simplify:1 df —simplify:2
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8.6 The Theory of Quantification

AOT-theorem rule—ui:1:

assumes Va o{a} and «7)»

shows «p{T}

using — F cqt: 1[aziom-inst] assms by blast
AOT-theorem rule—ui:2[const-var]:

assumes Vo p{a}

shows «p{8}

by (simp add: rule—ui:1 cqt:2[const-var]|[aziom-inst] assms)
AOT-theorem rule—ui:2[lambdal:

assumes YV F o{F}> and <(INSTANCE-OF-CQT-2(¢)»

shows «o{[A\vi...vn Y{vi..vn ]}

by (simp add: rule—ui:1 cqt:2[lambdal[aziom-inst] assms)
AOT-theorem rule—ui:53:

assumes Va p{a}

shows «p{a}

by (simp add: rule—ui:2[const-var] assms)
lemmas V E = rule—ui:1 rule—ui:2[const-var]

rule—ui:2[lambda] rule—ui:3

AOT-theorem cqt—orig:1[const-var]: <V a p{a} — {8}
by (simp add: ¥ E(2) —1I)
AOT-theorem cqt—orig:1[lambdal:
assumes (INSTANCE-OF-CQT-2(¢)»
shows V' p{F} — o{[A\v1..vn Y{vi..0n}]P
by (simp add: ¥V E(3) —1I assms)
AOT-theorem cgt—orig:2: Va (¢ — P{a}) = (¢ = Va ¥{a})
by (metis —I GEN vdash—properties:6 ¥ E(4))
AOT-theorem cqt—orig:3: Vo p{a} — p{a}p
using cqt—orig: I[const-var].

AOT-theorem universal:
assumes <for arbitrary B: {8}
shows Vo p{a}
using GEN assms .

lemmas VI = universal

ML«
fun get-instantiated-alll ctrt varname thm = let
val trm = Thm.concl-of thm
val trm =
case trm of (@{const Trueprop} $ (@{const AOT-model-valid-in} $ - $ z)) => =
| - => raise Term.TERM (Ezpected simple theorem., [trm])
fun extractVars (Const (const-name <AOT-term-of-vary, -) $ Var v) =
(if fst (fst v) = fst varname then [Var v] else [])
| extractVars (t1 $ t2) = extractVars t1 Q extractVars t2
| extractVars (Abs (-, -, t)) = extractVars t
| extractVars - = ||
val vars = extractVars trm
val vars = fold Term.add-vars vars ]
val var = hd vars
val trmty =
case (snd var) of (Type (type-name<AOT-vary, [t])) => (t)
| - => raise Term.TYPE (Ezxpected variable type., [snd var], [Var var])
val trm = Abs (Term.string-of-vname (fst var), trmty, Term.abstract-over (
Const (const-name <AOT-term-of-vary, Type (fun, [snd var, trmty]))
$ Var var, trm))
val trm = Thm.cterm-of (Context.proof-of ctzt) trm
val ty = hd (Term.add-tvars (Thm.prop-of Q{thm V I}) [])
val typ = Thm.ctyp-of (Context.proof-of ctat) trmty
val allthm = Drule.instantiate-normalize (T Vars.make [(ty, typ)], Vars.empty) Q{thm V I}
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val phi = hd (Term.add-vars (Thm.prop-of allthm) [])

val allthm = Drule.instantiate-normalize (T Vars.empty, Vars.make [(phi,trm)]) allthm
n

allthm

end

»

attribute-setup VI =
«Scan.lift (Scan.repeatl Args.var) >> (fn args => Thm.rule-attribute ||
(fn ctzt => fn thm => fold (fn arg => fn thm =>
thm RS get-instantiated-alll ctzt arg thm) args thm))»
Quantify over a variable in a theorem using GEN.

attribute-setup unvarify =
«Scan.lift (Scan.repeatl Args.var) >> (fn args => Thm.rule-attribute ||
(fn ctzt => fn thm =>
let
fun get-inst-alll arg thm = thm RS get-instantiated-alll ctxt arg thm
val thm = fold get-inst-alll args thm
val thm = fold (K (fn thm => thm RS @{thm V E(1)})) args thm
in
thm
end))»

Generalize a statement about variables to a statement about denoting terms.

AOT-theorem cqt—basic:1: <VaV B o{a,f} =V pVa p{a,f}
by (metis =I VE(2) VI —1)

AOT-theorem cqt—basic:2:
Falpla} = via}) = (Valplal — plad) & Ya(b{a} - pla})
proof (rule =I; rule —1)
AOT-assume Va(p{a} = v{a})
AOT-hence «p{a} = ¥{a} for a using V E(2) by blast
AOT-hence «p{a} — P{a}» and p{a} — ¢{a}» for a
using =F(1,2) —I by blast+
AOT-thus Va(e{a} = Y{a}) & Va(y{a} — o{a})
by (auto intro: &I VI)
next
AOT-assume Va(p{a} — Y{a}) & Va@{a} — ¢{a})
AOT-hence «p{a} — P{a}» and p{a} — ¢{a}» for a
using V E(2) &E by blast+
AOT-hence «p{a} = ¥{a} for a
using =/ by blast
AOT-thus <V a(e{a} = y{a}) by (auto intro: V1)
qed

AOT-theorem cqt—basic:3: vV a(p{a} = Y{a}) = Va e{a} = Va ¥{a})
proof(rule —1)
AOT-assume Va(p{a} = v{a})
AOT-hence I: <p{a} = p{a}> for a using V E(2) by blast
{
AOT-assume Va ¢{a}
AOT-hence Va y{a}> using 1 VIV E(}) =E by metis
}
moreover {
AOT-assume Va ¢Pp{a}
AOT-hence Va p{a}> using 1 VIV E(4) =E by metis

ultimately AOT-show Vo p{a} = Va ¢Yp{a}

using =/ —1I by auto
qed
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AOT-theorem cqt—basic:4: <V a(p{a} & p{a}) = Va e{a} & Va Yv{a})
proof(rule —1)
AOT-assume 0: Va(p{a} & v{a})
AOT-have «p{a}» and «{a}> for o using V E(2) 0 &E by blast+
AOT-thus Vo p{a} & Va y{ap
by (auto intro: VI &I)
qed

AOT-theorem cqt—basic:5: «(Vai..Van(p{ai...an})) = o{ai..anp
using cqt—orig:3 by blast

AOT-theorem cqt—basic:6: <VaVa p{a} = Va e{ab
by (meson =1 —I GEN cqt—orig: 1[const-var])

AOT-theorem cqt—basic:7: «(p = Va p{a}) =Va(e = v{a})
by (metis —1 vdash—properties:6 rule—ui:3 =1 GEN)

AOT-theorem cqt—basic:8: «(Va p{a} VVa ¥{a}) = Va (p{a} V ¥{a})
by (simp add: VI(3) —I GEN cqt—orig: 1[const-var])

AOT-theorem cqt—basic:9:
(Va (pla} = ¢fa}) &Va (P{a} = x{a})) = Valpla} = x{a})
proof —
{
AOT-assume Va (p{a} = ¥{a})
moreover AOT-assume <V« (Y{a} — x{a})
ultimately AOT-have «p{a} — ¥{a} and @W{a} — x{a}» for «
using V E by blast+
AOT-hence (p{a} — x{a} for a by (metis = E —1I)
AOT-hence Va(p{a} = x{a})» using VI by fast
}
thus ?thesis using &I —I1 &E by meson
qed

AOT-theorem cqt—basic:10:
(Va(p{a} = ¢{a}) & Va(p{a} = x{a})) = Va (pla} = x{a})
proof(rule —I; rule VI)
fix g
AQT-assume Va(p{a} = P{a}) & Va(yp{a} = x{a})
AOT-hence {8} = {8} and «W{B} = x{B}> using &F V E by blast+
AOT-thus «p{8} = x{B}> using =I =F by blast
qged

AOT-theorem cqt—basic:11: <V a(p{a} = Yv{a}) =Va (Y{a} = e{a})
proof (rule =I; rule —1)
AOT-assume 0: Va(p{a} = P{a})
{
fix o
AOT-have (p{a} = {a}» using 0 V E by blast
AOT-hence ¢p{a} = ¢{a} using =I =F —I —E by metis
}
AOT-thus Va(y{a} = p{a})) using VI by fast
next
AOT-assume 0: Va(yp{a} = p{a})
{
fix «
AOT-have «p{a} = p{a}> using 0 V E by blast
AOT-hence (p{a} = p{a}» using =I =F —1 —E by metis

AOT-thus «Va(e{a} = y{a})> using VI by fast
qed
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AOT-theorem cqt—basic:12: Va {a} = Va (Y{a} — e{a})
by (simp add: ¥V E(2) —I GEN)

AOT-theorem cqt—basic:13: Vo p{a} =VB {8}
using =/ —I by blast

AOT-theorem cqt—basic:14:
(Var..Va, (p{ar...an} = Y{ai...an})) —
(Vair..Van of{ar..an}) = (Vai..Van v{ai..an}))
using cqt:3[aziom-inst] by auto

AOT-theorem cqt—basic:15:
(Var.Van (p = v{ar...an})) = (¢ = Var..Va, v{ar...an}))
using cqt—orig:2 by auto

AOT-theorem universal— cor:
assumes <for arbitrary B: p{B}
shows Va p{a}
using GEN assms .

AOT-theorem ezistential:1:
assumes <p{7}> and 7]
shows Ja p{a}
proof(rule raa—cor: 1)
AOT-assume —Ja p{a}
AOT-hence Vo —p{a}
using =451 conventions:4 RAA &I by blast
AOT-hence (—¢{7}> using assms(2) VE(1) —E by blast
AOT-thus «p{7} & {7} using assms(1) &I by blast
qed

AOT-theorem ezistential:2[const-var]:
assumes {8}
shows (Ja p{a}
using ezistential:1 cqt:2[const-var][aziom-inst] assms by blast

AOT-theorem ezistential:2[lambda]:
assumes <p{[Avi...vn Y{v1..v}|} and <INSTANCE-OF-CQT-2(¢)»
shows Ja p{a}
using existential: 1 cqt:2[lambda][aziom-inst] assms by blast
lemmas 31 = existential:1 existential:2[const-var]
existential: 2[lambdal

AOT-theorem instantiation:

assumes <for arbitrary B: ¢{B} F ¢» and Ja p{ab

shows <)

by (metis (no-types, lifting) =4y E GEN raa—cor:3 conventions:4 assms)
lemmas 3 F = instantiation

AOT-theorem cqt—further:1: vV a o{a} — Ja p{a}p
using V E(4) 31(2) —1 by metis

AOT-theorem cqt—further:2: <=V o p{a} = Ja ~p{a}
using VI 31(2) —I RAA by metis

AOT-theorem cqt—further:3: Vo p{a} = =Fa —-p{a}
using VE(4) 3E —I1 RAA
by (metis cqt—further:2 =I modus—tollens: 1)

AOT-theorem cqt—further:4: <-—3a p{a} = Va ~¢{a}
using VI 31(2)—I1 RAA by metis

AOT-theorem cqt—further:5: <3a (p{a} & Y{a}) = Fa e{a}t & Ja v{a})
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by (metis (no-types, lifting) &E &I IE 31(2) —1I)

AOT-theorem cqt—further:6: <3a (p{a} V Y{a}) - Fa e{a}t Vv Ia ¥{a})
by (metis (mono-tags, lifting) IE 3I1(2) VE(3) VI(1, 2) —I RAA(2))

AOT-theorem cqt—further:7: <3a p{a} =3B {8}
by (simp add: oth—class—taut:3:a)

AOT-theorem cqt—further:8:

(Va pla} & Ya vla}) - Ya (pla} = via})
by (metis (mono-tags, lifting) &E =1 ¥ E(2) —I GEN)

AOT-theorem cqt—further:9:

(-3 pla} & ~3a via}) - Ya (p{a} = via}y
by (metis (mono-tags, lifting) &E =1 31(2) —I GEN raa—cor:4)

AOT-theorem cqt—further:10:
(B pla} & FaP{a}) = Va (p{a} = ¢{a})
proof(rule —1I; rule raa—cor:2)
AOT-assume 0: <Ja p{a} & ~Fa Yp{a}p
then AOT-obtain « where <p{a}» using IF &E(I) by metis
moreover AOT-assume Va (p{a} = ¢¥{a})
ultimately AOT-have (¢{a}> using V E(4) =E(1) by blast
AOT-hence (3a y{a}> using 3] by blast
AOT-thus Fa Y{a} & -Fa Y{a}> using 0 &E(2) &I by blast
qed

AOT-theorem cqt—further:11: «(3a3 B p{a,8} = I a p{a,f}h
using =1 —I 31(2) 3 E by metis

8.7 Logical Existence, Identity, and Truth

AOT-theorem log—prop—prop:1: <[A @]
using cqt:2[lambda0][aziom-inst] by auto

AOT-theorem log—prop—prop:2: «pl»
by (rule =47 I[OF existence:3]) cqt:2[lambdal

AOT-theorem exist—nec: <t — O7}»
proof —
AQOT-have V3 OB
by (simp add: GEN RN cqt:2[const-var][aziom-inst])
AOT-thus 7| — O7)»
using cqt: I[aziom-inst] —E by blast
qed

class AOT-Term-id = AOT-Term +
assumes t=t—proper:1[AOT]: v =7 =1"—= 7l
and t=t—proper:2[AOT): v E7=17"— 7'l])

instance k :: AOT-Term-id
proof
AOT-modally-strict {
AOT-show x = k' — k> for K k'
proof(rule —1I)
AOT-assume x = k"
AOT-hence <Ok V Alk»
by (rule VI(3)[OF =45 E[OF identity:1]])
(meson —1 VI(1) &E(1))+
AOT-thus <>
by (rule VE(1))
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(metis cqt:5:alaziom-inst] -1 —F &FE(2))+
qed
}
next
AOT-modally-strict {
AOT-show x = k' = Kk']» for k &k’
proof(rule —1I)
AQT-assume x = k"
AQT-hence O’ Vv Als"
by (rule VI(8)[OF =q5E[OF identity:1]])
(meson —1 VI &F)+
AOT-thus x|
by (rule VE(1))
(metis cqt:5:alaziom-inst] -1 —F &E(2))+
qed

}

qed

instance rel :: (AOT-ks) AOT-Term-id
proof
AOT-modally-strict {
AOT-show Il = II' — II}» for IT I1’" :: «<'a>>
proof(rule —1I)
AQT-assume (Il = II"
AQT-thus I} using =4 FE[OF identity:3of 11 I1']] &E by blast
qed
}
next
AOT-modally-strict {
AOT-show (Il = II' — I’} for IT I’ :: «<'a>»
proof(rule —1I)
AOT-assume <II = II")
AOT-thus I’} using =47 E[OF identity:3[of 11 I1']] &FE by blast
qged
}

qed

instance o :: AOT-Term-id
proof
AOT-modally-strict {
fix ¢ ¥
AOT-show «p = ¢ — @l
proof(rule —1)
AOT-assume <«p = ¥»
AOT-thus «p|» using =4 E[OF identity:4[of ¢ ¢]] &E by blast
qed
}
next
AOT-modally-strict {
fix ¢ ¥
AOT-show «p = ¢ — ¥)»
proof(rule —1)
AOT-assume <p = ¥»
AOT-thus > using =45 E[OF identity:4[of ¢ ]| &E by blast
qged
}

qed

instance prod :: (AOT-Term-id, AOT-Term-id) AOT-Term-id
proof
AOT-modally-strict {
fix 7 7’ dax'h
AOT-show 7 = 7" — 7]»
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proof (induct T; induct 7' rule —1I)
fix 71 71’ 'aand 72 T2 b
AQT-assume ««(71, T2)» = «(71', T2")»
AOQT-hence (11 = 71") & (12 = 72')» by (metis =44 F tuple-identity-1)
AOT-hence «r1)> and (12>

using t=t—proper:1 & E vdash—properties: 10 by blast+

AOT-thus ««(71, T2)»)> by (metis =441 &I tuple-denotes)

qed

}
next
AOT-modally-strict {

fix 7 7' dax'b

AOT-show 7t = 7" — 7'[»

proof (induct T; induct 7'; rule —1I)
fix 71 71’ 'aand 72 T2 b
AQT-assume «(71, T2)» = «(71', T2")»
AOT-hence (11 = 71’) & (12 = 72)» by (metis =q¢E tuple-identity-1)
AOT-hence «m1'}> and 12|

using t=t—proper:2 & FE vdash—properties:10 by blast+

AOT-thus ««(71/, 72")»)» by (metis =asI &I tuple-denotes)

qed

}

qed

AOT-register-type-constraints

Term: <-:AOT-Term-id> <-::AOT-Term-id»
AOT-register-type-constraints

Individual: <k> <-:{AO0T-ks, AOT-Term-id}>
AOT-register-type-constraints

Relation: «<-:{AOT-ks, AOT-Term-id}>»

AOT-theorem id—rel—nec—equiv: I:
A =1'"— V1.V, (Mz1...70 = [[I]21...20)
proof(rule —1)
AOT-assume assumption: <I1 = 1"
AOT-hence II|»> and II'}»
using t=t—proper:1 t=t—proper:2 MP by blast+
moreover AOT-have WFV G (F = G — (OVz1..Va, ([Flzi...0n = [Flz1...20)) —
OVz1.Van ([Fle1...2n = [G)21...20)))
apply (rule GEN)+ using |—identity[aziom-inst] by force
ultimately AOT-have (Il = II' - (OV21..V 2, (U)z1...2,, = [H]z1...20)) —
VW z1..Vz, ([Oz1...7, = [L]71...20) )
using V E(1) by blast
AOT-hence «((OV z1..Vz, ([H]z1...2, = [H]21...20)) —
OV z1..V2n (Hz1...2n = [T21...20)>
using assumption —E by blast
moreover AOT-have OV z1..V 2, ([U]z1...2n = [[I]z1...25)>
by (simp add: RN oth—class—taut:3:a universal— cor)
ultimately AOT-show OV z1..Vz, ([H|z1...7, = []71...2,)>
using —F by blast
qged

AOT-theorem id—rel—nec—equiv:2: «p = ¢ — O(p = )
proof(rule —1)
AOT-assume assumption: «p = 1>
AOT-hence <pl> and <>
using t=t—proper:1 t=t—proper:2 MP by blast+
moreover AOT-have VpVq (p = ¢ — (O(p=p) — O = q)))
apply (rule GEN)+ using I—identity[aziom-inst] by force
ultimately AOT-have (0 =¥ — (O(p = p) — O(p = ¢¥))»
using V E(1) by blast
AOT-hence O(p = ¢) — O(p = ¢Y)»
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using assumption —F by blast
moreover AOT-have O(p = ¢)»
by (simp add: RN oth—class—taut:3:a universal—cor)
ultimately AOT-show (¢ = ¥)»
using —FE by blast
qed

AOT-theorem rule=FE:
assumes {7} and 7 = o>
shows «p{o}h
proof —
AOT-have 7)) and (o>
using assms(2) t=t—proper:1 t=t—proper:2 —E by blast+
moreover AOT-have VoV 3(a = 8 — (p{a} = ¢{B}H)
apply (rule GEN)+ using [—identity[aziom-inst] by blast
ultimately AOT-have 7 = 0 — (p{7} — @{o})
using V E(1) by blast
AOT-thus «p{c}» using assms —E by blast
qed

AOT-theorem propositions—lemma:1: <[\ @] = ¢»
proof —
AOT-have <@l by (simp add: log—prop—prop:2)
moreover AOT-have Vp [A p] = p
using lambda—predicates:3[zero][aziom-inst] V I by fast
ultimately AOT-show [\ ¢] = ¢
using V E by blast
qged

AOT-theorem propositions—lemma:2: <[\ ¢] = @>
proof —
AOT-have [\ ¢] = [\ ¢]» by (simp add: oth—class—taut:3:a)
AOT-thus [\ ¢] = ¢» using propositions—lemma:1 rule=E by blast
qged

propositions-lemma:3 through propositions-lemma:5 hold implicitly

AOT-theorem propositions—lemma:6: «(p = ) = ([A ¢] = [A ¢])»
by (metis =F(1) =E(5) Associativity of = propositions—lemma:2)

dr-alphabetic-rules holds implicitly

AOT-theorem oa—exist:1: <O!]»
proof —
AOT-have <Az O[E!|z]]» by cqt:2[lambdal
AOQOT-hence I: <O! = [Az O[E!z]
using df —rules—terms[4][OF oa:1, THEN &E(1)] —E by blast
AOT-show O\ using t=t—proper:1[THEN —E, OF 1] by simp
qed

AOT-theorem oa—ezxist:2: (Al]»
proof —
AOT-have Xz —O[EYz]]» by cqt:2[lambda]
AOT-hence I: <Al = [Az =Q[Ez]>
using df —rules—terms[4][OF oa:2, THEN &E(1)] —E by blast
AOT-show <A!]» using t=t—proper:1[THEN —E, OF 1] by simp
qed

AOT-theorem oa—ezist:3: <Oz vV Alx)
proof(rule raa—cor: 1)
AOT-assume =(Olz V Alz)»
AOT-hence A: <(=0!z» and B: «—Alzx»
using Disjunction Addition(1) modus—tollens: 1
VI(2) raa—cor:5 by blast+
AOT-have C: <O! = [\z Q[E!z]>
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by (rule df —rules—terms[4][OF oa:1, THEN &E(1), THEN —E]) cqt:2
AOT-have D: <Al = Az =Q[E!]|z]»

by (rule df —rules—terms[4][OF oa:2, THEN &E(1), THEN —E]) cqt:2
AOT-have E: «—=[\z O[Ez]z

using A C rule=E by fast
AOT-have F: =[Az =O[E!|z]n

using B D rule=E by fast
AOT-have G: Az O[Elz]z = O[B!

by (rule lambda—predicates: 2[aziom-inst, THEN —FE]) cqt:2
AOT-have H: ([Az —~Q[Elz]z = ~O[Elx»

by (rule lambda—predicates: 2[aziom-inst, THEN —E]) cqt:2
AOT-show «=([Ellz & —=0[E!z) using G E =FE H F =F &I by metis

qed

AOT-theorem p—identity—thm2:1: «F = G = OV z(z[F] = z[G])»
proof —
AOT-have (F = G = F| & G| & OV z(z[F] = z[G])»
using identity:2 df —rules—formulas[3] df —rules—formulas|4]
—F &E =1 —1 by blast
moreover AOT-have (F|) and (G)»
by (auto simp: cqt:2[const-var]|aziom-inst])
ultimately AOT-show «(F = G = OV z(2[F] = z[G])»
using =S5(1) &I by blast
qed

AOT-theorem p—identity—thm2:2[2]:
F = G =¥y (s [Flays] = (o [Glawa] & P [Flyaz] = (o [Glyaal)
proof —
AOT-have <F = G=F|l & Gl &
V(A [Flaya] = D [Glaw] & e [Flysa] = P [Glyaal)
using identity:3[2] df—rules—formulas[3] df —rules—formulas[/]
—E &E =1 —1I by blast
moreover AOT-have (F|) and (G»
by (auto simp: cqt:2[const-var]|aziom-inst])
ultimately show ?thesis
using =S5(1) &I by blast
qed

AOT-theorem p—identity—thm2:2[3]:
F = G =V Vy([Az [Flzyryz] = Mz [Gloyiye] &
Az [Flyizye] = [Az [Glyizy2] &
Az [Flyiyaz] = [Az [Glyryez])
proof —
AOT-have <F = G = F| & G| & Vy1Vy2([Az [Flzyry2] = Mz [Glzyiy2] &
Az [Flyizya] = [Ax [Glyizys] &
Az [Flyryaz] = [Az [Gly1yaa])
using identity:3[3] df —rules—formulas[8] df —rules—formulas[]
—F &E =1 —1 by blast
moreover AOT-have (F|) and (G»
by (auto simp: cqt:2[const-var]|aziom-inst])
ultimately show ?thesis
using =S5(1) &I by blast
qed

AOT-theorem p—identity—thm2:2[4)]:
(F'= G =VyVyVys([Az [Flayiyzys] = [z [Glayiy2ys] &
Az [Flyizy2ys] = [Az [Glyizy2ys] &
Az [Fly1y2zys] = [Az [Glyry27ys] &
Az [Fly1y2ysz] = [Az [Gly1y2ysz])
proof —
AOT-have (F = G = F| & G| & Vy1Vy2V ys([Az [Flayiyays] = [z [Glayiy2ys] &
Az [Flyi1zy2ys] = Mz [Glyizy2ys] &
Az [Flyiy2zys] = [Az [Glyr1y27y3] &
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Az [Flyiyzysa] = [Az [Glyiyaysz])
using identity:3[4] df —rules—formulas[3] df—rules—formulas[4]
—E &E =1 —1 by blast

moreover AOT-have (F|) and (G»
by (auto simp: cqt:2[const-var]|aziom-inst])

ultimately show ?thesis
using =5(1) &I by blast

qed

AOT-theorem p—identity—thm2:2:
F=G=VYo1.Von «KAOT-sem-proj-id z12n (A 7 . «[F]Tn) (A 7 . «[G]T»)»
proof —
AOT-have «F = G=F|l & G|l &
V1.V, «AOT-sem-proj-id z1xn (A 7 . «[F]T») (A 7 . «[G]To)»
using identity:3 df —rules—formulas[3] df —rules—formulas[/]
—FE &E =1 —1 by blast
moreover AOT-have (F|) and (G)»
by (auto simp: cqt:2[const-var]|aziom-inst])
ultimately show ?thesis
using =S5(1) &I by blast
qed

AOT-theorem p—identity—thm2:3:
(p=gq=[zp] =z q)
proof —
AOT-have <p = q = pl & ql & [Az p] = [A\z ¢
using identity:4 df —rules—formulas[3] df —rules—formulas|/]
—F &E =1 —1 by blast
moreover AOT-have (pl»> and <q}>
by (auto simp: cqt:2[const-var]|aziom-inst])
ultimately show ?thesis
using =S5(1) &I by blast
qed

class AOT-Term-id-2 = AOT-Term-id + assumes id—eq:1: (v F a = a)>

instance k :: AOT-Term-id-2
proof
AOT-modally-strict {
fix
{
AQT-assume (O!2»
moreover AOT-have OV F([F]z = [Flz)»
using RN GEN oth—class—taut:3:a by fast
ultimately AOT-have <Olz & Olz & OV F([F)z = [F|z)» using &I by simp
}
moreover {
AQOT-assume <Alz»
moreover AOT-have OV F(z[F] = z[F])
using RN GEN oth—class—taut:3:a by fast
ultimately AOT-have (Alz & Alz & OV F(z[F] = z[F])» using &I by simp

ultimately AOT-have «(Olz & Olz & OV F([F]z = [Flz)) V
(Alx & Alz & OV F(z[F] = z[F]))»
using oa—ezist:3 VI(1) VI(2) VE(3) raa—cor:1 by blast
AOT-thus (z =
using identity: 1[THEN df —rules—formulas[4]] —E by blast
}

qed
instance rel :: ({AOT-ks,AOT-Term-id-2}) AOT-Term-id-2

proof
AOT-modally-strict {
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fix F:: <'a> AOT-var
AOT-have 0: (A\z1...2n [Flz1...2:] = F»
by (simp add: lambda—predicates: 3]axiom-inst])
AOT-have <[Az1...zn [Flz1...20]>
by cqt:2[lambdal)
AOT-hence ([Az1..xn [Fl21...20] = [A21...2n [Flz1...20]
using lambda—predicates: 1[aziom-inst] —E by blast
AOT-show «F = F» using rule=FE 0 by force

}

qed

instance o :: AOT-Term-id-2
proof
AOT-modally-strict {
fix p
AOT-have 0: <[\ p] = p»
by (simp add: lambda—predicates: 3] zero|[aziom-inst])
AOT-have [\ p]}»
by (rule cqt:2[lambda0][aziom-inst])
AOT-hence [\ p| = [\ p|
using lambda—predicates: 1[zero][aziom-inst] —E by blast
AOT-show «p = p» using rule=F 0 by force

}

qed

instance prod :: (AOT-Term-id-2, AOT-Term-id-2) AOT-Term-id-2
proof
AOT-modally-strict {
fix a 2 «("ax’b) AOT-var>
AOT-show («a = a»
proof (induct)
AOT-show «r = 7 if «7» for 7 :: (‘ax'b
using that
proof (induct T)
fix 71 :: ‘aand 75 :: b
AOT-assume <««(71,72)»]>
AOT-hence (t1}» and «72]>»
using =45 F &L tuple-denotes by blast+
AOT-hence «(t1 = 71> and (T2 = T2»
using id—eq: I[unvarify o] by blast+
AOT-thus ««(71, 72)» = «(71, T2)M
by (metis =q51 &I tuple-identity-1)
qed
qed
}
qged

AOT-register-type-constraints

Term: -:AOT-Term-id-2> <-::AOT-Term-id-2»
AOT-register-type-constraints

Individual: <k -:{AOT-ks, AOT-Term-id-2}>
AOT-register-type-constraints

Relation: «<-:{AOT-ks, AOT-Term-id-2}>»

AOT-theorem id—eq:2: <« = — f =
by (meson rule=FE deduction—theorem)

AOT-theorem id—eq:3: «a =B & =7 —>a=y
using rule=E —I &FE by blast

AOT-theorem id—eq:4: c<a = B=Vy (a=7=0 =)

proof (rule =I; rule —1)
AOT-assume 0: <a = 5
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AOT-hence I: < = o> using id—eq:2 —F by blast
AOT-show Vy (a =~v=8=79)
by (rule GEN) (metis =1 —1 0 1 rule=FE)

next
AOT-assume Vy (a =y =8 =)
AOT-hence <« = a = 8 = o using V E(2) by blast
AOT-hence <« = a — = o using =E(1) —I by blast
AOT-hence (f = a» using id—eq:1 —F by blast
AOT-thus (a = ) using id—eq:2 —E by blast

qed

AOT-theorem rule=1I:1:

assumes (7>

shows «r = 7»
proof —

AOT-have Vo (o = a)»

by (rule GEN) (metis id—eq:1)

AOT-thus (7 = 7 using assms V E by blast

qed

AOT-theorem rule=I:2[const-var]: & = «
using id—eq: 1.

AOT-theorem rule=I:2[lambdal:
assumes (INSTANCE-OF-CQT-2(p)»
shows [Avi...vn {vi..vn}] = [Av1...vn p{vi..vn}]
proof —
AOT-have Va (o = a)
by (rule GEN) (metis id—eq:1)
moreover AOT-have ([ Avi...vn @{vi..vn}>
using assms by (rule cqt:2[lambda][aziom-inst])
ultimately AOT-show (([Avi..vn {vi..un}] = [MA1..vn @{vi..0n}]
using assms V E by blast
qged

lemmas =1 = rule=I:1 rule=I:2[const-var] rule=I:2[lambda]

AOT-theorem rule—id—df:1:
assumes 7{ai...an} =q5 o{ai...an}p and o{7T1...7n H
shows «7{71..7.} = o{71..Tu >
proof —
AOT-have <o{71..7o}d = 7{71..T0n} = o{7T1..Tn }»
using df —rules—terms[3] assms(1) &E by blast
AOT-thus «t{71..7n} = o{71..70 P
using assms(2) —F by blast
qged

AOT-theorem rule—id—df:1[zero]:
assumes (T =45 o> and (o>
shows (7 = o»
proof —
AOT-have (0] = 7 = o>
using df —rules—terms[4] assms(1) &E by blast
AOT-thus <t = o
using assms(2) —F by blast
qed

AOT-theorem rule—id—df:2:a:
assumes 7{ai...an} =q5 o{ai..an}p and «o{71...7o }» and «p{7{r1...Ta}p
shows «p{o{r1...7T0n} }»

proof —
AOT-have «7{71...T7n} = o{71...7n}> using rule—id—df:1 assms(1,2) by blast
AOT-thus «p{o{71...7n}}> using assms(3) rule=FE by blast
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qed

AOT-theorem rule—id—df:2:a[2)]:
assumes <7{«(a1,02)»} =45 o{«(a1,02)»}
and <o{«(r1,72)» }
and «p{7{«(T1,72)» } }»
shows «p{c{«(71::'a:: AOT-Term-id-2,72::'b:: AOT-Term-id-2)» } }>
proof —
AOT-have «r{«(71,72)»} = o{«(71,72)» }>
using rule—id—df:1 assms(1,2) by auto
AOT-thus «p{o{«(71,72)»}}> using assms(3) rule=E by blast
qed

AOT-theorem rule—id—df:2:a[zero|:
assumes 7 =45 o> and (o> and <p{T}H
shows «p{c}h
proof —
AOT-have «r = o) using rule—id—df:1[zero] assms(1,2) by blast
AOT-thus «p{c}> using assms(3) rule=FE by blast
qed

lemmas =47 E = rule—id—df:2:a rule—id—df:2:a[zero]

AOT-theorem rule—id—df:2:b:
assumes 7{a1...an} =qf o{ar...an}r and <o{r1...7, }» and p{c{r1..Tn}}
shows «p{7{r1...7Tn} }»
proof —
AOT-have «t{11..Tn} = o{T1.. 70 b
using rule—id—df:1 assms(1,2) by blast
AOT-hence <o{71...7n} = 7{T1..Tn }»
using rule=FE =1(1) t=t—proper:1 —E by fast
AOT-thus «p{7{71...70 }}» using assms(3) rule=FE by blast
qed

AOT-theorem rule—id—df:2:b[2]:
assumes 7{«(a1,02)»} =af o{«(a1,02)» }>
and <o{«(r1,72)»} >
and «p{o{«(T1,72)»} p>
shows <«p{7{«(T1::'a:: AOT-Term-id-2,72::"b:: AOT-Term-id-2)» } }»
proof —
AOT-have «7{«(71,72)»} = o{«(71,72)» P
using =I(1) rule—id—df:2:a[2] RAA(1) assms(1,2) —I by metis
AOT-hence o{«(r1,72)»} = 7{«(T1,72)» }>
using rule=F =I(1) t=t—proper:1 —E by fast
AOT-thus «p{7{«(r1,72)» }}> using assms(3) rule=E by blast
qged

AOT-theorem rule—id—df:2:b|zero]:
assumes 7 =q5 o> and <o} and «p{o}h
shows «p{7}h
proof —
AOT-have «r = o) using rule—id—df:1[zero] assms(1,2) by blast
AQOT-hence (0 =7
using rule=FE =I(1) t=t—proper:1 —E by fast
AOT-thus «p{7}> using assms(3) rule=E by blast
qed

lemmas =471 = rule—id—df:2:b rule—id—df:2:b[zero]

AOT-theorem free—thms:1: <t =38 (8 = T1)»
by (metis 3 E rule=I:1 t=t—proper:2 —I 3I1(1) =1 —FE)

AOT-theorem free—thms:2: <Va o{a} — 3B (B =71) = {7}
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by (metis 3 E rule=E cqt:2[const-var|[aziom-inst] =1 ¥V E(1))

AOT-theorem free—thms:3[const-var]: <35 (8 = a)>
by (meson 31(2) id—eq:1)

AOT-theorem free—thms:3[lambdal:
assumes <(INSTANCE-OF-CQT-2(¢)»
shows 38 (8 = [Av1..vn o{vi..Un}])
by (meson =I(3) assms cqt:2[lambdal[aziom-inst] existential:1)

AOT-theorem free—thms:4[rel]:
([ME1...bn V Kr.kp[I]) = 38 (8 = )
by (metis rule=I:1 &FE(1) VE(1) cqt:5:a[aziom-inst]
cqt:5:b[aziom-inst] —I 3I(1))

AOT-theorem free—thms:4[vars]:
([M)E1eebn V Eikn[]) = 381...38n (B1.--Pn = K1...Kn)?
by (metis rule=I:1 &E(2) VE(1) cqt:5:alaziom-inst]
cqt:5:b[aziom-inst] —I 3I(1))

AOT-theorem free—thms:4[1,rel]:
([T v £[IT) = 3B (5 = T)»
by (metis rule=I:1 &E(1) VE(1) cqt:5:alaziom-inst]
cqt:5:blaziom-inst] —I 3I(1))
AOT-theorem free—thms:4[1,1]:
(M v £[T) = 3B (8 = K)
by (metis rule=I:1 &E(2) VE(1) cqt:5:alaziom-inst]
cqt:5:b[aziom-inst] —I 3I(1))

AOT-theorem free—thms:4[2,rel]:
([M]k1k2 V K1ke[D]) — 3B (B = II)»
by (metis rule=I:1 &E(1) VE(1) cqt:5:a[2][aziom-inst]
cqt:5:0[2][aziom-inst] —1 F1(1))
AOT-theorem free—thms:4[2,1]:
<([H]I{1/{2 Vv K1HQ[H]) — Elﬁ (B = 141))
by (metis rule=I:1 &E VE(1) cqt:5:a[2][aziom-inst]
cqt:5:0[2][aziom-inst] —1 F1(1))
AOT-theorem free—thms:4[2,2)]:
(([H]Hllig Vv H1I€2[H]) — 3/3 (ﬁ = Iig))
by (metis rule=I:1 &E(2) VE(1) cqt:5:a[2]|aziom-inst]
cqt:5:0[2][aziom-inst] —I F1(1))
AOT-theorem free—thms:4[3,rel]:
([M]k1k2ks V K1kers[I]) = 38 (B = 1)
by (metis rule=I:1 &E(1) VE(1) cqt:5:a[3][aziom-inst]
cqt:5:b[8][aziom-inst] —I FI(1))
AOT-theorem free—thms:4[3,1]:
<([H]l€1/€2/€3 V Ii1l€2/€3[H]) — El/B (ﬂ = Ii1)>
by (metis rule=1:1 &E VE(1) cqt:5:a[3][aziom-inst]
cqt:5:b[8][aziom-inst] —I FI(1))
AOT-theorem free—thms:4[3,2]:
(([H]H11€2K3 V K1K2K3[H]) — 35 (5 = Iiz))
by (metis rule=I:1 &E VE(1) cqt:5:a[5][aziom-inst]
cqt:5:b[8][aziom-inst] —1 FI(1))
AOT-theorem free—thms:4[3,3]:
<([H]I€1I€2K3 Vv K1/€2H3[H]) — 36 (ﬁ = K,3)>
by (metis rule=I:1 &E(2) VE(1) cqt:5:a[3][aziom-inst]
cqt:5:b[3][aziom-inst] —1 FI(1))
AOT-theorem free—thms:4[4,rel]:
([M)k1k2ksks V Kikokska[Il]) — 3B (8 = II)»
by (metis rule=I:1 &FE(1) VE(1) cqt:5:a[4][aziom-inst]
cqt:5:b[4)[aziom-inst] —1 F1(1))
AOT-theorem free—thms:4[4,1]:
<([H]H1I€2K3Ku4 Vv H1,‘€2I€3K4[HD — 35 (ﬁ = K1)>
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by (metis rule=I:1 &FE VE(1) cqt:5:a[4][aziom-inst]
cqt:5:b[4)[aziom-inst] —1 31(1))
AOT-theorem free—thms:4[4,2):
<([H]K1I€2f€3l€4 Vv H1K2H3K4[HD — 35 (ﬁ = KQ))
by (metis rule=I:1 &E VE(1) cqt:5:a[4][aziom-inst]
cqt:5:0[4)[aziom-inst] —1 31(1))
AOT-theorem free—thms:4[4,3):
<([H]I€1I€2/€3K,4 V /i1l€2/€3/€4[HD — 35 (,3 = I€3))
by (metis rule=I:1 &E VE(1) cqt:5:a[4][aziom-inst]
cqt:5:b[4)[aziom-inst] —1 F1(1))
AOT-theorem free—thms:4[4,4]:
<([H]H11€2H3I€4 \Y I<61/<321€3/<L4[HD — Hﬂ (/8 = l~€4)>
by (metis rule=I:1 &FE(2) VE(1) cqt:5:al4][aziom-inst]
cqt:5:b[4)[aziom-inst] —1 F1(1))

AOT-theorem ez:1:a: Vo ol

by (rule GEN) (fact cqt:2[const-var][aziom-inst])
AOT-theorem ez:1:b: Va3 (S = a)

by (rule GEN) (fact free—thms:3[const-var])

AOT-theorem ez:2:a: <Hal»

by (rule RN) (fact cqt:2[const-var][aziom-inst])
AOT-theorem ez:2:b: <038(8 = a)

by (rule RN) (fact free—thms:3[const-var])

AOT-theorem ez:5:a: <00V o al»
by (rule RN) (fact ex:1:a)
AOT-theorem ez:3:b: <OVa3B(B = a)»
by (rule RN) (fact ex:1:b)

AOT-theorem ez:4:a: Vo Oal»

by (rule GEN; rule RN) (fact cqt:2[const-var]|[aziom-inst])
AOT-theorem ez:4:b: Va3 B(8 = a)»

by (rule GEN; rule RN) (fact free—thms:3[const-var])

AOT-theorem ez:5:a: OV a Qal»
by (rule RN) (simp add: ex:4:a)
AOT-theorem ez:5:b: <(OVaO3B(8 = a)»
by (rule RN) (simp add: ex:4:b)

AOT-theorem all—self=:1: <OV a(a = a)
by (rule RN; rule GEN) (fact id—eq:1)

AOT-theorem all—self=:2: Va(a = a)
by (rule GEN; rule RN) (fact id—eq:1)

AOT-theorem id—nec:1: <« = f — O(a = B)»
proof(rule —1)
AQOT-assume o =
moreover AOT-have (O(a = a)»
by (rule RN) (fact id—eq:1)
ultimately AOT-show O(a = ) using rule=FE by fast
qged

AOT-theorem id—nec:2: <1 = 0 — O(1 = o)
proof(rule —1)
AOT-assume asm: T = o>
moreover AOT-have (7>
using calculation t=t—proper:1 —E by blast
moreover AOT-have O(7 = 7)»
using calculation all—self=:2 V E(1) by blast
ultimately AOT-show (7 = o)) using rule=F by fast
qed
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AOT-theorem term—out:1: «p{a} =3B (8 = a & ¢{B})
proof (rule =I; rule —1I)
AOT-assume asm: «p{a}
AOT-show 38 (8 = a & o{B})
by (rule 31(2)[where f=q]; rule &I)
(auto simp: id—eq:1 asm)
next
AOT-assume 0: <38 (8 = a & o{B})
AOT-obtain § where 8 = a & {8}
using 3 E[rotated, OF 0] by blast
AOT-thus «p{a}> using &E rule=FE by blast
qed

AOT-theorem term—out:2: <tl — (p{7} = Ja(a = 7 & e{a}))
proof(rule —1)
AOT-assume <7]»
moreover AOT-have Va (p{a} =38 (8 = a & p{B}))
by (rule GEN) (fact term—out:1)
ultimately AOT-show «p{7} = Ja(a =7 & {a})
using V E by blast
qed

AOT-theorem term—out:3:
(pla} & VApIB} > B = ) = VA(pIA) = B = a)
apply (rule =I; rule —1I)
apply (frule &E(1))
apply (drule &E(2))
apply (rule GEN; rule =I; rule —1I)
using rule—ui:2[const-var] vdash—properties:5
apply blast
apply (meson rule=FE id—eq:1)
apply (rule &I)
using id—eq:1 =E(2) rule—ui:3
apply blast
apply (rule GEN; rule —1)
using =F(1) rule—ui:2[const-var]
by blast

AOT-theorem term—out:4:
(p{B} & Va(p{a} = a = pB)) =Valp{a} = a = B)

using term—out:3 .

AOT-define AOT-exists-unique :: <o = @ = @) uniqueness:1:
««AOT-ezists-unique p» =q5 Ja (p{a} & VB ({8} = B =a))
syntax (input) -AOT-ezxists-unique :: <o = @ = > («3!- - [1,40])
syntax (output) -AOT-exists-unique :: <« = ¢ = > («3!1-'(-") [1,40])
AOT-syntax-print-translations
-AOT-exists-unique 7 ¢ <= CONST AOT-exists-unique (-abs T ¢)
syntax
-AOT-exists-unique-ellipse :: <id-position = id-position = p = p»
(«F!-.. 3102 [1,40])
parse-ast-translationy
[(syntaz-const <-AO T-exists-unique-ellipse),
fn ctz => fn [a,b,c] => Ast.mk-appl (Ast.Constant AOT-exists-unique)
[parseEllipseList -AOT-vars ctx [a,b],c]),
(syntazx-const «-AOT-exists-uniques,
AOT-restricted-binder
const-name < AOT-exists-unique>
const-syntax <AOT-conj»)]»
print-translation<AOT-syntaz-print-translations |
AOT-preserve-binder-abs-tr’
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const-syntax «AOT-exists-uniques
syntax-const -AOT-exists-unique)
(syntaz-const«-AOT-exists-unique-ellipse, true)
const-name<AOT-conj»,

AOT-binder-trans
@{theory}
@{binding AOT-exists-unique-binder}
syntaz-const -AOT-exists-uniquey

B

context AOT-meta-syntax

begin

notation AOT-ezists-unique (binder <31 20)
end

context AOT-no-meta-syntax

begin

no-notation AOT-ezists-unique (binder (3! 20)
end

AOT-theorem uniqueness:2: (3la p{a} = FaVB(p{B} = L = a)
proof(rule =I; rule —1I)
AOT-assume 3la p{a}
AOT-hence Fa (p{a} & VB (p{B} = =a))
using uniqueness:1 =q¢ E by blast
then AOT-obtain a where «p{a} & V3 (p{B8} = 8 = a)
using instantiation[rotated] by blast
AOT-hence V3(p{f} = B = a)
using term—out:3 =F by blast
AOT-thus <FaVB(p{B} =8 = a)
using 37 by fast
next
AOT-assume JaV ({8} = B = a)
then AOT-obtain a where V3 (p{8} = 8 = a)
using instantiation[rotated] by blast
AOT-hence «p{a} & VB ({8} — 8 = a)
using term—out:3 =E by blast
AOT-hence Fa (p{a} & VB (p{B} = B =a))
using 31 by fast
AOT-thus 3la p{a}p
using uniqueness:1 =q51 by blast
qed

AOT-theorem uni—most: 3la p{a} = VVYy((e{B8} & p{7}) = B =)
proof(rule —I; rule GEN; rule GEN; rule —1I)
fix B~
AOT-assume 3la p{a}
AOT-hence <3avVB(p{B} =B = a)
using uniqueness:2 =F by blast
then AOT-obtain a where V3(o{8} = 8 = a)
using instantiation[rotated] by blast
moreover AOT-assume {8} & {7y}
ultimately AOT-have (5 = a» and <y = @
using V E(2) &E =FE(1,2) by blast+
AOT-thus 8 = v
by (metis rule=FE id—eq:2 —E)
qed

AOT-theorem nec—ezxist—!: Va(p{a} — Op{a}) = 3la p{a} — Ila Op{a})
proof (rule —I; rule —1I)

AOT-assume a: <V a(e{a} — Op{a})

AOT-assume 3la p{a}

AOT-hence (Fa (p{a} & VB (p{B8} = B =a))
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using uniqueness:1 =4y F by blast

then AOT-obtain a where &: <p{a} & VS (¢{8} = 8 = a)
using instantiation[rotated] by blast

AOT-have Op{a}
using ¢ a &E VE —FE by fast

moreover AOT-have V3 (Op{B8} — B8 = a)
apply (rule GEN; rule —1I)
using &[THEN &FE(2), THEN ¥ E(2), THEN —E]

gml:2]aziom-inst, THEN — E] by blast

ultimately AOT-have «(Op{a} & VB (Op{B8} = B = a))
using &I by blast

AOT-thus 3la Op{a}
using uniqueness:1 =q¢1 31 by fast

qed

8.8 The Theory of Actuality and Descriptions

AQOT-theorem act—cond: (A(p — ¥) — (Ap — Ap)
using —1 =E(1) logic—actual—nec: 2[aziom-inst] by blast

AOT-theorem nec—imp—act: <Jp — Ap>
by (metis act—cond contraposition:1[2] =E(4)
gml:2[THEN act-closure, axiom-inst]
gml—act:2[aziom-inst] RAA(1) —E —1I)

AOT-theorem act—conj—act:1: <A(Ap — @)
using —1 =FE(2) logic—actual—nec:2[aziom-inst]
logic—actual—nec:4[axiom-inst] by blast

AOT-theorem act—conj—act:2: <A(p — Ap)>
by (metis =1 =E(2, 4) logic—actual—nec: 2[aziom-inst]
logic—actual—nec: 4[aziom-inst] RAA(1))

AOT-theorem act—conj—act:3: «(Ap & Ap) — Alp & )
proof —
AOT-have O(p — (¥ = (p & )N
by (rule RN) (fact Adjunction)
AOT-hence (A(p = (Y = (¢ & ¥)))
using nec—imp—act —E by blast
AOT-hence (Ap — A(p — (¢ & )
using act—cond —FE by blast
moreover AOT-have <Ay — (¢ & ¢)) = (AY — Alp & )
by (fact act—cond)
ultimately AOT-have <(Ap — (A — A(p & ¢))»
using —I1 —F by metis
AOT-thus (Ayp & AY) — Ap & ¥)
by (metis Importation —E)
qed

AOT-theorem act—conj—act:4: <A(Ap = ¢)»
proof —
AOT-have ((A(Ap — ¢) & A(p = Ap)) = A((Ap — ¢) & (¢ = Ap))»
by (fact act—conj—act:3)
moreover AOT-have (A(Ap — ¢) & A(p — Ap)
using &I act—conj—act:1 act—conj—act:2 by simp
ultimately AOT-have (: (A((Ap = ¢) & (p = Ap))
using —FE by blast
AOT-have <(A(((Ap = ) & (¢ = Ap)) = (Ap = @)
using conventions:3[THEN df —rules—formulas[2],
THEN act-closure, aziom-inst] by blast
AOT-hence (A((Ap — ¢) & (p = Ap)) - A(Ap = o)
using act—cond —E by blast
AOT-thus <A(Ap = ¢)) using ( —FE by blast
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qed

inductive arbitrary-actualization for ¢ where
<arbitrary-actualization ¢ «Ap»»
| <arbitrary-actualization ¢ «Ap») if <arbitrary-actualization ¢ >
declare arbitrary-actualization.cases| AOT)
arbitrary-actualization.induct| AOT]
arbitrary-actualization.simps[AOT)]
arbitrary-actualization.intros| AOT)
syntax arbitrary-actualization :: «p’ = ¢’ = AOT-prop
(tARBITRARY'-ACTUALIZATION'(-,-'))

notepad
begin
AOT-modally-strict {
fix ¢
AOT-have {ARBITRARY-ACTUALIZATION (Ap = ¢, A(Ap = ¢))»
using AOT-PLM .arbitrary-actualization.intros by metis
AOT-have <ARBITRARY-ACTUALIZATION (Ayp = ¢, AA(Ap = ¢))
using AOT-PLM .arbitrary-actualization.intros by metis
AOT-have (ARBITRARY-ACTUALIZATION (A = p, AAA(Ap = )
using AOT-PLM .arbitrary-actualization.intros by metis
}

end

AOT-theorem closure—act: 1:
assumes <(ARBITRARY-ACTUALIZATION (Ayp = ¢, )
shows <>
using assms proof(induct)
case |
AQT-show «(A(Ap = o)
by (simp add: act—conj—act:4)
next
case (2 )
AOT-thus <Ay
by (metis arbitrary-actualization.simps =F(1)
logic—actual—nec: 4[axiom-inst])
qed

AOT-theorem closure—act:2: Vo A(Ap{a} = p{a})
by (simp add: act—conj—act:4 ¥V I)

AOT-theorem closure—act:3: <AY oo A(Ap{a} = p{a})

by (metis (no-types, lifting) act—conj—act:4 =E(1,2) V1
logic—actual—nec: 8[aziom-inst)
logic—actual—nec:4[axiom-inst))

AOT-theorem closure—act:4: <AV a1..V an A(Ap{ai...an} = o{ai...an})
using closure—act:3 .

AOT-act-theorem RA[1]:

assumes (- @)

shows + Ap»

— While this proof is rejected in PLM, we merely state it as modally-fragile rule, which addresses the concern
in PLM.

using ——F assms =E(3) logic—actual|act-aziom-inst]

logic—actual—nec: 1[axiom-inst] modus—tollens:2 by blast

AOT-theorem RA[2]:

assumes Fg ¢

shows <Fg Ap»

— This rule is in fact a consequence of RN and does not require an appeal to the semantics itself.
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using RN assms nec—imp—act vdash—properties:5 by blast
AOT-theorem RA[3)]:

assumes <[ kg ¢»

shows (Al ko Ap>

This rule is only derivable from the semantics, but apparently no proof actually relies on it. If this turns
out to be required, it is valid to derive it from the semantics just like RN, but we refrain from doing so,
unless necessary.

oops — discard the rule

AOT-act-theorem ANeg:1: <= Ap = —p»
by (simp add: RA[1] contraposition:1[1] deduction—theorem
=1 logic—actual[act-axiom-inst))

AOT-act-theorem ANeg:2: (= A-p = >
using ANeg:1 =1 =E(5) useful—tautologies: 1
useful—tautologies:2 by blast

AOT-theorem Act—Basic:1: «(Ap V A-p)
by (meson VI(1,2) =E(2) logic—actual—nec: 1[aziom-inst] raa—cor:1)

AOT-theorem Act—Basic:2: <A(p & ¢) = (Ap & Ap)»
proof (rule =I; rule —1)
AQT-assume (A(p & ¥)»
moreover AOT-have «A((¢ & 1) — )
by (simp add: RA[2] Conjunction Simplification(1))
moreover AOT-have <(A((¢ & ¢) = ¢)»
by (simp add: RA[2] Conjunction Simplification(2))
ultimately AOT-show <Ap & A
using act—cond|[THEN —E, THEN —E] &I by metis
next
AOT-assume Ay & Ay
AOT-thus «A(p & )
using act—conj—act:3 vdash—properties:6 by blast
qed

AOT-theorem Act—Basic:3: <A(p = ¢) = (Alp = ¥) & A(Yp — o))
proof (rule =I; rule —1)
AOT-assume <A(p = ¢)»
moreover AOT-have <A((¢ = ¥) = (¢ = ¥))»
by (simp add: RA[2] deduction—theorem =F(1))
moreover AOT-have (A((p = ¢¥) = (Y — @)D
by (simp add: RA[2] deduction—theorem =E(2))
ultimately AOT-show «A(p — ) & A — )
using act—cond|[THEN —E, THEN —E] &I by metis
next
AOT-assume <Ay — ¢) & A — )
AOT-hence <A((¢ = ¥) & (Y = ©))»
by (metis act—conj—act:3 vdash—properties:10)
moreover AOT-have «(A(((¢p — ¥) & (Y — ¢)) = (¢ = ¥))»
by (simp add: conventions:3 RA[2] df—rules—formulas|2)
vdash—properties: 1[2])
ultimately AOT-show «A(p = ¢)»
using act—cond|[THEN —E, THEN —E] by metis
qed

AOT-theorem Act—Basic:4: <(A(p — ) & A(Y — ¢)) = (Ap = AY)»
proof (rule =I; rule —1)
AOT-assume 0: <A(p — ) & A(Y — p)
AOT-show «Ap = AY»
using 0 &E act—cond|[THEN —E, THEN —E] =1 —1 by metis
next

AOT-assume (Ap = AyY»
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AOT-thus (A(p = ¥) & AW — @)
by (metis —1 logic—actual—nec: 2[aziom-inst] =E(1,2) &I)
qed

AOT-theorem Act—Basic:5: <A(p = ¢) = (Ap = AY)»
using Act—Basic:8 Act—Basic:4 =E(5) by blast

AOT-theorem Act—Basic:6: <Ap = OAp)
by (simp add: =I gml:2[aziom-inst] gml—act:1[aziom-inst])

AOT-theorem Act—Basic:7: <Alp — OAp»
by (metis Act—Basic:6 -1 —E =E(1,2) nec—imp—act
gml—act:2[aziom-inst])

AOT-theorem Act—Basic:8: <Oy — OAp»
using Hypothetical Syllogism nec—imp—act gml—act: 1[aziom-inst] by blast

AOT-theorem Act—Basic:9: <A(p V ¢) = (Ap V AY)»
proof (rule =I; rule —1)
AQT-assume (A(p V )
AOT-thus <Ap V Ay
proof (rule raa—cor:3)
AOT-assume —(Ap V Ap)>
AOT-hence —Ap & —A»
by (metis =E(1) oth—class—taut:5:d)
AOT-hence (A-p & A—)»
using logic—actual—nec: 1[aziom-inst, THEN =F(2)] &FE &I by metis
AOT-hence <A(—p & —1))
using =F Act— Basic:2 by metis
moreover AOT-have (A((—p & ) = =(p V ¢))»
using RA[2] =E(6) oth—class—taut:3:a oth—class—taut:5:d by blast
moreover AOT-have (A(—p & ) = A(=(p V )
using calculation(2) by (metis Act—Basic:5 =E(1))
ultimately AOT-have «A(—(¢ V ¢))> using =F by blast
AOT-thus (—A(p V ¥)»
using logic—actual—nec: 1[aziom-inst, THEN =E(1)] by auto
ged
next
AOT-assume (Ap V Ay
AOT-thus «A(p V )
by (meson RA[2] act—cond VI(1) VE(1) Disjunction Addition(1,2))
qed

AOT-theorem Act—Basic:10: <A a p{a} = Ja Ap{a}
proof —
AOT-have ¥: (—AYa —p{a} = Va A-p{a}
by (rule oth—class—taut:4:b|THEN =F(1)])
(metis logic—actual—nec: 8[axiom-inst))
AOT-have & (-Va A-p{a} = -Va ~Ap{ab
by (rule oth—class—taut:4:b|THEN =F(1)])
(rule logic—actual—mnec: 1{THEN universal-closure,
aziom-inst, THEN cqt—basic:3|THEN —E]))
AOT-have «(A(Fa p{a}) = A(-Va ~p{a})
using conventions:4[THEN df —rules—formulas|1],
THEN act-closure, aziom-inst]
conventions: 4| THEN df —rules—formulas[2],
THEN act-closure, aziom-inst]
Act—Basic:4|[THEN =E(1)] &I Act—Basic:5[THEN =E(2)] by metis
also AOT-have ... = ~AVa ~p{ap
by (simp add: logic—actual—nec:1 vdash—properties: 1[2])
also AOT-have ... = “Va A —¢p{a}> using ¥ by blast
also AOT-have «... = “Va -A ¢{a}> using & by blast
also AOT-have ... = Ja A ¢o{a}
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using conventions:4[THEN =Df] by (metis =E(6) oth—class—taut:3:a)
finally AOT-show (A3« p{a} = Fa Ap{a} .
qed

AOT-theorem Act—Basic:11:
(AVa(pfa} = {a}) =Va(Ap{a} = Ad{a})
proof(rule =I; rule —1I)
AOT-assume <AV a(p{a} = Y{a})
AOT-hence vV aA(p{a} = P{a})
using logic—actual—nec: 3[aziom-inst, THEN =E(1)] by blast
AOT-hence <A(p{a} = ¥{a})» for o using V E by blast
AOT-hence (Ap{a} = Ap{a} for a by (metis Act—Basic:5 =F(1))
AOT-thus Va(Ap{a} = AP{a})> by (rule VI)
next
AQT-assume Va(Ap{a}t = Ap{a})
AOT-hence (Ap{a} = Ayp{a} for a using V E by blast
AOT-hence (A(p{a} = ¥{a})) for a by (metis Act—Basic:5 =E(2))
AOT-hence Vo A(p{a} = v{a})> by (rule VI)
AOT-thus (AY a(p{a} = P{a})
using logic—actual—nec:3[aziom-inst, THEN =E(2)] by fast
qged

AOT-act-theorem act—quant—uniq:
VB(Ap{B} =B =0a) =VB(p{B}=B=a)
proof(rule =I; rule —1)
AOT-assume V3(Ap{8} = = a)
AOT-hence (Ap{B} = 8 = o for B using V E by blast
AOT-hence «p{8} = 8 = o for 3
using =1 —I RA[1] =E(1,2) logic—actual|act-aziom-inst] —FE
by metis
AOT-thus V3(p{B} = B = a)» by (rule VI)
next
AOT-assume V3(e{8} = 8 = a)
AOT-hence «p{8} = 8 = o for § using V E by blast
AOT-hence (Ap{f} =8 = o for 3
using =1 —I RA[I] =FE(1,2) logic—actual|act-aziom-inst] —F
by metis
AOT-thus «V3(Ap{f} = 8 = a)» by (rule VI)
qed

AOT-act-theorem fund—-cont—desc: «<x = tx(p{z}) = Vz(p{z} =z = z)»
using descriptions[aziom-inst] act—quant—uniq =E(5) by fast

AOT-act-theorem hintikka: <z = z(p{z}) = (p{z} & Vz (p{z} = z=2))
using Commutativity of =[THEN =E(1)] term—out:3
fund—cont—desc =E(5) by blast

locale russell-axiom =
fixes ¥
assumes -denotes-asm: [v = Y{k}] = [v E kl]
begin
AOT-act-theorem russell—aziom:
Wp{ez plat} = Fa(p{a} & Va(p{z} = 2 = 2) & P{z})
proof —
AOT-have b: Vz (z =tz p{z} = (p{z} & V2(p{z} = z2=2)))
using hintikka V I by fast
show ?%thesis
proof(rule =I; rule —1I)
AOT-assume c: p{ez o{z}}>
AOT-hence d: wz p{z}]>
using ¥-denotes-asm by blast
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AOT-hence 3y (y = tz p{z})
by (metis rule=1I:1 existential: 1)
then AOT-obtain a where a-def: <a = vz {z}
using instantiation|rotated] by blast
moreover AOT-have <a = tz {2z} = (¢{a} & Vz(p{z} = 2 = a))
using b V E by blast
ultimately AOT-have «p{a} & Vz(p{z} = z = a)
using =F by blast
moreover AOT-have «Y{a}
proof —
AOT-have I: VaVy(lz =y = y = z)»
by (simp add: id—eq:2 universal—cor)
AOT-have <a =tz {z} = wz p{z} = ®
by (rule V E(1)[where T=«tz o{z}»]; rule V E(2)[where f=a])
(auto simp: 1 d universal—cor)
AOT-thus «@p{a}>
using a-def ¢ rule=FE —FE by blast
qed
ultimately AOT-have «p{a} & Vz(p{z} = z = a) & ¥{a}» by (rule &I)
AOT-thus Jz(p{z} & Vz(p{z} = 2z = z) & Y{z})» by (rule 3I)
next
AOT-assume Jz(p{z} & Vz(p{z} = z = z) & Y{z})
then AOT-obtain b where g: <p{b} & Vz2(p{z} = z = b) & Y{b}
using instantiation[rotated] by blast
AOT-hence h: <b =tz p{z} = (p{b} & V2(p{z} — 2 =10b))
using b V E by blast
AOT-have <p{b} & Vz(¢{z} = z = b)» and j: «p{db}
using g &FE by blast+
AOT-hence b =tz p{z}» using h =F by blast
AOT-thus «p{tz p{z}}> using j rule=FE by blast
ged
qed
end

interpretation russell—aziom[exe,1]: russell-aziom <\ k . «[I]x»»
by standard (metis cqt:5:a[1][aziom-inst, THEN —E] &E(2))
interpretation russell—aziom|eze,2,1,1]: Tussell-aziom «\ k . «[]kK"»
by standard (metis cqt:5:a]2][aziom-inst, THEN —E] &F)
interpretation russell—aziom|eze,2,1,2]: russell-aziom <\ k . «[I[]x'k»>
by standard (metis cqt:5:a]2][aziom-inst, THEN —E] &F(2))
interpretation russell—aziom[eze,2,2]: russell-aziom <\ K . «[II]kr»>
by standard (metis cqt:5:a]2][aziom-inst, THEN —E] &FE(2))
interpretation russell—aziom[eze,3,1,1]: Tussell-aziom <\ k . «[U]kK'c"»
by standard (metis cqt:5:a]3][aziom-inst, THEN —E] &F)
interpretation russell—aziom|eze,3,1,2]: russell-aziom <\ k . «[Il]x'kK""»>
by standard (metis cqt:5:a]3][aziom-inst, THEN —E] &F)
interpretation russell—aziom|eze,3,1,3]: russell-aziom <\ k . «[I[]x'k" Ky
by standard (metis cqt:5:a[8][aziom-inst, THEN —E] &E(2))
interpretation russell—aziom[eze,3,2,1]: russell-aziom <\ k . «[I[JkkK'»>
by standard (metis cqt:5:a]3][aziom-inst, THEN —E] &F)
interpretation russell—aziom[eze,3,2,2]: russell-aziom «\ k . «[U]kK'E»
by standard (metis cqt:5:a]3][aziom-inst, THEN —E] &E(2))
interpretation russell—aziom|eze,3,2,3): russell-axiom «\ k . «[H]k'kKr»>
by standard (metis cqt:5:a[8][axiom-inst, THEN —E] &E(2))
interpretation russell—aziom[eze,3,3]: russell-aziom A k . «[II|kkK»>
by standard (metis cqt:5:a]3][aziom-inst, THEN —FE] &E(2))

interpretation russell—aziom[enc,1]: russell-aziom <\ k . «&[II]»>
by standard (metis cqt:5:b[1][aziom-inst, THEN —E] &E(2))
interpretation russell—aziom[enc,2,1]: russell-aziom «\ k . «xk'[[I]»
by standard (metis cqt:5:b[2][aziom-inst, THEN —E] &FE)
interpretation russell—aziom[enc,2,2]: russell-aziom <\ k . «&'k[II]»>
by standard (metis cqt:5:b[2]|aziom-inst, THEN —E] &FE(2))
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interpretation russell—aziom[enc,2,3): russell-aziom A k . «k&[II]»>
by standard (metis cqt:5:b[2]|aziom-inst, THEN —E] &E(2))
interpretation russell—aziom|[enc,3,1,1]: russell-aziom X\ k . «kk's"[H]»>
by standard (metis cqt:5:b[3][aziom-inst, THEN —E] &F)
interpretation russell—aziom|[enc,3,1,2]: russell-aziom <\ k . «x'ks"[IT]»>
by standard (metis cqt:5:b[3][aziom-inst, THEN —E] &E)
interpretation russell—aziom[enc,3,1,3]: russell-aziom <\ k . «x'k"k[[I]»>
by standard (metis cqt:5:b[3][aziom-inst, THEN —E] &E(2))
interpretation russell—aziom|[enc,3,2,1]: russell-aziom <\ k . «xrr[I]»
by standard (metis cqt:5:b[3][aziom-inst, THEN —E] &FE)
interpretation russell—aziom[enc,3,2,2): russell-axiom «\ k . «xk'K[I1]»>
by standard (metis cqt:5:b[3][aziom-inst, THEN —E] &E(2))
interpretation russell—aziom[enc,3,2,5]: russell-aziom «\ k . «k'kK[II]»
by standard (metis cqt:5:b[3][aziom-inst, THEN —E] &E(2))
interpretation russell—aziom[enc,3,3|: russell-aziom A k . «kKk[II]»>
by standard (metis cqt:5:b[3][aziom-inst, THEN —E] &E(2))

AOT-act-theorem !—ezists: 1: «wz p{z}] = Iz p{z}
proof(rule =I; rule —1I)
AOT-assume «z p{z}]»
AOT-hence 3y (y =tz p{z})> by (metis rule=I:1 existential:1)
then AOT-obtain a where <a = vz p{z}
using instantiation[rotated] by blast
AOT-hence «p{a} & Vz (p{z} = z = a)»
using hintikka =F by blast
AOT-hence 3z (p{z} & Vz ({2} = z=12))
by (rule 31)
AOT-thus 3!z p{z}
using uniqueness:1[THEN =4¢1] by blast
next
AOT-assume 3!z p{z}
AOT-hence 3z (p{z} & Vz (p{z} = 2z =2))
using uniqueness:1[THEN =4 E] by blast
then AOT-obtain b where «p{b} & Vz (p{z} = 2 = b)»
using instantiation|[rotated] by blast
AOT-hence b = vz p{z}
using hintikka =F by blast
AOT-thus <z o{z}|
by (metis t=t—proper:2 vdash—properties:6)
qed

AOT-act-theorem !—ezists:2: <Jy(y=tz p{z}) = Iz p{z}
using !|—exists: 1 free—thms:1 =E(6) by blast

AOT-act-theorem y—in:1: <z = vz o{z} — o{z}
using &E(1) —1 hintikka =F(1) by blast

AOT-act-theorem y—in:2: <z = vz p{z} = ¢{z}> using y—in:1.

AOT-act-theorem y—in:3: <z o{z}l — o{tz p{z}}
proof(rule —1I)
AOT-assume «wz p{z}]>
AOT-hence 3y (y =tz p{z})»
by (metis rule=1I:1 existential:1)
then AOT-obtain a where <a = vz p{z}
using instantiation[rotated] by blast
moreover AOT-have «p{a}>
using calculation hintikka =E(1) &E by blast
ultimately AOT-show «p{tz p{z}}» using rule=FE by blast
qed

AOT-act-theorem y—in:4: <3y (y = tz p{z}) = o{ez p{z}}

101



using y—in:3[THEN —E] free—thms:1[THEN =E(2)] —I by blast

AOT-theorem act—quant—mnec:
VB (Ap{B} = =0a) =VE(AAp{B} =B = a)
proof(rule =I; rule —1I)
AOQT-assume V8 (Ap{B} = B = a)
AOT-hence «(Ap{B} = f = a» for 3 using V E by blast
AOT-hence (AAp{f} = = o for 8
by (metis Act—Basic:5 act—conj—act:4 =E(1) =E(5))
AOT-thus <V 3(AAp{B} = 5 = o)
by (rule VI)
next
AQT-assume V3(AAp{B} = B8 = a)
AOT-hence (AAp{8} = = w for § using V E by blast
AOT-hence (Ap{f} = = a for 8
by (metis Act—Basic:5 act—conj—act:4 =E(1) =E(6))
AOT-thus V3 (Ap{B} =8 = a)
by (rule VI)
qed

AOT-theorem equi—desc—descA:1: <z = vz p{z} = z = x(Ap{z})
proof —
AOT-have <z =tz p{z} =Vz (Ap{z} = z = 2)
using descriptions[aziom-inst] by blast
also AOT-have «... =Vz (AAp{z} = z = z)»
proof(rule =I; rule —I; rule VI)
AOT-assume Vz (Ap{z} = z = z)»
AOT-hence <Ap{a} = a = for a
using V E by blast
AOT-thus (AAp{a} = a = 2 for a
by (metis Act—Basic:5 act—conj—act:4 =E(1) =E(5))
next
AOT-assume Vz (AAp{z} = z = z)
AOT-hence (AAp{a} = a = for a
using V E by blast
AOT-thus (Ap{a} = a = 2 for a
by (metis Act—Basic:5 act—conj—act:4 =E(1) =E(6))
qed
also AOT-have «... = z = tz(Ap{z})
using Commutativity of =[THEN =E(1)] descriptions[aziom-inst] by fast
finally show ?thesis .
qged

AOT-theorem equi—desc—descA:2: wz o{z}] = 1z p{z} = tz(Ap{z})
proof(rule —I)
AOT-assume «wz p{z}]>
AOT-hence 3y (y = vz p{z})»
by (metis rule=I:1 existential:1)
then AOT-obtain a where <a = vz p{z}
using instantiation[rotated] by blast
moreover AOT-have <a = tz(Ap{z})
using calculation equi—desc—descA:1[THEN =E(1)] by blast
ultimately AOT-show <z p{z} = vz(Ap{z})
using rule=F by fast
qed

AOT-theorem nec—hintikka—scheme:
@ =z p{z} = Ap{z} & Vz(Ap{z} = z = z)
proof —
AOT-have «z = 1z p{z} = V2(Ap{z} = 2z = z)»
using descriptions[aziom-inst] by blast
also AOT-have «... = (Ap{z} & V2(Ap{z} — z = z))
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using Commutativity of =[THEN =FE(1)] term—out:3 by fast
finally show ?thesis.
qed

AOT-theorem equiv—desc—eq:1:
CAV z(p{z} = Y{z}) = Vz (2 = vz p{z} = = = vz Y{z})
proof(rule —I; rule V' I)
fix 5
AOT-assume <AV z(p{z} = Y{z})
AOT-hence (A(p{z} = y{z}) for z
using logic—actual—nec: 3[aziom-inst, THEN =E(1)] ¥V E(2) by blast
AOT-hence 0: <Ap{z} = Ap{z}> for z
by (metis Act—Basic:5 =FE(1))
AOT-have 8 = wz p{z} = Ap{B} & Vz(Ap{z} — z = )
using nec—hintikka—scheme by blast
also AOT-have «... = AY{B} & Vz(AY{z} — z = B)
proof (rule =I; rule —1I)
AOT-assume I: (Ap{B} & Vz(Ap{z} = z = B)
AOT-hence (Ap{z} — z = > for z
using &F V E by blast
AOT-hence <(AY{z} — z = (B for z
using 0 =F —1 —F by metis
AOT-hence Vz(Ayp{z} — z = )
using VI by fast
moreover AOT-have «AY{S}
using &F 0[THEN =E(1)] 1 by blast
ultimately AOT-show «AY{8} & Vz(AY{z} = z = B)»
using &I by blast
next
AOT-assume I: CcAY{f} & Vz(AP{z} — z = B)
AOT-hence (AY{z} — z = p» for z
using &F V E by blast
AOT-hence (Ap{z} — z = /) for z
using 0 =F —1 —FE by metis
AOT-hence Vz(Ap{z} — z = )
using VI by fast
moreover AOT-have <Ap{S}
using &F 0[THEN =E(2)] 1 by blast
ultimately AOT-show «Ap{B} & Vz(Ap{z} = z = B)
using &I by blast
qed
also AOT-have «... = 8 = vz Y{z}
using Commutativity of =[THEN =FE\(1)] nec—hintikka—scheme by blast
finally AOT-show (8 = wz {z} = 8 =tz Y{z}> .
qed

AOT-theorem equiv—desc—eq:2:
wz o{z}l & AV z(p{z} = Y{z}) — tz p{z} =tz Y{z}
proof(rule —1I)
AOT-assume <z p{z}] & AV z(p{z} = ¢{z})
AOT-hence 0: <3y (y = tz p{z})> and
I: Vz (z =z p{z} = z = vz Y{a})
using & F free—thms: 1[THEN =E(1)] equiv—desc—eq:1 —F by blast+
then AOT-obtain a where <a = vz p{z}
using instantiation[rotated] by blast
moreover AOT-have (a = vz Yv{z}
using calculation 1V E =FE(1) by fast
ultimately AOT-show «z ¢{z} = vz Y{z}
using rule=F by fast
qed

AOT-theorem equiv—desc—eq:3:
wz p{z} & OV z(p{z} = v{z}) — z p{z} = wz Y{z}h
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using —1 equiv—desc—eq:2|THEN —E, OF &I] &E
nec—imp—act[THEN —E] by metis

AOT-theorem equiv—desc—eq:4: «wz p{z}|l — Oz o{z})
proof(rule —1)
AOT-assume «z e{z}]»
AOT-hence 3y (y = tz p{z})
by (metis rule=1I:1 existential:1)
then AOT-obtain a where <a = vz p{z}
using instantiation[rotated] by blast
AOT-thus Oz p{z}]»
using ex:2:a rule=FE by fast
qed

AOT-theorem equiv—desc—eq:5: <z {z}] — Ty O(y = tz p{z})
proof(rule —1I)
AOT-assume «wz p{z}]>
AOT-hence 3y (y = tz p{z})
by (metis rule=1:1 existential: 1)
then AOT-obtain a where <a = vz p{z}
using instantiation[rotated] by blast
AOT-hence O(a = vz p{z})
by (metis id—nec:2 vdash—properties:10)
AOT-thus 3y O(y = ez p{z})
by (rule 31)
qed

AOT-act-theorem equiv—desc—eq2:1:
Nz (p{z} = Y{z}) = Vz (z =tz p{2} = 2 =tz Y{z})
using —1 logic—actual[act-aziom-inst, THEN —E)|
equiv—desc—eq: 1[THEN —E)|
RA[1] deduction—theorem by blast

AOT-act-theorem equiv—desc—eq2:2:
@z ploh) & Vo (o} = v{o}) - 1 plo} = viah
using —1 logic—actual[act-aziom-inst, THEN —E)|
equiv—desc—eq:2[THEN —E, OF &I|
RA[1] deduction—theorem &E by metis

context russell-aziom
begin
AOT-theorem nec—russell—aziom:
Wlus plott = Ja(Apla} & V2(Ap(z} = 2 = 2) & v{o})
proof —
AOT-have b: <Vz (z = vz o{z} = (Ap{z} & Vz(Ap{z} — 2z = z)))
using nec—hintikka—scheme ¥V I by fast
show ?thesis
proof(rule =I; rule —1)
AOT-assume c: «p{ez p{z}}p
AOT-hence d: wz p{z}]»
using ¥-denotes-asm by blast
AOT-hence (Jy (y = tz p{z})
by (metis rule=1I:1 existential:1)
then AOT-obtain a where a-def: <a =tz p{z}>
using instantiation[rotated] by blast
moreover AOT-have <a = 1z {z} = (Ap{a} & Vz(Ap{z} = 2z = a))
using b V E by blast
ultimately AOT-have <Ap{a} & Vz(Ap{z} — z = a)
using =F by blast
moreover AOT-have <{a}>
proof —
AOT-have I: VaVylz =y — y = z)»
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by (simp add: id—eq:2 universal—cor)
AOT-have <a =tz {z} = wz p{z} = ®
by (rule V E(1)[where 1=«tz o{z}»]; rule V E(2)[where 8=a])
(auto simp: d universal—cor 1)
AOT-thus @{a}
using a-def ¢ rule=E —E by metis
qed
ultimately AOT-have <Ap{a} & Vz(Ap{z} — z = a) & Y{a}
by (rule &I)
AOT-thus Jz(Ap{z} & V2(Ap{z} = z = z) & Y{z})
by (rule 31)
next
AOT-assume Jz(Ap{z} & V2(Ap{z} = z = z) & P{z})
then AOT-obtain b where g: «(Ap{b} & Vz(Ap{z} — z =b) & Y{b}
using instantiation[rotated] by blast
AOT-hence h: <b = vz p{z} = (Ap{b} & V2(Ap{z} — 2= b))
using b V E by blast
AOT-have <Ap{b} & Vz(Ap{z} — z = b)) and j: <p{b}
using g &E by blast+
AOT-hence b =tz p{z}
using h =FE by blast
AOT-thus «p{ez p{z}}p
using j rule=FE by blast
qed
qged
end

AOT-theorem actual—desc:1: <z p{z}| = Iz Ap{z}
proof (rule =I; rule —1)
AOT-assume «wz p{z}]>
AOT-hence 3y (y = tz p{z})
by (metis rule=1I:1 existential: 1)
then AOT-obtain a where <a = vz p{z}
using instantiation[rotated] by blast
moreover AOT-have «a = 1z p{z} = V2(Ap{z} = z = a)
using descriptions[axiom-inst] by blast
ultimately AOT-have (Vz2(Ap{z} = z = a)»
using =F by blast
AOT-hence 2V z(Ap{z} = z = z)) by (rule 31)
AOT-thus 3!z Ap{z}>
using uniqueness:2[THEN =FE(2)] by fast
next
AQT-assume 3!z Ap{z}
AOT-hence 32V z(Ap{z} = z = z)»
using uniqueness:2|THEN =FE(1)] by fast
then AOT-obtain a where Vz(Ap{z} = z = a)
using instantiation|[rotated] by blast
moreover AOT-have «a = 1z p{z} = V2(Ap{z} = z = a)
using descriptions[aziom-inst] by blast
ultimately AOT-have <a = tz p{z}
using =F by blast
AOT-thus «wz p{z}{
by (metis t=t—proper:2 vdash—properties:6)
qed

AOT-theorem actual—desc:2: <z = vz p{z} — Ap{z}h

using &E(1) contraposition:1[2] =E(1) nec—hintikka—scheme
reductio—aa:2 vdash—properties:9 by blast

AOQOT-theorem actual—desc:3: <z = vz p{z} — Ap{zh
using actual—desc:2.
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AOT-theorem actual—desc:4: «z p{z}| — Ap{tz p{z}}
proof(rule —1I)
AOT-assume «wz p{z}]>
AOT-hence 3y (y = tz p{z})» by (metis rule=I:1 existential:1)
then AOT-obtain ¢ where <a = vz ¢{z}> using instantiation[rotated] by blast
AOT-thus <Ap{tz p{z}}
using actual—desc:2 rule=E —F by fast
qed

AOT-theorem actual—desc:5: «wzx p{z} = 1z Y{z} — AV z(p{z} = v{z})
proof(rule —1I)
AOT-assume 0: «wz p{z} =tz p{z}p
AOT-hence p-down: «z p{z}]» and ¥-down: <z Y{z}|>
using t=t—proper:1 t=t—proper:2 vdash—properties:6 by blast+
AOT-hence <y (y =tz p{z})> and Ty (y = tz Y{z})
by (metis rule=1I:1 existential: 1)+
then AOT-obtain ¢ and b where a-eq: <a = tz p{z}» and b-eq: <b = vz P{z}>
using instantiation[rotated] by metis

AOT-have VoV (a =8 — 8 =a)
by (rule V I; rule ¥V I; rule id—eq:2)
AOT-hence V3 (tz p{z} = B = B = tz p{z})
using V E ¢-down by blast
AOT-hence «z ¢{z} =tz Y{z} — z P{z} = wz o{z}
using V E ¥-down by blast
AOT-hence I: @z Y{z} = vz p{z}» using 0
—F by blast

AOT-have <Ap{z} = Ay{z}> for z
proof(rule =I; rule —1)
AOT-assume (Ap{z}
moreover AOT-have <(Ap{z} - z = o for z
using nec—hintikka—scheme[THEN =E(1), OF a-eq, THEN & E(2)]
V F by blast
ultimately AOT-have «z = a»
using —F by blast
AOT-hence «z =tz p{z}
using a-eq rule=F by blast
AOT-hence <z = vz Pp{z}
using 0 rule=E by blast
AOT-thus <Ayp{z}
by (metis actual—desc:8 vdash—properties:6)
next
AOT-assume (AY{z}h
moreover AOT-have <(Ay{z} — z = b for z
using nec—hintikka—scheme[ THEN =FE(1), OF b-eq, THEN &FE(2)]
V E by blast
ultimately AOT-have <z = b
using —F by blast
AOT-hence <z = vz Pp{z}
using b-eq rule=FE by blast
AOT-hence <z = vz p{z}
using I rule=F by blast
AOT-thus «Ap{z}
by (metis actual—desc:3 vdash—properties:6)
qed
AOT-hence (A(p{z} = ¢Y{z})> for z
by (metis Act—Basic:5 =F(2))
AOT-hence Vz A(p{z} = {z})»
by (rule VI)
AOT-thus <AV z (p{z} = ¢{z})
using logic—actual—nec: 3[aziom-inst, THEN =E(2)] by fast
qed
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AOT-theorem !box—desc:1: <Ilz Op{z} = Vy (y = vz p{z} = o{y})
proof(rule —1)
AOT-assume 3!z Op{z}
AOT-hence ¢: <3z (Op{z} & Vz (Op{z} = z=z))
using uniqueness:1[THEN =4 E] by blast
then AOT-obtain b where ¥: (Op{b} & Vz (Op{z} — z = b)
using instantiation[rotated] by blast
AOT-show Vy (y = vz p{z} — o{y})»
proof(rule GEN; rule —1I)
fix y
AOT-assume <y = vz p{z}
AOT-hence (Ap{y} & Vz (Ap{z} = z = y)
using nec—hintikka—scheme| THEN =FE(1)] by blast
AOT-hence <(Ap{b} - b=y
using &F V E by blast
moreover AOT-have «Ap{b}>
using Y[THEN &E(1)] by (metis nec—imp—act —E)
ultimately AOT-have b = y»
using —E by blast
moreover AOT-have «p{b}»
using Y[THEN &E(1)] by (metis gml:2[aziom-inst] —F)
ultimately AOT-show («p{y}»
using rule=FE by blast
ged
qed

AOT-theorem !box—desc:2:
Va (p{z} = Op{z}) = Blz p{z} = Vy (y = w2 o{z} = o{y}))
proof(rule —I; rule —1I)
AOT-assume Vz (p{z} — Op{z})
moreover AOT-assume 3!z p{z}»
ultimately AOT-have 3!z Op{z}»
using nec—ezist—![THEN —FE, THEN —E] by blast
AOT-thus Vy (y = vz p{z} — o{y})»
using !box—desc:1 —F by blast
qed

AOT-theorem dr—alphabetic—thm: «wv p{v}] — w o{v} = p o{u}>
by (simp add: rule=I:1 —1I)

8.9 The Theory of Necessity

AOT-theorem RM:1[prem]:
assumes <[' Fg ¢ — Y»
shows «[I' ko Oy — Oy
proof —
AOT-have OT b O(e — ¥)»
using RN|[prem] assms by blast
AOT-thus 0 g Oy — Oy
by (metis gml:1[aziom-inst] —E)
qed

AOT-theorem RM:1:
assumes (-g ¢ — Y

shows <o Oy — Oy
using RM:1[prem] assms by blast

lemmas RM = RM:1
AOT-theorem RM:2[prem]:

assumes I' Fg ¢ — ¥
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shows «OI" g Op — OY»
proof —
AOT-have (I' kg =Y — —p»
using assms
by (simp add: contraposition:1[1])
AOT-hence (I' b O-¢ — O-¢»
using RM:1[prem] by blast
AOT-thus 0 Fg O — O
by (meson =45 E =451 conventions:5 —I modus—tollens: 1)
qed

AOT-theorem RM:2:
assumes (g ¢ — ¥
shows g O — Oy
using RM:2[prem] assms by blast

lemmas RM{O = RM:2

AOT-theorem RM:3[prem]:
assumes ([ Fg ¢ = ¥
shows ' ko Oy = Oy
proof —
AOT-have <I' Fg ¢ — ¢» and <I' kg ¥ — ¢
using assms =F —1 by metis+
AOT-hence (I' kg O — vy and <Ol g Oy — Oy
using RM:1[prem] by metis+
AQOT-thus OT" kg Op = Oy
by (simp add: =I)
qed

AOT-theorem RM:3:
assumes g ¢ = P>
shows g Qe = Oy
using RM:3[prem] assms by blast

lemmas RE = RM:3

AOT-theorem RM:/[prem]:
assumes (' Fg ¢ = ¥
shows T g Op = Oy
proof —
AOT-have <I' g ¢ — ¢» and I kg ¥ — o
using assms =E —I by metis+
AOT-hence (T kg Q¢ — OY» and OO0 kg Oy — Op»
using RM:2[prem| by metis+
AOT-thus (T Fg Op = Oy»
by (simp add: =I)
qed

AOT-theorem RM:4:

assumes g ¢ = P>

shows <o O = Oy»

using RM:/[prem] assms by blast
lemmas REQ = RM:4

AOT-theorem KBasic:1: <O — O — )
by (simp add: RM pl: 1[axiom-inst])

AOT-theorem KBasic:2: <O-p — O(p — )
by (simp add: RM useful—tautologies:3)

AOT-theorem KBasic:3: \O(p & ) = (Op & Oy)»
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proof (rule =I; rule —1)
AOT-assume (¢ & )
AQOT-thus Oy & Oy
by (meson RM &I Conjunction Simplification(1, 2) —E)
next
AOT-have <Oy — O — (¢ & ¥))»
by (simp add: RM:1 Adjunction)
AOT-hence Oy — (Oy — O(p & ¥))»
by (metis Hypothetical Syllogism gml: 1[aziom-inst])
moreover AOT-assume <y & Oy
ultimately AOT-show (¢ & ¥)»
using —F &FE by blast
qed

AOT-theorem KBasic:4: <(O(p = ¢) = (0O(p — ¥) & O — »))»
proof —
AOT-have ¢: (d((¢ = ¥) & (¥ = ¢)) = (O(p — ¥) & O — @)
by (fact KBasic:3)
AOT-modally-strict {
AOT-have «(¢ = ¢) = ((p = ¢) & (¥ = ¢))
by (fact conventions:3[THEN =Df])
}
AOT-hence & (e =) =0((p = ¥) & (¥ — @)
by (rule RE)
with ¢ and ¥ AOT-show (¢ = ) = (O(p = ¥) & O — ¢))»
using =F(5) by blast
qed

AOT-theorem KBasic:5: «(O(p — ¢) & O — ¢)) — (Op = Oy)»
proof —
AOT-have (¢ — ¢) = (Op — Oy)»
by (fact gml: 1[aziom-inst])
moreover AOT-have Oy — ) — (Oyv — Op)»
by (fact gml: 1[aziom-inst])
ultimately AOT-have «(O(¢ — ) & O — ¢)) — ((Op — Oy) & (O — Op))»
by (metis &I MP Double Composition)
moreover AOT-have «((Oy — O¢) & (Oy — Op)) — (O = 0Oy)»
using conventions:3[THEN =451] —1 by blast
ultimately AOT-show «(O(¢ — ¢) & O(¢ — ¢)) — (Op = Oy)»
by (metis Hypothetical Syllogism)
qed

AOT-theorem KBasic:6: <O(p = v¢) — (Op = Oy)»

using KBasic:4 KBasic:5 deduction—theorem =E(1) —E by blast
AOT-theorem KBasic:7: «((Op & Oy) vV (O-¢ & O-9)) — O(p = ¢)»
proof (rule —1I; drule VE(1); (rule —1)?)

AQT-assume Oy & Oy

AOT-hence Oy) and «OyY» using &FE by blast+

AOT-hence O(p — ¢)» and <0J(¢» — ¢)» using KBasic:1 —E by blast+

AOT-hence O(p — ¢) & O(p — ¢)» using &I by blast

AOT-thus <O(¢ = ¢)» by (metis KBasic:4 =E(2))
next

AQT-assume O-p & O-)»

AOT-hence 0: O(—¢ & —)» using KBasic:3[THEN =E(2)] by blast

AOT-modally-strict {

AOT-have «(—¢ & ")) = (¢ = )
by (metis &E(1) &E(2) deduction—theorem =I reductio—aa:1)
}
AOT-hence O(—p & ~¢) — O(p = )
by (rule RM)

AOT-thus <J(p = ¥)> using 0 —F by blast

qed(auto)
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AOT-theorem KBasic:8: <O(p & ) — O(e = ¥)»
by (meson RM:1 &E(1) &E(2) deduction—theorem =I)
AOT-theorem KBasic:9: O(—¢ & ) — O(p = ¢)»
by (metis RM:1 &E(1) &E(2) deduction—theorem =I raa—cor:4)
AOT-theorem KBasic:10: Oy = O-—¢»
by (simp add: RM:3 oth—class—taut:3:b)
AOT-theorem KBasic:11: <—Op = O—¢»
proof (rule =I; rule —1)
AOT-show Q- if <(—Op»
using that =q¢1 conventions:5 KBasic:10 =E(3) by blast
next
AOT-show =y if «O—p»
using =45 F conventions:5 KBasic:10 =E(4) that by blast
qed
AOT-theorem KBasic:12: <Oy = =0—p»
proof (rule =I; rule —1)
AQOT-show (=0 if <>
using ——/ KBasic:11 =E(8) that by blast
next
AOT-show <y if (=0—p»
using KBasic:11 =E(1) reductio—aa:1 that by blast
qged
AOT-theorem KBasic:13: <O(p — ¥) — (Op — Ov)»
proof —
AOT-have <p — ¥ g ¢ — ¥ by blast
AOT-hence O(p — ) Fg Op — O
using RM:2[prem| by blast
AOT-thus O(p — ¥) = (Op — Ov)» using —I by blast
qed
lemmas K = KBasic:13
AOT-theorem KBasic:14: «00p = -00—¢»
by (meson REQ KBasic:11 KBasic:12 =FE(6) oth— class—taut:3:a)
AOT-theorem KBasic:15: «(Oyp vV Oy) — O(e V ¢)»
proof —
AOT-modally-strict {
AOT-have (¢ — (¢ V ¥) and < — (p V )
by (auto simp: Disjunction Addition(1) Disjunction Addition(2))
}
AOT-hence Oy — O(p V ¢) and <y — O(p V )
using RM by blast+
AOT-thus «(Op V Oy) — O(p V ¥
by (metis VE(1) deduction—theorem)
qed

AOT-theorem KBasic:16: «(Op & O9) — O(e & ¢)»
by (meson KBasic:13 RM:1 Adjunction Hypothetical Syllogism
Importation —E)

AOT-theorem rule—sub—lem:1:a:
assumes g Oy = x)»
shows <o = = —x»
using gml:2[aziom-inst, THEN —E, OF assms]
=E(1) oth—class—taut:4:b by blast

AOT-theorem rule—sub—lem:1:b:
assumes g Oy = x)»
shows g (v — ©) = (x —» O)
using gml:2[aziom-inst, THEN —E, OF assms]
using oth—class—taut:4:c vdash—properties:6 by blast

AOT-theorem rule—sub—Ilem:1:c:

assumes g Oy = x)»
shows (0o (© — ¢) = (0 — x)»
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using gml:2[aziom-inst, THEN —E, OF assms]
using oth—class—taut:4:d vdash—properties:6 by blast

AOT-theorem rule—sub—lem:1:d:
assumes <for arbitrary a: Fg O(W{a} = x{a})
shows kg Va ¢¥{a} = Va x{a}p
proof —
AOT-modally-strict {
AOT-have Va (p{a} = x{a})
using gml:2[aziom-inst, THEN —FE, OF assms| VI by fast
AOT-hence 0: «{a} = x{a}» for a using V E by blast
AOT-show Va yp{a} =Va x{a}p
proof (rule =I; rule —1I)
AOT-assume Y a ¢Yp{a}
AOT-hence «p{a}» for a using V E by blast
AOT-hence «x{a}> for o using 0 =E by blast
AOT-thus Va x{a}> by (rule VI)
next
AOT-assume Va x{a}
AOT-hence «x{a}» for a using V E by blast
AOT-hence «p{a}» for o using 0 =F by blast
AOT-thus Va ¥{a}» by (rule VI)
qed
}

qged

AOT-theorem rule—sub—lem:1:e:
assumes g O(yp = x)»
shows <Fg [A ¥] = [\ x]
using gml:2[aziom-inst, THEN —E, OF assms]
using =F(1) propositions—lemma:6 by blast

AOT-theorem rule—sub—Ilem:1:f:
assumes g O(y = x)»
shows (g Ay = Ay
using gml:2[aziom-inst, THEN —E, OF assms, THEN RA[2]]
by (metis Act—Basic:5 =E(1))

AOT-theorem rule—sub—lem:1:g:
assumes g O(y = x)»
shows g Oy = Oy»
using KBasic:6 assms vdash—properties:6 by blast

Note that instead of deriving rule—sub—lem:2, rule—sub—lem:3, rule—sub—lem:4, and rule—sub—nec, we
construct substitution methods instead.

class AOT-subst =
fixes AOT-subst :: (‘a = o) = bool
and AOT-subst-cond :: 'a = 'a = bool
assumes AOT-subst:
AOT-subst ¢ => AOT-subst-cond  x = [v = «p ¥Y» = «p x»]

named-theorems AOT-subst]

instantiation o :: AOT-subst
begin

inductive AOT-subst-o where
AOT-subst-0-id[AOT-substl]:
<AOT-subst-o (Ap. ¢)»
| AOT-subst-o-const| AOT-substl]:
<AOT-subst-o (Ap. ¥)»
| AOT-subst-0-not|AOT-substl]:
(AOT-subst-0 @ = AOT-subst-o (A . «<—O{p}»)»
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| AOT-subst-0-imp[AOT-substl]:

<AOT-subst-0 ® = AOT-subst-o 2 = AOT-subst-o (A ¢. «O{p} — E{p}»)
| AOT-subst-o-lambda0[AOT-substl]:

(AOT-subst-o © = AOT-subst-o (A ¢. (AOT-lambda0 (© ¢)))»
| AOT-subst-0-act|AOT-substl]:
(AOT-subst-o © = AOT-subst-o (A . «ABO{p}»)
AOT-subst-0-box[ AOT-substl]:
<AOT-subst-0 @ = AOT-subst-o (A ¢. «OO{p}»)
| AOT-subst-o-by-def[AOT-substI]:

(A ¥ . AOT-model-equiv-def (© ) (E ¢)) =

AOT-subst-o = = AOT-subst-o ©»

definition AOT-subst-cond-o where
(AOT-subst-condo=A ¢ x .V v.[vEY=xD

instance
proof
fix ¢ x s oand ¢ :: <0 = o>
assume cond: <AOT-subst-cond p x>
assume (AOT-subst p»
moreover AOT-have (-g ¢ = x»
using cond unfolding AOT-subst-cond-o-def by blast
ultimately AOT-show - o{v} = o{x}p
proof (induct arbitrary: ¥ x)
case AOT-subst-o-id
thus ?case
using =F(2) oth—class—taut:4:b rule—sub—lem:1:a by blast
next
case (AOT-subst-o-const 1)
thus ?case
by (simp add: oth—class—taut:3:a)
next
case (AOT-subst-o-not ©)
thus ?Zcase
by (simp add: RN rule—sub—lem:1:a)
next
case (AOT-subst-o-imp © E)
thus ?case
by (meson RN =E(5) rule—sub—lem:1:b rule—sub—lem:1:c)
next
case (AOT-subst-o-lambdal ©)
thus “case
by (simp add: RN rule—sub—lem:1:e)
next
case (AOT-subst-o-act ©)
thus ?case
by (simp add: RN rule—sub—lem:I:f)
next
case (AOT-subst-o-box ©)
thus ?Zcase
by (simp add: RN rule—sub—lem:1:g)
next
case (AOT-subst-o-by-def © E)
AOT-modally-strict {
AOT-have E{¢} = E{x}
using AOT-subst-o-by-def by simp
AOT-thus ©{y} = ©{x}
using =Df[OF AOT-subst-o-by-def(1), of - ¥]
=Df|OF AOT-subst-o-by-def(1), of - x|
by (metis =F(6) oth—class—taut:3:a)
}

qed
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qed
end

instantiation fun :: (AOT-Term-id-2, AOT-subst) AOT-subst
begin

definition AOT-subst-cond-fun :: «('a = 'b) = (‘a = 'b) = bool> where
«AOT-subst-cond-fun = X ¢ ¥ .V o . AOT-subst-cond (¢ (AOT-term-of-var «))
(v (AOT-term-of-var a))»

inductive AOT-subst-fun :: «(('a = 'b) = 0) = bool> where
AOT-subst-fun-const[ AOT-substl]:

CAOT-subst-fun (Ap. 1)

AOT-subst-fun-id| AOT-substl]:

(AOT-subst W = AOT-subst-fun (Ap. U (¢ (AOT-term-of-var «)))»

AOT-subst-fun-all|AOT-substl]:

(AOT-subst ¥ = (\ a . AOT-subst-fun (© (AOT-term-of-var o)) =
AOT-subst-fun (Mg :: 'a = 'b. ¥ «Va «O (a::’a) or»)»

AOT-subst-fun-not[ AOT-substl]:

CAOT-subst ¥ = AOT-subst-fun (Ap. «=«U pr»)>

AOT-subst-fun-imp[AOT-substl]:

(AOT-subst ¥ = AOT-subst © = AOT-subst-fun (Ap. ««U p» — «O Er»)>

AOT-subst-fun-lambda0[ AOT-substl|:

(AOT-subst © = AOT-subst-fun (A p. (AOT-lambdal (© ¢)))>

AOT-subst-fun-act[ AOT-substl]:

(AOT-subst © = AOT-subst-fun (A p. «A«O E»»)»

AOT-subst-fun-box[ AOT-substl]:

CAOT-subst © = AOT-subst-fun (A . «0«O ©»»)»

AOT-subst-fun-def[AOT-substl]:

(N ¢ . AOT-model-equiv-def (© ¢) (¥ ¢)) =

AOT-subst-fun ¥ = AOT-subst-fun ©>

instance proof
fix Yy x:<a= "band p:: «('a = "b) = o
assume (AOT-subst >
moreover assume cond: <AOT-subst-cond ¥ x>
ultimately AOT-show <o «p P» = «p x»
proof(induct)
case (AOT-subst-fun-const 1))
then show ?case by (simp add: oth—-class—taut:3:a)
next
case (AOT-subst-fun-id U z)
then show ?case by (simp add: AOT-subst AOT-subst-cond-fun-def)
next
next
case (AOT-subst-fun-all ¥ ©)
AOT-have «-g O(0{«a, «¥»} = O{a, «x»})» for a
using AOT-subst-fun-all.hyps(3) AOT-subst-fun-all.prems RN by presburger
thus ?case using AOT-subst|OF AOT-subst-fun-all(1)]
by (simp add: RN rule—sub—lem:1:d
AOT-subst-cond-fun-def AOT-subst-cond-o-def)
next
case (AOT-subst-fun-not )
then show ?case by (simp add: RN rule—sub—lem:1:a)
next
case (AOT-subst-fun-imp ¥ ©)
then show ?case
unfolding AOT-subst-cond-fun-def AOT-subst-cond-o-def
by (meson =E(5) oth—class—taut:4:c oth—class—taut:4:d —E)
next
case (AOT-subst-fun-lambda0 ©)
then show ?case by (simp add: RN rule—sub—lem:1:€)
next
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case (AOT-subst-fun-act O)
then show ?case by (simp add: RN rule—sub—lem:1:f)
next
case (AOT-subst-fun-box ©)
then show ?case by (simp add: RN rule—sub—lem:1:g)
next
case (AOT-subst-fun-def © ¥)
then show ?case
by (meson df—rules—formulas[3] df—rules—formulas[4) =1 =E(5))
qed
qed
end

ML«
fun prove-AOT-subst-tac ctat = REPEAT (SUBGOAL (fn (trm,-) => let
fun findHeadConst (Const ) = SOME z
| findHeadConst (A $ -) = findHeadConst A
| findHeadConst - = NONE
fun findDef (Const (const-name <AOT-model-equiv-def>, -) $ lhs $ -)
= findHeadConst lhs
| findDef (A $ B) = (case findDef A of SOME x => SOME x | - => findDef B)
| findDef (Abs (-,-,¢)) = findDef ¢
| findDef - = NONE
val const-opt = (findDef trm)
val defs = case const-opt of SOME const => List.filter (fn thm => let
val concl = Thm.concl-of thm
val thmeonst = (findDef concl)
in case thmconst of SOME (c,-) => fst const = ¢ | - => false end)
(AOT-Definitions.get ctxt)
| -=>1
val tac = case defs of
[| => safe-step-tac (ctzt addSIs Q{thms AOT-substl}) 1
| - => resolve-tac ctzt defs 1
in tac end) 1)
fun getSubstThm ctxt reversed phi p q = let
val p-ty = Term.type-of p
val abs = HOLogic.mk-Trueprop (@Q{const AOT-subst(-)} $ phi)
val abs = Syntax.check-term ctxt abs
val substThm = Goal.prove ctat ] [| abs
(fn {context=ctzt, prems=-} => prove-AOT-subst-tac ctxt)
val substThm = substThm RS Q{thm AOT-subst}
in if reversed then let
val substThm = Drule.instantiate-normalize
(T'Vars.empty, Vars.make [(((x, 0), p-ty), Thm.cterm-of ctzt p),
(((, 0), p-ty), Thm.cterm-of ctzt q)]) substThm
val substThm = substThm RS @Q{thm =E(1)}
in substThm end
else
let
val substThm = Drule.instantiate-normalize
(TVars.empty, Vars.make [(((¢, 0), p-ty), Thm.cterm-of ctzt p),
(((x, 0), p-ty), Thm.cterm-of ctxt q)]) substThm
val substThm = substThm RS @Q{thm =E(2)}
in substThm end end
>

method-setup AOT-subst = <

Scan.option (Scan.lift (Args.parens (Args.$$$ reverse))) ——

Scan.lift (Parse.embedded-inner-syntar —— Parse.embedded-inner-syntax) ——
Scan.option (Scan.lift (Args.$$$ for —— Args.colon) |——

Scan.repeat! (Scan.lift (Parse.embedded-inner-syntax) ——

Scan.option (Scan.lift (Args.$$$ :: |—— Parse.embedded-inner-syntaz))))

>> (fn ((reversed,(raw-p,raw-q)),raw-bounds) => (fn ctzt =>
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(Method.SIMPLE-METHOD (Subgoal. FOCUS (fn {context = ctzt, params = -,

prems = prems, asms = asms, concl = concl, schematics = -} =>
let
val thms = prems
val ctot’ = ctxt
val ctrt = Context-Position.set-visible false ctxt
val raw-bounds = case raw-bounds of SOME bounds => bounds | - => |]

val ctzt = (fold (fn (bound, ty) => fn ctat =>
let
val bound = AOT-read-term @Q{nonterminal 7'} ctzt bound
val ty = Option.map (Syntaz.read-typ ctxt) ty
val ctxt = case ty of SOME ty => let
val bound = Const (-type-constraint-, Type (fun, [ty,ty])) $ bound
val bound = Syntax.check-term ctxt bound
in Variable.declare-term bound ctzt end | - => ctxt
in ctxt end)) raw-bounds ctxt

val p = AOT-read-term @Q{nonterminal ¢’} ctrt raw-p
val p = Syntaz.check-term ctxt p

val ctat = Variable.declare-term p ctxt

val ¢ = AOT-read-term Q{nonterminal ¢'} ctxt raw-q
val ¢ = Syntax.check-term ctxt q

val ctxt = Variable.declare-term q ctxt

val bounds = (map (fn (bound, -) =>
Syntax.check-term ctzt (AOT-read-term Q{nonterminal 7'} ctzt bound)
)) raw-bounds
val p = fold (fn bound => fnp =>
Term.abs (c, Term.type-of bound) (Term.abstract-over (bound,p)))
bounds p
val p = Syntaz.check-term ctxt p
val p-ty = Term.type-of p

val pat = @Q{const Trueprop} $
(@f const AOT-model-valid-in} $ Var ((w,0), @{typ w}) $
(Var ((#,0), Type (type-name funr, [p-ty, @{typ o}])) $ p))
val univ = Unify.matchers (Context. Proof ctzt) [(pat, Thm.term-of concl)]
val univ = hd (Seq.list-of univ) (x TODO: consider all matches )
val phi = the (Envir.lookup univ
((,0), Type (type-name <funr, [p-ty, @{typ o}])))

val ¢ = fold (fn bound => fn q =>
Term.abs (o, Term.type-of bound) (Term.abstract-over (bound,q))) bounds q
val ¢ = Syntaz.check-term ctxt q

(* Reparse to report bounds as fizes. x)
val ctzt = Context-Position.restore-visible ctzt’ ctxt
val ctzt’ = ctat
fun unsource str = fst (Input.source-content (Syntaz.read-input str))
val (-,ctzt’) = Proof-Context.add-fizes (map (fn (str,-) =>
(Binding.make (unsource str, Position.none), NONE, Mizfiz.NoSyn)) raw-bounds)
ctat’
val - = (map (fn (z,-) =>
Syntaz.check-term ctxt (AOT-read-term Q{nonterminal '} ctzt’ x)))
raw-bounds

val - = AOT-read-term @{nonterminal '} ctzt’ raw-p
val - = AOT-read-term @{nonterminal p'} ctxt’ raw-q
val reversed = case reversed of SOME - => true | - => false

val simpThms = [@Q{thm AOT-subst-cond-o-def}, @{thm AOT-subst-cond-fun-def}]
mn

resolve-tac ctzt [getSubstThm ctzt reversed phi p q| 1

THEN simp-tac (ctzt addsimps simpThms) 1
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THEN (REPEAT (resolve-tac ctzt [Q{thm alll}] 1))
THEN (TRY (resolve-tac ctzt thms 1))
end

) ctxt 1))))

>

method-setup AOT-subst-def = «
Scan.option (Scan.lift (Args.parens (Args.$$$ reverse))) ——
Attrib.thm
>> (fn (reversed,fact) => (fn ctat =>
(Method.SIMPLE-METHOD (Subgoal. FOCUS (fn {context = ctzt, params = -,
prems = prems, asms = asms, concl = concl, schematics = -} =>
let
val ¢ = Thm.concl-of fact
val (lhs, Ths) = case ¢ of (const«Trueprop> $
(const<AOT-model-equiv-def> $ lhs $ rhs)) => (lhs, Ths)
| - => raise Fail Definition expected.
val substCond = HOLogic.mk-Trueprop
(Const (const-name «AOT-subst-conds, dummyT) $ lhs $ rhs)
val substCond = Syntax.check-term
(Proof-Context.set-mode Proof-Context.mode-schematic ctxt)
substCond
val simpThms = [@{thm AOT-subst-cond-o-def},
Q@Q{thm AOT-subst-cond-fun-def},
fact RS @{thm =Df}]
val substCondThm = Goal.prove ctzt [] [| substCond
(fn {context=ctxt, prems=prems} =>
(SUBGOAL (fn (trm,int) =>
auto-tac (ctzt addsimps simpThms)) 1))
val substThm = substCondThm RSN (2,@{thm AOT-subst})
in
resolve-tac ctat [substThm RS
(case reversed of NONE => Q{thm =E(2)} | - => @{thm =E(1)})] 1
THEN prove-AOT-subst-tac ctxt
THEN (TRY (resolve-tac ctzt prems 1))
end

) ctat 1))))

>

method-setup AOT-subst-thm = «
Scan.option (Scan.lift (Args.parens (Args.$$$ reverse))) ——
Attrib.thm
>> (fn (reversed,fact) => (fn ctat =>
(Method.SIMPLE-METHOD (Subgoal. FOCUS (fn {context = ctzt, params = -,

prems = prems, asms = asms, concl = concl, schematics = -} =>
let
val ¢ = Thm.concl-of fact
val (lhs, Ths) = case ¢ of

(const«Trueprop> $

(const <AOT-model-valid-in> $ - $

(const<AOT-equivy $ lhs $ rhs))) => (lhs, rhs)
| - => raise Fail Equivalence expected.

val substCond = HOLogic.mk-Trueprop
(Const (const-name «AOT-subst-condy, dummyT) $ lhs $ rhs)
val substCond = Syntaz.check-term
(Proof-Context.set-mode Proof-Context.mode-schematic ctxt)
substCond
val simpThms = [@{thm AOT-subst-cond-o-def},
Q@{thm AOT-subst-cond-fun-def},
fact]
val substCondThm = Goal.prove ctat || [| substCond
(fn {context=ctat, prems=prems} =>
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(SUBGOAL (fn (trm,int) => auto-tac (ctzt addsimps simpThms)) 1))

val substThm = substCondThm RSN (2,@{thm AOT-subst})
in
resolve-tac ctat [substThm RS

(case reversed of NONE => Q{thm =E(2)} | - => @{thm =E(1)})] 1
THEN prove-AOT-subst-tac ctxt
THEN (TRY (resolve-tac ctxt prems 1))
end

) ctxt 1))))

>

AOT-theorem rule—sub—remark:1[1]:
assumes ko Alz = =QFE!zy and —Alzy
shows (——QFE!z»
by (AOT-subst (reverse) <—=QOElzy (Alxy)

(auto simp: assms)

AOT-theorem rule—sub—remark:1[2]:
assumes ko Al = =QFE!zy and «(——QF!xn»
shows (—Alz»
by (AOT-subst <Alz> <=QE!z»)

(auto simp: assms)

AOT-theorem rule—sub—remark:2[1]:
assumes < [Rlzy = ([R]zy & ([Qla V —[Q]a))»
and <p — [R]zy
shows (p — [Rlzy & ([Qa V —[Q]a)>
by (AOT-subst-thm (reverse) assms(1)) (simp add: assms(2))

AOT-theorem rule—sub—remark:2[2]:
assumes < [Rlzy = ([R]zy & ([Qla V —[Q]a))»
and - [Rlzy & ([Qla v —[Qla)
shows «p — [R]zy
by (AOT-subst-thm assms(1)) (simp add: assms(2))

AOT-theorem rule—sub—remark:3[1]:
assumes <for arbitrary z: g Alx = ~QF\x»
and Jz Alx»
shows <3z —QFE!z»
by (AOT-subst (reverse) «—OElzy (Alxy for: z)
(auto simp: assms)

AOT-theorem rule—sub—remark:3[2]:
assumes <for arbitrary z: Fg Ale = -QE\x)
and (dz ~QOFz»
shows 3z Alz»
by (AOT-subst <Alzy <—QElxy for: z)
(auto simp: assms)

AOT-theorem rule—sub—remark:4[1]:
assumes <-g =[Pz = [P]ay and <A—-—[P]x
shows «A[P|z»
by (AOT-subst-thm (reverse) assms(1)) (simp add: assms(2))

AOT-theorem rule—sub—remark:4[2]:
assumes g =—[P]z = [P]zy and (A[P]x
shows «A——[P]z)
by (AOT-subst-thm assms(1)) (simp add: assms(2))

AOT-theorem rule—sub—remark:5[1]:
assumes g (p = ¥) = (- — —p)y and O(p — Y)»
shows O(—¢) — —¢)»
by (AOT-subst-thm (reverse) assms(1)) (simp add: assms(2))
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AOT-theorem rule—sub—remark:5[2]:
assumes g (¢ = ¢¥) = (- = —¢)» and O(— — —p)
shows O(p — ¥)»
by (AOT-subst-thm assms(1)) (simp add: assms(2))

AOT-theorem rule—sub—remark:6[1]:
assumes -0 ¥ = x» and O(p — P)»
shows O(¢ — x)»
by (AOT-subst-thm (reverse) assms(1)) (simp add: assms(2))

AOT-theorem rule—sub—remark:6[2]:
assumes g ¥ = x> and O(p — x)»
shows O(p — ¥)»
by (AOT-subst-thm assms(1)) (simp add: assms(2))

AOT-theorem rule—sub—remark:7(1]:
assumes g ¢ = ——p» and <O(@ — @)
shows O(——¢p — @)
by (AOT-subst-thm (reverse) assms(1)) (simp add: assms(2))

AOT-theorem rule—sub—remark:7[2]:
assumes g ¢ = ——y and d(——p — )
shows O(p — ¢)»
by (AOT-subst-thm assms(1)) (simp add: assms(2))

AOT-theorem KBasic2:1: <O-¢p = =0
by (meson conventions:5 contraposition:2
Hypothetical Syllogism df —rules—formulas|3]
df —rules—formulas[4] =1 useful—tautologies: 1)

AOT-theorem KBasic2:2: <O(¢o V ¢) = (Op V O¢)»
proof —
AOT-have «O(¢ V ¢) = O=(—¢ & —9)»
by (simp add: REQ oth—class—taut:5:b)

also AOT-have «... = -0O(—p & —¢)

using KBasic:11 =E(6) oth—class—taut:3:a by blast
also AOT-have ... = ~(O-p & O)

using KBasic:8 =F(1) oth—class—taut:4:b by blast
also AOT-have «... = =(=0p & =0Y)»

using KBasic2:1
by (AOT-subst <O=py —Opr; AOT-subst <O—by «—=O1hy;
auto simp: oth—class—taut:3:a)

also AOT-have «... = —=(0p V 0¥
using =F(6) oth—class—taut:3:b oth—class—taut:5:b by blast
also AOT-have «... = Qp V OU»

by (simp add: =I useful—tautologies: 1 useful—tautologies:2)
finally show ?thesis .
qed

AOT-theorem KBasic2:3: «<0(¢ & ¥) — (O & O9)»
by (metis RM &I Conjunction Simplification(1,2)
— I modus—tollens: 1 reductio—aa: 1)

AOT-theorem KBasic2:4: <0(p — ) = (Op — Ov)»
proof —
AOT-have Q(p — ) = O(-p V )
by (AOT-subst <o — P <= V )
(auto simp: oth—-class—taut:1:c oth—-class—taut:3:a)
also AOT-have (... = 0—p V O
by (simp add: KBasic2:2)
also AOT-have «... = =Op V Oy
by (AOT-subst <=0y <O—py)
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(auto simp: KBasic:11 oth—class—taut:3:a)
also AOT-have «... = Op — Oy
using =F(6) oth—class—taut:1:c oth—class—taut:3:a by blast
finally show ?thesis .
qed

AOT-theorem KBasic2:5: «<Q0p = -00—p»
using conventions:5[THEN =Df]
by (AOT-subst <Oy «—O—g»;
AOT-subst «<QO—O=-py (=0O-=0-p;
AOT-subst (reverse) (—=O-py O-ep))
(auto simp: oth—class—taut:3:b oth—class—taut:3:a)

AOT-theorem KBasic2:6: <O(¢ V ¢) — (O V Oy)»
proof(rule —I; rule raa—cor:1)
AOT-assume (¢ V 9)»
AOT-hence O(—p — )
using conventions:2]THEN =Df]
by (AOT-subst (reverse) <—p — by <p V ) simp
AOT-hence 1: <0—p — Oy
using KBasic:13 vdash—properties: 10 by blast
AOT-assume —(Oyp V O)»
AOT-hence <—Oyp) and =0y
using &F =F(1) oth—class—taut:5:d by blast+
AOT-thus «Q09p & —0»
using &I(1) I[THEN —E| KBasic:11 =E(4) raa—cor:3 by blast
qged

AOT-theorem KBasic2:7: «(O(p V ) & O—p) — O
proof(rule —1I; frule &E(1); drule &E(2))
AOT-assume (¢ V 9)»
AOT-hence I: Oy V O
using KBasic2:6 VI(2) VE(1) by blast
AQOT-assume Q>
AOT-hence <—p) using KBasic:11 =E(2) by blast
AOT-thus «Q» using 1 VE(2) by blast
qed

AOT-theorem T—S5—fund:1: <o — Qp»
by (meson =41 conventions:5 contraposition:2
Hypothetical Syllogism —1I gml:2[axziom-inst])
lemmas T = T—S5—fund: 1

AOT-theorem T—S5—fund:2: «<00¢p — Op»
proof(rule —I)
AOT-assume <OCp»
AOT-hence —O0—p»
using KBasic:14 =E(4) raa—cor:3 by blast
moreover AOT-have «O0—p — O0—¢»
by (fact gml:3[aziom-inst])
ultimately AOT-have —{—¢»
using modus—tollens:1 by blast
AOT-thus <Oy using KBasic:12 =E(2) by blast
qged
lemmas 50 = T—S5—fund:2

AOT-theorem Act—Sub:1: (Ap = —A~p)
by (AOT-subst «(A-p> <= Apy)

(auto simp: logic—actual—nec: 1[aziom-inst] oth— class—taut:3:b)

AOT-theorem Act—Sub:2: <O = AQp»
using conventions:5[{THEN =Df]
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by (AOT-subst <Op> «—O-p»)
(metis deduction—theorem =1 =E(1) =E(2) =FE(3)
logic—actual—nec: 1[aziom-inst] gml—act:2[aziom-inst))

AOT-theorem Act—Sub:3: «(Ap — Op»
using conventions:5[{THEN =Df]
by (AOT-subst «<Op> «—O-py)
(metis Act—Sub:1 —1 =E(4) nec—imp—act reductio—aa:2 —FE)

AOT-theorem Act—Sub:4: <Ap = O Ap»
proof (rule =I; rule —1)
AQOT-assume «Agp)
AOT-thus (QAp> using TO vdash—properties:10 by blast
next
AOT-assume (QAp)
AOT-hence —0-Ap>
using =45 FE conventions:5 by blast
AOT-hence —A~p»
by (AOT-subst «A—pr = Ap»)
(simp add: logic—actual—nec: 1[aziom-inst])
AOT-thus (Agp»
using Act— Basic:1 Act— Basic:6 VE(3) =FE(4)
reductio—aa:1 by blast
qed

AOT-theorem Act—Sub:5: <0 Ap — AQp)
by (metis Act—Sub:2 Act—Sub:8 Act—Sub:4 —I1 =FE(1) =E(2) —F)

AQOT-theorem S5Basic:1: «Qp = OOp»
by (sitmp add: =I gml:2[aziom-inst] gml:8[aziom-inst])

AOT-theorem S5Basic:2: <Oy = 00y
by (simp add: TO 50 =I)

AOT-theorem S5Basic:3: «p — OOp»
using T Hypothetical Syllogism gml:8[axiom-inst] by blast
lemmas B = S5Basic:3

AOT-theorem S5Basic:4: <00 — ¢»
using 50 Hypothetical Syllogism qml:2[aziom-inst] by blast
lemmas B) = S5Basic:4

AOT-theorem S5Basic:5: Uy — Oy
using RM:1 B 50 Hypothetical Syllogism by blast
lemmas 4 = S5Basic:5

AOT-theorem S5Basic:6: Oy = O0p»
by (simp add: 4 =I qml:2[aziom-inst])

AOT-theorem S5Basic:7: <Q0OQp — Op»
using conventions:5[{THEN =Df] oth—class—taut:3:b
by (AOT-subst «OQp» «—O-0py;
AOT-subst <Oy (—O-py;
AOT-subst (reverse) «——O-p> O=p;
AOT-subst (reverse) 00—y <O-ep))
(auto simp: S5Basic:6 if —p—then—p)

lemmas 40 = S5Basic:7

AOT-theorem S5Basic:8: <000 = Q>
by (simp add: 40 TO =)

AOT-theorem S5Basic:9: <O(p vV ) = (Oe v Op)»
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apply (rule =I; rule —1I)

using KBasic2:6 50 VI(3) if —p—then—p vdash—properties: 10

apply blast

by (meson KBasic:15 4 VI(3) VE(1) Disjunction Addition(1)
con—dis—taut: 7 intro—elim: 1 Commutativity of V)

AOT-theorem S5Basic:10: <O(e V Ov) = (Op V Op)»
proof(rule =I; rule —1I)
AOT-assume (¢ V O9)»
AOT-hence Ty Vv OOy
by (meson KBasic2:6 VI(2) VE(1))
AOT-thus dp VvV O
by (meson B 4 40 TGO VI(3))
next
AQOT-assume Oy V Oy
AQOT-hence Oy vV OO0y
by (meson S5Basic:1 B S5Basic:6 TO 50 VI(3) intro—elim:1)
AOT-thus <O(p V Op)»
by (meson KBasic:15 VI(8) VE(1) Disjunction Addition(1,2))
qed

AOT-theorem S5Basic:11: <O(p & OY) = (Op & OY)»
proof —
AOT-have «O(¢ & 0) = O=(—p V =0Y)»
by (AOT-subst «p & Oy «(—(—p V =0P)»)
(auto simp: oth—-class—taut:5:a oth—class—taut:3:a)
also AOT-have ... = O—(—p V O-9)
by (AOT-subst <O—py «=01h»)
(auto simp: KBasic2:1 oth—class—taut:3:a)
also AOT-have ... = -0O(-p V O-9)»
using KBasic:11 =E(6) oth—class—taut:3:a by blast
also AOT-have ... = ~(O—p V O-9)
using S5Basic:9 =FE(1) oth—class—taut:4:b by blast
also AOT-have «... = =(=0p V =0¢)»
using KBasic2:1
by (AOT-subst <O-py —Opr; AOT-subst <O—hy «—=O1)»)
(auto simp: oth—class—taut:3:a)
also AOT-have (... = Op & O
using =F(6) oth—class—taut:3:a oth—class—taut:5:a by blast
finally show ?thesis .
qed

AOT-theorem S5Basic:12: «O(p & OyY) = (Op & TY)»
proof (rule =I; rule —1)
AOT-assume «O(¢ & Oy)»
AOT-hence Q¢ & OUyY»
using KBasic2:8 vdash—properties:6 by blast
AOT-thus «Qp & Oy
using 50 &I &F(1) &E(2) vdash—properties:6 by blast
next
AOT-assume Q¢ & Oy
moreover AOT-have «(O0y & Op) — O(p & Oy)»
by (AOT-subst <p & Ty <Oy & ¢»)
(auto simp: Commutativity of & KDBasic:16)
ultimately AOT-show <O(¢ & Oy)»
by (metis 4 &I Conjunction Simplification(1,2) —E)
qed

AOT-theorem S5Basic:13: <(O(¢ — Ov) = O(Qp — ¥)»
proof (rule =I)
AOT-modally-strict {
AOT-have O(p — OY) = (O — ¥
by (meson KBasic:18 BO Hypothetical Syllogism — 1)
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}
AOT-hence 00(p — Oy) — O(Qp — ¥)»

by (rule RM)
AOT-thus O(¢ — OY) — (O — ¥
using 4 Hypothetical Syllogism by blast
next
AOT-modally-strict {
AOT-have O(O0p — ) = (¢ — Ty
by (meson B Hypothetical Syllogism —1 gml:1[aziom-inst])
}
AOT-hence OO0y — ¥) — O(p — OyY)»
by (rule RM)
AOT-thus <00 — ¥) — O(p — Oy)»
using 4 Hypothetical Syllogism by blast
qed

AOT-theorem derived—S5—rules: 1:
assumes ([ kg Q¢ — ¥
shows OI' Fo ¢ — Oy»
proof —
AOT-have (O g OCp — Oy»
using assms by (rule RM:1[prem])
AOT-thus (T Fg ¢ — Oy
using B Hypothetical Syllogism by blast
qged

AOT-theorem derived—S5—rules:2:
assumes I' Fg ¢ — Oy
shows T g O — ¥»
proof —
AOT-have (OI" g Op — O0Y»
using assms by (rule RM:2[prem])
AOT-thus 0 kg O — ¥
using BO Hypothetical Syllogism by blast
qed

AOT-theorem BFs:1: <Va Op{a} - OVa o{a}
proof —
AOT-modally-strict {
AOT-have OV a Up{a} — 00p{a} for a
using cqt—orig:3 by (rule RMQ)
AOT-hence OVa Op{a} = Va p{ab
using BO VI —FE —1 by metis
}
thus %thesis
using derived—S5—rules:1 by blast
qed
lemmas BF = BFs:1

AOT-theorem BFs:2: <OV a ¢{a} — Va Op{a}
proof —
AOT-have <OVa p{a} — Op{a} for a
using RM cqt—orig:3 by metis
thus %thesis
using cqt—orig:2[THEN —E| VI by metis
qed
lemmas CBF = BFs:2

AOT-theorem BFs:3: «03a o{a} — Ja Qp{a}
proof(rule —1I)
AOT-modally-strict {
AOT-have OV a —p{a} = Va O-p{a}
using BF CBF =I by blast
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} note ¢ = this

AOT-assume 0Ja p{a}
AOT-hence «(—0O-(Fa p{a})
using =47 FE conventions:5 by blast
AOT-hence -0V o —p{a}
apply (AOT-subst <~V a —p{a}r <=(Fa p{a}))
using =451 conventions:3 conventions:4 &I
contraposition: 2 cqt— further:/
df —rules— formulas[3] by blast
AOT-hence =V o O-p{a}
apply (AOT-subst (reverse) <V a O-p{a}r {OVa —p{a})
using Y by blast
AOT-hence =V o ~—O-p{a}h
by (AOT-subst (reverse) <-——O-p{a}r O-p{a}> for: a)
(simp add: oth—class—taut:3:b)
AOT-hence 3o "O-p{a}p
by (rule conventions:4|[THEN =451])
AOT-thus Ja Op{a}
using conventions:5[{THEN =Df]
by (AOT-subst «Qp{a}r —O-p{a}r for: a)
qged
lemmas BF() = BFs:8

AOT-theorem BFs:4: <(3a Op{a} — 0Fa p{a}
proof(rule —1)
AOT-assume Ja Qp{ap
AOT-hence (—Va ~Op{a}
using conventions:4[THEN =45 FE] by blast
AOT-hence =V a O-p{a}
using KBasic2:1
by (AOT-subst O-p{a}> <=0p{a} for: a)
moreover AOT-have Va O-p{a} = OVa —~p{a}
using =I BF CBF by metis
ultimately AOT-have 1: «(-00V o —p{a}
using =F(3) by blast
AOT-show «0Ja p{a}p
apply (rule conventions:5[ THEN =4y1))
apply (AOT-subst «<Fa p{a}r (—Va —p{a})
apply (simp add: conventions:4 =Df)
apply (AOT-subst <=V a ~p{a}r Va ~p{a})
by (auto simp: 1 =I useful—tautologies:1 useful—tautologies:2)
qged
lemmas CBF{ = BF's:}

AOT-theorem sign—S5—thm:1: <3a Op{a} — OFa p{a}p
proof(rule —1)
AOT-assume Ja Op{a}
then AOT-obtain a where Jp{a}> using 3 F by metis
moreover AOT-have (Cal»
by (simp add: ex:1:a rule—wui:2[const-var] RN)
moreover AOT-have Op{7}, Orl o O3 a ¢{a} for 7
proof —
AOT-have «p{7}, 7} Fo Ja p{a}> using existential:1 by blast
AOT-thus Op{7}, Or) kg O3« p{a}p
using RN|[prem|[where I'={¢ 7, «7l»}, simplified] by blast
qed
ultimately AOT-show O3« p{a}» by blast
qed
lemmas Buridan = sign—S5—thm:1

AOT-theorem sign—S5—thm:2: «OVa p{a} = Va Op{ah
proof —
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AOT-have Va (OVa p{a} — Op{al})
by (simp add: RM{ cqt—orig:3 ¥V I)
AOT-thus «OVa p{a} = Va Op{a}
using VE(4) VI —E —I by metis

qed
lemmas Buridan{ = sign—S5—thm:2

AOT-theorem sign—S5—thm:3:
©3a (pla} & vla}) = 0@a pla} & Ja pla})
apply (rule RM:2)
by (metis (no-types, lifting) IE &I &E(1) &E(2) —I 31(2))

AOT-theorem sign—S5—thm:4: «0Ja (p{a} & P{a}) = 0Ta {ap
apply (rule RM:2)
by (meson instantiation &E(1) —I 31(2))

AOT-theorem sign—S5—thm:5:
(Ve (pla} = Pla}) & Ve (P{a} = x{a})) = OVa (p{a} = x{a})
proof —
{
fix 90/ w/ X/
AOT-assume g ¢’ & ¥’ — x)
AOT-hence Oy’ & Oy’ — Ox"
using RN|[prem|[where I'={y’, ¢'}] apply simp
using &F &I —E —1 by metis
} note R = this
show ?thesis by (rule R; fact AOT)
qged

AOT-theorem sign—S5—thm:6:
«(Ova (pla} = ¢{a}) & OVa(d{a} = x{a})) = OVa(e{a} = x{a})
proof —
{
ﬁx (p/ w/ X/
AOT-assume g ¢’ & ' — x»
AOT-hence Oy’ & Oy’ — Ox’
using RN|[prem|[where I'={y’, ¢'}] apply simp
using &F &I —FE —1 by metis
} note R = this
show ?thesis by (rule R; fact AOT)
qed

AOT-theorem ezist—nec2:1: <O7) — 7>
using BO RM$ Hypothetical Syllogism exist—nec by blast

AOT-theorem ezists—nec2:2: <Ol = O1»
by (meson Act—Sub:8 Hypothetical Syllogism exist—nec
exist—nec2:1 =I nec—imp—act)

AOT-theorem ezists—nec2:3: <—1) — O-1]»
using KBasic2:1 —1I exist—nec2:1 =E(2) modus—tollens:1 by blast

AOT-theorem ezxists—nec2:4: «QO—7) = O-1)»
by (metis Act—Sub:3 KBasic:12 —I exist—nec exists—nec2:3
=1 =E(4) nec—imp—act reductio—aa: 1)

AOT-theorem id—nec2:1: <Qa =0 — a =
using BO RM O Hypothetical Syllogism id—nec:1 by blast

AOT-theorem id—nec2:2: <o« #  — Oa # B>
apply (AOT-subst <o # B> «—=(a = B)»)
using =—infit[ THEN =Df] apply blast
using KBasic2:1 —1 id—nec2:1 =F(2) modus—tollens:1 by blast
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AOT-theorem id—nec2:3: <Qa # B — a # B
apply (AOT-subst <a # B «=(a = B))
using =—infiz| THEN =Df] apply blast
by (metis KBasic:11 —1I id—nec:2 =FE(8) reductio—aa:2 —E)

AOT-theorem id—nec2:4: «Qa = f — Oa = B
using Hypothetical Syllogism id—mnec2:1 id—nec:1 by blast

AOT-theorem id—nec2:5: <Qa # f — Oa # B>
using id—nec2:3 id—nec2:2 —1 —FE by metis

AOT-theorem sc—eq—box—boz:1: \O(p — Op) = (Op — e)»
apply (rule =I; rule —1)
using KBasic:18 50 Hypothetical Syllogism —FE apply blast
by (metis KBasic2:1 KBasic:1 KBasic:2 S5Basic:18 =E(2)
raa—cor:5 —F)

AOT-theorem sc—eq—boz—boz:2: <«(O(e — Op) V (O — Op)) = (O = Op)»
by (metis Act—Sub:3 KBasic:18 50 VE(2) —1 =1
nec—imp—act raa—cor:2 —E)

AOT-theorem sc—eq—box—boz:3: O(p — Op) — (-Op = O-¢p)»
proof (rule —I; rule =I; rule —1)
AOT-assume (e — Op)»
AQOT-hence Q0 — Oy» using sc—eq—bor—box:1 =F by blast
moreover AOT-assume <—Up»
ultimately AOT-have —{¢p»
using modus—tollens:1 by blast
AOT-thus O—p»
using KBasic2:1 =E(2) by blast
next
AOT-assume (¢ — Oy)»
moreover AOT-assume <[J—-¢)
ultimately AOT-show «—Uyp»
using modus—tollens:1 qml:2[aziom-inst] —E by blast
qed

AOT-theorem sc—eq—boxr—box:4:
«(O(p — Op) & O — O¢)) — ((Op = Oy) = O(p = ¥))
proof(rule —1I; rule —1)
AOT-assume ¥: O(p — Oy) & O(y — Oy)»
AOT-assume &: <y = Oy
AOT-hence «((Op & Oy) V (-0p & -0O¢)»
using =F(4) oth—class—taut:4:g raa—cor:8 by blast
moreover {
AOT-assume Oy & Oy
AOT-hence O(p = )
using KBasic:3 KBasic:8 =FE(2) vdash—properties:10 by blast
}
moreover {
AOT-assume Uy & Oy
moreover AOT-have -y = O-¢» and -0y = O-)»
using ¥ Conjunction Simplification(1,2)
sc—eq—box—bozr:3 —E by metis+
ultimately AOT-have O-¢ & O-¢»
by (metis &I Conjunction Simplification(1,2)
=F(4) modus—tollens:1 raa—cor:3)
AOT-hence O(p = ¢)»
using KBasic:8 KBasic:9 =E(2) —E by blast

ultimately AOT-show (¢ = ¥)»
using VE(2) reductio—aa:1 by blast
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qed

AOT-theorem sc—eq—boz—box:5:
(Dl > Op) & O = 0%)) — O((p = ¥) - D(p = ¥)
proof (rule —1)
AOT-assume (O(¢ — Op) & Oy — Oyp))»
AOT-hence O((¢ — Oy) & O — Oy))»
using 4[THEN —E| &E &I KBasic:3 =E(2) by metis
moreover AOT-have O(0(¢ — Oyp) & O — Oy)) — O(e = ¢) = O(p = ¢))»
proof (rule RM; rule —1I; rule —1I)
AOT-modally-strict {
AOT-assume A: «(O(¢ — Op) & O — Ov))»
AOT-hence <¢ — Op» and ¢ — Oy
using &E gml:2[aziom-inst] —E by blast+
moreover AOT-assume <p =
ultimately AOT-have Oy =
using —E gml:2[aziom-inst] =E =1 by meson
moreover AOT-have ((Op = Oy) — O(¢ = ¥
using A sc—eq—box—box:4 —FE by blast
ultimately AOT-show (¢ = v)> using —FE by blast
}
qged
ultimately AOT-show (J((¢ = ¢) — O(p = 4))> using —F by blast
qed

AOT-theorem sc—eq—boz—boz:6: <d(p — Op) — ((p — OY) = O(e — ¥))»
proof (rule —I; rule —I; rule raa—cor:1)
AOQOT-assume —O(¢ — ¥)»
AOT-hence O—(p — P)»
by (metis KBasic:11 =E(1))
AOT-hence O(p & —)»
by (AOT-subst <p & > —(@ — ¥Y))
(meson Commutativity of = =E(1) oth— class—taut: 1:b)
AOT-hence (Qp> and 2: «<O—»
using KBasic2:3[THEN —E] &E by blast+
moreover AOT-assume O(p — Op)»
ultimately AOT-have Uy
by (metis =E(1) sc—eq—boz—boz:1 —E)
AOT-hence ¢
using gml:2[aziom-inst, THEN —E] by blast
moreover AOT-assume <@ — [
ultimately AOT-have <«(Jy»
using —F by blast
moreover AOT-have =y
using 2 KBasic:12 ——1I intro—elim:3:d by blast
ultimately AOT-show [y & =y
using &I by blast
qed

AOT-theorem sc—eq—box—boz:7: <O(¢ — Op) = ((¢ — AY) — A(p — )
proof (rule —I; rule —I; rule raa—cor:1)
AOT-assume (—A(p — )
AOT-hence «(A—(¢ — )
by (metis Act—Basic:1 VE(2))
AOQOT-hence <A(p & )
by (AOT-subst «p & —py <=(¢p — ¥)»)
(meson Commutativity of = =E(1) oth— class—taut: 1:b)
AOT-hence <Ay and 2: «(A-)»
using Act— Basic:2[THEN =E(1)] &E by blast+
AOT-hence Q>
by (metis Act—Sub:3 —F)
moreover AOT-assume O(p — Op)»
ultimately AOT-have Oy
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by (metis =E(1) sc—eq—boz—boz:1 —E)
AOT-hence ¢

using gml:2[aziom-inst, THEN —FE] by blast
moreover AOT-assume <@ — A
ultimately AOT-have <A1

using —F by blast
moreover AOT-have —A)»

using 2 by (meson Act—Sub:1 =E(4) raa—cor:3)
ultimately AOT-show (A & —AY»

using &I by blast

qed

AOT-theorem sc—eq—fur:1: <O Ap = OAp»
using Act—Basic:6 Act—Sub:4 =F(6) by blast

AOT-theorem sc—eq—fur:2: 0(p — Op) — (Ap = ¢)»
by (metis BO Act—Sub:3 KBasic:18 T$ Hypothetical Syllogism
—1 =I nec—imp—act)

AOT-theorem sc—eq—fur:3:
OV z (p{z} — Op{z}) = 3z p{z} — z o{z})
proof (rule —1I; rule —1)
AOT-assume (Vz (p{z} — Op{z})
AOT-hence A: «Vz O(p{z} — Op{z})
using CBF —F by blast
AOT-assume 3!z p{z}>
then AOT-obtain a where a-def: <«p{a} & Vy (¢{y} = y = a)
using 3 Efrotated 1, OF uniqueness:1[THEN =,y E]] by blast
moreover AOT-have Op{a}>
using calculation AV E(2) gml:2[aziom-inst] —FE &E(1) by blast
AOT-hence «(Ap{a}>
using nec—imp—act —FE by blast
moreover AOT-have Vy (Ap{y} — y = a)
proof (rule VI; rule —1)
fix b
AOT-assume <Ap{b}»
AOT-hence Qp{b}>
using Act—Sub:3 —FE by blast
moreover {
AOT-have O(e{b} — Op{b})
using A V E(2) by blast
AOT-hence «Op{b} — Op{b}p
using KBasic:18 50 Hypothetical Syllogism — E by blast
}

ultimately AOT-have Op{b}»
using —F by blast
AOT-hence <p{b}
using gml:2[aziom-inst] —E by blast
AOT-thus b = a»
using a-def[THEN &E(2)] V E(2) —E by blast
qed
ultimately AOT-have <Ap{a} & Vy (Ap{y} = y = a)
using &I by blast
AOT-hence 3z (Ap{z} & Vy (Ap{y} = y =2z))
using 37 by fast
AOT-hence 3!z Ap{z}
using uniqueness:1[THEN =4¢1] by fast
AOT-thus «wz p{z}{
using actual—desc:1[THEN =E(2)] by blast
qed

AOT-theorem sc—eq—fur:4:
OVz (p{z} = Op{z}) = (z = tz {2} = (p{a} & V2 (¢{z} = 2z =2)))
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proof (rule —1I)
AOT-assume [Vz (p{z} — Op{z})
AOT-hence Vz O(p{z} — Op{z})
using CBF —F by blast
AOT-hence A: «Ap{a} = p{a} for a
using sc—eq—fur:2 ¥V E —FE by fast
AOT-show <z =tz p{z} = (p{z} & Vz (p{z} = 2z =2))
proof (rule =I; rule —1I)
AOT-assume <z = 1z p{z}
AOT-hence B: «(Ap{z} & Vz (Ap{z} — z = z)
using nec—hintikka—scheme[ THEN =E(1)] by blast
AOT-show «p{z} & Vz (p{z} = z = z)»
proof (rule &I; (rule V I; rule —1)?)
AOT-show «p{z}
using A B[THEN &E(1)] =E(1) by blast
next
AOT-show <z = =z if <p{z}» for 2z
using that B[THEN &E(2)] VYV E(2) —E A[THEN =E(2)] by blast
qed
next
AOT-assume B: <p{z} & Vz (¢{z} = z = z)»
AOT-have <(Ap{z} & V2 (Ap{z} = 2z = z)»
proof(rule &I; (rule V I; rule —1)?)
AOT-show <Ap{z}>
using B[THEN &E(1)] A[THEN =E(2)] by blast
next
AOT-show «b = m if «Ap{b}» for b
using A[THEN =E(1)] that
B[THEN &E(2), THEN ¥ E(2), THEN —E| by blast
qed
AOT-thus «z =tz p{z}h
using nec—hintikka—scheme| THEN =FE(2)] by blast
qed
qged

AOT-theorem id—act:1: «a = 3 = Aa = 3
by (meson Act—Sub:8 Hypothetical Syllogism
id—nec2:1 id—nec:2 =1 nec—imp—act)

AOT-theorem id—act:2: «a # 8 = Aa # B
proof (AOT-subst «a # By (—(a = B))
AOT-modally-strict {
AOT-show (a # 8 = =(a = )
by (simp add: =—infix =Df)
}
next
AOT-show «—(a = ) = A~(a = B)
proof (safe introl: =I —1I)
AOT-assume <—a = (>
AOT-hence (—Aa = () using id—act:1 =E(3) by blast
AOT-thus (A—-a = 5
using ——F Act—Sub:1 =F(3) by blast
next
AOT-assume (A-a =
AOT-hence (—Aa = 3>
using ~—/ Act—Sub:1 =FE(4) by blast
AOT-thus (—a = 5
using id—act:1 =E(4) by blast
qed
qed

AOT-theorem A—Euzists:1: <A3la p{a} = Ila Ap{a}
proof —
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AOT-have <AJla p{a} = ATV B (p{B8} =B = a)
by (AOT-subst <Ila {a} FaVp ({8} = B = a))
(auto simp add: oth— class—taut:3:a uniqueness:2)

also AOT-have <... = 3a AV (p{B} =B = a)
by (simp add: Act—Basic:10)
also AOT-have «... = 3aV 3 A(p{B} =B = a)

by (AOT-subst <AV B (p{B} = B = a)» VB A(e{B} = B = a)» for: a)
(auto simp: logic— actual—nec:3[aziom-inst] oth—class—taut:3:a)
also AOT-have «... = JaV 3 (Ap{B} = AB = a)
by (AOT-subst (reverse) <Ap{B} = AS =
CA(p{B} =B = a) for: a 8 :: 'a)
(auto simp: Act—Basic:5 cqt— further:7)
also AOT-have ... = 3aV 3 (Ap{B} =B = a)
by (AOT-subst (reverse) <AB = a» B = a for: a B :: 'a)
(auto simp: id—act:1 cqt—further:7)
also AOT-have ¢... = Jla Ap{a}
using uniqueness:2 Commutativity of =[THEN =E(1)] by fast
finally show ?thesis.
qed

AOT-theorem A—Ezists:2: «wx o{z}| = A3lzx p{z}
by (AOT-subst <Az p{z}> Iz Ap{z})
(auto simp: actual—desc:1 A—Exists:1)

AOT-theorem id—act—desc:1: <z (z = y)»
proof(rule existence: 1[THEN =q71]; rule 31)
AOT-show ¢[A\z Elz — Elzlez (z = y)
proof (rule russell—aziom[exe, 1].nec—russell—aziom| THEN =E(2)];
rule 31; (rule &I)+)
AOT-show <Ay = y» by (simp add: RA[2] id—eq:1)
next
AOT-show Vz (Az =y — z = y)»
apply (rule VI)
using id—act:1[THEN =FE(2)] —I by blast
next
AOT-show ¢[A\z Elz — Elz|y
proof (rule lambda— predicates:2[aziom-inst, THEN —E, THEN =E(2)])
AOT-show ¢[A\z Elz — Elx]}»
by cqt:2[lambda]
next
AOT-show <Ely — Elyp
by (simp add: if —p—then—p)
qed
qed
next
AOT-show «([A\z Elz — Elz]]»
by cqt:2[lambda]
qed

AOT-theorem id—act—desc:2: <y = vz (z = y)»
by (rule descriptions|aziom-inst, THEN =FE(2)];
rule ¥V I; rule id—act: 1[symmetric])

AOT-theorem pre—en—eq:1[1]: <z1[F] — Ozi[F]»
by (simp add: encoding vdash—properties:1[2])

AOT-theorem pre—en—eq:1[2]: «x122[F] — Oz1z2[F)>
proof (rule —1)
AOT-assume <z122[F]»
AOT-hence «z1[\y [Flyzz]> and <z2[\y [Flz1y])
using nary—encoding|2][aziom-inst, THEN =E(1)] &F by blast+
moreover AOT-have ([\y [F|yzz2]|» by cqt:2
moreover AOT-have ([\y [F|z1y]|> by cqt:2
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ultimately AOT-have Oz1[A\y [Flyzz]> and Oza[Ay [Flziy)
using encodinglaziom-inst, unvarify F| —E &I by blast+
note A = this
AOT-hence O(z1[A\y [Flyz2] & z2[Ay [Flz1y])»
using KBasic:3[THEN =E(2)] &I by blast
AOT-thus Oz 22[F)»
by (rule nary—encoding|2][aziom-inst, THEN RN,
THEN KBasic:6]THEN —E],
THEN =E(2)])
qed

AOT-theorem pre—en—eq:1[3]: «z1z223[F] — Oz12223[F)
proof (rule —1I)
AOT-assume <z z223[F)>
AOT-hence <z1[\y [Flyz2z3]>
and «z2[A\y [Flziyzs])
and <z3[\y [Flziz2y)
using nary—encoding|3][aziom-inst, THEN =E(1)] &F by blast+
moreover AOT-have ([\y [F|yzoz3]l» by cqt:2
moreover AOT-have ([ \y [F|z1yzs||» by cqt:2
moreover AOT-have ([\y [F|ziz2y])> by cqt:2
ultimately AOT-have <Oz [\y [Flyzazs]
and «Ozz[A\y [Flzyyzs)
and Ozz[A\y [Flziz2y)
using encodinglaziom-inst, unvarify F| —FE by blast+
note A = this
AOT-have B: O(z1[A\y [Flyzazs] & z2[Ay [Flz1yzs] & z3[Ay [Flzizay])
by (rule KBasic:3[THEN =E(2)] &I A)+
AOT-thus <DI112I3[F])
by (rule nary—encoding|3][axiom-inst, THEN RN,
THEN KBasic:6|THEN —E|, THEN =E(2)))
qed

AOT-theorem pre—en—eq:1[4]: «x1z2z324[F] — Oz1222324[F]
proof (rule —1)
AOT-assume (x1222324[F]
AOT-hence «z1[\y [Flyzezsza]
and <z2[A\y [Flz1yzsza))
and <z3[A\y [Flziz2yza]
and «z4[Ay [Flziz223Yy)
using nary—encoding[4][aziom-inst, THEN =E(1)] &E by metis+
moreover AOT-have ([ \y [F|yzzzsza]lr by cqt:2
moreover AOT-have ([\y [F|ziyzzza]d> by cqt:2
moreover AOT-have ([\y [F|ziz2yz4]l> by cqt:2
moreover AOT-have ([\y [F|ziz2z3y]l> by cgt:2
ultimately AOT-have <Oz [\y [Flyzezsza]>
and Ozz[A\y [Flz1yzsza]>
and Ozs[A\y [Flz1z2yza]®
and Ozs[Ay [Flziz2239])
using — F encoding[axiom-inst, unvarify F] by blast+
note A = this
AOT-have B: <O(z1[\y [Flyzazsza] &
z2[Ay [Flziyzszs] &
z3[Ay [Flzizeyza] &
za[Ay [Flz1z213y]))
by (rule KBasic:3[THEN =E(2)] &I A)+
AOT-thus Ozizez3z4[F]>
by (rule nary—encoding|4][aziom-inst, THEN RN,
THEN KBasic:6|THEN —E), THEN =E(2)))
qed

AOT-theorem pre—en—eq:2[1]: <—z1[F] — Oz [F]
proof (rule —I; rule raa—cor:1)
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AOT-assume —O-z1 [F]
AOT-hence <z [F]»
by (rule conventions:5[THEN =q41])
AOT-hence (z1[F]
by (rule S5Basic:13[THEN =E(1), OF pre—en—eq:1[1][THEN RN],
THEN gqml:2]aziom-inst, THEN —E|, THEN —E))
moreover AOT-assume (—z1[F]»
ultimately AOT-show <z [F] & —z1[F]» by (rule &I)
qed
AOT-theorem pre—en—eq:2[2]: <—z1z2[F] — O-z122[F]
proof (rule —1I; rule raa—cor:1)
AOT-assume (—O-ziz2[F)»
AOT-hence «Qz1z2[F]»
by (rule conventions:5[THEN =q41])
AOT-hence <ziz2[F)»
by (rule S5Basic:13[THEN =E(1), OF pre—en—eq:1[2][THEN RN],
THEN qml:2[aziom-inst, THEN —E], THEN —E])
moreover AOT-assume <—z1z2[F]»
ultimately AOT-show <z122[F] & —z122[F]» by (rule &I)
qed

AOT-theorem pre—en—eq:2[3]: <—x1z223[F] — O-z1z223[F]>
proof (rule —1I; rule raa—cor:1)
AOT-assume (—O-ziz023[F)>
AOT-hence «Qziz223[F)>
by (rule conventions:5[THEN =q41])
AOT-hence <ziz223[F]>
by (rule S5Basic:13[THEN =E(1), OF pre—en—eq:1[3][THEN RN],
THEN qml:2]aziom-inst, THEN —E|, THEN —E))
moreover AOT-assume (—ziz223[F])
ultimately AOT-show <ziz223[F] & —z12223[F]> by (rule &I)
qed

AOT-theorem pre—en—eq:2[4]: <—z12223z4[F] — O-z1222324[F]>
proof (rule —1I; rule raa—cor:1)
AOT-assume (—O-ziz2z324[F])
AOT-hence «Qz1z22324[F)>
by (rule conventions:5[THEN =q41])
AOT-hence <z1z22324[F]>
by (rule S5Basic:13[THEN =E(1), OF pre—en—eq:1[4][THEN RN],
THEN qml:2[aziom-inst, THEN —E], THEN —E])
moreover AOT-assume <—z1222324[F))
ultimately AOT-show <z122z324[F] & —z1222324[F]> by (rule &I)
qed

AOT-theorem en—eq:1[1]: «Qz1[F] = Oz [F)>

using pre—en—eq:1[1][THEN RN] sc—eq—box—boz:2 VI —E by metis
AOT-theorem en—eq:1[2]: «<Oz122[F] = Oz1z2[F)

using pre—en—eq:1[2][THEN RN] sc—eq—boz—box:2 VI —E by metis
AOT-theorem en—eq:1[3]: «<Oz1z223[F] = Ozyzozs[F]

using pre—en—eq:1[3][THEN RN] sc—eq—boz—boz:2 VI —E by fast
AOT-theorem en—eq:1[4]: «Oz1z2z324[F] = Oz 222324 [ F]>

using pre—en—eq:1[4][THEN RN|] sc—eq—boz—box:2 VI —E by fast

AOT-theorem en—eq:2(1]: «<z1[F) = Oz1[F)»

by (simp add: =I pre—en—eq:1[1] qml:2[aziom-inst])
AOT-theorem en—eq:2[2]: «x122[F] = Oz122[F]»

by (simp add: =1 pre—en—eq:1[2] gmli:2[aziom-inst])
AOT-theorem en—eq:2[3): «z1z223[F] = Oz1z2023[F]>

by (simp add: =1 pre—en—eq:1[3] gml:2[aziom-inst])
AOT-theorem en—eq:2[4]: <x1z2z324[F] = Oz1 2202324 [F]>

by (simp add: =I pre—en—eq:1[4] qml:2[aziom-inst])
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AOT-theorem en—eq:3[1]: «<Qz1[F] = z1[F]

using T derived—S5—rules:2[OF pre—en—eq:1[1]] =1 by blast
AOT-theorem en—eq:3[2]: «Qz122[F] = z122[F]

using 70 derived—S5—rules:2[OF pre—en—eq:1|2]] =I by blast
AOT-theorem en—eq:3[3): «Qz1z223[F] = z12203[F]>

using T derived—S5—rules:2[OF pre—en—eq:1[3]] =I by blast
AOT-theorem en—eq:3[4]: «<Oz1222324[F] = z122T324[F]

using T derived—S5—rules:2[OF pre—en—eq:1[4]] =1 by blast

AOT-theorem en—eq:4[1]:

(@1[F] = n[G]) = (On[F] = Oun[G])

apply (rule =I; rule —I; rule =I; rule —1I)

using gml:2[aziom-inst, THEN —E| =E(1,2) en—eq:2[1] by blast+
AOT-theorem en—eq:4[2]:

(@123[F] = 9192[G]) = (Oz125[F] = Oyay[ G

apply (rule =I; rule —1; rule =I; rule —1I)

using gml:2[aziom-inst, THEN —FE]| =E(1,2) en—eq:2[2] by blast+
AOT-theorem en—eq:4[3]:

(w1273 [F] = y1y2y3[G]) = (Om@zas[F] = Oyiyays[G])

apply (rule =I; rule —1I; rule =I; rule —1)

using gml:2[aziom-inst, THEN —FE] =E(1,2) en—eq:2[3] by blast+
AOT-theorem en—eq:4[4]:

(1227374 F] = y1y293y4[G]) = (Oz1223374[F] = Oy19293y4[G])

apply (rule =I; rule —I; rule =I; rule —1I)

using gml:2[aziom-inst, THEN —E| =E(1,2) en—eq:2[4] by blast+

AOT-theorem en—eq:5[1]:
O [F] = n[C)) = Om [F] = O [6))
apply (rule =I; rule —1)
using en—eq:4[1][THEN =E(1)] gml:2[aziom-inst, THEN —E]
apply blast
using sc—eq—bor—box:4{[THEN —E, THEN —E)|
&I[OF pre—en—eq:1[1][THEN RN]|, OF pre—en—eq:1[1][THEN RN]]
by blast
AOT-theorem en—eq:5[2):
O(z122[F] = y1y2[G]) = (Ozi22[F] = Oy1y2[G])
apply (rule =I; rule —1I)
using en—eq:4[2][THEN =E(1)] gml:2[aziom-inst, THEN —FE)]
apply blast
using sc—eq—boz—boz:J|[THEN —E, THEN —E)|
&I[OF pre—en—eq:1[2][THEN RN], OF pre—en—eq:1[2][THEN RN]]
by blast
AOT-theorem en—eq:5[3]:
O(z12223[F] = y1y2y3[G]) = (Oz1z223[F] = Oyry2y3[G])
apply (rule =I; rule —1I)
using en—eq:4[3]|[THEN =E(1)] gml:2[aziom-inst, THEN — FE)|
apply blast
using sc—eq—bor—boz:4([THEN —E, THEN —E|
&I[OF pre—en—eq:1[3][THEN RN), OF pre—en—eq:1[3][THEN RN]]
by blast
AOT-theorem en—eq:5[4):
O(z1722324[F] = y1y2y3y4[G]) = (Oz1z2ws24[F] = Oy1yaysya[G])
apply (rule =I; rule —1)
using en—eq:4[4][THEN =E(1)] gml:2[aziom-inst, THEN —FE]
apply blast
using sc—eq—bor—box:4{([THEN —E, THEN —E|
&I[OF pre—en—eq:1[4][THEN RN], OF pre—en—eq:1[4][THEN RN]]
by blast

AOT-theorem en—eq:6[1]:

(@1[F] = wlG) = O(@[F] = y[Gl)

using en—eq:5[1][symmetric] en—eq:4[1] =E(5) by fast
AOT-theorem en—eq:6[2):
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(z122[F] = y192[G]) = O(z122[F] = y1y2[G])

using en—eq:5[2][symmetric] en—eq:4[2] =E(5) by fast
AOT-theorem en—eq:6[3]:

(z12273[F] = y1y293[G]) = O(@12223[F] = y1y2y3[G])

using en—eq:5[3][symmetric] en—eq:4[3] =E(5) by fast
AOT-theorem en—eq:6[4):

(21227374 [F] = y192y3ya[G]) = D(21223324[F] = y192y394[G])

using en—eq:5[4][symmetric] en—eq:4[4] =E(5) by fast

AOT-theorem en—eq:7[1]: <—z1[F] = Oz [F]
using pre—en—eq:2[1] gml:2[aziom-inst] =I by blast
AOT-theorem en—eq:7[2]: <—z122[F] = O-z122[F)
using pre—en—eq:2[2] gml:2|aziom-inst] =1 by blast
AOT-theorem en—eq:7[3]: <~z1z223[F] = O-z12023[F)>
using pre—en—eq:2[3] qml:2[axiom-inst] =I by blast
AOT-theorem en—eq:7[4]: (—z1222324[F] = O-z1222324[F]>
using pre—en—eq:2[4] gml:2[aziom-inst] =I by blast

AOT-theorem en—eq:8[1]: «O—z1[F] = 1 [F]
using en—eq:2[1][THEN oth—class—taut:4:bTHEN =E(1)]]
KBasic:11 =E(5)[symmetric] by blast
AOT-theorem en—eq:8[2]: «O—z122[F] = —z122[F)>
using en—eq:2[2][THEN oth—class—taut:4:b[ THEN =E(1)]]
KBasic:11 =E(5)[symmetric] by blast
AOT-theorem en—eq:8[3): «O—z1z223[F] = —z12223[F)>
using en—eq:2[3][THEN oth—class—taut:4:b| THEN =E(1)]]
KBasic:11 =E(5)[symmetric|] by blast
AOT-theorem en—eq:8[4]: «<Oz1z22324[F| = —z1222324[F)>
using en—eq:2[4][THEN oth—class—taut:4:b] THEN =E(1)]]
KBasic:11 =E(5)[symmetric] by blast

AOT-theorem en—eq:9[1]: <Oz [F] = Oz [F]
using en—eq:7[1] en—eq:8[1] =E(5) by blast
AOT-theorem en—eq:9[2]: «<O—z1z2[F] = O-z122[F]
using en—eq:7[2] en—eq:8[2] =E(5) by blast
AOT-theorem en—eq:9[3]: «<O—ziz223[F] = O-z1z223[F)>
using en—eq:7[3] en—eq:8[3) =FE(5) by blast
AOT-theorem en—eq:9[4]: «Oz1z20324[F] = O @1222324[F]>
using en—eq:7[4] en—eq:8[4] =E(5) by blast

AOT-theorem en—eq:10[1]: <Az, [F] = z:[F]
by (metis Act—Sub:3 deduction—theorem =1 =E(1)
nec—imp—act en—eq:3[1] pre—en—eq:1[1])
AOT-theorem en—eq:10[2]: «Az122[F| = z122[F]
by (metis Act—Sub:3 deduction—theorem =1 =E(1)
nec—imp—act en—eq:3[2] pre—en—eq:1[2])
AOT-theorem en—eq:10[3): «Azi12223[F) = z12223[F)>
by (metis Act—Sub:3 deduction—theorem =1 =E(1)
nec—imp—act en—eq:3[3] pre—en—eq:1[3])
AOT-theorem en—eq:10[4]: <Az1z22324[F] = 212203T4[F]>
by (metis Act—Sub:3 deduction—theorem =1 =E(1)
nec—imp—act en—eq:3[4] pre—en—eq:1[4])

AOT-theorem oa—facts:1: <Oz — OO'x»
proof(rule —1)
AOT-modally-strict {
AOT-have ([\z OE!z]z = OElx»
by (rule lambda—predicates: 2[aziom-inst, THEN —E|) cqt:2
} note ¥ = this
AQOT-assume (Olz)
AOT-hence Az OE!z]2
by (rule =45 E(2)[OF AOT-ordinary, rotated 1) cqt:2
AOT-hence «QFE!z) using 9[THEN =F(1)] by blast
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AOT-hence (OO FE!z> using gml:8[aziom-inst, THEN —E] by blast
AOT-hence OAz QE!z]z>
by (AOT-subst Az OElz]zy «QElz»)
(auto simp: V)
AOT-thus <OO0!2»
by (rule =471(2)[OF AOT-ordinary, rotated 1]) cqt:2
qed

AOT-theorem oa—facts:2: <Alz — OAlx»
proof(rule —1I)
AOT-modally-strict {
AOT-have ([Az ~OQE!z]z = ~QFE!z
by (rule lambda—predicates: 2[aziom-inst, THEN —E|) cqt:2
} note ¢ = this
AQOT-assume <Alz»
AOT-hence (| z ~QOFE!lz]z»
by (rule =47 E(2)[OF AOT-abstract, rotated 1) cqt:2
AOT-hence —~OFE!z) using 9[THEN =E(1)] by blast
AOT-hence (O-E!z) using KBasic2:1[THEN =F(2)] by blast
AOT-hence (O0-E!lzy using 4[THEN —E| by blast
AOT-hence (O-E!z)
using KBasic2:1
by (AOT-subst (reverse) «<—QE!zy <O-Elxy) blast
AOT-hence OAz =QFElz]z)
by (AOT-subst Az =QFE!z]zy —~OE!lzy)
(auto simp: ¥)
AOT-thus JAlv»
by (rule =471(2)[OF AOT-abstract, rotated 1)) cqt:2[lambda]
qed

AOT-theorem oa—facts:3: <0Olx — Olx»

using oa—facts:1 BO RMO Hypothetical Syllogism by blast
AOT-theorem oa—facts:}: «QAlz — Alx»

using oa—facts:2 BO RM{ Hypothetical Syllogism by blast

AOT-theorem oa—facts:5: <O Olz = OO!z»
by (meson Act—Sub:8 Hypothetical Syllogism =I nec—imp—act
oa—facts:1 oa—facts:3)

AOT-theorem oa—facts:6: «QAlz = DAz
by (meson Act—Sub:8 Hypothetical Syllogism =I nec—imp—act
oa—facts:2 oa—facts:4)

AOT-theorem oa—facts:7: <Oz = AO!x»
by (meson Act—Sub:8 Hypothetical Syllogism =I nec—imp—act
oa—facts:1 oa—facts:3)

AOT-theorem oa—facts:8: «Alx = AAlx)
by (meson Act—Sub:8 Hypothetical Syllogism =I nec—imp—act
oa—facts:2 oa—facts:4)

8.10 The Theory of Relations

AOT-theorem beta— C'—meta:
AL o @1 tin, ViU ] —

(1wt @{p1eefin, V1 n V1 vn = @{V1.Vn, V1 Un )
using lambda—predicates: 2[aziom-inst] by blast

AOT-theorem beta—C—cor:1:

(Vv VYun (A fin o{p1..pin, v1..vn}l)) —

Vvi.Vun ([Aapin @{p1.pin, V1. VnH1...Vn = ©{V1...Un, V1..Un})»
apply (rule cqt—basic:1/[where ‘a="a, THEN —E])

using beta— C'—meta VI by fast
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AOT-theorem beta—C'—cor:2:
A pn e{pn e pn H —
V. Vvn ([Aprepin @{pr-pin Hy1..vn = e{vi.vn})
apply (rule —1I; rule V1)
using beta— C—meta| THEN —E|] by fast

theorem beta—C—cor:3:
assumes (Avivy,. AOT-instance-of-cqt-2 (¢ (AOT-term-of-var vivy))»
shows (v = V1.V, (A1 pin @{V1..Vn, papin}v1...vn =
o{vi..Vn, Vi.Un )]
using cqt:2[lambda][aziom-inst, OF assms]
beta—C—cor:1[THEN —E] VI by fast

AOT-theorem betaC:I:a: <([Ap1...tin @{p1.-pin K16 FO ©{K1...kn }>
proof —
AOT-modally-strict {
AOT-assume (Ap1...pn o{p1...in HR1...Kn>
moreover AOT-have ([Api...un ©{p1...un}d> and <ki...knd>
using calculation cqt:5:a[axiom-inst, THEN —E| &E by blast+
ultimately AOT-show <«p{k1...kn}>
using beta— C—cor:2|[THEN —FE, THEN YV E(1), THEN =E(1)] by blast
}

qged

AOT-theorem betaC:1:b: (—¢p{k1...kn} Fo T[Ap1.ccpin ©{pb1...tin HR1...Kn?
using betaC':1:a raa—cor:8 by blast

lemmas —C = betaC:1:a betaC:1:b

AOT-theorem betaC:2:a:
Ao o p1 e in H, K1ekndy @{R1..kn} FO
Ape1eepin @{p1 pin K1 ond
proof —
AOT-modally-strict {
AOT-assume I: [ Ap1...in @{p1..-pn >
and 2: (K1...knl>
and 3: <p{K1...kn P
AOT-hence [ Api...in {1 fin K1 -Kn>
using beta— C—cor:2[THEN —E, OF 1, THEN V E(1), THEN =E(2)]
by blast
}
AOT-thus <[Ap1...kn o{p1.tin}d, K1..-60d, ©{K1...6n} FO
[Au1.fin @{p1epin K1 Bnd
by blast
qed

AOT-theorem betaC:2:b:
Ao @{p1 iy BaeeBndy Ao {1 in BB O

—p{K1...kn }>
using betaC:2:a raa—cor:3 by blast

lemmas 5+ C = betaC:2:a betaC:2:b
AOT-theorem eta—conversion—lemmal:1: I} — [Az1...zn [H]z1...2,] = ID

using lambda—predicates: 3[aziom-inst] VI V¥V E(1) —I by fast

AOT-theorem eta—conversion—lemmal:2: <Il| — [Avi..vy [v1...vn] = ID
using eta— conversion—lemmal: 1.

Note: not explicitly part of PLM.
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AOT-theorem id-sym:
assumes 7 = 7"
shows 7/ = 7
using rule=F[where o=\ 7’ . «7' = T», rotated 1, OF assms|
=I(1)[OF t=t—proper:1{THEN —E, OF assms|| by auto
declare id-sym|[sym)]

Note: not explicitly part of PLM.

AOT-theorem id-trans:
assumes (7 = 7’ and 7' = 1'%
shows «r = 7'
using rule=F assms by blast
declare id-trans[trans]

method 7 C for 11 :: <<’a:{AOT-Term-id-2,A0T-ks}>) =
(match conclusion in [v | 7{II} = 7/{II}] for v 7 7/ = «
rule rule=E[rotated 1, OF eta— conversion—lemmal:2
[THEN —E, of v «[Il]», symmetric]]»)

AOT-theorem sub—des—lam:1:
Az1..zn x{z1. 20, vz o{2}}]] & vz p{z} =z {2} —
[A21...2n X{21..2n, tz @{2}}] = [A21...2n X{21...2n, Lz Y{2}}]
proof(rule —1I)
AOT-assume A: <[Az1...zn X{z1...2n, tz o{z}}]] & tz {2} = vz Y{z}
AOT-show ([Az1...z2n Xx{21...2n, tz ©{z}}] = [A21...2n x{21..2n, Ltz Y{z}}]>
using rule=FE[where o=\ 7 . «[Az1...z2n x{21...2n, tz p{z}}] =
Az1.o.zn x{21.2n, TP,
OF =I(1)[OF A[THEN &E(1)]], OF A[THEN &E(2)]]
by blast
qed

AOT-theorem sub—des—lam:2:
wz p{z} =z P{z} — x{tz o{z}} = x{ez Y{z}}> for x :: <k = o
using rule=E[where o=\ 7 . «x{ez o{z}} = x{7}»,
OF =I(1)[OF log—prop—prop:2]] —I by blast

AOT-theorem prop—equiv: <F = G =Vz (z[F] = z[G])»
proof(rule =I; rule —1I)
AQOT-assume (F = &
AOT-thus Vz (z[F] = z[G])»
by (rule rule=FE[rotated]) (fact oth—-class—taut:3:a| THEN GEN])
next
AOT-assume Vz (z[F] = z[G])
AOT-hence (z[F] = z[G) for z
using V £ by blast
AOT-hence O(z[F] = z[G])» for z
using en—eq:6[1]|[THEN =E(1)] by blast
AOT-hence «Vz O(z[F] = z[G])
by (rule GEN)
AOT-hence OV z (z[F] = z[G])
using BF[THEN —E] by fast
AOT-thus F = G
using p—identity—thm2:1[THEN =FE(2)] by blast
qed

AOT-theorem relations: 1:
assumes (INSTANCE-OF-CQT-2(p)»
shows (3 F LV z1..Vz, ([Flz1...20 = ©{21...20})
apply (rule 31(1)[where T=«[Az1...zn @{z1...2n}]»])
using cqt:2[lambda][OF assms, aziom-inst)
beta—C—cor:2]THEN —E, THEN RN| by blast+

AOT-theorem relations:2:
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assumes <(INSTANCE-OF-CQT-2(y)»
shows 3 F OV z ([Flz = ¢{z})
using relations:1 assms by blast

AOT-theorem block—paradoz:1: <—~[Az 3 G (z[G] & —[G]z)]}»
proof(rule raa—cor:2)
let ?K=«[Az 3 G (z[G] & —[G]z)]»
AOT-assume A: <« ?K»]»
AOT-have <3z (Alz & VF (z[F] = F = «?K»))
using A—objects[aziom-inst] by fast
then AOT-obtain ¢ where §: (Ala & VF (a[F] = F = «?K»)»
using 3 E[rotated] by blast
AOT-show «p & —p» for p
proof (rule VE(1)[OF exc—mid]; rule —1)
AOT-assume B: <[« ?K»]a
AOT-hence <3G (a[G] & —[G]a)»
using 8—C A by blast
then AOT-obtain P where <a[P] & —[P]a
using 3 E[rotated] by blast
moreover AOT-have <P = [« ?K»]»
using &[THEN &E(2), THEN ¥ E(2), THEN =E(1)]
calculation| THEN &E(1)] by blast
ultimately AOT-have <—[« ?K»]a>
using rule=FE &FE(2) by fast
AOT-thus p & —p»
using B RAA by blast
next
AOT-assume B: [« ?K»]a>
AOT-hence (=3 G (a[G] & —[G]a)
using S« C cqt:2[const-var][of a, axiom-inst] A by blast
AOT-hence C: VG —(a[G] & —[G]a)»
using cqt—further:4[THEN —E] by blast
AOT-have VG (a[G] — [G]a)»
by (AOT-subst <a[G] — [Glay <—(a[G] & —[G]a)> for: G)
(auto simp: oth—-class—taut:1:a C)
AOT-hence <a[«?K»] — [«?K»]a>
using V E A by blast
moreover AOT-have <a[« 7K »]>
using £[THEN &E(2), THEN ¥ E(1), OF A, THEN =E(2)]
using =I(1)[OF A] by blast
ultimately AOT-show «<p & —p»
using B -F RAA by blast
ged
qed

AOT-theorem block—paradox:2: «<—=3 F Vz([Flz = 3 G(z][G] & —[G]z))»
proof(rule RAA(2))
AOT-assume (3F Vz ([Flz = 3G (2[G] & -[G]z))»
then AOT-obtain F where F-prop: Vz ([Flz = 3G (z[G] & —[G]z))»
using 3 E[rotated] by blast
AOT-have Iz (Alz & VG (z[G] = G = F))
using A—objects[axiom-inst] by fast
then AOT-obtain ¢ where §: <Ala & VG (a[|G] = G = F)»
using 3 E[rotated] by blast
AOT-show -3 F Vz([Flz = 3 G(z][G] & —[G]z))»
proof (rule VE(1)[OF exc—mid]; rule —1)
AOT-assume B: ([F|a
AOT-hence <3G (a[G] & —[G]a)»
using F-prop|THEN Y E(2), THEN =E(1)] by blast
then AOT-obtain P where <a[P] & —[P]a
using 3 E[rotated] by blast
moreover AOT-have <P = F»
using ¢[THEN &E(2), THEN ¥ E(2), THEN =E(1)]
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calculation| THEN &E(1)] by blast

ultimately AOT-have «—[F|a
using rule=E &FE(2) by fast

AOT-thus «(-3F Vz([Flz = 3 G(z][G] & —[G]x))»
using B RAA by blast

next

AOT-assume B: <—[F]a»

AOT-hence (-3 G (a[G] & —[Ga)>
using oth—class—taut:4:b)[THEN =E(1),

OF F-prop|[THEN Y E(2)[of - - a]], THEN =E(1)]

by simp

AOT-hence C: VG —(a]G] & —[G]a)»
using cqt—further:4[THEN —E| by blast

AOT-have <V G (a[G] — [G]a)>
by (AOT-subst <a[G] — [Glay —(a[G] & —[G]a)> for: G)

(auto simp: oth—-class—taut:1:a C)

AOT-hence <a[F] — [Fla
using V £ by blast

moreover AOT-have (a[F]
using §[THEN &E(2), THEN Y E(2), of F, THEN =E(2)]
using =I(2) by blast

ultimately AOT-show «—=3 F Vz([F]z = 3 G(z[G] & —[G]z))»
using B —F RAA by blast

qed
qed(simp)

AOT-theorem block—paradoz:3: «<—Vy [Az z = y|}»
proof(rule RAA(2))
AOT-assume ¥: Vy [Az z = y|b
AOT-have Iz (Alz & VF (z[F] = 3y(F = [Az z = y] & —y[F])))
using A—objects[axiom-inst] by force
then AOT-obtain a where
a-prop: <Ala & VF (a[F] =3y (F = [Az z = y] & ~y[F]))»
using 3 E[rotated] by blast
AOT-have (: <a[dzz=a| =3y ([Az2z=a] =[Nz 2=19y] & y[Az 2z = a])»
using Y[THEN V E(2)] a-prop| THEN &E(2), THEN V E(1)] by blast
AOT-show «—Vy [Az z = y|b
proof (rule VE(1)[OF exc—mid]; rule —1)
AOT-assume A: <a[Az z = a)»
AOT-hence 3y ([Azz=a] = [Azz=y] & ~y[Azz = a])
using ([THEN =E(1)] by blast
then AOT-obtain b where b-prop: <Az z = a] = [Az z = b] & —b[Azz = a)
using 3 E[rotated] by blast
moreover AOT-have <a = a) by (rule =I)
moreover AOT-have ([A\z z = a||» using ¥ V E by blast
moreover AOT-have <al> using cqt:2[const-var][aziom-inst] .
ultimately AOT-have ([\z z = a]a> using S« C by blast
AOT-hence ([A\z z = bla> using rule=F b-prop[THEN & E(1)] by fast
AOT-hence <a = b using f—C by blast
AOT-hence <b[A\z z = a)) using A rule=F by fast
AOT-thus <—Vy [Az z = y]|» using b-prop[THEN &E(2)] RAA by blast
next
AOT-assume A: <—a[Az z = a)»
AOT-hence <=3y ([Az z = a] = Az 2z = y] & ~y[rz z = a])»
using ¢ oth—class—taut:4:b|THEN =FE(1), THEN =E(1)] by blast
AOT-hence Vy =([Az z = a] = [Az z = y] & —~y[rz z = a])»
using cqt—further:4[THEN —E] by blast
AOT-hence «(~([A\zz = a] = [Az z = a] & —a[rz z = a])»
using V £ by blast
AOT-hence Az z=a] = [A\z22z =a] = a[]\z2z=a]
by (metis &I deduction—theorem raa—cor:4)
AOT-hence <a[\z z = a)» using =I(1) Y[THEN V E(2)] —F by blast
AOT-thus <-Vy [Az z = y|{» using A RAA by blast
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qed
qed(simp)

AOT-theorem block—paradox:4: <~V y IF Vz([Flz = z = y)»
proof(rule RAA(2))
AOT-assume ¢: <Vy IF Vz([Flz = z = y)»
AOT-have <3z (Alz & VF (z[F] =3z Vy([Fly = y = 2) & —z[F])))»
using A—objects[axiom-inst] by force
then AOT-obtain a where
a-prop: <Ala & VF (a[F| =3z Vy([Fly = y = 2) & —z[F]))»
using 3 E[rotated] by blast
AOT-obtain F where F-prop: Vz ([Flz = z = a)»
using Y[THEN V E(2)] 3 E[rotated] by blast
AOT-have (: «a[F] =3z Vy ([Fly =y = 2) & —2[F])»
using a-prop[THEN &E(2), THEN V E(2)] by blast
AOT-show «—Vy IF Vz([Flz =z = y)»
proof (rule VE(1)[OF exc—mid]; rule —1)
AOT-assume A: <a[F]»
AOT-hence <3z Vy ([Fly = y = 2) & —z[F])»
using ([THEN =E(1)] by blast
then AOT-obtain b where b-prop: <Vy ([Fly = y = b) & —b[F]»
using 3 E[rotated] by blast
moreover AOT-have ([F|a)
using F-prop|THEN Y E(2), THEN =FE(2)] =1(2) by blast
ultimately AOT-have <a = b
using V E(2) =E(1) &E by fast
AQT-hence (a = b
using f—C by blast
AOT-hence «b[F]
using A rule=F by fast
AOT-thus «(-Vy IF Va([Flz =z = y)»
using b-prop|THEN &E(2)] RAA by blast
next
AOT-assume A: <—a[F)
AOT-hence -3z (Vy ([Fly
using ¢ oth—-class—taut:4:b[
AOT-hence Vz ~(Vy ([Fly
using cqt—further:4[THEN ]
AOT-hence <—~(Vy ([Fly = y = a) & —a[F])
using V E by blast
AOT-hence Vy ([Fly = y = a) — a[F]
by (metis &I deduction—theorem raa—cor:4)
AOT-hence <a[F]» using F-prop —E by blast
AOT-thus «<—Vy IF Vz([Flz =z = y)
using A RAA by blast
ged
qed(simp)

<
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E(1), THEN =E(1)] by blast
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AOT-theorem block—paradoz:5: <=3 FV 2V y([Flzy = y = z)»
proof(rule raa—cor:2)
AOT-assume (3 FVaVy([Flay = y = z)»
then AOT-obtain F where F-prop: <VaVy([Flzy = y = z)»
using 3 E[rotated] by blast
{
fix
AOT-have I: Vy([Flzy = y = z)»
using F-prop V E by blast
AOT-have 2: <[Az [Flzz]}» by cqt:2
moreover AOT-have Vy([A\z [Flzz]ly = y = z)»
proof(rule V1)
fix y
AOT-have ([\z [Flzzly = [Flay
using beta— C—meta| THEN —E] 2 by fast
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also AOT-have (... = y = o
using 1 V F by fast
finally AOT-show «[\z [Flzz]ly = y = .
qed
ultimately AOT-have <3 FVy([Fly = y = a)»
using 31 by fast
}

AOT-hence Vz3FVy([Fly =y = z)»
by (rule GEN)
AOT-thus VzaFVy([Fly=y=12) & VeI FVy([Fly=y = z)»
using &I block—paradoz:4 by blast
qed

AOT-act-theorem block—paradox2:1:
Nz [Glz = —[Az [Gley (y = = & T H (z[H] & —[H]z))])
proof(rule —I; rule raa—cor:2)
AOT-assume antecedant: <V z [G]z
AOT-have Lemma: <Vz ([Gley(y = =z & I H (z[H] & —[H|z)) = 3 H (z[H] & —[H]z))»
proof(rule GEN)
fix z
AOT-have A: (Gley (y =2z & IH (z[H] &
Iy (y = z & I H (z[H] & —[H]z))
proof(rule =I; rule —1)
AOT-assume ([Gly (y = z & IH (z[H] & —[H]z))»
AOT-hence «wy (y = z & 3H (z[H] & —[H]z))d»
using cqt:5:alaziom-inst, THEN —FE, THEN &E(2)] by blast
AOT-thus 3ly (y = z & 3 H (z[H] & —[H]z))»
using !—ezists: [THEN =E(1)] by blast
next
AOT-assume A: Jly (y =z & IH (z[H] & —[H]z))»
AOT-obtain ¢ where a-1: <a = z & 3 H (z[H] & —[H]z)»
and a-2: Vz (z = 2 & 3H (z[H] & —[H]|z) = z = a)
using uniqueness:1[THEN =4;E, OF A] &FE 3 E[rotated] by blast
AOT-have a-3: (|G|
using antecedant ¥V E by blast
AOT-show «[Gley (y = =z & 3 H (z[H] & —[H]z))»
apply (rule russell—aziom|eze,1].russell—aziom| THEN =FE(2)])
apply (rule 31(2))
using a-1 a-2 a-8 &I by blast
qged
also AOT-have B: (... = 3H (z[H] & —[H]z)»
proof (rule =I; rule —1)
AOT-assume A: 3ly (y =z & I H (2z[H] & —[H]z))>
AOT-obtain a where <(a = z & 3 H (z[H] & —[H]z)>
using uniqueness:1[THEN =47 E, OF A] &F 3 E[rotated] by blast
AOT-thus (3 H (z[H] & —[H]z)> using &F by blast
next
AOT-assume (3 H (z[H| & —[H]z)»
AOT-hence <z =z & 3 H (2[H] & —[H]z)>
using id—eq:1 &I by blast
moreover AOT-have Vz (z = 2 & I H (z[H] & —[H]|z) = 2z = z)»
by (simp add: Conjunction Simplification(1) universal— cor)
ultimately AOT-show 3ly (y = z & I H (z[H] & —[H]z))
using uniqueness:1[THEN =q4¢1] &I 31(2) by fast
qged
finally AOT-show «([Gley(y = z & T H (z[H] & —[H|z)) = 3 H (z[H] & ~[H]z))> .
qed

—[H]z)) =
>

AOT-assume A: <Az [Gey (y = = & I H (z[H] & -[H]z))]}»
AOT-have 9: Vz ([\z [G|ey (y = =z & T H (z[H] & —[H]z))|z =
[Gley(y = = & IH (a[H] & —[H]z)))>
using beta— C—meta|[THEN —E, OF A] VI by fast
AOT-have Vz ([Az [Gley (y = = & I H (2[H] & —[H]z))]z = I H (z[H] & —[H]z))
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using ¥ Lemma cqt—basic: 10| THEN —E] &I by fast
AOT-hence (3F Vz ([Flz = 3H (z[H] & —[H]z))»
using 31(1) A by fast
AOT-thus «(3F Vz ([Flz = 3H (z[H] & —[H]z))) &
(m3F Vz ([Flz = 3H (z[H] & —[H]z)))»
using block—paradoz:2 &I by blast
qed

Note: Strengthens the above to a modally-strict theorem. Not explicitly part of PLM.

AOT-theorem block—paradoz2:1[strict]:
Vz A[Glz — —[Az [Gley (y = ¢ & T H (z[H] & —[H]z))|»
proof(rule —I; rule raa—cor:2)
AOT-assume antecedant: <V z A[G]z>
AOT-have Lemma: <AVz ([Gley(y = ¢ & I H (z[H] & —[H]z)) = I H (z[H] & —[H]z))»
proof(safe intro!: GEN Act—Basic:5]{THEN =E(2)]
logic—actual—nec: 8[aziom-inst, THEN =E(2)])
fix
AOT-have A: (A[Gley (y = z & I H (z[H] & —-[H]z)) =
Ily Ay = z & 3 H (z[H] & —[H|z))»
proof(rule =I; rule —1)
AOT-assume <A[Gley (y = z & I H (z[H] & —[H]z))>
moreover AOT-have O([Gey (y = z & I H (z[H] & —[H|z)) —
Owy (y = ¢ & 3 H (z[H] & —[H]z))|)
proof(rule RN; rule —1I)
AOT-modally-strict {
AOT-assume |Gy (y = z & I H (z[H] & —[H]z))»
AOT-hence wy (y = z & 3 H (z[H] & —[H]z))]»
using cqt:5:a[aziom-inst, THEN —E, THEN &FE(2)] by blast
AOT-thus Oy (y = = & I H (2[H] & —[H]z))b
using ezist—nec[THEN — E] by blast
}
qed
ultimately AOT-have <Ay (y = z & 3 H (z[H] & —[H]z))]»
using act—cond|[THEN —E, THEN —E]| nec—imp—act|THEN —E] by blast
AOT-hence «wy (y = z & 3 H (z[H] & —[H]z))]»
using Act—Sub:8 B vdash—properties: 10 by blast
AOT-thus 3!y A(y = z & 3 H (z[H] & —[H|z))»
using actual—desc: 1[THEN =E(1)] by blast
next
AOT-assume A: 3!y A(y = z & I H (z[H] & —[H]z))»
AOT-obtain ¢ where a-1: <A(a = z & 3 H (z[H] & —[H]z))»
and a-2: <Vz (A(z = z & 3 H (z[H] & —[H]z)) = z = a)
using uniqueness:[THEN =47 E, OF A] &F 3 E[rotated] by blast
AOT-have a-3: <A[G]a>
using antecedant ¥V E by blast
moreover AOT-have <a = vy(y = z & I H (z[H] & —[H]z))»
using nec—hintikka—scheme[THEN =FE(2), OF &I] a-1 a-2 by auto
ultimately AOT-show «A[Gley (y = z & I H (z[H] & —[H]z))
using rule=F by fast
qed
also AOT-have B: «... = A3 H (z[H] & —[H]z)»
proof (rule =I; rule —1)
AOT-assume A: 3ly Ay = z & I H (z[H] & —[H]z))»
AOT-obtain a where (A(a = z & 3 H (z[H] & —[H]z))
using uniqueness:[THEN =47 E, OF A] &F 3 E[rotated] by blast
AOT-thus «A3 H (z[H] & —[H]z)»
using Act—Basic:2[THEN =E(1), THEN &E(2)] by blast
next
AOT-assume (A3 H (z[H] & —[H]z)>
AOT-hence (Az = z & A3 H (z[H]| & —[H]z)»
using id—eq:1 &I RA[2] by blast
AOT-hence <A(z = z & 3 H (z[H] & —[H]z))>
using act—conj—act:8 Act— Basic:2 =F by blast
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moreover AOT-have Vz (A(z = ¢ & I H (z[H] & —[H]z)) = z = z)»
proof(safe intro!: GEN —1)
fix z
AOT-assume (A(z = z & 3 H (z[H] & —[H]z))»
AOT-hence (A(z = z)»
using Act—Basic:2[THEN =E(1), THEN &E(1)] by blast
AOT-thus z = o
by (metis id—act:1 intro—elim:3:b)
qed
ultimately AOT-show «3ly A(y = z & I H (z[H] & —[H]z))»
using uniqueness: 1[THEN =q71] &I 31(2) by fast
qed

finally AOT-show «(A[Gley(y = = & I H (z[H] & —[H]z)) = A3 H (2[H] & —[H]z))>.

qed

AOT-assume A: Az [Gey (y = = & I H (z[H] & ~[H]z))]}»
AOT-hence «A[\z [Gey (y = z & T H (z[H] & —[H]z))]P
using ezist—nec —E nec—imp—act|THEN —E] by blast
AOT-hence (A([M\z [Gley (y = = & 3 H (2[H] & —[H]z))[| &
Vz ([Gley(ly = z & I H (z[H] & —[H]z)) = 3 H (z[H] & —[H]z)))
using Lemma Act—Basic:2|THEN =E(2)] &I by blast
moreover AOT-have <A([Az [Gley (y = = & FH (z[H] & —[H]z))]} &
Vo ((Gluyly = o & 3 (alH] & ~[H]2)) = 3H (a[H] & ~[H]2))
— Adp (p & —p)
proof (rule logic—actual—nec: 2[aziom-inst, THEN =F(1)];
rule RA[2]; rule —1I)
AOT-modally-strict {
AOT-assume 0: <[\z [Gley (y =z &
o ((Gleyly = o & 3 (a[H]
AOT-have <3 F Vz ([Flz = 3G (z[G
proof(rule 3I(1))

JH («fH] & —[H]z))|| &
fc [f{] ]))))— FH (z[H] & —[H]z))>

AOT-show Vz ([Az [Gley (y = z & T H (2[H] & —[H]z))]lz = 3 H (z[H] &

proof(safe introl: GEN =I —I 8+ C dest!: —C)
fix
AOT-assume «[Gley(y = z & I H (z[H] & —[H]z))»
AOT-thus (3 H (z[H] & —-[H]z)»
using 0 &E V E(2) =E(1) by blast
next
fix z
AOT-assume 3 H (z[H] & —[H]z)>
AOT-thus ([Gley(y = =z & IH (z[H] & —[H]z))»
using 0 &E V E(2) =E(2) by blast
qed(auto introl: O] THEN &E(1)] cqt:2)
next
AOT-show «[Az [Gley (y = = & I H (z[H] & -[H]z))]}>
using 0 &E(1) by blast
qed
AOT-thus «3Ip (p & —p)»
using block—paradox:2 reductio—aa:1 by blast
}

qed

ultimately AOT-have «(A3p (p & —p)»
using —F by blast

AOT-hence <Ip A(p & —p)
by (metis Act— Basic:10 intro—elim:3:a)

then AOT-obtain p where «A(p & —p)>
using 3 E[rotated] by blast

moreover AOT-have <= A(p & —p)»
using non—contradiction|[ THEN RA[2]]
by (meson Act—Sub:1 ~—I intro—elim:3:d)

ultimately AOT-show <p & —p» for p
by (metis raa—cor:3)

qed
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AOT-act-theorem block—paradox2:2:
3G =Xz [Gley (y = z & TH (2[H] & —[H]z))]»
proof(rule 31(1))
AOT-have 0: <[Az Vp (p —=p)b
by cqt:2[lambda]
moreover AOT-have Vz [A\z Vp (p —p)|z
apply (rule GEN)
apply (rule beta—C—cor:2|THEN —E, OF 0, THEN V E(2), THEN =E(2)])
using if —p—then—p GEN by fast
moreover AOT-have VG (Vz [Glz — —[\z [Gley (y = z & I H (z[H] & —[H]z))[{)»
using block—paradoz2:1 ¥V I by fast
ultimately AOT-show «—[Az Az Vp (p —p)|ey (y = = & FH (z[H] & —[H]z))]
using V E(1) —E by blast
qed(cqt:2[lambda))

AOT-theorem propositions: <Ip O(p = ¢)»
proof(rule 31(1))
AOT-show O(p = )
by (simp add: RN oth—class—taut:3:a)
next
AQOT-show «pl»
by (simp add: log—prop—prop:2)
qed

AOT-theorem pos—not—equiv—ne:1:
(O Vzi1.Van ([Flzi..zn = [Glz1...20)) = F # G»
proof (rule —1)
AOT-assume OV z1..Vz, ([Flz1...2n = [G]T1...20 )
AOT-hence -V z1..Vz, ([Flz1..2n = [G]z1...20)>
using KBasic:11[THEN =E(2)] by blast
AOT-hence (—(F = G)»
using id—rel—nec—equiv:1 modus—tollens:1 by blast
AOT-thus <F # G»
using =—infit[ THEN =4I| by blast
qed

AOT-theorem pos—not—equiv—ne:2: <(O—(p{F} = ¢{G})) = F # G»
proof (rule —1I)
AOT-modally-strict {
AOT-have <=(p{F} = ¢p{G}) - ~(F = G)»
proof (rule —I; rule raa—cor:2)
AQOT-assume I: (F = G
AOT-hence «p{F} — p{G}
using [—identity[aziom-inst, THEN —E] by blast
moreover {
AOT-have (G = F»
using I id-sym by blast
AOT-hence «p{G} — o{F'}
using [—identity[aziom-inst, THEN —E] by blast

ultimately AOT-have «p{F} = o{G}
using =1 by blast
moreover AOT-assume —(p{F} = p{G})»
ultimately AOT-show «(¢{F} = ¢{G}) & =(p{F} = o{G})
using &I by blast
qed
}
AOT-hence <O (p{F} = ¢{G}) = O-(F = G)»
using RM:2[prem] by blast
moreover AOT-assume Q- (o{F} = o{G})»
ultimately AOT-have 0: <0—~(F = G)) using —F by blast
AOT-have Q(F # G)»
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by (AOT-subst <F # G «<=(F = G)»)
(auto simp: =—infiz =Df 0)
AQOT-thus (F # G
using id—nec2:3[THEN —E] by blast
qed

AOT-theorem pos—not—equiv—ne:2[zero]: «(O—(e{p} = ¢{q})) = p # @
proof (rule —1)
AOT-modally-strict {
AOT-have ~(p{p} = ¢{q}) = ~(p = q)
proof (rule —1I; rule raa—cor:2)
AOT-assume I: <p = ¢
AOT-hence «p{p} = w{qp
using [—identity[aziom-inst, THEN — E] by blast
moreover {
AOT-have «qg = p»
using 1 id-sym by blast
AOT-hence «p{q} — p{p}
using [—identity[aziom-inst, THEN —FE] by blast

ultimately AOT-have «p{p} = ¢{q¢}>
using =I by blast
moreover AOT-assume —(p{p} = p{q})
ultimately AOT-show «(p{p} = ¢{q}) & =(v{p} = ¢{a})
using &I by blast
qed
}
AOT-hence <O=(e{p} = ¢{q}) = O-(p = ¢
using RM:2[prem] by blast
moreover AOT-assume Q= (p{p} = ¢{q})
ultimately AOT-have 0: <0—(p = ¢)> using —E by blast
AOT-have «O(p # q)»
by (AOT-subst <p # ¢ <—(p = q)»)
(auto simp: 0 =—infiz =Df)
AOT-thus <p # ¢
using id—nec2:3[THEN —E] by blast
qed

AOT-theorem pos—not—equiv—ne:3:
(Vzr.V, ([Flzr..zn = [Gz1...20)) = F # G
using —1 pos—not—equiv—ne: 1[THEN —E] TO[THEN —E] by blast

AOT-theorem pos—not—equiv—ne:4: <(~(p{F} = ¢{G})) = F # G»
using —1 pos—not—equiv—ne:2[THEN —E] TO[THEN —E] by blast

AOT-theorem pos—not—equiv—ne:4[zero]: <(=(e{p} = ¢{q})) = p # @
using —1 pos—not—equiv—ne:2[zero||[ THEN — E]|
TO[THEN —E) by blast

AOT-define relation-negation :: II = II (<-7»)
df —relation—negation: [F]™ =af [Az1...2n —[F]21...20]

nonterminal ¢pneg
syntax :: gneg = 7 ()
syntax :: pneg = ¢ (<'(-'))

AOQOT-define relation-negation-0 :: «p = pneq (<'(-)7»)
df —relation—negation|zero]: (p)~ =ay [A —p]

AOT-theorem rel—neg—T:1: <[Az1...xn —[]z1...2,]>
by cqt:2[lambdal)

AOT-theorem rel—neg— T:1[zerol: <[\ —¢|>
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using cqt:2[lambda0][aziom-inst] by blast

AOT-theorem rel—neg—T:2: ([II]” = [Az1...zn —[I]z1...20]>
using =I(1)[OF rel—neg— T 1]
by (rule =q71(1)[OF df—relation—negation, OF rel—neg— T:1])

AOT-theorem rel—neg— T:2[zero]: <(p)” = [A —p)>
using =I1(1)[OF rel—neg— T:1[zero])
by (rule =q51(1)[OF df—relation—negation|zero], OF rel—neg— T:1[zero]])

AOT-theorem rel—neg—T:3: <[]~ |»
using =q7I(1)[OF df—relation—negation, OF rel—neg—T":1]
rel—meg—T:1 by blast

AOT-theorem rel—neg— T:8[zero]: <(p)~ |
using log—prop—prop:2 by blast

AOT-theorem thm—relation—negation:1: <[F|” x1...xn = —[F|21...20)
proof —
AOT-have (([F|" z1...2n = [Az1...Tn —[F|Z1...20]T1...20)
using rule=FE[rotated, OF rel—neg— T:2]
rule=FE|[rotated, OF rel—neg— T:2[THEN id-sym]]
—1 =I by fast
also AOT-have (... = =[F|z1...2n>
using beta— C—meta|[THEN —E, OF rel—neg—T:1] by fast
finally show ?thesis.
qed

AOT-theorem thm—relation—negation:2: <—[F]” z1...xn = [F]T1...20>
apply (AOT-subst <[F|z1...2n> <—[F|21...20))
apply (simp add: oth—class—taut:3:b)
apply (rule oth—class—taut:4:b|THEN =FE(1)])
using thm—relation—negation: 1.

AOT-theorem thm—relation—negation:8: <((p)~) = —p»
proof —
AOT-have «(p)~ = [\ —p]> using rel—neg— T:2|zero] by blast
AOT-hence «((p)”) = [ —pp
using df —relation—negation[zero] log—prop—prop:2
oth—class—taut:3:a rule—id—df:2:a by blast
also AOT-have (X —p] = -p
by (simp add: propositions—lemma:2)
finally show ?thesis.
qed

AOT-theorem thm—relation—negation:4: <«(—((p)”)) = p
using thm—relation—negation:3(THEN =E(1)]
thm—relation—negation: 3| THEN =E(2)]
=] —1 RAA by metis

AOT-theorem thm—relation—negation:5: «[F| # [F|™»
proof —
AOT-have —([F] = [F]™)»
proof (rule RAA(2))
AOT-show ([F|zi1...en, — [Flz1...2n> for z12,
using if —p—then—p.

next
AOQOT-assume ([F] = [F]™
AOT-hence ([F]|~ = [F]> using id-sym by blast

AOT-hence ([F|z1...2, = —[F|z1...20) for 12,
using rule=F thm—relation—negation:1 by fast

AOT-thus <~ ([Flz1...2n — [F]21...70)> for 212,
using =F RAA by metis
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qed
thus %thesis
using =451 =—1infix by blast
qed

AOT-theorem thm—relation—negation:6: <p # (p)™»
proof —
AOT-have <=(p = (p)™ )
proof (rule RAA(2))
AOT-show p — p»
using if —p—then—p.
next
AOT-assume p = (p) >
AOT-hence ((p)~ = p» using id-sym by blast
AOT-hence (p = —p»
using rule=FE thm—relation—negation:3 by fast
AOT-thus «—(p — p)»
using =F RAA by metis
ged
thus %thesis
using =451 =—1infix by blast
qged

AOT-theorem thm—relation—negation:7: «(p)~ = (—p)»
apply (rule df—relation—negation|[zero||[ THEN =47 E(1)])
using cqt:2[lambda0][aziom-inst] rel—neg— T:2[zero)

propositions—lemma:1 id-trans by blast+

AOT-theorem thm—relation—negation:8: <p = ¢ — (—p) = (—q)

proof(rule —1)
AOT-assume p = ¢»
moreover AOT-have ¢(—p)l»
moreover AOT-have ((—p) =
ultimately AOT-show «(—p)

using rule=F by fast
qed

using log—prop—prop:2.
(—p)» using calculation(2) =I by blast
= (mq)

AOT-theorem thm—relation—negation:9: <p = ¢ — (p)~ = (¢) 7>
proof(rule —1)
AQOT-assume p = ¢»
AOT-hence «((—p) = (—q)» using thm—relation—negation:8 —E by blast
AOT-thus «(p)~ = (¢)
using thm—relation—negation:7 id-sym id-trans by metis
qed

AOQOT-define Necessary :: <II = ) (<Necessary'(-"))
contingent—properties: 1:
<Necessary([F]) =af OV z1..V 2n [Flz1...20)

AOT-define Necessary0 :: «p = ¢ (<Necessary0'(-")»)
contingent—properties: 1 zero]:
«Necessary0(p) =ay Op»

AOT-define Impossible :: Il = ¢ (<Impossible'(-")»)
contingent—properties: 2:
Impossible([F]) =q5 F| & OV 1.V z,, 2[F|21...20)

AOT-define Impossible0 :: «p = > (<Impossible0’(-")»)
contingent—properties: 2[zero]:

<Impossible0(p) =ay O-p»

AOT-define NonContingent :: <Il = > (<NonContingent'(-')»)
contingent—properties: 3:
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«NonContingent([F]|) =ay Necessary([F]) V Impossible([F])»

AOT-define NonContingent0 :: «p = ¢ («NonContingent0’'(-")»)
contingent—properties: 3| zero]:
«NonContingent0(p) =ay Necessary0(p) V Impossible0(p)>

AOT-define Contingent :: <Il = > («Contingent'(-")>)
contingent—properties: 4:
«Contingent([F]) =ay F| & —(Necessary([F]) V Impossible([F]))>

AOT-define Contingent0 :: «p = > («Contingent0’(-"))
contingent— properties: 4| zero):
«Contingent0(p) =ay —(Necessary0(p) V Impossible0(p))»

AOT-theorem thm—cont—prop:1: <NonContingent([F]) = NonContingent([F]™)»
proof (rule =I; rule —1I)
AOT-assume <NonContingent([F])>
AOT-hence «Necessary([F]) V Impossible([F])>
using =45 E[OF contingent—properties:3] by blast
moreover {
AOT-assume <Necessary([F])»
AOT-hence OV z1..Vz, [Flz1...20)>
using =45 E[OF contingent—properties: 1] by blast
moreover AOT-modally-strict {
AOT-assume (Vz1..Vz, [F]z1...20)
AOT-hence ([F|z1...2,> for z12, using V E by blast
AOT-hence (—[F]"z1...z,,» for z1z,
by (meson =E(6) oth—class—taut:3:a
thm—relation—negation:2 =E(1))
AOT-hence V1.V, —=[F]"z1...z,> using VI by fast
}
ultimately AOT-have O(Vz1...V 2n —[F| 21...2n)"
using RN[prem][where I'={«V z1..V 2, [F|z1...zn»}, simplified] by blast
AOT-hence Impossible([F]™)»
using =Df[OF contingent—properties:2, THEN =5(1),
OF rel—neg—T:3, THEN =E(2)]
by blast
}
moreover {
AOT-assume «Impossible([F])>
AOT-hence O(Vz1..Vzn, 2[F]z1...20)
using =Df[OF contingent—properties:2, THEN =S(1),
OF cqt:2[const-var|[axiom-inst], THEN =E(1)]
by blast
moreover AOT-modally-strict {
AOT-assume Vz1..V 2, 7[F]z1...20)
AOT-hence —[F|zi...2n> for z1z, using V E by blast
AOT-hence ([F| zi...zn» for z1z,
by (meson =E(6) oth—class—taut:3:a
thm—relation—negation:1 =E(1))
AOT-hence Vz1..Vz, [F] z1...zy> using VI by fast
}
ultimately AOT-have O(Vz1...V2n [F] 21...20)>
using RN[prem][where '={«V z1...V z,, =[F]z1...z,»}] by blast
AOT-hence ¢Necessary([F]™ )
using =45 I[OF contingent—properties:1] by blast
}

ultimately AOT-have <Necessary([F]™) V Impossible([F]™)»
using VE(1) VI —I by metis
AOQOT-thus «NonContingent([F]™)»
using =47 I[OF contingent—properties:3] by blast
next
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AOT-assume <NonContingent([F]™)>
AOT-hence «Necessary([F]~) V Impossible([F]™)>
using =45 E[OF contingent—properties: 3] by blast
moreover {
AOT-assume <Necessary([F]™)»
AOT-hence O(Vz1..Vzn [F]"21...20)
using =45 F[OF contingent—properties: 1] by blast
moreover AOT-modally-strict {
AOT-assume Vz1..Vzp [F] Z1...2n)
AOT-hence ([F| zi...zn) for z1z, using V E by blast
AOT-hence —[F|z1...zn> for z12,
by (meson =E(6) oth—class—taut:3:a
thm—relation—negation:1 =F(2))
AOT-hence Vz:..Vz, ~[F|z1...zn> using VI by fast

ultimately AOT-have OV z1..V 2, —[Flz1...2n>
using RN[prem][where '={«V z,...V 2, [F]| z1...zn»}] by blast

AOT-hence <Impossible([F])»
using =Df[OF contingent—properties:2, THEN =S5(1),

OF cqt:2[const-var][aziom-inst], THEN =FE(2)]
by blast
}
moreover {

AOT-assume «Impossible([F]™)»

AOT-hence <J(Vz1..Vz, —[F]"21...2, )
using =Df[OF contingent—properties:2, THEN =5(1),

OF rel—neg—T:3, THEN =E(1)]

by blast

moreover AOT-modally-strict {
AOT-assume Vz1..Vz, 2[F] z1...zp)
AOT-hence —[F| " z1...xn> for z12, using V E by blast
AOT-hence ([F|zi...2,> for z12,

using thm—relation—negation: [ THEN
oth—class—taut: 4:b[THEN =E(1)], THEN =E(1)]
useful—tautologies: [ THEN — E] by blast

AOT-hence Vz1..Vz, [F]z1...2,> using VI by fast

ultimately AOT-have O(Y z1...V zn [F|x1...20)>

using RN|[prem|[where I'={«V z1...V 2, —[F| 21...zn»}] by blast
AOT-hence «Necessary([F])»

using =4I[OF contingent—properties:1] by blast

ultimately AOT-have <Necessary([F]) V Impossible([F])>
using VE(1) VI —1 by metis
AOT-thus «NonContingent([F])»
using =47 I[OF contingent—properties:3] by blast
qed

AOT-theorem thm—cont—prop:2: «Contingent([F]) = 03z [Flz & 03z —[F|z>
proof —
AOT-have <Contingent([F]) = —(Necessary([F]) V Impossible([F]))»
using contingent—properties:4| THEN =Df, THEN =5(1),
OF cqt:2[const-var][aziom-inst]|
by blast
also AOT-have <... = = Necessary([F]) & —Impossible([F])>
using oth—class—taut:5:d by fastforce
also AOT-have «... = —Impossible([F]) & —Necessary([F])»
by (simp add: Commutativity of &)
also AOT-have «... = 03z [F]z & —Necessary([F])»
proof (rule oth—class—taut:f:e[THEN —E])
AOT-have «—~Impossible([F]) = -0- Jz [Fla
apply (rule oth—class—taut:4:b|THEN =F(1)])
apply (AOT-subst <z [Flzy <= Vz =[Fly)
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apply (simp add: conventions:4 =Df)
apply (AOT-subst (reverse) <——Vz —[Flz) «Vz —[F|x)
apply (simp add: oth—class—taut:3:b)
using contingent—properties:2] THEN =Df, THEN =S5(1),
OF cqt:2[const-var][aziom-inst]]
by blast
also AOT-have ... = 03z [F|z
using conventions:5[THEN =Df, symmetric] by blast
finally AOT-show «—Impossible([F]) = 03z [Flz» .
qed
also AOT-have ¢... = 03z [Flz & ¢z —~[F]o>
proof (rule oth—class—taut:4:f[THEN —E])
AOT-have <= Necessary([F]) = -0-3z =[F]z»
apply (rule oth—-class—taut:4:b|THEN =E(1)])
apply (AOT-subst <3z =[F|zy <= Vz —=[F]n)
apply (simp add: conventions:4 =Df)
apply (AOT-subst (reverse) <——[F|zy [F]z> for: x)
apply (simp add: oth—class—taut:3:b)
apply (AOT-subst (reverse) <——Vx [Flzy Yz [F|z)
by (auto simp: oth— class—taut:3:b contingent—properties:1 =Df)
also AOT-have «... = 03Iz -[F|z
using conventions:5[THEN =Df, symmetric] by blast
finally AOT-show (—Necessary([F]) = 03z —[F|o.
qed
finally show ?thesis.
qed

AOT-theorem thm—cont—prop:3:
«Contingent([F]) = Contingent([F]™)> for F::«<k> AOT-var
proof —
{
fix IT =2 «<Kk>»
AOT-assume <I1}»
moreover AOT-have vV F (Contingent([F]) = 03z [Flz & 03z —~[Flz)
using thm—cont—prop:2 GEN by fast
ultimately AOT-have <Contingent([Il]) = 03Iz [ll]z & ¢Fz —[l]x>
using thm—cont—prop:2 ¥V E by fast
} note 1 = this
AOT-have <Contingent([F]) = 03z [Flz & 0z —[F|v>
using thm—cont—prop:2 by blast

also AOT-have (... = 03z —[Flz & 03Iz [F]v»
by (simp add: Commutativity of &)
also AOT-have «... = ¢3z [F] z & 03z [Flo»

by (AOT-subst <[F|” x> «—[F]z» for: z)
(auto simp: thm—relation—negation:1 oth—class—taut:3:a)
also AOT-have «... = 03z [F] z & 03z -[F] »
by (AOT-subst (reverse) <[F|z» «<=[F]” ) for: z)
(auto simp: thm—relation—negation:2 oth—class—taut:3:a)
also AOT-have «... = Contingent([F]™)»
using 1[OF rel—neg—T:8, symmetric] by blast
finally show ?thesis.
qged

AOT-define concrete-if-concrete :: <IIy (<L)
L-def: <L =45 [A\z Elz — Elz]

AOT-theorem thm—noncont—e—e:1: <Necessary(L)»
proof —
AOT-modally-strict {
fix «
AOT-have «[A\z Elz — Elz]]» by cqt:2[lambda]
moreover AOT-have «z]) using cqt:2[const-var][aziom-inst] by blast
moreover AOT-have (Elx — Elz) using if —p—then—p by blast
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ultimately AOT-have Az Elz — Elz]o
using 8+ C by blast
}
AOT-hence 0: <OVz [Az Elz — Elz]o»
using RN GEN by blast
show ?thesis
apply (rule =a5I(2)[OF L-def])
apply cqt:2[lambda]
by (rule contingent—properties: 1| THEN =451, OF 0])
qed

AOT-theorem thm—noncont—e—e:2: <Impossible([L]™)»
proof —
AOT-modally-strict {
fix z

AOT-have 0: <VF (=[F|"z = [Flz)»
using thm—relation—negation:2 GEN by fast
AOT-have <—[\z Elz — Elz]”"z = [\z Elz — Elz]o»
by (rule O|THEN ¥V E(1)]) cqt:2[lambda]
moreover {
AOT-have Az Elz — Elz]|» by cqt:2[lambda]
moreover AOT-have (z)» using cqt:2[const-var][aziom-inst] by blast
moreover AOT-have (Elx — Elry using if —p—then—p by blast
ultimately AOT-have Az Elz — Elz]z
using <+ C by blast
}

ultimately AOT-have «—[\z Elz — Elz]”
using =F by blast

}

AOT-hence 0: <1Vz —[A\z Elz — Elz]"»
using RN GEN by fast

show ?%thesis
apply (rule =a5I(2)[OF L-def])
apply cqt:2[lambda]
apply (rule contingent—properties:2[THEN =q¢1]; rule &1I)
using rel—neg—T:3
apply blast
using 0
by blast

qed

AOT-theorem thm—noncont—e—e:3: <NonContingent(L)>
using thm—noncont—e—e:1
by (rule contingent—properties:3(THEN =451, OF VI(1)])

AOT-theorem thm—noncont—e—e:4: <NonContingent([L]™)>
proof —
AOT-have 0: <V F (NonContingent([F]) = NonContingent([F]™))»
using thm—cont—prop:1 VI by fast
moreover AOT-have I: <L|»
by (rule =q71(2)[OF L-def]) cqt:2[lambda)+
AOT-show «NonContingent([L]™)>
using V E(1)[OF 0, OF 1, THEN =E(1), OF thm—noncont—e—e:3]| by blast
qged

AOT-theorem thm—noncont—e—e:5:
«(JF 3G (F # «G:<k>» & NonContingent([F]) & NonContingent([G]))>
proof (rule 31)+

AOT-have <V F [F] # [F]™

using thm—relation—negation:5 GEN by fast
moreover AOT-have <L
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by (rule =q51(2)[OF L-def]) cqt:2[lambda]+
ultimately AOT-have <L # [L]™»
using V E by blast

}

AOT-thus <L # [L]~ & NonContingent(L) & NonContingent([L]~)»
using thm—noncont—e—e:3 thm—noncont—e—e:4 &I by metis

next
AOT-show «([L]”|»
using rel—neg—T1:3 by blast
next

AOT-show (L]»
by (rule =q51(2)[OF L-def]) cqt:2[lambda)+

qed
AOT-theorem lem—-cont—e:1: <03z ([Flz & O-[Flz) = 03z (=[Flz & O[Fz)»
proof —
AOT-have 3z ([F]z & O-[Flz) = 3z O([Flz & O-[Flz)»
using BF{) CBF{ =I by blast
also AOT-have «... = 3z (O[F]|z & O—[Flz)
by (AOT-subst «Q([Flz & O-[Flz)> «Q[F]z & O-[F]z» for: z)
(auto simp: S5Basic:11 cqt—further:7)
also AOT-have ¢... = 3z (O-[Flz & O[F]z)
by (AOT-subst «O—[Flz & O[F]zy «Q[F]z & O—[F]z for: z)
(auto simp: Commutativity of & cqt—further:7)
also AOT-have ¢... = 3z O(—[Flz & O[F]z)»
by (AOT-subst «Q(—[F|z & O[F)z)» «O-[Flz & O[F]z» for: z)
(auto simp: S5Basic:11 oth—class—taut:3:a)
also AOT-have ¢... = 03z (—[Flz & O[F]z)
using BF{ CBF{ =I by fast
finally show ?thesis.
qed

AOT-theorem lem—cont—e:2:
O3z ([Flz & O—[Flz) = 03z ([F] "z & O—[F] z)
proof —
AOT-have <03z ([Fl]z & O=[Flz) = 03z (—[F]z & O[F|z)
using lem—-cont—e: 1.
also AOT-have ... = 03z ([F]"z & O-[F] a)
apply (AOT-subst <—[F]” x> <[F]z» for: x)
apply (simp add: thm—relation—negation:2)
apply (AOT-subst <[F]”z» «—[F]z for: z)
apply (simp add: thm—relation—negation:1)
by (simp add: oth—class—taut:3:a)
finally show ?thesis.
qed

AOT-theorem thm—cont—e:1: <3z (Elz & O—Elz)»
proof (rule CBFO[THEN —E])
AOT-have <3z O(Elz & - AFE!z)>
using gml:4[axiom-inst] BFO[THEN — E] by blast
then AOT-obtain a where <O(Ela & —AE!a))
using 3 E[rotated] by blast
AOT-hence 9: <OFE!la & O~ AFE!a»
using KBasic2:3[THEN —E] by blast
AOT-have &: <QOFla & OA-E\a»
by (AOT-subst <A-Ela» «(~AE!lay)
(auto simp: logic—actual—mnec: 1[aziom-inst] 9)
AOT-have (: «OE!a & A-FE!a
by (AOT-subst <A-Ela> <0 A-Elay)
(auto simp add: Act—Sub:4 &)
AOT-hence (QOF'a & O—FE'la>
using &F &I Act—Sub:3[THEN —E] by blast
AOT-hence «O(Ela & O—Ela)»
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using S5Basic:11[THEN =E(2)] by simp
AOT-thus 3z O(FElz & O—FElz)»
using 31(2) by fast
qed

AOT-theorem thm—cont—e:2: <03z (—Elz & OFElz)>
proof —
AOT-have <V F (03z ([Flz & O—[Flz) = 03z (—[F]z & O[F]z))
using lem—cont—e:1 GEN by fast
AOT-hence (03 z (Elz & O—Elz) = 03z (—Elx & OFElx))»
using V E(2) by blast
thus ?thesis using thm—-cont—e:1 =F by blast
qed

AOT-theorem thm—cont—e:3: <03z Elx»
proof (rule CBFO|THEN —E])
AOT-obtain a where «(Q(Ela & O—FEla)>
using 3 E[rotated, OF thm—cont—e:1{[THEN BFO[THEN —E]]| by blast
AOT-hence QOFE'a)
using KBasic2:3[THEN —E, THEN &E(1)] by blast
AOT-thus <3z QF!z> using 31 by fast
qged

AOT-theorem thm—-cont—e:4: <03 x —Elx»
proof (rule CBFO|THEN —E])
AOT-obtain a where (QO(Ela & ¢—FEla)>
using 3 E[rotated, OF thm—cont—e:1[THEN BFO[THEN —E]]| by blast
AOT-hence OO—E!a)
using KBasic2:3(THEN —E, THEN &FE(2)] by blast
AOT-hence 0—FE!ay
using 4O[THEN —E] by blast
AOT-thus <3z O—FElzx) using 31 by fast
qed

AOT-theorem thm—cont—e:5: <Contingent([E"])»
proof —
AOT-have <V F (Contingent([F]) = 03z [Flz & 03Iz —[F|z)»
using thm—cont—prop:2 GEN by fast
AOT-hence «Contingent([E!]) = 0Jz Elz & 0Tz —~Elay
using V E(2) by blast
thus %thesis
using thm—cont—e:8 thm—cont—e:4 =E(2) &I by blast
qged

AOT-theorem thm—cont—e:6: «Contingent([E!]™)»
proof —
AOT-have <V F (Contingent([«F::<k>»]) = Contingent([F]™))»
using thm—cont—prop:3 GEN by fast
AOT-hence «Contingent([E!]) = Contingent([E!]™)»
using V E(2) by fast
thus ?thesis using thm—-cont—e:5 =F by blast
qged

AOT-theorem thm—cont—e:7:
«<3F3 G (Contingent([« F::<x>»]) & Contingent([G]) & F # G)»
proof (rule 31)+
AOT-have <V F [«F:<k>»] # [F]™»
using thm—relation—negation:5 GEN by fast
AOT-hence ([E!] # [E!]7»
using V E by fast
AOT-thus «Contingent([E']) & Contingent([E']”) & [E!] # [E!]™»
using thm—cont—e:5 thm—cont—e:6 &1 by metis
next
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AOT-show (E!™ |»
by (fact AOT)
qed(cqt:2)

AOT-theorem property—facts: 1:
«NonContingent([F]) — —3 G (Contingent([G]) & G = F)»
proof (rule —I; rule raa—cor:2)
AOQOT-assume «NonContingent([F])>
AOT-hence I: <Necessary([F]) V Impossible([F])>
using contingent—properties:3[ THEN =,;E| by blast
AOT-assume 3 G (Contingent([G]) & G = F)»
then AOT-obtain G where «Contingent([G]) & G = F)»
using 3 E[rotated] by blast
AOT-hence «Contingent([F])» using rule=E &E by blast
AOT-hence <—(Necessary([F]) V Impossible([F]))»
using contingent—properties:4| THEN =Df, THEN =5(1),
OF cqt:2[const-var][aziom-inst], THEN =FE(1)] by blast
AOT-thus «(Necessary([F]) V Impossible([F])) &
—(Necessary([F]) V Impossible([F]))»
using 1 &I by blast
qed

AOT-theorem property—facts: 2:
«Contingent([F]) — -3 G (NonContingent([G]) & G = F)»
proof (rule —I; rule raa—cor:2)
AOT-assume <Contingent([F])>
AOT-hence 1: <=(Necessary([F]) V Impossible([F]))>
using contingent—properties:4| THEN =Df, THEN =5(1),
OF cqt:2[const-var||axiom-inst], THEN =E(1)] by blast
AOT-assume 3 G (NonContingent([G]) & G = F)»
then AOT-obtain G where <NonContingent([G]) & G = F»
using 3 E[rotated] by blast
AOT-hence (NonContingent([F])»
using rule=FE &FE by blast
AOT-hence «Necessary([F]) V Impossible([F])>
using contingent—properties:3|THEN =45 E] by blast
AOT-thus «(Necessary([F]) V Impossible([F])) &
—(Necessary([F]) V Impossible([F]))»
using 1 &I by blast
qed

AOT-theorem property—facts:3:
(LA[L)" & L#£E &L+ E"&[L” #[B)” & Bl # [B]
proof —
AQT-have noneql: (Il # II') if «p{II}» and —{Il'}) for ¢ and II IT" :: «<k>>
apply (rule =—infitf{ THEN =q4y1]; rule raa—cor:2)
using rule=FE[where ¢=¢ and 7=II and o = I1'| that &I by blast
AOT-have contingent-denotes: <IL}» if «Contingent([Il])> for II :: <<r>»
using that contingent—properties:{[THEN =4;E, THEN &E(1)] by blast
A OT-have not-noncontingent-if-contingent:
<—NonContingent([II])» if «Contingent([II])» for II :: <<r>»
proof(rule RAA(2))
AOT-show «—(Necessary([Il]) V Impossible([I]))>
using that contingent—properties:4{ THEN =Df, THEN =S5(1),
OF contingent-denotes[OF that], THEN =F(1)]
by blast
next
AOT-assume «NonContingent([I1])>
AOT-thus «Necessary([I1]) V Impossible([II])>
using contingent—properties:3|THEN =45 F] by blast
qed

show ?thesis
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proof (safe introl: &1I)
AOT-show <L # [L]™»
apply (rule =q51(2)[OF L-def])
apply cqt:2[lambdal
apply (rule V E(1)[where o=\ II . «II # [II]™»])
apply (rule GEN) apply (fact AOT)
by cqt:2[lambdal)
next
AOT-show <L # El
apply (rule nonegl)
using thm—noncont—e—e:3
not-noncontingent-if-contingent| OF thm— cont—e: 5|
by auto
next
AOT-show <L # E!™»
apply (rule nonegl)
using thm—noncont—e—e:3 apply fast
apply (rule not-noncontingent-if-contingent)
apply (rule V E(1)]
where o=\ II . « Contingent([I]) = Contingent([II]™)»,
rotated, OF contingent-denotes, THEN =E(1), rotated))
using thm—cont—prop:3 GEN apply fast
using thm—cont—e:5 by fast+
next
AOT-show ([L]~ # E!I™»
apply (rule nonegl)
using thm—mnoncont—e—e:4 apply fast
apply (rule not-noncontingent-if-contingent)
apply (rule V E(1)]
where =M\ II . « Contingent([II]) = Contingent([II]™)»,
rotated, OF contingent-denotes, THEN =E(1), rotated))
using thm—cont—prop:3 GEN apply fast
using thm—cont—e:5 by fast+
next
AOT-show (E! # EI™)
apply (rule =q51(2)[OF L-def])
apply cqt:2[lambdal
apply (rule V E(1)[where o=\ II . «II # [II] " »])
apply (rule GEN) apply (fact AOT)
by cqt:2
qed
qed

AOT-theorem thm—cont—propos:1:
«NonContingent0(p) = NonContingentO(((p)~))»
proof(rule =I; rule —1I)
AOT-assume <NonContingent0(p)>
AOT-hence <Necessary0(p) V Impossible0(p)»
using contingent—properties:3[zerol][THEN =45 E] by blast
moreover {
AOT-assume <Necessary0(p)»
AOT-hence I: Op»
using contingent—properties: 1[zerol][THEN =4¢E] by blast
AOT-have O-((p)”)»
by (AOT-subst <=((p)~)» «p»)
(auto simp add: 1 thm—relation—negation:4)
AOT-hence <Impossible0(((p)~))»
by (rule contingent—properties:2[zero]|[ THEN =q¢1])
}

moreover {
AOT-assume <Impossible0(p)>
AOT-hence I: O-p»
by (rule contingent—properties:2[zero||[ THEN =4+ E])
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AOT-have O((p)” )»
by (AOT-subst <((p)~)> <p»)
(auto simp: 1 thm—relation—negation:3)
AOT-hence (Necessary0(((p)~))»
by (rule contingent—properties:1[zero|[THEN =q4y1])

ultimately AOT-have (Necessary0(((p)~)) V Impossible0(((p)~))»
using VE(1) VI —1I by metis
AOT-thus «NonContingentO(((p)~))»
using contingent—properties:3[zerol][THEN =451] by blast
next
AOT-assume <NonContingent0(((p)~))
AOT-hence «Necessary0(((p)~)) V Impossible0(((p)~))>
using contingent—properties:3|zero][THEN =45 E] by blast
moreover {
AOT-assume <Impossible0(((p) ™))
AOT-hence I: <\O-((p)”)»
by (rule contingent—properties:2[zero||[ THEN =44 E])
AOT-have Op»
by (AOT-subst (reverse) <p> <—((p)~)»)
(auto simp: 1 thm—relation—negation:4)
AOT-hence (Necessary0(p)»
using contingent—properties:1[zero|[ THEN =41 by blast
}

moreover {

AOT-assume <(Necessary0(((p)~))»
AOT-hence 1: <0((p)”)»

by (rule contingent—properties: 1[zero|[THEN =4y E])
AOT-have O-p»

by (AOT-subst (reverse) <—py <«((p)~)»)

(auto simp: 1 thm—relation—negation:3)

AOT-hence «Impossible0(p)»

by (rule contingent—properties:2|zero|l|[ THEN =q¢1])

ultimately AOT-have <Necessary0(p) V Impossible0(p)>
using VE(1) VI —I by metis
AOT-thus «NonContingent0(p)»
using contingent—properties:3[zerol[THEN =441] by blast
qed

AOT-theorem thm— cont—propos:2: «ContingentO(p) = Q¢ & O—p»
proof —
AOT-have «Contingent0(yp) = —(Necessary0(y) V Impossible0(p))>
using contingent—properties: 4[zerol][THEN =Df] by simp

also AOT-have «... = —Necessary0(p) & —Impossible0(p)>
by (fact AOT)

also AOT-have «... = —Impossible0(p) & —Necessary0(y)»
by (fact AOT)

also AOT-have «... = Q0p & O—p»

apply (AOT-subst <Op> «—O-p»)
apply (simp add: conventions:5 =Df)
apply (AOT-subst <Impossible0(p)> <T—p»)
apply (simp add: contingent—properties: 2|zero] =Df)
apply (AOT-subst (reverse) <Oy (—Uep»)
apply (simp add: KBasic:11)
apply (AOT-subst <Necessary0(p)> <Dep»)
apply (simp add: contingent—properties:1[zero] =Df)
by (simp add: oth— class—taut:3:a)
finally show ?thesis.
qed

AOT-theorem thm— cont—propos:3: «Contingent0(p) = ContingentO(((p)~))»
proof —
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AOT-have <Contingent0(p) = Op & O—p» using thm— cont—propos:2.
also AOT-have ... = 0-p & Op» by (fact AOT)
also AOT-have «... = 0((p)7) & Op
by (AOT-subst <((p)~)» <—p»)
(auto simp: thm—relation—negation:3 oth—class—taut:3:a)
also AOT-have «... = 0((p)7) & O—((p)™ )
by (AOT-subst «=((p)™~)» <p»)
(auto simp: thm—relation—negation:4 oth—class—taut:3:a)
also AOT-have «... = Contingent0(((p)~))>
using thm—cont—propos: 2[symmetric] by blast
finally show ?thesis.
qed

AOT-define noncontingent-prop :: <> (<po>)
po-def: (po) =ay (Vx (Elz — Elz))

AOT-theorem thm—mnoncont—propos:1: <«Necessary0((po))»
proof(rule contingent—properties:1[zero|[ THEN =q4¢1])
AOT-show (po)»
apply (rule =aq5I(2)[OF po-def])
using log—prop—prop:2 apply simp
using if —p—then—p RN GEN by fast
qed

AOT-theorem thm—noncont—propos:2: <Impossible0(((po)™))>
proof(rule contingent—properties:2[zero|]|[ THEN =q4¢1])
AOT-show O-((po)™ )»
apply (AOT-subst «((po)™)» <—po*)
using thm—relation—negation:8 GEN YV E(1)[rotated, OF log—prop—prop: 2]
apply fast
apply (AOT-subst (reverse) <——pg» (po>)
apply (simp add: oth—class—taut:3:b)
apply (rule =asI(2)[OF po-def])
using log—prop—prop:2 apply simp
using if —p—then—p RN GEN by fast
qed

AOT-theorem thm—mnoncont—propos:3: «NonContingent0((po))»
apply(rule contingent—properties:3|zero|[THEN =q4I])
using thm—mnoncont—propos:1 VI by blast

AOT-theorem thm—mnoncont—propos:4: <NonContingent0(((po) ™))
apply(rule contingent—properties:3[zero][ THEN =q4y1))
using thm—mnoncont—propos:2 VI by blast

AOT-theorem thm—mnoncont—propos:5:
«3p3 ¢ (NonContingentO((p)) & NonContingent0((q)) & p # q)»
proof(rule 31)+
AOT-have 0: <p # (¢)7» for ¢
using thm—relation—negation:6 ¥V 1
YV E(1)[rotated, OF log—prop—prop:2] by fast
AOT-thus «NonContingentO((po)) & NonContingent0(((po)~)) & (po) # (po) >
using thm—noncont—propos:3 thm—mnoncont—propos:4 &I by auto
qed(auto simp: log—prop—prop:2)

AOT-act-theorem no—cnac: <-~3z(E'z & -AE!z))
proof(rule raa—cor:2)
AOT-assume Jz(Elz & -AFE!z)»
then AOT-obtain a where a: <Ela & - AE!a»
using 3 E[rotated] by blast
AOT-hence (A-Ela
using & F logic—actual—nec: [aziom-inst, THEN =F(2)] by blast
AOT-hence (—E'!a»
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using logic—actual[act-aziom-inst, THEN —E] by blast
AOT-hence <Ela & —FEla»
using a &E &I by blast
AOT-thus <p & —p> for p using raa—cor:1 by blast
qed

AOT-theorem pos—not—pna:1: <~ A3z (Elz & - AE!x)»
proof(rule raa—cor:2)
AOT-assume A3z (Elz & -~ AE!z))
AOT-hence 3z A(E'z & -AE!z)>
using Act— Basic:10|THEN =E(1)] by blast
then AOT-obtain ¢ where <A(FE'!a & —AE!a))
using 3 E[rotated] by blast
AOT-hence I: «AE!a & A-~AF'a
using Act— Basic:2[THEN =E(1)] by blast
AOT-hence <~ AAE!a
using &F(2) logic—actual—nec: I[aziom-inst, THEN =FE(1)] by blast
AOT-hence - AE!a
using logic—actual—nec:{[aziom-inst, THEN =E(1)] RAA by blast
AOT-thus «p & —p» for p using I[THEN &E(1)] &I raa—cor:1 by blast
qed

AOT-theorem pos—not—pna:2: «O—-3z(Elz & —~AE!z)>
proof (rule RAA(1))
AOT-show (~ A3z (Elz & -AE!z))
using pos—not—pna:1 by blast
next
AOT-assume —~0—3Jz (Elz & -AE!z)
AOT-hence 03z (Elz & —AE!z)>
using KBasic:12|THEN =E(2)] by blast
AOT-thus «A3z (E'z & ~AEFE!z)»
using nec—imp—act[THEN —E] by blast
qed

AOT-theorem pos—not—pna:3: <3z (OElz & -~ AE!z)>
proof —
AQOT-obtain a where (Q(E'a & —.AE!a)>
using gml:4[axiom-inst] BEQ[THEN — E] 3 E[rotated] by blast
AOT-hence 9: ()E!a> and &: <O~ AE!a)
using KBasic2:3[THEN —E] &F by blast+
AOT-have (-0AE!a
using £ KBasic:11[THEN =E(2)] by blast
AOT-hence (- AE!a
using Act— Basic:6{THEN oth—class—taut:4:bTHEN =E(1)],
THEN =E(2)] by blast
AOT-hence (OF!a & —AE!a) using 9 &I by blast
thus ?thesis using 31 by fast
qed

AOT-define contingent-prop :: ¢ (<qo»)
go-def: <(qo) =ay 3z (Elz & - AE!x))»

AOT-theorem go-prop: «0qo & O—qo>
apply (rule =ayI1(2)[OF qo-def])
apply (fact log—prop—prop:2)
apply (rule &I)
apply (fact gml:4[aziom-inst])
by (fact pos—not—pna:2)

AOT-theorem basic—prop:1: <Contingent0((qo))>

proof(rule contingent—properties:4[zero][ THEN =q4y1])
AOT-have <—Necessary0((qo)) & —Impossible0((qo))>
proof (rule &I,
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rule =q71(2)[OF qo-def];
(rule log—prop—prop:2 | rule raa— cor:2))
AOT-assume <(Necessary0(3z (Elz & - AE!z))>
AOT-hence 03z (Elz & ~AE!x)»
using contingent—properties:1[zero|[THEN =4y E] by blast
AOT-hence <A3z (Elz & -AE!z)»
using Act—Basic:8|THEN —E] qml:2[aziom-inst, THEN —F] by blast
AOT-thus «A3z (Elz & ~AE!z) & - A3z (Elz & - AE!z)
using pos—not—pna:1 &I by blast
next
AOT-assume <Impossible0(3z (Elz & - AEFE!z))>
AOT-hence <0-(3z (E'z & —AE!z))>
using contingent—properties: 2[zerol][THEN =45 FE] by blast
AOT-hence -3z (Elz & ~AE!z))>
using KBasic2:1[THEN =E(1)] by blast
AOT-thus «0(3z (E'z & -AE!z)) & =03z (Elz & -AE!z))»
using gml:4[aziom-inst] &I by blast
qed
AOT-thus «—~(Necessary0((qo)) V Impossible0((qo)))»
using oth—class—taut:5:d =E(2) by blast
qed

AOT-theorem basic—prop:2: «3p Contingent0((p))»
using 3 I(1)[rotated, OF log—prop—prop:2] basic—prop:1 by blast

AOT-theorem basic—prop:3: «Contingent0(((qo)™))>

apply (AOT-subst <((go)™ ) <—qo»)

apply (insert thm—relation—negation:3 ¥V I
YV E(1)[rotated, OF log—prop—prop:2); fast)

apply (rule contingent—properties:4{[zero][ THEN =q451])

apply (rule oth—class—taut:5:d[THEN =E(2)])

apply (rule &I)

apply (rule contingent—properties: 1[zero|[ THEN df —rules—formulas|3],

THEN useful—tautologies:5| THEN —E]|, THEN —E])
apply (rule conventions:5|THEN =45 E])
apply (rule =ayE(2)[OF qo-def])
apply (rule log—prop—prop:2)

apply (rule go-prop|THEN &E(1)])

apply (rule contingent—properties:2[zerol[THEN df —rules—formulas[3],
THEN useful—tautologies:5| THEN —FE]|, THEN —E])

apply (rule conventions:5]{THEN =4 E))

by (rule qo-prop] THEN & E(2)])

AOT-theorem basic—prop:4:
«IpIq (p # ¢ & Contingent0(p) & Contingent0(q))»
proof(rule A1)+
AOT-have 0: «p # (¢)7» for ¢
using thm—relation—negation:6 V I
V E(1)[rotated, OF log—prop—prop:2] by fast
AOT-show «(qo) # (q0)” & Contingent0(qo) & Contingent0(((go)™))»
using basic—prop:1 basic—prop:3 &1 0 by presburger
qed(auto simp: log—prop—prop:2)

AOT-theorem proposition—facts: 1:
«NonContingent0(p) — —3 q (Contingent0(q) & q = p)»
proof(rule —I; rule raa—cor:2)
AOT-assume «NonContingent0(p)>
AOT-hence I: «Necessary0(p) V Impossible0(p)»
using contingent—properties:3|zerol[ THEN =44 E] by blast
AOT-assume <3 g (Contingent0(q) & q¢ = p)»
then AOT-obtain ¢ where «Contingent0(q) & q = p»
using 3 E[rotated] by blast
AOT-hence <Contingent0(p)»
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using rule=FE & E by fast
AOT-thus «(Necessary0(p) V Impossible0(p)) &
—(Necessary0(p) V Impossible0(p))»
using contingent—properties: 4[zero]|[ THEN =q47E] 1 &I by blast
qed

AOT-theorem proposition—facts:2:
«Contingent0(p) — —3 q (NonContingent0(q) & q = p)»
proof(rule —I; rule raa—cor:2)
AOT-assume «ContingentO(p)»
AOT-hence I: <—(Necessary0(p) V Impossible0(p))>
using contingent—properties:4[zerol][THEN =q5E] by blast
AOT-assume 3 q (NonContingent0(q) & q = p)»
then AOT-obtain ¢ where <NonContingent0(q) & q = p»
using 3 E[rotated] by blast
AOT-hence <NonContingentO(p)»
using rule=F &FE by fast
AOT-thus «(Necessary0(p) V Impossible0(p)) &
—(Necessary0(p) V Impossible0(p))>
using contingent—properties:3[zerol[THEN =q4;E] 1 &I by blast
qed

A OT-theorem proposition—facts:3:
((po) # (po)™ & (po) # (q0) & (po) # (q0)” & (po)~ # (g0)” & (o) # (q0) >

proof —
{
fix x p ¢
AOT-assume x{¢}h

moreover AOT-assume —x{y}>
ultimately AOT-have —~(x{¢} = x{v})
using RAA =FE by metis
moreover {
AOT-have Vp¥q ((=(x{p} = x{a})) = » # o
by (rule ¥V I; rule ¥V I; rule pos—not—equiv—ne:4[zero])

AOT-hence «((~(x{e} = x{¥})) = ¢ # ¢)
using V E log—prop—prop:2 by blast

ultimately AOT-have «p # 1
using —F by blast
} note 0 = this
AOT-have contingent-neg: «Contingent0(p) = Contingent0(((¢)~))» for ¢
using thm—cont—propos:3 ¥V I
V E(1)[rotated, OF log—prop—prop:2] by fast
A OT-have not-noncontingent-if-contingent:
<= NonContingent0(p)» if < Contingent0(y)» for ¢
apply (rule contingent—properties:3[zerol[THEN =Df,
THEN oth—class—taut:4:b[THEN =E(1)], THEN =E(2)])
using that contingent—properties:4[zero][THEN =45 E] by blast
show %thesis
apply (rule &I)+
using thm—relation—negation:6 V I
V E(1)[rotated, OF log—prop—prop:2]
apply fast
apply (rule 0)
using thm—mnoncont—propos:3 apply fast
apply (rule not-noncontingent-if-contingent)
apply (fact AOT)
apply (rule 0)
apply (rule thm—mnoncont—propos:3)
apply (rule not-noncontingent-if-contingent)
apply (rule contingent-neg] THEN =E(1)])
apply (fact AOT)
apply (rule 0)
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apply (rule thm—noncont—propos:4)
apply (rule not-noncontingent-if-contingent)
apply (rule contingent-neg| THEN =E(1)])
apply (fact AOT)
using thm—relation—mnegation:6 ¥V [
YV E(1)[rotated, OF log—prop—prop:2] by fast
qed

AOT-define ContingentlyTrue :: «p = > (<ContingentlyTrue’'(-')>)
cont—tf:1: «Contingently True(p) =45 p & O—p>

AOT-define ContingentlyFalse :: <p = > («ContingentlyFalse'(-')>)
cont—tf:2: «ContingentlyFalse(p) =ar —p & Op>

AOT-theorem cont—true—cont:1:
«Contingently True((p)) — Contingent0((p))»
proof(rule —1I)
AOT-assume <Contingently True((p))>
AOT-hence I: <p> and 2: «<0—p» using cont—tf:1[THEN =4;E] &E by blast+
AOT-have <—Necessary0((p))»
apply (rule contingent—properties: 1[zero][ THEN =Df,
THEN oth—class—taut:4:b{THEN =F(1)], THEN =FE(2)])
using 2 KBasic:11[THEN =FE(2)] by blast
moreover AOT-have (—Impossible0((p))>
apply (rule contingent—properties:2[zero][ THEN =Df,
THEN oth—class—taut:4:b| THEN =FE(1)], THEN =E(2)])
apply (rule conventions:5[THEN =4 E])
using TO[THEN —E, OF 1).
ultimately AOT-have <—(Necessary0((p)) V Impossible0((p)))>
using DeMorgan(2)[THEN =E(2)] &I by blast
AOT-thus «Contingent0((p))>
using contingent—properties:4[zero][ THEN =41 by blast
qed

AOT-theorem cont—true—cont:2:
«ContingentlyFalse((p)) — Contingent0((p))>
proof(rule —I)
AOT-assume <ContingentlyFalse((p))>
AOT-hence I: <—py and 2: «Op> using cont—tf:2[THEN =4¢E]| &FE by blast+
AOT-have <= Necessary0((p))»
apply (rule contingent—properties: 1[zero][ THEN =Df,
THEN oth—class—taut:4:b)[THEN =E(1)], THEN =E(2)])
using KBasic:11[THEN =E(2)] TO[THEN —E, OF 1] by blast
moreover AOT-have <—Impossible0((p))>
apply (rule contingent—properties:2[zero][THEN =Df,
THEN oth—class—taut:4:b[THEN =E(1)], THEN =E(2)])
apply (rule conventions:5[THEN =45 E])
using 2.
ultimately AOT-have <—(Necessary0((p)) V Impossible0((p)))>
using DeMorgan(2)[THEN =E(2)] &I by blast
AOT-thus «Contingent0((p))»
using contingent—properties:4[zero][ THEN =41 by blast
qed

AOT-theorem cont—true—cont:3:
«ContingentlyTrue((p)) = ContingentlyFalse(((p)™))>
proof(rule =I; rule —1I)
AOT-assume «Contingently True((p))»
AOT-hence 0: <p & O—p» using cont—tf: 1[THEN =4¢E] by blast
AOT-have I: <ContingentlyFalse(—p)»
apply (rule cont—tf:2][THEN =471])
apply (AOT-subst (reverse) <——py p)
by (auto simp: oth— class—taut:3:b 0)
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AOT-show «ContingentlyFalse(((p)~))»
apply (AOT-subst <((p)~)> <—p»)
by (auto simp: thm—relation—negation:3 1)
next
AOT-assume I: «ContingentlyFalse(((p)~))»
AOT-have «ContingentlyFalse(—p)>
by (AOT-subst (reverse) <—p> «((p)~)»)
(auto simp: thm—relation—negation:3 1)
AOT-hence ——p & O—p> using cont—tf:2[THEN =4¢E] by blast
AOT-hence p & O—p>
using &I & E useful—tautologies: 1| THEN —E] by metis
AOT-thus «ContingentlyTrue((p))>
using cont—if:1[THEN =4I| by blast
qed

AOT-theorem cont—true—cont:4:
«ContingentlyFalse((p)) = Contingently True(((p)~))»
proof(rule =I; rule —1I)
AOT-assume <ContingentlyFalse(p)»
AOT-hence 0: <—p & Op>
using cont—tf:2[THEN =44 FE] by blast
AOT-have <—p & O——p»
by (AOT-subst (reverse) <——p» p)

(auto simp: oth—class—taut:3:b 0)

AOT-hence I: <Contingently True(—p)»
by (rule cont—tf:1]{THEN =471])

AOT-show «Contingently True(((p)~))>
by (AOT-subst «((p)~)» < p»)

(auto simp: thm—relation—negation:3 1)

next
AOT-assume I: «ContingentlyTrue(((p)~))»
AOT-have «Contingently True(—p)»
by (AOT-subst (reverse) <—p> «((p)~)»)

(auto simp add: thm—relation—negation:3 1)
AOT-hence 2: (—p & O——p> using cont—tf:1[THEN =4;E] by blast
AOT-have Op»

by (AOT-subst p «——p»)

(auto simp add: oth—class—taut:8:b 2]THEN &E(2)])
AOT-hence (—p & Op> using 2[THEN &E(1)] &I by blast
AQOT-thus (ContingentlyFalse(p)»

by (rule cont—tf:2[THEN =4¢1])
qed

AOT-theorem cont—true—cont:5:
«(ContingentlyTrue((p)) & Necessary0((q))) — p # @
proof (rule —I; frule &E(1); drule &E(2); rule raa—cor:1)
AOT-assume < Contingently True((p))>
AOT-hence QO—p>
using cont—if:1[THEN =4;E] &E by blast
AOT-hence 0: «<-0Op» using KBasic:11[THEN =E(2)] by blast
AOT-assume (Necessary0((q))»
moreover AOT-assume —(p # q)»
AOT-hence (p = ¢
using =—infix|[ THEN =Df,
THEN oth—class—taut:4:b[ THEN =E(1)],
THEN =E(1)]
useful—tautologies: [ THEN — E] by blast
ultimately AOT-have (Necessary0((p))> using rule=FE id-sym by blast
AOT-hence p»
using contingent—properties: 1[zero]|[ THEN =4y E] by blast
AOT-thus Op & —0Op> using 0 &I by blast
qed
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AOT-theorem cont—true—cont:6:
«(ContingentlyFalse((p)) & Impossible0((q))) — p # @
proof (rule —I; frule &E(1); drule &E(2); rule raa—cor:1)
AOT-assume «ContingentlyFalse((p))»
AOT-hence Op»
using cont—tf:2[THEN =4;E] &E by blast
AOT-hence I: <=O-p»
using conventions:5[{THEN =47 E] by blast
AOT-assume <Impossible0((q))>
moreover AOT-assume <—(p # q)»
AOT-hence (p = ¢
using =—infix|[ THEN =Df,
THEN oth—class—taut:4:b[THEN =FE(1)],
THEN =E(1)]
useful—tautologies: [ THEN — E] by blast
ultimately AOT-have «Impossible0((p))> using rule=FE id-sym by blast
AOT-hence (J-p>
using contingent—properties:2[zero][THEN =45 E] by blast
AOT-thus «O-p & —O-p» using 1 &I by blast
qed

AOT-act-theorem q0cf:1: «ContingentlyFalse(qo)>
apply (rule cont—tf:2[THEN =441])
apply (rule =ayI1(2)[OF qo-def])
apply (fact log—prop—prop:2)
apply (rule &I)
apply (fact no—cnac)
by (fact gml:4[aziom-inst])

AOT-act-theorem q0cf:2: < ContingentlyTrue(((go)™))»

apply (rule cont—tf:1[THEN =41))
apply (rule =q51(2)[OF qo-def])
apply (fact log—prop—prop:2)
apply (rule &I)
apply (rule thm—relation—negation:3

[unvarify p, OF log—prop—prop:2, THEN =E(2)])

apply (fact no—cnac)

apply (rule rule=FE[rotated,

OF thm—relation—negation:7

[unvarify p, OF log—prop—prop:2, THEN id-sym]])

apply (AOT-subst (reverse) <——(3z (Elz & -AEz))) 3z (Elz & ~AE!x)»)
by (auto simp: oth—class—taut:8:b gml:4|aziom-inst])

AOT-theorem cont—tf—thm:1: <3 p ContingentlyTrue((p))>
proof(rule VE(1)[OF exc—mid]; rule —I; rule 31)
AQOT-assume <qo>
AOT-hence <qo & 0—qo> using qo-prop| THEN &FE(2)] &I by blast
AOT-thus «Contingently True(qo)>
by (rule cont—tf:1][THEN =q471])
next
AQOT-assume <—qo>»
AOT-hence —qo & Oqo> using qo-prop|[THEN &E(1)] &I by blast
AOT-hence «ContingentlyFalse(qo)»
by (rule cont—tf:2[THEN =4¢1))
AOT-thus «ContingentlyTrue(((go) ™))
by (rule cont—true— cont:4[unvarify p,
OF log—prop—prop:2, THEN =E(1)])
qed(auto simp: log—prop—prop:2)

AOT-theorem cont—tf—thm:2: <3 p ContingentlyFalse((p))>
proof(rule VE(1)[OF exc—mid); rule —I; rule 31)
AQOT-assume <qo>
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AOT-hence «go & O—qo> using qo-prop| THEN &FE(2)] &I by blast
AOT-hence <ContingentlyTrue(qo)»
by (rule cont—tf:1[THEN =441])
AOT-thus «ContingentlyFalse(((go)™))»
by (rule cont—true— cont:3[unvarify p,
OF log—prop—prop:2, THEN =E(1)])
next
AOT-assume <—qo>
AOT-hence <—qo & Oqo> using qo-prop| THEN &E(1)] &I by blast
AOT-thus «ContingentlyFalse(qo)>
by (rule cont—tf:2[THEN =4¢1])
qed(auto simp: log—prop—prop:2)

AOT-theorem property—factsl:1: <3 F3z ([Flz & O-[F|z)»
proof —
fix
AOT-obtain p; where «ContingentlyTrue((p1))>
using cont—tf—thm:1 3 E[rotated] by blast
AOT-hence I: <p1 & O—p1> using cont—tf: I[THEN =4 E] by blast
AOT-modally-strict {
AOT-have «for arbitrary p: Fo ([Az plz = p)
by (rule beta— C—cor:3[THEN Y E(2)]) cqt-2-lambda-inst-prover
AOT-hence <for arbitrary p: Fo O ([Az plz = p)»
by (rule RN)
AOT-hence <Vp O([\z p]z = p)» using GEN by fast
AOT-hence <J([A\z p1]z = p1)» using V E by fast
} note 2 = this
AOT-hence O([A\z p1]z = p1)» using V E by blast
AOT-hence Az pi1]z
using I[THEN &E(1)] gml:2[aziom-inst, THEN —E] =E(2) by blast
moreover AOT-have <O—[A\z p1]z»
using 2[THEN gml:2[aziom-inst, THEN —E]]
apply (AOT-subst <[Az pi]zy <p1>)
using I[THEN & E(2)] by blast
ultimately AOT-have <[Az p1]z & O—[\z p1]z> using &I by blast
AOT-hence 3z ([Az p1]z & O—[Az pi]z)> using I1(2) by fast
moreover AOT-have <[Az p1]]» by cqt:2[lambda]
ultimately AOT-show 3 F3z ([Flz & O-[F]z)> by (rule 31(1))
qed

AOT-theorem property—facts1:2: <3 F3z (-[Flz & O[F]z)»
proof —
fix
AOT-obtain p; where <ContingentlyFalse((p1))»
using cont—tf—thm:2 3 E[rotated] by blast
AOT-hence I: <—py & Op1» using cont—tf:2[THEN =45 F] by blast
AOT-modally-strict {
AOT-have «for arbitrary p: Fg ([Az plz = p)
by (rule beta— C—cor:3[THEN Y E(2)]) cqt-2-lambda-inst-prover
AOT-hence <for arbitrary p: Fo (—[Az plz = —p)»
using oth—class—taut:4:b =F by blast
AOT-hence <for arbitrary p: g O(—[A\z plz = —p)»
by (rule RN)
AOT-hence (V¥ p O(=[A\z p]z = —p)> using GEN by fast
AOT-hence (J(—[Az pi]z = —p1)> using V E by fast
} note 2 = this
AOT-hence O(—[Az p1]z = —p1)» using V E by blast
AOT-hence 3: <—[Az p1]n»
using I[THEN &E(1)] gml:2[aziom-inst, THEN —E] =E(2) by blast
AOT-modally-strict {
AOT-have «for arbitrary p: Fg ([\z plz = p)»
by (rule beta— C—cor:3[THEN Y E(2)]) cqt-2-lambda-inst-prover
AOT-hence «<for arbitrary p: o O([Az plz = p)»
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by (rule RN)

AOT-hence «Vp O([\z p]z = p)» using GEN by fast

AOT-hence (O([Az p1]z = p1)» using V E by fast
} note 4 = this
AOT-have «Q[A\z p1]z>

using 4[THEN gml:2][aziom-inst, THEN —E]]

apply (AOT-subst <[Az p1i]z> <p1>)

using I[THEN &E(2)] by blast
AOT-hence —[A\z p1]z & O[Az p1]z> using 3 &I by blast
AOT-hence 3z (—[A\z p1]z & O[Az p1]z)> using I1(2) by fast
moreover AOT-have <[Az p1]]» by cqt:2[lambda]
ultimately AOT-show 3 F3z (—[F|z & O[F]z)> by (rule 31(1))

qed

context
begin

private AOT-lemma eqnotnec-123-Auz-¢: <[L]z = (E'z — Elz)»
apply (rule =a5I(2)[OF L-def])
apply cqt:2[lambda]
apply (rule beta— C—meta| THEN —E])
by cqt:2[lambdal)

private AOT-lemma egnotnec-123-Auz-w: Az |z = @>
by (rule beta— C—meta|[THEN —E)) cqt:2[lambda]

private AOT-lemma egnotnec-123-Auz-9: <o = Vz([L]z = [z ¢]z)»
proof(rule =I; rule —1I; (rule VI)?)

fix z

AOT-assume 1: «p»

AOT-have ([L]z = (E'z — E!z)> using egnotnec-123-Auz-(.

also AOT-have (... = p»
using if —p—then—p 1 =1 —1 by simp
also AOT-have «... = [Az ¢|

using Commutativity of =[THEN =E(1)] egnotnec-123-Auz-w by blast
finally AOT-show «([L]z = [Az p]x>.
next
fix z
AOT-assume Vz([L]z = [Az p]z)
AOQOT-hence ([L]z = [A\z p|z) using V E by blast
also AOT-have (... = @) using eqnotnec-123-Auz-w.
finally AOT-have «p = [L]a»
using Commutativity of =[THEN =E(1)] by blast

also AOT-have (... = Elz — FElz) using eqnotnec-123-Auz-C.
finally AOT-show <> using =F if —p—then—p by fast
qged

private lemmas eqnotnec-123-Aux-§ =
egnotnec-123-Auz-9[ THEN oth—class—taut:4:b|THEN =FE(1)],
THEN conventions:3{THEN =Df, THEN =E(1), THEN &E(1)],
THEN RMJ)]
private lemmas eqnotnec-123-Aux-¢' =
eqnotnec-123-Auz-9|
THEN conventions:3[THEN =Df, THEN =FE(1), THEN &E(1)],
THEN RMJ)]

AOT-theorem egnotnec:1: <(3F3 GV z([Flz = [Glz) & OV z([F|z = [G]z))
proof—
AOT-obtain p; where «Contingently True(p1)»
using cont—tf—thm:1 3 E[rotated] by blast
AOT-hence «p1 & O—p1> using cont—tf: 1[THEN =45 F] by blast
AOT-hence Vz ([L]z = [Az pi]z) & OV z([L]z = [Az pi]z)
apply — apply (rule &I)
using &F eqnotnec-123-Auz-9[THEN =E(1)]
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eqnotnec-123-Auz-§¢ —F by fast+
AOT-hence (3G (Vz([L]lz = [G]z) & O—~Vz([L]lz = [G]z))»
by (rule 31) cqt:2[lambdal
AOT-thus «(3F3G (Vz([F]z = [Glz) & O—-Vz([F]z = [G]z))>
apply (rule 31)
by (rule =471(2)[OF L-def]) cqt:2[lambda)+
qed

AOT-theorem egnotnec:2: <3 F3 G(—=Vz([Flz = [G]z) & OV z([F]z = [G]z))»
proof—
AOT-obtain p; where «ContingentlyFalse(p1)»
using cont—tf—thm:2 3 E[rotated] by blast
AOT-hence (—p; & Op1> using cont—if:2[THEN =4 E] by blast
AOT-hence (—Vz ([L]z = [Az p1]z) & OV z([L]z = [Az pi]z)
apply — apply (rule &I)
using egqnotnec-123-Auz-9[THEN oth— class—taut:4:b|THEN =FE(1)],
THEN =E(1)]
&E eqnotnec-123-Aux-¢' —E by fast+
AOT-hence (3G (=Vz([L]z = [G]z) & OVz([L]z = [G]z))»
by (rule 31) cqt:2[lambdal)
AOT-thus (3F3G (-Vz([Flz = [G]z) & OVz([Flz = [Glz))»
apply (rule 31)
by (rule =q71(2)[OF L-def]) cqt:2[lambda]+
qed

AOT-theorem eqnotnec:3: <3 F3 G(A~V z([Flz = [G]z) & OVz([F]z = [Glz))»
proof—
AOT-have (—Aqo>
apply (rule =q5I(2)[OF qo-def])
apply (fact log—prop—prop:2)
by (fact AOT)
AOT-hence (A-qy>
using logic—actual—nec: 1[axiom-inst, THEN =E(2)] by blast
AOT-hence <(A-Vz ([L]lz = [Az go]z)
using egqnotnec-123-Auz-9[THEN oth— class—taut:4:b| THEN =E(1)],
THEN conventions:3[THEN =Df, THEN =E(1), THEN &E(1)],
THEN RA[2), THEN act—cond|THEN —E|], THEN —E] by blast
moreover AOT-have «OVz ([L]z = [Az go]z)
using eqnotnec-125-Auz-¢'[THEN —E)] qo-prop| THEN & E(1)] by blast
ultimately AOT-have <A-Vz ([L]z = [A\z qo]z) & OVz ([L]z = [Az qo]z)»
using &I by blast
AOT-hence (3G (A-Vz([Llz = [Glz) & OVz([Llz = [G]z))
by (rule 31) cqt:2[lambda]
AOT-thus (3F3G (A-Vz([Flz = [G]z) & OVz([Flz = [G]z))»
apply (rule 31)
by (rule =q71(2)[OF L-def]) cqt:2[lambda)+
qed

end

AOT-theorem eqnotnec:4: <V FAG(Vz([Flz = [Glz) & OV z([Flz = [G]z))»
proof(rule GEN)
fix F
AOT-have Auz-A: kg ¢ — Va([Flz = [\z [F]z & ¢]z)» for ¢
proof(rule —1I; rule GEN)
AOT-modally-strict {
fix x
AOT-assume 0: <y
AOT-have Az [F]z & ¢z = [Flz & »
by (rule beta— C—meta| THEN —E)) cqt:2[lambda]
also AOT-have «... = [F]z»
apply (rule =I; rule —1)
using VE(3)[rotated, OF useful—tautologies:2[THEN —E|, OF 0] &E
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apply blast

using 0 &I by blast
finally AOT-show «([F|z = [Az [F]z & ¢]z»

using Commutativity of =[THEN =FE(1)] by blast
}

qed

AOT-have Auz-B: <+ o — Va([Flz = [Az [Flz & ¢ V —]z)» for ¢
proof (rule —I; rule GEN)
AOT-modally-strict {
fix z
AOT-assume 0: ¢»
AOT-have Xz ([F]z & ¥) V |z = (([Flz & ) V )
by (rule beta— C—meta|[THEN —E)) cqt:2[lambda]
also AOT-have «... = [F|»
apply (rule =I; rule —1)
using VE(3)[rotated, OF useful—tautologies:2| THEN —E], OF 0]
&FE
apply blast
apply (rule VI(1)) using 0 &I by blast
finally AOT-show ([Flz = [Az ([F]z & ¢) V =]z
using Commutativity of =[THEN =F(1)] by blast
}

qed

AOT-have Auz-C:
o O —= OV 2([Az [Flz & 9]z = [Az [Flz & ¢ V —)]z)» for ¢
proof(rule RMQ; rule —I; rule raa—cor:2)
AOT-modally-strict {
AOT-assume 0: <
AOT-assume Vz ([Az [F]z & ¥]z = [Az [F]z & ¥ V —)]z)»
AOT-hence Az [Flz & Y]z = [Xz [F]z & ¢ V =]z for z
using V E by blast
moreover AOT-have ([\z [F]z & o]z = [F]z & ¢ for z
by (rule beta— C—meta| THEN —E]) cqt:2[lambda]
moreover AOT-have «[Az ([Flz & ¢) V ]z = (([F]z & ¢) V =) for z
by (rule beta— C—meta|[THEN —E)) cqt:2[lambda]
ultimately AOT-have «[F|z & ¢ = (([F]z & ¢¥) V —9)» for z
using Commutativity of =[THEN =E(1)] =E(5) by meson
moreover AOT-have «(([F]z & ¢) V =) for z using 0 VI by blast
ultimately AOT-have <)) using =F & F by metis
AOT-thus ¢ & —» using 0 &I by blast
}

qed

AOT-have Auz-D: <OV z ([F]z = [A\z [F]z & ¥]z) —
(OVz ([N [Flz & Ylz = [Az [Flz & ¥ V ~]z) =
O—-Vz ([Flz = [Mz [F]z & ¥ V —]z))» for ¢
proof (rule —1I)
AOT-assume A: <OV z([F)z = [Az [Flz & 9¥]z)»
AOT-show O—Vz ([A\z [Flz & Y]z = [Az [Flz & ¥ V <)]z) =
O-Vz ([Flz = [Nz [Flz & ¥ V —9lz)»
proof(rule =I; rule KBasic:13]THEN —E]J;
rule RN[prem|[where I'={«V 2([F]|z = [Az [F|z & ¥]z)»}, simplified];
(rule useful—tautologies:5{THEN —E]; rule —1)?)
AOT-modally-strict {
AOT-assume Vz ([Flz = [A\z [F]z & ¥]2)»
AOQOT-hence I: ([F]z = [A\z [F]z & 9] for z
using V £ by blast
AOT-assume Vz ([Flz = [\z [F]z & ¢ V —]z)»
AOT-hence 2: ([F|z = [Az [F]z & ¢ V ]2 for z
using V £ by blast
AOT-have Az [F]z & ¢]z = [\z [F]z & ¥ V —¢]2 for z
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using =F 1 2 by meson
AOT-thus Vz ([Az [F]z & Y]z = [A\z [F]z & ¢ V )]z)»
by (rule GEN)
}
next
AOT-modally-strict {
AOT-assume Vz ([F]z = [\z [F]z & ¢]z)»
AOT-hence I: ([F]z = [A\z [F]z & 9|2 for z
using V E by blast
AOT-assume Vz ([\z [F]z & Y]z = [z [Flz & ¥ V —9]z)»
AOQOT-hence 2: <[Az [Flz & Y]z = [Az [F]z & ¢ V ]2 for 2z
using V E by blast
AOT-have «[F]z = [M\z [F]z & ¥ V =]z for z
using 1 2 =F by meson
AOT-thus <« Vz ([Flz = [A\z [Flz & ¢ V —]z)»
by (rule GEN)
}
qed(auto simp: A)
ged

AQOT-obtain p; where pi-prop: (p1 & O—p1>»
using cont—if—thm:1 3 E[rotated]
cont—tf:1[THEN =45 E] by blast

AOT-assume I: <V z([F]z = [z [F]z & pi]z)»
AOT-have 2: Vz([F|z = [A\z [F]z & p1 V —p1]z)
using Auz-B[THEN —E, OF p,-prop| THEN &E(1)]].
AOT-have <0~V z([Az [F]z & pi]z = [\z [F]z & p1 V —pi]z)»
using Auz-C[THEN —E, OF p1-prop|THEN &FE(2)]].
AOT-hence 3: «O-Vz([Flz = [A\z [F]z & p1 V —pi]x)
using Auz-D[THEN —E, OF 1, THEN =E(1)] by blast
AOT-hence Vz([Flz = [Az [F]z & p1 V =p1]z) &
O-Vz([Flz = [z [Flz & p1 V —=p1]z)
using 2 &I by blast
AOT-hence <3G (Vz ([Flz = [Glz) & OV z([F]z = [G]z))
by (rule 31(1)) cqt:2[lambda]

moreover {

AOT-assume 2: <—-0OV z([Flz = [Az [F]z & p1]z)»

AOT-hence OV z([Fl|z = [A\z [F]z & p1]z)»
using KBasic:11[THEN =FE(1)] by blast

AOT-hence Vz ([Flz = [Az [Flz & p1]z) & O-Vz([Flz = [Az [F]z & pi]z)
using Auz-A[THEN —E, OF p1-prop| THEN &E(1)]] &I by blast

AOT-hence <3G (Vz ([F]z = [Glz) & OV z([F]z = [G]z))
by (rule 31(1)) cqt:2[lambda)

ultimately AOT-show (3G (Vz ([Flz = [G]z) & O—-Vz([Flz = [Glz))
using VE(1)[OF exc—mid] —1 by blast
qed

AOT-theorem egnotnec:5: <V F3 G(—V z([Flz = [G]z) & OV z([Flz = [G]x))»
proof(rule GEN)
fix F
AOT-have Auz-A: kg Oy — OV ([Flz = [Az [Flz & ¢]z)» for ¢
proof(rule RM{; rule —1I; rule GEN)
AOT-modally-strict {
fix x
AOT-assume 0: <y
AOT-have Az [F]z & ¢z = [Flz & »
by (rule beta— C—meta| THEN —E)) cqt:2[lambda]
also AOT-have «... = [F]z»
apply (rule =I; rule —1)
using VE(3)[rotated, OF useful—tautologies:2[THEN —E|, OF 0] &E
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apply blast

using 0 &I by blast
finally AOT-show «([F|z = [Az [F]z & ¢]z»

using Commutativity of =[THEN =FE(1)] by blast
}

qed

AOT-have Auz-B: <+ O — OVz([Flz = [Mz [Flz & ¢ vV —]z)» for ¢
proof (rule RM$; rule —1I; rule GEN)
AOT-modally-strict {
fix z
AOT-assume 0: ¢»
AOT-have Xz ([F]z & ¥) V |z = (([Flz & ) V )
by (rule beta— C—meta|[THEN —E)) cqt:2[lambda]
also AOT-have «... = [F|»
apply (rule =I; rule —1)
using VE(3)[rotated, OF useful—tautologies:2| THEN —E], OF 0] &E
apply blast
apply (rule VI(1)) using 0 &I by blast
finally AOT-show ([Flz = [Az ([F]z & ¥) V =]z
using Commutativity of =[THEN =E(1)] by blast
}

qed

AOT-have Auz-C: <o ¢ — =V 2([Az [F]z & ]z = [A\z [F]z & ¢ V —]z)» for ¢
proof(rule —I; rule raa—cor:2)
AOT-modally-strict {
AOT-assume 0: <—)»
AOT-assume Vz ([Az [F]z & ¥]z = [Az [F]z & ¢ V —]z)
AOT-hence Az [Flz & Y]z = [Xz [F]z & ¢ V =]z for z
using V £ by blast
moreover AOT-have ([\z [F]z & o]z = [F]z & y» for z
by (rule beta— C—meta| THEN —E)) cqt:2[lambda]
moreover AOT-have <[Az ([F]z & ¢) V ]z = (([F]z & ¢) V ) for z
by (rule beta— C—meta|[THEN —E)) cqt:2[lambda]
ultimately AOT-have «[F|z & ¢ = (([F]z & ¢¥) V —9)» for z
using Commutativity of =[THEN =E(1)] =E(5) by meson
moreover AOT-have «(([F]z & ¢) V =) for z
using 0 VI by blast
ultimately AOT-have <)) using =F & E by metis
AQOT-thus ¢ & —» using 0 &I by blast

}
ged

AOT-have Auz-D: Vz ([Flz = [\z [F]|z & ¢]z) —
(=Vz (A2 [Flz & Y]z = Az [Flz & ¢ V <]z) =
—Vz ([Flz = [Az [Flz & ¢ V «)]z))> for ¢
proof (rule —1I; rule =I,
(rule useful—tautologies: 5| THEN —E); rule —1)?)
AOT-modally-strict {
AOT-assume Vz ([Flz = [\z [F]z & ]2)»
AOT-hence I: ([F]z = [\z [F]z & ¢]» for 2z
using V E by blast
AOT-assume Vz ([Flz = [Az [Flz & ¢ V ~]z)»
AOT-hence 2: ([F]z = [\z [F]z & ¢ V =]z for z
using V £ by blast
AOT-have ([\z [Flz & ]z = [A\z [Flz & ¢ V ]2 for z
using =F 1 2 by meson
AOT-thus Vz ([Az [F]z & Y]z = [Az [Fl]z & ¥ V ~]z)»
by (rule GEN)

next
AOT-modally-strict {
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AOT-assume Vz ([F]z = [A\z [F]z & 9¥]z)»
AOT-hence I: ([F]z = [\z [F]z & ¢]» for z
using V E by blast
AOT-assume Vz ([\z [F]z & )z = [Az [Flz & ¥ V —)]z)»
AOT-hence 2: <Az [Flz & ¢]z = [A\z [Flz & ¢ V ]2 for z
using V E by blast
AOT-have ([F]z = [A\z [F]z & ¥ V =]2 for z
using 1 2 =F by meson
AOT-thus « Vz ([Flz = [\z [F]z & ¢ V —)]z)»
by (rule GEN)

qed

AOT-obtain p; where pi-prop: (—p1 & Op1»
using cont—tf—thm:2 3 E[rotated] cont—tf:2]THEN =45 E] by blast
{
AOT-assume I: Vz([Flz = [A\z [F]z & pi]z)»
AOT-have 2: «QV([F]z = [A\z [F]z & p1 V —pi]z)
using Auz-B[THEN —E, OF p1-prop| THEN &E(2)]].
AOT-have ~Vz([Az [F]z & pi]z = [Az [F]z & p1 V —p1]z)
using Auz-C[THEN —E, OF p,-prop| THEN &E(1)]].
AOT-hence 3: «<-Vz([Flz = [\z [F]z & p1 V —p1]z)
using Auz-D[THEN —E, OF 1, THEN =E(1)] by blast
AOT-hence «(-Vz([Flz = [\z [F]z & p1 V —pi1]z) &
OVz([Flz = [Az [Flz & p1 V —pi]z)
using 2 &I by blast
AOT-hence (3G (-Vz ([F]z = [G]z) & OV z([F]z = [G]z))
by (rule 31(1)) cqt:2[lambda]

moreover {

AOT-assume 2: <~V z([F]z = [A\z [F]z & p1]z)»
AOT-hence -V z([F|z = [z [F]z & pi]z)»

using KBasic:11[THEN =E(1)] by blast
AOT-hence «<—Vz ([Flz = [M\z [F]z & p1]z) &

OVx([Flz = [z [F|z & pi]z)

using Auz-A[THEN —E, OF p,-prop| THEN &E(2)]] &I by blast
AOT-hence (3G (-Vz ([F]z = [G]z) & OVz([F]z = [G]z))»

by (rule 31(1)) cqt:2[lambda]

}
ultimately AOT-show <3G (—Vz ([Flz = [G]z) & OVz([F]z = [Glz))
using VE(1)[OF exc—mid] —1 by blast
qed

AOT-theorem egnotnec:6: ¥ F3 G(A-V z([Flz = [G)z) & OVz([Flz = [Glz))»
proof(rule GEN)
fix F
AOT-have Auz-A: kg Oy — OV z([Flz = [Az [Flz & ¢]z)» for ¢
proof(rule RM$; rule —1I; rule GEN)
AOT-modally-strict {
fix z
AOT-assume 0: <>
AOT-have «[\z [F]z & Y]z = [Flz & »
by (rule beta— C—meta| THEN —E)) cqt:2[lambda]
also AOT-have «... = [F|a»
apply (rule =I; rule —1)
using VE(38)[rotated, OF useful—tautologies:2[ THEN —E|], OF 0]
&FE
apply blast
using 0 &I by blast
finally AOT-show «([F|z = [\z [F]z & ¢]n»
using Commutativity of =[THEN =E(1)] by blast
}

qed
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AOT-have Auz-B: <+ O — OVz([Flz = [Mz [Flz & ¢ vV —]z)» for ¢
proof (rule RM$; rule —1I; rule GEN)
AOT-modally-strict {
fix z
AOT-assume 0: ¢»
AOT-have Xz ([F]z & ¥) V |z = (([Flz & ) V )
by (rule beta— C—meta|[THEN —E)) cqt:2[lambda]
also AOT-have ... = [F]o»
apply (rule =I; rule —1)
using VE(3)[rotated, OF useful—tautologies:2| THEN —E], OF 0] &E
apply blast
apply (rule VI(1)) using 0 &I by blast
finally AOT-show ([F|z = [Az ([F]z & ¥) V <]z
using Commutativity of =[THEN =E(1)] by blast
}

qed

AOT-have Auz-C:

o A — AV 2([Az [Flz & Y]z = [Az [Flz & ¢ V —)z2)) for ¢
proof(rule act—cond[THEN —E]; rule RA[2]; rule —I; rule raa—cor:2)
AOT-modally-strict {

AOT-assume 0: <—»
AOT-assume Vz ([Az [Flz & ¢]z = [Az [Flz & ¢ V —]z)»
AOT-hence Az [F]z & Y]z = [Az [F]z & ¥ V =]z for z
using V E by blast
moreover AOT-have ([\z [F]z & ¥]z = [F|z & ¢» for z
by (rule beta— C—meta| THEN —E)) cqt:2[lambda]
moreover AOT-have «[Az ([Flz & ¢) V )z = (([F]z & ¢) V ) for z
by (rule beta—C—meta|[THEN —E)) cqt:2[lambda]
ultimately AOT-have «[F]z & ¥ = (([F]z & ) V —9)» for z
using Commutativity of =[THEN =E(1)] =E(5) by meson
moreover AOT-have «(([F]z & ) V —)» for z
using 0 VI by blast
ultimately AOT-have ¢ using =F &E by metis
AOT-thus ¢ & —» using 0 &I by blast
}

qged

AOT-have <O(Vz ([Flz = [A\z [F]z & ¥]z) —
(=Vz ([Az [Flz & Y]z = [\z [F]z & ¥ V ]z) =
=z ([Flz = [Az [Flz & ¢ V =)]z)))> for 9
proof (rule RN; rule —1I)
AOT-modally-strict {
AOT-assume Vz ([F]z = [\z [F]z & ¢¥]z)»
AOT-thus «<—Vz ([Az [F]z & Y]z = Az [F]z & ¢ V ]z) =
Vz ([Flz = [\z [F]z & ¥ V —]x)»
apply —
proof(rule =I; (rule useful—tautologies:5{ THEN —E]; rule —1I)?)
AOT-assume Vz ([F]z = [A\z [Flz & 9]z)»
AOT-hence I: ([Flz = [\z [F]z & ]2 for z
using V £ by blast
AOT-assume Vz ([F]z = [Az [Flz & ¢ V ~lz)»
AOT-hence 2: ([F|z = [\z [F]z & ¥ V =]z for z
using V £ by blast
AOT-have Xz [F]z & Y]z = [z [Flz & ¢ V )]z for z
using =F 1 2 by meson
AOT-thus Vz ([Az [F]z & Y]z = [\z [F]z & ¢ V <]z)
by (rule GEN)
next
AOT-assume Vz ([F]z = [Az [F|z & ¥]z)»
AOT-hence I: ([F]z = [Az [F]z & 9]z for z
using V £ by blast
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AOT-assume Vz ([\z [F]z & Y]z = [Az [Flz & ¢ V —)]z)»
AOQT-hence 2: <Az [Fl|z & ¢)z = [A\z [F]z & ¢¥ V ]2 for z
using V E by blast
AOT-have «[F]z = [A\z [F]z & ¥ V =]z for z
using 1 2 =F by meson
AOT-thus <« Vz ([Flz = [A\z [Flz & ¢ V —lz)»
by (rule GEN)
qed
}
qed
AOT-hence (A(Vz ([F]z = [Az [Flz & ¢]z) —
(=Vz ([Az [F]z & Y]z = Az [Flz & ¢ V )]z) =
~Vz ([Flz = [Az [F]z & ¢ V =]z)))> for ¢
using nec—imp—act[THEN —E] by blast
AOT-hence AV z ([F]z = [\z [F]z & ¢]z) —
A=Yz ([Mz [Flz & ¥]z = [Mz [Flz & ¢ V —]z)
=Vz ([Flz = [A\z [F]z & ¢ V «)]z)) for ¢
using act—cond[THEN —FE] by blast
AOT-hence Auz-D: (AV z ([F]z = [A\z [F]z & ¢]z) —
(A-Vz (A2 [Flz & )z = [A\z [F]z & ¢ V —)]x)
ANz ([Flz = Az [Flz & v V —]z))» for ¢
by (auto intro!: —I Act—Basic:5{THEN =E(1)] dest!: —FE)

AOT-have (—Aqy>
apply (rule =a;1(2)[OF qo-def])
apply (fact log—prop—prop:2)
by (fact AOT)
AOT-hence qo-prop-1: <A-qo>
using logic—actual—nec: 1[axiom-inst, THEN =E(2)] by blast
{
AOT-assume I: <AV z([F|z = [Az [F]z & qo]z)»
AOT-have 2: <OV z([F]z = [\z [F]z & g0 V —qo]x)»
using Auz-B[THEN —E, OF qo-prop| THEN &E(1)]].
AOT-have <A~V z([\z [F]z & qo]z = [z [F]z & qo V —qo]z)»
using Auz-C[THEN —E, OF qo-prop-1].
AOT-hence 3: <A~V z([Flz = [Az [F]z & qo V —qo]z)»
using Auz-D[THEN —E, OF 1, THEN =E(1)] by blast
AOT-hence <A~V z([Flz = [A\z [F]z & q0 V —qo]z) &
OVz([Flz = [Az [Flz & qo V —qo]z)>
using 2 &I by blast
AOT-hence (3G (A-Vz ([Flz = [Gz) & OVz([Flz = [Glz))
by (rule 31(1)) cqt:2[lambda]

moreover {

AOT-assume 2: <~ AV z([F]z = [z [F]z & qo]z)»

AOT-hence <A~V z([Flz = [A\z [F]z & qo]z)»
using logic—actual—nec: 1[aziom-inst, THEN =E(2)] by blast

AOT-hence <A-Vz ([Flz = [\z [F]z & qo]z) & OVz([Flz = [A\z [F]z & qo]z)»
using Auz-A[THEN —E, OF qo-prop|THEN &E(1)]] &I by blast

AOT-hence (3G (A-Vz ([Flz = [Gz) & OVz([Flz = [Glz))
by (rule 31(1)) cqt:2[lambda)

ultimately AOT-show (3G (A-Vz ([Flz = [G]z) & OVz([Flz = [G]z))»
using VE(1)[OF exc—mid] —1I by blast
qged

AOT-theorem oa—contingent:1: <O! # Al
proof(rule =45 I[OF =—infiz]; rule raa—cor:2)
fix z
AQT-assume I: (O! = Al
AOT-hence ([Az OE!lz] = AD
by (rule =47 E(2)[OF AOT-ordinary, rotated]) cqt:2[lambdal
AOT-hence Az OFE!z] = [Az ~0E!z]
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by (rule =47 E(2)[OF AOT-abstract, rotated]) cqt:2[lambda)
moreover AOT-have «[\z OE!z]z = QE!2

by (rule beta—C—meta|[THEN —E)) cqt:2[lambdal
ultimately AOT-have ([\z =(QE!z]z = OFE!n»

using rule=F by fast
moreover AOT-have Az ~0FE!z]z = ~QE!z»

by (rule beta—C—meta|[THEN —E)) cqt:2[lambda]
ultimately AOT-have «QFE!z = -~ FE!n»

using =F(6) Commutativity of =[THEN =E(1)] by blast
AOT-thus (OE!lz = ~0Elz) & ~(Q0E!lz = =QE!x)

using oth—class—taut:3:c &I by blast

qed

AOT-theorem oa—contingent:2: <Olxz = - Alx»
proof —
AOT-have Olz = [Az OE!z]n
apply (rule =I; rule —1)
apply (rule =45 E(2)[OF AOT-ordinary))
apply cgt:2[lambda)
apply argo
apply (rule =q51(2)[OF AOT-ordinary])
apply cqt:2[lambda]

by argo
also AOT-have <... = OF!z»

by (rule beta— C—meta|[THEN —E)) cqt:2[lambda]
also AOT-have ¢... = ——QF!n»

using oth—class—taut:3:b.
also AOT-have ¢... = —~[Az ~0E!z]z

by (rule beta— C—meta|[THEN —E,
THEN oth— class—taut:4:b[THEN =E(1)], symmetric])
cqt:2
also AOT-have «... = -Aln)
apply (rule =I; rule —1)
apply (rule =q451(2)[OF AOT-abstract))
apply cqt:2[lambda)
apply argo
apply (rule =a5FE(2)[OF AOT-abstract))
apply cqt:2[lambda]
by argo
finally show ?thesis.
qed

AOT-theorem oa—contingent:3: <Alx = = O0x»
by (AOT-subst <Alzy <——Alx»)
(auto simp add: oth—class—taut:3:b oa— contingent: 2| THEN
oth—class—taut:4:b[ THEN =E(1)], symmetric])

AOT-theorem oa— contingent:4: «Contingent(O')»
proof (rule thm—cont—prop:2[unvarify F, OF oa—exist:1, THEN =E(2)];
rule &1)
AOT-have 0dz Elzy using thm—cont—e:3 .
AOT-hence 3z OFElzy using BFO[THEN —E] by blast
then AOT-obtain a where <QE!ay using 3 E[rotated] by blast
AOT-hence ([\z OE!z]a»
by (rule beta—C—meta|[THEN —E, THEN =E(2), rotated]) cqt:2
AOT-hence <O!a)
by (rule =45I(2)[OF AOT-ordinary, rotated]) cqt:2
AOT-hence <3z O!z» using 31 by blast
AOT-thus «03z Olz» using TO[THEN —E] by blast
next
AOT-obtain a where (Ala)
using A—objects[aziom-inst] 3 E[rotated) &E by blast
AOT-hence (—0!a) using oa— contingent: 3| THEN =FE(1)] by blast
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AOT-hence 3z - O!z> using 31 by fast
AOT-thus «03z —Olz» using TO[THEN —E] by blast
qed

AOT-theorem oa— contingent:5: <Contingent(A!)>
proof (rule thm— cont—prop: 2[unvarify F, OF oa—exist:2, THEN =E(2)];
rule &1I)
AQOT-obtain a where <Ala)
using A—objects[aziom-inst] 3 E[rotated) &E by blast
AOT-hence «dz Alzy using 31 by fast
AOT-thus «03z Alzy using TO[THEN —E] by blast
next
AOT-have «0dz Elzy using thm—cont—e:3 .
AOT-hence 3z OFElzy using BFO[THEN —E] by blast
then AOT-obtain a where <O E!a» using 3 E[rotated] by blast
AOT-hence Az OFE!z]a
by (rule beta— C—meta|[ THEN —E, THEN =E(2), rotated)]) cqt:2[lambda)
AOT-hence <O!a)
by (rule =451(2)[OF AOT-ordinary, rotated]) cqt:2[lambda]
AOT-hence —Alay using oa—contingent:2[THEN =E(1)] by blast
AOT-hence <3z —Alzy using 31 by fast
AOT-thus 03z -~Alxy using TO[THEN —E] by blast
qed

AOT-theorem oa—contingent:7: <O!"z = - A" x»
proof —
AOT-have «Olz = - Alx»
using oa— contingent:2 by blast
also AOT-have (... = A" »»
using thm—relation—negation: 1[symmetric, unvarify F, OF oa—exist:2].
finally AOT-have I: <Olz = Al 2.

AOT-have Alz = =0z

using oa— contingent:3 by blast
also AOT-have (... = O™ )

using thm—relation—negation: 1[symmetric, unvarify F, OF oa—exist:1].
finally AOT-have 2: <Alz = O!" o.

AOT-show «O!" z = -Al" m
using I[THEN oth—class—taut:4:b| THEN =FE(1)]]
oa— contingent:3[of - x] 2[symmetric]
=E(5) by blast
qged

AOT-theorem oa—contingent:6: <O\~ # Al™)
proof (rule =—infit[THEN =q4¢1); rule raa—cor:2)
AQT-assume I: <O = A7)
fix
AOT-have A"z = O!" »»
apply (rule rule=E[rotated, OF 1))
by (fact oth—-class—taut:3:a)
AOT-hence <Al"z = -Al" 2
using oa—contingent:7 =E by fast
AOT-thus «(Al"z = -Al"z) & =(Al"z = -Al"z)»
using oth—class—taut:3:c &I by blast
qed

AOT-theorem oa— contingent:8: < Contingent(O!™)»
using thm— cont—prop:3[unvarify F, OF oa—exist:1, THEN =E(1),
OF oa—contingent:4).

AOT-theorem oa— contingent:9: <Contingent(A!™)»
using thm— cont—prop: 3[unvarify F, OF oa—exist:2, THEN =F(1),

173



OF oa—contingent:5].

AOT-define WeaklyContingent :: Il = ¢ (« WeaklyContingent’(-")»)
df —cont—nec:
« WeaklyContingent([F]) =ay Contingent([F]) & Vz (O[F|z — O[F]z)»

AOT-theorem cont—nec—factl:1:
« WeaklyContingent([F]) = WeaklyContingent([F]™)»
proof —
AOT-have « WeaklyContingent([F]) = Contingent([F]) & Vz (O[F|z — O[F]z)»
using df—cont—nec[THEN =Df] by blast
also AOT-have «... = Contingent([F|”) & Yz (O[Flz — O[F]z)»
apply (rule oth—class—taut:8:f[THEN =E(2)]; rule —1I)
using thm—cont—prop:3.
also AOT-have «... = Contingent([F]™) & Yz (O[F]"z — O[F] z)»
proof (rule oth—class—taut:8:e[THEN =E(2)];
rule —1; rule =I; rule —1I; rule GEN; rule —1)
fix z
AOT-assume 0: Vz (O[F]z — O[F]z)>
AOT-assume I: <Q[F]"
AOT-have (O—[Flz»
by (AOT-subst (reverse) —[Flzy «[F]” x»)
(auto simp add: thm—relation—negation:1 1)
AOT-hence 2: «<-0O[F|z»
using KBasic:11[THEN =E(2)] by blast
AOT-show O[F]|"
proof (rule raa—cor:1)
AOT-assume 3: —0O[F] ™ 2
AOT-have «—0O-[F]z»
by (AOT-subst (reverse) <—[Flzy <[F]” x»)
(auto simp add: thm—relation—negation:1 3)
AOT-hence «Q[F|z»
using conventions:5[{THEN =q;1] by simp
AOT-hence O[F]z) using 0 VE —FE by fast
AOT-thus O[F]z & -0O[F]2) using &I 2 by blast
qed
next
fix z
AOT-assume 0: Vz (O[F] z — O[F] x)»
AOT-assume I: <Q[F]a»
AOT-have (Q-[F]"
by (AOT-subst «<—=[F]” x> «[F]z»)
(auto simp: thm—relation—negation:2 1)
AOT-hence 2: (-0O[F]™ 2
using KBasic:11[THEN =E(2)] by blast
AOT-show <O[F]x»
proof (rule raa—cor:1)
AOT-assume 3: <—0[F|z»
AOT-have (—-0O-[F]" o
by (AOT-subst <—[F]~z» «[F|x»)
(auto simp add: thm—relation—negation:2 3)
AOT-hence <O[F]” 2
using conventions:5[THEN =q;1] by simp
AOT-hence (O[F]"z) using 0 VE —E by fast
AOT-thus O[F]"z & -0O[F]” 2> using &I 2 by blast
qed
qed
also AOT-have «... = WeaklyContingent([F]™)»
using df —cont—nec[THEN =Df, symmetric] by blast
finally show ?thesis.
qed

AOT-theorem cont—nec—fact1:2:
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«( WeaklyContingent([F]) & —WeaklyContingent([G])) — F # G»
proof (rule —1I; rule =—infitf] THEN =q4;1]; rule raa—cor:2)
AOT-assume I: «WeaklyContingent([F]) & —WeaklyContingent([G])>
AOT-hence « WeaklyContingent([F])> using &E by blast
moreover AOT-assume <F = G»
ultimately AOT-have < WeaklyContingent([G])>
using rule=F by blast
AOT-thus « WeaklyContingent([G]) & —WeaklyContingent([G])>
using 1 &I &E by blast
qed

AOT-theorem cont—nec—fact2:1: « WeaklyContingent(O!)»
proof (rule df —cont—nec[THEN =q4;1]; rule &I)
AOT-show «Contingent(O!)»
using oa— contingent:/.
next
AOT-show Yz (0[O!z — O[Oz)>
apply (rule GEN; rule —1)
using oa—facts:5{THEN =E(1)] by blast
qed

AOT-theorem cont—nec—fact2:2: <« WeaklyContingent(A!)»
proof (rule df —cont—nec[THEN =q¢1]; rule &1I)
AOT-show «Contingent(A!)
using oa—contingent:5.
next
AOT-show Vz (O[Alz — O[Al]z)»
apply (rule GEN; rule —1)
using oa—facts:6{THEN =E(1)] by blast
qed

AOT-theorem cont—nec—fact2:8: «<— WeaklyContingent(E!)»
proof (rule df —cont—nec[THEN =Df,
THEN oth— class—taut:4:b| THEN =FE(1)],
THEN =E(2));
rule DeMorgan(1)[THEN =E(2)]; rule VI(2); rule raa—cor:2)
AOT-have 03z (Elz & -AE!z)) using gmi:4[aziom-inst].
AOT-hence 3z O(Elz & ~AE!z)) using BFO[THEN —E] by blast
then AOT-obtain a where <O(Ela & —AF!a)) using 3 E[rotated] by blast
AOT-hence I: <OE!a & O—AE!a) using KBasic2:3[THEN —E] by simp
moreover AOT-assume Vz (O[Ellx — O[E!|x)»
ultimately AOT-have (JE'!a)» using &F VE —E by fast
AOT-hence (AE!a) using nec—imp—act[THEN —E] by blast
AOT-hence OAE!a) using gml—act:1[aziom-inst, THEN —FE] by blast
moreover AOT-have <—-UAE!a
using KBasic:11[THEN =E(2)] 1{THEN &E(2)] by meson
ultimately AOT-have (JAFE'a & —JAFE!a> using &I by blast
AOT-thus <p & —p» for p using raa—cor:1 by blast
qed

AOT-theorem cont—nec—fact2:4: «—WeaklyContingent(L)>
apply (rule df—cont—nec[THEN =Df,
THEN oth— class—taut:4:b[ THEN =E(1)],
THEN =E(2));
rule DeMorgan(1)[THEN =FE(2)]; rule VI(1))
apply (rule contingent—properties:4
[THEN =Df,
THEN oth— class—taut:4:b| THEN =FE(1)],
THEN =E(2)))
apply (rule DeMorgan(1)[THEN =FE(2)];
rule VI(2);
rule useful—tautologies:2| THEN — F))
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using thm—noncont—e—e:3[THEN contingent—properties:3[THEN =45 E]].

AOT-theorem cont—nec—fact2:5: <O! # E' & O! # E!” & Ol # L & O! # L™»
proof —
AOT-have I: <L}»
by (rule =471(2)[OF L-def]) cqt:2[lambda)+

fix pand IIT I’ :: «<K>>
AOT-have A: <=(p{Il'} = p{I1})) if «p{II}> and —e{Il'}
proof (rule raa—cor:2)
AOT-assume <p{Il'} = p{II}H
AOQT-hence «p{I1'}) using that(1) =E by blast
AOQT-thus «p{I1'} & —p{Il'}> using that(2) &I by blast
qed
AOT-have (I’ # Iy if <I1}» and <I1'}» and «p{Il}> and —e{Il'}
using pos—not—equiv—ne:{[unvarify F G, THEN —E,
OF that(1,2), OF A[OF that(3, 4)]]-
} note 0 = this
show %thesis
apply (safe intro!: &I; rule 0)
apply cqt:2
using oa—exist: 1 apply blast
using cont—nec—fact2:3 apply fast
apply (rule useful—tautologies:2[THEN —E))
using cont—nec—fact2:1 apply fast
using rel—neg—T1:3 apply fast
using oa—exist:1 apply blast
using cont—nec—factl:1|THEN oth—class—taut:4:b[THEN =E(1)],
THEN =E(1), rotated, OF cont—nec—fact2:3] apply fast
apply (rule useful—tautologies:2[THEN —E]))
using cont—nec—fact2:1 apply blast
apply (rule =q5I(2)[OF L-def]; cqt:2[lambdal)
using oa—exist: 1 apply fast
using cont—nec—fact2:4 apply fast
apply (rule useful—tautologies: 2| THEN — E])
using cont—nec—fact2:1 apply fast
using rel—neg—T:8 apply fast
using oa—exist:1 apply fast
apply (rule cont—nec—factl:1[unvarify F,
THEN oth—class—taut:4:b[THEN =E(1)],
THEN =E(1), rotated, OF cont—nec—fact2:4))
apply (rule =q5I(2)[OF L-def]; cqt:2[lambdal)
apply (rule useful—tautologies:2[ THEN — E])
using cont—nec—fact2:1 by blast
qed

AOT-theorem cont—nec—fact2:6: <Al # E! & Al # EI” & Al # L & Al # L™
proof —
AOT-have I: <L}»
by (rule =4¢I1(2)[OF L-def]) cqt:2[lambda)+
{
fix p and T IT’ :: «<k>>
AOT-have A: =(p{Il'} = p{I1})) if «p{II}> and —e{Il'}
proof (rule raa—cor:2)
AOT-assume «p{I1'} = p{II}
AOQT-hence «p{I1'}) using that(1) =E by blast
AQT-thus «p{I1'} & —p{Il'}> using that(2) &I by blast
qed
AOT-have (I1’ # Iy if <I1}» and <I1'}» and «p{I1}> and —e{Il'}>
using pos—not—equiv—ne:{[unvarify F G, THEN —E,
OF that(1,2), OF A[OF that(3, 4)]].
} note 0 = this
show ?thesis
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apply(safe intro!: &I; rule 0)
apply cqt:2
using oa—ezist:2 apply blast
using cont—nec—fact2:3 apply fast
apply (rule useful—tautologies:2[ THEN — E])
using cont—nec—fact2:2 apply fast
using rel—neg—T:8 apply fast
using oa—ezist:2 apply blast
using cont—nec—factl:1[THEN oth—class—taut:4:b[THEN =E(1)],
THEN =E(1), rotated, OF cont—nec—fact2:3] apply fast
apply (rule useful—tautologies:2[ THEN — E])
using cont—nec—fact2:2 apply blast
apply (rule =a;I(2)[OF L-def]; cqt:2[lambdal)
using oa—ezist:2 apply fast
using cont—nec—fact2:4 apply fast
apply (rule useful—tautologies:2[ THEN — E])
using cont—nec—fact2:2 apply fast
using rel—neg—T:3 apply fast
using oa—erist:2 apply fast
apply (rule cont—nec—factl: 1[unvarify F,
THEN oth— class—taut:4:b[ THEN =E(1)],
THEN =E(1), rotated, OF cont—nec—fact2:4)])
apply (rule =q5I(2)[OF L-def]; cqt:2[lambdal)
apply (rule useful—tautologies:2[THEN —E))
using cont—nec—fact2:2 by blast
qed

AOT-define necessary-or-contingently-false :: <o = @> (<A-» [49] 54)
«(Ap =q5 Op V (mAp & Op)»

AOT-theorem sizteen:
shows (3F13F23F33F43F53F63F73F83F93F103F113F123F133F143F153F16(
<<F1::<K>>>#F2&F1#F3&F1#F4&F1#F5&F1#F6&F1#F7&
Fl#Fg&Fl#Fg&Fl#Flo&Fl#Fll&Fl#Flg&Fl#F13&
Fi1#Fiu& F1# Fi5 & F1 # Fis &
Fo# Fs & Fo #£ Fy & Fo # F5 & Fo # Fe & Fo # F7 & Fo # Fg &
F2#F9&F2#F10&F2#Fll&Fz#Flz&Fg#Flg&F27éF14&
Fo # Fi5 & Fo # F16 &
F3§£F4&F37£F5&F3#F@&Fg#F’r&Fg#Fs&FQ,#Fg&Fg;éFlo&
F3#Fll&F;;?éFlQ&Fg#Flg&F3#F14&F3#F15&F3#F16&
Fys# F5 & Fa # Fe & Fyu # F7 & Fua # Fs & Fu # Fg & Fa # Fi0 & Fu # F11 &
Fy#Fi2& Fy # F13 & Fua # F14 & Fyu # F15 & Fu # F16 &
F5#FG&F;)#F7&F5#Fg&Fs#FQ&FE')#Flo&F5#F11&F5;ﬁF12&
Fs # F13 & F5 # F14 & F5 # F15 & F5 # F16 &
F6§£F7&F655F8&F6#Fg&FayéFlo&Fe#Fll&FG#F12&F67ﬁF13&
FG#F14&F675F15&F6;£F16&
F7 # Fg & Fr # Fog & F7 # F10 & F7 # F11 & F7 # Fi12 & F7 # F13 & F7r # F1a &
F7#F15&F75£F16&
Fg;ﬁFg&Fg#Flo&Fg#Fll&Fg;éFlg&Fg#Flg&Fg;éF14&F8#F15&
Fs # Fi6 &
Fg;éFlo&Fg#F11&Fg#F12&F976F13&F9#F14&F9#F15&F9#F16&
Fio0 # F11 & F10 # Fi2 & Fi1o0 # F13 & Fi10 # F14a & Fi0 # F15 & Fi0 # Fi6 &
Fi1.# Fio & Fi11 # Fi13 & F11 # F1a & F11 # Fi5 & F11 # Fi6 &
Fi9 # Fi3 & Fi120 # Fi1a & F12 # F15 & Fi2 # Fi6 &
Fi13 # F14 & Fi13 # F15 & F13 # Fi6 &
Fi4 # F15 & F14 # F16 &
Fi5 # Fi6)
proof —
AOT-have Delta-pos: <Ap — Q> for ¢
proof(rule —1I)
AOT-assume (Ap»
AOT-hence Oy V (nAp & Op)
using =47 F[OF necessary-or-contingently-false] by blast

177



moreover {
AOT-assume <[yp»
AOT-hence Q>
by (metis BO T vdash—properties:10)
}

moreover {
AOT-assume (—Ap & Op»
AOT-hence Q>
using & F by blast

ultimately AOT-show (¢
by (metis VE(2) raa—cor:1)
qed

AQOT-have act-and-not-nec-not-delta: (—Ayp) if <Ap> and (—Oyp> for ¢
using =4 F & E(1) VE(2) necessary-or-contingently-false
raa—cor:3 that(1,2) by blast
AQOT-have act-and-pos-not-not-delta: <-—Agp» if «(Apy and «O—p»> for ¢
using KBasic:11 act-and-not-nec-not-delta =F(2) that(1,2) by blast
AQOT-have impossible-delta: <—Agp» if (=Qp» for ¢
using Delta-pos modus—tollens:1 that by blast
AQOT-have not-act-and-pos-delta: (Ap) if <~ Ap> and Q> for ¢
by (meson =451 &I VI(2) necessary-or-contingently-false that(1,2))
AOT-have nec-delta: <Ap» if Op> for ¢
using =457 VI(1) necessary-or-contingently-false that by blast

AQOT-obtain a where a-prop: <Alay
using A—objects[aziom-inst] 3 E[rotated] & E by blast
AOT-obtain b where b-prop: «<O[E!]b & —A[E!]b
using pos—not—pna:3 using 3 E[rotated] by blast

AOT-have b-ord: <[O!]b
proof(rule =q51(2)[OF AOT-ordinary])
AOT-show «[Az O[E!|z]]» by cqt:2[lambda]
next
AOT-show ([Az O[E!z]b
proof (rule S+ C(1); (cqt:2[lambdal) ?)
AOT-show <bl> by (rule cqt:2[const-var][aziom-inst])
AOT-show (Q[E!by by (fact b-prop|[ THEN & E(1)])
qged
qed

AOT-have nec-not-L-neg: <0-[L7|z» for z
using thm—noncont—e—e:2 contingent—properties:2| THEN =4;E] &E
CBF|THEN —E)] V E by blast
AOT-have nec-L: <O[L]z) for z
using thm—noncont—e—e:1 contingent—properties:1[THEN =g E]
CBF|THEN —E] V E by blast

AOT-have act-ord-b: <A[O!]b>
using b-ord =E(1) oa—facts:7 by blast
AOT-have delta-ord-b: <A[O!]b
by (meson =451 b-ord VI(1) necessary-or-contingently-false
oa—facts:1 —F)
AOT-have not-act-ord-a: <—A[O!]a>
by (meson a-prop =E(1) =E(8) oa—contingent:8 oa— facts:7)
AOT-have not-delta-ord-a: <—-A[O!]a
by (metis Delta-pos =E(4) not-act-ord-a oa—facts:3 oa—facts:7
reductio—aa:1 —F)

AOT-have not-act-abs-b: —A[A!]b>

by (meson b-ord =E(1) =E(3) oa—contingent:2 oa—facts:8)
AOQOT-have not-delta-abs-b: (—A[Al]b>
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proof(rule raa—cor:2)
AOT-assume (A[Al]b
AOT-hence (Q[A!]b
by (metis Delta-pos vdash—properties:10)
AOT-thus [Al]b & —[Alb
by (metis b-ord &I =E(1) oa— contingent:2
oa—facts:f —E)
qed
AOT-have act-abs-a: «A[Al]a
using a-prop =E(1) oa—facts:8 by blast
AOT-have delta-abs-a: <A[Al]a
by (metis =q¢1 a-prop oa—facts:2 —E VI(1)
necessary-or-contingently-false)

AOT-have not-act-concrete-b: «—~A[E"]b
using b-prop &E(2) by blast
AOQOT-have delta-concrete-b: <A[E!]b
proof (rule =q¢I[OF necessary-or-contingently-false];
rule VI(2); rule &I)
AOT-show —A[E!|b> using b-prop &E(2) by blast
next
AOT-show «Q[E!b» using b-prop &FE(1) by blast
qed
AOT-have not-act-concrete-a: <—A[E!a
proof (rule raa—cor:2)
AOT-assume <A[E!|a)
AOT-hence I: <O[E!la> by (metis Act—Sub:3 —E)
AOT-have [Alla> by (simp add: a-prop)
AOT-hence Xz ~O[E!z]a
by (rule =q5E(2)[OF AOT-abstract, rotated]) cqt:2
AOT-hence —=Q[E!la» using f—C(1) by blast
AOT-thus «Q[E!]a & —Q[E!]a> using I &I by blast
qed
AOT-have not-delta-concrete-a: <= A[E!]a)
proof (rule raa—cor:2)
AOT-assume (A[E!]a)
AOT-hence I: <Q[E!]a> by (metis Delta-pos vdash—properties:10)
AOT-have [Alla> by (simp add: a-prop)
AOT-hence ([Az —~O[E!]z]a
by (rule =45 E(2)[OF AOT-abstract, rotated]) cqt:2[lambdal
AOT-hence (—{[E!]a> using — C(1) by blast
AOT-thus «Q[E!']a & —O[E!]a> using I &I by blast
ged

AOT-have not-act-q-zero: <—Aqo>
by (meson log—prop—prop:2 pos—not—pna: 1
qgo-def reductio—aa:1 rule—id—df:2:a[zero])
AOT-have delta-g-zero: <Aqo»
proof(rule =q7I[OF necessary-or-contingently-false];
rule VI(2); rule &I)
AOT-show (—.Agqo> using not-act-g-zero.
AOT-show «{go» by (meson &E(1) qo-prop)
qed
AOT-have act-not-q-zero: <A-qo>
using Act— Basic:1 VE(2) not-act-g-zero by blast
AOT-have not-delta-not-q-zero: <-—A-qp»
using =45 F conventions:5 Act—Basic:1 act-and-not-nec-not-delta
&E(1) VE(2) not-act-g-zero qo-prop by blast

AOT-have «[L™|{> by (simp add: rel—neg—T:3)
moreover AOT-have <~ A[L7]b & —=A[L7]b & ~A[L7]a & ~A[L™ o>
proof (safe introl: &I)

AOT-show «—A[L|b
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by (meson =E(1) logic—actual—nec: 1[aziom-inst] nec—imp—act
nec-not-L-neg —E)
AOT-show (—A[L™]b
by (meson Delta-pos KBasic2:1 =E(1)
modus—tollens: 1 nec-not-L-neg)
AOT-show —A[L |a»
by (meson =E(1) logic—actual—nec: 1[aziom-inst]
nec—imp—act nec-not-L-neg —E)
AOT-show (—A[L™|a
using Delta-pos KBasic2:1 =FE(1) modus—tollens:1
nec-not-L-neg by blast
qed
ultimately AOT-obtain Fy where (—A[Fo]b & —A[Fo]b & - A[Fola & —A[Fo]a
using 3 I(1)[rotated, THEN 3 E[rotated]] by fastforce
AOT-hence (—A[Fy]b» and —A[Fo]b» and —A[Fo]a> and (—A[Fo]a»
using & F by blast+
note props = this

let 7I1 = «[A\y [ANy & qo]»
AOT-modally-strict {
AOT-have <[« ?II»]{> by cgt:2[lambda]
} note 1 = this
moreover AOT-have - A« /II»]b & A« AI»]b & ~ A« IIv]a & A« »]a>
proof (safe introl: &I; AOT-subst <[A\y Aly & qo]z» <Alz & qo» for: z)
AOT-show - A([A!b & qo)»
using Act—Basic:2 &E(1) =E(1) not-act-abs-b raa—cor:3 by blast
next AOT-show (—A([A!]b & qo)»
by (metis Delta-pos KBasic2:3 &E(1) =E(4) not-act-abs-b
oa—facts:4 oa—facts:8 raa—cor:3 —E)
next AOT-show «—A([A!a & qo)»
using Act—Basic:2 &E(2) =E(1) not-act-g-zero
raa—cor:3 by blast
next AOT-show (A([Al]la & qo)»
proof (rule not-act-and-pos-delta)
AOT-show —A([Ala & qo)»
using Act—Basic:2 &E(2) =E(4) not-act-g-zero
raa—cor:3 by blast
next AOT-show «Q([Al]la & qo)»
by (metis &I —E Delta-pos KBasic:16 &E(1) delta-abs-a
=E(1) oa—facts:6 qo-prop)
qed
qged(auto simp: beta—C—meta|THEN —E, OF 1))
ultimately AOT-obtain F; where (~A[F1]b & —A[F1]b & -A[F1]a & A[F1]a
using 3 I(1)[rotated, THEN 3 E[rotated]] by fastforce
AOT-hence (- A[F1]b> and (—A[F1]b> and (—A[F1i]a) and (A[F1]a
using & F by blast+
note props = props this

let 7I1 = «[Ay [Aly & —qo]»
AOT-modally-strict {
AOT-have <[« 7II»]> by cgt:2[lambda]
} note 1 = this
moreover AOT-have (- A« /II»]b & —A[«AI»]b & A[« IIn]a & ~A[« I»]a>
proof (safe introl: &I; AOT-subst <[\y Aly & —qo]z> <Alzx & —go» for: x)
AOT-show (- A([A!]b & —qo)»
using Act—Basic:2 &FE(1) =E(1) not-act-abs-b raa—cor:8 by blast
next AOT-show (—A([A!]b & —qo)»
by (meson RM{ Delta-pos Conjunction Simplification(1) =E(4)
modus—tollens: 1 not-act-abs-b oa—facts:4 oa—facts:8)
next AOT-show «A([Al]la & —qo)»
by (metis Act— Basic:1 Act— Basic:2 act-abs-a &I VE(2)
=F(8) not-act-g-zero raa—cor:3)
next AOT-show (—A([Al]la & —qo)»
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proof (rule act-and-not-nec-not-delta)
AOT-show «A([A!]a & —qo)>
by (metis Act—Basic:1 Act—Basic:2 act-abs-a &I VE(2)
=FE(3) not-act-q-zero raa—cor:3)
next
AOT-show «—0O([Al]la & —qo)»
by (metis KBasic2:1 KBasic:3 &FE(1) &E(2) =E(4)
qo-prop raa—cor:3)
qed
qed(auto simp: beta—C—meta| THEN —FE, OF 1))
ultimately AOT-obtain F> where (—A[F2]b & ~A[F2]b & A[F2]a & ~A[F2]a
using 3 I(1)[rotated, THEN 3 E[rotated]] by fastforce
AOT-hence (—A[F3]b> and (—A[F3]b> and <A[F2]a> and (—A[F2]a
using & F by blast+
note props = props this

AOT-have abstract-prop: -~ A[ANb & ~A[Ab & A[Alla & A[Alla>
using act-abs-a &I delta-abs-a not-act-abs-b not-delta-abs-b
by presburger

then AOT-obtain F3 where (—A[F3]b & —A[F3]b & A[F3la & A[Fs]a
using 31(1)[rotated, THEN 3 E[rotated]| oa—ezist:2 by fastforce

AOT-hence (- A[F3]by and (—A[Fs]b> and «A[F3]a> and <A[Fs]a
using & F by blast+

note props = props this

AOT-have «(—A[E!]b & A[E!b & ~A[E!]a & -A[E"a
by (meson &I delta-concrete-b not-act-concrete-a
not-act-concrete-b not-delta-concrete-a)
then AOT-obtain Fs where (—A[F4]b & A[F4]b & —A[F4]a & —~A[F4]a
using 3 I(1)[rotated, THEN 3 E[rotated)]
by fastforce
AOT-hence (—A[F4]b> and <A[F4]b> and (—~A[F4]a> and (—A[F4]a>
using & F by blast+
note props = props this

AOT-modally-strict {
AOT-have <[Ay qo]{> by cqt:2[lambda]
} note 1 = this
moreover AOT-have - A[Ay qo]b & A[Ay qo]b & = ANy qola & A[Ay gola>
by (safe introl: &I; AOT-subst <[\y qo]b> <qo> for: b)
(auto simp: not-act-g-zero delta-g-zero beta— C—meta| THEN —E, OF 1])
ultimately AOT-obtain F5 where (—A[F5]b & A[F5]b & ~A[F5]a & A[Fs]a>
using 3 I(1)[rotated, THEN 3 E[rotated)]
by fastforce
AOT-hence (—A[Fs5]b» and (A[F5]by and <—A[F5]a> and <A[F5]a
using & F by blast+
note props = props this

let 711 = «[A\y [El]ly V ([Ally & —qo)]»
AOT-modally-strict {
AOT-have <[« 7II»]> by cgt:2[lambda]
} note 1 = this
moreover AOT-have - A« II»]b & A« II»]b & A[« IIn]a & —A[« IIn]a>
proof(safe introl: &I,
AOT-subst <[\y Ely v (Aly & —qo)]z> <Elz V (Alz & —qo)» for: z)
AOT-have «A-([A!b & —qo)»
by (metis Act—Basic:1 Act—Basic:2 abstract-prop &E(1) VE(2)
=F(1) raa—cor:3)
moreover AOT-have —A[E!]b
using b-prop &E(2) by blast
ultimately AOT-have 2: (A(—[E!b & —([A!b & —qo))>
by (metis Act—Basic:2 Act—Sub:1 &I =E(3) raa—cor:1)
AOT-have <(A-([E!]b Vv ([Al]b & —qo))»
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by (AOT-subst <—([E!]b V ([Al]b & —qo0))» <= [E!b & —([Al]b & —q0)»)
(auto simp: oth—class—taut:5:d 2)
AOT-thus «(—A([E!]b v ([Al]b & —q0))»
by (metis =—I Act—Sub:1 =E(4))
next
AOT-show <A([ENb V ([Al]b & —q0))>
proof (rule not-act-and-pos-delta)
AOT-show «—A([E!b v ([Al]b & —q0))»
by (metis Act—Basic:2 Act—Basic:9 VE(2) raa—-cor:3
Conjunction Simplification(1) =E(4)
modus—tollens: 1 not-act-abs-b not-act-concrete-b)
next
AOT-show <«O([Eb V ([ANb & —qo))»
using KBasic2:2 b-prop &E(1) VI(1) =E(3) raa—cor:8 by blast
qed
next AOT-show <A([Ela V ([Alla & —qo0))>
by (metis Act—Basic:1 Act—Basic:2 Act—Basic:9 act-abs-a &1
VI(2) VE(2) =E(8) not-act-g-zero raa—cor:1)
next AOT-show —A([E'a V ([Alla & —q0))>
proof (rule act-and-not-nec-not-delta)
AOT-show <A([E!la V ([Alla & —q0))»
by (metis Act—Basic:1 Act—Basic:2 Act—Basic:9 act-abs-a &I
VI(2) VE(2) =E(3) not-act-g-zero raa—cor:1)
next
AOT-have O-[Ela>
by (metis =asI conventions:5 &I VI(2)
necessary-or-contingently-false
not-act-concrete-a not-delta-concrete-a raa— cor:3)
moreover AOT-have «0—([Alla & —qo)»
by (metis KBasic2:1 KBasic:11 KBasic:3
&E(1,2) =E(1) qo-prop raa—cor:3)
ultimately AOT-have «O(—[E!a & —([Alla & —q0))>
by (metis KBasic:16 &1 vdash—properties:10)
AOT-hence «O—([Ella V ([Alla & —qo0))»
by (metis REQ =E(2) oth—class—taut:5:d)
AOT-thus «(-0O([El]la V ([Alla & —qo0))»
by (metis KBasic:12 =E(1) raa—cor:3)
qed
qged(auto simp: beta—C—meta|THEN —E, OF 1))
ultimately AOT-obtain Fs where (—A[F¢|b & A[F¢]b & A[Fsla & —A[Fs]a»
using 3 I(1)[rotated, THEN 3 E[rotated]] by fastforce
AOT-hence (—A[Fs]b» and (A[Fg]by and <A[Fs]a> and —A[Fg|a
using & F by blast+
note props = props this

let 711 = «[Ay [Ally V [EYy]»
AOT-modally-strict {
AOT-have <[« 7II»]{> by cgt:2[lambda]
} note 1 = this
moreover AOT-have - A« II»]b & A[« II»]b & A[« IIn]a & A« /II»]a
proof(safe introl: &I; AOT-subst ([Ay Aly V Elylxy <Alz V Elz» for: x)
AOT-show «—A([Al]b Vv [E!]b)>
using Act—Basic:9 VE(2) =E(4) not-act-abs-b
not-act-concrete-b raa—cor:3 by blast
next AOT-show <A([Al]b V [Eb)>
proof (rule not-act-and-pos-delta)
AOT-show «—A([Al]lb Vv [E!]b)>
using Act—Basic:9 VE(2) =E(4) not-act-abs-b
not-act-concrete-b raa—cor:3 by blast
next AOT-show «Q([A!]b V [E!]b)>
using KBasic2:2 b-prop &E(1) VI(2) =FE(2) by blast
qed
next AOT-show «A([Al]a V [E!]a)>
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by (meson Act—Basic:9 act-abs-a VI(1) =E(2))
next AOT-show <A([Alla V [E'a) »
proof (rule nec-delta)
AOT-show ([Al]a V [E']a)>
by (metis KBasic:15 act-abs-a act-and-not-nec-not-delta
Disjunction Addition(1) delta-abs-a raa—cor:8 —E)
qed
qed(auto simp: beta—C—meta| THEN —E, OF 1))
ultimately AOT-obtain F7 where (- A[F7]b & A[F7]b & A[F7]a & A[F7]a
using 3 I(1)[rotated, THEN 3 E[rotated]| by fastforce
AOT-hence (- A[F7]b> and (A[F7]b> and (A[F]a> and (A[F7]a>
using & F by blast+
note props = props this

let 711 = «[Ay [OVy & —[EYy]»
AOT-modally-strict {
AOT-have [« ?I»]]» by cqt:2[lambda]
} note 1 = this
moreover AOT-have «A[«?II»|b & —A[« II»]b & —~A[« lIn]a & —A[« II»]a>
proof(safe intro!: &I; AOT-subst <[Ay Oly & —Ely|zy <Olz & —Elz) for: x)
AOT-show <A([O!b & —[E!]b)>
by (metis Act—Basic:1 Act—Basic:2 act-ord-b &I VE(2)
=F(8) not-act-concrete-b raa—cor:3)
next AOT-show (—A([O!]b & —[E!b)»
by (metis (no-types, opaque-lifting) conventions:5 Act—Sub:1 RM:1
act-and-not-nec-not-delta act—conj—act:3
act-ord-b b-prop &I &E(1) Conjunction Simplification(2)
df —rules— formulas| 3]
=F(8) raa—cor:1 —E)
next AOT-show —A([O!]a & —[E!]a)>
using Act—Basic:2 &E(1) =E(1) not-act-ord-a raa—cor:3 by blast
next AOT-have (—0([O]a & —[E!]a)>
by (metis KBasic2:3 &E(1) =E(4) not-act-ord-a oa—facts:3
oa— facts: 7 raa— cor:3 vdash—properties:10)
AOT-thus «(—A([Oa & —[Ea)>
by (rule impossible-delta)
qed(auto simp: beta—C—meta|[ THEN —FE, OF 1))
ultimately AOT-obtain Fs where (A[Fs]b & —A[Fs]b & ~A[Fs]la & ~A[Fs]a
using 3 I(1)[rotated, THEN 3 E[rotated]] by fastforce
AOT-hence (A[Fs]b» and «(—A[Fg]b) and - A[Fs]la» and <—A[Fs]a
using & F by blast+
note props = props this

let 71T = «[Ay —[Ely & ([0Yy V q0)]»
AOT-modally-strict {
AOT-have <[« 7II»]}» by cqt:2[lambda]
} note 1 = this
moreover AOT-have (A« 7II»]b & A« /II»|b & A« IIn]a & A« /II»]a)
proof(safe introl: &I,
AOT-subst <[A\y =Ely & (Oly V qo)]z> <—Elz & (Olz V qo)» for: z)
AOT-show <A(—[E!b & ([0Ob V qo0))»
by (metis Act— Basic:1 Act—Basic:2 Act— Basic:9 act-ord-b &I
VI(1) VE(2) =E(3) not-act-concrete-b raa—cor:1)
next AOT-show (—A(=[E!b & ([0b V qo))»
proof (rule act-and-pos-not-not-delta)
AOT-show <A(—[E!b & ([Ob V qo))»
by (metis Act—Basic:1 Act—Basic:2 Act—Basic:9 act-ord-b &I
VI(1) VE(2) =E(3) not-act-concrete-b raa—cor: 1)
next
AOT-show «O—(—[E!b & ([0b V q0))
proof (AOT-subst «—~(—[E!b & ([0!]b V qo))> <[ENb V =([O!b V qo)»)
AOT-modally-strict {
AOT-show «—(=[E!]b & ([O!]b V qo)) = [E!]b V ~([Ob V qo)>
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by (metis &I &E(1,2) VI(1,2) VE(2)
—1 =1 reductio—aa: 1)
}
next
AOT-show «O([ENb V —([0Ob V qo))
using KBasic2:2 b-prop &E(1) VI(1) =E(3)
raa—cor:3 by blast
qed
qed
next
AOT-show «—A(—[Ela & ([O!]a V qo0))»
using Act—Basic:2 Act—Basic:9 &E(2) VE(3) =E(1)
not-act-ord-a not-act-q-zero reductio—aa:2 by blast
next
AOT-show (A(—[Ela & ([Oa V qo))»
proof (rule not-act-and-pos-delta)
AOT-show (—~A(—[E!a & ([Oa V qo))»
by (metis Act—Basic:2 Act—Basic:9 &FE(2) VE(3) =E(1)
not-act-ord-a not-act-g-zero reductio—aa:2)
next
AOT-have <O-[E!]a)
using KBasic2:1 =F(2) not-act-and-pos-delta not-act-concrete-a
not-delta-concrete-a raa—cor:5 by blast
moreover AOT-have «{([Ol]a V o)
by (metis KBasic2:2 &FE(1) VI(2) =E(8) qo-prop raa—cor:3)
ultimately AOT-show «Q(—[E!a & ([O!]a V qo))»
by (metis KBasic:16 &I vdash—properties:10)
ged
qed(auto simp: beta—C—meta[THEN —E, OF 1])
ultimately AOT-obtain Fy where (A[Fy]b & —A[Fo]b & ~A[Fyla & A[Fg]a
using 3 I(1)[rotated, THEN 3 E[rotated]] by fastforce
AOT-hence (A[Fg]b> and (—A[Fg]b> and —A[F9]a> and <A[Fg]a
using & F by blast+
note props = props this

AOT-modally-strict {
AOT-have «[Ay —qo]{> by cqt:2[lambda]
} note 1 = this
moreover AOT-have <(A[Ay —qo]lb & —A[Ay —qo]b & A[Ay —qola & —A[Ay —go]a>
by (safe introl: &I; AOT-subst <[Ay —qolz» <—qo> for: z)
(auto simp: act-not-g-zero not-delta-not-g-zero
beta—C—meta|[THEN —E, OF 1])
ultimately AOT-obtain Fio where «A[F10]b & —A[F10]b & A[F10]a & —A[F1o]a
using 3 I(1)[rotated, THEN 3 E[rotated]] by fastforce
AOT-hence <A[F10]b> and (—A[F10]b» and (A[F10]a> and <—A[F1o]a
using & F by blast+
note props = props this

AOT-modally-strict {
AOT-have «[Ay —[Ely]}» by cqt:2[lambda)
} note 1 = this
moreover AOT-have «(A[A\y =[E!y]b & ~Al\y ~[El]y]b &
A[dy —[Elyla & Al\y —[Elyla>
proof (safe introl: &I; AOT-subst <[Ay —[E!]y]z» —[E! x> for: x)
AOT-show «A-[E!]b
using Act—Basic:1 VE(2) not-act-concrete-b by blast
next AOT-show (—A-[E!]b
using =45 F conventions:5 Act—Basic:1 act-and-not-nec-not-delta
b-prop & E(1) VE(2) not-act-concrete-b by blast
next AOT-show «A-[E!|a
using Act— Basic:1 VE(2) not-act-concrete-a by blast
next AOT-show (A-[El|a»
using KBasic2:1 =F(2) nec-delta not-act-and-pos-delta
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not-act-concrete-a not-delta-concrete-a reductio—aa: 1
by blast

qed(auto simp: beta—C—meta|THEN —E, OF 1))
ultimately AOT-obtain F11 where «A[F11]b & —A[F11]b & A[F11]a & A[F11]a

using 3 I(1)[rotated, THEN 3 E[rotated]] by fastforce
AOT-hence <A[F11]b> and <—A[F11]b» and (A[F11]a> and <A[F11]a

using & F by blast+
note props = props this

AOT-have «A[O!b & A[O]b & —A[O]a & —A[Oa>
by (simp add: act-ord-b &I delta-ord-b not-act-ord-a not-delta-ord-a)

then AOT-obtain F12 where (A[F12]b & A[F12]b & —A[F12]a & “A[F12]a
using oa—exist:1 3I(1)[rotated, THEN 3 E[rotated]] by fastforce

AOT-hence (A[F12]b> and (A[F12]b» and (~A[F12]a> and (—A[F12]a
using & F by blast+

note props = props this

let 7IT = «[Ay [OYy V gqo]»
AOT-modally-strict {
AOT-have <[« ?II»]}> by cqt:2[lambda)
} note 1 = this
moreover AOT-have <A[«?II»]b & A« II»]b & - A[« AIv]a & A« Ir]a>
proof (safe introl: &I; AOT-subst «([Ay Oly V golz> «Olz V qo> for: z)
AOT-show «A([O!b V go)»
by (meson Act—Basic:9 act-ord-b VI(1) =E(2))
next AOT-show (A([O!]b V qo)»
by (meson KBasic:15 b-ord VI(1) nec-delta oa—facts:1 —E)
next AOT-show —A([O!]a V qo)>
using Act—Basic:9 VE(2) =E(4) not-act-ord-a
not-act-q-zero raa—cor:3 by blast
next AOT-show <A([O!]a V qo)»
proof (rule not-act-and-pos-delta)
AOT-show = A([Ola V qo)»
using Act—Basic:9 VE(2) =FE(4) not-act-ord-a
not-act-g-zero raa—cor:3 by blast
next AOT-show «([Oa V go)»
using KBasic2:2 &E(1) VI(2) =E(2) qo-prop by blast
qed
qged(auto simp: beta—C—meta|THEN —E, OF 1))
ultimately AOT-obtain Fi3 where «A[F13]b & A[F13]b & —A[F13]a & A[F13]a
using 3 I(1)[rotated, THEN 3 E[rotated]] by fastforce
AOT-hence <A[F13]b> and <(A[F13]b> and —~A[F13]a> and <A[F13]a
using & F by blast+
note props = props this

let 7I1 = «[Ay [Olly V —qo]»
AOT-modally-strict {
AOT-have <[« ?II»]]» by cqt:2[lambda]
} note 1 = this
moreover AOT-have <(A[«7II»]b & A« II»]b & A« IIv]a & - A« /Il a>
proof (safe introl: &I; AOT-subst <[Ay Oly V —qo]xy «Olx V —qo» for: z)
AOT-show «A([O!b V —qo)»
by (meson Act—Basic:9 act-not-g-zero VI(2) =E(2))
next AOT-show (A([O!]b V —qo)»
by (meson KBasic:15 b-ord VI(1) nec-delta oa—facts:1 —E)
next AOT-show «A([O!]a V —qo)>
by (meson Act—Basic:9 act-not-q-zero VI(2) =E(2))
next AOT-show —A([O!]a V —qo)>
proof(rule act-and-pos-not-not-delta)
AOT-show «A([OVa V —qo)»
by (meson Act—Basic:9 act-not-q-zero VI(2) =E(2))
next
AOT-have J-[0!]a
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using KBasic2:1 =F(2) not-act-and-pos-delta
not-act-ord-a not-delta-ord-a raa—cor:6 by blast
moreover AOT-have «{qo>
by (meson &E(1) qo-prop)
ultimately AOT-have 2: <0(-[0Ol]a & qo)>
by (metis KBasic:16 &I vdash—properties:10)
AOT-show «O—([OVa V —qo)»
proof (AOT-subst (reverse) <—([Olla V —=¢o)» «—[Ola & qo»)
AOT-modally-strict {
AOT-show «—[0!]la & g0 = —([O!]a V =qo)»
by (metis &I &E(1) &E(2) VI(1) VI(2)
VE(3) deduction—theorem =I raa—cor:3)

}

next
AOT-show Q(—[0a & qo)»
using 2 by blast
qed
qed
qed(auto simp: beta—C—meta| THEN —E, OF 1))
ultimately AOT-obtain F14 where «(A[F14]b & A[F14]b & A[F14]a & —~A[F14]a)
using 3 I(1)[rotated, THEN 3 E[rotated]] by fastforce
AOT-hence (A[F14]b> and <A[F14]b> and «A[F14]a) and <—A[F14]a
using & F by blast+
note props = props this

AOT-have «[L]]»
by (rule =471(2)[OF L-def]) cqt:2[lambda)+
moreover AOT-have <A[L]b & A[L]b & A[L]a & A[L]a
proof (safe introl: &I)
AOT-show <A[L]b
by (meson nec-L nec—imp—act vdash—properties:10)
next AOT-show (A[L]b> using nec-L nec-delta by blast
next AOT-show «A[L]a> by (meson nec-L nec—imp—act —FE)
next AOT-show (A[L]a) using nec-L nec-delta by blast
qed
ultimately AOT-obtain Fi5 where «(A[F15]b & A[F15]b & A[F15]a & A[F15]a»
using 3 I(1)[rotated, THEN 3 E[rotated]] by fastforce
AOT-hence «(A[F15]b> and <A[F15]b> and «A[F15]a> and <A[Fi5]a
using & F by blast+
note props = props this

show ?thesis
by (rule 31(2)[where S=Fy]; rule 3I(2)[where f=F];

rule 3I1(2)[where S=F5]; rule 31(2)[where S=F3];

rule 31(2)[where S=F4]; rule 31(2)[where f=F5];

rule 3I1(2)[where S=F¢|; rule 31(2)[where S=F7];

rule 31(2)[where S=Fs]|; rule 3I1(2)[where S=Fy];

rule 31(2)[where S=F1¢]; rule 3I1(2)[where f=F11];

rule 3I(2)[where f=F13]; rule 31(2)[where S=F3];
2)[ (21

rule 31(2)[where S=F14]; rule 31
safe introl: &I)
(match conclusion in [?v = [F] # [G]] for F G = «
match props in A: [?v |= —p{F}] for ¢ = «
match () in Aa . ?p = «fail> | Aa . a = <fail) | - = «
match props in B: [?v = {G}] = «
fact pos—not—equiv—ne:4[where F=F and G=G and ¢=p, THEN —E,
OF oth—class—taut:4:h|[THEN =E(2)],
OF Disjunction Addition(2)[THEN — E],
OF &I, OF A, OF B]»»)+

where S=F15];

qed

186



8.11 The Theory of Objects

AOT-theorem o—objects—ezist:1: <03z Olx»
proof(rule RN)
AOT-modally-strict {
AOT-obtain a where (Q(Ela & —A[E!]a)>
using 3 E[rotated, OF qml:4[aziom-inst, THEN BFO[THEN —E]||
by blast
AOT-hence I: <QOE!a> by (metis KBasic2:3 &E(1) —E)
AOT-have ([A\z O[E!]z]a
proof (rule S+ C(1); cqt:2[lambda) ?)
AOT-show <al» using cqt:2[const-var][aziom-inst] by blast
next
AOT-show (QFE!ay by (fact 1)
qed
AOT-hence Ola» by (rule =q51(2)[OF AOT-ordinary, rotated]) cqt:2
AOT-thus 3z [0z by (rule 31)
}

qed

AOT-theorem o—objects—exist:2: <03z Alx)
proof (rule RN)
AOT-modally-strict {
AOQT-obtain a where ([A!]a
using A—objects[aziom-inst] 3 E[rotated] &E by blast
AOT-thus <3z Alx) using 31 by blast
}

qed

AOT-theorem o—objects—exist:3: <=V x Olx»
by (rule RN)
(metis (no-types, opaque-lifting) 3 E cqt— orig: 1[const-var]
=FE(4) modus—tollens:1 o—objects— exist:2 oa— contingent:2
gml:2[aziom-inst] reductio—aa:2)

AOT-theorem o—objects—exist:4: -V z Alxy
by (rule RN)
(metis (mono-tags, opaque-lifting) 3 E cqt— orig: 1[const-var]
=F(1) modus—tollens:1 o—objects—exist:1 oa— contingent:2
gml:2[aziom-inst] —E)

AOT-theorem o—objects—exist:5: <O-Vz Elx
proof (rule RN; rule raa—cor:2)
AOT-modally-strict {
AOT-assume (Vz Elx»
moreover AOT-obtain ¢ where abs: (Ala»
using o—objects—exist:2[THEN gqml:2[aziom-inst, THEN — E|]
3 E[rotated] by blast
ultimately AOT-have (FE!a> using V FE by blast
AOT-hence I: <QE'a) by (metis TO —E)
AOT-have Ay OE!ly|a>
proof (rule < C(1); cqt:2][lambda) ?)
AOT-show <al’ using cqt:2[const-var][aziom-inst].
next
AOT-show (QFE!a» by (fact 1)
qed
AOT-hence (O!a
by (rule =q51(2)[OF AOT-ordinary, rotated]) cqt:2[lambda]
AOT-hence «—Alay by (metis =E(1) oa—contingent:2)
AOT-thus <p & —p» for p using abs by (metis raa—cor:3)

qged
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AOT-theorem partition: <=3z (Olz & Alzx)»
proof(rule raa— cor:2)
AOT-assume 3z (Olz & Alz)»
then AOT-obtain ¢ where <Ola & Alw
using 3 E[rotated] by blast
AOT-thus (p & —p» for p
by (metis &E(1) Conjunction Simplification(2) =E(1)
modus—tollens: 1 oa— contingent: 2 raa—cor:3)
qed

AOT-define eq-E :: (I ({'(=g'))
=FE: «((=g) =ay [Azy Olz & Oly & OV F ([Flz = [F]y))

syntax -AOT-eq-E-infiz :: <7 = 7 = ¢ (infix]l <=g» 50)
translations
-AOT-eq-E-infix k k' == CONST AOT-exe (CONST eq-E) (CONST Pair k k')
print-translation«
AOT-syntaz-print-translations
[(const-syntax<AOT-eze), fn ctat => fn |
Const (const-name <eq-E», -),
Const (const-syntaxPairy, -) $ lhs $ rhs
| => Const (syntaz-const<-AOT-eq-E-infixy, dummyT) $ lhs $ rhs)]>

Note: Not explicitly mentioned as theorem in PLM.

AOT-theorem =E][denotes]: «[(=g)]}>
by (rule =q71(2)[OF =E)) cqt:2[lambda)+

AOT-theorem =E—simple:1: <z =g y = (Olz & Oly & OV F ([Flz = [Fly))
proof —
AOT-have I: (Azy [Ol]z & [Olly & OV F ([Flz = [Fly)|{» by cqt:2
show ?thesis
apply (rule =a5I(2)[OF =E]; cqt:2[lambda] ?)
using beta— C—meta| THEN —E, OF 1, unvarify viva, of (-,-),
OF tuple-denotes|[THEN =q41]|, OF &I,
OF cqt:2[const-var][aziom-inst],
OF cqt:2[const-var][aziom-inst]]
by fast
qed

AOT-theorem =E—simple:2: <x =g y — =
proof (rule —1)
AOT-assume <z =g y»
AOT-hence (Olz & Oly & OV F ([Fl|z = [Fly)»
using =F—simple: 1[THEN =E(1)] by blast
AOT-thus <z = o
using =4, I[OF identity:1] VI by blast
qed

AOT-theorem id—nec3:1: <z =g y = O(z =g y)»
proof (rule =I; rule —1)
AOT-assume <z =g y»
AOT-hence Oz & Oly & OV F ([Flz = [Fly)»
using =F—simple:1 =F by blast
AOT-hence (O0!z & OO0y & OOV F ([Flz = [Fly)»
by (metis S5Basic:6 &I &E(1) &E(2) =E(4)
oa—facts: 1 raa— cor:3 vdash—properties:10)
AOT-hence (O(0lz & Oly & OV F ([Flz = [Fly))»
by (metis &E(1) &FE(2) =E(2) KBasic:3 &I)
AOT-thus O(z =g y)»
using =F—simple: 1
by (AOT-subst <z =g y» <Olz & Oly & OV F ([Flz = [Fly)») auto
next
AOT-assume (d(z =g y)
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AOT-thus <z =g y» using gml:2[aziom-inst, THEN —E] by blast
qed

AOT-theorem id—nec3:2: «<O(z =g y) =z =g ¥
by (meson REQ S5Basic:2 id—nec3:1 =E(1,5) Commutativity of =)

AOT-theorem id—nec3:3: «O(z =g y) = O(z = y)
by (meson id—nec3:1 id—nec3:2 =E(5))

syntax -AOT-non-eq-E :: Il ('(Z'))
translations

(D) (#e) == (1) (=g)~
syntax -AOT-non-eq-E-infix :: <1 = 7 = ¢ (infixl #g> 50)
translations

-AOT-non-eq-E-infix k k' ==

CONST AOT-exe (CONST relation-negation (CONST eq-E)) (CONST Pair k k')
print-translation«
AOT-syntaz-print-translations
[(const-syntax<AOT-eze), fn ctat => fn |

Const (const-syntax (relation-negations, -) $ Const (const-name <eq-E), -),

Const (const-syntaxPairy, -) $ lhs $ rhs
| => Const (syntaz-const<-AOT-non-eq-E-infixy, dummyT) $ lhs $ rhs)]>
AOT-theorem thm—neg=FE: <z #g y = —(z =g y)»
proof —

AOT-have 9: [A\z1...22 ~(=g)z1...22]}» by cqt:2

AOT-have z #g y = [Az1...22 ~(=Eg)T1...22]TY)

by (rule =471(1)[OF df—relation—negation, OF 9])
(meson oth—class—taut:3:a)
also AOT-have «... = =(=g)zy
by (safe introl: beta— C—meta| THEN —E, unvarify viva] cqt:2
tuple-denotes| THEN =q51] &)

finally show #thesis.

qed

AOT-theorem id—necj:1: <z #g y = O(z #£g y)

proof —
AOT-have <z #g y = ~(z =g y)» using thm—neg=E.
also AOT-have ... = =0(z =g y)»
by (meson id—nec8:2 =F(1) Commutativity of = oth—class—taut:4:b)
also AOT-have «... = O~(z =g y)
by (meson KBasic2:1 =F(2) Commutativity of =)
also AOT-have «... = O(z #g y)»

by (AOT-subst (reverse) <—(z =g y)» x #g y»)
(auto simp: thm—neg=E oth— class—taut:3:a)
finally show ?thesis.
qged

AOT-theorem id—nec4:2: <Q(z #r y) = (z #& y)»
by (meson REQ S5Basic:2 id—nec/:1 =F(2,5) Commutativity of =)

AOT-theorem id—nec:3: «<O(z #r y) = O(z #r y)»
by (meson id—nec4:1 id—nec:2 =E(5))

AOT-theorem id—act2:1: <x =g y = Az =g 3

by (meson Act—Basic:5 Act—Sub:2 RA[2] id—nec3:2 =FE(1,6))
AOT-theorem id—act2:2: «x #g y = Az #g ¥

by (meson Act—Basic:5 Act—Sub:2 RA[2] id—nec4:2 =E(1,6))

AOT-theorem ord=FEequiv:1: <Olxz — x =g >
proof (rule —1I)
AOT-assume I: (Olz)
AOT-show <x =g
apply (rule =q;I(2)[OF =F)) apply cqt:2[lambda)
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apply (rule B+ C(1))
apply cgt:2[lambda)
apply (simp add: &I cqt:2[const-var]|[aziom-inst] prod-denotesI)
by (simp add: 1 RN &I oth—class—taut:3:a universal— cor)
qed

AOT-theorem ord=FEequiv:2: <x =g y — Yy =g

proof(rule CP)
AOT-assume I: <z =g 3
AOT-hence 2: <z = y» by (metis =E—simple:2 vdash—properties:10)
AOT-have «Olz) using 1 by (meson &E(1) =E—simple:1 =E(1))
AOT-hence (x =g > using ord=Fequiv:1 —FE by blast
AOT-thus <y =g z» using rule=FE|[rotated, OF 2] by fast

qed

AOT-theorem ord=Fequiv:3: «(z =g y & y =g 2) > & =g 2
proof (rule CP)
AOT-assume [: <x =g y & y =g 2
AOT-hence <z =y & y = »
by (metis &I &E(1) &E(2) =FE—simple:2 vdash—properties:6)
AOT-hence <z = 2> by (metis id—eq:3 vdash—properties:6)
moreover AOT-have (z =g o
using I[THEN &E(1)] &E(1) =E—simple:1 =E(1)
ord=FEequiv:1 —F by blast
ultimately AOT-show «z =g 2»
using rule=F by fast
qed

AOT-theorem ord—=E=:1: <(Olz V Oly) - O(z = y = z =g y)»
proof(rule CP)
AOT-assume <Olz VvV Oly»
moreover {
AOT-assume (O!z»
AOT-hence (JO0!z) by (metis oa—facts: 1 vdash—properties:10)
moreover {
AOT-modally-strict {
AOT-have <Olz —» (z =y =2z =g y)»
proof (rule —1I; rule =I; rule —1)
AOT-assume <O!z)
AQOT-hence «x =g 2> by (metis ord=Fequiv:1 —FE)
moreover AOT-assume <z = y»
ultimately AOT-show <z =g 3> using rule=E by fast
next
AOT-assume <z =g y»
AOT-thus <z = y» by (metis =E—simple:2 —F)
qged
}
AOT-hence 00!z — O(z = y = z =g y)» by (metis RM:1)
}
ultimately AOT-have (O(z = y = = =g y)> using —F by blast
}
moreover {
AOT-assume (Oly»
AOT-hence OO0y by (metis oa—facts:1 vdash—properties: 10)
moreover {
AOT-modally-strict {
AOT-have <Oy —» (z =y =2z =g y)
proof (rule —1I; rule =I; rule —1)
AQOT-assume Oy
AOT-hence <y =g y» by (metis ord=Fequiv:1 —E)
moreover AOT-assume <z = y»
ultimately AOT-show <z =g y» using rule=F id-sym by fast
next
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AOT-assume <z =g y»
AOT-thus <z = y» by (metis =FE—simple:2 —F)
qed

}
AOT-hence <00y — O(z = y = z =g y)» by (metis RM:1)

ultimately AOT-have O(z = y = = =g y)> using —FE by blast
}
ultimately AOT-show (J(z = y = 2 =g y)» by (metis VE(3) raa—cor:1)
qed

AOT-theorem ord—=FE=:2: <Oly — [Az z = y|{»
proof (rule —1I; rule safe—ext[aziom-inst, THEN —E]; rule &I)
AOT-show <Az z =g y|» by cqt:2[lambda]
next
AOT-assume <Oly»
AOT-hence I: <O(z =y =1z =g y) for z
using ord—=FE=:1 —F VI by blast
AOT-have <J(z =g y =z = y)» for z
by (AOT-subst <t =g y =z =y &=y =2 =g V)
(auto simp add: Commutativity of = 1)
AOT-hence Vz U(z =g y = z = y)» by (rule GEN)
AOT-thus <OVz (z =g y = z = y)» by (rule BF[THEN —E])
qed

AOT-theorem ord—=FE=:3: <[Azy Olz & Oly & = = y|}»
proof (rule safe—ext[2][aziom-inst, THEN —E]; rule &1I)
AOT-show «[Azy Oz & Oly & z =g y||» by cqt:2[lambda]
next
AOT-show «VaVy ([Olz & [Oy & =z =g y =[Oz & [Ol]y & = = y)»
proof (rule RN; rule GEN; rule GEN; rule =I; rule —1)
AOT-modally-strict {
AOT-show «[Olz & [0y & z = y if ([Ol]z & [Olly & z =g y» for z y
by (metis &I &E(1) Conjunction Simplification(2) =E—simple:2
modus—tollens: 1 raa—cor:1 that)
}
next
AOT-modally-strict {
AOT-show «[Olz & [0y & z =g v if ([Olz & [Oy & z =y for z y
apply (safe intro!: &I)
apply (metis that{ THEN &E(1), THEN &E(1)])
apply (metis that{ THEN &E(1), THEN &E(2)])
using rule=E[rotated, OF that|THEN &E(2)]]
ord=FBequiv: [THEN —E, OF that[THEN &E(1), THEN &E(1)]]
by fast
}
qed
qed

AOT-theorem ind—nec: <VF ([Flz = [Fly) —» OV F ([Flz = [Fly)»
proof(rule —1I)

AOT-assume <V F ([Flz = [Fly)

moreover AOT-have Az OV F ([Flz = [Fly)]i» by cqt:2[lambda)

ultimately AOT-have Az OV F ([F]z = [Fly)]z = [A\z OV F ([Flz = [Fly)]y

using V £ by blast
moreover AOT-have Az OV F ([Flz = [Fly)|y

apply (rule B+ C(1))

apply cqt:2[lambda)

apply (fact cqt:2[const-var][aziom-inst])

by (simp add: RN GEN oth—class—taut:3:a)
ultimately AOT-have Az OV F ([F]z = [F]y)]z» using =F by blast
AOT-thus OV F ([F]z = [F]y)»
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using f— C(1) by blast
qed

AOT-theorem ord=E:1: «(Olz & Oly) — (VF ([Flz = [Fly) — z =& y)»
proof (rule —1I; rule —1)
AOT-assume <V F ([Flz = [Fly)
AOT-hence OV F ([F]z = [Fly)»
using ind—nec[THEN —E] by blast
moreover AOT-assume <Olz & Oly»
ultimately AOT-have <Olz & Oly & OV F ([Flz = [Fly)»
using &I by blast
AOT-thus «z =g y» using =F—simple:1[THEN =E(2)] by blast
qed

AOT-theorem ord=E:2: «(Olz & Oly) - (VF ([Flz = [Fly) —» = = y)»
proof (rule —1I; rule —1)

AQT-assume (Olz & Oly»

moreover AOT-assume vV F ([Flz = [Fly)»

ultimately AOT-have <z =g

using ord=E:1 —E by blast

AOT-thus <z = y» using =F—simple:2[THEN —E] by blast

qged

AOT-theorem ord=FE2:1:
(Olz & Oly) = (2 £ y=[A\22=g 2] # [A\2 2 =£ y])»
proof (rule —1I; rule =I; rule —1;
rule =q¢I[OF =—infiz]; rule raa—cor:2)
AOT-assume 0: <Olz & Oly»
AQT-assume <z # 3>
AOT-hence I: <-(z = y)» using =45 F[OF =—infiz] by blast
AOT-assume ([\z z =g z] = [A\z2 z =g Yy
moreover AOT-have ([A\z z =g z]o»
apply (rule S+ C(1))
apply cgt:2[lambda)
apply (fact cqt:2[const-var][aziom-inst])
using ord=FEequiv:1[THEN —E, OF 0[THEN &E(1)]].
ultimately AOT-have ([Az z =g y]z> using rule=F by fast
AOT-hence <z =g y» using —C(1) by blast
AOT-hence <z = y» by (metis =E—simple:2 vdash—properties: 6)
AOT-thus «z = y & —(z = y)» using I &I by blast
next
AOT-assume (A2 z =g 2] # [A\z 2z =g y]
AOT-hence 0: <—([A\zz =g z] = A2z =g Y]
using =, F[OF =—infiz] by blast
AOT-have ([A\z z =g z]}» by cgt:2[lambda]
AOT-hence Az z =g z| = [A\z z =g 2]
by (metis rule=1I:1)
moreover AOT-assume <z = y»
ultimately AOT-have ([A\z z =g z] = [Az z =g y]
using rule=F by fast
AOT-thus <Az z =g 2] = [Azz2=p y| & "([A\z 2 = 2] = [A2 2z =g y|»
using 0 &I by blast
qed

AOT-theorem ord=FE2:2:
(Olz & Oly) 5 (£ y=[Azz=1a] # [Azz=y|»
proof (rule —I; rule =I; rule —1I;
rule =q¢I[OF =—infiz]; rule raa—cor:2)
AQT-assume 0: <Olz & Oly»
AOT-assume <z # y»
AOT-hence I: <=(z = y)» using =45 F[OF =—infiz] by blast
AOT-assume ([Azz =2z = [Az 2z = yp
moreover AOT-have ([\z z = z]n
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apply (rule B+ C(1))
apply (fact ord—=E=:2[THEN —E, OF 0[THEN &E(1)]])
apply (fact cqt:2[const-var][aziom-inst])
by (simp add: id—eq:1)
ultimately AOT-have ([A\z z = y|z» using rule=E by fast
AOT-hence <z = y using §—C(1) by blast
AOT-thus <z = y & —(z = y)> using I &I by blast
next
AOQOT-assume 0: <Olz & Oly»
AOT-assume Az z =z] # [Az2z = y)
AOT-hence I: <(~([Azz =1z] = [Azz = y])»
using =45 E[OF =—infiz] by blast
AOT-have Az z = z]»
by (fact ord—=E=:2[THEN —E, OF 0[THEN &E(1)]))
AOT-hence ([A\zz=1z] =[Az2z =z
by (metis rule=I:1)
moreover AOT-assume <z = y»
ultimately AOT-have Az z =z] = [Az 2=y
using rule=F by fast
AOT-thus«Azz=z]=[A2z2=9y| & ~([Az2z =1z = [Az 2 = y]»
using 1 &I by blast
qged

AOT-theorem ordnecfail: <O\z — O-3 F z[F]>
by (meson RM:1 —1I nocoder[aziom-inst] oa—facts:1 —FE)

AOT-theorem ab—obey:1: «(Alz & Aly) = (VF (z[F] = y[F]) = = = y)»
proof (rule —1I; rule —1)
AQT-assume I: (Alz & Aly»
AOT-assume VY F (z[F| = y[F])
AOQOT-hence (z[F] = y[F]> for F using V E by blast
AOT-hence {O(z[F] = y[F])» for F by (metis en—eq:6[1] =E(1))
AOT-hence vV F O(z[F] = y[F])> by (rule GEN)
AOT-hence OV F (z[F] = y[F])» by (rule BF[THEN —E])
AOT-thus <z =y
using =47 I[OF identity:1, OF VI(2)] 1 &I by blast
qed

AOT-theorem ab—obey:2:
(@F (alF] & ~y[F)) v 3F (y[F] & ~a{F) > o £ v
proof (rule —I; rule =45 I[OF =—infiz]; rule raa—cor:2)
AOT-assume I: <z = y»
AOT-assume 3 F (z[F] & —y[F]) V 3F (y[F] & —z[F])»
moreover {
AOT-assume 3 F (z[F] & —y[F])
then AOT-obtain F where <z[F] & —y[F]>
using 3 E[rotated] by blast
moreover AOT-have (y[F]»
using calculation|THEN & E(1)] 1 rule=F by fast
ultimately AOT-have «p & —p) for p
by (metis Conjunction Simplification(2) modus—tollens:2 raa— cor:3)

moreover {
AOT-assume 3 F (y[F] & —z[F])»
then AOT-obtain F where <y[F] & —z[F]>
using 3 E[rotated] by blast
moreover AOT-have —y[F]»
using calculation| THEN & E(2)] 1 rule=FE by fast
ultimately AOT-have «p & —p) for p
by (metis Conjunction Simplification(1) modus—tollens:1 raa—cor:8)

ultimately AOT-show «p & —p» for p
by (metis VE(3) raa—cor:1)
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qed

AOT-theorem encoders—are—abstract: <3 F z[F| — Alx
by (meson deduction—theorem =E(2) modus—tollens:2 nocoder
oa— contingent:3 vdash—properties: 1[2])

AOT-theorem denote=:1: <V H3z z[H]»
by (rule GEN; rule existence:2[1][THEN =4y E]; cqt:2)

AOT-theorem denote=:2: <V GAz1...3 2, z1...20[H]
by (rule GEN; rule ezistence:2| THEN =4y E); cqt:2)

AOT-theorem denote=:2[2]: <% GIz13 z2 z122[H]
by (rule GEN; rule existence:2[2][THEN =45 E]; cqt:2)

AOT-theorem denote=:2[3]: <V GIz13 223 z3 z12223[H]>
by (rule GEN; rule existence:2[3|[THEN =45 E]; cqt:2)

AOT-theorem denote=:2[4]: <V GIz13 223 233 T4 z1222324[H]>
by (rule GEN; rule existence:2[4][THEN =4y E); cqt:2)

AOT-theorem denote=:3: 3z z[lI) = 3H (H = II)»
using ezistence:2[1] free—thms:1 =E(2,5)
Commutativity of = =Df by blast

AOT-theorem denote=:4: «(3z1..3zn z1...2zx[II]) = IH (H = II)»
using ezistence:2 free—thms:1 =F(6) =Df by blast

AOT-theorem denote=:4[2]: «(3z1Tx2 z122[Il]) = IH (H = II)»
using ezistence:2[2] free—thms:1 =E(6) =Df by blast

AOT-theorem denote=:4[3]: «(3z13 223 23 z12223[ll]) = IH (H = II)»
using ezistence:2[3) free—thms:1 =E(6) =Df by blast

AOT-theorem denote=:4[4]: «(3z13 223 x3T 24 T1727324[I1]) = IH (H = I)»
using ezistence:2[4] free—thms:1 =E(6) =Df by blast

AOT-theorem A—objects!: <3z (Alz & VF (z[F] = o{F}))»
proof (rule uniqueness:1[THEN =q41])
AOT-obtain a where a-prop: <Ala & VI (a[F] = ¢{F})
using A—objects|axiom-inst] 3 E[rotated] by blast
AOT-have (Al & VF (B[F) = ¢{F})) = = a» for g
proof (rule —1I)
AOT-assume S-prop: [Al|f & VF (B[F] = p{F})»
AOT-hence (B[F] = p{F} for F
using V £ &FE by blast
AOT-hence (B[F] = a[F]s for F
using a-prop[THEN &E(2)] VE =E(2,5)
Commutativity of = by fast
AOT-hence vV F (B[F] = a[F])» by (rule GEN)
AOT-thus <8 = o
using ab—obey:1[THEN —E,
OF &I[OF B-prop[THEN &E(1)], OF a-prop| THEN &E(1)]],
THEN —E] by blast
qged
AOT-hence V3 ((A!B & VF (B[F] = ¢{F})) — B = a)» by (rule GEN)
AOT-thus <Ja ([Alla & VF (a[F] = ¢{F}) &
VA (AUB & VF (BIF] = p{F}) = B = @)
using 37 using a-prop &I by fast
qed

AOT-theorem obj—oth:1: (3lz (Alz & VF (z[F] = [Fly))»
using A—objects! by fast
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AOT-theorem obj—oth:2: (Ilz (Alz & VF (z[F] = [Fly & [F]2))
using A—objects! by fast

AOT-theorem obj—oth:3: 3lz (Alz & VF (z[F] = [Fly V [F]2))
using A—objects! by fast

AOT-theorem obj—oth:4: <Az (Alz & VF (z[F] = O[Fy))»
using A—objects! by fast

AOT-theorem obj—oth:5: 3lz (Alz & VF (z[F] = F = G))»
using A—objects! by fast

AOT-theorem obj—oth:6: <3lz (Alz & VF (z[F] = OV y([Gly — [Fly)))»
using A—objects! by fast

AOT-theorem A—descriptions: «z (Alz & VF (z[F] = o{F}))}
by (rule A—Exists:2[THEN =E(2)]; rule RA[2]; rule A—objects!)

AOT-act-theorem thm—can—terms2:
y = wx(Alz & VF (z[F] = o{F})) = (Aly & VF (y[F] = o{F}))
using y—in:2 by blast

AOT-theorem can—ab2: <y = wzx(Alz & VF (z[F] = o{F})) — Alp
proof(rule —I)

AOT-assume <y = tz(Alz & VF (z[F] = p{F}))

AOT-hence (A(Aly & Y F (y[F] = o{F}))

using actual—desc:2]THEN — E] by blast

AOT-hence «AAly) by (metis Act—Basic:2 &E(1) =E(1))

AOT-thus <Aly» by (metis =FE(2) oa—facts:8)
qed

AOT-act-theorem desc—encode:1: «wz(Alz & YV F (z[F] = p{F}))[F| = o{F}
proof —
AOT-have «wz(Alz & VF (z[F] = o{F}))P
by (simp add: A—descriptions)
AOT-hence (Alwz(Alz & VF (z[F] = o{F})) &
VEF(x(Alz & VF (z[F] = o{F}))[F] = o{F})
using y—in:3[THEN — E] by blast
AOT-thus «wz(Alz & VF (2[F] = o{F}))[F] = o{F}
using &E V E by blast
qed

AOT-act-theorem desc—encode:2: «wz(Alz & VF (z[F] = o{F}))[G] = p{G}H
using desc—encode: 1.

AOT-theorem desc—nec—encode: 1:
wz (Alx & VF (2[F] = o{F}))[F]
proof —
AOT-have 0: «wz(Alz & VF (z[F] = o{F}))
by (simp add: A—descriptions)
AOT-hence «(A(Alvz(Alz & VF (z[F] = o{F})) &
VEF(x(Alz & VF (z[F] = o{F}))[F] = o{F}))
using actual—desc:4[THEN —E| by blast
AOT-hence (AY F (vz(Alz & VF (z[F] = o{F}))[F] = o{F})»
using Act—Basic:2 &E(2) =E(1) by blast
AOT-hence VF A(tz(Alz & VF (z[F] = o{F}))[F] = o{F})»
using =F(1) logic—actual—nec:3 vdash—properties:1[2] by blast
AOT-hence (A(tz(Alz & VF (z[F] = ¢{F}))[F] = p{F})»
using V £ by blast
AOT-hence (Awz(Alz & VF (2[F] = o{F}))[F] = Ap{F}
using Act—Basic:5 =E(1) by blast
AOT-thus «wz(Alz & VF (z[F] = p{F}))[F] = Ap{F}

Ap{F}
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using en—eq: 10[1][unvarify z1, OF 0] =E(6) by blast
qed

AOT-theorem desc—nec—encode:2:
wz (Alz & VF (z[F] = p{F}))[G] = Ap{G}

using desc—nec—encode: 1.

AOT-theorem Boz—desc—encode:1: <Op{G} — tzx(Alz & VF (z[F] = ¢{G}))[G]
by (rule —I; rule desc—nec—encode:2|THEN =E(2)])
(meson mec—imp—act vdash—properties:10)

AOT-theorem Boz—desc—encode:2:
Op{G} = OQz(Alz & VF (z[F] = ¢{G}))[G] = p{G})»
proof(rule CP)
AOT-assume Op{G}
AOT-hence (O0p{G}> by (metis S5Basic:6 =E(1))
moreover AOT-have O0p{G} — O(ez(Alz & VF (2[F] = ¢{G}))[G] = {G})»
proof (rule RM; rule —1I)
AOT-modally-strict {
AOT-assume I: (Op{G}
AOT-hence «wz(Alz & VF (z[F] = ¢{G}))[G)
using Bor—desc—encode:1 —FE by blast
moreover AOT-have «o{G}>
using I by (meson gml:2[aziom-inst] —FE)
ultimately AOT-show «z(Alz & VF (z[F] = ¢{G}))[G] = p{G}
using —1 =1 by simp
}

ged
ultimately AOT-show O(tz(Alz & V F (z[F] = ¢{G}))[G] = o{G})»
using —F by blast
qed

definition rigid-condition where
«rigid-condition ¢ = Vv . [v EVa (p{a} = Oe{a}))
syntax rigid-condition :: <id-position = AOT-prop> (<RIGID'-CONDITION'(-")»)

AOT-theorem sirict—can:1[E]:
assumes <RIGID-CONDITION (¢)»
shows Vo (p{a} — Op{a})
using assms|[unfolded rigid-condition-def] by auto

AOT-theorem strict—can:1[I]:
assumes g Va (p{a} — Op{a})
shows (RIGID-CONDITION (¢)»
using assms rigid-condition-def by auto

AOT-theorem box—phi—a:1:
assumes (RIGID-CONDITION ()»
shows «(Alz & VF (z[F] = o{F})) —» O(Alz & VF (z[F] = o{F}))»
proof (rule —1I)
AOT-assume a: <Alz & VF (2[F] = p{F})
AQOT-hence b: OA!z»
by (metis Conjunction Simplification(1) oa—facts:2 —E)
AOT-have (z[F] = ¢{F}» for F
using a[THEN &FE(2)] V E by blast
moreover AOT-have O(z[F] — Oz[F])» for F
by (meson pre—en—eq:1[1] RN)
moreover AOT-have O(p{F} — Op{F})) for F
using RN strict—can:1[E][OF assms] V E by blast
ultimately AOT-have O(z[F] = p{F})) for F
using sc—egq—boz—box:5 qml:2[aziom-inst, THEN —FE] —FE &I by metis
AOT-hence <V F O(z[F] = ¢{F})» by (rule GEN)
AOT-hence OV F (z[F] = ¢{F})> by (rule BF[THEN —E])
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AOT-thus (O([Allz & YV F (z[F] = p{F}))
using b KBasic:3 =S(1) =FE(2) by blast
qed

AOT-theorem box—phi—a:2:
assumes <RIGID-CONDITION (¢)»
shows (y = tz(Alz & VF (z[F] = o{F})) = (Aly & VF (y[F] = p{F}))
proof(rule —1I)
AOT-assume <y = tz(Alz & VF (z[F] = p{F}))
AOT-hence (A(Aly & VF (y[F] = p{F}))
using actual—desc:2]THEN —E] by fast
AOT-hence abs: <(AAlyy and AV F (y[F] = o{F})»
using Act—Basic:2 &E =FE(1) by blast+
AOT-hence <V F A(y[F] = p{F})»
by (metis =E(1) logic—actual—nec:3 vdash—properties: 1[2])
AOT-hence (A(y[F] = p{F})» for F
using V E by blast
AOT-hence (Ay[F] = Ap{F} for F
by (metis Act—Basic:5 =E(1))
AOT-hence (y[F| = o{F} for F
using sc—eq—fur:2|THEN —E,
OF strict—can: 1[E][OF assms,
THEN V E(2)[where §=F]|, THEN RN]]
by (metis en—eq:10[1] =E(6))
AOQT-hence VF (y[F] = ¢{F})) by (rule GEN)
AOT-thus (Ally & VF (y[F] = o{F})
using abs &I =FE(2) oa—facts:8 by blast
qged

AOT-theorem boz—phi—a:3:

assumes <RIGID-CONDITION (¢)»
shows «wz(Alz & VF (z[F] = p{F}))[F] = o{F}
using desc—nec—encode:2

sc—eq—fur:2][THEN —E,

OF strict—can:1[E][OF assms,
THEN V E(2)[where f=F|, THEN RN]]
=F(5) by blast

AOT-define Null :: <7 = ¢ ((Null'(-')»)
df —null—uni:1: <Null(z) =45 Alz & =3 F z[F)

AOT-define Universal :: <t = ¢ (<Universal’(-")»)
df —null—uni:2: «Universal(z) =q5 Alz & V F z[F)»

AOT-theorem null—uni—uniq:1: «3lx Null(z)>
proof (rule uniqueness:1[THEN =q51])
AOT-obtain a where a-prop: <Ala & VF (a[F] = ~(F = F))»
using A—objects[axiom-inst] 3 E[rotated] by fast
AOT-have a-null: <—a[F]» for F
proof (rule raa—cor:2)
AOT-assume <a[F]»
AOT-hence «—(F = F)) using a-prop| THEN &E(2)] VE =E by blast
AOT-hence (F = F & —~(F = F)» by (metis id—eq:1 raa—cor:3)
AOT-thus <p & —p» for p by (metis raa—cor:1)
qged
AOT-have <Null(a) & V3 (Null(8) — B = a)»
proof (rule &I)
AOT-have <—3 F a[F]>
using a-null by (metis instantiation reductio—aa:1)
AOT-thus <Null(a)>
using df —null—uni: [[THEN =471] a-prop[ THEN & E(1)] &I by metis
next
AOT-show V3 (Null(B) — B = a)
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proof (rule GEN; rule —1I)
fix
AOT-assume a: <Null(B)»
AOT-hence (-3 F B[F)»
using df —null—uni: 1{THEN =qfFE] &FE by blast
AOT-hence S-null: <—3[F]s for F
by (metis existential:2[const-var| reductio—aa: 1)
AOT-have <V F (B[F] = a[F])»
apply (rule GEN; rule =I; rule CP)
using raa—cor:8 B-null a-null by blast+
moreover AOT-have (A!S3)
using a df —null—uni: 1[THEN =4;E] &E by blast
ultimately AOT-show <5 = a)
using a-prop[THEN & E(1)] ab—obey:1[THEN —E, THEN —E]
&I by blast
qed
qed
AOT-thus (Fa (Null(a) & VB (Null(f) = B = o))
using 31(2) by fast
qed

AOT-theorem null—uni—uniq:2: <3z Universal(z)>
proof (rule uniqueness:1[THEN =q41])
AOT-obtain a where a-prop: <Ala & VF (a[F] = F = F)»
using A—objects[axiom-inst] 3 E[rotated] by fast
AOT-hence aF: (a[F] for F using &E VE =F id—eq:1 by fast
AOT-hence «Universal(a)>
using df —null—uni:2[THEN =q4¢1| &I a-prop| THEN &E(1)] GEN by blast
moreover AOT-have <V (Universal(8) — S = a)»
proof (rule GEN; rule —1I)
fix
AOT-assume < Universal(3)»
AOT-hence abs-g: <Al and «S[F]» for F
using df —null—uni:2[THEN =47 E] &E V E by blast+
AOT-hence (B[F] = a[F]s for F
using aF by (metis deduction—theorem =I)
AOT-hence <V F (B[F] = a|F])» by (rule GEN)
AOT-thus < = o
using a-prop[THEN & E(1)] ab—obey:1[THEN —E, THEN —E)|
&1 abs-B by blast
qed
ultimately AOT-show Ja (Universal(a) & ¥ (Universal(8) — f = a))»
using &7 31 by fast
qed

AOT-theorem null—uni—uniq:3: <tz Null(z)]
using A— Exists:2 RA[2] =E(2) null—uni—uniq:1 by blast

AOT-theorem null—uni—uniq:4: «x Universal(z)l>
using A—Euzists:2 RA[2] =E(2) null—uni—uniq:2 by blast

AOT-define Null-object :: <ks» (<ap»)
df —null—uni—terms: 1: <ag =qf tz Null(z))

AOT-define Universal-object :: <ks> (<ay)
df —null—uni—terms:2: <ay =qy tz Universal(z)>

AOT-theorem null—uni—facts: 1: <Null(z) — ONull(z)>
proof (rule —1I)
AOT-assume (Null(z)»
AOT-hence z-abs: <Alz) and z-null: (-3 F z[F]»
using df —null—uni: 1[THEN =45FE] &E by blast+
AOT-have «—z[F)) for F using z-null
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using ezistential:2[const-var] reductio—aa: 1
by metis
AOT-hence O-z[F)) for F by (metis en—eq:7[1] =E(1))
AOT-hence <V F O-z[F]» by (rule GEN)
AOT-hence OV F —z[F]» by (rule BF[THEN —E])
moreover AOT-have OV F' —z[F| — O-3 F z[F]»
apply (rule RM)
by (metis (full-types) instantiation cqt:2[const-var][aziom-inst]
—1 reductio—aa:1 rule—ui:1)
ultimately AOT-have <O-3 F z[F)
by (metis —FE)
moreover AOT-have (OA!z» using z-abs
using oa—facts: 2 vdash—properties: 10 by blast
ultimately AOT-have r: <O(Alz & -3 F z[F])
by (metis KBasic:3 &I =E(3) raa—cor:3)
AQOT-show ONuli(z)»
by (AOT-subst «Null(z)> <Alz & -3 F z[F))
(auto simp: df —null—uni:1 =Df r)
qed

AOT-theorem null—uni—facts:2: «Universal(z) — OUniversal(z)>
proof (rule —1)
AOT-assume < Universal(x)»
AOT-hence z-abs: (Alzy and z-univ: <V F z[F]»
using df —null—uni:2[THEN =4;FE] &F by blast+
AOT-have «z[F]» for F using z-univ V E by blast
AOT-hence Oz[F)) for F by (metis en—eq:2[1] =F(1))
AOQOT-hence Y F Oz[F)» by (rule GEN)
AOT-hence OV F z[F)) by (rule BF[THEN —E))
moreover AOT-have (OA!z» using z-abs
using oa—facts: 2 vdash—properties: 10 by blast
ultimately AOT-have r: O(Alz & V F z[F])
by (metis KBasic:3 &I =E(3) raa—cor:3)
AOT-show «OUniversal(z)>
by (AOT-subst < Universal(z)> <Alz & V F z[F))
(auto simp add: df —null—uni:2 =Df r)
qed

AOT-theorem null—uni—facts:3: <Null(ag)»

apply (rule =a5I1(2)[OF df —null—uni—terms:1])

apply (simp add: null—uni—uniq:3)

using actual—desc:4|[THEN —E, OF null—uni—uniq: 3]

sc—eq—fur:2]THEN —E,

OF null—uni— facts: 1[unvarify ©, THEN RN, OF null—uni—uniq:5],
THEN =E(1)]

by blast

AOT-theorem null—uni—facts:4: «Universal(av)»

apply (rule =q5I1(2)[OF df —null—uni—terms:2])

apply (simp add: null—uni—uniq:4)

using actual—desc:4[THEN —E, OF null—uni—uniq:4]

sc—eq—fur:2]THEN —E,

OF null—uni— facts: 2[unvarify x, THEN RN, OF null—uni—uniq:4],
THEN =E(1)]

by blast

AOT-theorem null—uni—facts:5: <ag # av>
proof (rule =q45I(2)[OF df —null—uni—terms:1, OF null—uni—uniq:3];
rule =q¢1(2)[OF df —null—uni—terms:2, OF null—uni—uniq:4];
rule =q5I[OF =—infiz];
rule raa— cor:2)
AOT-obtain z where nullz: <Null(z)>
by (metis instantiation df —null—uni—terms:1 existential: 1
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null—uni—facts:3 null—uni—uniq:3 rule—id—df:2:b[zero])

AOT-hence act-null: «ANull(z)»

by (metis nec—imp—act null—uni—facts:1 —FE)
AOT-assume <z Null(z) = vz Universal(z)»
AOT-hence <AV z(Null(z) = Universal(z))»

using actual—desc:5{THEN —E] by blast
AOT-hence vz A(Null(z) = Universal(z))>

by (metis =E(1) logic—actual—nec:3 vdash—properties: 1[2])
AOT-hence «(ANull(z) = AUniversal(z)»

using Act—Basic:5 =FE(1) rule—ui:3 by blast
AOT-hence <AUniversal(z)) using act-null =F by blast
AOT-hence «Universal(z)>

by (metis RN =E(1) null—uni—facts:2 sc—eq—fur:2 —FE)
AOT-hence Y F z[F)» using =q5E[OF df —null—uni:2] &E by metis
moreover AOT-have (-3 F z[F)»

using nullt =47 E[OF df—null—uni:1] &E by metis
ultimately AOT-show <p & —p» for p

by (metis cqt—further:1 raa—cor:8 —F)

qed

AOT-theorem null—uni—facts:6: <ap = ve(Alz & VF (z[F] = F # F))»
proof (rule ab—obey: [unvarify z y, THEN —E, THEN —F))
AOT-show «z([Allz & VF (z[F] = F # F))b
by (simp add: A—descriptions)
next
AOT-show «<agl>
by (rule =471(2)[OF df —null—uni—terms:1, OF null—uni—uniq:3)])
(simp add: null—uni—uniq:3)
next
AOT-have «wz([Allz & VF (z[F] = F # F))}
by (simp add: A—descriptions)
AOT-hence I: «wz([Alz & VF (2[F] = F # F)) = wz([Allz & VF (z[F]=F # F))»
using rule=I:1 by blast
AOT-show ([Allay & [ANex([Alle & VF (z[F] = F # F))»
apply (rule =aq5I(2)[OF df —null—uni—terms:1, OF null—uni—uniq:3];
rule &I)
apply (meson =q5 FE Conjunction Simplification(1)
df —null—uni:1 df —null—uni—terms:1 null—uni—facts:3
null—uni—uniq:3 rule—id—df:2:a[zero] —E)
using can—ab2[unvarify y, OF A—descriptions, THEN —FE, OF 1].
next
AOT-show VF (ay[F] = wz([Alz & VF (z[F] = F # F))[F])
proof (rule GEN)
fix F
AOT-have (—ag[F]»
by (rule =q51(2)[OF df —null—uni—terms:1, OF null—uni—uniq:3])
(metis (no-types, lifting) =asE &E(2) VI(2) VE(3) 31(2)
df —null—uni: 1 df —null—uni—terms: 1 null—uni—facts:3
raa— cor:2 rule—id—df:2:a[zero]
russell—azxiom|enc,1).1p-denotes-asm)
moreover AOT-have (—wz([Allz & VF (z[F] = F # F))[F]
proof(rule raa—cor:2)
AOT-assume 0: «wz([Allz & VF (z[F] = F # F))[F)
AOT-hence <A(F # F)»
using desc—nec—encode: 2] THEN =FE(1), OF 0] by blast
moreover AOT-have - A(F # F)»
using =45 F id—act:2 id—eq:1 =E(2)
=—1infix raa—cor:3 by blast
ultimately AOT-show <A(F # F) & - A(F # F)) by (rule &I)
qed
ultimately AOT-show <ay[F] = tz([Az & VF (2[F] = F # F))[F)»
using deduction—theorem =1 raa—cor:4 by blast
qed
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qed

AOT-theorem null—uni—facts:7: <ay = tx(Alz & VF (z[F] = F = F))
proof (rule ab—obey: 1[unvarify z y, THEN —E, THEN —F])
AOT-show «z([Allz & VF (z[F] = F = F))»
by (simp add: A—descriptions)
next
AOT-show <ay >
by (rule =471(2)[OF df —null—uni—terms:2, OF null—uni—uniq:4])
(simp add: null—uni—uniq:4)
next
AOT-have «wz([Allz & VF (z[F] = F = F))}
by (simp add: A—descriptions)
AOT-hence I: «z([Alz &VF (z[F] = F = F)) = 1z([Alz & VF (z[F| = F = F))»
using rule=I:1 by blast
AOT-show «[Allav & [Allez([Allz & VF (z[F] = F = F))»
apply (rule =a5I(2)[OF df —null—uni—terms:2, OF null—uni—uniq:4];
rule &)
apply (meson =45 E Conjunction Simplification(1) df —null—uni:2
df —null—uni—terms:2 null—uni—facts:4 null—uni—uniq:4
rule—id—df:2:a[zero] —F)
using can—ab2[unvarify y, OF A—descriptions, THEN —FE, OF 1].
next
AOT-show VF (av[F] = wzx([Allz & VF (z[F] = F = F))[F])
proof (rule GEN)
fix F
AOT-have <av[F]
apply (rule =asI(2)[OF df —null—uni—terms:2, OF null—uni—uniq:4])
using =4 F &FE(2) df —null—uni:2 df —null—uni—terms:2
null—uni—facts:4 null—uni—uniq:4 rule—id—df:2:a[zero]
rule—ui:3 by blast
moreover AOT-have «z([Al)lz & VF (z[F] = F = F))[F)
using RA[2] desc—nec—encode:2 id—eq:1 =E(2) by fastforce
ultimately AOT-show <av[F] = w([Allz & VF (2[F] = F = F))[F]>
using deduction—theorem =1 by simp
qed
qed

AOT-theorem aclassical:1:
~VRIzFy(Alz & Aly & = # y & [\z [R]zz] = [A\z [R]zy])
proof(rule GEN)
fix R
AOT-obtain a where a-prop:
<Ala & VF (a[F] = Jy(Aly & F = [z [R]zy] & —y[F]))
using A—objects[axiom-inst] 3 E[rotated] by fast
AOT-have a-enc: <a[\z [R]za]»
proof (rule raa—cor:1)
AOT-assume 0: <—a[Az [R]za]»
AOT-hence «(—3y(Aly & [\z [R]za] = [Az [R]zy] & —y[\z [R]za])»
by (rule a-prop| THEN &E(2), THEN V E(1)[where 7=«[Az [R]za]»],
THEN oth— class—taut:4:b| THEN =E(1)],
THEN =E(1), rotated])
cqt:2[lambdal
AOT-hence Vy =(Aly & [Az [R]za] = [Az [R]zy] & —y[Az [R]za])>
using cqt—further:4 vdash—properties: 10 by blast
AOT-hence «—(Ala & [Az [R]za] = [z [R]za] & —a[Az [R]za])»
using V E by blast
AOT-hence «(Ala & [\z [R]za] = [Az [R]za]) — a[Az [R]za]>
by (metis &I deduction—theorem raa—cor:3)
moreover AOT-have <[\z [R]za] = [\z [R]za)
by (rule =I) cqt:2[lambdal)
ultimately AOT-have <a[\z [R]za)>
using a-prop[THEN &E(1)] —E &I by blast
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AOT-thus <a[\z [R]za] & —a[A\z [R]za]»
using 0 &I by blast
qed
AOT-hence 3y(Aly & [Az [R]za] = [Az [R]zy] & —y[Az [R]za])»
by (rule a-prop[THEN &E(2), THEN V E(1), THEN =E(1), rotated))
cqt:2
then AOT-obtain b where b-prop:
<Alb & [Az [R]za] = [Az [R]zb] & —b[\z [R]za)>
using 3 E[rotated] by blast
AOT-have <a # b
apply (rule =q¢I[OF =—infiz])
using a-enc b-prop| THEN &E(2)]
using ——/ rule=FE id-sym =E(4) oth—class—taut:3:a
raa—cor:3 reductio—aa:1 by fast
AOT-hence (Ala & Alb & a # b & [Az [R]za] = [Az [R]zb])
using b-prop &FE a-prop &I by meson
AOT-hence 3y (Ala & Aly & a # y & [A\z [R]za] = [Az [R]zy])» by (rule 31)
AOT-thus 323y (Alz & Aly & = # y & [Az [R]zz] = [Az [R]zy])> by (rule 31)
qed

AOT-theorem aclassical:2:
VRIzTy(Alz & Aly & z # y & [\z [R]zz] = [A\z [R]yz])
proof(rule GEN)
fix R
AOT-obtain a where a-prop:
<Ala & VF (a[F] = Jy(Aly & F = [Az [R]yz] & —y[F]))
using A—objects[axiom-inst] 3 E[rotated] by fast
AOT-have a-enc: <a[Az [R]az]
proof (rule raa—cor:1)
AOT-assume 0: <—a[Az [R]az]»
AOT-hence «—3y(Aly & [A\z [R]az] = [z [R]yz] & —y[Az [R]az])»
by (rule a-prop| THEN &E(2), THEN V E(1)[where T=«[\z [R]az]»],
THEN oth— class—taut:4:b| THEN =E(1)],
THEN =E(1), rotated])
cqt:2[lambdal
AOT-hence Vy =(Aly & [Az [R]az] = [Az [R]yz] & —y[Az [R]az])
using cqt—further:4 vdash—properties: 10 by blast
AOT-hence «—(Ala & [Az [R]az] = [Az [R]az] & —a[Az [R]az])
using V E by blast
AOT-hence «(Ala & [z [R]az] = [Az [R]az]) — a[\z [R]az]»
by (metis &I deduction—theorem raa—cor:3)
moreover AOT-have ([Az [R]az] = [Az [R]az]
by (rule =I) cqt:2[lambdal)
ultimately AOT-have <a[\z [R]az]»
using a-prop[THEN &E(1)] —E &I by blast
AOT-thus <a[\z [R]az] & —a[\z [R]az]»
using 0 &I by blast
qed
AOT-hence 3y(Aly & [A\z [R]az] = [\z [R]yz] & —y[Az [R]az])»
by (rule a-prop[THEN &E(2), THEN V E(1), THEN =E(1), rotated))
cqt:2
then AOT-obtain b where b-prop:
<Alb & [Az [R]az] = [Az [R]bz] & —b[Az [R]az]»
using 3 E[rotated] by blast
AOT-have <a # b
apply (rule =4 I[OF =—infiz])
using a-enc b-prop| THEN & E(2)]
using ——/ rule=FE id-sym =FE(4) oth—class—taut:3:a
raa—cor:8 reductio—aa:1 by fast
AOT-hence (Ala & Alb & a # b & [\z [R]az] = [Az [R]bz]>
using b-prop &F a-prop &I by meson
AOT-hence 3y (Ala & Aly & a # y & [Az [R]az] = [z [R]yz])> by (rule 31)
AOT-thus «3z3y (Alz & Aly & = # y & [Az [R]zz] = [Az [R]yz])> by (rule 31)
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qed

AOT-theorem aclassical:3:
VFIzTy(Alz & Aly & z # y & [\ [Flz] = [A [Fly])»
proof(rule GEN)
fix R
AOT-obtain a where a-prop:
<Ala & VF (a[F] = Jy(Aly & F = [Az [R]y] & —y[F]))»
using A—objects[axiom-inst] 3 E[rotated] by fast
AOT-have den: <[Az [R]a]}> by cqt:2[lambdal]
AOT-have a-enc: <a[\z [R]a)»
proof (rule raa—cor:1)
AOT-assume 0: <—a[Az [R]a]
AOT-hence «(—3y(Aly & [A\z [R]a] = [A\z [R]y] & —y[ z [R]a])
by (safe intro!: a-prop|THEN & E(2), THEN YV E(1)[where T=««[Az [R]a]»],
THEN oth— class—taut:4:b[THEN =FE(1)],
THEN =E(1), rotated] cqt:2)
AOT-hence Vy =(Aly & [Az [R]a] = [Az [R]y] & —y[Az [R]a])
using cqt—further:4 —F by blast
AOT-hence «—(Ala & [Az [R]a] = [z [R]a] & —a[Az [R]a])> using V E by blast
AOT-hence «(Ala & [z [R]a] = [Az [R]a]) — a[\z [R]a]
by (metis &I deduction—theorem raa—cor:3)
AOT-hence <a[\z [R]a]»
using a-prop[THEN &E(1)] —E &I
by (metis rule=I:1 den)
AOT-thus <a[\z [R]a] & —a[Az [R]a]> by (metis 0 raa—cor:3)
qed
AOT-hence (3y(Aly & [A\z [R]a] = [Xz [R]y] & —y[\z [R]a])
by (rule a-prop[THEN &E(2), THEN V E(1), OF den, THEN =E(1), rotated))
then AOT-obtain b where b-prop: <Alb & [Az [R]a] = [Az [R]b] & —b[Az [R]a)
using 3 E[rotated] by blast
AQT-have I: <a # b
apply (rule =4 I[OF =—infiz])
using a-enc b-prop| THEN &FE(2)]
using —— [ rule=FE id-sym =FE(4) oth—class—taut:3:a
raa—cor:3 reductio—aa:1 by fast
AOT-have a: <[\ [R]a] = ([R]a)>
apply (rule lambda— predicates: 3[zero][aziom-inst, unvarify pl)
by (meson log—prop—prop:2)
AOT-have b: <[\ [R]b] = ([R]b)>
apply (rule lambda— predicates: 3[zero][aziom-inst, unvarify p])
by (meson log—prop—prop:2)
AOT-have [\ [R]a] = [X [R]b]>
apply (rule rule=E[rotated, OF a| THEN id-sym]])
apply (rule rule=E[rotated, OF b[THEN id-sym]])
apply (rule identity:4[ THEN =451, OF &I, rotated))
using b-prop & F apply blast
apply (safe introl: &1)
by (simp add: log—prop—prop:2)+
AOT-hence (Ala & Alb & a # b & [X [R]a] = [\ [R]b)
using ! a-prop[THEN & E(1)] b-prop| THEN &E(1), THEN &E(1)]
&I by auto
AOT-hence 3y (Ala & Aly & a # y & [A [R]a] = [X [R]y])> by (rule 31I)
AOT-thus <323y (Alx & Aly & z # y & [X [R]z] = [ [R]y])> by (rule 31)
qged

AOT-theorem aclassical2: «<3z3y (Alx & Aly & = # y & VF ([Flz = [Fly))
proof —
AOT-have <3z Jy (Allz & Ally & z # y &
Az [Azy YV F ([Flz = [Fly)]zz] =
Az Azy VF ([F]z = [Fly)]zy])
by (rule aclassical:1]THEN VY E(1)[where t=«[Azy V F ([Flz = [Fly)]»]])
cqt:2
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then AOT-obtain z where <3y ([Allz & [Ally & 2 £ y &
Az Azy VF ([Flz = [Fly)]zz] =
Pz Py ¥ F ([Flo = [Fly)leg))
using 3 E[rotated] by blast
then AOT-obtain y where 0: «([Allz & [Ally & z # y &
Dz Pay ¥ F ([Fls = [Fly)]er] =
Az [Azy YV F ([Flz = [F]y)]zy])»
using 3 E[rotated] by blast
AOT-have Az [Azy V F ([Flz = [Fly)]zz]2
by (auto introl: B+ C(1) cqt:2
simp: &1 ex:1:a prod-denotesl rule—wi:3
oth—class—taut:3:a universal— cor)
AOT-hence Az [Azy VF ([Flz = [Fly)]zy]z
by (rule rule=E[rotated, OF 0]THEN &E(2)]])
AOT-hence (Azy VF ([Flz = [Fly)]zy
by (rule B—C(1))
AOT-hence VF ([Flz = [Fly)»
using S— C(1) old.prod.case by fast
AOT-hence (Allz & [Ally & z # y & VF ([Flz = [Fly)»
using 0 &E &I by blast
AOT-hence 3y ([Allz & [Ally & z # y & YV F ([Flz = [Fly))» by (rule 31)
AOT-thus Jz3y ([Allz & [ANy & = # y & VF ([Flz = [Fly))» by (rule 31(2))
qed

AOT-theorem kirchner—thm:1:
Pz ol = OVavy(V F([Flz = [Fly) — (p{z} = {y}))
proof(rule =I; rule —1I)
AOT-assume ([\z p{z}]{
AOT-hence O\z p{z}]}> by (metis exist—nec vdash—properties:10)
moreover AOT-have O[Az o{z}]| — OVaV y(V F([Flz = [Fly) — (p{z} = ¢{y}))
proof (rule RM:1; rule —I; rule GEN; rule GEN; rule —1I)
AOT-modally-strict {
fix zy
AOT-assume 0: <[\z p{z}]{>
moreover AOT-assume <V F([F|z = [Fly)»
ultimately AOT-have ([Az p{z}|z = [Az o{z}|y
using V £ by blast
AOT-thus «(p{z} = {y})»
using beta— C—meta|[THEN —E, OF 0] =E(6) by meson
}

qed
ultimately AOT-show OV aV y(V F([Flz = [Fly) — (¢{z} = ¢{y}))»
using —F by blast
next
AOT-have OV aVy(V F([Flz = [Fly) — (p{z} = ¢{y})) —
OV y(3a(vV F([Flz = [Fly) & o{z}) = o{y})
proof(rule RM:1; rule —1I; rule GEN)
AOT-modally-strict {
AQT-assume V2V y(V F([Flz = [Fly) — (p{z} = o{y}))
AOT-hence indisc: <p{z} = p{y}» if <V F([F]z = [Fly)» for z y
using V E(2) —E that by blast
AQOT-show «(Fz(V F([F]z = [Fly) & ¢{z}) = ¢{y})» for y
proof (rule raa—cor:1)
AOT-assume —(Fz(V F([Flz = [Fly) & ¢{z}) = o{y})
AOT-hence «(Fz(V F([Flz = [Fly) & o{z}) & —p{y}) V
(<3 a(Y F([Flz = [Fly) & p{a}) & oly})
using =F(1) oth—class—taut:4:h by blast
moreover {
AOT-assume 0: <Jz(VF([Flz = [Fly) & p{z}) & ~o{y}
AOT-obtain a where <V F([Fla = [Fly) & p{a}
using 3 E[rotated, OF O[THEN &E(1)]] by blast
AOT-hence <p{y}
using indisc[THEN =E(1)] &F by blast
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AOT-hence p & —p» for p
using 0[THEN &E(2)] &I raa—cor:3 by blast
}

moreover {
AOT-assume 0: <(=(Fz(V F([Flz = [Fly) & ¢{z})) & o{y})
AOT-hence Vz ~(V F([Flz = [Fly) & o{z})»
using &E(1) cqt—further:4 —E by blast
AOT-hence (VY F([Fly = [Fly) & ¢{y})»
using V £ by blast
AOT-hence (—V F([Fly = [Fly) V —p{y}
using =FE(1) oth—-class—taut:5:c by blast
moreover AOT-have <V F([F|y = [F|y)»
by (simp add: oth—class—taut:3:a universal— cor)
ultimately AOT-have «—¢{y}> by (metis -—I VE(2))
AOT-hence «p & —p> for p
using 0[THEN &E(2)] &I raa—cor:3 by blast
}

ultimately AOT-show «p & —p) for p
using VE(8) raa—cor:1 by blast
qed

}
qged
moreover AOT-assume OV 2V y(V F([Flz = [Fly) — (¢{z} = ¢{y}))
ultimately AOT-have OV y(3z(V F([Flz = [Fly) & ¢{z}) = o{y})

using —F by blast
AOT-thus Az p{z}]}»

by (rule safe—ext[axiom-inst, THEN —E, OF &I, rotated]) cqt:2

qged

AOT-theorem kirchner—thm:2:
Az1.zn @{T1. 2 ) = OV T VT,V y1..V yp
(VF([F)z1...2n = [Fly1..-yn) = (p{z1..20} = ©{y1.-.9n}))>
proof(rule =I; rule —1I)
AOT-assume ([Az1...2, ©{z1...20}|P
AOT-hence O[Az1...2n @{z1...2,}]» by (metis ezist—nec —F)
moreover AOT-have O[Az1..2n o{z1...22}]4 = OVZ1..V 2V Y1..V yn
(VF([Flz1...xn = [Fly1...yn) = ({2120} = o{y1...yn}))
proof (rule RM:1; rule —I; rule GEN; rule GEN; rule —1)
AOT-modally-strict {
fix 712, Y1yn = <'a AOT-vary
AOT-assume 0: <[Az1...zn @{z1..20}
moreover AOT-assume <V F([F|z1...2n = [Fly1...yn)®
ultimately AOT-have «[Az1...zn, ©{Z1...2n}]|T1...20 =
Az1...zn ©{Z1... 20} y1...Yn>
using V E by blast
AOT-thus (p{z1..2n} = o{y1...yn})>
using beta— C—meta|[THEN —E, OF 0] =E(6) by meson
}

ged
ultimately AOT-show OV z1...V 2,V y1...V yn (
)VF([F]xl.,.xn = [Flyr...yn) = (p{z1...2n} = ©{y1...Yn})
)
using —F by blast
next
AOT-have «
OVzi1..VeuVy1..V yn
(VE([F)z1...2n = [Fly1...yn) = (p{z1...20} = ©{y1...yn})))
- Vyi..Vyn
(Fz1..32,(VF([Flz1. .20 = [Fly1.--Yn) & ©{z1...20})) =
ely-yn})
proof(rule RM:1; rule —1I; rule GEN)
AOT-modally-strict {
AOT-assume <V z1..V 2,V y1...V yn
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(VF([Flz1...2n = [Fly1...yn) = (p{z1...20} = o{y1...yn}))
AOT-hence indisc: «p{z1...2n} = @{y1...yn }>
if VF([F)z1...2n = [Fly1...yn)> for 12, y1yn
using V E(2) —F that by blast
AOT-show «(Fz1..3z,(V F([F]z1...20n = [Fly1...Yn) & p{z1...20})) =
e{yr...ynp for y1yn
proof (rule raa—cor:1)
AOT-assume —~((Fz1...3 2, (VY F([Flz1...20 = [Fly1...yn) & ©{z1...20}))
ely1--yn})
AOT-hence «((3z1...3 2, (Y F([Flz1...2n = [Fly1...Yn)
& p{z1...2n}))
& ~p{yi..yn}) V
(—-Bz1..32, (Y F([Flz1...20 = [Fly1...yn) & @{z1...201}))
& o{yr..yn})
using =F(1) oth—class—taut:4:h by blast
moreover {
AOT-assume 0: <(Fz1.. 32,V F([Flz1...2n = [Fly1...yn) & @{z1...20}))
& —~p{y1...yn >
AOT-obtain aa, where <V F([Flai...an = [Fly1...yn) & ¢{a1...an}>
using 3 E[rotated, OF 0| THEN &FE(1)]] by blast
AOT-hence <p{yi...yn p>
using indisc[THEN =E(1)] &F by blast
AOT-hence <p & —p» for p
using 0[THEN &E(2)] &I raa—cor:3 by blast

moreover {
AOT-assume 0: <—(Fz1...3 2, (VY F([Fl21...20n = [Flyi...yn) & o{z1...20}))
& o{y1...yn b
AOT-hence Vz1..Vz, ~(VF([F]z1...20 = [Fly1...yn) & ©{z1...20})»
using &E(1) cqt—further:4 —E by blast
AOT-hence —~(Y F([Fly1...yn = [Fly1.-.yn) & o{y1...yn})>
using V E by blast
AOT-hence <~V F([Fly1...yn = [Fly1.--Yn) V “{y1...yn P
using =FE(1) oth—-class—taut:5:c by blast
moreover AOT-have <V F([Fly1...yn = [Fly1...yn )
by (simp add: oth—class—taut:3:a universal— cor)
ultimately AOT-have <—p{y1...yn P
by (metis =—I VE(2))
AOT-hence «p & —p» for p
using 0|THEN &E(2)] &I raa—cor:3 by blast
}

ultimately AOT-show «p & —p> for p
using VE(8) raa—cor:1 by blast
qed
}
ged
moreover AOT-assume [V z;..V2,Vy1...V yn
(VF([F)z1...2n = [Flyr...yn) = (p{z1...2n} = ©{y1...yn}))?
ultimately AOT-have [V y;...V yn,
(Bz1..32,(VE([Flz1...tn = [Fly1.-.yn) & o{z1...22})) =
ely1-yn})
using —F by blast
AOT-thus «[Az1...zn @{z1...20}]P>
by (rule safe—ext[axiom-inst, THEN —E, OF &I, rotated]) cqt:2
qged

AOT-theorem kirchner—thm— cor:1:
Az p{z}l = Vavy(Y F([Flz = [Fly) — D(e{z} = ¢{y}))
proof(rule —1I; rule GEN; rule GEN; rule —1)
fix z y
AOT-assume ([\z p{z}]{
AOT-hence (OVaVy (VF ([Flz = [Fly) = (e{z} = o{y}))»
by (rule kirchner—thm:1[THEN =FE(1)])
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AOT-hence VzVy (VF ([Flz = [Fly) = (¢{z} = o{y}))
using CBF[THEN —E] by blast

AOT-hence (Vy (VF ([Flz = [Fly) — (e{z} = ¢{y}))
using V £ by blast

AOT-hence Vy O F ([Flz = [Fly) — (p{z} = ¢{y}))
using CBF|THEN —E] by blast

AOT-hence OV F ([Flz = [Fly) — (p{z} = o{y}))
using V E by blast

AOT-hence OV F ([Flz = [Fly) — O(p{z} = o{y})
using gml: I[aziom-inst] vdash—properties:6 by blast

moreover AOT-assume <V F([Flz = [Fly)

ultimately AOT-show O(¢{z} = ¢{y})> using —FE ind—nec by blast

qed

AOT-theorem kirchner—thm—cor:2:
Az1czn o{zr ) = V1. VYV y1.. YV y,
(VF([Flz1...zn = [Flyr--.yn) = O(p{z1...20} = ©{y1.-.yn}))»
proof(rule —I; rule GEN; rule GEN; rule —1)
fix z1Zn Y1Yn
AOT-assume <[Az1...2, @{z1...2,}|P
AOT-hence 0: <(Vz1..VZ,Vyi..Vyn
(VF ([Flz1...tp = [Fly1...yn) = ({z1...2n} = @{y1.-.yn}))
by (rule kirchner—thm:2|THEN =FE(1)])
AOT-have Vzi..Vz,Vyi...Vyn
OVFE ([Flzi...xn = [Fly1...yn) = (p{z1...20} = @{y1.-.9n}))>
proof(rule GEN; rule GEN)
fix 2120 Y1Yn
AOT-show OV F ([Flz1...x2n = [Fly1...yn) = (p{z1...20} = ©o{y1...yn}))
apply (rule RM:1[THEN —E, rotated, OF 0]; rule —1)
using V E by blast
ged
AOT-hence Vy1..Vy, OV F ([Flz1...2n = [Fly1...yn) —
(p{z1.zn} = p{y1...yn}))
using V E by blast
AOT-hence OV F ([Flzi...zn = [Fly1.-.yn) = ({2120} = o{y1.-.yn}))
using V E by blast
AOT-hence OV F ([Flz1...zn = [Fly1...yn) = ({z1...2n} = @{y1.-.yn}))
using V E by blast
AOT-hence 0: <OV F ([Flz1...2n = [Fly1.--yn) = O(e{z1...2n} = o{y1...yn} )
using gml: I[aziom-inst] vdash—properties:6 by blast
moreover AOT-assume <V F([Flz;...z, = [Flyi...yn )
moreover AOT-have (Az1...2, OV F ([Flz1...2n = [Fly1...yn)|d> by cqt:2
ultimately AOT-have «(Az1..x, OV F ([Fl21...2n = [Fly1...yn)|21...20 =
Az1..zp, OV F ([F]z1...20n = [Fly1.-.yn)]y1..-Yn>
using V £ by blast
moreover AOT-have «[Azi...xn, OV F ([Flz1...2n = [Fly1...yn)|y1.-.yn>
apply (rule S+ C(1))
apply cqt:2[lambda)
apply (fact cqt:2[const-var][aziom-inst])
by (simp add: RN GEN oth—class—taut:3:a)
ultimately AOT-have ([Az1...2, OV F ([F]z1...2n = [F]y1...yn)]T1...Zn>
using =F(2) by blast
AOT-hence OV F ([Flzy...zn = [Fly1...yn)>
using S— C(1) by blast
AOT-thus O(p{z1...2n} = ¢{y1...yn})> using —F 0 by blast
qed

8.12 Propositional Properties

AOQT-define propositional :: Il = ¢ («Propositional’(-")»)
prop—propl: «Propositional([F]) =ay Ip(F = [Ay p])»

AOT-theorem prop—prop2:1: <~V p [Ay pl}»
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by (rule GEN) cqt:2[lambda)

AOT-theorem prop—prop2:2: (Av ¢l»
by cqt:2[lambdal)

AOT-theorem prop—prop2:3: <F = [Ay p] — OV z([F]z = p)»
proof (rule —1I)

AOT-assume 0: <F = [\y p]

AOT-show (O z([F]z = p)»

by (rule rule=FE[rotated, OF 0[symmetric|];
rule RN; rule GEN; rule beta— C—meta| THEN —E))
cqt:2[lambdal

qed

AOT-theorem prop—prop2:4: «Propositional([F]) — OPropositional([F])>
proof(rule —1I)
AOQT-assume <Propositional([F])>
AOT-hence Ip(F = [Ay p])»
using =4y E[OF prop—propl] by blast
then AOT-obtain p where <F = [\y p)
using 3 E[rotated] by blast
AOT-hence O(F = [\y p])»
using id—nec:2 modus—tollens:1 raa—cor:3 by blast
AOT-hence Ip O(F = [A\y p]»
using 37 by fast
AOT-hence 0: <03p (F = [Ay p])»
by (metis Buridan vdash—properties:10)
AOT-thus «OPropositional([F])»
using prop—propl[THEN =Df]
by (AOT-subst <Propositional([F])» «<Ip (F = [Ay p])») auto
qed

AOT-define indicriminate :: <Il = ¢ (<Indiscriminate’(-")»)
prop—indis: <Indiscriminate([F]) =qy Fl & O3z [Flz — YV [Flz)

AOT-theorem prop—in—thm: < Propositional([Il]) — Indiscriminate([I])»
proof(rule —I)
AOT-assume <Propositional([I1])>
AOT-hence Ip II = [Ay p]» using =q5E[OF prop—propl] by blast
then AOT-obtain p where II-def: <Il = [\y p]> using 3 E[rotated] by blast
AOT-show <Indiscriminate([I1])»
proof (rule =q¢I[OF prop—indis|; rule &I)
AOT-show <II}»
using Il-def by (meson t=t—proper:1 vdash—properties:6)
next
AOT-show O3z U]z — Yz [II]z)
proof (rule rule=E[rotated, OF II-def[symmetric]];
rule RN; rule —I; rule GEN)
AOT-modally-strict {
AOT-assume 3z [\y p|o>
then AOT-obtain a where «[Ay p|a> using 3 E[rotated] by blast
AOT-hence 0: (p» by (metis f—C(1))
AOT-show ¢[\y p|z> for z
apply (rule B+ C(1))
apply cqt:2[lambda]
apply (fact cqt:2[const-var][aziom-inst])
by (fact 0)
}
qed
qed
qed

AOT-theorem prop—in—f:1: «Necessary([F]|) — Indiscriminate([F])»
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proof (rule —1I)
AOQOT-assume (Necessary([F])
AOT-hence 0: <OV z1..V 2, [Flz1...20"
using =4y E[OF contingent—properties: 1] by blast
AOT-show «Indiscriminate([F])»
by (rule =45 I[OF prop—indis])
(metis 0 KBasic:1 &I ex:1:a rule—ui:2[const-var] —F)
qed

AOT-theorem prop—in—f:2: <Impossible([F]) — Indiscriminate([F])>
proof (rule —1)
AOT-modally-strict {
AOT-have <Vz —[F|z — 3z [Flz — Vz [Flz)
by (metis 3 E cqt—orig:3 Hypothetical Syllogism —1I raa—cor:3)
}
AOT-hence 0: <Vz ~[Flz - O3z [Flz — Vz [Flz)
by (rule RM:1)
AOT-assume <«Impossible([F])»
AOT-hence OV z —[F|x»
using =45 E[OF contingent—properties:2] &E by blast
AOT-hence 1: <d(3z [Flz — Yz [Flz)
using 0 —F by blast
AOT-show «Indiscriminate([F])»
by (rule =45 I[OF prop—indis]; rule &1I)
(simp add: ex:1:a rule—wui:2[const-var] 1)+
qed

AOT-theorem prop—in—f:3:a: <—Indiscriminate([E!])>
proof(rule raa—cor:2)
AOT-assume <Indiscriminate([E!])»
AOQOT-hence 0: <03z [Ellz — Vz [EYz)
using =45 E[OF prop—indis] &E by blast
AOT-hence <03z [Ellz — OVz [El]w
using KBasic:13 vdash—properties: 10 by blast
moreover AOT-have <03z [El|z
by (simp add: thm—cont—e:3)
ultimately AOT-have OV z [Elz>
by (metis vdash—properties:6)
AOT-thus (p & —p» for p
by (metis =q5 FE conventions:5 o—objects—ezist:5 reductio—aa: 1)
qed

AOT-theorem prop—in—f:3:b: «—~Indiscriminate([E']™)>
proof (rule rule=E[rotated, OF rel—neg— T:2[symmetric]];
rule raa— cor:2)
AOT-assume <Indiscriminate([Az —[E!]z])>
AOT-hence 0: <03z [Az ~[Ellz]lz — Vz [Az -[Ez]z)>
using =45 F[OF prop—indis] &E by blast
AOT-hence 03z [Az ~[El|z]z — OVz [Az —[Elz]n>
using —F gml:1 vdash—properties: 1[2] by blast
moreover AOT-have 03z [Az —[El|z]x
apply (AOT-subst <[z —E!z]zy <=Elxs for: z)
apply (rule beta— C—meta| THEN —E])
apply cqt:2
by (metis (full-types) BO RN TO cqt—further:2
o—objects—exist:5 —E)
ultimately AOT-have I: <OV z [Az —[E!l|z]x
by (metis vdash—properties: 6)
AOT-hence OV z —[E!]z»
by (AOT-subst (reverse) «—[Elzy <[Az —[E!|z]z) for: z)
(auto intro!: cqt:2 beta— C—meta| THEN — E])
AOT-hence Yz O-[E!zy by (metis CBF vdash—properties:10)
moreover AOT-obtain a where abs-a: <Ola»
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using 3 E o—objects—exist:1 gml:2[aziom-inst] —E by blast
ultimately AOT-have (O-[E!'a) using V E by blast
AOT-hence 2: <(=Q[E!a) by (metis =q5F conventions:5 reductio—aa:1)
AOT-have <Ala»

apply (rule =aq5I(2)[OF AOT-abstract])

apply cqt:2[lambda]

apply (rule B+ C(1))

apply cgt:2[lambda)

using cqt:2[const-var]|[aziom-inst] apply blast

by (fact 2)
AOT-thus (p & —p» for p using abs-a

by (metis =E(1) oa—contingent:2 reductio—aa:1)

qed

AOT-theorem prop—in—f:3:c: <—Indiscriminate(O!)»
proof(rule raa—cor:2)
AOT-assume <Indiscriminate( O!)>
AOT-hence 0: O3z Oz — Vz Olz)»
using =45 E|OF prop—indis| &E by blast
AQOT-hence 03z Olz — OVz Olx»
using gml: I[axiom-inst] vdash—properties:6 by blast
moreover AOT-have O3z Olz»
using o—objects—ezist:1 by blast
ultimately AOT-have <OV z Ola»
by (metis vdash—properties:6)
AOT-thus (p & —p» for p
by (metis o—objects—exist:3 gml:2[aziom-inst] raa—cor:3 —E)
qged

AOT-theorem prop—in—f:3:d: <—Indiscriminate( A!)>
proof(rule raa—cor:2)
AOT-assume <Indiscriminate(Al)>
AOT-hence 0: O3z Alz — Vz Alz)
using =q5 E|OF prop—indis| &E by blast
AOT-hence 03z Alz — OV z Alay
using gml: I[axiom-inst] vdash—properties:6 by blast
moreover AOT-have O3z Alz»
using o—objects—ezist:2 by blast
ultimately AOT-have <OV z Alx»
by (metis vdash—properties:6)
AOT-thus «p & —p» for p
by (metis o—objects—exist:4 gml:2[aziom-inst] raa—cor:3 —E)
qged

AOT-theorem prop—in—f:4:a: <—Propositional( E!)»
using modus—tollens:1 prop—in—f:3:a prop—in—thm by blast

AOT-theorem prop—in—f:4:b: <—Propositional( E!™)»
using modus—tollens:1 prop—in—f:3:b prop—in—thm by blast

AOT-theorem prop—in—f:4:c: <—Propositional( O')»
using modus—tollens:1 prop—in—f:3:c prop—in—thm by blast

AOT-theorem prop—in—f:4:d: <—Propositional(A!)»
using modus—tollens:1 prop—in—f:3:d prop—in—thm by blast

AOT-theorem prop—prop—nec:1: <O3p (F = [Ay p]) — Ip(F = [Ay p])»
proof(rule —1)
AOT-assume 03 p (F = [Ay p])»
AOT-hence 3p O(F = [\y p|)»
by (metis BF) —E)
then AOT-obtain p where «O(F = [\y p])»
using 3 E[rotated] by blast
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AOT-hence <F' = [A\y pp
by (metis derived—S5—rules:2 emptyE id—nec:2 —F)
AOT-thus «<Ip(F = [Ay p])> by (rule 31)
qed

AOT-theorem prop—prop—nec:2: Vp (F # [Ay p]) — OV p(F # [Ay p])»
proof(rule —1I)
AOT-assume Vp (F # [\y p])»
AOT-hence «(F # [Ay p])» for p
using V £ by blast
AOT-hence O(F # [y p])» for p
by (rule id—nec2:2[unvarify 8, THEN —E, rotated]) cqt:2
AOT-hence Vp O(F # [Ay p])» by (rule GEN)
AOT-thus OV p (F # [A\y p])» using BF[THEN —E] by fast
qed

AOT-theorem prop—prop—nec:3: <3p (F = [Ay p]) — OFp(F = [Ay p])»
proof(rule —1)
AOT-assume Ip (F = [\y p|)»
then AOT-obtain p where «(F = [\y p])» using 3 E[rotated] by blast
AOT-hence (O(F = [Ay p])> by (metis id—nec:2 —E)
AOT-hence 3p0(F = [Ay p])» by (rule 31)
AOT-thus O3 p(F = [Ay p])» by (metis Buridan —E)
qed

AOT-theorem prop—prop—nec:4: <OV p (F # [Ay p]) = Vp(F # [Ay p])»
proof(rule —1)
AOT-assume OV p (F # [Ay p])»
AOT-hence Vp O(F # [Ay p])» by (metis Buridan) —E)
AOT-hence <O(F # [\y p])» for p
using V E by blast
AOT-hence (F # [Ay p]» for p
by (rule id—nec2:3[unvarify 8, THEN —E, rotated]) cqt:2
AOT-thus Vp (F # [A\y p])» by (rule GEN)
qed

AOT-theorem enc—prop—nec:1:
O F (s[F] > 3p(F = [y pl) = ¥ F(alF] = 3p (F = Py p))»
proof(rule —I; rule GEN; rule —1I)
fix F
AOT-assume OV F (z[F] — Ip(F = Ay p]))»
AOT-hence VF O(z[F] — Ip(F = [Ay p]))»
using Buridan{ vdash—properties: 10 by blast
AOT-hence 0: «<)(z[F] — Ip(F = [A\y p]))> using V E by blast
AOT-assume <z[F]
AOT-hence Oz[F]» by (metis en—eq:2[1] =E(1))
AOT-hence O3 p(F = [\y p])»
using 0 by (metis KBasic2:4 =FE(1) vdash—properties:10)
AOT-thus 3p(F = [Ay p])»
using prop—prop—nec:1[THEN —E|] by blast
qed

AOT-theorem enc—prop—nec:2:
VF (2[F] = 3p(F = [Ay pl)) = OV F(z[F] = 3p (F = [Ay p))>

using derived—S5—rules: [[where I'={}, simplified, OF enc—prop—nec:1]
by blast

9 Basic Logical Objects

AOT-define TruthValueOf :: <1 = ¢ = ¢ («TruthValueOf'(-,-")»)
tv—p: <TruthValueOf (z,p) =ay Alz & VF (2[F] =3q((¢ =p) & F =My q))»
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AOT-theorem p—has—!tv:1: <3z TruthValueOf (z,p)>
using tv—p[THEN =Df]
by (AOT-subst < TruthValueOf(z,p)>
(Alz & VF (z[F] = 3q((¢ = p) & F = [\y q]))» for: z)
(simp add: A—objects[axiom-inst])

AOT-theorem p—has—!tv:2: <3z TruthValueOf (z,p)>
using tv—p|THEN =Df]
by (AOT-subst « TruthValueOf(z,p)»
(Alz & VF (z[F] = 3q((¢ = p) & F = [\y q]))» for: z)
(sitmp add: A—objects!)

AOT-theorem uni—tv: «wx TruthValueOf (z,p)l>
using A—Euxists:2 RA[2] =E(2) p—has—!tv:2 by blast

AOT-define TheTruthValueOf :: <p = ks> (<o-» [100] 100)
the—tv—p: <op =4y tx TruthValueOf (z,p)>

AOT-define PropEnc :: <1 = ¢ = ¢ (infix]l «X» 40)
prop—enc: xXp =q5 z) & z[Ay pp

AOT-theorem tv—id:1: <op = vz (Alz & VF (z[F] =3q((¢g =p) & F = [Ay q]))
proof —
AOT-have OV z( TruthValueOf (z,p) = Alz & VF (z[F] =3q¢((¢ =p) & F = [y q])))»
by (rule RN; rule GEN; rule tv—p[THEN =Df])
AOT-hence «z TruthValueOf(z,p) = vz (Alz & VF (z[F] =3q((¢=p) & F=[\yq]))
using equiv—desc—eq:3[THEN —E, OF &I, OF uni—tv] by simp
thus %thesis
using =q5I(1)[OF the—tv—p, OF uni—tv] by fast
qed

AOT-theorem tv—id:2: <opXp»
proof —
AOT-modally-strict {
AOT-have «(p = p) & [A\y p] = [\y pp
by (auto simp: prop—prop2:2 rule=I:1 intro\: =1 —I &I)
AOT-hence 3q ((¢ =p) & [Ny p] = [Ny q])
using 37 by fast
}
AOT-hence <A3q ((¢ = p) & [A\y p] = [y q])»
using RA[2] by blast
AOT-hence «z(Alz & VF (z[F] =3q ((¢ = p) & F = [Ay q)))[\y p)»
by (safe introl: desc—nec—encode: 1{unvarify F, THEN =E(2)] cqt:2)
AOT-hence «wz(Alz &VF (2[F]=3q ((¢=p) & F = [A\y q]))Zp
by (safe introl: prop—enc|[THEN =451] &I A—descriptions)
AOT-thus opXp»
by (rule rule=E[rotated, OF tv—1id:1[symmetric]])
qed

AOT-theorem TV —leml:1:
p=VFEq(q& F=[\yq])=3q((¢=p) & F=[Ayq]))
proof(safe introl: =1 —1 GEN)
fix F
AOT-assume <3¢ (¢ & F = [\y q])»
then AOT-obtain ¢ where <q & F = [\y ¢|»> using 3 E[rotated] by blast
moreover AOT-assume p
ultimately AOT-have (¢ = p) & F = [\y ¢
by (metis &I &E(1) &E(2) deduction—theorem =I)
AOT-thus 3¢ ((¢ = p) & F = [Ay q])» by (rule 31)
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next
fix F
AOT-assume 3q ((¢ = p) & F = [y ¢|)»
then AOT-obtain ¢ where «(¢ = p) & F' = [\y ¢q)> using 3 E[rotated] by blast
moreover AOT-assume p
ultimately AOT-have «q¢ & F = [Ay ¢
by (metis &I &E(1) &E(2) =E(2))
AOT-thus (3¢ (¢ & F = [A\y ¢])» by (rule 31)
next
AOT-assume VF (¢ (¢& F=[Myq)) =3¢ (¢g=p) & F=[\yq))
AOT-hence <3¢ (¢ & Ay p] = [A\y q]) =
using V E(1)[rotated, OF prop—prop2:2]
moreover AOT-have <3¢ ((¢ = p) & [Ay p] = [M\y q])
by (rule 31(2)[where S=p])
(simp add: rule=I:1 &I oth— class—taut:8:a prop—prop2:2)
ultimately AOT-have <3¢ (¢ & [Ay p] = [A\y q])» using =F(2) by blast
then AOT-obtain ¢ where «¢ & [Ay p] = [A\y ¢]> using 3 E[rotated] by blast
AOT-thus (p
using rule=F &F(1) &E(2) id-sym =E(2) p—identity—thm2:3 by fast
qed

AOT-theorem TV —lem1:2:
Cp=VFEq (nq& F=[\yq)) =3q((¢=p) & F=[Ayq))
proof(safe introl: =1 —1 GEN)
fix F
AOT-assume 3q (—q & F = [A\y ¢])»
then AOT-obtain ¢ where <—q & F = [\y ¢|> using 3 E[rotated] by blast
moreover AOT-assume <—p»
ultimately AOT-have (¢ = p) & F = [\y q)
by (metis &I &E(1) &E(2) deduction—theorem =I raa—cor:3)
AOT-thus 3¢ ((¢ = p) & F = [Ay q])» by (rule 31)
next
fix F
AOT-assume <3¢ ((¢ =p) & F = [\y q])»
then AOT-obtain ¢ where (¢ = p) & F = [\y ¢]> using 3 E[rotated] by blast
moreover AOT-assume (—p»
ultimately AOT-have <—¢q & F' = [Ay ¢
by (metis &I &E(1) &E(2) =E(1) raa—cor:3)
AOT-thus (3¢ (-qg & F = [Ay q|)> by (rule 31)
next
AOT-assume VF (3¢ (g & F = [A\y q])
AOT-hence (3¢ (mq & Ay p] = Ay q]) =
using V E(1)[rotated, OF prop—prop2:2] b,
moreover AOT-have (3¢ ((¢ = p) & [A\y p] = [)\y q])»
by (rule 31(2)[where =p])
(stmp add: rule=I:1 &I oth—class—taut:3:a prop—prop2:2)
ultimately AOT-have <3¢ (=g & [A\y p] = [A\y ¢])» using =E(2) by blast
then AOT-obtain ¢ where <—q & [\y p| = [\y ¢]> using 3 E[rotated] by blast
AOT-thus —p»
using rule=F &E(1) &E(2) id-sym =E(2) p—identity—thm2:3 by fast
qed

AOT-define TruthValue :: <7 = > (< TruthValue'(-')»)
T—value: < TruthValue(z) =q5 I p (TruthValueOf (z,p))>

AOT-act-theorem T—lem:1: < TruthValueOf(op, p)»
proof —
AOT-have ¥: <op = vz TruthValueOf(z, p)»
using rule—id—df:1 the—tv—p uni—tv by blast
moreover AOT-have (opl>
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using t=t—proper:1 calculation vdash—properties:10 by blast
ultimately show ?thesis by (metis rule=F id-sym vdash—properties:10 y—in:3)
qed

AOT-act-theorem T—lem:2: <V F (op[F] =3q((¢=p) & F =[A\y q]))»
using T—lem:1[THEN tv—p|THEN =4;FE]|, THEN &E(2)].

AOT-act-theorem T—lem:3: «opX¥r = (r = p)»
proof —
AOT-have 9: <op[Ay r] =3¢ ((¢ = p) & [Ny 7] = [A\y q])»
using T—lem:2[THEN Y E(1), OF prop—prop2:2].
show ?thesis
proof(rule =I; rule —1I)
AOT-assume <opXir)
AOT-hence (op[Ay r]» by (metis =qrE &FE(2) prop—enc)
AOT-hence 3¢ ((¢ = p) & [Ay r] = [My ¢])> using ¥ =E(1) by blast
then AOT-obtain ¢ where (¢ = p) & [\y r] = [A\y ¢]> using 3 E[rotated] by blast
moreover AOT-have (r = ¢» using calculation
using &F(2) =E(2) p—identity—thm2:3 by blast
ultimately AOT-show «r = p»
by (metis rule=E &E(1) =E(6) oth—class—taut:3:a)
next
AOT-assume r = p»
moreover AOT-have Ay r] = [Ay r]
by (simp add: rule=I:1 prop—prop2:2)
ultimately AOT-have «(r = p) & [Ay 7] = [A\y r]> using &I by blast
AOT-hence 3¢ ((¢ = p) & [Ay r] = [A\y q])> by (rule 3I(2)[where S=r])
AOT-hence <op[A\y 7> using ¥ =E(2) by blast
AOT-thus opXr)
by (metis =q51 &I prop—enc russell—aziom|enc,1].1p-denotes-asm)
ged
qed

AOT-act-theorem T—lem:4: < TruthValueOf(z, p) = z = op»
proof —
AOT-have Vz (z = tz TruthValueOf(z, p) = ¥V z (TruthValueOf (z, p) = z = z))»
by (simp add: fund—cont—desc GEN)
moreover AOT-have <op]»
using =45 F tv—id:2 & E(1) prop—enc by blast
ultimately AOT-have
«(op = ez TruthValueOf(z, p)) =V z (TruthValueOf(z, p) = z = op)»
using V E(1) by blast
AOT-hence ¥z (TruthValueOf(z, p) = z = op)»
using =F(1) rule—id—df:1 the—tv—p uni—tv by blast
AOT-thus «TruthValueOf (z, p) = z = op» using V E(2) by blast
qged

AOT-theorem TV—lem2:1:
(Alz & VF (z[F] =3¢ (¢ & F = [\y q]))) — TruthValue(z)»
proof(safe introl: —I T—value[THEN =q45I] tv—p|[THEN =4I|
3I(1)[rotated, OF log—prop—rprop:2])
AOT-assume (Allz & VF (z[F] =3q (¢ & F = [Ay q]))
AOT-thus «[Allz & VF (z[F] =3¢ ((¢= (Vp (p = p))) & F =My q))
apply (AOT-subst <3¢ ((¢ = (Vp (p = p))) & F = [Ay q])»
«Jq (¢ & F = [A\y q])» for: F :: <<k>))
apply (AOT-subst <¢ = Vp (p —p) <@ for: q)
apply (metis (no-types, lifting) —I =1 =E(2) GEN)
by (auto simp: cqt—further:7)
qed
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AOT-theorem TV—lem2:2:
(Alz & VF (z[F] = 3q (mq & F = [\y q]))) = TruthValue(z)>
proof(safe introl: —I T—value[THEN =q47I] tv—p[THEN =4I|
31(1)[rotated, OF log—prop—prop:2])
AOT-assume (Allz & VF (z[F]| =3q (~q & F = [Ay q])»
AOT-thus «[Allz & VF (z[F] =3¢ ((¢= 3p (p & —p)) & F = [Ay q]))»
apply (AOT-subst <3¢ ((¢ = (3p (p & —p))) & F = [Ay q])»
«Jq (—q & F = [Ay q])» for: F :: <<k>)
apply (AOT-subst <¢ = 3p (p & —p)» - for: q)
apply (metis (no-types, lifting)
—1 3E =E(1) =I raa—cor:1 raa—cor:3)
by (auto simp add: cqt—further:7)
qed

AOT-define TheTrue :: ks (T»)

the—true:1: <T =q5 tz (Alz & VF (z[F] = 3p(p & F = [Ay p])))»
AOT-define TheFualse :: ks (<L)

the—true:2: <L =q5 tx (Alz & VF (2[F] = 3p(-p & F = Ay p]))

AOT-theorem the—true:3: <T # L»
proof(safe intro!: ab—obey:2[unvarify x y, THEN —E, rotated 2, OF VI(1)]
3I(1)[where T=««[Az V q(q — ¢)]»] &I prop—prop2:2)
AOT-have false-def: <L = 1z (Alz & VF (z[F] = 3p(-p & F = [Ay p))))»
by (simp add: A—descriptions rule—id—df:1[zero] the—true:2)
moreover AOT-show false-den: <L|»
by (meson —E t=t—proper:1 A—descriptions
rule—id—df:1[zero] the—true:2)
ultimately AOT-have false-prop: (A(AlL & VF (L[F] =3p(—-p & F = Ay p])))»
using nec—hintikka—scheme[unvarify ©, THEN =E(1), THEN &E(1)] by blast
AOT-hence <AV F (L[F] =3p(-p & F = [Ay p]))»
using Act—Basic:2 &E(2) =E(1) by blast
AQT-hence VF A(L[F] = 3p(-p & F = [\y p])))»
using =F(1) logic—actual—nec:3[aziom-inst] by blast
AOT-hence false-enc-cond:
CA(L[Az Vg(g — )] = 3p(-p & [Az Y q(q = q)] = [Ay p]))
using V E(1)[rotated, OF prop—prop2:2] by blast

AOT-have true-def: <T =1z (Alz & VF (z[F] =3p(p & F = [Ay p])))»
by (simp add: A—descriptions rule—id—df:1[zero] the—true:1)
moreover AOT-show true-den: <T]»
by (meson t=t—proper:1 A—descriptions rule—id—df:1[zero] the—true:1 —E)
ultimately AOT-have true-prop: <A(A!T & VF (T[F] =3p(p & F = [Ay p)))
using nec—hintikka— scheme[unvarify ©, THEN =E(1), THEN &E(1)] by blast
AOT-hence <AV F (T[F] =3p(p & F = [y p)))»
using Act— Basic:2 &E(2) =FE(1) by blast
AOT-hence VF A(T[F] =3p(p & F = My p]))
using =F(1) logic—actual—nec: 3[aziom-inst] by blast
AOT-hence «A(T[Az V(g — ¢)] = 3p(p & [Nz Vq(qg — ¢)] = [\y p]))»
using V E(1)[rotated, OF prop—prop2:2] by blast
moreover AOT-have (A3 p(p & [Az V q(q¢ — q)] = [Ay p])»
by (safe introl: nec—imp—act[THEN —E] RN 31(1)[where 7=«V q(q — q)»] &I
GEN —1I log—prop—prop:2 rule=1I:1 prop—prop2:2)
ultimately AOT-have «A(T[Az Vq(q — q)])
using Act— Basic:5 =F(1,2) by blast
AOT-thus «T[Az Vq(q — @)
using en—eq:10[1][unvarify z1 F, THEN =E(1)] true-den prop—prop2:2 by blast

AOT-show =LAz Vq(q = ¢)]
proof(rule raa—cor:2)
AOT-assume (L[Az Vq(qg — q)]
AOT-hence «(AL[Xz Vq(qg — ¢)]
using en—eq: 10[1][unvarify z1 F, THEN =E(2)]
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false-den prop—prop2:2 by blast
AOT-hence «(A3p(—p & Az Vq(q = q)] = My p])»
using false-enc-cond Act—Basic:5 =E(1) by blast
AOT-hence Ip A(—p & Az Vq(q — )] = My p])»
using Act—Basic:10 =F(1) by blast
then AOT-obtain p where p-prop: <A(—p & [Ax V q(q¢ — q)] = [M\y p])»
using 3 E[rotated] by blast
AOT-hence <AXz V q(q — q)] = [y pp
by (metis Act—Basic:2 &E(2) =E(1))
AOT-hence Xz Vq(q — q)] = [\y p)
using id—act: I[unvarify o §, THEN =E(2)] prop—prop2:2 by blast
AOT-hence «((Vq(¢ — q)) = p
using p—identity—thm2: 3[unvarify p, THEN =E(2)]
log—prop—prop:2 by blast
moreover AOT-have <A-p> using p-prop
using Act—Basic:2 &E(1) =E(1) by blast
ultimately AOT-have <A~V q(q — q)»
by (metis Act—Sub:1 =E(1,2) raa—cor:3 rule=E)
moreover AOT-have - A~V q(q — q)»
by (meson Act—Sub:1 RA[2] if —p—then—p =E(1) universal—cor)
ultimately AOT-show «A-V q¢(q¢ — q) & =A-V q(q¢ — q)»
using &I by blast
qed
qed

AOT-act-theorem T—T—wvalue:1: < TruthValue(T)>
proof —
AOT-have true-def: <T =z (Alz & VF (z[F] =3p(p & F = [Ay p)))
by (simp add: A—descriptions rule—id—df:1[zero] the—true:1)
AOT-hence true-den: <TJ»
using t=t—proper:1 vdash—properties:6 by blast
AOT-show «TruthValue(T)>
using y—in:2[unvarify z, OF true-den, THEN —E, OF true-def|
TV —lem?2: 1[unvarify z, OF true-den, THEN —FE] by blast
qed

AOT-act-theorem T—T—value:2: < TruthValue(L)>
proof —
AOT-have false-def: <L = 1z (Alz & VF (z[F] = 3p(-p & F = [Ay p))))»
by (simp add: A—descriptions rule—id—df:1[zero] the—true:2)
AOT-hence false-den: <L]»
using t=t—proper:1 vdash—properties:6 by blast
AOT-show «TruthValue(L)>
using y—in:2[unvarify z, OF false-den, THEN —FE, OF false-def]
TV —lem?2:2[unvarify ¢, OF false-den, THEN —E| by blast
qged

AOT-theorem two—T: «3z3 y( TruthValue(z) & TruthValue(y) & = # y &
Vz (TruthValue(z) =+ z =z V z = y))»
proof —
AOT-obtain a where a-prop: <Ala & VF (a[F] = 3p (p & F = [Ay p)))»
using A—objects[aziom-inst] 3 E[rotated] by fast
AOT-obtain b where b-prop: <Alb & VF (b[F] =3p (-p & F = [Ay p]))»
using A—objects[axiom-inst] 3 E[rotated] by fast
AOT-obtain p where p: p
by (metis log—prop—prop:2 raa—cor:3 rule—ui:1 universal— cor)
show ?thesis
proof(rule 3I(2)[where S=a]; rule 31(2)[where S=0];
safe introl: &I GEN —1I)
AOT-show «TruthValue(a)»
using TV —lem2:1 a-prop vdash—properties:10 by blast
next
AOT-show «TruthValue(b)»
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using TV —lem2:2 b-prop vdash—properties:10 by blast
next
AOT-show <a # b
proof(rule ab—obey:2[THEN —FE, OF VI(1)])
AOT-show 3 F (a[F] & —b[F])»
proof(rule 3I(1)[where T=«[A\y p|»]; rule &I prop—prop2:2)
AOT-show <a[\y p)
by (safe introl: 31(2)[where S=p| &I p rule=I:1[OF prop—prop2:2]
a-prop|THEN &E(2), THEN Y E(1), THEN =E(2), OF prop—prop2:2])
next
AOT-show «—b[A\y p]
proof (rule raa—cor:2)
AOT-assume <b[\y p)»
AOT-hence 3¢ (—q & [A\y p] = [Ny q])»
using V E(1)[rotated, OF prop—prop2:2, THEN =E(1)]
b-prop[ THEN & E(2)] by fast
then AOT-obtain ¢ where <—q & [Ay p] = [Ay ¢]
using 3 E[rotated] by blast
AOT-hence <—p»
by (metis rule=E &FE(1) &E(2) deduction—theorem =I
=F(2) p—identity—thm2:3 raa—cor:3)
AOT-thus <p & —p) using p &I by blast
qed
qed
qged
next
fix z
AOT-assume < TruthValue(z)»
AOT-hence 3 p (TruthValueOf(z, p))»
by (metis =q5 E T—wvalue)
then AOT-obtain p where «TruthValueOf(z, p)> using 3 E[rotated] by blast
AOT-hence z-prop: <Alz & VF (2[F] =3q ((¢=p) & F = Ay q)))»
using =47 E tv—p by blast
{
AOT-assume p: <p»
AOT-have (z = a
proof(rule ab—obey: 1[THEN —E, THEN —E, OF &I,
OF z-prop[THEN &E(1)], OF a-prop[THEN &E(1)]];
rule GEN)
fix G
AOT-have 2[G] =3q (¢ =p) & G =[\y q])»
using z-prop[THEN &E(2)] V E(2) by blast
also AOT-have (3¢ ((¢=p) & G=[\yq]) =3¢ (¢ & G=[\y q])»
using TV —lem1:1[THEN =E(1), OF p, THEN V E(2)[where =G|, symmetric|.
also AOT-have «... = a[G))
using a-prop[THEN & E(2), THEN V E(2)[where =G|, symmetric].
finally AOT-show «z[G] = a[G).
qed
AOT-hence <z = a V z = by by (rule VI)
}
moreover {
AQT-assume notp: <—p»
AQOT-have (z = b
proof(rule ab—obey:1{THEN —E, THEN —E, OF &I,
OF z-prop| THEN &E(1)], OF b-prop|THEN &E(1)]];

rule GEN)
fix G
AOT-have 2[G] =3¢ ((¢=p) & G = [\y q])»
using z-prop[THEN &E(2)] V E(2) by blast
also AOT-have <3¢ ((¢=p) & G=[Myq]) =3q (g & G =[Ny q])»
using TV —lem1:2[THEN =E(1), OF notp, THEN YV E(2), symmetric].

also AOT-have (... = b[G]
using b-prop| THEN &E(2), THEN Y E(2), symmetric|.

~
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finally AOT-show «z[G] = b[G]>.

qed
AOT-hence <z = a V z = b by (rule VI)

}

ultimately AOT-show <z =a V z = b
by (metis reductio—aa: 1)

qed
qed

AOT-act-theorem valueof —facts:1: « TruthValueOf(z, p) —» (p =2 =T)
proof(safe introl: —1I dest!: tv—p[THEN =45 E))
AOT-assume ¢: ([Allz & VF (z[F] =3q ((¢=p) & F = [Ay q]))»
AQOT-have a: <A!'T»
using 3E T—T—value:1 T—value &E(1) =45 E tv—p by blast
AOT-have true-def: <T =1z (Alz & VF (z[F] =3p(p & F = [Ay p))))
by (simp add: A—descriptions rule—id—df:1[zero] the—true:1)
AOT-hence true-den: <T|>»
using t=t—proper:1 vdash—properties:6 by blast
AOT-have b: <VF (T[F]=3q (¢ & F=[Ayq]))
using y—in:2[unvarify z, OF true-den, THEN —E, OF true-def] &E by blast
AOT-show <p=z=T)
proof(safe introl: =1 —1I)
AQOT-assume p
AOT-hence VF (3q(g& F=[Myq)) =3¢ ((¢g=p) & F = [ yq]))
using TV —lem1:1[THEN =E(1)] by blast
AOT-hence <VF(T[F]=3q ((¢g=p) & F =My q))
using b cqgt—basic:10]THEN —E, OF &I, OF b] by fast
AOT-hence ¢: <VF(3q((¢g=p) & F = yq]) = T[F])»
using cqt—basic:11[THEN =E(1)] by fast
AOT-hence vV F (z[F] = T[F])»
using cqt—basic: 10 THEN —FE, OF &I, OF 9[THEN &E(2)]] by fast
AOT-thus <z = T
by (rule ab—obey: 1[unvarify y, OF true-den, THEN —E, THEN —E,
OF &I, OF 9[THEN &E(1)], OF ad])
next
AOT-assume <z = T»
AOT-hence d: <VF (T[F]=3q ((¢=p) & F =My q))»
using rule=E Y[THEN &E(2)] by fast
AOT-have VF (3q (¢ & F=[\yq)) =3¢ ((¢=p) & F=[yq))
using cqt—basic: 10| THEN —E, OF &I,
OF b|THEN cqt—basic:11[THEN =E(1)]], OF d].
AOT-thus p using TV—lemI:1[THEN =FE(2)] by blast
ged
qed

AOT-act-theorem valueof —facts:2: < TruthValueOf(z, p) — (-p =z = L)
proof(safe introl: —1I dest!: tv—p|THEN =4y F))
AOT-assume O: ([Allz & VF (z[F]=3q ((¢g=p) & F =My q))
AQOT-have a: <Al L)
using 3E T—T—value:2 T—value &E(1) =q5F tv—p by blast
AOT-have false-def: <L =1z (Alz & VF (z[F] = Ip(—p & F = [Ay p])))»
by (simp add: A—descriptions rule—id—df:1[zero] the—true:2)
AOT-hence false-den: <L]»
using t=t—proper:1 vdash—properties:6 by blast
AOT-have b: <VF (L[F]=3q (¢ & F =[\y q))
using y—in:2[unvarify z, OF false-den, THEN —E, OF false-def] &E by blast
AOT-show (—p =z = 1»
proof(safe introl: =1 —1)
AOT-assume <—p)
AOT-hence «VF (3q (nq& F=[Myq)) =3q(¢=p) & F =My q))»
using TV —lemI:2[THEN =E(1)] by blast
AOT-hence <VF(L[F]=3q ((¢g=p) & F =My q))
using b cqgt—basic:10{THEN —E, OF &I, OF b by fast
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AOT-hence c: <VF(3q((¢=p) & F =[\y q]) = L[F])»
using cqt—basic:11[THEN =E(1)] by fast
AOT-hence VF (z[F] = L[F])
using cqt—basic: 10| THEN —FE, OF &I, OF 9[THEN &E(2)]] by fast
AOT-thus <z = 1»
by (rule ab—obey: 1[unvarify y, OF false-den, THEN —E, THEN —FE,
OF &I, OF 9[THEN &E(1)], OF d))
next
AOT-assume <z = L»
AOT-hence d: <VF (L[F]=3q ((¢=p) & F =[\y q))»
using rule=E Y[THEN &E(2)] by fast
AOT-have VF (3q (m¢& F=[\yq)) =3¢ ((¢=p) & F=[Ayq))
using cqt—basic: 10| THEN —E, OF &I,
OF b[THEN cqt—basic:11[THEN =E(1)]], OF d].
AOT-thus <—p> using TV—lem1:2[THEN =E(2)] by blast
ged
qed

AQOT-act-theorem g— True:1: <p = (op = T)»
apply (rule valueof —facts: 1[unvarify z, THEN —E, rotated, OF T—lem:1])
using =4 F tv—id:2 & E(1) prop—enc by blast

AOT-act-theorem q— True:2: (—p = (op = L)»
apply (rule valueof —facts: 2[unvarify x, THEN —E, rotated, OF T—lem:1])
using =4 F tv—id:2 &E(1) prop—enc by blast

AOT-act-theorem q—True:3: <p = TXp»
proof(safe introl: =1 —1I)
AQOT-assume p
AOT-hence <op = T» by (metis =E(1) q— True:1)
moreover AOT-have (opXp»
by (simp add: tv—id:2)
ultimately AOT-show «TXp»
using rule=FE T—lem:/ by fast
next
AOT-have true-def: <T =1z (Alz & VF (z[F] =3p(p & F = [Ay p))))
by (simp add: A—descriptions rule—id—df:1[zero] the—true:1)
AOT-hence true-den: <TJ]»
using t=t—proper:1 vdash—properties:6 by blast
AOT-have b: <VF (T[F]=3q (¢ & F =My q))»
using y—in:2[unvarify z, OF true-den, THEN —E, OF true-def] &E by blast

AOT-assume (T Xp)
AOT-hence «T[A\y p]» by (metis =q5E &FE(2) prop—enc)
AOT-hence 3¢ (¢ & [Ay p| = [Ay ¢])»
using b[THEN V E(1), OF prop—prop2:2, THEN =E(1)] by blast
then AOT-obtain ¢ where ¢ & [Ay p] = [Ay ¢]> using 3 E[rotated] by blast
AOT-thus p»
using rule=F &F(1) &E(2) id-sym =E(2) p—identity—thm2:3 by fast
qed

AOT-act-theorem q— True:5: <—p = 1L3p>
proof(safe introl: =1 —1I)
AOT-assume <—p»
AOT-hence <op = 1) by (metis =FE(1) q— True:2)
moreover AOT-have opXp»
by (simp add: tv—id:2)
ultimately AOT-show <1 Xp»
using rule=E T—lem:j by fast
next
AOT-have false-def: <L = vz (Alz & VF (z[F] = 3p(-p & F = [Ay p])))»
by (simp add: A—descriptions rule—id—df:1[zero] the—true:2)
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AOT-hence false-den: <1]»
using t=t—proper:1 vdash—properties:6 by blast
AOT-have b: <\VF (L[F]=3q (-q& F=[\yq))
using y—in:2[unvarify z, OF false-den, THEN —FE, OF false-def] &E by blast

AOT-assume | Xp>
AOT-hence «L[\y p]» by (metis =q5FE &F(2) prop—enc)
AOT-hence 3¢ (—q & [A\y p] = [\y q])»
using b[THEN V E(1), OF prop—prop2:2, THEN =E(1)] by blast
then AOT-obtain ¢ where <—¢ & [\y p] = [\y ¢|> using 3 E[rotated] by blast
AOT-thus <—p>
using rule=F &E(1) &E(2) id-sym =E(2) p—identity—thm2:3 by fast
qed

AOT-act-theorem q— True:4: <p = ~(LXp)»
using ¢— True:5
by (metis deduction—theorem =1 =E(2) =E(4) raa—cor:3)

AOT-act-theorem ¢— True:6: <(—p = —(TXp)»
using =E(1) oth—-class—taut:4:b q— True:3 by blast

AOT-define ExtensionOf :: <1 = ¢ = ¢» (<EztensionOf'(-,-")»)
exten—p: «ExtensionOf (z,p) =ay Alz &
YV F (z[F] — Propositional([F])) &
Vq ((22q) = (¢ = p))

AOT-theorem eztof—e: «ExtensionOf(z, p) = TruthValueOf (z, p)»
proof (safe intro!: =1 —1I tv—p|[THEN =4I| exten—p|THEN =441]
dest!: tv—p[THEN =45 E] exten—p|THEN =44 E])
AOT-assume I: ([Allz & V F (z[F] — Propositional([F])) & Vq (z 2
AOT-hence ¥: ([Allz & VF (z[F] - 3q(F =My q])) & Vg (X ¢ =
by (AOT-subst <3 q(F = [Ay q])» <Propositional([F])» for: F :: <<k>>
(auto simp add: df —rules—formulas[8] df —rules—formulas[4]
=1 prop—propl)
AOT-show ([Alz & VF (z[F]=3q ((¢ =p) & F =My q))
proof(safe intro!: &I GEN I[THEN &E(1), THEN &E(1)] =1 —1I)
fix F
AOT-assume 0: «z[F]»
AOT-hence <3¢ (F = [A\y ¢])»
using Y[THEN &E(1), THEN &E(2)] ¥V E(2) —FE by blast
then AOT-obtain ¢ where ¢-prop: <F = [\y ¢]> using 3 E[rotated] by blast
AOT-hence <z[\y ¢]> using 0 rule=FE by blast
AOT-hence xX > by (metis =q51 &I ex:1:a prop—enc rule—ui:3)
AOT-hence «q¢ = p» using Y[THEN &E(2)] V E(2) =E(1) by blast
AOT-hence (¢ = p) & F = [\y q]> using ¢-prop &I by blast
AOT-thus <3¢ ((¢ = p) & F = [A\y q])» by (rule 31)
next
fix F
AOT-assume <3¢ ((¢ = p) & F = [ y ¢])»
then AOT-obtain ¢ where g-prop: <«(¢ = p) & F = [Ay ¢
using 3 E[rotated] by blast
AOT-hence «xX¢> using J[THEN &FE(2)] V E(2) &F =FE(2) by blast
AOT-hence (z[\y q]» by (metis =4 E &FE(2) prop—enc)
AOT-thus <z[F]) using g¢-prop| THEN & E(2), symmetric] rule=E by blast
qged
next
AOT-assume 0: <[Allz & VF (z[F]=3q ((¢=p) & F=[Ayq))
AOT-show «[Al]lz & V F (z[F] — Propositional([F])) & V¢ (X ¢ = (¢ = p))»
proof(safe intro!: &I O[THEN &E(1)] GEN —1I)
fix F
AOT-assume <z[F]»
AOT-hence <3¢ ((¢=p) & F = [\y q])»
using 0[THEN &E(2)] VE(2) =E(1) by blast

220



then AOT-obtain ¢ where «(¢ = p) & F = [M\y ¢
using 3 E[rotated] by blast
AOT-hence (F = [\y ¢]» using &FE(2) by blast
AOT-hence <3¢q F = [\y ¢ by (rule 31)
AOT-thus «Propositional([F])> by (metis =q5I prop—propl)
next
AOT-show zXr = (r = p)» for r
proof(rule =I; rule —1)
AOT-assume <zXr)
AOT-hence z[\y 7]> by (metis =qrE &E(2) prop—enc)
AOT-hence <3q ((¢ = p) & [Ay 7] = [A\y q])»
using 0[THEN &E(2), THEN V E(1), OF prop—prop2:2, THEN =E(1)] by blast
then AOT-obtain ¢ where (¢ = p) & [My 1] = [A\y ¢]
using 3 E[rotated] by blast
AOT-thus «r = p»
by (metis rule=FE &FE(1,2) id-sym =E(2) Commutativity of =
p—identity—thm?2:3)
next
AOT-assume r = p»
AOT-hence «(r = p) & [A\yr] = [M\y r]p
by (metis rule=1:1 =5(1) =E(2) Commutativity of & prop—prop2:2)
AOT-hence (3¢ ((¢ = p) & [Ay r] = [\y q])» by (rule 3I)
AOT-hence <z[\y 7]
using 0[THEN &E(2), THEN V E(1), OF prop—prop2:2, THEN =FE(2)] by blast
AOT-thus zXr) by (metis =asI &I ex:1:a prop—enc rule—ui:3)
qed
qed
qged

AOT-theorem ext—p—tv:1: <3z ExtensionOf (z, p)»
by (AOT-subst <EztensionOf(z, p)» « TruthValueOf(z, p)» for: x)
(auto simp: extof —e p—has—!tv:2)

AOT-theorem ext—p—tv:2: «wz(EaxtensionOf (z, p))d»
using A— Euxists:2 RA[2] ext—p—tv:1 =E(2) by blast

AOT-theorem ext—p—tv:3: <z(EzxtensionOf (z, p)) = op>
proof —
AOT-have 0: <AY z(EzxtensionOf (z, p) = TruthValueOf(z,p))>
by (rule RA[2]; rule GEN; rule extof—e)
AOT-have I: <op = vz TruthValueOf(z,p)>
using rule—id—df:1 the—tv—p uni—tv by blast
show %thesis
apply (rule equiv—desc—eq: 1[THEN —E, OF 0, THEN V E(1)[where T=(«op»],
THEN =E(2), symmetric])
using 1 t=t—proper:1 vdash—properties: 10 apply blast
by (fact 1)
qed

10 Restricted Variables

locale AOT-restriction-condition =
fixes ¢ :: <‘a::AOT-Term-id-2 = o»
assumes res—var:2[AOT): v = Ja P{a}]
assumes res—var:3[AOT): «[v = ¢{r} — 7]

ML«

fun register-restricted-type (name:string, restriction:string) thy =

let

val ctxt = thy

val ctxt = setupStrictWorld ctxt

val trm = Syntaz.check-term ctxt (AOT-read-term @Q{nonterminal ¢’} ctzt restriction)
val free = case (Term.add-frees trm [|) of [f] => [ |
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- => raise Term. TERM (FEzpected single free variable., [trm])
val trm = Term.absfree free trm
val localeTerm = Const (const-name <AOT-restriction-conditiony, dummyT) $ trm
val localeTerm = Syntaz.check-term ctxt locale Term
fun after-qed thms thy = let
val st = Interpretation.global-interpretation
(([(@{locale AOT-restriction-condition}, ((name, true),
(Expression.Named [(v, trm)], D)), 1)) [] thy
val st = Proof.refine-insert (flat thms) st
val thy = Proof.global-immediate-proof st

val thy = Local-Theory.background-theory
(AOT-Constraints.map (Symtab.update
(name, (term-of (snd free), term-of (snd free))))) thy
val thy = Local-Theory.background-theory
(AOT-Restriction.map (Symtab.update
(name, (trm, Const (const-name<AOT-term-of-vary, dummyT))))) thy

in thy end

m

Proof.theorem NONE after-qed [[(HOLogic.mk-Trueprop localeTerm, [])]] ctat
end

val - =
Outer-Syntaz.command
command-keyword «AOT-register-restricted-type)
Register a restricted type.
(((Parse.short-ident ——| Parse.$3% :) —— Parse.term) >>
(Toplevel.local-theory-to-proof NONE NONE o register-restricted-type));
»

locale AOT-rigid-restriction-condition = AOT-restriction-condition +
assumes 1igid[AOT]: «[v = VYa(y{a} — Op{a}))

begin

lemma rigid-condition[AOT]: «[v = O(yY{a} — Op{a})])
using rigid[THEN V E(2)] RN by simp

lemma type-set-nonempty[AOT-no-atp, no-atp]: 3z . z € { a . [wo = Y{a}|p
by (metis instantiation mem-Collect-eq res—var:2)

end

locale AOT-restricted-type = AOT-rigid-restriction-condition +
fixes Rep and Abs
assumes AOT-restricted-type-definition| AOT-no-atp]:
<type-definition Rep Abs { o . [wo = ¢Y{a}]P
begin

AOT-theorem restricted-var-condition: «p{« AOT-term-of-var (Rep a)»}>
proof —
interpret type-definition Rep Abs { o . [wo = ¢Y{a}]}
using AOT-restricted-type-definition.
AOT-actually {
AOT-have <«AOT-term-of-var (Rep a)»]y and p{«AOT-term-of-var (Rep a)»}»
using AOT-sem-imp Rep res—var:3 by auto
}

moreover AOT-actually {
AOT-have ¢p{a} — Oyv{a} for a
using AOT-sem-bozx rigid-condition by presburger
AOT-hence {7} — Oyp{r} if «<r]» for 7
by (metis AOT-model. AOT-term-of-var-cases AOT-sem-denotes that)

ultimately AOT-show «{«AOT-term-of-var (Rep a)»}>

using AOT-sem-box AOT-sem-imp by blast
qed
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lemmas ¢ = restricted-var-condition

AOT-theorem GEN: assumes <for arbitrary a: o{« AOT-term-of-var (Rep a)»}>
shows Va (Y{a} — ¢{a})
proof(rule GEN; rule —1)
interpret type-definition Rep Abs { o . [wo = ¢Y{a}]}
using AOT-restricted-type-definition.
fix o
AOT-assume Y{a}
AOT-hence <Ay{a}
by (metis AOT-model-axiom-def AOT-sem-box AOT-sem-imp act-closure rigid-condition)
hence 0: ([wo E Y{a}] by (metis AOT-sem-act)
{
fix 7
assume «-def: <« = Rep 7>
AOT-have «p{a}
unfolding a-def
using assms by blast

AOT-thus «p{a}
using Rep-cases[simplified, OF 0]
by blast
qed
lemmas VI = GEN

end

lemma AOT-restricted-type-intro AO T-no-atp, no-atpl:
assumes <type-definition Rep Abs { o . [wo = Y{a}]}
and <AOT-rigid-restriction-condition >
shows <AOT-restricted-type ¢ Rep Abs»
by (auto introl: assms AOT-restricted-type-axioms.intro AOT-restricted-type.intro)

ML«
fun register-rigid-restricted-type (name:string, restriction:string) thy =
let
val ctxt = thy
val ctat = setupStrictWorld ctxt
val trm = Syntaz.check-term ctzt (AOT-read-term Q{nonterminal ¢’} ctzt restriction)
val free = case (Term.add-frees trm []) of [f] => f
| - => raise Term. TERM (Ezpected single free variable., [trm])
val trm = Term.absfree free trm
val locale Term = HOLogic.mk-Trueprop
(Const (const-name «AOT-rigid-restriction-conditiony, dummyT) $ trm)
val localeTerm = Syntaz.check-prop ctxt localeTerm
val int-bnd = Binding.concealed (Binding.qualify true internal (Binding.name name))
val bnds = {Rep-name = Binding.qualify true name (Binding.name Rep),
Abs-name = Binding.qualify true Abs int-bnd,
type-definition-name = Binding.qualify true type-definition int-bnd}

fun after-qed witts thy = let
val thms = (map (Element.conclude-witness ctxt) (flat witts))

val typeset = HOLogic.mk-Collect (o, dummyT,

const <AOT-model-valid-iny $ const wgy> $

(trm $ (Const (const-name<AOT-term-of-vary, dummyT) $ Bound 0)))
val typeset = Syntax.check-term thy typeset
val nonempty-thm = Drule.OF

(@{thm AOT-rigid-restriction-condition.type-set-nonempty}, thms)
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val ((-,st),thy) = Typedef.add-typedef {overloaded=true}
(Binding.name name, [], Mizfixz. NoSyn) typeset (SOME bnds)
(fn ctet => (Tactic.resolve-tac ctxt ([nonempty-thm]) 1)) thy

val ({rep-type = -, abs-type = -, Rep-name = Rep-name, Abs-name = Abs-name,
ariom-name = -},
{inhabited = -, type-definition = type-definition, Rep = -,
Rep-inverse = -, Abs-inverse = -, Rep-inject = -, Abs-inject = -,
Rep-cases = -, Abs-cases = -, Rep-induct = -, Abs-induct = -}) = st

val locale-thm = Drule. OF (@Q{thm AOT-restricted-type-intro}, type-definition::thms)

val st = Interpretation.global-interpretation (([(Q{locale AOT-restricted-type},
((name, true), (Exzpression.Named |
(1/}7 trm),
(Rep, Const (Rep-name, dummyT)),
(Abs, Const (Abs-name, dummyT))], [])))

L)1 thy

val st = Proof .refine-insert [locale-thm] st
val thy = Proof.global-immediate-proof st

val thy = Local-Theory.background-theory (AOT-Constraints.map (
Symtab.update (name, (term-of (snd free), term-of (snd free))))) thy

val thy = Local-Theory.background-theory (AOT-Restriction.map (
Symtab.update (name, (trm, Const (Rep-name, dummyT))))) thy

in thy end
m
Element.witness-proof after-qed [[localeTerm]| thy
end

val - =
Outer-Syntax.command
command-keyword « AO T-register-rigid-restricted-types
Register a restricted type.
(((Parse.short-ident ——| Parse.$33% :) —— Parse.term) >>
(Toplevel.local-theory-to-proof NONE NONE o register-rigid-restricted-type));

ML«
fun get-instantiated-alll ctxt varname thm = let
val trm = Thm.concl-of thm
val trm = case trm of (Q{const Trueprop} $ (Q{const AOT-model-valid-in} $ - $ z)) => =
| - => raise Term. TERM (FEzpected simple theorem., [trm])
fun extractVars (Const (const-name<AOT-term-of-vary, t) $ (Const rep $ Var v)) =
(if fst (fst v) = fst varname
then [Const (const-nameAOT-term-of-vary, t) $ (Const rep $ Var v)]
else []) (x TODO: care about the index x)
| extractVars (t1 $ t2) = extractVars t1 Q extractVars 2
| extractVars (Abs (-, -, t)) = extractVars t
| extractVars - = ||
val vars = extractVars trm
val vartrm = hd vars
val vars = fold Term.add-vars vars ||
val var = hd vars
val trmty = (case vartrm of (Const (-, Type (fun, [-, ty])) $ -) => ty
| - => raise Match)
val varty = snd var
val tyname = fst (Term.dest- Type varty)
val b = tyname" .V I (x TODO: better way to find the theorem x)
val thms = fst (Context.map-proof-result (fn ctzt => (Attrib.eval-thms ctxt
[(Facts.Named ((b,Position.none), NONE),[])], ctat)) ctat)
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val allthm = (case thms of (thm::-) => thm
| - => raise Fail Unknown restricted type.)
val trm = Abs (Term.string-of-vname (fst var), trmty, Term.abstract-over (vartrm, trm))
val trm = Thm.cterm-of (Context.proof-of ctzt) trm
val phi = hd (Term.add-vars (Thm.prop-of allthm) [])
val allthm = Drule.instantiate-normalize (T Vars.empty, Vars.make [(phi,trm)]) allthm
in
allthm
end
»

attribute-setup unconstrain =
«Scan.lift (Scan.repeatl Args.var) >> (fn args => Thm.rule-attribute ||
(fn ctat => fn thm =>

let

val thm = fold (fn arg => fn thm => thm RS get-instantiated-alll ctxt arg thm)
args thm

val thm = fold (fn - => fn thm => thm RS Q{thm V E(2)}) args thm

mn

thm

end))>

Generalize a statement about restricted variables to a statement about
unrestricted variables with explicit restriction condition.

context AOT-restricted-type
begin

AOT-theorem rule—usi:
assumes Va(yY{a} — p{a})
shows «p{«AOT-term-of-var (Rep a)»}>
proof —
AOT-have «p{a} if «{a}> for o using assms[THEN YV E(2), THEN —E] that by blast
moreover AOT-have «p{«AOT-term-of-var (Rep a)»}»
by (auto simp: )
ultimately show ?thesis by blast
qed
lemmas V E = rule—usi

AOT-theorem instantiation:
assumes <for arbitrary B: p{«AOT-term-of-var (Rep B)»} F x> and a (P{a} & o{a})
shows «x»
proof —
AOT-have «p{«AOT-term-of-var (Rep a)»} — x» for «
using assms(1)
by (simp add: deduction—theorem)
AOT-hence 0: Va (P{a} = (p{a} = x))»
using GEN by simp
moreover AOT-obtain a where «Y{a} & p{a}» using assms(2) 3 E[rotated] by blast
ultimately AOT-show «x» using AOT-PLM N E(2)[THEN —E, THEN —E] &E by fast
qed
lemmas 3 F = instantiation

AOT-theorem ezistential: assumes «p{«AOT-term-of-var (Rep 5)»}>
shows 3 o (Y{a} & p{a})
by (meson AOT-restricted-type.sy AOT-restricted-type-azioms assms
&1 existential: 2[const-var])
lemmas 31 = existential
end
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context AOT-rigid-restriction-condition
begin

AOT-theorem res—var—bound—reas|1]:
Fa(bial — V8 pla, B1) = VAV (bla} — o, A1)
proof(safe introl: =1 —1 GEN)
fix 8 «
AOT-assume Vo (Y{a} — VB o{a, 5})
AOT-hence @W{a} — V3 ¢{a, f}> using V E(2) by blast
moreover AOT-assume p{a}>
ultimately AOT-have <V p{«a, 8}> using —E by blast
AOT-thus «p{a, 8}> using V E(2) by blast
next
fix a B
AOT-assume VY a(p{a} = ¢{a, B})
AOT-hence Va(y{a} = p{a, 8})> using V E(2) by blast
AOT-hence p{a} = ¢{a, 8}> using V E(2) by blast
moreover AOT-assume (Yp{a}»
ultimately AOT-show <p{«a, 8}> using —E by blast
qed

AOT-theorem res—var—bound—reasBEF]:
Va(p{a} = Opfa}) = OVa(y{a} = ¢{a})
proof(safe introl: —1I)
AOT-assume Va(yp{a} — Op{a})
AOT-hence @W{a} — Op{a} for a
using V E(2) by blast
AOT-hence OY{a} = ¢{a}) for o
by (metis sc—eq—box—box:6 rigid-condition vdash—properties:6)
AOT-hence Vo OW{a} = p{a})
by (rule GEN)
AOT-thus OVa (Y{a} — p{a})
by (metis BF vdash—properties:6)
qged

AOT-theorem res—var—bound—reas| CBF:
Wa(p{a} = pla}) = Va(d{a} = Op{at)
proof(safe introl: —I GEN)
fix a
AOT-assume Vo (p{a} = o{a})
AOT-hence Vo OW{a} — p{a})
by (metis CBF vdash—properties:6)
AOT-hence I: {OW{a} — e{a})
using V E(2) by blast
AOT-assume Y{a}
AOT-hence Oy{a}
by (metis BO T rigid-condition vdash—properties:6)
AOT-thus Op{a}»
using I gml:1[aziom-inst, THEN —FE, THEN —E] by blast
qed

AOT-theorem res—var—bound—reas[2]:
Va (@la} — Apfa}) - Ava (Wla} — plal)
proof(safe introl: —1I)
AQT-assume Va (Y{a} — Ap{a})
AOT-hence (p{a} = Ap{a} for a
using V E(2) by blast
AOT-hence «A(p{a} — ¢{a}) for a
by (metis sc—eq—box—box: 7 rigid-condition vdash—properties:6)
AOT-hence Vo A(yp{a} = o{a})
by (rule GEN)
AOT-thus <AV a(y{a} — ¢{a})
by (metis =F(2) logic—actual—nec: 8[aziom-inst])
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qed

AOT-theorem res—var—bound—reas|3]:
AV (Bla} > pla}) - Ya (B{a} — Apfa})
proof(safe introl: —I GEN)
fix a
AOT-assume <AV a (Y{a} — ¢{a})
AOT-hence Vo A(p{a} — o{a})
by (metis =E(1) logic—actual—nec: 3[aziom-inst])
AOT-hence I: <tA(Y{a} = p{a}) by (metis rule—ui:3)
AOT-assume Y{a}
AOT-hence <Ay{a}
by (metis nec—imp—act qml:2[aziom-inst] rigid-condition —E)
AOT-thus <Ap{a}
using I by (metis act—cond —E)
qed

AOT-theorem res—wvar—bound—reas|Buridan]:
Ja (P{a} & Opfa}) — D3 (P{a} & p{a})
proof (rule —1I)
AOT-assume Ja (P{a} & Op{a})
then AOT-obtain a where <{a} & Op{a}
using 3 E[rotated] by blast
AOT-hence O(y{a} & o{a})
by (metis KBasic:11 KBasic:3 TO &I &E(1) &E(2)
=F(2) reductio—aa:1 rigid-condition vdash—properties:6)
AOT-hence 3o Oy{a} & p{a})
by (rule 31)
AOT-thus (O3 a (Y{a} & p{a})
by (rule Buridan] THEN —E))
qed

AOT-theorem res—var—bound—reas| BEQ):
©03a (Bla} & pla}) > Ja (Bla} & Opfa})
proof(rule —1)
AOT-assume OFa (P{a} & p{a})
AOT-hence Fa O(Y{a} & p{a})
using BFO[THEN —E| by blast
then AOT-obtain a where <0(¢Y{a} & p{a})
using 3 E[rotated] by blast
AOT-hence Qy{a} and Qp{a}
using KBasic2:3 &FE —E by blast+
moreover AOT-have (Y{a}
using calculation rigid-condition by (metis BO KO —E)
ultimately AOT-have <p{a} & Op{a}
using &I by blast
AOT-thus «(Ja (Y{a} & Op{a})
by (rule 31)
qed

AOT-theorem res—var—bound—reas| CBF{]:
Ga (@{a} & O0pfa}) > 03a (H{a} & pla})
proof(rule —1I)
AOT-assume Ja (Y{a} & Op{a})
then AOT-obtain a where «)p{a} & Op{a}
using 3 E[rotated] by blast
AOT-hence Oy{a}> and Op{a}
using rigid-condition| THEN qml:2[aziom-inst, THEN —FE]|, THEN —E] &E by blast+
AOT-hence O(v{a} & p{a})
by (metis KBasic:16 con—dis—taut:5 —F)
AOT-hence Fa O(Y{a} & ¢{a})
by (rule 31)
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AOT-thus «03a (Y{a} & p{a})
using CBFO[THEN —E] by fast
qed

AOT-theorem res—var—bound—reas|A— Ezists: 1]:
(Adla (P{a} & p{a}) = la (Y{a} & Ap{a})
proof(safe introl: =1 —1I)
AOT-assume <A3la (P{a} & o{a})
AOT-hence 3la A(Y{a} & p{a})
using A—Ezists: [THEN =FE(1)] by blast
AOT-hence Jla (Ap{a} & Ap{a})
apply (AOT-subst <AY{a} & Ap{a}r (A({a} & p{a}) for: a)
apply (meson Act—Basic:2 intro—elim:3:f oth—class—taut:3:a)
by simp
AOT-thus 3la (v{a} & Ap{a})
apply (AOT-subst «p{a}> «Ap{a}> for: a)
using Commutativity of = intro—elim:3:b sc—eq—fur:2
— F rigid-condition by blast
next
AOT-assume Jla (P{a} & Ap{a})
AOT-hence 3la (AY{a} & Ap{a})
apply (AOT-subst <Ayp{a}r «p{a}> for: a)
apply (meson sc—eq—fur:2 —E rigid-condition)
by simp
AOT-hence 3la A(Y{a} & p{a})
apply (AOT-subst <A(p{a} & o{a})r «AY{a} & Ap{a}r for: a)
using Act— Basic:2 apply presburger
by simp
AOT-thus «(A3la (P{a} & p{a})
by (metis A—Exists:1 intro—elim:3:b)
qed

end

theory AOT-ExtendedRelationComprehension
imports AOT-Restricted Variables
begin

11 Extended Relation Comprehension

This theory depends on choosing extended models.

interpretation AOT-FEztendedModel by (standard; auto)

Auxiliary lemma: negations of denoting relations denote.

AOT-theorem negation-denotes: <[Az o{z}]l — [Az —p{z}]}
proof(rule —1I)
AOT-assume 0: Az p{z}||
AOT-show ([A\z —p{x}]}»
proof (rule safe—ext[aziom-inst, THEN —FE, OF &I])
AOT-show ([Az —[\z p{z}]z]|» by cqt:2
next
AOT-have <OAz p{z}]L
using 0 ezist—nec[THEN — E] by blast
moreover AOT-have O[A\z o{z}]} — OVz (-[\z p{z}]z = —p{a})
by(rule RM; safe introl: GEN =1 —I —C(2) B+ C(2) cqt:2)
ultimately AOT-show OV z (—[A\z p{z}]z = ~¢{z})
using —F by blast
ged
qed

Auxiliary lemma: conjunctions of denoting relations denote.

AOT-theorem conjunction-denotes: <[Az o{z}]} & Az Y{z}|{ — Az o{z} & Y{z}]P
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proof(rule —1)
AOT-assume 0: [\z p{z}]} & [Az p{z}]}
AOT-show <Az o{z} & Y{z}]}
proof (rule safe—ext[aziom-inst, THEN —FE, OF &I])
AOT-show Xz [Az p{z}]z & [Az ¢{z}]z]}> by cqt:2
next
AOT-have O([Az p{z}|{ & [Mz Y{z}]|)»
using 0 exist—nec[THEN —FE] &FE
KBasic:3 df —simplify: 2 intro—elim:3:b by blast
moreover AOT-have
O p{zhl) & Pz ${zhl) - OVa (Do p{alls & Do vfalls = p{z} & v{a})
by(rule RM; auto intro!: GEN =I —1 cqt:2 &I
intro: B+ C
dest: &E 38— C)
ultimately AOT-show OV z ([Az p{z}|z & [Az Y{z}]z = p{z} & Y{z})
using —F by blast
qed
qed

AOT-register-rigid-restricted-type
Ordinary: <Olky
proof
AOT-modally-strict {
AOT-show 3z Olz»
by (meson BO TG o—objects—exist:1 —F)
}

next
AOT-modally-strict {
AOT-show (Olk — k|» for &
by (sitmp add: —1 cqt:5:a[1][aziom-inst, THEN —E, THEN &E(2)])
}

next
AOT-modally-strict {
AOT-show Va(Ola — OO0la)»
by (simp add: GEN oa—facts:1)
}

qed

AOT-register-variable-names
Ordinary: uvrts

In PLM this is defined in the Natural Numbers chapter, but since it is helpful for stating the compre-
hension principles, we already define it here.

AOT-define egFE :: <7 = 7 = ¢ (infix]l <=g> 50)
eqF: «<F =g G =q5 F|l & G| & Vu ([Flu = [Glu)»

Derive existence claims about relations from the axioms.

AOT-theorem denotes-all: Xz VG (OG =g F — z[G])]}
and denotes-all-neg: <Az VG (OG =g F — —z[G])|4»
proof —
AOT-have Auz: VF (OF =g G — (z[F] = z[G)])), ~(2][G] = y[G])
Fo 3F([Flz & —[Fly) for zy G
proof —
AOT-modally-strict {
AOT-assume 0: <V F (OF =g G — (z[F] = z[G]))
AOT-assume G-prop: <—(z[G] = y[G])»
{
AOT-assume —3 F([F]z & —[F]y)
AOT-hence 0: VF —([Flz & —[Fly)»
by (metis cqt—further:4 —F)
AOT-have <V F ([Flz = [Fly)
proof (rule GEN; rule =I; rule —1)
fix I
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AOT-assume <[F]z»
moreover AOT-have «—([Flz & —[Fly)»
using 0[THEN V E(2)] by blast
ultimately AOT-show <[F]y>
by (metis &I raa—cor:1)
next
fix F
AOQT-assume «[F|y
AOT-hence —[Az =[Flz]y»
by (metis =—I f—C(2))
moreover AOT-have —([Az —[Flz]z & —[\z —[F]z]y)
apply (rule 0]THEN V E(1)]) by cgt:2[lambda)
ultimately AOT-have I: <—[Az —[Flz]2
by (metis &I raa— cor:3)
{
AOT-assume (—[F]z»
AOT-hence Az —[F|z]z»
by (auto introl: B+ C(1) cqt:2)
AOT-hence <p & —p» for p
using 1 by (metis raa—cor:3)

AOT-thus «[F|z» by (metis raa—cor:1)
qed
AOT-hence <OV F ([Flz = [Fly)»
using ind—nec[THEN —E] by blast
AOT-hence <V F O([F|z = [Fly)
by (metis CBF —E)
} note indist] = this
{
AOT-assume G-prop: <z[G] & —y[G]»
AOT-hence Az: (Alz»
using &E(1) 31(2) —E encoders—are—abstract by blast

{
AOQOT-assume Ay: <Aly

{
fix I

AOT-assume Vud([Flu = [G]u)>
AOT-hence OV u([Flu = [G]u)>
using Ordinary.res—var—bound—reas|BF|[THEN —E] by simp
AOT-hence {OF =g G
by (AOT-subst <F =g G» ~Vu ([Flu = [G]u)»)
(auto intro\: eqE[THEN =Df, THEN =5(1), OF &I] cqt:2)
AOT-hence (z[F] = z[G]»
using 0[THEN V E(2)] =E —F by meson
AOT-hence (z[F]
using G-prop &E =FE by blast
}
AOT-hence Vull([Flu = [Glu) — z[F]
by (rule —1I)

AOT-hence zprop: <V F(VuO([Flu = [G|u) — z[F])
by (rule GEN)
moreover AOT-have yprop: =V F(¥Y uO([Flu = [Glu) — y[F])»
proof (rule raa—cor:2)
AOT-assume <V F(Vu([Flu = [Gu) — y[F])»
AOT-hence vV F(OV u([Flu = [Glu) — y[F])»
apply (AOT-subst <OV u([Flu = [Glu)> YV uO([F]u = [G]u)» for: F)
using Ordinary.res—var—bound—reas[BF)|
Ordinary.res—var—bound—reas| CBF]
intro—elim: 2 apply presburger
by simp
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AOT-hence A: «VF(OF =g G — y[F])
by (AOT-subst <F =g G» <V u ([F]u = [G]u)> for: F)
(auto intro!: eqE[THEN =Df, THEN =S5(1), OF &I| cqt:2)
moreover AOT-have (JG =g G»
by (auto intro\: eqE[THEN =451] cqt:2 RN &I GEN —I =I)
ultimately AOT-have <y[G]> using V E(2) —F by blast
AOT-thus <p & —p» for p using G-prop &E by (metis raa—cor:3)
qed
AOT-have <3 F([Flz & —[F]y)»
proof(rule raa—cor:1)
AOT-assume (—3 F([Flz & —[F]y)»
AOT-hence indist: <V F O([F|z = [Fly)» using indist] by blast
AOT-have <V F(VuDO([Flu = [G|u) — y[F])
using indistinguishable-ord-enc-all[aziom-inst, THEN —E, OF &I,
OF &I, OF &I, OF cqt:2[const-var||aziom-inst],
OF Az, OF Ay, OF indist, THEN =E(1), OF zprop].
AOT-thus <V F(VuO([Flu = [Gu) — y[F]) & =V FNVuO([Flu = [G]u) — y[F])
using yprop &I by blast
qged
}
moreover {
AOT-assume notAy: <= Aly»
AOT-have (3 F([F]|z & —[F]y)»
apply (rule 3I(1)[where 7=« Al»)])
using Az notAy &I apply blast
by (simp add: oa—exist:2)
}
ultimately AOT-have 3 F([F|z & —[F]y)»
by (metis raa—cor:1)
}
moreover {
AOT-assume G-prop: (—z[G] & y[G)
AOT-hence Ay: <Aly
by (meson &E(2) encoders—are—abstract existential:2[const-var] —F)
AOT-hence notOy: <0y
using =FE(1) oa—contingent:8 by blast
{

AOT-assume Az: (Alz»

{
fix I

{
AOT-assume OV u([Flu = [G]u)>
AOT-hence <OF = G»
by (AOT-subst <F =g G» ~Nu([Flu = [Gu)>)
(auto intro!: eqE[THEN =Df, THEN =5(1), OF &I] cqt:2)
AOT-hence (z[F] = z[G]»
using 0[THEN V E(2)] =E —FE by meson
AOT-hence (—z[F]»
using G-prop &E =F by blast
}
AOT-hence OV u([Flu = [G]u) — —z[F]»
by (rule —1I)
}
AOT-hence z-prop: <V F(OV u([Flu = [G|u) — —z[F])
by (rule GEN)
AOT-have z-prop: (-3 F(V uO([F|u = [Glu) & z[F])
proof (rule raa— cor:2)
AOT-assume (3 F(Vu O([Flu = [Glu) & z[F])
then AOT-obtain F where F-prop: <Vu O([Flu = [G]u) & z[F)»
using 3 E[rotated] by blast
AOT-have O([F|u = [G]u) for u
using F-prop|THEN &E(1), THEN Ordinary.V E].
AOT-hence Vu O([F|u = [G]u)»
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by (rule Ordinary.GEN)
AOT-hence OV u([Flu = [G]u)>
by (metis Ordinary.res—var—bound—reas|BF] —E)
AOT-hence —z[F]»
using z-prop| THEN V E(2), THEN —E] by blast
AOT-thus (p & —p» for p
using F-prop| THEN &FE(2)] by (metis raa—cor:3)
qed
AOT-have y-prop: <3 FVu O([Flu = [Glu) & y[F])»
proof (rule raa—cor:1)
AOT-assume (-3 F (Vu O([Flu = [Glu) & y[F])»
AOT-hence 0: VF =(Vu O([Flu = [G]u) & y[F])
using cqt—further:4|[THEN —E] by blast

{
fix F

{
AOT-assume Y u O([Flu = [G]u)
AOT-hence (—y[F]»
using O[THEN V E(2)] &I raa—cor:1 by meson
}
AOT-hence «((Vu O([Flu = [Glu) — —y[F])»
by (rule —1I)
}

AOT-hence A: <V F(Vu O([Flu = [Glu) — —y[F])»
by (rule GEN)
moreover AOT-have Vu O([Glu = [G]u)»
by (simp add: RN oth—class—taut:3:a universal—cor —1I)
ultimately AOT-have —y[G]
using V E(2) —FE by blast
AOT-thus «p & —p» for p
using G-prop &E by (metis raa—cor:3)
qed
AOT-have 3 F([Flz & —[Fly)»
proof(rule raa—cor:1)
AOT-assume «—3 F([Flz & —[Fly)
AOT-hence indist: <V F O([F|z = [Fly)»
using indist] by blast
AOT-thus 3 F(Vu O([Flu = [Glu) & z[F]) & -3F(Vu O([Flu = [Glu) & z[F])
using indistinguishable-ord-enc-ez[axiom-inst, THEN —E, OF &I,
OF &I, OF &I, OF cqt:2[const-var][aziom-inst],
OF Az, OF Ay, OF indist, THEN =FE(2), OF y-prop]
z-prop &I by blast
qged
}
moreover {
AQOT-assume notAz: <(—Alx»
AOT-hence Oz: <Ol
using VE(3) oa—exist:3 by blast
AOT-have A F([Flz & —=[Fly)»
apply (rule 3I1(1)[where 7=« O!»])
using Oz notOy &I apply blast
by (simp add: oa—exist: 1)
}
ultimately AOT-have 3 F([F|z & —[F|y)»
by (metis raa—cor:1)

ultimately AOT-show (3 F([F|z & —[F|y)»
using G-prop by (metis &I —I =I raa—cor:1)
}

qed

AOT-modally-strict {
fix z y
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AOT-assume indist: <V F ([Flz = [Fly)»
AOT-hence nec-indist: <OV F ([Flz = [Fly)»
using ind—nec vdash—properties:10 by blast
AOT-hence indist-nec: <V F O([F|z = [Fly)»
using CBF vdash—properties: 10 by blast
AOT-assume 0: <V G (OG =g F — z[G])
AOT-hence I: VG (Vu ([Glu = [Flu) — z[G])»
by (AOT-subst (reverse) <V u ([Glu = [Flu)y <G =g F» for: G)
(auto intro!: eqE[THEN =Df, THEN =S5(1), OF &I] cqt:2)
AOT-have <z[F]
by (safe intro!: [ THEN ¥ E(2), THEN —E] GEN —I RN =I)
AOT-have VG (OG =g F — y[G])»
proof(rule raa—cor: 1)
AOT-assume -V G (OG =g F — y[G])»
AOT-hence <3G -(0OG =g F — y[G])»
using cqt—further:2 —FE by blast
then AOT-obtain G where G-prop: «<-(0OG =g F — y[G])»
using 3 E[rotated] by blast
AOT-hence I: <0G =g F & —y[G)
by (metis =E(1) oth—class—taut:1:b)
AOT-have zG: z[G]>
using O[THEN V¥ E(2), THEN —E|] 1[THEN &E(1)] by blast
AOT-hence (z[G] & —y[G]
using I[THEN &E(2)] &I by blast
AOT-hence B: (~(z[G] = y[G])»
using &E(2) =E(1) reductio—aa:1 =G by blast

{
fix H
AOT-assume (OH =g G»
AOT-hence \J(H =g G & G =g F)»
using 1 by (metis KBasic:3 con—dis—i—e:1 con—dis—i—e:2:a
intro—elim:3:b)
moreover AOT-have <J(H =g G & G =g F) - O(H =g F)»
proof(rule RM)
AOT-modally-strict {
AOT-show <H =5 G & G=g F —- H= F
proof (safe introl: —I eqE[THEN =471] &I cqt:2 Ordinary. GEN)
fix u
AOT-assume <H =5 G & G =g F»
AOT-hence Vu ([H|u = [G]u) and Vu ([Glu = [F]u)
using egE[THEN =47 FE] &E by blast+
AOT-thus ([H]u = [Flw
by (auto dest!: Ordinary.V E dest: =F)
qed
}
qed
ultimately AOT-have O(H =g F)»
using —F by blast
AOT-hence <z[H]
using 0[THEN V E(2)] —E by blast
AOT-hence z[H] = z[G]
using G =I —1 by blast
}

AOT-hence \OH =g G — (z[H] = 2[G])» by (rule —1I)
}
AOT-hence A: WH(OH =g G — (z[H] = z[G]))»
by (rule GEN)
then AOT-obtain F where F-prop: [Flz & —[F|y
using Auz[OF A, OF B| 3 E[rotated] by blast
moreover AOT-have «[F|y
using indist{ THEN ¥V E(2), THEN =E(1), OF F-prop| THEN & E(1)]].
AOT-thus <p & —p> for p

233



using F-prop| THEN & FE(2)] by (metis raa—cor:3)
qed
} note 0 = this
AOT-modally-strict {
fixzy
AOT-assume <V F ([F|z = [Fly)»
moreover AOT-have <V F ([Fly = [F]z)
by (metis calculation cqt—basic:11 =FE(2))
ultimately AOT-have <V G (UG =g F — z[G]) =V G (UG = F — y[G])
using 0 =1 —1 by auto
} note 1 = this
AOT-show Xz VG (OG =g F — z[G)]
by (safe introl: RN GEN —I 1 kirchner—thm:2[THEN =E(2)])

AOT-modally-strict {
fix zy
AOQT-assume indist: <V F ([Flz = [Fly)»
AOT-hence nec-indist: <OV F ([Flz = [Fly)
using ind—nec vdash—properties: 10 by blast
AOT-hence indist-nec: <V F O([F|z = [Fly)»
using CBF vdash—properties:10 by blast
AOT-assume 0: VG (OG =g F — —z[G])»
AOT-hence I: VG (OVu ([Glu = [Flu) — —z[G])»
by (AOT-subst (reverse) <V u ([Glu = [Flu)» <G =g F» for: G)
(auto intro!: eqE[THEN =Df, THEN =S5(1), OF &I] cqt:2)
AOT-have <—z[F)
by (safe introl: 1[THEN ¥ E(2), THEN —E] GEN —I RN =I)
AOT-have <V G (UG =g F — —y[G])
proof(rule raa—cor: 1)
AOT-assume -V G (OG =g F — —y[G])»
AOT-hence (3G -(0OG =g F — —y[G])»
using cqt—further:2 —E by blast
then AOT-obtain G where G-prop: «(—=(0OG =g F — —-y[G])
using 3 E[rotated] by blast
AOT-hence I: <0G =g F & —-—y[G)
by (metis =E(1) oth—class—taut:1:b)
AOT-hence yG: y[G]»
using G-prop —1I raa—cor:3 by blast
moreover AOT-hence 12: <—z[G]»
using 0[THEN V E(2), THEN —E|] 1[THEN &E(1)] by blast
ultimately AOT-have <—z[G] & y[G)»
using &I by blast
AOT-hence B: (~(z[G] = y[G])»
by (metis 12 =E(38) raa—cor:3 yG)
{
fix H

AOT-assume 3: <0OH =g &>
AOT-hence <J(H =g G & G =g F))
using 1
by (metis KBasic:3 con—dis—i—e:1 —1I intro—elim:3:b
reductio—aa:1 G-prop)
moreover AOT-have O(H =g G & G =g F) - O(H =g F)»
proof (rule RM)
AOT-modally-strict {
AOT-show «H =g G& G=g F - H=g F»
proof (safe introl: —1 eqE[THEN =q45I] &I cqt:2 Ordinary. GEN)
fix u
AOT-assume <H =5 G & G =g F»
AOT-hence Vu ([H|u = [Glu)» and ~Vu ([Glu = [Flu)»
using eqE[THEN =,4;E] &E by blast+
AOT-thus «[H]u = [Flu
by (auto dest!: Ordinary.N E dest: =F)
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qed
}
qed
ultimately AOT-have O(H =g F)»
using —E by blast
AOT-hence <—z[H]»
using O[THEN V E(2)] —F by blast
AOQOT-hence (z[H] = z[G)>
using 12 =I —I by (metis raa—cor:3)
}

AOT-hence \0OH =5 G — (z[H] = z[G])
by (rule —1I)
}

AOT-hence A: «VH(OH =g G — (z[H] = z[G]))»
by (rule GEN)
then AOT-obtain F where F-prop: [Flz & —[Fly
using Auz[OF A, OF B] 3 E[rotated] by blast
moreover AOT-have ([F]y
using indist{ THEN ¥ E(2), THEN =E(1), OF F-prop|THEN &E(1)]].
AOT-thus (p & —p» for p
using F-prop| THEN & E(2)] by (metis raa—cor:3)
qged
} note 0 = this
AOT-modally-strict {
fix zy
AOT-assume YV F ([Fl|z = [Fly)»
moreover AOT-have VF ([Fly = [F]z)
by (metis calculation cqt—basic:11 =FE(2))
ultimately AOT-have VG (UG =g F — —z[G]) =V G (UG = F — —y[G])»
using 0 =1 —1 by auto
} note 1 = this
AOT-show <Xz VG (OG =g F — —z[G])]|}
by (safe introl: RN GEN —I 1 kirchner—thm:2[THEN =E(2)])
qged

Reformulate the existence claims in terms of their negations.

AOT-theorem denotes-ex: <[Az 3G (OG =g F & z[G])]»
proof (rule safe—ext[aziom-inst, THEN —E, OF &I])
AOT-show Az =V G (OG =g F — —z[G])]}
using denotes-all-neg| THEN negation-denotes| THEN — E]|.
next
AOT-show «Vz (=V G (UG =g F — —z[G]) = 3G (UG = F & z[G]))»
by (AOT-subst <OG =g F & z[G]) «<=(0OG =g F — —z|G])> for: G z)
(auto simp: conventions:1 rule—eq—df:1
intro: oth—class—taut:4:b[THEN =E(2)]
intro—elim:3:f[OF cqt—further:3, OF oth—-class—taut:3:b]
introl: RN GEN)
qed

AOT-theorem denotes-ez-neg: <Az 3G (OG =g F & —z[G)) |
proof (rule safe—ext[aziom-inst, THEN —E, OF &IJ)
AOT-show <Xz =V G (UG =g F — z[G])]}
using denotes-all[ THEN negation-denotes THEN — E]].
next
AOT-show (Vz (=VG (UG =g F — z[G]) = 3G (OG = F & —z[G]))»
by (AOT-subst (reverse) <0G =g F & —z[G] «+~(0G =g F — z[G])> for: G z)
(auto simp: oth—class—taut:1:b
intro: oth—class—taut:4:b[THEN =E(2)]
intro—elim:3:f[OF cqt—further:8, OF oth—class—taut:3:b]
introl: RN GEN)
qed

Derive comprehension principles.
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AOT-theorem Comprehension-1:
shows <OV FVY G(OG =g F — (p{F} = ¢{G})) — [z IF (p{F} & z[F))]}
proof(rule —1)
AOT-assume assm: <OV FV GUOG =g F — (p{F} = ¢{G}))
AOT-modally-strict {
fixzy
AOT-assume 0: <VFV G (UG =g F — (p{F} = ¢{G}))»
AOQT-assume indist: <V F ([Flz = [Fly)»
AOT-assume z-prop: <3 F (p{F} & z[F])»
then AOT-obtain F where F-prop: «p{F} & z[F])
using 3 E[rotated] by blast
AOT-hence \OF =g F & z[F]
by (auto intro!: RN eqE[THEN =q451] &I cqt:2 GEN =1 —1 dest: &E)
AOT-hence <3G(OG =E F & z[G])
by (rule 31)
AOT-hence Xz 3G0OG = F & z[G))]»»
by (safe introl: <+ C denotes-ex cqt:2)
AOT-hence ([\z IG(OG =g F & z[G))]y»
using indist{ THEN V E(1), OF denotes-ex, THEN =FE(1)] by blast
AOT-hence <3 G(OG =g F & y[G])»
using S—C by blast
then AOT-obtain G where <0G =g F & y[G]»
using 3 E[rotated] by blast
AOT-hence «p{G} & y[G)
using O[THEN V¥ E(2), THEN ¥ E(2), THEN —E, THEN =E(1)]
F-prop[THEN &E(1)] &E &I by blast
AOT-hence (3 F (p{F} & y[F])
by (rule 31)
} note 1 = this
AOT-modally-strict {
AOT-assume 0: <VFV G (UG =g F — (p{F} = ¢{G}))»
{

fix zy
{
AOT-assume <V F ([Flz = [Fly)»
moreover AOT-have VF ([Fly = [Flx)»
by (metis calculation cqt—basic:11 =FE(1))
ultimately AOT-have (3 F (o{F} & z[F]) = 3F (p{F} & y[F])»
using 0 1[OF 0] =I —1 by simp
}
AOT-hence VF ([Flz = [Fly) —» (3F (p{F} & z[F]) = 3F (e{F} & y[F]))»
using —1 by blast
}

AOT-hence VaVy(VF ([Flz = [Fly) = (3F (p{F} & z[F]) = 3F (p{F} & y[F])))»
by (auto introl: GEN)
} note 1 = this
AOT-hence <+ VEV G (OG =g F — (p{F} = ¢{G})) —
VoY y(Y F ([Flz = [Fly) » B F (p{F} & 5[F)) = 3F (o{F} & y[F]))
by (rule —1I)
AOT-hence < OVFV G (OG =g F — (p{F} = ¢{G})) —
OV Y y(¥ F ([Flo = [Fly) — G F (p1F} & o(F)) = 3F (o{F} & y[F]))
by (rule RM)
AOT-hence VvV y(VF ([Flz = [Fly) = (3F ({F} & z[F]) = IF (p{F} & y[F])))»
using —F assm by blast
AOT-thus Az IF (p{F} & z[F])]b
by (safe introl: kirchner—thm:2[THEN =FE(2)])
qed

AOT-theorem Comprehension-2:
shows OV FV G(OG =g F — (p{F} = ¢{G})) — [Az IF (p{F} & —z[F))]P
proof(rule —1)
AOT-assume assm: <OV FV G(OG =g F — (p{F} = ¢{G}))»
AOT-modally-strict {
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fix z y
AOT-assume 0: <VFV G (OG =g F — (p{F} = ¢{G}))»
AOT-assume indist: <V F ([Flz = [Fly)
AOT-assume z-prop: <3 F ({F} & —z[F])»
then AOT-obtain F where F-prop: <p{F} & —z[F]
using 3 E[rotated] by blast
AOT-hence (UF =g F & —z[F)
by (auto introl: RN eqE[THEN =qsI] &I cqt:2 GEN =1 —1 dest: &F)
AOT-hence <3 G(OG =g F & —z[G])
by (rule 31)
AOT-hence Xz IG(OG =g F & —z[G])]v
by (safe introl: < C denotes-ex-neg cqt:2)
AOT-hence Xz IG(OG = F & —z[G))]yp
using indist{ THEN V E(1), OF denotes-ez-neg, THEN =FE(1)] by blast
AOT-hence <3 G(OG =g F & —y[G])
using f—C by blast
then AOT-obtain G where (OG =g F & —y[G)
using 3 E[rotated] by blast
AOT-hence «p{G} & —y[G]
using 0| THEN Y E(2), THEN ¥ E(2), THEN —E, THEN =E(1)]
F-prop[THEN &E(1)] &E &I by blast
AOT-hence 3 F (p{F} & —y[F])
by (rule 31)
} note 1 = this
AOT-modally-strict {
AOT-assume 0: VFVY G (OG = F — ({F} = o{G}H))»
{

fix zy

AOT-assume <V F ([Flz = [Fly)»
moreover AOT-have <V F' ([Fly = [Flz)»
by (metis calculation cqt—basic:11 =E(1))
ultimately AOT-have <3 F (o{F} & —z[F]) = 3F (p{F} & —y[F])»
using 0 1[OF 0] =I —I by simp
}
AOT-hence VF ([Flz = [Fly) = 3F (o{F} & —z[F]) = 3F ({F} & —y[F]))»
using —1 by blast
}

AOT-hence VaVy(VF ([Flz = [Fly) —» (3F (p{F} & —z[F]) = 3F (p{F} & —y[F])))
by (auto introl: GEN)
} note 1 = this
AOT-hence <+ VEV G (OG =g F — (p{F} = ¢{G})) —
VaVy(VF ([Flz = [Fly) = GF (p{F} & —z[F]) = 3F (p{F} & —y[F])))
by (rule —1)
AOT-hence IV FVY G (OG =g F — (p{F} = ¢{G})) —
OV a¥ y(v F ([Fla = [Fly) > G F (p{F} & ~a{F]) = 3F (o{F} & ~y[F]))
by (rule RM)
AOT-hence {VaVy(VF ([Flz = [Fly) = (3F ({F} & —z[F]) = IF (p{F} & —y[F))))
using —FE assm by blast
AOT-thus Xz 3F (e{F} & —z[F])]}
by (safe introl: kirchner—thm:2[THEN =FE(2)])
qged

Derived variants of the comprehension principles above.

AOT-theorem Comprehension-1":

shows OV FV G(OG =g F — (p{F} = ¢{G})) = Mz VF (z[F] — o{F}Ib
proof(rule —1)

AOT-assume OV FV G(OG =g F — (p{F} = o{G}))»

AOT-hence 0: <IVFV G(OG =g F — (—p{F} = =p{G}))

by (AOT-subst (reverse) <—p{F} = =p{G}» «p{F} = ¢{G}» for: F G)
(auto simp: oth— class—taut:4:b)
AOT-show <Az VF (z[F] — o{F})|b
proof(rule safe—ext[aziom-inst, THEN —E, OF &I))
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AOT-show Az ~IF(—p{F} & z[F])|L
using Comprehension-1{THEN —E, OF 0, THEN negation-denotes] THEN — E|].
next
AOT-show «Vz (-3 F (—p{F} & z[F]) =VF (z[F] = o{F}))»
by (AOT-subst (reverse) «<—o{F} & z[F]» «—(z[F] — ¢{F})» for: F z)
(auto simp: oth—class—taut:1:b] THEN intro—elim:3:e,
OF oth—class—taut: 2:a]
intro: intro—elim:3:f[OF cqt— further:3, OF oth—class—taut:3:a,
symmetric]
introl: RN GEN)
qed
qed

AQOT-theorem Comprehension-2":
shows OV FVY G(OG =g F — (¢{F} = ¢{G})) = [N VF (p{F} — z[F)]
proof(rule —1I)
AOT-assume 0: <OVFV GOG =g F — ({F} = o{G}H))»
AOT-show <Az VF (o{F} — z[F])]b
proof(rule safe—ext[aziom-inst, THEN —E, OF &I))
AOT-show Az 3 F(p{F} & —z[F])]}
using Comprehension-2[THEN —E, OF 0, THEN negation-denotes] THEN — E]].
next
AOT-show (Vz (-3 F (p{F} & —x[F]) =VF (e{F} — z[F]))»
by (AOT-subst (reverse) «p{F} & —z[F]» «—~(p{F} — z[F]) for: F z)
(auto simp: oth—class—taut:1:b
intro: intro—elim:3:f[OF cqt—further:3, OF oth— class—taut:3:a,
symmetric]
introl: RN GEN)
qed
qed

Derive a combined comprehension principles.

AOT-theorem Comprehension-3:
OVFYGOG = F = (p{F} = ¢{G})) = Mz VF (z[F] = o{F})]}
proof(rule —1)
AOT-assume 0: <OVFVY G(OG =g F — (p{F} = ¢{G}))»
AOT-show <Az VF (z[F] = p{F})]b
proof(rule safe—ext[axiom-inst, THEN —E, OF &IJ)
AOT-show Az VF (z[F] —» o{F}) & VF (o{F} — z[F])]}
by (safe intro!: conjunction-denotes] THEN —E, OF &I
Comprehension-1|THEN — E]
Comprehension-2'|THEN —E] 0)
next
AOT-show «Vz (VF (z[F] = o{F}) & VF (o{F} — z[F]) =V F (z[F] = o{F}))»
by (auto introl: RN GEN =1 —1 &I dest: &E ¥V E(2) —E =FE(1,2))
qed
qed

notepad
begin

Verify that the original axioms are equivalent to g [Az 3G (OG =g F & z[G))]) and bg [Az 3G (OG =5
F & —a[GDN-

AOT-modally-strict {
fixxy H
AOT-have Alz & Aly & VF O([Flz = [Fly) —
(VG (Vz (0'z — O([G)z = [H]z)) — =[G
VG (Vz (0'z = O([G]z = [H]2)) = y[G
proof(rule —1)

fix z y

AOT-assume <A!z»
AOQOT-assume <Aly»
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AOT-assume indist: <V F O([Flz = [Fly)
AOT-assume VG (Vu O([Glu = [H]u) — z[G])»
AOT-hence VG (QVu ([Glu = [H]u) — z[G])»
using Ordinary.res—var—bound—reas|BF| Ordinary.res—var—bound—reas| CBF]
intro—elim:2
by (AOT-subst <OV u ([Glu = [H]u)» Vu O([Glu = [H]u)» for: G) auto
AOT-hence VG (UG =g H — z[G])»
by (AOT-subst <G =g H> Vu ([Glu = [H]u)» for: G)
(safe intro!: eqE[THEN =Df, THEN =5(1), OF &I| cqt:2)
AOT-hence «(—3G (OG =g H & —z[G])»
by (AOT-subst (reverse) «(OG =g H & —z[G])» «+~(0G =g H — z[G])) for: G)
(auto simp: oth—-class—taut:1:b cqt—further:3{THEN =E(1)])
AOT-hence (—~[\z 3G (UG =g H & —z[G))]n»
by (auto intro: B—C)
AOT-hence «—[A\x 3G (OG =g H & —z[G])]yp
using indist| THEN Y E(1), OF denotes-ex-neg,
THEN qml:2]aziom-inst, THEN —E],
THEN =E(3)] by blast
AOT-hence «(—3G (OG =g H & —y[G])»
by (safe introl: B+ C denotes-ex-neg cqt:2)
AOT-hence <V G -(0OG =g H & —y[G])
using cqt—further:4[THEN —E] by blast
AOT-hence <V G(OG =g H — y[G])»
by (AOT-subst <0G =g H — y[G]» «<—~(OG =g H & —y[G])) for: G)
(auto simp: oth—class—taut:1:a)
AOT-hence <V G (OV u([Glu = [H]u) — y[G])
by (AOT-subst (reverse) <V u ([Glu = [H|u)> <G =g H> for: G)
(safe intro!: eqE[THEN =Df, THEN =S(1), OF &I] cqt:2)
AOT-hence VG (Vu O([Glu = [H]u) — y[G])»
using Ordinary.res—var—bound—reas[BF| Ordinary.res—var—bound—reas| CBF]
intro—elim:2
by (AOT-subst <V u O([Gu = [H]u)» <V u ([Glu = [H]u)» for: G) auto
} note 0 = this
AOT-assume Alz & Aly & VF O([Flz = [Fly)»
AOT-hence <Alzy and <Alyy and vV F O([F|z = [Fly)»
using & F by blast+
moreover AOT-have vV F O([Fly = [Flz)»
using calculation(3)
apply (safe introl: CBF[THEN —E] dest!: BF[THEN —E))
using RM:3 cqt—basic:11 intro—elim:3:b by fast
ultimately AOT-show VG (Vu O([Glu = [H|u) — z[G]) =
VG (Vu O([Glu = [Hlu) — y[G])»
using 0 by (auto introl: =1 —1)
qed

AOT-have <Alz & Aly & VF O([Flz = [Fly) —
3G (Vz (0'z = O([G]z = [H]2)) & z[G]) = 3G (V2 (02 — O([G]z = [H]?2)) & y[G]))»
proof(rule —1I)
{
fixzy
AQOT-assume (Alz»
AOT-assume <Aly»
AOT-assume indist: <V F O([Flz = [Fly)
AOT-assume z-prop: <3G (Vu O([Glu = [H]u) & z[G])»
AOT-hence 3G (OVu ([Glu = [H]u) & z[G])
using Ordinary.res—var—bound—reas[BF| Ordinary.res—var—bound—reas| CBF]
intro—elim:2
by (AOT-subst <V u ([Glu = [H]u)» vV u O([Glu = [H]u)» for: G) auto
AOT-hence (3G (OG =g H & z[G])
by (AOT-subst <G =g H> Vu ([Glu = [H]u)» for: G)
(safe introl: eqE[THEN =Df, THEN =S(1), OF &I] cqt:2)
AOT-hence Az 3G (UG =g H & z[G))]n
by (safe introl: < C denotes-ex cqt:2)
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AOT-hence Xz 3G (OG =g H & z[G))]yp
using indistf THEN V E(1), OF denotes-et,
THEN gml:2[aziom-inst, THEN —E],
THEN =E(1)] by blast
AOT-hence (3G (OG =g H & y[G])
by (rule f—C)
AOT-hence (3G (OVu ([Glu = [H]u) & y[G])
by (AOT-subst (reverse) <V u ([Glu = [H]u)> <G =g H> for: G)
(safe introl: eqE[THEN =Df, THEN =5(1), OF &I] cqt:2)
AOT-hence (3G (Vu O([Glu = [H]u) & y[G])
using Ordinary.res—var—bound—reas[BF)
Ordinary.res—var—bound—reas| CBF)
intro—elim:2
by (AOT-subst <V u O([Gu = [H]u)» <OV u ([Glu = [H]u)> for: G) auto
} note 0 = this
AOT-assume Alz & Aly & VF O([Flz = [Fly)»
AOT-hence (Alzy and <Aly and vV F O([Flz = [Fly)»
using & F by blast+
moreover AOT-have Vv F O([Fly = [Flz)»
using calculation(3)
apply (safe introl: CBF[THEN —E] dest!: BF[THEN —E))
using RM:3 cqt—basic:11 intro—elim:3:b by fast
ultimately AOT-show 3G (Vu O([G]u = [H]u) & z[G]) =
3G Vu O([Glu = [H]u) & y[G])»
using 0 by (auto introl: =1 —1)
qed
}
end
end

12 Possible Worlds

AOT-define Situation :: <1 = ¢ («Situation’(-")»)
situations: <Situation(z) =q5 Alz & V F (z[F] — Propositional([F]))>

AOT-theorem T—sit: < TruthValue(z) — Situation(z)>
proof(rule —1I)
AOT-assume < TruthValue(z)»
AOT-hence 3 p TruthValueOf(z,p)>
using T—value|[THEN =47 E] by blast
then AOT-obtain p where <« TruthValueOf (z,p)> using 3 E[rotated] by blast
AOT-hence ¢: <Alz & VF (z[F] =3q((¢g=p) & F =[Ay q))»
using tv—p[THEN =4 E] by blast
AOT-show <Situation(z)»
proof(rule situations|/ THEN =41]; safe introl: &I GEN —I Y[THEN &E(1)])
fix F
AOT-assume <z[F]»
AOT-hence <I¢((¢ = p) & F = [Ay q])»
using Y[THEN &E(2), THEN V E(2)[where S=F|, THEN =F(1)] by argo
then AOT-obtain ¢ where «(¢ = p) & F = [\y ¢q]» using 3 E[rotated] by blast
AOT-hence <dp F = [A\y p)> using &FE(2) 31(2) by metis
AOT-thus «Propositional([F])>
by (metis =q51 prop—propl)
qed
qged

AOT-theorem possit—sit: 1: «Situation(z) = OSituation(z)>
proof(rule =I; rule —1)
AOT-assume <Situation(z)>
AOT-hence 0: <Alz & Y F (z[F] — Propositional([F]))>
using situations| THEN =4 E] by blast
AOT-have I: O(Alz & V F (z[F] — Propositional([F])))>
proof(rule KBasic:3]THEN =E(2)]; rule &I)
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AOT-show JAlz» using 0[THEN &E(1)] by (metis oa—facts:2|[THEN —E))
next
AOT-have <V F (z[F] — Propositional([F])) — OV F (z[F] — Propositional([F]))»
by (AOT-subst <Propositional([F])y <Ip (F = [Ay p])» for: F :: (<k>»)
(auto simp: prop—propl =Df enc—prop—nec:2)
AOT-thus <OV F (z[F] — Propositional([F]))»
using 0[THEN &E(2)] —E by blast
qed
AOT-show OSituation(z)»
by (AOT-subst «Situation(z)) <Alz & ¥V F (z[F] — Propositional([F]))»)
(auto simp: 1 =Df situations)
next
AOT-show «Situation(z)s if «OSituation(z)>
using gml:2[aziom-inst, THEN —E, OF that].
qed

AOT-theorem possit—sit:2: <) Situation(z) = Situation(z)»
using possit—sit: 1
by (metis REQ S5Basic:2 =E(1) =E(5) Commutativity of =)

AOT-theorem possit—sit:3: «QSituation(z) = OSituation(z)>
using possit—sit:1 possit—sit:2 by (meson =E(5))

AOT-theorem possit—sit:4: «ASituation(z) = Situation(z)>
by (meson Act—Basic:5 Act—Sub:2 RA[2] =FE(1) =E(6) possit—sit:2)

AOT-theorem possit—sit:5: «Situation(op)>
proof (safe introl: situations] THEN =471 &I GEN —I prop—propl[THEN =4;1])
AOT-have (3 F op[F]»
using tv—id:2[THEN prop—enc[THEN =45F]|, THEN &E(2)]
existential: 1 prop—prop2:2 by blast
AOT-thus (Alop»
by (safe introl: encoders—are—abstract[unvarify t, THEN —E]
t=t—proper:2[THEN —E, OF ext—p—tv:3])
next
fix F
AOT-assume <op[F]>
AOT-hence «z(Alz & VF (z[F] =3q ((¢ = p) & F = [Ay q)))[F)
using tv—id: 1 rule=F by fast
AOT-hence (Adq ((¢=p) & F = [A\y q])»
using =F(1) desc—nec—encode:1 by fast
AOT-hence (3¢ A((¢g = p) & F = [Ay ¢])»
by (metis Act—Basic:10 =E(1))
then AOT-obtain ¢ where «A((¢ = p) & F = [A\y q])> using 3 E[rotated] by blast
AOT-hence <(AF = [\y q]> by (metis Act—Basic:2 con—dis—i—e:2:b intro—elim:3:a)
AOT-hence (F = [Ay q]»
using id—act: 1[unvarify B, THEN =E(2)] by (metis prop—prop2:2)
AOT-thus <Ip F = [y p)
using 37 by fast
qed

AOT-theorem possit—sit:6: <Situation(T)»
proof —
AOT-have true-def: <+ T =z (Alz & VF (2[F] = 3p(p & F = [Ay p)))»
by (simp add: A—descriptions rule—id—df:1[zero] the—true:1)
AOT-hence true-den: <+g Tl»
using t=t—proper:1 vdash—properties:6 by blast
AOT-have <ATruthValue(T)»
using actual—desc: 2[unvarify x, OF true-den, THEN —E, OF true-def]
using TV —lem2: 1{unvarify z, OF true-den, THEN RA[2],
THEN act—cond[THEN —E)|, THEN —E]
by blast
AOT-hence <ASituation(T)»
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using T—sit[unvarify z, OF true-den, THEN RA[2],
THEN act—cond[THEN —E)|, THEN —E] by blast
AOT-thus «Situation(T)»
using possit—sit:4[unvarify z, OF true-den, THEN =FE(1)] by blast
qed

AOT-theorem possit—sit:7: «Situation(L)
proof —
AOT-have true-def: (=g L =1z (Alz & VF (z[F]) = 3p(—-p & F = [Ay p]))»
by (simp add: A—descriptions rule—id—df:1[zero] the—true:2)
AOT-hence true-den: <Fg L|»
using t=t—proper:1 vdash—properties:6 by blast
AOT-have «ATruthValue( L)
using actual—desc:2[unvarify x, OF true-den, THEN —E, OF true-def]
using TV —lem2:2[unvarify z, OF true-den, THEN RA[2],
THEN act—cond[THEN —E), THEN — E)
by blast
AOT-hence (ASituation(L)>
using T—sit[unvarify z, OF true-den, THEN RA[2],
THEN act—cond|[THEN —FE]|, THEN —E] by blast
AOT-thus «Situation(L)>
using possit—sit:4[unvarify z, OF true-den, THEN =FE(1)] by blast
qed

AOT-register-rigid-restricted-type
Situation: <Situation(k)>
proof
AOT-modally-strict {
fix p
AOT-obtain z where < TruthValueOf (z,p)»
by (metis instantiation p—has—!tv:1)
AOT-hence 3 p TruthValueOf(z,p)> by (rule 31)
AOT-hence «TruthValue(z)> by (metis =q¢1 T—value)
AOT-hence <Situation(z)> using T—sit[THEN —E] by blast
AOT-thus 3z Situation(z)> by (rule 31)
}
next
AOT-modally-strict {
AOT-show «Situation(k) — kl» for k
proof (rule —1I)
AOT-assume <Situation(k)>
AOT-hence <Alk) by (metis =qrE &E(1) situations)
AOT-thus k) by (metis russell—aziom[eze, 1].1)-denotes-asm)
qed
}
next
AOT-modally-strict {
AOT-show (¥ a(Situation(a) — OSituation(a))>
using possit—sit: [[THEN conventions:3[THEN =4y E],
THEN &E(1)] GEN by fast

}
qged

AOT-register-variable-names
Situation: s

AOT-define TruthInSituation :: <1 = ¢ = ¢ («(- =/ -)» [100, 40] 100)
true—in—s: <s = p =af sEp

notepad
begin

fixxpgq
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have «z = p — ¢» = «(z = p) = ¢»
by simp

have ««z = p & ¢» = «(z = p) & g»
by simp

have ««z = —p» = «z | (-p)»
by simp

have «z = Op» = «z = (Op)»
by simp

have ««z = Ap» = «z = (Ap)»
by simp

have «0Oz = p» = «O(z = p)»
by simp

have «—z = p» = «=(z = p)»
by simp

end

AOT-theorem lem!: <Situation(z) — (z |= p = z[\y p])»
proof (rule —I; rule =I; rule —1I)
AOT-assume (Situation(x)»
AOT-assume <z = p»
AOT-hence zXp»
using true—in—s[THEN =4¢E] &E by blast
AOT-thus «z[\y p]> using prop—enc[THEN =4;E] &E by blast
next
AOT-assume I: (Situation(z)>
AOT-assume <z[\y p)»
AOT-hence zXp»
using prop—enc[THEN =451, OF &I, OF cqt:2(1)] by blast
AOT-thus <z = p»
using true—in—s[THEN =4;1] 1 &I by blast
qed

AOT-theorem lem2:1: <s Ep=0s E p
proof —
AOT-have sit: <Situation(s))
by (simp add: Situation.))
AOT-have <s = p = s[\y pp
using lem![THEN —E, OF sit] by blast

also AOT-have «... = Os[\y p]»
by (rule en—eq:2[1][unvarify F]) cqt:2[lambda]
also AOT-have «... =0s = p

using lem![THEN RM, THEN —E, OF possit—sit:1[THEN =E(1), OF sit]]
by (metis KBasic:6 =E(2) Commutativity of = —E)
finally show ?thesis.
qged

AOT-theorem lem2:2: <Os Ep=skEp
proof —
AOT-have O(s = p — Os E p)
using possit—sit: [THEN =E(1), OF Situation.1]
lem2:1{THEN conventions:3|THEN =qyE, THEN &E(1)]]
RM[OF —I, THEN —E] by blast
thus ?thesis by (metis BO S5Basic:13 TO =1 =FE(1) —E)
qged

AOT-theorem lem2:3: <Os = p=0s = p
using lem2:1 lem2:2 by (metis =F(5))

AOT-theorem lem2:4: <A(s = p) =sE=p
proof —
AOT-have O(s = p — Os E pp
using possit—sit: [[THEN =FE(1), OF Situation.y]

243



lem2:1[THEN conventions:3[THEN =.;E, THEN &E(1)]]
RM[OF —I, THEN —E] by blast
thus %thesis
using sc—eq—fur:2[THEN —E] by blast
qed

AOT-theorem lem2:5: «<—s |=p =0-s = p
by (metis KBasic2:1 contraposition:1[2] —I =1 =E(8) =E(4) lem2:2)

AQOT-theorem sit—identity: <s = s' =Vp(sEp=s" | p)»
proof(rule =I; rule —1I)
AQT-assume (s = s”
moreover AOT-have Vp(s = p = s = p)»
by (simp add: oth— class—taut:3:a universal—cor)
ultimately AOT-show Vp(s = p = s’ = p)p
using rule=F by fast
next
AQT-assume a: Vp (s Ep=s"kE pp
AQT-show (s = 5"
proof(safe intro!: ab—obey:1[THEN —E, THEN —E] &I GEN =I —I)
AOT-show (Als) using Situation.yp =45 F &FE(1) situations by blast
next
AOT-show (Als"y using Situation.ip) =q5E &FE(1) situations by blast
next
fix F
AOT-assume 0: <s[F)»
AOT-hence Ip (F = [\y p])»
using Situation.y[THEN situations| THEN =.;FE]|, THEN &F(2),
THEN V E(2)[where f=F|, THEN —FE]
prop—propl[THEN =4¢E] by blast
then AOT-obtain p where F-def: <F' = [Ay p]
using 3 E by metis
AOT-hence <s[Ay p]
using 0 rule=E by blast
AOT-hence <s = p
using lem![THEN —E, OF Situation.wp, THEN =E(2)] by blast
AOT-hence s’ = p
using o[ THEN V E(2)[where f=p|, THEN =E(1)] by blast
AOT-hence «s'[\y p]
using lem![THEN —E, OF Situation.wp, THEN =E(1)] by blast
AOT-thus «s[F]»
using F-def[symmetric] rule=E by blast
next
fix F
AQT-assume 0: «s'[F]>
AOT-hence <3p (F = [y p])»
using Situation. | THEN situations| THEN =q4¢E|, THEN &FE(2),
THEN Y E(2)[where 8=F), THEN —E]
prop—propl[THEN =45 E] by blast
then AOT-obtain p where F-def: <F = [A\y p|»
using 3 F by metis
AOT-hence «s'[\y p]»
using 0 rule=FE by blast
AOT-hence s’ = p
using lem![THEN —E, OF Situation.tp, THEN =E(2)] by blast
AOT-hence s = p
using a[THEN VY E(2)[where S=p|, THEN =E(2)| by blast
AOT-hence <s[\y p]
using lem![THEN —E, OF Situation.wp, THEN =E(1)] by blast
AOT-thus «s[F]»
using F-def[symmetric] rule=E by blast
qed
qed
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AOT-define PartOfSituation :: <1 = 7 = ¢ (infixl << 80)
sit—part—whole: <s 1 s' =4 Vp (s =p— s = pp

AOT-theorem part:1: <s < &
by (rule sit—part—whole[ THEN =451])
(safe intro: &I Situation.yp GEN —1I)

AOT-theorem part:2: <s < s’ & s # s' — =(s' < s)»
proof(rule —I; frule &E(1); drule &E(2); rule raa—cor:2)
AOT-assume 0: <s < s’
AQOT-hence a: <s |=p — s’ = p» for p
using V E(2) sit—part—whole][ THEN =45 F] &E by blast
AOT-assume s’ < s»
AQOT-hence b: <s"=p— s p for p
using V E(2) sit—part—whole][ THEN =45 F] &E by blast
AQOT-have Vp (s Ep=s' | p)»
using a b by (simp add: =I universal—cor)
AOT-hence I: <s = s
using sit—identity THEN =E(2)] by metis
AOT-assume s # s
AQOT-hence —(s = s)»
by (metis =4y E =—1infiz)
AOT-thus <s = s' & —(s = s')»
using 1 &I by blast
qed

AOT-theorem part:3: <s < s' & s’ 45" — s < s")
proof(rule —1; frule &E(1); drule &E(2);
safe introl: &I GEN —1 sit—part—whole]{ THEN =47I] Situation.i)
fix p
AOT-assume s = p»
moreover AOT-assume <s < s’
ultimately AOT-have (s’ = p
using sit—part—whole] THEN =q;E, THEN &E(2),
THEN YV E(2)|where 8=p|, THEN —E] by blast
moreover AOT-assume s’ < s’
ultimately AOT-show s = p»
using sit—part—whole[ THEN =q;F, THEN &E(2),
THEN V E(2)[where =p|, THEN —E] by blast
qed

AOT-theorem sit—identity2:1: <s = s' = s s' & s' 4 &
proof (safe introl: =1 &I —1)
AOT-show <s < s' if <s = s»
using rule=FE part:1 that by blast
next
AOT-show <s' < s if <s = s’»
using rule=F part:1 that[symmetric] by blast
next
AOT-assume <s < s’ & s’ < s
AOQOT-thus (s = s using part:2[THEN —E, OF &I
by (metis =q5I &E(1) &E(2) =—infiz raa—cor:3)
qed

AOT-theorem sit—identity2:2: «<s = s’ =Vs" (s < s=s" < s
proof(safe introl: =1 —I Situation. GEN sit—identity THEN =FE(2)]
GEN[where 'a=o0])
AOT-show <s”’ < s if <" < s» and «s = s’ for s”’
using rule=F that by blast
next
AOT-show <s”’ < s if <s' < sy and «<s = s’ for s”’
using rule=F id-sym that by blast
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next
AOT-show (s’ = p if <s = p» and Vs”' (8" < s=5s" < s") for p
using sit—part—whole][ THEN =q;FE, THEN &E(2),
OF that(2)[THEN Situation.NY E, THEN =E(1), OF part:1],
THEN Y E(2), THEN —E, OF that(1)].
next
AQOT-show (s = py if <s' = p» and «Vs"' (s" < s= 5" <)) for p
using sit—part—whole[ THEN =4;E, THEN &E(2),
OF that(2)[THEN Situation.¥ E, THEN =E(2), OF part:1],
THEN V E(2), THEN —E, OF that(1)].
qed

AOQT-define Persistent :: <o = ¢ (<Persistent’(-")»)
persistent: «Persistent(p) =4 Vs (sEp = Vs (s<s' = s Ep))

AOT-theorem pers—prop: <V p Persistent(p)>
by (safe introl: GEN|where 'a=0] Situation.GEN persistent| THEN =q;1] —1I)
(stmp add: sit—part—whole[THEN =qyFE, THEN &E(2), THEN ¥V E(2), THEN —FE))

AOT-define NullSituation :: <1 = ¢ (<NullSituation’(-")»)
df —null—trivial: 1: <NullSituation(s) =45 -3 p s = p

AOT-define TrivialSituation :: <t = > (< TrivialSituation’(-")»)
df —null—trivial:2: < TrivialSituation(s) =q5y Vp s = p»

AOT-theorem thm—null—trivial:1: <3z NullSituation(z)>
proof (AOT-subst «NullSituation(z)» <Alz & VF (z[F] = F # F)» for: x)
AOT-modally-strict {
AOT-show <NullSituation(z) = Alz & VF (z[F] = F # F)) for z
proof (safe introl: =1 —1I df —null—trivial: [ THEN =4I|
dest!: df —null—trivial: {THEN =45 E])
AOT-assume 0: <Situation(z) & -Ip z = p
AOT-have I: <Alz)
using 0|THEN &E(1), THEN situations]/ THEN =45 F|, THEN &FE(1)].
AOT-have 2: <z[F] — 3p F = [Ay p)» for F
using O[THEN &E(1), THEN situations| THEN =45 F],
THEN &E(2), THEN ¥ E(2)]
by (metis =45 E —1I prop—propl —E)
AOT-show <Alz & VF (z[F] = F # F)»
proof (safe introl: &I 1 GEN =1 —1I)
fix F
AOT-assume <z[F]»
moreover AOT-obtain p where «F' = [Ay p]
using calculation 2{THEN — E] 3 E[rotated] by blast
ultimately AOT-have «x[\y p|»
by (metis rule=E)
AOT-hence <z = p
using lem![THEN —E, OF 0[THEN &E(1)], THEN =E(2)] by blast
AOT-hence 3p (z | p)»
by (rule 31)
AOT-thus (F # F)»
using O[THEN &E(2)] raa—cor:1 &I by blast
next
fix F' :: «<<k> AOT-var
AOT-assume <F # F»
AOT-hence —(F = F)) by (metis =4y FE =—infiz)
moreover AOT-have <F = F)
by (simp add: id—eq:1)
ultimately AOT-show «z[F]> using &I raa—cor:1 by blast
qed
next
AOT-assume 0: <Alz & VF (z[F] = F # F)»
AOT-hence (z[F] = F # F» for F
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using V E &E by blast
AOT-hence I: <(—z[F]) for F
using =45 F id—eq:1 =—infix reductio—aa:1 =E(1) by blast
AOT-show <Situation(z) & —=Ip z = p
proof (safe introl: &I situations]/ THEN =471] 0]THEN &E(1)] GEN —I)
AOT-show ¢Propositional([F])» if <z[F]> for F
using that 1 &I raa—cor:1 by fast
next
AOT-show <—3p z = p
proof(rule raa—cor:2)
AOT-assume (Ipz = p
then AOT-obtain p where <z |= p» using 3 E[rotated] by blast
AOT-hence (z[\y p]»
using =qsF &FE(1) =E(1) lem1 modus—tollens: 1
raa—cor:3 true—in—s by fast
moreover AOT-have <—z[\y p]»
by (rule 1[unvarify F]) cqt:2[lambda]
ultimately AOT-show <p & —p> for p using &I raa—cor:1 by blast
qged
qed
qed
}
next
AOT-show 3z ([Allz & VF (z[F]) = F # F))»
by (simp add: A—objects!)
qed

AOT-theorem thm—null—trivial:2: <31z TrivialSituation(z)>
proof (AOT-subst «TrivialSituation(z)> <Alz & VF (z[F] = 3p F = [Ay p])» for: z)
AOT-modally-strict {
AOT-show «TrivialSituation(z) = Alz & VF (z[F] = 3p F = [Ay p])» for z
proof (safe introl: =I —I df —null—trivial:2[THEN =441
dest!: df —null—trivial: 2] THEN =4 FE])
AOT-assume 0: <Situation(z) & Vp z = p»
AOT-have I: <Alz)
using 0|THEN &E(1), THEN situations]/ THEN =45 F|, THEN &FE(1)].
AOT-have 2: <z[F] — 3p F = [Ay p)» for F
using O[THEN &E(1), THEN situations| THEN =45 F],
THEN &E(2), THEN ¥ E(2)]
by (metis =q E deduction—theorem prop—propl —E)
AOT-show <Alz & VF (z[F] =3p F = Ay p])»
proof (safe introl: &I 1 GEN =1 —1I 2)
fix F
AOT-assume Ip F = [Ay p]
then AOT-obtain p where <F' = [\y p)
using 3 E[rotated] by blast
moreover AOT-have z = p
using 0[THEN &E(2)] V E by blast
ultimately AOT-show (z[F]»
by (metis 0 rule=E &E(1) id-sym =E(2) lem!
Commutativity of = —F)
qed
next
AOT-assume 0: <Alz & VF (z[F] =3p F = [Ay p])»
AOT-hence I: «z[F] =3p F = [A\y p) for F
using V E &F by blast
AOT-have 2: (Situation(z)>
proof (safe introl: &I situations| THEN =471 O]THEN &FE(1)] GEN —1I)
AOT-show <Propositional([F])» if «z[F]) for F
using I[THEN =E(1), OF that]
by (metis =q51 prop—propl)
qed
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AOT-show <Situation(z) & Vp (z = p)»
proof (safe introl: &I 2 O]THEN &E(1)] GEN —1)
AOT-have <z[Ay p] = 3q [A\y p] = [A\y ¢ for p
by (rule 1[unvarify F, where 1=«[A\y p|»]) cqt:2[lambda)
moreover AOT-have <3¢ [A\y p] = [Ay ¢ for p
by (rule 3I1(2)[where S=p])
(stmp add: rule=I:1 prop—prop2:2)
ultimately AOT-have <z[\y p]> for p by (metis =E(2))
AOT-thus <z = p) for p
by (metis 2 =E(2) leml1 —E)
qed
qed
}
next
AOT-show 3z ([Allz & VF (z[F]) =3p F = [Ay p]))»
by (simp add: A—objects!)
qed

AOT-theorem thm—null—trivial:3: «wz NullSituation(z)l>
by (meson A—FExists:2 RA[2] =FE(2) thm—null—trivial: 1)

AOT-theorem thm—null—trivial:4: <z TrivialSituation(z)}»
using A— Ezists:2 RA[2] =E(2) thm—null—trivial:2 by blast

AOT-define TheNullSituation :: <ks» (¢sp>)
df —the—null—sit:1: <sp =45 txz NullSituation(z)>

AOT-define TheTrivialSituation :: <ks> (<sv»)
df —the—null—sit:2: <sy =qy tz TrivialSituation(z)>

AOT-theorem null—triv—sc:1: «NullSituation(z) — ONullSituation(z)»
proof(safe intro!: —1I dest!: df —null—trivial: [ THEN =45 E;
frule &E(1); drule &E(2))
AOQOT-assume I: <—3p (z = p)»
AOT-assume 0: <Situation(z)>
AOT-hence OSituation(z)> by (metis =E(1) possit—sit:1)
moreover AOT-have <0-3p (z = p)»
proof(rule raa—cor:1)
AOT-assume —O-3p (z E p)»
AOT-hence «03p (z = p)»
by (metis =451 conventions:5)
AOT-hence <Ip O(z = p)» by (metis BF) —E)
then AOT-obtain p where «O(z |= p)) using 3 E[rotated] by blast
AOT-hence <z = p
by (metis =E(1) lem2:2[unconstrain s, THEN —E, OF 0])
AOT-hence «3p z = p> using 3 by fast
AOT-thus <Ipz = p & -Ip z = p> using 1 &I by blast
qed
ultimately AOT-have 2: O(Situation(z) & -3 p z = p)
by (metis KBasic:3 &I =E(2))
AOT-show ONullSituation(z)»
by (AOT-subst < NullSituation(z)» «Situation(z) & —Ip z = p»)
(auto simp: df —null—trivial:1 =Df 2)
qed

AOT-theorem null—triv—sc:2: « TrivialSituation(z) — OTrivialSituation(z)»
proof(safe introl: —I dest!: df —null—trivial: 2] THEN =45 EJ;
frule &E(1); drule &E(2))
AOT-assume 0: <Situation(z)>
AOT-hence I: <dSituation(x)> by (metis =F (1) possit—sit: 1)
AOT-assume (Vp z = p»
AOT-hence <z = p» for p
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using V £ by blast
AOT-hence Oz = p» for p
using 0 =E(1) lem2:1[unconstrain s, THEN —E] by blast
AOT-hence Vp Oz = p»
by (rule GEN)
AOT-hence <OVp z = p»
by (rule BF[THEN —E))
AOT-hence 2: O(Situation(z) & Vp z = p)
using I by (metis KBasic:3 &I =E(2))
AOT-show OTrivialSituation(x)»
by (AOT-subst < TrivialSituation(z)» «Situation(z) & Vp z = p»)
(auto simp: df —null—trivial:2 =Df 2)
qed

AOT-theorem null—triv—sc:3: «NullSituation(sg)»
by (safe introl: df —the—null—sit: [ THEN =471(2)] thm—null—trivial:3
rule=1:1[OF thm—null—trivial: 3]
Ybox—desc:2|THEN —E, THEN —E, rotated, OF thm—null—trivial: 1,
OF VI, OF null—triv—sc:1, THEN VY E(1), THEN —E])

AOT-theorem null—triv—sc:4: < TrivialSituation(sy )»
by (safe introl: df —the—null—sit:2[THEN =q51(2)] thm—null—trivial:/
rule=I:1[OF thm—null—trivial:4]
Ybox—desc:2|THEN —E, THEN —E, rotated, OF thm—null—trivial: 2,
OF VI, OF null—triv—sc:2, THEN V E(1), THEN —E])

AOT-theorem null—triv—facts:1: <NullSituation(z) = Null(z)>
proof (safe introl: =1 —I df —null—uni:1[THEN =q4y]1]
df —null—trivial: ] THEN =q4¢1|
dest!: df —null—uni: 1[THEN =q5E)] df —null—trivial: ][ THEN =gy F))
AOT-assume 0: <Situation(z) & -Ip z E p
AOT-have I: «z[F] — 3p F = [Ay pp for F
using O[THEN &E(1), THEN situations| THEN =4;E], THEN &E(2), THEN ¥ E(2)]
by (metis =q5 FE deduction—theorem prop—propl —E)
AOT-show <Alz & -3 F z[F)»
proof (safe introl: &I O[THEN &E(1), THEN situations| THEN =45 F],
THEN &E(1));
rule raa— cor:2)
AOT-assume 3 F z[F]»
then AOT-obtain F where F-prop: «z[F]»
using 3 E[rotated] by blast
AOT-hence <Ip F = [A\y pp
using I[THEN —E] by blast
then AOT-obtain p where <F' = [\y p)
using 3 E[rotated] by blast
AOT-hence <z[\y p]»
by (metis rule=E F-prop)
AOT-hence <z = p
using lem1[THEN —E, OF 0[THEN &E(1)], THEN =E(2)] by blast
AOT-hence <dp z E p
by (rule 31)
AOT-thus 3pzEp& ~Jpz Ep
using 0[THEN &E(2)] &I by blast
qed
next
AOT-assume 0: <Alz & -3 F z[F)
AOT-have <Situation(z)>
apply (rule situations] THEN =q4¢1, OF &I, OF O[THEN &E(1)]]; rule GEN)
using 0[THEN &FE(2)] by (metis —1 existential:2[const-var] raa—cor:3)
moreover AOT-have (—3p z = p»
proof (rule raa— cor:2)
AOT-assume Ip z = p
then AOT-obtain p where <z |= p» by (metis instantiation)
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AOT-hence <z[\y p|» by (metis =4y FE &E(2) prop—enc true—in—s)
AOT-hence 3 F z[F]» by (rule 31) cqt:2[lambdal
AOT-thus 3 F z[F| & -3 F z[F]» using 0[THEN &E(2)] &I by blast
qged
ultimately AOT-show «Situation(z) & -3 p z |= p> using &I by blast
qed

AOT-theorem null—triv—facts:2: <sp = ag»
apply (rule =q51(2)[OF df —the—null—sit:1])
apply (fact thm—null—trivial:3)
apply (rule =q51(2)[OF df —null—uni—terms:1])
apply (fact null—uni—uniq:3)
apply (rule equiv—desc—eq:3[THEN —E))
apply (rule &I)
apply (fact thm—null—trivial:8)
by (rule RN; rule GEN; rule null—triv—facts: 1)

AOT-theorem null—triv—facts:3: <sy # ay»
proof(rule =—infit] THEN =q51])
AOT-have «Universal(ay)»
by (simp add: null—uni—facts:4)
AOQOT-hence 0: <ay[Al]
using df —null—uni:2[THEN =47E] &E V E(1)
by (metis cqt:5:a vdash—properties:10 vdash—properties:1[2])
moreover AOT-have I: <—sy[Al]
proof(rule raa—cor:2)
AOT-have «Situation(sy)»
using =45 F &F(1) df—null—trivial:2 null—triv—sc:4 by blast
AOT-hence <V F (sy[F] — Propositional([F]))»
by (metis =45 E &E(2) situations)
moreover AOT-assume sy [Al]
ultimately AOT-have <Propositional(A!)»
using V E(1)[rotated, OF oa—ezist:2] —E by blast
AOT-thus «Propositional(A!) & —Propositional(A!)»
using prop—in—f:4:d &I by blast
qed
AOT-show «—(sy = ay)»
proof (rule raa—cor:2)
AOT-assume sy = ay)
AOT-hence sy [Al]> using 0 rule=E id-sym by fast
AOT-thus «sy[Al] & —sy[Al]> using 1 &I by blast
qed
qged

definition ConditionOnPropositionalProperties :: <(<x> = 0) = bool> where
cond—prop: <ConditionOnPropositionalProperties = X ¢ .V v .
[v = VF (o{F} — Propositional([F]))]»

syntax ConditionOnPropositionalProperties :: <id-position = AOT-props
(¢«CONDITION'-ON'-PROPOSITIONAL'-PROPERTIES'(-)»)

AOT-theorem cond—prop[E]:
assumes <CONDITION-ON-PROPOSITIONAL-PROPERTIES(p)»
shows VI (p{F'} — Propositional([F]))>
using assms[unfolded cond—prop] by auto

AOT-theorem cond—prop[l]:
assumes g VF (o{F} — Propositional([F]))»
shows «CONDITION-ON-PROPOSITIONAL-PROPERTIES(p)»
using assms cond—prop by metis

AOT-theorem pre—comp— sit:
assumes <CONDITION-ON-PROPOSITIONAL-PROPERTIES(p)»
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shows «(Situation(z) & VF (z[F] = p{F})) = (Alz & VF (z[F] = o{F}))
proof(rule =I; rule —1I)
AOT-assume <Situation(z) & VF (z[F] = p{F})»
AOT-thus (Alz & VF (z[F] = o{F})
using & F situations] THEN =45 E] &1 by blast
next
AOT-assume 0: <Alz & VF (z[F] = o{F})»
AOT-show <Situation(z) & V F (z[F] = o{F})
proof (safe introl: situations| THEN =q41] &1)
AOT-show <Alz) using 0[THEN &E(1)].
next
AOT-show YV F (z[F] — Propositional([F]))»
proof(rule GEN; rule —1I)
fix F
AOT-assume (z[F]
AOT-hence «p{F}»
using 0[THEN &E(2)] VE =E by blast
AOT-thus «Propositional([F])»
using cond—prop[E][OF assms| VE —FE by blast
qed
next
AOT-show VF (z[F] = ¢{F})> using 0 &E by blast
qed
qed

AOT-theorem comp—sit: 1:
assumes <CONDITION-ON-PROPOSITIONAL-PROPERTIES (p)»
shows «3s VF(s[F] = o{F})»
by (AOT-subst «Situation(z) & ¥V F(z[F] = o{F})» (Alz & VF (z[F] = ¢{F})» for: z)
(auto simp: pre—comp—sit|OF assms] A—objectsjwhere o=, aziom-inst])

AOT-theorem comp—sit:2:
assumes <CONDITION-ON-PROPOSITIONAL-PROPERTIES(y)»
shows 3ls V F(s[F] = o{F})
by (AOT-subst «Situation(z) & ¥V F(z[F] = o{F})» (Alz & VF (z[F] = p{F})» for: z)
(auto simp: assms pre—comp—sit pre—comp—sit|OF assms] A—objects!)

AOT-theorem can—sit—desc:1:
assumes <CONDITION-ON-PROPOSITIONAL-PROPERTIES (p)»
shows «ws(VF (s[F] = o{F}))}
using comp—sit:2[OF assms| A—Ewists:2 RA[2] =E(2) by blast

AOT-theorem can—sit—desc:2:
assumes <CONDITION-ON-PROPOSITIONAL-PROPERTIES (p)»
shows «s(VF (s[F] = p{F})) = tx(Alx & VF (z[F] = o{F}))»
by (auto intro!: equiv—desc—eq:2]THEN —E, OF &I,
OF can—sit—desc:1[OF assmsl|
RA[2] GEN pre—comp—sit[OF assms))

AQOT-theorem strict—sit:
assumes (RIGID-CONDITION (¢)»
and «CONDITION-ON-PROPOSITIONAL-PROPERTIES (¢)»
shows <y = ¢s(VF (s[F] = ¢{F})) = VF (y[F] = o{F})»
using rule=E[rotated, OF can—sit—desc:2[OF assms(2), symmetric]
boz—phi—a:2[OF assms(1)] - E —I &E by fast

AOT-define actual :: <7 = ¢ (<Actual’(-")»)
(Actual(s) =ay Vp (s Ep — p)

AOT-theorem act—and—not—pos: <3 s (Actual(s) & O—Actual(s))>
proof —
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AOT-obtain ¢; where ¢i-prop: <q1 & O—q1>

by (metis =qf E instantiation cont—if:1 cont—if—thm:1)
AOT-have <3s (VF (s[F] = F = [Ay q1]))»
proof (safe introl: comp—sit:1 cond—prop[l] GEN —I)

AOT-modally-strict {

AOT-show ¢Propositional([F])> if <F = [Ay q1]» for F
using =4[ existential:2[const-var] prop—propl that by fastforce
}

qed
then AOT-obtain s; where s-prop: <V F (si[F] = F = [A\y ¢1])»
using Situation.3 E[rotated] by meson
AOT-have <Actual(s1)>
proof(safe intro: actual|[THEN =q451] &I GEN —I s-prop Situation.1)
fix p
AOT-assume <s1 = p
AOT-hence <s1[\y p]
by (metis =4y E &FE(2) prop—enc true—in—s)
AOT-hence Ay p] = [A\y ¢1]»
by (rule s-prop| THEN V¥ E(1), THEN =E(1), rotated]) cqt:2[lambda]
AOT-hence (p = q1» by (metis =F(2) p—identity—thm2:8)
AOT-thus <p) using q:1-prop|THEN &E(1)] rule=FE id-sym by fast
qged
moreover AOT-have Q- Actual(s1)>
proof(rule raa—cor:1; drule KBasic:12|THEN =E(2)])
AOT-assume <OActual(s1)>
AOT-hence O(Situation(s1) & Vp (s1 Ep — p))
using actual|[THEN =Df, THEN conventions:3[THEN =45 E],
THEN &E(1), THEN RM, THEN —E| by blast
AOT-hence <OVp (s1 = p — p)»
by (metis RM:1 Conjunction Simplification(2) —E)
AOT-hence <Vp U(s1 E p — p)»
by (metis CBF vdash—properties:10)
AOT-hence O(s1 E ¢1 — q1)»
using V £ by blast
AOT-hence Os;1 E ¢1 — Qgv»
by (metis —E gml:1 vdash—properties:1[2])
moreover AOT-have <s1 = q»
using s-prop[THEN V E(1), THEN =E(2),
THEN lem1[ THEN —E, OF Situation.sy, THEN =E(2)]]
rule=1:1 prop—prop2:2 by blast
ultimately AOT-have «q1>
using =4 F &E(1) =E(1) lem2:1 true—in—s —E by fast
AOT-thus (0—q1 & —O—q1»
using KBasic:12|THEN =FE(1)] q1-prop|[THEN & E(2)] &I by blast
qed
ultimately AOT-have <(Actual(s1) & O—Actual(s1))>
using s-prop &I by blast
thus %thesis
by (rule Situation.31I)
qed

AOT-theorem actual—s:1: <3 s Actual(s)>
proof —
AOT-obtain s where <(Actual(s) & O—Actual(s))»
using act—and—not—pos Situation.3 E[rotated] by meson
AOT-hence <Actual(s)) using &E &I by metis
thus ?thesis by (rule Situation.31)
qged

AOT-theorem actual—s:2: <3 s = Actual(s)»
proof(rule 3I(1)[where T=<«sv»]; (rule &I)?)
AOT-show <Situation(sy)»
using =4 F &E(1) df —null—trivial:2 null—triv—sc:4 by blast
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next
AOT-show «—Actual(sy)>
proof(rule raa—cor:2)
AOT-assume 0: <Actual(sv)»
AOT-obtain p; where notpi: <—p1»
by (metis 3E 31(1) log—prop—prop:2 non— contradiction)
AOT-have sy = p1»
using null—triv—sc:4[THEN =45 E[OF df —null—trivial:2], THEN &FE(2)]
V E by blast
AOT-hence ¢p1»
using 0[THEN actual| THEN =4;E), THEN &E(2), THEN Y E(2), THEN —E]
by blast
AOT-thus <p & —p» for p using notp, by (metis raa—cor:3)
qed
next
AOT-show «(svy|»
using df —the—null—sit:2 rule—id—df:2:b[zero] thm—null—trivial:4 by blast
qed

AOT-theorem actual—s:3: <3 pV s(Actual(s) — —s = p)»
proof —
AOT-obtain p; where notpi: <—p1»
by (metis 3E 31(1) log—prop—prop:2 non— contradiction)
AOT-have Vs (Actual(s) — —(s &= p1))
proof (rule Situation. GEN; rule —I; rule raa—cor:2)
fix s
AOT-assume <Actual(s)
moreover AOT-assume <s = p1»
ultimately AOT-have p1»
using actual[THEN =45E, THEN &E(2), THEN V E(2), THEN —E] by blast
AOT-thus <p1 & —p1>
using notp: &I by simp
qed
thus ?thesis by (rule 31)
qed

AOT-theorem comp:
Fs (' s& 8" ds& Vs (/D" &s"" Q8" = s<s"))
proof —
have cond-prop: «ConditionOnPropositional Properties (A I1 . «s'[IT] V s''[l]»)»
proof(safe intro!: cond—prop[I] GEN oth—class—taut:8:c[THEN —E, THEN —EJ;
rule —1)
AOT-modally-strict {
fix F
AQT-have (Situation(s’)
by (simp add: Situation.restricted-var-condition)
AQT-hence (s'[F] — Propositional([F])>
using situations] THEN =qyFE, THEN &E(2), THEN Y E(2)] by blast
moreover AOT-assume <s'[F]»
ultimately AOT-show «Propositional([F])»
using —F by blast
}
next
AOT-modally-strict {
fix F
AOT-have «Situation(s'")»
by (simp add: Situation.restricted-var-condition)
AOT-hence <s''[F] — Propositional([F])»
using situations] THEN =47FE, THEN &E(2), THEN Y E(2)] by blast
moreover AOT-assume «s'[F]»
ultimately AOT-show «Propositional([F])>
using —F by blast

}
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qed
AOT-obtain s3 where ¥: <V F (s3[F] = s'[F] V s"[F])»
using comp—sit: 1[OF cond-prop| Situation.3 E[rotated] by meson
AOT-have (s' < s3 & s"" Q53 & Vs"" (5" Qs & 5" Q" — 53 Q")
proof(safe introl: &I =47I[OF true—in—s| =q5I[OF prop—enc]
Situation. GEN GEN|where 'a=o0] —I
sit—part—whole[ THEN =4I|
Situation.yp cqt:2[const-var][aziom-inst])
fix p
AQT-assume s’ = p
AOT-hence <s'[\z p)
by (metis &FE(2) prop—enc =q5E true—in—s)
AOT-thus <ss[\z p)
using Y[THEN V E(1),0F prop—prop2:2, THEN =E(2), OF VI(1)] by blast
next
fix p
AOT-assume (s”’ = p
AOT-hence (s'[A\z p)
by (metis &E(2) prop—enc =q5E true—in—s)
AOT-thus <s3[\z p]
using Y[THEN V E(1),0F prop—prop2:2, THEN =E(2), OF VI(2)] by blast
next
fix sp
AOT-assume 0: <s' < s & s"' < s»
AOT-assume <s3 = p
AOT-hence <s3[A\z p)»
by (metis &FE(2) prop—enc =q5F true—in—s)
AOT-hence (s'[\z p] V s"[\z p)
using Y[THEN V E(1),0F prop—prop2:2, THEN =E(1)] by blast
moreover {
AQT-assume (s'[\z p]»
AOT-hence s’ = p
by (safe introl: prop—enc[THEN =q4¢1] true—in—s[THEN =4¢1] &I
Situation.np cqt:2[const-var][aziom-inst])
moreover AOT-have (s'=p — s = p
using sit—part—whole[THEN =4y FE, THEN &E(2)] O[THEN &E(1)]
YV E(2) by blast
ultimately AOT-have s = p
using —F by blast
AOT-hence «s[A\z p)»
using true—in—s[THEN =45 E)] prop—enc[THEN =47E] &E by blast
}

moreover {
AQT-assume «s''[\z p]
AOQT-hence 5" = p
by (safe intro!: prop—enc[THEN =4I| true—in—s[THEN =4¢1] &I
Situation.np cqt:2[const-var][axiom-inst])
moreover AOT-have <s"' = p = s = p
using sit—part—whole| THEN =q;E, THEN &E(2)] 0[THEN &E(2)]
V E(2) by blast
ultimately AOT-have (s = p
using —F by blast
AOT-hence <s[Az p)»
using true—in—s|THEN =45 E] prop—enc[THEN =q4¢E] &E by blast

ultimately AOT-show <s[Az p]»
by (metis VE(1) —1I)
qged
thus %thesis
using Situation.3 I by fast
qed

AOT-theorem act—sit:I: <Actual(s) — (s E p — [Ay pls)»
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proof (safe introl: —1I)
AOT-assume (Actual(s)>
AOT-hence p if s E p»
using actual[THEN =4;F, THEN &E(2), THEN V E(2), THEN —E] that by blast
moreover AOT-assume (s = p»
ultimately AOT-have p by blast
AOT-thus ([Ay p|s»
by (safe introl: B+ C(1) cqt:2)
qed

AOT-theorem act—sit:2:
«(Actual(s") & Actual(s")) — Fz (Actual(z) & s’ < z & s"' < z)»
proof(rule —I; frule &E(1); drule &E(2))
AOT-assume act-s" <Actual(s’)
AQT-assume act-s"": <Actual(s"’)
have cond—prop: < ConditionOnPropositional Properties
A .«Ip(II=dypl & (s"EpVs"Ep)»
proof (safe introl: cond—prop[I] VI —I prop—propl[THEN =4;1])
AOT-modally-strict {
fix
AOT-assume <Ip (B=[Aypl & (s"EpVs"Ep)
then AOT-obtain p where <8 = [Ay p]» using 3 E[rotated] & E by blast
AOT-thus <3p 8 = [Ay pp by (rule 1)
}
ged
have rigid: «rigid-condition AT . «Ip (I =y pl & (s'EpV s Ep))r)
proof(safe intro!: strict—can:1[I] —I GEN)
AOT-modally-strict {
fix F
AOT-assume 3p (F=[Aypl & (s"EpV s"Ep)
then AOT-obtain p; where pi-prop: «<F = Ay p1] & (' =p1 Vs Epi)
using 3 E[rotated] by blast
AOT-hence O(F = [Ay p1])»
using &E(1) id—nec:2 vdash—properties:10 by blast
moreover AOT-have O(s" = p1 V s E p1)»
proof(rule VE; (rule —I; rule KBasic:15]{THEN —E))?)
AOT-show (s’ = p1 V s"' |= p1» using p1-prop &FE by blast
next
AQOT-show Os’ |= p1 V Us" | piy if <8’ = p»>
apply (rule VI(1))
using =47 F &E(1) =E(1) lem2:1 that true—in—s by blast
next
AOT-show s’ = p1 vV Os" | po if <8 = pp»
apply (rule VI(2))
using =4 F &E(1) =E(1) lem2:1 that true—in—s by blast
qed
ultimately AOT-have \O(F = [Ayp1] & (' = p1 V s”' = p1))
by (metis KBasic:3 &I =FE(2))
AOT-hence FpO(F = [Ayp] & (' = pV s |E p)) by (rule 31)
AOT-thus <\O3p (F=[Mypl & (s"Ep Vs EDp)
using Buridan|THEN —E] by fast
}

qed

AOT-have desc-den: «s(VF (s[F]=3p (F=Mypl & (s"EpV s’ Ep))b
by (rule can—sit—desc:1{OF cond—prop])
AOT-obtain zg
where zo-propl: <zo = ts(VF (s[F]=3p (F=[ypl & (s"EpV s’ E=Dp)))
by (metis (no-types, lifting) 3 E rule=I:1 desc-den 31(1) id-sym)
AOT-hence zg-sit: «Situation(zo)>
using actual—desc:3[THEN —E] Act—Basic:2 &E(1) =E(1)
possit—sit:4 by blast
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AOT-have I: VF (m[F]=3p (F=Dypl & (s"EpV s’ EDp),
using strict—sit[OF rigid, OF cond—prop, THEN —E, OF zq-propl].
AOT-have 2: ((z0o Ep)=(s'EpV s’ Ep) forp
proof (rule =I; rule —1I)
AOT-assume <(zy = p
AOT-hence «zo[\y p]> using lemI[THEN —E, OF z9-sit, THEN =E(1)] by blast
then AOT-obtain ¢ where Ay p] = [y ¢ & (s' = qV s”" | q)»
using I[THEN V E(1)[where T=«[\y p|»], OF prop—prop2:2, THEN =E(1)]
3 E[rotated] by blast
AOT-thus <s" =EpV s"Ep
by (metis rule=E &E(1) &E(2) VI(1) VI(2)
VE(1) deduction—theorem id-sym =FE(2) p—identity—thm2:3)
next
AOT-assume <s' = pV s" &= p
AOT-hence <Myp]=[dypl & (s"EpV s’ E=pp
by (metis rule=1:1 &I prop—prop2:2)
AOT-hence <3q (Mypl=Py g & (s"EqVs'Eq)
by (rule 31)
AOT-hence <xo[Ay p)
using I[THEN V E(1), OF prop—prop2:2, THEN =F(2)] by blast
AOT-thus «z¢ = p»
by (metis =qs1 &I ex:1:a prop—enc rule—ui:2[const-var]
Zo-sit true—in—s)
qed

AOT-have (Actual(zo) & s’ < 20 & 5" < 70>
proof(safe introl: —I &I 3I(1) actual|[ THEN =4¢1| zo-sit GEN
sit—part—whole][ THEN =471])
fix p
AOT-assume <zo = p
AOT-hence <s'"EpVvs' ' Ep
using 2 =E(1) by metis
AOT-thus (p»
using act-s’ act-s’
actual[THEN =4, E, THEN &E(2), THEN V¥ E(2), THEN —E]
by (metis VE(8) reductio—aa:1)
next
AOT-show «zg | p if <s' = p» for p
using 2[THEN =E(2), OF VI(1), OF that].
next
AOT-show «xg | p if <s"" | p» for p
using 2[THEN =E(2), OF VI(2), OF that].
next
AOT-show «(Situation(s’)»
using act-s'|THEN actual|THEN =4 E]] &E by blast
next
AOT-show «Situation(s")»
using act-s"|[THEN actual|[THEN =4 E]] &E by blast
ged
AOT-thus 3z (Actual(z) & s’ <z & s" < z)»
by (rule 31)
qged

!

AOT-define Consistent :: <1 = ¢» («Consistent’(-'))
cons: «Consistent(s) =4y ~3p (s = p & s = —p)»

AOT-theorem sit—cons: <Actual(s) — Consistent(s)»
proof(safe introl: —I cons[THEN =q4¢1] &1 Situation.ip
dest!: actual|[THEN =4 E); frule &E(1); drule &E(2))
AOT-assume 0: <Vp (s = p — p)»
AOT-show «—3p (s Ep & s = —pp
proof (rule raa—cor:2)
AOT-assume «Ip (s = p & s = —p)
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then AOT-obtain p where s Ep & s = -p
using 3 E[rotated] by blast

AOT-hence p & —p»
using 0[THEN V E(1)[where 7=<«—p»», THEN —E], OF log—prop—prop:2]

O[THEN V E(2)[where =p|, THEN —FE] &E &I by blast
AOT-thus <p & —p» for p by (metis raa—cor:1)
qed
qed

AOT-theorem cons—rigid: 1: <= Consistent(s) = O-Consistent(s)»
proof (rule =I; rule —1)
AOT-assume —Consistent(s)>
AOT-hence <3p (s Ep & s = —p)»
using cons[THEN =41, OF &I, OF Situation.y))]
by (metis raa—cor:3)
then AOT-obtain p where p-prop: <s = p & s E —-p
using 3 E[rotated] by blast
AOT-hence s = p»
using &F(1) =E(1) lem2:1 by blast
moreover AOT-have Os = —p»
using p-prop TO &E =E(1)
modus—tollens:1 raa—cor:3 lem2:3[unvarify p
log—prop—prop:2 by metis
ultimately AOT-have <O(s = p & s |= —p)»
by (metis KBasic:3 &I =E(2))
AOT-hence Ip O(s E p & s = —p)»
by (rule 31)
AOT-hence (03 p(s Ep & s = —p)
by (metis Buridan vdash—properties:10)
AOT-thus «O-Consistent(s)>
apply (rule gml:1[aziom-inst, THEN —FE, THEN —E, rotated])
apply (rule RN)
using =47 F &E(2) cons deduction—theorem raa—cor:3 by blast
next
AOT-assume O-Consistent(s)»
AOT-thus (—Consistent(s)> using gml:2[aziom-inst, THEN —E] by auto
qed

AOT-theorem cons—rigid:2: <) Consistent(z) = Consistent(z)»
proof(rule =I; rule —1)
AOT-assume 0: () Consistent(z)>
AOT-have «Q(Situation(z) & ~Ip (z = p & z = —p))»
apply (AOT-subst «Situation(z) & =3 p (z |E p & = = —p)» <Consistent(z)»)
using cons =E(2) Commutativity of = =Df apply blast
by (simp add: 0)
AOT-hence «QSituation(z)> and I: <0—3p (z = p & =z |E —p)
using RM O Conjunction Simplification(1) Conjunction Simplification(2)
modus—tollens:1 raa—cor:3 by blast+
AOT-hence 2: «Situation(z)» by (metis =E(1) possit—sit:2)
AOT-have 3: «<-03p (z = p & z = —p)
using 2 using ! KBasic:11 =E(2) by blast
AOT-show «Consistent(z)>
proof (rule raa—cor:1)
AOT-assume - Consistent(z)>
AOT-hence <3p (z = p & z = —p)»
using 0 =45 E conventions:5 2 cons—rigid: 1[unconstrain s, THEN — E)|
modus—tollens:1 raa—cor:3 =E(4) by meson
then AOT-obtain p where <z = p> and 4: <z = -p
using 3 E[rotated] & E by blast
AOT-hence Oz = p»
by (metis 2 =F(1) lem2:1[unconstrain s, THEN —E])
moreover AOT-have Oz = —p»
using 4 lem2: 1[unconstrain s, unvarify p, THEN —E]
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by (metis 2 =E(1) log—prop—prop:2)
ultimately AOT-have <J(z = p & z | —p)»
by (metis KBasic:3 &I =E(3) raa—-cor:3)
AOT-hence <Ip O(z = p & z = —p)»
by (metis ezistential:1 log—prop—prop:2)
AOT-hence <(03p (z = p & = |= —p)»
by (metis Buridan vdash—properties:10)
AOT-thus «p & —p» for p
using 8 &I by (metis raa—cor:3)
qed
next
AOT-show < Consistent(z)s if «Consistent(z)>
using T that vdash—properties: 10 by blast
qed

AQOT-define possible :: <1 = @) (<Possible’(-")»)
pos: «Possible(s) =ay OActual(s)

AOT-theorem sit—pos:1: <Actual(s) — Possible(s)»
apply(rule —I; rule pos] THEN =451]; rule &I)
apply (meson =q5F actual &E(1))
using T'¢ vdash—properties: 10 by blast

AOT-theorem sit—pos:2: <3p ((s = p) & =Op) — —Possible(s)>
proof(rule —I)
AOT-assume 3p ((s = p) & ~Op)»
then AOT-obtain p where a: <(s = p) & -Op
using 3 E[rotated] by blast
AOT-hence (s = p)»
using &F by (metis TO =E(1) lem2:8 vdash—properties: 10)
moreover AOT-have -p»
using o[ THEN &E(2)] by (metis KBasic2:1 =E(2))
ultimately AOT-have (s = p & —p)»
by (metis KBasic:3 &I =E(3) raa—cor:3)
AOT-hence (3p O(s = p & —p)»
by (rule 31)
AOT-hence I: 03¢ (s E q & —¢q)»
by (metis Buridan vdash—properties: 10)
AOT-have <O0-Vq (s = ¢ — q)
apply (AOT-subst <s E q = ¢ (s |E q & —q)» for: q)
apply (simp add: oth—-class—taut:1:a)
apply (AOT-subst «<-Vq —=(s |= ¢ & —q) <3¢ (s = ¢ & —q))
by (auto simp: conventions:4 df —rules—formulas[3] df—rules—formulas[4] =I 1)
AOT-hence 0: <=0V q (s = ¢ — q)»
by (metis =q¢E conventions:5 raa—cor:8)
AOT-show <—Possible(s)>
apply (AOT-subst <Possible(s)» «Situation(s) & O Actual(s)»)
apply (simp add: pos =Df)
apply (AOT-subst <Actual(s)> <Situation(s) & Vq (s |E ¢ — q)»)
using actual =Df apply presburger
by (metis 0 KBasic2:3 &E(2) raa—cor:3 vdash—properties:10)
qged

AOT-theorem pos—cons—sit:1: <Possible(s) — Consistent(s)»
by (auto simp: sit—cons|THEN RM{, THEN —E,
THEN cons—rigid: 2] THEN =E(1)]]
introl: —1I dest!: pos]THEN =47 F]| &E(2))

AOT-theorem pos—cons—sit:2: «<Is (Consistent(s) & —Possible(s))»
proof —
AQOT-obtain ¢; where <q1 & O—q1»
using =q45 L instantiation cont—tf:1 cont—tf—thm:1 by blast
have cond—prop: « ConditionOnPropositional Properties
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AII . «II = Ay q1 & ~q1]»)»
by (auto intro!: cond—prop[I] GEN —1I prop—propl[THEN =441|
3I(1)[where T=¢«q1 & —q1», rotated, OF log—prop—prop:2])
have rigid: <rigid-condition (A II . «II = [Ay 1 & —q1]»)»
by (auto introl: strict—can:1[I] GEN —1I simp: id—nec:2[THEN — E])

AOT-obtain z where z-prop: <z = ts (VF (s[F] = F = Ay ¢1 & —q1]))»
using ex:1:0[THEN VY E(1), OF can—sit—desc:1, OF cond—prop]
3 E[rotated] by blast
AOT-hence 0: <A(Situation(z) & VF (z[F] = F = My ¢1 & —~q1]))»
using —F actual—desc:2 by blast
AOT-hence «A(Situation(z))» by (metis Act—Basic:2 &E(1) =E(1))
AOT-hence s-sit: «Situation(z)» by (metis =E(1) possit—sit:4)
AOT-have s-enc-prop: VF (z[F] = F = Ay q1 & —q1])»
using strict—sit|OF rigid, OF cond—prop, THEN —E, OF z-prop).
AOT-hence z[Ay ¢1 & —q1]
using V E(1)[rotated, OF prop—prop2:2]
rule=1:1[OF prop—prop2:2] =F by blast
AOT-hence «z = (q1 & —q1)»
using lem![THEN —E, OF s-sit, unvarify p, THEN =F(2), OF log—prop—prop:2]
by blast
AOT-hence {O(z = (q1 & ~q1))»
using lem2: I[unconstrain s, THEN —E, OF s-sit, unvarify p,

OF log—prop—prop:2, THEN =FE(1)] by blast
moreover AOT-have O(z = (1 & —q1) — —Actual(z))>
proof(rule RN; rule —1; rule raa— cor:2)

AOT-modally-strict {
AOT-assume <Actual(z)>
AOT-hence Vp (z = p — p)»
using actual|[THEN =4;E, THEN &E(2)] by blast
moreover AOT-assume z = (@1 & —~q1)»
ultimately AOT-show <«q1 & —¢1»
using V E(1)[rotated, OF log—prop—prop:2] —E by metis

qed
ultimately AOT-have nec-not-actual-s: <O-Actual(z)>
using gml: I[aziom-inst, THEN —E, THEN —E] by blast
AOT-have I: <-3p (z = p & z = —p)»
proof (rule raa—cor:2)
AOT-assume 3p (z = p & z | —p)»
then AOT-obtain p where <z = p & z | —-p
using 3 E[rotated] by blast
AOT-hence z[\y p] & z[A\y —p)
using lem1[unvarify p, THEN —E, OF log—prop—prop:2,
OF s-sit, THEN =E(1)] &I &E by metis
AOT-hence ([\y p] = [A\y ¢1 & —~q1]> and Ay —p] = Ay ¢1 & —q1]>
by (auto introl: prop—prop2:2 s-enc-prop| THEN ¥V E(1), THEN =E(1)]
elim: &E)
AOT-hence i: «[Ay p] = [A\y —p]» by (metis rule=FE id-sym)
{
AOT-assume 0: <p»
AOT-have «[\y p]o for z
by (auto introl: B« C(1) cqt:2 0)
AOT-hence ([\y —p|z) for z using i rule=FE by fast
AOT-hence <—p»
using f—C(1) by auto
}

moreover {
AOT-assume 0: <—p>
AOT-have «[\y —p|z) for z
by (auto introl: B+ C(1) cqt:2 0)
AOT-hence ([\y p]z> for z using i[symmetric] rule=F by fast
AOT-hence p»
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using S—C(1) by auto

ultimately AOT-show «p & —p» for p by (metis raa—cor:1 raa—cor:8)

qged
AOT-have 2: <= Possible(z)>
proof(rule raa—cor:2)
AOT-assume <Possible(z)»
AOT-hence (QActual(z))
by (metis =q E &E(2) pos)
moreover AOT-have (=0 Actual(z)> using nec-not-actual-s
using =45 F conventions:5 reductio—aa:2 by blast

ultimately AOT-show «QActual(z) & —QActual(z)y by (rule &I)

qed
show ?thesis

by(rule 31(2)[where f=z]; safe intro!: &I 2 s-sit cons|[THEN =q4¢1] 1)

qged

AOT-theorem sit—classical:1: <Vp (s = p =p) > V(s |E—g=—s = qp

proof(rule —I; rule GEN)
fix ¢q
AOT-assume Vp (s = p = p)»
AOT-hence (s = ¢ = ¢ and s E —¢ = ¢
using V E(1)[rotated, OF log—prop—prop:2] by blast+
AOT-thus <s |= 7¢g=-sE ¢
by (metis deduction—theorem =1 =E(1) =E(2) =E(4))
qed

AOT-theorem sit—classical: 2:
Vp(sEp=p) 2 VeVr((skE(g—=r)=(skEq—=sEn)
proof(rule —I; rule GEN; rule GEN)
fix qr
AOT-assume Vp (s = p = p)»

AOT-hence ¥: <sEg=¢@and & s Er=mand ¢ «(s = (¢ = 1))

using V E(1)[rotated, OF log—prop—prop:2] by blast+
AOT-show (s = (g > 1) =(sEqg—sET)
proof (safe introl: =I —1I)

AOT-assume <s = (¢ — )

moreover AOT-assume s = ¢

ultimately AOT-show <s = )

using 9 £ ¢ by (metis =F(1) =FE(2) vdash—properties:10)

next

AOT-assume (s |= ¢ — s = nr

AOT-thus <s E (¢ = rp

using ¢ £ ¢ by (metis deduction—theorem =E(1) =FE(2) —FE)

qed
qged

AOT-theorem sit—classical:3:

Vp (s = p=p) = (s = Ya wla}) = Va s = wla})
proof (rule —1I)

AOT-assume Vp (s = p = p)p

(g —r)p

AOT-hence ¥: <s E o{a} = ¢{a} and & s EVa p{a} = Va p{a} for a

using V E(1)[rotated, OF log—prop—prop:2] by blast+
AOT-show (s =Va p{a} =Va s = p{ap
proof (safe introl: =I —I GEN)

fix «

AOT-assume <s |= Va p{a}

AOT-hence «p{a}> using £ V E(2) =E(1) by blast

AOT-thus <s E p{a}> using 9 =E(2) by blast
next

AOT-assume Va s = p{ap

AOT-hence s = p{a}» for a using V E(2) by blast

AOT-hence «p{a}> for o using ¥ =FE(1) by blast
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AOT-hence Va p{a}» by (rule GEN)
AOT-thus «s = Ya ¢{a}» using £ =F(2) by blast
qed
qed

AOT-theorem sit—classical:4: <Vp (s Ep=p) > Vq (sf=0Og— Os = ¢
proof(rule —I; rule GEN; rule —1I)

fix ¢q

AOT-assume Vp (s = p = p)»

AOT-hence ¥: <s = q¢= ¢ and &: <s = Oqg = Og»

using V E(1)[rotated, OF log—prop—prop:2] by blast+

AOT-assume <s = O

AOT-hence O¢» using £ =E(1) by blast

AOT-hence «¢» using gml:2[aziom-inst, THEN —E] by blast

AOT-hence <s = ¢ using ¥ =F(2) by blast

AOT-thus Os = ¢ using =47 E &E(1) =E(1) lem2:1 true—in—s by blast
qed

AOT-theorem sit—classical:5:
Vp(sEp=p =306 E&-(sEDOQ)
proof (rule —1I)
AOT-obtain » where A: <y and «O—r»
by (metis &E(1) &E(2) =as E instantiation cont—tf:1 cont—tf—thm:1)
AOT-hence B: «—r»
using KBasic:11 =E(2) by blast
moreover AOT-assume asm: <V p (s = p = p)»
AOT-hence <s = m
using V E(2) A =E(2) by blast
AOT-hence I: <Os = ™
using =4 F &E(1) =E(1) lem2:1 true—in—s by blast
AOT-have «s = -0Or
using asm[THEN V E(1)[rotated, OF log—prop—prop:2], THEN =E(2)] B by blast
AOT-hence <—s = Or
using sit—classical: [THEN —E, OF asm,
THEN V E(1)[rotated, OF log—prop—prop:2], THEN =E(1)] by blast
AOT-hence Os = r & —-s = 0Or
using I &I by blast
AOT-thus (3r (Os E r & —s = Or)
by (rule 31)
qed

AOT-theorem sit—classical:6:
TsVp(skEp=py
proof —
have cond—prop: «ConditionOnPropositional Properties
ANIIL. «3q (¢ &I = [Ay g))»)
proof (safe introl: cond—prop[I] GEN —I)
fix F
AOT-modally-strict {
AOT-assume <3¢ (¢ & F = [\y q])»
then AOT-obtain ¢ where ¢ & F = [A\y ¢
using 3 E[rotated] by blast
AOT-hence <F = [A\y g
using & F by blast
AOT-hence (3¢ F = [\y ¢
by (rule 31)
AOT-thus «Propositional([F])»
by (metis =q5I prop—propl)
}

qed
AOT-have «<3sVF (s[F]=3q¢q (¢ & F =My q))
using comp—sit: 1[OF cond—prop].
then AOT-obtain s; where so-prop: <V F (so[F] =3¢ (¢ & F = [Ay q)))»
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using Situation.3 E[rotated] by meson
AOT-have Vp (so =p =p)
proof(safe introl: GEN =1 —I)
fix p
AOT-assume <sp = p
AOT-hence <so[Ay p)»
using lem![THEN —E, OF Situation.wp, THEN =E(1)] by blast
AOT-hence <3¢ (¢ & [My p] = [Ay q])»
using so-prop[ THEN V E(1)[rotated, OF prop—prop2:2], THEN =E(1)] by blast
then AOT-obtain g1 where gqi-prop: <q1 & [Ay p] = [Ay ¢1]»
using 3 E[rotated] by blast
AOT-hence (p = q1»
by (metis &E(2) =E(2) p—identity—thm?2:3)
AOT-thus «p
using ¢1-prop|THEN & E(1)] rule=E id-sym by fast
next
fix p
AOT-assume <p>
moreover AOT-have <[Ay p] = [A\y p]
by (simp add: rule=I:1[OF prop—prop2:2])
ultimately AOT-have p & [\y p] = [\y p|»
using &I by blast
AOT-hence <3¢ (¢ & [My p] = [Ay q])»
by (rule 31)
AOT-hence <so[\y p)»
using so-prop| THEN V E(1)[rotated, OF prop—prop2:2], THEN =E(2)] by blast
AOT-thus <sg E p»
using lem![THEN —E, OF Situation.np, THEN =E(2)] by blast
qed
AOT-hence Vp (so = p = p)
using &I by blast
AOT-thus (3sVp (s Ep=p)
by (rule Situation.3 1)
qged

AOT-define PossibleWorld :: <t = ¢» («Possible World'(-"))
world: 1: «PossibleWorld(z) =a5 Situation(z) & OV p(z |E p = p)»

AOT-theorem world:2: <3z Possible World(z)»
proof —
AOT-obtain s where s-prop: <Vp (s |E p = p)»
using sit—classical:6 Situation.3 E[rotated] by meson
AOT-have Vp (s E p = p)
proof(safe introl: GEN =I —1I)
fix p
AOT-assume <s = p
AOT-thus (p»
using s-prop[THEN Y E(2), THEN =E(1)] by blast
next
fix p
AQOT-assume <p»
AOT-thus s = p»
using s-prop[THEN V E(2), THEN =E(2)] by blast
qed
AOT-hence «(OVp (s = p = p)»
by (metis TO[THEN —E))
AOT-hence «OVp (s = p = p)»
using s-prop &I by blast
AOT-hence (Possible World(s)»
using world: 1[THEN =4¢1] Situation.sp &I by blast
AOT-thus <3z PossibleWorld(z)»
by (rule 31)
qed
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AOT-theorem world:3: «PossibleWorld(k) — k>
proof (rule —1I)
AOT-assume (Possible World(k)»
AOT-hence <Situation(k)»
using world: [[THEN =4;E] &FE by blast
AQOT-hence (Alk)
by (metis =qfF &FE(1) situations)
AOT-thus «x|»
by (metis russell—aziom|eze, 1].1)-denotes-asm)
qed

AOT-theorem rigid—pw:1: «PossibleWorld(z) = OPossible World(z)»
proof(safe introl: =1 —1I)
AOT-assume <Possible World(z)»
AOT-hence (Situation(z) & OVp(z |E p = p)»
using world:1[THEN =4 FE] by blast
AOT-hence OSituation(z) & OOV p(z = p = p)»
by (metis S5Basic:1 &I &E(1) &E(2) =E(1) possit—sit:1)
AOT-hence 0: O(Situation(z) & OVp(z = p = p))»
by (metis KBasic:3 =F(2))
AOT-show PossibleWorld(z)>
by (AOT-subst <PossibleWorld(z)) <Situation(z) & OVp(z = p = p)»)
(auto simp: =Df world:1 0)
next
AOT-show <PossibleWorld(z)> if <OPossible World(z)»
using that gml:2[aziom-inst, THEN — E] by blast
qged

AOT-theorem rigid—pw:2: <) PossibleWorld(z) = Possible World(z)»
using rigid—pw: 1
by (meson REQ S5Basic:2 =E(2) =E(6) Commutativity of =)

AOT-theorem rigid—pw:3: <O Possible World(z) = OPossible World(z)»
using rigid—pw:1 rigid—pw:2 by (meson =E(5))

AOT-theorem rigid—pw:4: «APossibleWorld(z) = Possible World(z)»
by (metis Act—Sub:3 —1 =1 =E(6) nec—imp—act rigid—pw: 1 rigid—pw:2)

AOT-register-rigid-restricted-type
Possible World: <Possible World(k)»
proof
AOT-modally-strict {
AOT-show <3z PossibleWorld(z)> using world: 2.
}
next
AOT-modally-strict {
AOT-show <PossibleWorld(k) — k> for k using world:3.
}
next
AOT-modally-strict {
AOT-show <V a(PossibleWorld(a) — O Possible World(c))»
by (meson GEN —I =FE(1) rigid—pw:1)
}
qged
AOT-register-variable-names
Possible World: w

AOT-theorem world—pos: <Possible(w)»
proof (safe introl: =45 E[OF world:1, OF PossibleWorld.xp, THEN & E(1)]
pos[THEN =q4¢1] &I )
AOT-have «0Vp (w = p = p)»
using world: 1[THEN =47 E, OF PossibleWorld.«p, THEN &E(2)].
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AOT-hence «<OVp (w = p — p)»
proof (rule RMO[THEN —E, rotated]; safe introl: —1 GEN)
AOT-modally-strict {
fix p
AOT-assume Vp (w = p = p)»
AOT-hence <w = p = p» using V E(2) by blast
moreover AOT-assume (w = p»
ultimately AOT-show p using =F(1) by blast
}
qed
AOT-hence 0: «Q(Situation(w) & Vp (w = p — p))»
using world: [[THEN =45E, OF PossibleWorld.w, THEN &E(1),
THEN possit—sit:1[THEN =E(1)]]
by (metis KBasic:16 &I vdash—properties:10)
AOT-show «QActual(w)»
by (AOT-subst < Actual(w)> <Situation(w) & Vp (w E p — p)»)
(auto simp: actual =Df 0)
qed

AOT-theorem world—cons: 1: «Consistent(w)»
using world—pos
using pos—cons—sit: I[unconstrain s, THEN —E, THEN —FE]
by (meson =45 E &E(1) pos)

AOT-theorem world—cons:2: «— TrivialSituation(w)»
proof(rule raa—cor:2)
AOT-assume < TrivialSituation(w)»
AOT-hence <Situation(w) & Vp w = p»
using df —null—trivial: 2] THEN =45 E] by blast
AOT-hence 0: <Ow = (3p (p & —p))»
using & F
by (metis Buridan() TO &FE(2) =E(1) lem2:3[unconstrain s, THEN —E)|
log—prop—prop:2 rule—ui:1 universal—cor —E)
AOT-have «(OVp (w = p = p)
using PossibleWorld.ip world:1[THEN =47E, THEN &E(2)] by metis
AOT-hence Vp O(w = p = p)»
using BuridanO|THEN —E] by blast
AOT-hence (O(w = (3p (p & —p)) = 3p (p & —p)))»
by (metis log—prop—prop:2 rule—ui:1)
AOT-hence «)(w = (Ip (p & —p)) = (3p (p & —p)))
using RMO[THEN —E] —1 =E(1) by meson
AOT-hence «)(3p (p & —p))> using 0
by (metis KBasic2:4 =E(1) —E)
moreover AOT-have =03 p (p & —p))»
by (metis instantiation KBasic2:1 RN =FE(1) raa—cor:2)
ultimately AOT-show «)(3p (p & —p)) & ~03p (p & —p))»
using &I by blast
qed

AOT-theorem rigid—truth—at:1: «<w | p = Ow E p»
using lem2: 1[unconstrain s, THEN —E,
OF PossibleWorld. )| THEN world: 1] THEN =4¢E], THEN &E(1)]].

AOT-theorem rigid—truth—at:2: <Qw = p=w = p
using lem2:2[unconstrain s, THEN —E,
OF PossibleWorld [ THEN world:1[THEN =4¢FE]|, THEN &E(1)]].

AOT-theorem rigid—truth—at:3: «Qw E p = 0Ow E p
using lem2:8[unconstrain s, THEN —E,

OF PossibleWorld.w[THEN world: 1{THEN =4;F], THEN &E(1)]].

AOT-theorem rigid—truth—at:4: (Aw Ep=wE p
using lem2:4[unconstrain s, THEN —E,
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OF PossibleWorld. [ THEN world: 1{THEN =4;F], THEN &E(1)]].

AOT-theorem rigid—truth—at:5: <—w = p = O-w = p
using lem2:5[unconstrain s, THEN —E,
OF PossibleWorld. [ THEN world: 1{THEN =45FE], THEN &E(1)]].

AOT-define Mazimal :: <1 = ¢ («Mazimal’(-)»)
maz: <Mazimal(s) =q4y Vp (s EpV s |E -p)

AOT-theorem world—max: «Mazimal(w)>
proof(safe intro!: PossibleWorld.yp|THEN =45 E[OF world:1], THEN &E(1)]
GEN =45I[OF maz] &I )
fix ¢
AOT-have <O(w E ¢V w E —gq)
proof(rule RMO[THEN —E]; (rule —1I)?)
AOT-modally-strict {
AOT-assume Vp (w = p = p)»
AOT-hence <w = ¢ = ¢ and (w |E ~¢ = —¢
using V E(1)[rotated, OF log—prop—prop:2] by blast+
AOT-thus «w E ¢V wE @
by (metis VI(1) VI(2) =E(8) reductio—aa:1)
}

next
AOT-show «OVp (w = p = p)»
using PossibleWorld.}p)| THEN =47 E[OF world:1], THEN &E(2)].
qed
AOT-hence Qw = ¢V Ow E —¢
using KBasic2:2[THEN =E(1)] by blast
AOT-thus «<w = q V w | -
using lem2:2[unconstrain s, THEN —E, unvarify p,
OF PossibleWorld.yp| THEN =45 E[OF world:1], THEN &E(1)],
THEN =E(1), OF log—prop—prop:2]
by (metis VI(1) VI(2) VE(3) raa—cor:2)
qged

AOT-theorem world=mazxpos: 1: «<Mazimal(z) — OMaximal(z)»
proof (AOT-subst «Mazimal(z)» «Situation(z) & Vp (z Ep V & = —p);
safe introl: max =Df —1I; frule &E(1); drule &E(2))
AOT-assume sit-z: <Situation(z)>
AOT-hence nec-sit-z: OSituation(z)>
by (metis =E(1) possit—sit:1)
AOT-assume Vp (z = p V z |E —p)
AOT-hence <z = p V z = —p for p
using V E(1)[rotated, OF log—prop—prop:2] by blast
AOT-hence Oz = p vV Oz = —p» for p
using lem2: I[unconstrain s, THEN —E, OF sit-z, unvarify p,
OF log—prop—prop:2, THEN =FE(1)]
by (metis VI(1) VI(2) VE(2) raa—cor:1)
AOT-hence O(z = p V z E —p)» for p
by (metis KBasic:15 —E)
AOT-hence WVp O(z E=p V z E —p)
by (rule GEN)
AOT-hence (OVp (z =p V z = —p)
by (rule BF[THEN —E])
AOT-thus O(Situation(z) & Vp (z = p V z |E —p))»
using nec-sit-r by (metis KBasic:3 &I =FE(2))
qed

AOT-theorem world=mazpos:2: PossibleWorld(z) = Mazimal(z) & Possible(x)»
proof(safe introl: =1 —1 &I world—pos[unconstrain w, THEN —E]
world—maz[unconstrain w, THEN —E];
frule &E(2); drule &E(1))
AOT-assume pos-z: <Possible(x)»
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AOT-have «O(Situation(z) & Vp(z = p — p))»
apply (AOT-subst (reverse) «Situation(z) & Vp(z = p — p)» <Actual(z)»)
using actual =Df apply presburger
using =4 F &E(2) pos pos-z by blast
AOT-hence 0: «<OVp(z = p — p)»
by (metis KBasic2:3 &E(2) vdash—properties:6)
AOT-assume maz-z: <Mazimal(x)»
AOT-hence sit-z: <Situation(z)> by (metis =q5E maz-z &E(1) maz)
AOT-have OMazimal(z)) using world=mazpos: 1[THEN —E, OF max-z] by simp
moreover AOT-have (OMazimal(z) - OV p(z =p > p) > Vp (z Ep=p))
proof(safe introl: —I RM GEN)
AOT-modally-strict {
fix p
AOT-assume 0: <Mazimal(z)>
AOT-assume I: <Vp (z = p — p)»
AOT-show <z =p=p
proof(safe intro!: =1 —I 1[THEN Y E(2), THEN —E]; rule raa—cor:1)
AOT-assume —z | p
AOT-hence z = —p
using 0| THEN =4;E|OF maz], THEN &E(2), THEN ¥ E(2)]
1 by (metis VE(2))
AOT-hence <—p»
using I[THEN V E(1), OF log—prop—prop:2, THEN —E] by blast
moreover AOT-assume p
ultimately AOT-show <p & —p> using &I by blast
qed
}
ged
ultimately AOT-have <OVp(z Ep — p) = Vp(z Ep=p))
using —F by blast
AOT-hence «OVp(z = p = p) = OVp(z = p = pp
by (metis KBasic:13[THEN — E))
AOT-hence «<OVp(z = p = p)p
using 0 —F by blast
AOT-thus «Possible World(z)»
using =47 I[OF world:1, OF &I, OF sit-z] by blast
qed

AOT-define NecImpl :: «p = ¢ = ¢ (infixl <= 26)
nec—impl—p:1: <p = q =a5 O(p — q)»

AOT-define NecEquiv :: <o = ¢ = ¢ (infix]l &) 21)
nec—impl—p:2: <p < ¢ =a5 (p = q) & (¢ = pp

AOT-theorem nec—equiv—nec—im: <p < ¢ = O(p = q)»
proof(safe introl: =1 —1I)
AQOT-assume p & ¢
AOT-hence «((p = ¢)» and «(q = p)»
using nec—impl—p:2|THEN =4;E] &E by blast+
AOT-hence J(p — ¢)» and <d(¢ — p)»
using nec—impl—p:1[THEN =4¢E] by blast+
AOT-thus <d(p = q)» by (metis KBasic:4 &I =E(2))
next
AOT-assume (d(p = q)
AOT-hence O(p — ¢)» and <O(qg — p)»
using KBasic:4 &E =E(1) by blast+
AOT-hence «((p = ¢)» and «(q = p)»
using nec—impl—p:1[THEN =4¢1| by blast+
AOT-thus (p & ¢
using nec—impl—p:2[THEN =471] &I by blast
qed

AOT-theorem world-closed-lem-1-a:
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(sFE &) = VpskEpr=p) = FEr&sED)
proof(safe intro!: —1I)
AOT-assume Y p (s = p = p)»
AOT-hence <s = (p & ) = (¢ & )y and s = ¢ = ¢ and s = ¢ =
using V E(1)[rotated, OF log—prop—prop:2] by blast+
moreover AOT-assume s = (¢ & ¥)»
ultimately AOT-show s = ¢ & s = ¢»
by (metis &I &E(1) &E(2) =E(1) =E(2))
qed

AOT-theorem world-closed-lem-1-b:
(sEe&(p—=4q) > (Vp(sEp=p) = skEaqp
proof(safe intro!: —1I)
AOT-assume Y p (s = p = p)»
AOT-hence (s = ¢ = ¢ for ¢
using V E(1)[rotated, OF log—prop—prop:2] by blast
moreover AOT-assume s = ¢ & (¢ — q)»
ultimately AOT-show s E ¢
by (metis &E(1) &E(2) =E(1) =E(2) —E)
qed

AOT-theorem world-closed-lem-1-c:
(sFe&sE@—=Y) > (Vp(sEp=p) = sEY)
proof(safe introl: —1I)
AOT-assume <V p (s E p = p)»
AOT-hence (s = ¢ = ¢ for ¢
using V E(1)[rotated, OF log—prop—prop:2] by blast
moreover AOT-assume s = p & s = (¢ = ¥)»
ultimately AOT-show s E ¢»
by (metis &E(1) &E(2) =E(1) =E(2) —E)
qed

AOT-theorem world—closed—lem:1[0]:

«q—>(Vp(sEp=p sk aqp
by (meson —I =E(2) log—prop—prop:2 rule—uwi:1)

AOT-theorem world—closed—lem:1[1]:

sEp&pr—q—>VplsEp=p) = skEqp
using world-closed-lem-1-b.

AOT-theorem world—closed—lem:1]2):
sEp&sEPp&(pn&p) == VpsEp=p) = skEqp
using world-closed-lem-1-b world-closed-lem-1-a
by (metis (full-types) &I &E —1 —E)

AOT-theorem world—closed—lem:1]3]:
sEn&sEp&sEp & (pr&p&ps) =9 = (Vp(sEp=p = skEqp
using world-closed-lem-1-b world-closed-lem-1-a
by (metis (full-types) &I &E —I1 —F)

AOT-theorem world—closed—lem: 1[4]:
sEn&sEp&sEp&sEPi & ((pr&p2&ps&p)—q) —
(Vp(sEP=p) = skEq
using world-closed-lem-1-b world-closed-lem-1-a
by (metis (full-types) &I &E —I1 —F)

AOT-theorem coherent:1: (w = —p = —w = p
proof(safe introl: =1 —1I)
AOT-assume I: <w = —p»
AOT-show —w = p»
proof(rule raa—cor:2)
AOT-assume (w = p»
AOT-hence (w = p & w = —p> using 1 &I by blast
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AOT-hence <3¢ (w = q & w = —q)> by (rule 31)
moreover AOT-have (-3¢ (w |E ¢ & w E —¢q)
using world—cons:1[THEN =47 E[OF cons], THEN &E(2)].
ultimately AOT-show (¢ (w E ¢& w = —¢) & 3¢ (w = ¢ & w = —g)
using &I by blast
qed
next
AOT-assume —w = p
AOT-thus «w E —p»
using world—maz[THEN =4 E[OF maz], THEN &E(2)]
by (metis VE(2) log—prop—prop:2 rule—ui: 1)
qed

AOT-theorem coherent:2: «w = p = ~w = —p»
by (metis coherent:1 deduction—theorem =1 =FE(1) =E(2) raa—cor:3)

AOT-theorem act—world:1: (3w Vp (w = p = p)»
proof —
AOT-obtain s where s-prop: <Vp (s E p = p)»
using sit—classical:6 Situation.3 E[rotated] by meson
AOT-hence «OVp (s = p = p)»
by (metis TO vdash—properties:10)
AOT-hence <PossibleWorld(s)»
using world: [ THEN =451] Situation.wp &I by blast
AOT-hence (PossibleWorld(s) & Vp (s = p = p)»
using &I s-prop by blast
thus ?thesis by (rule 31)
qged

AOT-theorem act—world:2: 3w Actual(w)>
proof —
AOT-obtain w where w-prop: Vp (w |E p = p)
using act—world:1 Possible World.3 E[rotated] by meson
AQOT-have sit-s: <Situation(w)>»
using PossibleWorld.1p world:1[THEN =4¢E, THEN &E(1)] by blast
show ?thesis
proof (safe introl: uniqueness:1[THEN =q471] 31(2) &I GEN —1
PossibleWorld.vp actual[THEN =451] sit-s
sit—identity[unconstrain s, unconstrain s’, THEN —E,
THEN —E, THEN =E(2)] =I
w-prop[THEN Y E(2), THEN =E(1)])
AOT-show (Possible World(w)» using Possible World.1).
next
AOT-show «Situation(w)>
by (simp add: sit-s)
next
fix yp
AOT-assume w-asm: <PossibleWorld(y) & Actual(y)»
AOT-assume (w = p
AOT-hence p: p»
using w-prop[THEN ¥V E(2), THEN =E(1)] by blast
AOT-show <y &= p
proof(rule raa—cor: 1)
AOT-assume <~y = p
AOT-hence y = —p»
by (metis coherent: 1[unconstrain w, THEN —E| &E(1) =E(2) w-asm)
AOT-hence —p»
using w-asm[THEN &E(2), THEN actual|[ THEN =4;FE], THEN &FE(2),
THEN V E(1), rotated, OF log—prop—prop:2]

—F by blast
AOT-thus (p & —p» using p &I by blast
qed
next
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AOT-show «w | p» if <y = p» and <Possible World(y) & Actual(y)> for p y
using that(2)[THEN &E(2), THEN actual[THEN =4fFE]|, THEN &FE(2),
THEN Y E(2), THEN —E, OF that(1)]
w-prop[THEN YV E(2), THEN =E(2)] by blast
next
AOT-show «Situation(y)» if «PossibleWorld(y) & Actual(y)» for y
using that[THEN &F(1)] world:1{THEN =q;E, THEN &E(1)] by blast
next
AOT-show «Situation(w)>
using sit-s by blast
qed(simp)
qed

AOT-theorem pre—walpha: «ww Actual(w)}>
using A—Euzists:2 RA[2] act—world:2 =E(2) by blast

AOT-define TheActualWorld :: ks> (<Wq»)
w—alpha: «Wo =45 tw Actual(w)»

AOT-theorem true-in-truth-act-true: <T = p = Ap»
proof(safe introl: =1 —1I)
AOT-have true-def: <+ T =1z (Alz & VF (z[F] = 3p(p & F = [Ay p))))»
by (simp add: A—descriptions rule—id—df: 1[zero] the—true:1)
AOT-hence true-den: <Fg Tl»
using t=t—proper:1 vdash—properties:6 by blast
{
AOT-assume (T E p
AOT-hence <T[Ay p]
by (metis =45 E con—dis—i—e:2:b prop—enc true—in—s)
AOT-hence «wz(Alz & VF (z[F] =3q (¢ & F = [\y q])))[\y p)
using rule=F true-def true-den by fast
AOT-hence (A3 q (¢ & [A\y p] = [Ay ¢])»
using =F(1) desc—nec—encode: 1[unvarify F| prop—prop2:2 by fast
AOT-hence <3¢ A(q & [Ay p] = [Ay q])»
by (metis Act—Basic:10 =E(1))
then AOT-obtain ¢ where «A(q & [Ay p] = [Ay q])
using 3 E[rotated] by blast
AOT-hence actq: <Ag and <A[\y p] = [Ay ¢]»
using Act— Basic:2 intro—elim:3:a &F by blast+
AOT-hence ([A\y p] = [\y ¢
using id—act: 1[unvarify o B, THEN =FE(2)]| prop—prop2:2 by blast
AOT-hence (p = ¢
by (metis intro—elim:8:b p—identity—thm2:3)
AOT-thus <Ap»
using actq rule=F id-sym by blast
}
{
AOQOT-assume (Ap»
AOT-hence (A(p & [Ay p] = [Ay p])»
by (auto introl: Act—Basic:2[THEN =E(2)] &I
intro: RA[2] =I(1)[OF prop—prop2:2])
AOT-hence <3¢ A(q & [Ay p] = [Ay q])»
using 31 by fast
AOT-hence <A3q (¢ & [Ay p] = [A\y q])»
by (metis Act—Basic:10 =E(2))
AOT-hence «wz(Alz & VF (z[F] =3q (¢ & F = [Ay q)))[Ay pp
using =F(2) desc—nec—encode: 1[unvarify F| prop—prop2:2 by fast
AOT-hence (T[A\y p)»
using rule=F true-def true-den id-sym by fast
AOT-thus (T = p
by (safe introl: true—in—s[THEN =q¢1] &I possit—sit:6
prop—enc|THEN =4;1] true-den)
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}

qed

AOT-theorem T—world: «<T = wu)
proof —
AOT-have true-den: <+g T{»
using Situation.res—var:3 possit—sit:6 —FE by blast
AOT-have <AVp (T = p — p)»
proof (safe introl: logic—actual—nec:8[aziom-inst, THEN =FE(2)] GEN
logic—actual—nec: 2[aziom-inst, THEN =FE(2)] —1I)
fix p
AOT-assume (AT E p
AOT-hence T = p
using lem2:4[unconstrain s, unvarify 8, OF true-den,
THEN —E, OF possit—sit:6] =E(1) by blast
AOT-thus «Ap» using true-in-truth-act-true =E(1) by blast
qed
moreover AOT-have <A(Situation(x) & Vp (k = p — p)) = AActual(k)> for K
using actual[THEN =Df, THEN conventions:3[THEN =4;F, THEN &E(2)],
THEN RA[2], THEN act—cond[THEN — E]].
ultimately AOT-have act-act-true: <AActual(T)»
using possit—sit:4[unvarify x, OF true-den, THEN =E(2), OF possit—sit: (]
Act—Basic:2|THEN =E(2), OF &I —E by blast
AOT-hence «QActual(T)» by (metis Act—Sub:8 vdash—properties: 10)
AOQOT-hence ¢Possible(T)>
by (safe introl: pos| THEN =451] &I possit—sit:6)
moreover AOT-have «Mazimal(T)»
proof (safe introl: max[THEN =471] &I possit—sit:6 GEN)
fix p
AOT-have (Ap V A-p)
by (simp add: Act—Basic:1)
moreover AOT-have (T = p» if <(Ap>
using that true-in-truth-act-true] THEN =E(2)] by blast
moreover AOT-have T = —p» if «(A-p
using that true-in-truth-act-true[unvarify p, THEN =FE(2)]
log—prop—prop:2 by blast
ultimately AOT-show «T EpV T E -p
using VI(3) —I by blast
qed
ultimately AOT-have (Possible World(T)»
by (safe introl: world=mazpos:2[unvarify z, OF true-den, THEN =E(2)] &I)
AOT-hence «APossible World(T)»
using rigid—pw:4[unvarify z, OF true-den, THEN =E(2)] by blast
AOT-hence I: <A(PossibleWorld(T) & Actual(T))»
using act-act-true Act— Basic:2 df —simplify:2 intro—elim:3:b by blast
AOT-have (w, = tw(Actual(w))»
using rule—id—df:1[zero][OF w—alpha, OF pre—walpha)] by simp
moreover AOT-have w-act-den: <wy|>
using calculation t=t—proper:1 —E by blast
ultimately AOT-have <V z (A(PossibleWorld(z) & Actual(z)) — z = wa )
using nec—hintikka—scheme[unvarify ] =E(1) &E by blast
AOT-thus <T = wg»
using V E(1)[rotated, OF true-den] 1 —E by blast
qed

AOT-act-theorem t¢ruth—at—alpha:1: <p = wo = tz (ExtensionOf(z, p))»
by (metis rule=E T—world deduction—theorem ext—p—tv:3 id-sym =I
=F(1) =E(2) q— True:1)

AOT-act-theorem truth—at—alpha:2: <p = wo = p
proof —
AOT-have «Possible World(wa)>
using & F(1) pre—walpha rule—id—df:2:b[zero] —F
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w—alpha y—in:3 by blast
AOT-hence sit-w-alpha: <Situation(wq)>
by (metis =qfE &FE(1) world:1)
AOT-have w-alpha-den: <wy|»
using pre—walpha rule—id—df:2:b[zero] w—alpha by blast
AOT-have <p = TXp»
using ¢— True:8 by force
moreover AOT-have (T = wg»
using T—world by auto
ultimately AOT-have (p = w,Xp»
using rule=F by fast
moreover AOT-have (wo X p = wa E p
using lem![unvarify z, OF w-alpha-den, THEN —FE, OF sit-w-alpha)
using =S5(1) =E(1) Commutativity of = =Df sit-w-alpha true—in—s by blast
ultimately AOT-show (p = wo = p
by (metis =E(5))
qed

AOT-theorem alpha—world:1: <Possible World(wq)»
proof —
AOT-have 0: <w, = tw Actual(w)>
using pre—walpha rule—id—df:1[zero] w—alpha by blast
AOT-hence walpha-den: «wql>
by (metis t=t—proper:1 vdash—properties:6)
AOT-have «A(PossibleWorld(wa.) & Actual(wq))»
by (rule actual—desc:2[unvarify z, OF walpha-den, THEN —E]) (fact 0)
AOT-hence «APossible World(wa)>
by (metis Act—Basic:2 &E(1) =E(1))
AOT-thus «PossibleWorld(wq)»
using rigid—pw:4[unvarify ¢, OF walpha-den, THEN =E(1)]
by blast
qed

AOT-theorem alpha—world:2: <Mazimal(wq)>
proof —
AOT-have (wy|»
using pre—walpha rule—id—df:2:b[zero] w—alpha by blast
then AOT-obtain z where z-def: <z = wy»
by (metis instantiation rule=I:1 existential:1 id-sym)
AQOT-hence (Possible World(z)s using alpha—world:1 rule=F id-sym by fast
AOT-hence <Mazimal(z)> by (metis world—maz[unconstrain w, THEN —E])
AOT-thus «Mazimal(wes)> using z-def rule=F by blast
qged

AOT-theorem t—at—alpha—strict: «wq |= p = Ap»
proof —
AOT-have 0: <w, = tw Actual(w)>
using pre—walpha rule—id—df:1[zero] w—alpha by blast
AOT-hence walpha-den: «wql>
by (metis t=t—proper:1 vdash—properties:6)
AOT-have I: (A(PossibleWorld(wa) & Actual(wa))>
by (rule actual—desc:2[unvarify x, OF walpha-den, THEN —E)]) (fact 0)
AOT-have walpha-sit: <Situation(wa)>
by (meson =45 E alpha—world:2 & E(1) maz)
{
fix p
AOT-have 2: «Situation(z) - (Az = p =z |= p) for z
using lem2:4[unconstrain s| by blast
AOT-assume (w, = p»
AOT-hence ¥: (Aw, = p
using 2[unvarify z, OF walpha-den, THEN —E, OF walpha-sit, THEN =E(2)]
by argo
AOT-have 3: «(AActual(wa)>
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using 1 Act—Basic:2 &E(2) =E(1) by blast
AOT-have (A(Situation(ws) & ¥V q(wa = g = q))
apply (AOT-subst (reverse) <Situation(wq) & V q(wa = ¢ = q)> <Actual(wa)y)
using actual =Df apply blast
by (fact 3)
AOT-hence (AY g(wo = ¢ — q)» by (metis Act—Basic:2 &E(2) =E(1))
AOT-hence Vq A(wa = ¢ — q)
using logic—actual—nec: 3[axiom-inst, THEN =E(1)] by blast
AOT-hence <(A(w, = p — p)» using V E(2) by blast
AOT-hence <(A(w, = p) = Ap> by (metis act—cond vdash—properties:10)
AOT-hence (Ap)> using 9 —F by blast
}
AOT-hence 2: «<w, = p = Ap» for p by (rule —I)
AOT-have walpha-sit: «Situation(wa)>
using =45 F alpha—world:2 &E(1) maz by blast
show ?thesis
proof(safe introl: =1 —1 2)
AOT-assume actp: <Ap»
AOT-show <w, E p
proof(rule raa—cor: 1)
AOT-assume (—w, = p
AOT-hence (w, = —p
using alpha—world:2[THEN maz[THEN =4;E], THEN &E(2),
THEN V E(1), OF log—prop—prop:2]
by (metis VE(2))
AOT-hence <A—p)
using 2[unvarify p, OF log—prop—prop:2, THEN —E| by blast
AOT-hence (—Ap> by (metis =—I Act—Sub:1 =E(4))
AQOT-thus <Ap & —Ap> using actp &I by blast
qed
ged
qed

AOT-act-theorem not—act: <w # wo — —Actual(w)>
proof (rule —I; rule raa—cor:2)
AOQOT-assume (w # wq?
AOT-hence 0: <—(w = wa)» by (metis =45 F =—1infiz)
AOT-have walpha-den: <wql»
using pre—walpha rule—id—df:2:b[zero] w—alpha by blast
AOT-have walpha-sit: «Situation(wa)>
using =47 F alpha—world:2 &E(1) maz by blast
AOT-assume act-w: (Actual(w)»
AOT-hence w-sit: «Situation(w)> by (metis =45 F actual &E(1))
AOT-have sid: «Situation(z') - (w=2"=Vp (wlE p=z'F p)) for 2’
using sit—identity[unconstrain s’, unconstrain s, THEN —E, OF w-sit]
by blast
AOT-have <w = wq»
proof(safe intro!: GEN sid[unvarify ', OF walpha-den, THEN —E,
OF walpha-sit, THEN =E(2)] =1 —1I)
fix p
AOT-assume (w = p»
AOT-hence p»
using actual[THEN =45E, OF act-w, THEN &E(2), THEN V E(2), THEN —E]
by blast
AOT-hence (Ap»
by (metis RA[1])
AOT-thus <w, = p
using t—at—alpha—strict| THEN =E(2)] by blast
next
fix p
AOT-assume (w, = p
AOT-hence (Ap)
using t—at—alpha—strict| THEN =E(1)] by blast
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AOT-hence p: (p
using logic—actual[act-aziom-inst, THEN —E] by blast
AOT-show (w = p
proof(rule raa—cor: 1)
AOT-assume —w = p
AOT-hence (w = —p»
by (metis coherent:1 =E(2))
AOT-hence —p»
using actual[THEN =45E, OF act-w, THEN &E(2), THEN V E(1),
OF log—prop—prop:2, THEN —E] by blast
AOT-thus (p & —p» using p &I by blast
qed
qed
AOT-thus «w = wo & —(w = wo)» using 0 &I by blast
qed

AOT-act-theorem w—alpha—part: <Actual(s) = s < wa>
proof(safe introl: =1 —1 sit—part—whole|[THEN =q4¢1] &I GEN
dest!: sit—part—whole[ THEN =45 F))
AOT-show <Situation(s) if <Actual(s)>
using =47 F actual &E(1) that by blast
next
AOT-show «Situation(wq)»
using =45 F alpha—world:2 &E(1) maz by blast
next
fix p
AOT-assume <Actual(s)
moreover AOT-assume <s = p»
ultimately AOT-have «p»
using actual[THEN =45FE, THEN &E(2), THEN V E(2), THEN —E] by blast
AOT-thus (w, = p»
by (metis =E(1) truth—at—alpha:2)
next
AOT-assume 0: <Situation(s) & Situation(ws) & Vp (s E p = wa E p)
AOT-hence <s = p — wo E p» for p
using &F V E(2) by blast
AQOT-hence (s = p — p» for p
by (metis -1 =FE(2) truth—at—alpha:2 —E)
AOT-hence Vp (s = p — p)» by (rule GEN)
AOT-thus <Actual(s))
using actual[THEN =451, OF &I, OF 0[THEN &E(1), THEN &E(1)]] by blast
qed

AOT-act-theorem act—world2:1: «wo = p = [Ay plwa>
apply (AOT-subst <[Ay p|wa> p)
apply (rule beta— C—meta| THEN —E, OF prop—prop2:2, unvarify viv,))
using pre—walpha rule—id—df:2:b[zero] w—alpha apply blast
using =F(2) Commutativity of = truth—at—alpha:2 by blast

AOT-act-theorem act—world2:2: <p = wa |= [Ay plwa>
proof —
AOT-have p = [A\y plwa>
apply (rule beta— C—meta| THEN —E, OF prop—prop2:2,
UnVarify viva, symmetric])
using pre—walpha rule—id—df:2:b[zero] w—alpha by blast
also AOT-have ... = w, E [\y plwa)
by (meson log—prop—prop:2 rule—wi:1 truth—at—alpha:2 universal— cor)
finally show ?thesis.
qed

AOT-theorem fund—lem:1: «<Op — OFw (w = p)»

proof (rule RM; rule —1I; rule raa—cor:1)
AOT-modally-strict {
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AOT-obtain w where w-prop: <Vq (w = ¢ = q)»
using act—world:1 PossibleWorld.3 E[rotated] by meson
AOT-assume p: <p>
AOT-assume 0: <—Jw (w = p)»
AOT-have <Vw —(w | p)
apply (AOT-subst <PossibleWorld(z) — —z = p
<=(PossibleWorld(z) & z |= p)» for: z)
apply (metis &I &E(1) &FE(2) —1 =1 modus—tollens:2)
using 0 cqt— further:4 vdash—properties:10 by blast
AOT-hence —(w = p)»
using Possible World.xp rule—ui:3 —F by blast
AOT-hence (—p>
using w-prop| THEN V E(2), THEN =E(2)]
by (metis raa— cor:3)
AOT-thus <p & —p»
using p &I by blast

}

qed

AOT-theorem fund—Ilem:2: «03w (w E p) — Jw (w E p)»
proof (rule —1I)
AOT-assume 03w (w = p)»
AOT-hence Gw O(w = p)
using Possible World.res—var—bound—reas| BFQ||[THEN —E] by auto
then AOT-obtain w where «O(w = p)»
using Possible World.3 E[rotated] by meson
moreover AOT-have (Situation(w)>
by (metis =q5F &FE(1) pos world—pos)
ultimately AOT-have «w = p
using lem2:2[unconstrain s, THEN —FE| =FE by blast
AOT-thus Gww = p
by (rule PossibleWorld.31)
qed

AOT-theorem fund—lem:3: <p - Vs(Vq (sE=q=4q) > s = p)»
proof(safe intro!: —I Situation. GEN)

fix s

AOT-assume <p>

moreover AOT-assume V¢ (s = ¢ = q)»

ultimately AOT-show <s | p»

using V E(2) =E(2) by blast

qed

AOT-theorem fund—lem:4: <Op - OVs(Vqg (s = q¢=q) — s E p)
using fund—lem:8 by (rule RM)

AOT-theorem fund—lem:5: <OVs p{s} — Vs Op{sh
proof(safe introl: —I Situation. GEN)
fix s
AOT-assume [OVs p{s}h
AOT-hence Vs Op{s}
using Situation.res—var—bound—reas| CBF|[THEN —E] by blast
AOT-thus Op{s}h
using Situation.V E by fast
qged

Note: not explicit in PLM.

AOT-theorem fund—lem:5[world]: <OV w p{w} — Vw Op{w}>
proof(safe intro!: —I PossibleWorld. GEN)
fix w
AOT-assume OV w p{w}p
AOT-hence Y w Op{w}
using Possible World.res—var—bound—reas| CBF|[THEN —E] by blast
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AOT-thus Op{w}>
using PossibleWorld.¥Y E by fast
qed

AOT-theorem fund—lem:6: VwwkEp - Vww = p
proof(rule —1)
AOT-assume Vw (w = p)
AOT-hence I: <PossibleWorld(w) — (w | p)» for w
using V E(2) by blast
AOT-show (VW w w = p»
proof(rule raa—cor:1)
AOT-assume (—-Vw w = p
AOT-hence <)—Vw w = p»
by (metis KBasic:11 =E(1))
AOT-hence 03z (—(PossibleWorld(z) — z = p))»
apply (rule RMO[THEN —E, rotated])
by (simp add: cqt—further:2)
AOT-hence Iz O(—(PossibleWorld(z) — = = p))»
by (metis BF$ vdash—properties: 10)
then AOT-obtain z where z-prop: «0—(PossibleWorld(z) — = = p)»
using 3 E[rotated] by blast
AOT-have «O(PossibleWorld(z) & —z = p)»
apply (AOT-subst <PossibleWorld(z) & —x | p»
<= (PossibleWorld(z) — = = p)»)
apply (meson =E(6) oth—class—taut:1:b oth— class—taut:3:a)
by (fact z-prop)
AOT-hence 2: «QPossibleWorld(z) & O—z = p
by (metis KBasic2:3 vdash—properties:10)
AOT-hence «Possible World(z)»
using &E(1) =E(1) rigid—pw:2 by blast
AOT-hence J(z = p)»
using 2[THEN &E(2)] I1[unconstrain w, THEN —E] —E
rigid—truth—at: 1[unconstrain w, THEN —E]
by (metis =F(1))
moreover AOT-have —0O(z = p)»
using 2[THEN &E(2)] by (metis ——I KBasic:12 =FE(4))
ultimately AOT-show <p & —p» for p
by (metis raa—cor:3)
qed
qed

AOT-theorem fund—lem:7: <OV w(w = p) — Op»
proof(rule RM; rule —1I)
AOT-modally-strict {
AOT-obtain w where w-prop: <Vp (w = p = p)»
using act—world:1 Possible World.3 E[rotated] by meson
AOT-assume Vw (w = p)
AOT-hence (w = p
using Possible World.¥Y E by fast
AOT-thus (p»
using w-prop[THEN ¥V E(2), THEN =E(1)] by blast
}

qed

AOT-theorem fund:1: «Op = Jw w = p»
proof (rule =I; rule —1)
AQOT-assume <)p»
AOT-thus Gww E p
by (metis fund—lem:1 fund—lem:2 —E)
next
AOT-assume Jw w = p
then AOT-obtain w where w-prop: <w = p
using Possible World.3 E[rotated] by meson
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AOT-hence «OVp (w = p = p)»
using world: 1[THEN =47E, THEN &FE(2)] PossibleWorld.1p &E by blast
AOT-hence Vp O(w = p = p)»
by (metis Buridan() —E)
AOT-hence I: <O(w = p = p)»
by (metis log—prop—prop:2 rule—ui:1)
AOT-have <Q((wEp —p) & (p = wEDp)
apply (AOT-subst «(w = p — p) & (p = w E p)» <w = p = p)
apply (meson conventions:3 =E(6) oth—class—taut:3:a =Df)
by (fact 1)
AOT-hence ()(w = p — p)»
by (metis RM{ Conjunction Simplification(1) —E)
moreover AOT-have O(w = p)»
using w-prop by (metis =E(1) rigid—truth—at: 1)
ultimately AOT-show <«)p»
by (metis KBasic2:4 =E(1) —E)
qed

AOT-theorem fund:2: <Op =Vw (w | p)»
proof —
AOT-have 0: Vw (w = —-p = —w = p)
apply (rule PossibleWorld. GEN)
using coherent:1 by blast
AOT-have «0—p = Jw (w E —p)
using fund: 1[unvarify p, OF log—prop—prop:2] by blast
also AOT-have «... = 3w ~(w |E p)»
proof(safe introl: =1 —1)
AOT-assume Jw w = —p
then AOT-obtain w where w-prop: «w = —p»
using PossibleWorld.3 E[rotated] by meson
AOT-hence (—w = p
using 0[THEN PossibleWorld.Y E, THEN =E(1)] &E by blast
AOT-thus «<Jw ~w = p»
by (rule Possible World.3 1)
next
AOT-assume (Jw ~w = p»
then AOT-obtain w where w-prop: (—w | p
using PossibleWorld.3 E[rotated] by meson
AOT-hence (w = —p»
using 0[THEN V¥ E(2), THEN —E, THEN =E(1)] &E
by (metis coherent:1 =F(2))
AOT-thus (3w w = —p»
by (rule Possible World.3 1)
qed
finally AOT-have (=0—p = -Jw ~w = p
by (meson =E(1) oth—class—taut:4:b)
AOT-hence \Op = -FJw ~w E p
by (metis KBasic:12 =E(5))
also AOT-have «... =Vww E p
proof(safe introl: =1 —1)
AOT-assume (=3 w —w = p
AOT-hence 0: <Vz (—(PossibleWorld(z) & —z | p))»
by (metis cqt—further:4 —E)
AOT-show Vw w = p»
apply (AOT-subst <PossibleWorld(z) — z = p
<= (PossibleWorld(z) & —z |= p)» for: z)
using oth—class—taut:1:a apply presburger
by (fact 0)
next
AOT-assume 0: <Vw w = p
AOT-have «Vz (—=(PossibleWorld(z) & —z = p))»
by (AOT-subst (reverse) —(PossibleWorld(z) & —z |= p)»
<PossibleWorld(z) — = = p> for: z)
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(auto simp: oth——class—taut:1:a 0)
AOT-thus «<-3Jw ~w = p
by (metis 3 E raa—cor:3 rule—ui:3)
qged
finally AOT-show Op =Vw w [ p.
qed

AOT-theorem fund:3: «<=0p = "Jww E p
by (metis (full-types) contraposition:1[1] —I fund:1 =1 =F(1,2))

AOT-theorem fund:4: «<—=Op = Jw ~w E=p»
apply (AOT-subst <Jw ~w = p <~ Yww = p)
apply (AOT-subst <PossibleWorld(z) — z E p
<~ (PossibleWorld(z) & —z = p)» for: z)
by (auto simp add: oth—class—taut:1:a conventions:4 =Df RN
fund:2 rule—sub—lem:1:a)

AOT-theorem nec—dia—w:1: <Op = FJw w = Op»
proof —
AOT-have p = OUOp»
using S5Basic:2 by blast
also AOT-have «... = Jww = Op
using fund: I[unvarify p, OF log—prop—prop:2] by blast
finally show ?thesis.
qged

AOT-theorem nec—dia—w:2: <(0Op =Vw w E Op
proof —
AOT-have dp = OOp»
using 4 gml:2[aziom-inst] =1 by blast
also AOT-have «... =Vw w = Op
using fund:2[unvarify p, OF log—prop—prop:2] by blast
finally show ?thesis.
qged

AOT-theorem nec—dia—w:3: «<Op = Jw w = Op
proof —
AOT-have Op = OOp»
by (simp add: 40 TO =I)
also AOT-have «... = 3w w = Op
using fund: I[unvarify p, OF log—prop—prop:2] by blast
finally show ?thesis.
qged

AOT-theorem nec—dia—w:4: <Op =Vw w = Op»
proof —
AOT-have Op = OO0p»
by (simp add: S5Basic:1)
also AOT-have «... =Vw w = Op
using fund:2[unvarify p, OF log—prop—prop:2] by blast
finally show ?thesis.
qged

AOT-theorem conj—dist—w:1: «<w = (p & ¢) = (w = p) & (w E @)
proof(safe introl: =1 —1I)
AOT-assume w = (p & ¢q)»
AOT-hence 0: <(Ow = (p & q)»
using rigid—truth—at: {unvarify p, THEN =E(1), OF log—prop—prop:2]
by blast
AOT-modally-strict {
AOT-have Vp (w = p = p) = (w = (9 & 9)) = (w = ¢ & w = $))» for w g ¥
proof(safe introl: —1I)
AOT-assume <V p (w = p = p)»
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AOT-hence (w = (p & P) = (p & ¥)» and «<w = ¢ = ¢ and <w E P = P
using V E(1)[rotated, OF log—prop—prop:2] by blast+
moreover AOT-assume (w = (¢ & )
ultimately AOT-show «w | ¢ & w = ¥
by (metis &I &E(1) &E(2) =E(1) =E(2))
qed
}
AOT-hence OVp (wEp=p) =2 O(wkE(p&y) = wE ¢ & wlE ) for w e P
by (rule RMJ)
moreover AOT-have pos: «OVp (w |= p = p)»
using world:1[THEN =47 E, OF PossibleWorld.i)] &E by blast
ultimately AOT-have «¢(w = (p & ¢) = w = p & w = q)» using —FE by blast
AOT-hence O(w E p) & O(w |E q)»
by (metis 0 KBasic2:3 KBasic2:4 =FE(1) vdash—properties: 10)
AOT-thus «w Ep & w = @
using rigid—truth—at: 2[unvarify p, THEN =E(1), OF log—prop—prop:2)
&E &I by meson
next
AOT-assume «w Ep & w E ¢
AOT-hence {Ow E p & Ow E ¢
using rigid—truth—at: 1[unvarify p, THEN =E(1), OF log—prop—prop:2]
&E &I by blast
AOT-hence 0: (O(w = p & w E q)»
by (metis KBasic:3 =F(2))
AOT-modally-strict {
AOT-have /p (= p = p) = (w9 & w = ) = (w = (p & $)) for v
proof(safe introl: —1I)
AOT-assume <V p (w = p = p)
AOT-hence (v = (p & Y) = (p & P)» and «w = ¢ = ¢» and <w = P = P
using V E(1)[rotated, OF log—prop—prop:2] by blast+
moreover AOT-assume v = ¢ & w = ¥
ultimately AOT-show «w = (¢ & ¥)»
by (metis &I &E(1) &E(2) =E(1) =E(2))
qged
}
AOT-hence Vp (wkEp=p) =2 0(vEe& wEY) = wE (p &¢)) for wey
by (rule RMJ)
moreover AOT-have pos: «<OVp (w = p = p)
using world: [ THEN =45E, OF PossibleWorld.v)] &E by blast
ultimately AOT-have <O(wEp & wEq¢ - wE (p& Q)
using —F by blast
AOT-hence O(w = (p & q))»
by (metis 0 KBasic2:4 =F(1) vdash—properties:10)
AOT-thus «w = (p & ¢)»
using rigid—truth—at: 2[unvarify p, THEN =E(1), OF log—prop—prop:2|
by blast
qed

AOT-theorem conj—dist—w:2: <w = (p = ¢q) = (w E p) = (w E @)
proof(safe introl: =1 —1)
AOT-assume (w = (p — q)»
AOT-hence 0: <Cw = (p — ¢q)»
using rigid—truth—at: 1[unvarify p, THEN =E(1), OF log—prop—prop:2]
by blast
AOT-assume w = p
AOT-hence 1: (dw = p
by (metis TO =E(1) rigid—truth—at:3 —E)
AOT-modally-strict {
AOT-have /p (w = p = p) = (w = (¢ > ) = (w = ¢ = w = P)) for w v
proof(safe introl: —1I)
AOT-assume <V p (w = p = p)
AOT-hence <w = (p = ) = (¢ > ¥ and «<w |E ¢ = ¢» and «w = ¢ = P
using V E(1)[rotated, OF log—prop—prop:2] by blast+
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moreover AOT-assume <w |= (¢ — )
moreover AOT-assume (w |= ¢»
ultimately AOT-show (w = i
by (metis =E(1) =E(2) —E)
qed

AOT-hence (OVp (wEp=p) 20wk (= ¢Y) > (wE ¢ = wE Y)) for we ¢
by (rule RMQ)
moreover AOT-have pos: «<OVp (w = p = p)»
using world: I[THEN =47 E, OF PossibleWorld.1)] &E by blast
ultimately AOT-have <O(w = (p = ¢) > (WEp = wE @)
using —F by blast
AOT-hence <O(w E p = w | q)
by (metis 0 KBasic2:4 =E(1) —FE)
AOT-hence Qw E ¢
by (metis 1 KBasic2:4 =E(1) —E)
AOT-thus (v = ¢
using rigid—truth—at: 2[unvarify p, THEN =E(1), OF log—prop—prop:2|
&E &I by meson
next
AOT-assume (w Ep = w E @
AOT-hence (~(w Ep)VwE ¢
by (metis VI(1) VI(2) reductio—aa:1 —F)
AOT-hence (w = —p V w = ¢
by (metis coherent:1 VI(1) VI(2) VE(2) =E(2) reductio—aa:1)
AOT-hence 0: (O(w = —-pV wE gqp
using rigid—truth—at: 1[unvarify p, THEN =E(1), OF log—prop—prop:2]
by (metis KBasic:15 VI(1) VI(2) VE(2) reductio—aa:1 —F)
AOT-modally-strict {
AOT-have ¥p (w = p = p) = (w = 0 v w = %) — (w = (p > ¥)) for w e ¥
proof(safe introl: —1I)
AOT-assume Y p (w = p = p)
moreover AOT-assume (w = —¢ V w = ¢
ultimately AOT-show «w | (¢ — ¢)»
by (metis VE(2) —1 =E(1) =E(2) log—prop—prop:2
reductio—aa:1 rule—ui: 1)
qed

AOT-hence «{Vp (wlEp=p) > O0(wkEwVuwkEY) - wE (¢ —=¢) for we
by (rule RMJ)

moreover AOT-have pos: «<OVp (w = p = p)»
using world: [ THEN =45E, OF PossibleWorld.v)] &E by blast

ultimately AOT-have <O((wE-pVwkEq¢ = wkE (p— q)
using —F by blast

AOT-hence O(w = (p = @)
by (metis 0 KBasic2:4 =E(1) —FE)

AOT-thus «w E (p — q)
using rigid—truth—at: 2[unvarify p, THEN =E(1), OF log—prop—prop:2|
by blast

qed

AOT-theorem conj—dist—w:3: <w = (p V q)
proof(safe introl: =1 —1)
AOT-assume «w = (p V q)»
AOT-hence 0: <Cw = (p V q)»
using rigid—truth—at: {[unvarify p, THEN =E(1), OF log—prop—prop:2]
by blast
AOT-modally-strict {
AOT-have /p (w = p = p) = (w = (¢ V ) = (w = ¢V w = $))» for w e v
proof(safe introl: —1I)
AOT-assume <V p (w = p = p)
AOT-hence «w = (¢ V¢) = (¢ V¢ and <w = ¢ = ¢ and w = ¢ = ¢
using V E(1)[rotated, OF log—prop—prop:2] by blast+

(wEpV(wkEq)
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moreover AOT-assume <w = (¢ V ¢)»
ultimately AOT-show «w = ¢ V w = ¢»
by (metis VI(1) VI(2) VE(8) =E(1) =E(2) reductio—aa:1)
qed

AOT-hence QVp (wEp=p) = O(wkE (VYY) > (wE ¢V wEY)) for wey
by (rule RMO)
moreover AOT-have pos: «<OVp (w = p = p)»
using world: 1[THEN =45E, OF PossibleWorld.v)] &E by blast
ultimately AOT-have <0(w = (pV ¢) = (w = p V w [ q))» using —F by blast
AOT-hence <O(w E p V w E q)
by (metis 0 KBasic2:4 =E(1) vdash—properties:10)
AOT-hence <Qw EpV Oow E ¢
using KBasic2:2[THEN =E(1)] by blast
AOT-thus«wEpVwkE @
using rigid—truth—at: 2[unvarify p, THEN =E(1), OF log—prop—prop:2)
by (metis VI(1) VI(2) VE(2) reductio—aa:1)
next
AOT-assume <w EpV wE @
AOT-hence 0: (O(w E=pV wE q)»
using rigid—truth—at: 1[unvarify p, THEN =E(1), OF log—prop—prop:2]
by (metis KBasic:15 VI(1) VI(2) VE(2) reductio—aa:1 —F)
AOT-modally-strict {
AOT-have /p (w = p =p) = (= ¢V w k) = (w = (p V) for we v
proof(safe introl: —1I)
AOT-assume Y p (w = p = p)
moreover AOT-assume <w = ¢ V w = ¥
ultimately AOT-show «w | (¢ V ¥)»
by (metis VI(1) VI(2) VE(2) =E(1) =E(2)
log—prop—prop:2 reductio—aa: 1 rule—ui:1)
qged
}
AOT-hence «{Vp (wkEp=p) 2 O0(wkEpVwEY) = wE(pVY)) for we
by (rule RMJ)
moreover AOT-have pos: «<OVp (w = p = p)
using world: [ THEN =45E, OF PossibleWorld.v)] &E by blast
ultimately AOT-have «<O((wEpVwlEq¢ - wE(pV q)
using —F by blast
AOT-hence O(w = (p V q))
by (metis 0 KBasic2:4 =E(1) —FE)
AOT-thus «w = (p V ¢)»
using rigid—truth—at: 2[unvarify p, THEN =E(1), OF log—prop—prop:2|
by blast
qed

AOT-theorem conj—dist—w:4: «w E (p=¢q) = (w Ep) = (v E @)
proof(rule =I; rule —1I)
AOT-assume (w = (p = q)»
AOT-hence 0: (0w = (p = ¢q)»
using rigid—truth—at: 1[unvarify p, THEN =E(1), OF log—prop—prop:2]
by blast
AOT-modally-strict {
AOT-have Vp (wl=p=p) = (0= (=) > (W ¢ = w k=) for we
proof(safe introl: —1I)
AOT-assume Y p (w = p = p)
AOT-hence «w = (p=v¢) = (p=¢) and <w = p = and «w E ¢ = ¢
using V E(1)[rotated, OF log—prop—prop:2] by blast+
moreover AOT-assume (w = (¢ = )
ultimately AOT-show (w = ¢ = w = ¢
by (metis =E(2) =E(5) Commutativity of =)
qed
}
AOT-hence Vp (wl=Ep=p) 2 O0(wkE(p=v¢) > (wWEp=wEy)) for we ¢
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by (rule RMO)
moreover AOT-have pos: <OV p (w = p = p)»
using world: 1[THEN =45E, OF PossibleWorld.v)] &E by blast

ultimately AOT-have <Q(w E (p=¢q) > (wEDP=wkE Q)

using —FE by blast

AOT-hence I: «<O(w Ep=wkE qp

by (metis 0 KBasic2:4 =FE(1) vdash—properties:10)
AOT-have Q((wEp—->wkEq & (wEqg— wEp))
apply (AOT-subst «(wl=p > wkEQ & (uEg¢g—wEwWEDP=wE @)
apply (meson =q5F conventions:8 —I df —rules—formulas[4] =I)
by (fact 1)
AOT-hence 2: Q(wEp—->wkE @ &O(wkEqg— wlEpp
by (metis KBasic2:3 vdash—properties:10)

AOT-have <O(—w E p V w E ¢ and «<0(~w = q V w = p)
apply (AOT-subst (reverse) <—w E=pV wkE @ wkEp— wE @)
apply (simp add: oth—class—taut: 1:c)
apply (fact 2[THEN &E(1)])

apply (AOT-subst (reverse) <—w = ¢V wlE=p (w = ¢ — w = p)
apply (simp add: oth—class—taut:1:c)
by (fact 2] THEN &E(2)])

AOT-hence (O(—w = p) V Ow = ¢ and «O-~w = ¢V Qw = p

using KBasic2:2 =E(1) by blast+

AOT-hence (-Ow = p V Qw = ¢ and «<—Ow = ¢ V Qw = p

by (metis KBasic:11 VI(1) VI(2) VE(2) =E(2) raa—cor:1)+
AOT-thus «wEp=wlE ¢
using rigid—truth—at: 2[unvarify p, THEN =E(1), OF log—prop—prop:2)
by (metis =—I T VE(2) —1 =1 =E(1) rigid—truth—at:8)
next
AOT-have OPossible World(w)»
using =F(1) rigid—pw:1 PossibleWorld.1p by blast
moreover {
fix p
AOT-modally-strict {
AOT-have «Possible World(w) — (w = p — Ow = p)»
using rigid—truth—at:1 —1
by (metis =E(1))
}
AOT-hence <OPossibleWorld(w) — O(w = p — Ow = p)
by (rule RM)
}
ultimately AOT-have I: <O(w = p — Ow = p)» for p
by (metis —E)
AOT-assume «w Ep=wE ¢
AOT-hence 0: <(O(w = p=w = ¢
using sc—eq—boz—bor:5{THEN —E, THEN gml:2[aziom-inst, THEN —E],
THEN —E, OF &I]
by (metis 1)
AOT-modally-strict {
AOT-have /p (w = p=p) = (Wl ¢ = wE9) = (wk (p = $) for v
proof(safe introl: —1I)
AOT-assume <V p (w = p = p)»
moreover AOT-assume (w = ¢ = w E ¥
ultimately AOT-show (w = (¢ = ¥)»
by (metis =E(2) =E(6) log—prop—prop:2 rule—ui:1)
qged

AOT-hence Vp (wlEp=p) 2 O0(wkEp=wEY) - wE(p=4¢)) for we ¢
by (rule RMQ)

moreover AOT-have pos: «<OVp (w = p = p)»
using world: I[THEN =47 E, OF PossibleWorld.1)] &E by blast

ultimately AOT-have «O((wEp= wEkEq > wkE (p=q)
using —F by blast

AOT-hence O(w = (p = q))
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by (metis 0 KBasic2:4 =E(1) —E)
AOT-thus «w = (p = q»
using rigid—truth—at: 2[unvarify p, THEN =E(1), OF log—prop—prop:2)
by blast
qed

AOT-theorem conj—dist—w:5: «<w |E (Va p{a}) = (V a (v E p{a}))
proof(safe introl: =1 —I GEN)
AOT-assume w = (Va ¢{a})
AOT-hence 0: <Ow = Va p{a})
using rigid—truth—at: {unvarify p, THEN =E(1), OF log—prop—prop:2]
by blast
AOT-modally-strict {
AOT-have Vp (wEp=p) — (v E Va p{a})) = Va w E ¢{a})) for w
proof(safe intro!: —I GEN)
AOT-assume Vp (w = p = p)»
moreover AOT-assume (w = (Va p{a})
ultimately AOT-show («w = ¢{a}> for «
by (metis =FE(1) =FE(2) log—prop—prop:2 rule—ui:1 rule—ui:3)
qed
}
AOT-hence «OVp (wEp=p) = O(wE Va p{a}) = Va w E ¢{a})) for w
by (rule RMJ)
moreover AOT-have pos: «<OVp (w = p = p)»
using world: I[THEN =47 E, OF PossibleWorld.1)] &E by blast
ultimately AOT-have <0(w = Va p{a}) = Va w E ¢{a}))> using —F by blast
AOT-hence <O(Va w = p{a})
by (metis 0 KBasic2:4 =E(1) —FE)
AOT-hence Va Qw = p{a}
by (metis Buridan() —E)
AOT-thus (w = p{a}» for «
using rigid—truth— at: 2[unvarify p, THEN =E(1), OF log—prop—prop:2)
YV E(2) by blast
next
AOT-assume Va w = p{a}
AOT-hence «w = p{a}> for a using V E(2) by blast
AOT-hence Ow = ¢{a} for a
using rigid—truth—at: {[unvarify p, THEN =E(1), OF log—prop—prop:2]
&E &I by blast
AOT-hence Vo Ow = p{a}> by (rule GEN)
AOT-hence 0: <OVa w = p{a}> by (rule BF[THEN —E])
AOT-modally-strict {
AOT-have Vp (wEp=p) = (VawE p{a}) = (v = (Ya p{a}))) for w
proof(safe introl: —1I)
AOT-assume <V p (w = p = p)
moreover AOT-assume Va w = p{a}p
ultimately AOT-show «w = (Va ¢{a})
by (metis =E(1) =E(2) log—prop—prop:2 rule—ui:1
rule—ui:8 universal— cor)
qed

AOT-hence «OVp (wEp=p) = O(Vaw E p{a}) = wE (Va p{a})) for w
by (rule RMJ)

moreover AOT-have pos: «<OVp (w = p = p)»
using world: 1[THEN =47 E, OF PossibleWorld.1)] &E by blast

ultimately AOT-have <O((Va w = p{a}) = w = Va p{a}))
using —F by blast

AOT-hence (O(w E (Va o{a}))
by (metis 0 KBasic2:4 =E(1) —E)

AOT-thus «<w = Va ¢{a})
using rigid—truth—at:2[unvarify p, THEN =E(1), OF log—prop—prop:2)
by blast

qed

282



AOT-theorem conj—dist—w:6: <w = a e{a}) = 3 a (v E p{a}))
proof(safe introl: =1 —1 GEN)
AOT-assume (w = (Ja p{a})
AOT-hence 0: <Ow = (Ja p{a})
using rigid—truth—at: 1[unvarify p, THEN =E(1), OF log—prop—prop:2]
by blast
AOT-modally-strict {
AOT-have /p (w = p = p) = (w = Ga pfa}) = (Ba w = pla}) for w
proof(safe introl: —I GEN)
AOT-assume Vp (w = p = p)»
moreover AOT-assume (w = (FJa p{a})
ultimately AOT-show 3 o (v = ¢{a})
by (metis 3E 31(2) =E(1,2) log—prop—prop:2 rule—ui: 1)
qed
}
AOT-hence OVp (wEp=p) = O(wE Bap{a}) = Fa wE ¢{a})) for w
by (rule RMJ)
moreover AOT-have pos: «<OVp (w = p = p)»
using world: 1[THEN =47 E, OF PossibleWorld.1)] &E by blast
ultimately AOT-have (O(w = (Ja ¢{a}) > (Fa w E ¢p{a}))> using —FE by blast
AOT-hence «<O(Fa w = p{a})
by (metis 0 KBasic2:4 =E(1) —E)
AOT-hence (Ja Qw E p{a}
by (metis BFO —E)
then AOT-obtain a where «Quw = p{a}
using 3 E[rotated] by blast
AOT-hence w = p{a}
using rigid—truth— at: 2[unvarify p, THEN =E(1), OF log—prop—prop:2] by blast
AOT-thus <3 a w E p{a} by (rule 31)
next
AOT-assume Ja w = e{ap
then AOT-obtain o where <w |= p{a}> using 3 E[rotated] by blast
AOT-hence Ow = p{a}
using rigid—truth—at: {[unvarify p, THEN =E(1), OF log—prop—prop:2]
&E &I by blast
AOT-hence Ja Ow = p{a}
by (rule 31)
AOT-hence 0: (03a w = p{ap
by (metis Buridan —E)
AOT-modally-strict {
AOT-have /p (w = p = p) = (Ba w = ¢{a}) = (v = Ba pla})) for w
proof(safe intro!: —1I)
AOT-assume Y p (w = p = p)
moreover AOT-assume (Ja w | ¢{a}
then AOT-obtain a where (w = p{a}
using 3 E[rotated] by blast
ultimately AOT-show (v = (Ja p{a})
by (metis 31(2) =E(1,2) log—prop—prop:2 rule—ui:1)
qed

AOT-hence «OVp (wEp=p) = 0(FawkE p{a}) = wE Ba p{a})) for w
by (rule RMJ)

moreover AOT-have pos: «<OVp (w = p = p)»
using world: 1[THEN =47 E, OF PossibleWorld.1)] &E by blast

ultimately AOT-have (0((Fa w E ¢{a}) > w E Fa p{a}))
using —F by blast

AOT-hence (O(w E Ja e{a}))
by (metis 0 KBasic2:4 =E(1) —E)

AOT-thus <w = (Ja ¢{a})
using rigid—truth—at:2[unvarify p, THEN =E(1), OF log—prop—prop:2)
by blast

qed
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AOT-theorem conj—dist—w:7: «(w | Op) —» Ow = p»
proof(rule —1)
AOT-assume w = Op»
AOT-hence (3w w = Op» by (rule PossibleWorld.3 1)
AOT-hence «OUp» using fund: I[unvarify p, OF log—prop—prop:2, THEN =E(2)]
by blast
AOT-hence [ p»
by (metis 50 —F)
AOT-hence 1: <O00p»
by (metis S5Basic:6 =E(1))
AOT-have <V w w = p»
by (AOT-subst (reverse) <Y w w = py <Op»)
(auto simp add: fund:2 1)
AOT-hence Vw Ow = p»
using fund—lem:5[world][THEN —E] by simp
AOT-thus (Ow = p
using —FE PossibleWorld.V E by fast
qed

AOT-theorem conj—dist—w:8: «<Fwi p((Ow = p) & ~w = Op)»
proof —
AOT-obtain » where A: r and ({—r>
by (metis &E(1) &E(2) =qsE 3 E cont—tf:1 cont—tf—thm:1)
AOQOT-hence B: «—Or»
by (metis KBasic:11 =E(2))
AOT-have 7>
using A TO[THEN —E] by simp
AOT-hence Gww =
using fund:1[THEN =E(1)] by blast
then AOT-obtain w where w: «<w =
using Possible World.3 E[rotated] by meson
AOT-hence Ow | r
by (metis TO =E(1) rigid—truth—at:3 vdash—properties: 10)
moreover AOT-have —w = Or
proof(rule raa—cor:2)
AOT-assume (w = Or
AOT-hence (Jw w = Or
by (rule PossibleWorld.3 1)
AOQOT-hence r»
by (metis =FE(2) nec—dia—w: 1)
AOT-thus Or & -0On
using B &I by blast
qed
ultimately AOT-have (Jw = r & —~w = Or
by (rule &I)
AOT-hence (3p (Ow = p & ~w = Op)»
by (rule 31)
thus ?Zthesis
by (rule PossibleWorld.31)
qed

AOT-theorem conj—dist—w:9: <(Qw = p) = w = Op
proof(rule —I; rule raa—cor:1)
AOT-assume Qw = p»
AOT-hence 0: (w = p
by (metis =E(1) rigid—truth—at:2)
AOT-assume (—w = Op»
AOT-hence I: <w E ~Op
using coherent: 1[unvarify p, THEN =E(2), OF log—prop—prop:2] by blast
moreover AOT-have (w = (=0p — —p)»
using TO[THEN contraposition:1[1], THEN RN
fund:2[unvarify p, OF log—prop—prop:2, THEN =E(1), THEN ¥ E(2),
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THEN —E, rotated, OF Possible World.1)]
by blast

ultimately AOT-have (w = —p»

using conj— dist—w:2[unvarify p q, OF log—prop—prop:2, OF log—prop—prop:2,

THEN =E(1), THEN —E]

by blast
AOT-hence (v = p & w = —p> using 0 &I by blast
AOT-thus (p & —p»

by (metis coherent:1 Conjunction Simplification(1,2) =E(4)

modus—tollens:1 raa—cor:3)
qed

AOT-theorem conj—dist—w:10: «(IJwI p((w = Op) & 0w = p)»
proof —
AOT-obtain w where w: <Vp (w |= p = p)»
using act—world:1 Possible World.3 E[rotated] by meson
AOT-obtain » where (—r> and «Or»
using cont—tf—thm:2 cont—tf:2[THEN =q4¢E| &E 3 E[rotated] by metis
AOQOT-hence (w = =) and 0: <w = Om
using w[THEN V E(1), OF log—prop—prop:2, THEN =E(2)] by blast+
AOT-hence <—w |= r using coherent:1[THEN =E(1)] by blast
AOT-hence «(—Qw = m by (metis =E(4) rigid—truth—at:2)
AOT-hence (v = Or & ~Ow = m using 0 &I by blast
AOT-hence 3p (v = Op & =Ow |= p)» by (rule 3I)
thus ?thesis by (rule Possible World.3I)
qed

AOT-theorem two—worlds—ezist:1: <3 p(Contingently True(p)) — Jw (—Actual(w))>
proof(rule —1)
AOT-assume I p Contingently True(p)>
then AOT-obtain p where <Contingently True(p)>
using 3 E[rotated] by blast
AOT-hence p: <p & O—p»
by (metis =4+ E cont—tf:1)
AOT-hence (3w w = —p»
using fund: I[unvarify p, OF log—prop—prop:2, THEN =E(1)] &E by blast
then AOT-obtain w where w: <w = —p>
using Possible World.3 E[rotated] by meson
AOT-have (—Actual(w))
proof(rule raa— cor:2)
AOT-assume <Actual(w))
AOT-hence (w = p
using p[THEN &FE(1)] actual|[THEN =4¢E, THEN &E(2)]
by (metis log—prop—prop:2 raa—cor:3 rule—ui:1 —E w)
moreover AOT-have (—(w = p)»
by (metis coherent:1 =E(4) reductio—aa:2 w)
ultimately AOT-show «w = p & —(w = p)
using &I by blast
ged
AOT-thus (3w ~Actual(w)>
by (rule PossibleWorld.3 1)
qged

AOT-theorem two—worlds—ezist:2: «3 p( ContingentlyFalse(p)) — Jw (—Actual(w))»
proof(rule —1)
AOT-assume «Ip ContingentlyFalse(p)»
then AOT-obtain p where «ContingentlyFalse(p)»
using 3 E[rotated] by blast
AOT-hence p: <—p & Op»
by (metis =45 FE cont—tf:2)
AOT-hence <Jw w = p»
using fund: 1[unvarify p, OF log—prop—prop:2, THEN =E(1)] &E by blast
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then AOT-obtain w where w: <w = p»
using Possible World.3 E[rotated] by meson
moreover AOT-have (—Actual(w)>
proof(rule raa—cor:2)
AOT-assume <Actual(w))
AOT-hence (w = —p»
using p[THEN &E(1)] actual|[THEN =47 E, THEN &E(2)]
by (metis log—prop—prop:2 raa—cor:3 rule—ui:1 —F w)
moreover AOT-have (—~(w = p)»
using calculation by (metis coherent:1 =E(4) reductio—aa:2)
AOT-thus <w = p & —~(w = p)
using &I w by metis
qed
AOT-thus (3w —Actual(w)>
by (rule Possible World.31)
qged

AOT-theorem two—worlds—ezist:3: «(3w —~Actual(w)>
using cont—tf—thm:1 two—worlds—exist:1 —E by blast

AOT-theorem two—worlds—ezist:4: <JwIw'(w # w')
proof —
AOT-obtain w where w: (Actual(w)»
using act—world:2[THEN uniqueness:1[THEN =4 E],
THEN cqt—further:5{THEN — E]]
PossibleWorld.3 E[rotated] &E
by blast
moreover AOT-obtain w’ where w": (- Actual(w’)
using two—worlds—exist:3 Possible World.3 E[rotated] by meson
AQT-have (—~(w = w’)
proof(rule raa— cor:2)
AOT-assume (w = w’
AOT-thus <p & —p» for p
using w w’ &E by (metis rule=FE raa—cor:3)
qed
AOT-hence (w # w"
by (metis =41 =—infiz)
AOT-hence 3w’ w # w
by (rule PossibleWorld.31)
thus ?Zthesis
by (rule PossibleWorld.31)
qed

AOT-theorem w—rel:1: <Az p{z}|{ = [z w = p{z}]b
proof(rule —1)
AOT-assume <Az p{z}|)»
AOT-hence O[\z p{z}||»
by (metis exist—nec —E)
moreover AOT-have
Oz p{z}]l = OVavy(V F([Flz = [Fly) = (w = ofz}) = (v = ¢{y}))
proof (rule RM; rule —I; rule GEN; rule GEN; rule —1)
AOT-modally-strict {
fixzy
AOT-assume ([Az p{z}||
AOT-hence VaVy (VF ([Flz = [Fly) — O(p{z} = o{y}))
using & E kirchner—thm—cor:1[THEN — E] by blast
AOT-hence <V F ([Flz = [Fly) — O(p{z} = o{y})
using V E(2) by blast
moreover AOT-assume <V F ([Flz = [Fly)»
ultimately AOT-have O(¢{z} = p{y})
using —F by blast
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AOT-hence Vw (w = (¢{z} = o{y}))»

using fund:2[unvarify p, OF log—prop—prop:2, THEN =E(1)] by blast
AOT-hence «w = (p{z} = {y})

using V E(2) using Possible World.®) —E by blast
AOT-thus «(w = ¢{z}) = (w F ¢{y})

using conj—dist—w:4[unvarify p q, OF log—prop—prop:2,

OF log—prop—prop:2, THEN =E(1)] by blast
}

qed
ultimately AOT-have OV a2V y(V F([Flz = [Fly) — (v E ¢{z}) = (w E o{y})))
using —FE by blast
AOT-thus Az w = p{z}]}
using kirchner—thm:1|[THEN =E(2)] by fast
qed

AOT-theorem w—rel:2: (Az1...zn p{z1...2n}]} = [Az1...2n w = p{z1... 2 }]]
proof(rule —1I)
AOT-assume ([ Az1...2n e{z1...2x}]
AOT-hence O[\z1...2n {T1...20 }
by (metis exist—nec —FE)
moreover AOT-have (O[Az1..2n ©{Z1...2n}]d = OVZ1..V 2,V y1...V yn(
YV F([Flz1...2n = [Fly1...9n) = (0 E p{z1...2:}) = (w E o{y1.-.yn})))
proof (rule RM; rule —I; rule GEN; rule GEN; rule —1)
AOT-modally-strict {
fix £1%n Y1Yn
AOT-assume ([ Az1...2n p{z1...z0}]{
AOT-hence Vz1..V 2,V y1..V yn (
VF ([Flz1...xn = [Fly1...yn) = O(@p{z1...2.} = o{y1...yn}))
using & E kirchner—thm—cor:2[THEN —E|] by blast
AOT-hence VF ([Flz1..xn = [Fly1.-.Yn) = O(e{z1...2n} = o{y1...yn})
using V E(2) by blast
moreover AOT-assume <V F ([F|z1...2n = [Fly1...yn)>
ultimately AOT-have O(¢{z1...2n} = @o{y1...yn})
using —F by blast
AOT-hence Vw (w = (p{z1...2n} = o{y1...yn}) )
using fund:2[unvarify p, OF log—prop—prop:2, THEN =E(1)] by blast
AOT-hence (w = (p{z1...2n} = ©{y1...Yn})
using V E(2) using Possible World./) —E by blast
AOT-thus «(w E ¢{z1...2n}) = (w = o{y1...yn})
using conj—dist—w:4[unvarify p q, OF log—prop—prop:2,
OF log—prop—prop:2, THEN =FE(1)] by blast
}
ged
ultimately AOT-have OV z1...V 2,V y1...V yn (
VE([Flz1...2n = [Flyi...yn) = (w = p{z1...20}) = (w E e{y1...un})))
using —F by blast
AOT-thus [ A\z1..2, w E p{z1...20 }]{>
using kirchner—thm:2[THEN =E(2)]| by fast
qed

AOT-theorem w—rel:3: ([ Az1...2, w = [Flz1...20]P
by (rule w—rel:2|[THEN —E)) cqt:2[lambda]

AOT-define WorldIndexedRelation :: (Il = 7 = II) (<)
w—index: ([Flw =af [A21...2n w | [Flz1...2:]

AOT-define Rigid :: <7 = ¢ («Rigid’(-")»)
df —rigid—rel: 1:
(Rigid(F) =ay Fl & OV z1..V 2o ([Flz1...2 — O[Fz1...20 )

AOT-define Rigidifies :: <1 = T = ¢ («Rigidifies’(-,-")»)

df —rigid—rel:2:
<Rigidifies(F, G) =ay Rigid(F) & Vz1..¥V zn([F]z1...20 = [G]z1...20)»
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AOT-theorem rigid—der:1: [[Fly|21...xn = w = [Flz1...20)
apply (rule rule—id—df:2:b[2][where 7=\ (II, ). «[II],.» and
o= 11, k). «[Az1...2n & = []z1...20]»,
simplified, OF w—indez])
apply (fact w—rel:3)
apply (rule beta— C—meta| THEN —E])
by (fact w—rel:3)

AOT-theorem rigid—der:2: «Rigid([G]w)>
proof(safe introl: =45 I[OF df—rigid—rel:1] &I)
AOT-show «[G]w>
by (rule rule—id—df:2:b[2][where 7=\ (II, k). «[II],» and
o=X11, k). «[Az1...2n £ = [[]z1...20]»,
simplified, OF w—index])
(fact w—rel:3)+
next
AOT-have <OV z1..Vz, ([[Glw]z1...2n — O[[Glw]z1...20)>
proof(rule RN; safe introl: —I GEN)
AOT-modally-strict {
AOT-have assms: <Possible World(w)» using Possible World.1.
AOT-hence nec-pw-w: dPossible World(w)»
using =E(1) rigid—pw:1 by blast
fix 212,
AOT-assume ([[G]y]21...2n>
AOT-hence ([A\z1...zp, w = [G]z1...20]%1... 20>
using rule—id—df:2:a[2][where 7=\ (II, ). «[II],.» and
o=\11, k). «[Az1...zn & = []z1...20]»,
simplified, OF w—index, OF w—rel:3)
by fast
AOT-hence (w = [G]z1...xn>
by (metis f—C(1))
AOT-hence Ow = [G]z1...z0>
using rigid—truth—at: 1[unvarify p, OF log—prop—prop:2, THEN =E(1)]
by blast
moreover AOT-have (Dw = [G]z1...2n — OAz1...2n w | [G]21...20]21...20)
proof (rule RM; rule —1I)
AOT-modally-strict {
AOT-assume (w = [G]z1...2n>
AOT-thus (Az1...z, w E [G]21...20]21...20)
by (auto introl: B+ C(1) simp: w—rel:3 cqt:2)
}

qed
ultimately AOT-have I: <O\z1...z, w E [Glz1...20]21...20)
using —F by blast
AOT-show <O[[Glw]z1...Tn>
by (rule rule—id—df:2:b[2][where 7=\ (II, k). «[II],» and
o=\1I1, k). «[Az1..2n Kk = [H]z1...20]»,
simplified, OF w—indexz])
(auto simp: 1 w—rel:3)
}
qed
AOT-thus OV z1..Vz, ([[Glw]zi...2n — O[[Glw]z1...20)>
using —F by blast
qged

AOT-theorem rigid—der:3: <3 F Rigidifies(F, G)»
proof —
AOT-obtain w where w: <Vp (w |= p = p)»
using act—world:1 Possible World.3 E[rotated] by meson
show ?thesis
proof (rule 31(1)[where 7=«[G]u»])
AOT-show <Rigidifies([Glw, [G])
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proof(safe intro!: =45 I[OF df—rigid—rel:2] &I GEN)
AOT-show (Rigid([G]w)>
using rigid—der:2 by blast
next
fix 212,
AOT-have ([[Glw]Z1...0n = [Az1...2n w E [G]21...T0]T1...Zn>
proof(rule =I; rule —1I)
AOT-assume ([[Gly]z1...20>
AOT-thus «[Az1..zn, w = [Glz1...25]21... 20>
by (rule rule—id—df:2:a[2]
[where 7=\ (II, k). «[II]x» and
o=\1I1, k). «[Az1..2n k& = [H]z1...20]»,
simplified, OF w—indez, OF w—rel:3])
next
AOT-assume ([ Az1...2n w = [G]21...20]T1...20)
AOT-thus ([[Glw]z1...T0>
by (rule rule—id—df:2:b[2]
[where 7=X (II, k). «[II].» and
o=X11, g). «[Az1...2n £ = []z1...20]»,
simplified, OF w—index, OF w—rel:3))
qed
also AOT-have ¢... = w = [G]z1...2n)>
by (rule beta— C—meta| THEN —E))
(fact w—rel:3)
also AOT-have «... = [G]z1...2n>
using w[THEN VY E(1), OF log—prop—prop:2] by blast
finally AOT-show ([[G]w]z1...2n = [G]z1...20).
qged
next
AOT-show «[G]u»
by (rule rule—id—df:2:b[2][where 7=\ (II, k). «[II],c»
and o=\(II, k). «[Az1...2n k& | []z1...2z0]»,
stmplified, OF w—index])
(auto simp: w—rel:3)
qed
qed

AOT-theorem rigid—rel—thms:1:
ANV z1..VTn ([Flz1..2n — OF]21...20)) = V21..V 2, (O[Flz1...20 — O[F]21...25)>
proof(safe introl: =1 —1 GEN)
fix 2125
AOT-assume (Vz:1..Vz, ([Flzi..2n — O[F]21...2,)>
AOT-hence Vz1..Vz, O(Flz1..2, — O[F]z1...2,)>
by (metis +E GEN RM cqt—orig:3)
AOT-hence O([Flz1...2n — O[F]21...20)>
using V E(2) by blast
AOT-hence <Q[F|z1..xn — O[F]z1...20)
by (metis =E(1) sc—eq—bozr—boz:1)
moreover AOT-assume (Q[F|z1...zn>
ultimately AOT-show (O[F|z1...zn>
using —F by blast
next
AOT-assume Vz1..Vz, (O[F|z1..2n — O[F]z1...20)>
AOT-hence «Q[F|z1...xn — O[F]z1...2,> for z12,
using V E(2) by blast
AOT-hence {O([Flz1...xn, — O[F]z1...2,)> for z12,
by (metis =E(2) sc—eq—box—box:1)
AOT-hence 0: Vzi..Vz, O([Flz1...2n — O[F]z1...2, )
by (rule GEN)
AOT-thus (O z1..Vz, ([Flz1...zn — OF]z1...2,))
using BF vdash—properties: 10 by blast
qed
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AOT-theorem rigid—rel—thms:2:

ANV z1..Va, ([Flzr...zn — OF]z1...20)) = V1.V, (O[F|z1...2, V O[Flz1...20)

proof(safe introl: =1 —1I)
AOT-assume OV z1..Vz, ([Flz1...2n — OF]21...2,
AOT-hence 0: ~Vz1..Vz, O(Flz1...2n — O[F]z1...2,
using CBF|THEN —E] by blast
AOT-show Vz:..Vz,(O[F|z1...2n V O=[Flz1...2, )
proof(rule GEN)
fix 212,
AOT-have 1: <O([Fz1...2, — O[F]z1...25)>
using O[THEN Y E(2)].
AOT-hence 2: <Q[F|z1...0n — [Flz1...20>
using BO Hypothetical Syllogism K vdash—properties:10 by blast
AOT-have ([Flz1..2n V 2[Flz1...20)
using exc—mid.
moreover {
AOT-assume <([F]z1...2n>
AOT-hence O[F|z;...2n>
using I[THEN gml:2[aziom-inst, THEN —E], THEN —E] by blast

)
)

moreover {
AOT-assume 3: <—[F]z1...2,>
AOT-have <O-[Flz;...z,>
proof(rule raa—cor:1)
AOT-assume —0O-[Flz1...2n>
AOT-hence «Q[F|z1...zn>
by (AOT-subst-def conventions:5)
AOT-hence ([F]z1...zn> using 2[THEN —E] by blast
AOT-thus ([F|z1...zn & —[F|z1...20)
using 3 &I by blast
qed
}
ultimately AOT-show (O[F|z1...zn V O-[F|z1...20>
by (metis VI(1,2) raa—cor:1)
qed
next
AOT-assume 0: V..V 2, (O[F]z1...2n V O=[F]z1...20)»
{
fix z12,
AOT-have O[F|z1...zn V O5[F|2z1...2,> using 0{THEN V E(2)] by blast
moreover {
AOT-assume [F|z1...zn)
AOT-hence (O0O[F]z1...2n>
using S5Basic:6| THEN =FE(1)] by blast
AOT-hence O([Flz1...2n — O[F]21...20)"
using KBasic:1[THEN —E] by blast
}

moreover {
AOT-assume O-[F|z1...2n)
AOT-hence O([Flz1...xn, — O[F]z1...20)"
using KBasic:2[THEN —E] by blast

ultimately AOT-have O([F|z1...2, — O[F]z1...z0)»
using con—dis—i—e:4:b raa—cor:1 by blast

}

AOT-hence Vz1..Vz, O([Flz1...2n — O[F]z1...20)»
by (rule GEN)

AOT-thus OV z1..Vz, ([Flz1...tn — OF]z1...25))
using BF[THEN —E] by fast

qed

AOT-theorem rigid—rel—thms:8: <Rigid(F) = Vz1..Vz, (O[F]z1...2n V O-[Fz1...

by (AOT-subst-thm df —rigid—rel:1{THEN =Df, THEN =S5(1), OF cqt:2(1)];
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AOT-subst-thm rigid—rel—thms: 2)
(sitmp add: oth—class—taut:3:a)

13 Natural Numbers

AOT-define CorrelatesOneToOne :: «T = 7 =T = ¢ (- |1 - 11— =)
I—1—cor: <R |: F 11— G =4y RI & Fl & Gl &
Va ([Flz — 3y([Gly & [R]zy)) &
Vy ([Gly = Fla([Flz & [Rlzy))

AOT-define MapsTo :: <1 =7 =7 = @ (-] - — =)
fFG:I: <R |: F — G =45 Rl & F|l & Gl & Vz ([Flz — 3ly([Gly & [R]zy))

AOT-define MapsToOneToOne :: «T = T =T = ¢ (-] - 11— =)
fFGZQZ (R |: Fi_1— G =df
R|: F— G&VavVyVz (([Flz & [Fly & [G]z) — ([R]zz & [Rlyz — = = y))»

AOT-define MapsOnto :: <1 = 7 = 7 = ¢ (- |1 - —Fonto -})
fFG:3: <R |: F —onto G =a5 R|: F — G & Vy ([Gly = Fz([Flz & [R]zy))

AOT-define MapsOneToOneOnto :: <1 = 7 =7 = ¢ ({- |t - 1-1—onto )
fFG:4: <R |: F 1 _1—onto G =df R ‘2 Fi,1— G & R |1 F —onto Gy

AOT-theorem eq—I—1: (R |: F 11— G =R |: F 1_1—onto G»
proof(rule =I; rule —1)
AOT-assume (R |: F 1_1+— &)
AOT-hence A: Vz ([F]z — Ily([Gly & [R]zy))»
and B: Vy ([Gly — 3z([F]z & [R]zy))»
using =4 E[OF 1—1—cor] &E by blast+
AOT-have C: <R |: F — &>
proof (rule =4¢I[OF fFG:1]; rule &I)
AOT-show (R| & F| & Gl»
using cqt:2[const-var]|[aziom-inst] &I by metis
next
AOT-show Vz ([Flz — 3y([Gly & [R]zy))> by (rule A)
qed
AOT-show (R |: F 1-1—onto G
proof (rule =45 I[OF fFG:4]; rule &I)
AOT-show <R |: F 11— G»
proof (rule =q¢I[OF fFG:2]; rule &I)
AOT-show (R |: F — G» using C.
next
AOT-show V2V yV z ([Flz & [Fly & [G]z — ([R]zz & [Rlyz — =z = y))»
proof(rule GEN; rule GEN; rule GEN; rule —I; rule —1I)
fixxyz
AOT-assume I: ([F|z & [Fly & [G]»
moreover AOT-assume 2: ([R|zz & [R]yz
ultimately AOT-have 3: 3z ([F|z & [R]zz)>
using B &FE VE —F by fast
AOT-show <x = y»
by (rule uni—most{[THEN —E, OF 8, THEN YV E(2)[where =z,
THEN V E(2)[where =y|, THEN —E])
(metis &I &E 1 2)
qed
qed
next
AOT-show (R |: F —onio G
proof (rule =45 I[OF fFG:3]; rule &I)
AOT-show (R |: F — G» using C.
next
AOT-show Vy ([Gly — Jz ([Flz & [R]zy))
proof(rule GEN; rule —1)
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fix y
AOQT-assume |Gy
AOT-hence 3!z ([F]z & [R]zy)>
using B[THEN Y E(2), THEN —E] by blast
AOT-hence 3z ([Flz & [Rlzy & VB (([F]B & [R]By) — B = z))
using uniqueness:1[THEN =4 E] by blast
then AOT-obtain z where ([F|z & [R]zy»
using 3 E[rotated] &E by blast
AOT-thus 3z ([F]z & [R]zy)> by (rule 31)
qed
qed
qed
next
AOT-assume (R |: F 1_1—onto G»
AOT-hence (R |: F 11— Gy and <R |: F —oni0 G»
using =45 E|OF fFG:4) &E by blast+
AOT-hence C: <R |: F — G»
and D: Va2V yVz ([Flz & [Fly & [G]z — ([R]zz & [R]lyz — = = y))»
and E: Vy ([Gly — Tz ([Flz & [R]zy))>
using =45 E[OF fFG:2] =45 E|OF fFG:3] &E by blast+
AOT-show (R |: F 1_1— G
proof(rule 1—1—cor[THEN =4¢1]; safe introl: &I cqt:2[const-var][aziom-inst])
AOT-show Vz ([Flz — 3y ([Gly & [R]zy))
using =47 FE[OF fFG:1, OF C] &E by blast
next
AOT-show Vy ([Gly — 3!z ([F]z & [R]zy))
proof (rule GEN; rule —1I)
fix y
AOT-assume 0: [G]y
AOT-hence 3z ([Fl|z & [R]zy)>
using £ VFE —F by fast
then AOT-obtain ¢ where a-prop: ([Fla & [R]ay»
using 3 E[rotated] by blast
moreover AOT-have Vz ([F]z & [R]zy — z = a)
proof (rule GEN; rule —1I)
fix z
AOT-assume ([F|z & [R]zy
AOQOT-thus z =
using D[THEN V E(2)|where f=z|, THEN Y E(2)[where =a],
THEN ¥ E(2)[where f=y], THEN —E, THEN —E]
a-prop 0 &E &I by metis
qed
ultimately AOT-have <3z ([Flz & [Rlzy & Vz ([F]z & [R]zy — z = z))»
using &I 31(2) by fast
AOT-thus 3!z ([F]z & [R]zy)>
using uniqueness:[THEN =4;1] by fast
qed
qed
qed

We have already introduced the restricted type of Ordinary objects in the Extended Relation Compre-
hension theory. However, make sure all variable names are defined as expected (avoiding conflicts with
situations of possible world theory).

AOT-register-variable-names
Ordinary: wvrts

AOT-theorem equi:1: <3u p{u} = Ju (p{u} & Vv (p{v} = v =g u))
proof(rule =I; rule —1I)
AOT-assume 3!lu p{u}p>
AOT-hence 3z (O'z & p{z}).
AOT-hence 3z (O'z & p{z} & VB (O & {8} — B =z))
using uniqueness:1[THEN =4 E] by blast
then AOT-obtain z where z-prop: <Olz & p{z} & V3 (0!8 & {8} — B = z)»
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using 3 E[rotated] by blast
{
fix g
AOT-assume beta-ord: <O!5>
moreover AOT-assume «p{8}
ultimately AOT-have 5 = »
using z-prop| THEN &F(2), THEN V E(2)[where 3=0]] &I —FE by blast
AOT-hence 5 =g o
using ord—=E=:1{[THEN —E, OF VI(1)[OF beta-ord),
THEN gml:2][aziom-inst, THEN —E],
THEN =E(1)]
by blast
}
AOT-hence (0!8 — (p{B} = B =E z)) for
using — 1 by blast
AOT-hence V3(0!8 — (p{B8} — B =g )
by (rule GEN)
AOT-hence Oz & p{z} & Vy (Oly — (p{y} — y =5 )
using z-prop| THEN &E(1)] &I by blast
AOT-hence <Oz & (p{z} & Vy (Oly — (p{y} — vy = z)))»
using & F &I by meson
AOT-thus 3u (p{u} & Vv (p{v} - v =5 w))
using 31 by fast
next
AOT-assume Ju (p{u} & Vv (p{v} = v =5 uw))
AOT-hence 3z (Olz & (p{z} & Vy (Oly = (p{y} = y =8 )
by blast
then AOT-obtain z where z-prop: <Olz & (p{z} & Vy (Oly = (p{y} — y =5 z))»
using 3 E[rotated] by blast
AOT-have Vy ([Oy & p{y} = y =z
proof(rule GEN; rule —1)
fix y
AOT-assume (Oly & o{y}
AOT-hence <y =g x>
using z-prop| THEN &E(2), THEN &E(2), THEN V E(2)[where S=y]]
—F &E by blast
AOT-thus (y = o
using ord—=E=:1[THEN —E, OF VI(2)[OF z-prop| THEN &E(1)]],
THEN gml:2]aziom-inst, THEN —E], THEN =E(2)] by blast
ged
AOT-hence (Ollz & o{z} & Vy ([Oly & p{y} — y = =)
using z-prop &FE &I by meson
AOT-hence 3z ([Oz & o{z} & Vy ([Oy & p{y} = y=2))
by (rule 31)
AOT-hence 3!z (Olz & p{z})
by (rule uniqueness: [ THEN =41))
AOT-thus 3lu p{up.
qed

AOT-define CorrelatesEOneToOne :: <1 = 7 =7 = ¢ (- |1 -1-1—E )
equi:2: <R |Z Fi_1+—£r G =df Rl & Fl & G\L &
Vu ([Flu = 3([G]v & [Rlw)) &
Vo ([Glv — Fu([Flu & [R]uv))»

AOT-define EquinumerousE :: <7 = 7 = ¢ (infix]l <x~g)> 50)
equi:S’: «F ~E G =daf R (R |: F 1—-1$—E G))

Note: not explicitly in PLM.

AOT-theorem eq-den-1: 1| if (Il ~g II"
proof —
AOT-have (3R (R |: 11 1_1+— O')
using equi:3[THEN =44 E] that by blast
then AOT-obtain R where (R |: I 1_1+—g I
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using 3 E[rotated] by blast
AOT-thus <I1}»
using equi:2[THEN =4;E] &E by blast
qed

Note: not explicitly in PLM.

AOT-theorem eg-den-2: I’} if (Il =g 11"
proof —
AOT-have AR (R |: 11 1_1+—g O')
using equi:3[THEN =45 E] that by blast
then AOT-obtain R where (R |: I 1_1+—g II)
using 3 E[rotated] by blast
AOT-thus 1}
using equi:2[THEN =47 E] &E by blast+
qed

AOT-theorem eq—part:1: <F =g F»
proof (safe introl: &I GEN —1I cqt:2[const-var][aziom-inst]
=q7I[OF equi:3] =asI[OF equi:2] 31(1))

fix

AOT-assume I: <Oz

AOT-assume 2: ([F|z»

AOT-show 3!v ([F]v & z =g v)»

proof(rule equi: 1[THEN =E(2)];

rule 31(2)[where f=z];
safe destl: &F(2)
introl: &I —1 1 2 Ordinary. GEN ord=FEequiv: [ THEN —E, OF 1])
AOT-show v =g 2 if <z =g v for v
by (metis that ord=FEequiv:2[THEN — E])

qed
next

fix y

AQT-assume I: <Oy

AOT-assume 2: <[F|y

AOT-show lu ([Flu & u =g y)»

by (safe dest!: &E(2)
intro!: equi:1[THEN =E(2)] 31(2)[where S=y]
&I —I1 2 GEN ord=FEequiv:1[THEN —E, OF 1))

qed(auto simp: =E[denotes))

AOT-theorem eq—part:2: «<F ~g G — G =g F»
proof (rule —1I)
AOT-assume ' ~g G)
AOT-hence (AR R |: F 1_1—r G
using equi:3[THEN =4y E] by blast
then AOT-obtain R where <R |: F 1_1+—p G
using 3 E[rotated] by blast
AOT-hence 0: <R| & F| & G| & Vu ([Flu — 3([G]v & [Rluww)) &
Vo ([Glv — Fu([Flu & [R]uwv))»
using equi:2[THEN =45 FE] by blast

AOT-have «[Azy [Rlyz]l & Gl & F| & Vu ([Glu — Fo([Flv & [Azy [R]yz]uww)) &
Vo ([Flv = 3u([Glu & [Azy [R]yz]uv))>
proof (AOT-subst «[Azy [R]yz]yz> <[R]zy> for: z y;
(safe introl: &I cqt:2[const-var][aziom-inst] 0| THEN & E(2)]
O[THEN &E(1), THEN &E(2)); cqt:2[lambdal) ?)
AOT-modally-strict {
AOT-have «[Azy [R]yz]zyr if <[R]yz> for y z
by (auto introl: S« C(1) cqt:2
stmp: &I ex:1:a prod-denotesl rule—ui:3 that)
moreover AOT-have «[R]yx> if ([ Azy [R]yz]zy> for y z
using S— C(1)[where p=\(z,y). - (z,y) and ki1kn=(-,-),
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simplified, OF that, simplified].
ultimately AOT-show «[Azy [R]yz]aB = [R]fa for o
by (metis deduction—theorem =I)
}
qed
AOT-hence (Azy [Rlyz] |: G 1-1—Er F»
using equi:2[THEN =4I| by blast
AOT-hence (3R R |: G 1-1+—E F»
by (rule 31(1)) cqt:2[lambda]
AOT-thus <G ~g I
using equi:3[THEN =4y1] by blast
qed

Note: not explicitly in PLM.

AOT-theorem eq—part:2[terms]: (Il ~p I’ — I’ =g I
using eq—part:2[unvarify F G| eg-den-1 eq-den-2 —1 by meson
declare eq—part:2[terms|][THEN —E, sym]

AOT-theorem eq—part:3: «(F =g G & G ~g H) - F ~g H»
proof (rule —1)
AQT-assume (F ~g G & G =g H»
then AOT-obtain R; and R: where
<Ry |2 Fi_1—E G
and <R2 |Z G 1-1$—E H»
using equi:3[THEN =47 E] &E 3 E[rotated] by metis
AOT-hence ¥: Vu ([Flu = 3([G]v & [Ri]uv)) & Vv ([G]v — Fu([Flu & [Ri]uv))>
and & Vu ([Glu — Fw([H]v & [R2]uv)) & Vv ([H]v — Iu([Glu & [R2]uv))>
using equi:2[THEN =4;E, THEN &FE(2)]
equi:2| THEN =4 E, THEN &E(1), THEN &E(2)]
&I by blast+
AOT-have <3R R = [Azy Olz & Oly & v ([G]v & [Ri]zv & [R2]vy)]»
by (rule free—thms:3[lambdal) cqt-2-lambda-inst-prover
then AOT-obtain R where R-def: (R = [Azy Olz & Oly & Fv ([G]v & [Ri]zv & [R2]vy))»
using 3 E[rotated] by blast
AOT-have I: <(3lv (([H]v & [R]uv))> if a: ([O!Jw> and b: <[F|w for u
proof (rule =E(2)[OF equi:1])
AOT-obtain b where
b-prop: <[O]b & ([G]b & [Ri]ub & Vv ([Gv & [Ri]uv — v =g b))
using 9[THEN &E(1), THEN Y E(2), THEN —E, THEN —E,
OF a b, THEN =E(1)[OF equi:1]]
3 Elrotated] by blast
AQOT-obtain ¢ where
c-prop: [0V ¢ & ([H]c & [Rz]be & Vv ([H]v & [R2]bv — v =g ¢))
using §[THEN &E(1), THEN ¥ E(2)|where 8=b], THEN —E,
OF b-prop| THEN &E(1)], THEN —E,
OF b-prop| THEN &E(2), THEN &E(1), THEN &E(1)],
THEN =E(1)[OF equi:1]]
3 E[rotated] by blast
AOT-show Fv ([H]v & [Rluv & Vv’ ([H]v' & [Rlww’ — v' =g v))»
proof (safe introl: &I GEN —I 31(2)[where S=c])
AOT-show «O!¢y using c-prop &E by blast
next
AOT-show <([H]c¢» using c-prop &E by blast
next
AOT-have 0: <[Ou & [Ol]c & Fv ([G]v & [Ri]uwv & [Rz]vc)»
by (safe introl: &I a c-prop| THEN & E(1)] 31(2)[where =0
b-prop[ THEN & E(1)] b-prop|THEN &E(2), THEN &E(1)]
c-prop| THEN &E(2), THEN &E(1), THEN &E(2)))
AOT-show <[R]uc
by (auto intro: rule=E[rotated, OF R-def[symmetric]]
introl: B+ C(1) cqt:2
simp: &I ex:1:a prod-denotesl rule—ui:3 0)
next
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fix z
AOT-assume ordz: <Ol
AOT-assume ([H|z & [R]ux)
AOT-hence hz: ([H|z» and ([R]uz) using &F by blast+
AOT-hence (Azy Olz & Oly & Fv ([G]v & [Ri]av & [Ra2]vy) ux
using rule=E[rotated, OF R-def] by fast
AOT-hence (Olu & Olz & v ([G]v & [R1]uwv & [R2]vz)»
by (rule 3—C(1)[where p=\(k,k’). - k k" and K1K,=(-,-), simplified])
then AOT-obtain z where z-prop: <O'z & ([G]z & [Ri]uz & [R2]zz)»
using &F 3 E[rotated] by blast
AQOT-hence z =g b
using b-prop| THEN &E(2), THEN &E(2), THEN Y E(2)[where =z]]
using &F —E by metis
AOT-hence z = b
by (metis =E—simple:2][THEN — E))
AOT-hence ([R2]bz»
using z-prop|THEN &E(2), THEN &E(2)] rule=E by fast
AOT-thus <z =g ©
using c-prop|[THEN &FE(2), THEN &FE(2), THEN YV E(2)[where f=z],
THEN —E, THEN —E, OF ordz]
hz &I by blast
qged
qed
AOT-have 2: <3lu (([Flu & [R]uv))> if a: <[O!v> and b: <[H]v» for v
proof (rule =E(2)[OF equi:1])
AQT-obtain b where
b-prop: <[O]b & ([G]b & [Ra]bv & Yu ([Glu & [R2]uv — u =g b))
using ¢[THEN &E(2), THEN ¥ E(2), THEN —E, THEN —E,
OF a b, THEN =E(1)[OF equi:1]]
3 E[rotated] by blast
AOT-obtain ¢ where
c-prop: [OVc & ([Flc & [R1]cb & Vv ([F]v & [R1]vb — v =g ¢))
using Y[THEN &E(2), THEN V E(2)where =b], THEN —E,
OF b-prop| THEN &E(1)], THEN —E,
OF b-prop|[THEN &E(2), THEN &E(1), THEN &E(1)],
THEN =E(1)[OF equi:1]]
3 E[rotated] by blast
AOT-show Ju ([Flu & [Rluv & Yo' ([F]v' & [R]v'v — v' =g u))»
proof (safe introl: &I GEN —I 31(2)[where f=c|)
AOT-show (O!cy using c-prop &E by blast
next
AOT-show ¢[F|c) using c-prop &E by blast
next
AOT-have «[Oc & [Ov & Fu ([Glu & [Ri]cu & [R2]uv)»
by (safe introl: &I a 31(2)where f=0]
c-prop| THEN &E(1)] b-prop] THEN & E(1)]
b-prop| THEN &E(2), THEN &E(1), THEN &E(1)]
b-prop| THEN &E(2), THEN &E(1), THEN &E(2)]
c-prop| THEN &E(2), THEN &E(1), THEN &E(2)))
AOT-thus ([R]cv»
by (auto intro: rule=E[rotated, OF R-def[symmetric]|
introl: B+ C(1) cqt:2
simp: &I ex:1:a prod-denotesl rule—ui:8)
next
fix z
AOT-assume ordz: <Olz)
AOT-assume ([F|z & [R]zv»
AOT-hence hz: ([F]z) and ([R]zv> using &E by blast+
AOT-hence (Azy Olz & Oly & Fv ([G]v & [Ri]zv & [R2]vy)]zvy
using rule=E[rotated, OF R-def] by fast
AOT-hence (O'z & Ov & Fu ([Glu & [Ri]zu & [R2]uv)>
by (rule B—C(1)[where p=\(k,k’). - k k" and Kk1K,=(-,-), simplified])
then AOT-obtain z where z-prop: <O!z & ([G]z & [R1]zz & [R2]2v)»
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using &F 3 E[rotated] by blast
AQOT-hence z =g b
using b-prop| THEN &E(2), THEN &E(2), THEN Y E(2)[where =]
using &F —FE &I by metis
AOT-hence z = b
by (metis =E—simple:2]/THEN — E))
AOT-hence ([R1]zb
using z-prop|THEN &E(2), THEN &E(1), THEN &E(2)] rule=FE by fast
AOT-thus <z =g ©
using c-prop|THEN &FE(2), THEN &FE(2), THEN YV E(2)[where f=z],
THEN —E, THEN —E, OF ordz]
hz &I by blast
qed
qed
AOT-show (F' ~p H»
apply (rule equi:3[THEN =q4¢1))
apply (rule 31(2)[where 3=R])
by (auto introl: 1 2 equi:2[THEN =q51] &I cqt:2[const-var]|aziom-inst]
Ordinary. GEN —I Ordinary.yp)
qed

Note: not explicitly in PLM.

AOT-theorem eq—part:3[terms]: Il =g I1" if Il =g I1» and (1’ =g 11"
using eq—part:3[unvarify F G H, THEN —E] eq-den-1 eq-den-2 —1 &I
by (metis that(1) that(2))

declare eq—part:3[terms|[trans]

AOT-theorem eq—part:4: <F ~g G=VH (H~g F=H=~g G)
proof(rule =I; rule —1I)
AOT-assume 0: <F ~g G»
AOT-hence I: <G ~g F» using eq—part:2[THEN —E| by blast
AOT-show «VH (H ~g F = H=~p G))
proof (rule GEN; rule =I; rule —1)
AOT-show «(H ~p G» if «<H =~ F) for H using 0
by (meson &I eq—part:3 that vdash—properties:6)
next
AOT-show (H ~p F) if <H ~g G) for H using 1
by (metis &I eq—part:3 that vdash—properties:6)
qed
next
AOT-assume (VH (H ~g F = H ~g G)
AOT-hence (F ~g FF = F ~g G) using V F by blast
AOT-thus <F =g G) using eq—part:1 =E by blast
qged

AOT-define MapsE :: <1 = 7 =T = ¢ (¢- | - —E =)
equi—rem:1:
(R|: F —EG=45 Rl & F| & G| & Vu ([Flu = 3lv ([G]v & [R]uv))>

AOT-define MapsEOneToOne :: <1 = 7 =7 = ¢ (- ]: - 11— E =)
equi—rem:2:
R |Z Fi1_.1—F G =df
R|: F—EG&VtVuv (([F]t & [Flu & [G]v) — ([R]tv & [Rluv — t =g u))»

AOT-define MapsEOnto :: <1 = 7 = T = @ (4- |: - —ontoF )
equi—rem:3:
(R|: F —ontoFE G=a5 R|: F —FE G & Vv ([Glv— Ju ([Flu & [Rluv))>
AOT-define MapsEOneToOneOnto :: <1 = 7 =7 = ¢ ({- | - 121—onto £ =)
equi—rem:4:

R |Z F 1 _1—ontoF G =df R ‘: Fi1_.1—F G& R |: F —onioF G»

AOT-theorem equi—rem—thm:
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R |Z F 1 _1+—E G=R |: F 1_1—ontoF G
proof —
AOT-have (R |: F 1-1+—g G = R |: [A\x Olz & [F]z] 1—1+— [Xz Olz & [G]z]»
proof(safe introl: =I —1 &I)
AOT-assume (R |: F 1_1+—g G
AOT-hence Vu ([Flu — 3lv ([G]v & [R]uv))>
and Vv ([Glv = Flu ([Flu & [R]uv))»
using equi:2[THEN =47 E] &E by blast+
AOT-hence a: (([F]lu — 3lv ([Glv & [R]uv))»
and b: «([G]v — Flu ([Flu & [R]uv))» for u v
using Ordinary.VY E by fast+
AOT-have «([Az [Ol]z & [Flz]z — 3y ([Az [OYz & [G]z]y & [R]zy))> for z
apply (AOT-subst <[Az [Ol]z & [Flz]zy <[OVz & [F|z»)
apply (rule beta— C—meta| THEN —E])
apply cqt:2[lambda]
apply (AOT-subst <[Az [Ol]z & [Glz]z> <[Oz & [G]z» for: x)
apply (rule beta— C—meta| THEN —E])
apply cqt:2[lambda]
apply (AOT-subst <Oly & [Gly & [R]zyy «Oly & ([Gly & [R]zy)» for: y)
apply (meson =F(6) Associativity of & oth—class—taut:3:a)
apply (rule —I) apply (frule &E(1)) apply (drule &E(2))
by (fact a[unconstrain v, THEN —E, THEN —E, of z])
AOT-hence A: «Vz ([Az [OYz & [Flz]z — Ty ([A\z [0z & [G]z]y & [R]zy))»
by (rule GEN)
AOT-have «([Az [0z & [G]z]y — 3z ([\z [0z & [F|z]z & [R]zy)) for y
apply (AOT-subst <[Az [Olz & [Glz]y> <[OVy & [G]y»)
apply (rule beta— C—meta| THEN —E])
apply cqt:2[lambdal
apply (AOT-subst <[Az [Olz & [Flz]z> <[Olz & [F]z» for: z)
apply (rule beta— C—meta| THEN —E])
apply cqt:2[lambdal]
apply (AOT-subst <Olz & [Flz & [R]zy «Olz & ([Flz & [R]zy)» for: z)
apply (meson =FE(6) Associativity of & oth—class—taut:3:a)
apply (rule —I) apply (frule &E(1)) apply (drule &E(2))
by (fact blunconstrain v, THEN —E, THEN —E, of y])
AOT-hence B: Vy ([Az [Ollz & [Glz]y — 3!z ([Az [Olz & [Fz]z & [R]zy))>
by (rule GEN)
AOT-show <R |: Az [Olz & [Flz] 1—1¢— [Az [Ol]z & [G]z]»
by (safe introl: 1—1—cor[THEN =q¢1] &I
cqt:2[const-var][aziom-inst] A B)
cqt:2[lambdal+
next
AOT-assume <R |: [Az [Olz & [Flz] 11— [Az [O!]z & [G]z]»
AOT-hence a: (([Az [Olz & [F]z]z — Ty ([A\z [Olz & [G]z]y & [R]zy))> and
b: «([Az [Olz & [Glz]ly — Iz ([Az [OVz & [Flz]z & [R]zy))» for z y
using I—1—cor[THEN =4fE] &FE VY E(2) by blast+
AOT-have «[Flu — 3!v ([G]v & [R]w)> for u
proof (safe introl: —1)
AOT-assume fu: [F]uw
AOT-have 0: «[Az [Ol]z & [Flz]u
by (auto introl: B« C(1) cqt:2 cqt:2[const-var]|[aziom-inst]
Ordinary.y fu &I)
AOT-show 3!v ([Glv & [R]uv)>
apply (AOT-subst «[Ollz & ([G]z & [R]uz)>
([0Nz & [G)z) & [R]uz» for: z)
apply (simp add: Associativity of &)
apply (AOT-subst (reverse) «[Olz & [G]x»
Az [0z & [G]z]z» for: x)
apply (rule beta— C—meta| THEN —E])
apply cqt:2[lambda)
using o[THEN —E, OF 0] by blast
qed
AOT-hence A: Vu ([Flu — 3!v ([Gv & [R]uv))»
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by (rule Ordinary. GEN)
AOT-have (GJv — 3lu ([Flu & [R]uwv) for v
proof (safe introl: —1)
AOT-assume gu: «[G]v
AOT-have 0: «[Az [Ol]z & [G]z]v
by (auto introl: B« C(1) cqt:2 cqt:2]const-var][aziom-inst]
Ordinary.y gu &I)
AOT-show 3lu ([Flu & [R]uv)»
apply (AOT-subst <[OVz & ([Flz & [R]zv)) «([Olz & [F]z) & [R]zv for: z)
apply (simp add: Associativity of &)
apply (AOT-subst (reverse) <[OVz & [Flay«[Az [Ol]z & [Flz]z» for: z)
apply (rule beta—C—meta| THEN —E])
apply cqt:2[lambda)
using b)[THEN —E, OF 0] by blast
qed
AOT-hence B: Vv ([Glv = 3lu ([F]lu & [R]uwv))» by (rule Ordinary. GEN)
AOT-show (R |: F 1_1+—r G
by (safe introl: equi:2[THEN =q¢1] &I A B cqt:2[const-var|[aziom-inst])
ged
also AOT-have (... = R |: F 1_1—onto £ &
proof(safe introl: =1 —1 &I)
AOT-assume <R |: [Az [Olz & [Flz] 1-1+— [Az [O!]z & [G]z]»
AOT-hence a: (([Az [Olz & [F]z]z — Ty ([A\z [Olz & [G]z]y & [R]zy))> and
b: «([Az [Olz & [Glz]y — Flz ([Az [OYz & [Flz]z & [R]zy))» for z y
using I—1—cor[THEN =4;E] &FE VY E(2) by blast+
AOT-show (R |: F 1_1—ontoE G
proof (safe introl: equi—rem:4[THEN =q45I] &I equi—rem:3[THEN =4¢1]
equi—rem:2[THEN =4¢1] equi—rem:1[THEN =441]
cqt: 2] const-var][aziom-inst] Ordinary. GEN —1I)
fix u
AOT-assume fu: [F]uw
AOT-have 0: «[Az [Ol]z & [Flz]u
by (auto introl: B« C(1) cqt:2 cqt:2]const-var]|aziom-inst]
Ordinary.y fu &I)
AOT-hence I: 3ly ([Az [0z & [G]z]y & [R]uy)>
using a[THEN —E] by blast
AOT-show 3!v ([Glv & [R]uwv)>
apply (AOT-subst <[Olz & ([G]z & [Rluz)) «([Olz & [G]z) & [R]uz for: x)
apply (simp add: Associativity of &)
apply (AOT-subst (reverse) <[OVz & [G]z» <[Az [Ol]z & [G]z]z» for: x)
apply (rule beta— C—meta| THEN — E])
apply cqt:2[lambdal
by (fact 1)
next
fix tuwv
AOT-assume <[F]t & [Flu & [G]v> and rtv-tuv: <[R]tv & [R]uv
AOT-hence oft: <[Az Olz & [F]z]t» and
ofu: <[Az Olz & [F|z]u> and
ogv: «[Az Oz & [G|z]wv»
by (auto introl: B+ C(1) cqt:2 &I
stmp: Ordinary.1 dest: &E)
AOT-hence 3!z ([\z [0z & [Flz]z & [R]zv)>
using b[THEN —E] by blast
then AOT-obtain ¢ where
a-prop: <Az [Olz & [Flz]a & [R]av &
Vz (([Az [0z & [Flz]z & [R]zv) — = = a)
using uniqueness:1[THEN =q4¢E] 3 E[rotated] by blast
AOT-hence uva: <u = a
using ofu rtv-tuv[THEN &E(2)] VE(2) —E &I &E(2) by blast
moreover AOT-have ta: <t = a
using a-prop oft rtv-tuw|THEN &E(1)] VE(2) —E &I &E(2) by blast
ultimately AOT-have «t = w) by (metis rule=FE id-sym)
AOT-thus ¢t =g w
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using rule=F id-sym ord=FEequiv:1 Ordinary.2) ta uva —FE by fast
next
fix u
AOT-assume <[Fu
AOT-hence Az Oz & [Flz]w
by (auto introl: B+ C(1) cqt:2 &I
simp: cqt:2[const-var]|[aziom-inst] Ordinary.1p)
AOT-hence 3y ([Az [0z & [G]z]y & [R]uy)>
using a[THEN —E] by blast
then AOT-obtain ¢ where
a-prop: <Az [Olz & [G]z]a & [Rlua &
Vz (((Az [Olz & [G]z]z & [Rluz) — =z = a)
using uniqueness: [THEN =47 E] 3 E[rotated] by blast
AOT-have Ola & [Gla»
by (rule 8—C(1)) (auto simp: a-prop| THEN &E(1), THEN &E(1)])
AOT-hence (O!a» and ([G]a) using &E by blast+
moreover AOT-have Vv ([G]v & [Rluv — v =g a)>
proof(safe intro!: Ordinary. GEN —1I; frule &E(1); drule &E(2))
fix v
AOT-assume <[G]v» and ruv: <[R]uv
AOT-hence Xz [Ol|z & [G]z]v»
by (auto intro!: B+ C(1) cqt:2 &I simp: Ordinary.y)
AQOT-hence (v = @
using a-prop[THEN &E(2), THEN V¥ E(2), THEN —E, OF &I| ruv by blast
AOT-thus (v =g a»
using rule=F ord=FEequiv:1 Ordinary.yp —FE by fast
qed
ultimately AOT-have (Ola & ([Gla & [Rlua & Vv’ ([G]v' & [Rlwv’ — v/ =g a))»
using 37 &I a-prop[THEN &E(1), THEN &E(2)] by simp
AOT-hence <3v ([Glv & [Rluv & Vv' ([Glv' & [Rlww’ — v' =g v))»
by (rule 31)
AOT-thus 3lv ([Glv & [R]uv)>
by (rule equi:1[THEN =E(2)])
next
fix v
AOT-assume <[G]v
AOT-hence Az Oz & [G]z]v
by (auto introl: B+ C(1) cqt:2 &I Ordinary.y)
AOT-hence 3!z ([A\z [OYz & [Flz]z & [R]zv)>
using b|[THEN —E] by blast
then AOT-obtain a where
a-prop: <Az [OVz & [Flz]la & [R]av &
Vy ([Az [0z & [Flz]y & [Rlyv — y = a)»
using uniqueness:1[THEN =4;FE, THEN 3 E[rotated]] by blast
AOT-have <Ola & [Fla
by (rule B—C(1)) (auto simp: a-prop]| THEN &E(1), THEN &E(1)])
AOT-hence «Ola & ([Fla & [R]av))
using a-prop| THEN &E(1), THEN &E(2)] &E &I by metis
AOT-thus 3u ([Flu & [R]uv)»
by (rule 31)
qed
next
AOT-assume (R |: F 1_1—onto £ G»
AOT-hence I: <R |: F1_1—E G
and 2: (R |: F —onto £ G»
using equi—rem:4[THEN =47 FE] &FE by blast+
AOT-hence 3: (R |: F —FE G»
and A: Vit Vu Vo ([F]t & [Flu & [Glv = ([R]tv & [Rluv — t =g u))»
using equi—rem:2[THEN =qsE, OF 1] &E by blast+
AOT-hence B: Vu ([Flu — 3!v ([G]v & [R]wv))»
using equi—rem:1[THEN =4;E] &E by blast
AOT-have C: Vv ([Glv = Ju ([Flu & [R]uv))>
using equi—rem:3[THEN =47 E, OF 2] &F by blast
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AOT-show <R |: Az [Ol]z & [F]z] 1-1¢— [Xz [Ol]z & [G]z]s
proof (rule 1—1—cor[THEN =q4¢1];
safe introl: &I cqt:2 GEN —1I)
fix z
AOT-assume I: Az [Olz & [F|z]z»
AOT-have «Olz & [Flz»
by (rule B—C(1)) (auto simp: 1)
AOT-hence 3!v ([G]v & [R]zv)»
using B[THEN Y E(2), THEN —E, THEN —E)] &E by blast
then AOT-obtain y where
y-prop: <Oly & ([Gly & [Rlzy & Vu ([Glu & [Rlzu — uw =g y))»
using equi: I[THEN =E(1)] 3 E[rotated] by fastforce
AOT-hence (X\z Oz & [Gz]y
by (auto introl: B+ C(1) cqt:2 &I dest: & E)
moreover AOT-have Vz ([Az Olz & [G]z]z & [R]zz — 2z = y)»
proof(safe introl: GEN —1I; frule &E(1); drule &E(2))
fix z
AOT-assume I: Az [Olz & [G]z]2
AOT-have 2: <O!z & [G]»
by (rule B—C(1)) (auto simp: 1)
moreover AOT-assume <[R]zz
ultimately AOT-have <z =g y»
using y-prop| THEN &E(2), THEN &E(2), THEN ¥ E(2),
THEN —E, THEN —E, rotated, OF &1] &E
by blast
AOT-thus z =
using 2[THEN &E(1)] by (metis =E—simple:2 —FE)
qed
ultimately AOT-have Az Olz & [G]z]y & [R]zy &
Vz ([Az Olz & [G|z]z & [R]zz — z = y)»
using y-prop|[THEN & E(2), THEN &FE(1), THEN &E(2)] &I by auto
AOT-hence 3y ([Az Olz & [G]z]y & [Rlzy &
Vz ([Az Olz & [G|z]z & [R]zz — z = y))»
by (rule 31)
AOT-thus 3y ([A\z [0z & [G]z]y & [R]zy)>
using uniqueness:I[THEN =4I| by fast
next
fix y
AOT-assume I: (A\z [0z & [G]z]|y
AOT-have oy-gy: <Oy & |G|y
by (rule —C(1)) (auto simp: 1)
AOT-hence 3u ([Flu & [R]uy)>
using C[THEN V E(2), THEN —E, THEN —FE]| &E by blast
then AOT-obtain z where z-prop: <Olz & ([Flz & [R]zy)»
using 3 E[rotated] by blast
AOT-hence ofz: Az Olz & [F|z]z»
by (auto introl: B« C(1) cqt:2 &I dest: &E)
AOT-have (Ja ([Az [OYz & [Flz]la & [Rlay &
V8 (Mo [0l & [FlslB & [RBy — § = o))
proof (safe introl: 31(2)where f=z| &I GEN —1I)
AOT-show ([Az Oz & [F|z]z> using ofz.
next
AOT-show «[R]zy> using z-prop| THEN &E(2), THEN &E(2)].
next
fix z
AOT-assume I: Az [Ollz & [F|z]z & [R]zy»
AOT-have ozfz: <Olz & [Fl»
by (rule B—C(1)) (auto simp: 1[THEN &FE(1)])
AQOT-have (z =g o
using A[THEN V E(2)[where 8=z|, THEN —E, THEN YV E(2)[where =z,
THEN —E, THEN V E(2)[where f=y|, THEN —E,
THEN —E, THEN —E, OF oz-fz| THEN &E(1)],
OF z-prop| THEN &FE(1)], OF oy-gy|THEN &F(1)], OF &I, OF &I,
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OF oz-fz| THEN &FE(2)], OF z-prop[THEN & E(2), THEN &E(1)],
OF oy-gy| THEN &E(2)], OF &I, OF 1[THEN &E(2)],
OF z-prop|THEN &E(2), THEN &E(2)]].
AOT-thus z = o
by (metis =FE—simple:2 vdash—properties: 10)
qed
AOT-thus 3!z ([A\z [OYz & [Flz]z & [R]zy)»
by (rule uniqueness:1[THEN =g4;1])
qed
qed
finally show ?thesis.
qed

AOT-theorem empty—approz:1: «(—=3u [Flu & =3v [H]v) — F ~g H»
proof(rule —I; frule &E(1); drule &E(2))
AOT-assume 0: <=3 u [F]w and I: <=3 v [H]w
AOT-have Vu ([Flu — 3!v ([H]v & [R]uv))» for R
proof(rule Ordinary. GEN; rule —1I; rule raa—cor:1)
fix u
AOT-assume <[F]u
AOT-hence Ju [F|w using Ordinary.31 &I by fast
AOT-thus Ju [Flu & -3 u [Flw using &I 0 by blast
qed
moreover AOT-have Vv ([H]v — 3lu ([F]u & [R]w))» for R
proof(rule Ordinary. GEN; rule —I; rule raa—cor:1)
fix v
AOT-assume <[H|v
AOT-hence «3v [H]vy using Ordinary.31 &I by fast
AOT-thus «3v [H]v & =3 v [H]|v» using 1 &I by blast
qed
ultimately AOT-have <R |: F 1_1<—pg H) for R
apply (safe intro!: equi:2[THEN =q4;1] &I GEN cqt:2[const-var][aziom-inst])
using V £ by blast+
AOT-hence (3R R |: F 1_1—g H> by (rule 3I)
AOT-thus (F ~g H»
by (rule equi:3[THEN =41])
qed

AOT-theorem empty—approz:2: <«(Ju [Flu & -Jv [H]v) - =(F ~g H)»
proof(rule —I; frule &E(1); drule &F(2); rule raa—cor:2)
AOT-assume [: (3u [Flwy and 2: <(-3v [H]v
AOT-obtain b where b-prop: <O'b & [F]b
using I 3 E[rotated] by blast
AQOT-assume (F ~g H»
AOT-hence <3R R |: F 11— H»
by (rule equi:3[THEN =4 FE))
then AOT-obtain R where (R |: F 1_1+—g I
using 3 E[rotated] by blast
AOT-hence ¥: Vu ([Flu — 3lv ([H]v & [R]uwv))>
using equi:2[THEN =4;E] &E by blast+
AOT-have 3lv ([H]v & [R]bv) for u
using Y|THEN VY E(2)[where =b], THEN —FE, THEN —E,
OF b-prop| THEN &E(1)], OF b-prop|THEN &E(2)]].
AOT-hence v ([H]v & [R]bv & Vu ([H]u & [R]bu — uw =g v))»
by (rule equi:1[THEN =E(1)])
then AOT-obtain z where <Olz & ([H]z & [R]bz & Yu ([H]u & [R]bu — u =g z))»
using 3 E[rotated] by blast
AOT-hence «O'z & [H]z> using &E &I by blast
AOT-hence 3v [H]v» by (rule 31)
AOT-thus «3v [H|v & —3v [H]v> using 2 &I by blast
qed
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AOT-define FminusU :: <Il = 7 = I (<=7 )
F—u: ([F]7% =45 [M\z |[F]z & z #E z]>

Note: not explicitly in PLM.

AOT-theorem F—u[den]: <[F]~%]»
by (rule =q71(1)[OF F—u, where T17,=(-,-), simplified]; cqt:2[lambda])
AOT-theorem F—ulequiv]: <[[F]" |y = ([Fly & y #& z)»
by (auto intro: F—u[THEN =451(1), where 717,=(-,-), simplified]
introl: cqt:2 beta— C—cor:2|THEN —E, THEN V¥ E(2)])

AOT-theorem eqP": «F ~p G & [Flu & [G]v — [F]™" =g [G]™"
proof (rule —I; frule &E(2); drule &E(1); frule &E(2); drule &E(1))
AOT-assume (F ~g G»
AOT-hence <(3R R |: F1_1+—E G»
using equi:3[THEN =4 E] by blast
then AOT-obtain R where R-prop: <R |: F 1—1+—£g G
using 3 E[rotated] by blast
AOT-hence A: <Vu ([Flu — 3!v ([G]v & [R]uwv))»
and B: Vv ([Glv — 3lu ([Flu & [R]uwv))»
using equi:2[THEN =47 E] &E by blast+
AOT-have <R |: F 1_1—ontoE G
using equi—rem—thm|THEN =E(1), OF R-prop].
AOT-hence (R |: FF1_1—E G & R|: F —ontcE &>
using equi—rem:4[THEN =4 E] by blast
AOT-hence C: VtVuVv (([F]t & [Flu & [G]v) — ([R]tv & [Rluv — t =g u))
using equi—rem:2[THEN =4¢E] &E by blast
AOT-assume fu: [F|u
AOT-assume guv: [G]v
AOT-have Xz [II|z & z #g k|| for I &
by cqt:2[lambda]
note II-minus-xI = rule—id—df:2:5[2][
where 7=«(A(I, k). «[II]~"»)>, simplified, OF F—u, simplified, OF this]
and II-minus-cE = rule—id—df:2:a]2][
where 7=«(\(II, k). «[II]”"»)», simplified, OF F—u, simplified, OF this]
AOT-have II-minus-r-den: <[II]~%]» for II k
by (rule II-minus-x1) cqt:2[lambda)+
{
fix R
AOT-assume R-prop: <R |: F 1_1+—g G
AOT-hence A: <Vu ([Flu — v ([Glv & [R]uwv))»
and B: Vv ([Glv = Flu ([Flu & [R]uv))»
using equi:2[THEN =45E)] &E by blast+
AOT-have (R |: F 1—1—onto & G»
using equi—rem—thm[THEN =E(1), OF R-prop).
AOT-hence (R |: F1_1—E G & R |1 F —onioE G
using equi—rem:/[THEN =47 E] by blast
AOT-hence C: «VtVuVo (([F]t & [Flu & [G]v) — ([R]tv & [Rluv — t =g u))»
using equi—rem:2[THEN =,4¢FE] &E by blast

AOT-assume Ruv: ([R]uv
AOT-have (R |: [F]™" 1-1¢—E [G]™"
proof(safe intro!: equi:2[THEN =4;1] &I cqt:2[const-var][aziom-inst]
IT-minus-k-den Ordinary.GEN —1)
fix u’
AQT-assume <([[F]""“]u”
AOT-hence 0: (X2 [Flz & z #g u]u’
using [I-minus-c E by fast
AOQT-have 0: ([Flu' & v’ #g w
by (rule 83— C(1)[where k1r,=A0T-term-of-var (Ordinary.Rep u")]) (fact 0)
AOT-have 3!v ([Gv & [R]u'v)»
using A[THEN Ordinary.¥Y E[where a=u'|, THEN —E, OF 0|[THEN &E(1)]].
then AOT-obtain v’ where
v'-prop: <[G]v' & [Rlu'v' & V ¢ ([G]t & [RJu't — t =g v')
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using equi: I[THEN =E(1)] Ordinary.3 E[rotated] by fastforce

AOT-show (3o’ ([[G]”"|v' & [R]u'v’)
proof (safe intro!: equi:1[THEN =E(2)] Ordinary.3 I[where B3=v’]
&I Ordinary. GEN —1)
AOT-show «([[G]”"]v"
proof (rule II-minus-x1;
safe introl: B+ C(1) cqt:2 &I thm—neg=E[THEN =E(2)])
AQT-show ([G]v" using v'-prop & E by blast
next
AOT-show —v' =g v
proof (rule raa—cor:2)
AQT-assume (v’ =g »
AOT-hence v/ = v by (metis =E—simple:2 —F)
AQOT-hence Ruv”: ([RJuv’s using rule=FE Ruv id-sym by fast
AOT-have v’ =g w»
by (rule C{THEN Ordinary.N E, THEN Ordinary.N E,
THEN Ordinary.N¥ E[where a=v'|, THEN —FE, THEN —E))
(safe introl: &I O]THEN &E(1)] fu
v'-prop| THEN &E(1), THEN & E(1)]
Ruv’ v'-prop| THEN &E(1), THEN &E(2)])
moreover AOT-have —(u' =g u)»
using 0 &E(2) =E(1) thm—neg=E by blast
ultimately AOT-show «u' =g u & —u’ =g w using &I by blast
qed
qed
next
AOT-show ([R]u'v"y using v’-prop &FE by blast
next
fix t
AQT-assume t-prop: [[G]" "]t & [R]u't>
AOT-have gt-t-noteg-v: <[G]t & t #g v
apply (rule 8—C(1)[where k1k,=AOT-term-of-var (Ordinary.Rep t)])
apply (rule II-minus-xE)
by (fact t-prop| THEN &E(1)])
AOT-show (=g v
using v'-prop| THEN & FE(2), THEN OrdinaryN E, THEN —E,
OF &I, OF gt-t-noteqg-v|[THEN &E(1)],
OF t-prop| THEN &E(2)]].
qed
next
fix v’
AQT-assume G-minus-v-v": [[G]”"]v"
AOT-have gt-t-noteg-v: <[G|v' & v’ #g »
apply (rule B— C(1)[where k1k,=AOT-term-of-var (Ordinary.Rep v')])
apply (rule II-minus-x E)
by (fact G-minus-v-v")
AQT-have Ju([F]u & [R]uv’)
using B[THEN Ordinary.N E, THEN —E, OF gt-t-noteqg-v[THEN &E(1)]].
then AOT-obtain v’ where
u'-prop: <[Flu’' & [Rluv' & Vit ([F]t & [R]tv' — t =g u')
using equi: [[THEN =E(1)] Ordinary.3 E[rotated] by fastforce
AOT-show (3!u’ ([[F]”"]uv’ & [R]u’v")
proof (safe intro!: equi:1[THEN =E(2)] Ordinary.3 I[where B=u"] &I
u'-prop[ THEN & E(1), THEN &E(2)] Ordinary.GEN —1I)
AOT-show «([[F]™*]u”
proof (rule II-minus-x1I,
safe introl: B+ C(1) cqt:2 &I thm—neg=E[THEN =E(2)]
u'-prop| THEN & E(1), THEN &E(1)]; rule raa—cor:2)
AOT-assume u'-eq-u: v’ =g w
AOT-hence v’ = w
using =F—simple: 2 vdash—properties: 10 by blast
AOT-hence Ru'v: «[R|u'vy using rule=FE Ruv id-sym by fast
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AOT-have v’ #g v
using &E(2) gt-t-noteg-v by blast
AOT-hence v'-noteg-v: «—(v' =g v)) by (metis =E(1) thm—neg=EF)
AOT-have (Ju ([Glu & [Rlu'v & Vv ([G]v & [R]u'v — v =g u))»
using A[THEN Ordinary.N E, THEN —E,
OF u'-prop| THEN &E(1), THEN &E(1)],
THEN equi:1[THEN =E(1)]].
then AOT-obtain ¢ where
t-prop: <[G]t & [R]u't & Vv ([G]v & [Rlu'v = v =g t)»
using Ordinary.3 E[rotated] by meson
AOT-have v =g # if «([G]v» and «[R]u'v> for v
using t-prop|THEN &FE(2), THEN OrdinaryN E, THEN —FE,
OF &I, OF that).
AOT-hence v’ =g t» and v =g b
by (auto simp: gt-t-noteq-v[ THEN & E(1)] Ru'v gv
u’-prop| THEN & E(1), THEN &E(2)])
AOT-hence v’ =g v
using rule=FE =FE—simple:2 id-sym —F by fast
AQOT-thus «v' =g v & —v' =g »
using v’-noteq-v &I by blast
qed
next
fix ¢
AOT-assume 0: «[[F]" "]t & [R]tv"
moreover AOT-have ([F]t & ¢ #g w
apply (rule 89— C(1)[where ki1k,=AOT-term-of-var (Ordinary.Rep t)])
apply (rule II-minus-<E)
by (fact O] THEN &E(1)])
ultimately AOT-show «t =g u”
using u’-prop|THEN &E(2), THEN Ordinary.Y E, THEN —E, OF &I|
& E by blast
qed
qed
AOT-hence (3R R |: [F]™" 1-1¢—r [G]™
by (rule 31)
} note 1 = this
moreover {
AOT-assume not-Ruv: (—[R]uv
AOT-have «3!v ([Gv & [R]uwv)»
using A[THEN OrdinaryN E, THEN —E, OF fu].
then AOT-obtain b where
b-prop: <O'b & ([G]b & [Rlub & V¢([G|t & [Rlut — t =g b))»
using equi: I[THEN =FE(1)] 3 E[rotated] by fastforce
AOT-hence ob: <O!by and gb: <[G]b> and Rub: [R]ub>
using & F by blast+
AOT-have <Ot — ([G]t & [R]ut — ¢t =g b)) for ¢
using b-prop &E(2) V E(2) by blast
AOT-hence b-unique: <t =g b> if <Oty and «[G]t» and ¢[R]ut) for t
by (metis Adjunction modus—tollens:1 reductio—aa:1 that)
AOT-have not-v-eq-b: «(—(v =g b)
proof(rule raa—cor:2)
AQOT-assume (v =g b
AQOT-hence 0: <«v =0
by (metis =E—simple:2 —F)
AOT-have ([R]uv
using b-prop| THEN &E(2), THEN &E(1), THEN &E(2)]
rule=E[rotated, OF 0[symmetric]] by fast
AOT-thus «[RJuv & —[R]uv»
using not-Ruv &I by blast
qed
AQOT-have not-b-eq-v: <=(b =g v)»
using modus—tollens:1 not-v-eq-b ord=Fequiv:2 by blast
AOT-have 3lu ([F]u & [R]uv)>
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using B[THEN OrdinaryN E, THEN —E, OF gv].
then AOT-obtain a where
a-prop: <Ola & ([Fla & [Rlav & Vi([F]t & [R]tv — t =g a))»
using equi: {[THEN =FE(1)] 3 E[rotated] by fastforce
AOT-hence Oa: <Ola) and fa: <[F]a> and Rav: <[R]av>
using & F by blast+
AOT-have <Ot — ([F]t & [R]tv — t =g a)» for t
using a-prop &E V E(2) by blast
AOT-hence a-unique: <t =g a» if <O!t» and ([F|t> and «[R]tv» for ¢
by (metis Adjunction modus—tollens:1 reductio—aa:1 that)
AOT-have not-u-eg-a: <—(u =g a))
proof(rule raa—cor:2)
AOT-assume (u =g @
AQOT-hence 0: <u = a»
by (metis =E—simple:2 —E)
AOT-have «[R]uv
using a-prop| THEN &E(2), THEN &E(1), THEN &E(2)]
rule=E[rotated, OF 0[symmetric]] by fast
AOT-thus ([RJuv & —[R]uv»
using not-Ruv &I by blast
qed
AOT-have not-a-eq-u: <—(a =g u)»
using modus—tollens: 1 not-u-eq-a ord=Fequiv:2 by blast
let 7R = ««[Auv’' (v’ #p u & v' #g v & [RJu'v) V
(u' =g a& v =g b) V
(' =g u & v' =g v)]»
AOT-have [« ?R»]}» by cqt:2[lambda)
AOT-hence 3 8 8 = [«?R»]
using free—thms:1 =E(1) by fast
then AOT-obtain R; where R;-def: <R1 = [«ZR»]>
using 3 E[rotated] by blast
AOT-have Rzyl: ([R]zy if [Ri]zy» and <z #g w> and «x #g a> for z y
proof —
AOT-have 0: <[« ?R»]zy>
by (rule rule=E[rotated, OF Ry-def]) (fact that(1))
AOT-have «(z #p u & y#e v & [Rlzy) V (r=p a & y=g b) V (z =g u & y =g v)
using f— C(1)[OF 0] by simp
AOT-hence <z #g u & y #g v & [R]zy> using that(2,3)
by (metis VE(8) Conjunction Simplification(1) =E(1)
modus—tollens:1 thm—neg=F)
AOT-thus ([R]zy> using &F by blast+
qed
AOT-have Rzy2: «[R]zy> if <[Ri]zy and <y #g v and <y #g b for z y
proof —
AOT-have 0: <[« ?R»]zy
by (rule rule=FE[rotated, OF Ry-def]) (fact that(1))
AOT-have «(z #g u & y# v & [Rlzy) V (t=p a & y=pg b) V (z =g u & y =g v)
using S— C(1)[OF 0] by simp
AOT-hence z #g u & y #r v & [R]zy
using that(2,3)
by (metis VE(3) Conjunction Simplification(2) =E(1)
modus—tollens:1 thm—neg=EF)
AOT-thus ([R]zy> using &FE by blast+
qed
AOT-have Rizy: <[Ri]zy if <[R]zy> and <z #g w and <y #g v for z y
by (rule rule=E[rotated, OF Ri-def[symmetric]])
(auto intro!: B+ C(1) cqt:2
simp: &I ex:1:a prod-denotesl rule—ui:8 that VI(1))
AOT-have Riab: ([Ri]ab
apply (rule rule=FE][rotated, OF R:-def[symmetric]])
apply (safe intro!: B+ C(1) cqt:2 prod-denotes] &I)
by (meson a-prop b-prop &I &E(1) VI(1) VI(2) ord=FEequiv:1 —E)
AOT-have Riuv: <[Rq]uw
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apply (rule rule=FE[rotated, OF R:-def[symmetric]])
apply (safe introl: B+ C(1) cqt:2 prod-denotes] &I)
by (meson &I VI(2) ord=FEequiv:1 Ordinary.y) —FE)
moreover AOT-have (R; |: F 1—1+—r G
proof (safe introl: equi:2[THEN =q41] &I cqt:2 Ordinary. GEN —1I)
fix u’
AQT-assume fu”: ([Flu"
{
AQOT-assume not-u’-eq-u: <—(u' =g u)) and not-u’-eg-a: <=(uv' =g a)»
AOT-hence u’-noteg-u: v’ #p w and u’-noteg-a: <u' #r a
by (metis =E(2) thm—neg=F)+
AOT-have 3!v ([Glv & [R]u'v)
using A[THEN OrdinaryY E, THEN —E, OF fu/].
AOT-hence 3v ([Glv & [Rlu'v & ¥Vt (|G|t & [Rlu't — t =g v))»
using equi: [[THEN =E(1)] by simp
then AOT-obtain v’ where
v'-prop: <[G]v" & [Rlu'v' & Vt ([G]t & [Rlu't — t =g v')
using Ordinary.3 E[rotated] by meson
AOT-hence gv" ([G]vs and Ru'v": <[R]u'v"
using &F by blast+
AOT-have not-v’-eq-v: «(—v' =g v
proof (rule raa—cor:2)
AOT-assume v’ =g v
AOT-hence «v' = v
by (metis =E—simple:2 —FE)
AOT-hence Ru'v: <[R]u'v»
using rule=F Ru'v’ by fast
AQT-have (v =g @
using a-unique|OF Ordinary.y, OF fu', OF Ru'v).
AOT-thus v’ =g ¢ & v’ =g @
using not-u’-eq-a &I by blast
qed
AOT-hence v'-noteg-v: <v’ #g v
using =F(2) thm—neg=FE by blast
AOT-have <Vt ([G]t & [Rlu't — t =g v')»
using v’-prop &E by blast
AOT-hence ([G]t & [RJu't - t =g v’ for t
using Ordinary.¥Y E by meson
AOT-hence v'-unique: <t =g v’ if <[G]t» and «[R]u't> for ¢
by (metis &I that —F)

AOT-have ([G]v' & [Ri]u'v' & Vit ([G]t & [Ri]u't = t =g v')
proof (safe intro!: &I gv’ Rizy Ru'v’ u'-noteq-u u'-noteq-a —1I
Ordinary. GEN thm—neg=E[THEN =E(2)] not-v’-eq-v)
fix ¢
AQT-assume I: ([G]t & [R1]u'ts
AOT-have ([R]u't>
using Rzyl[OF 1[THEN &E(2)], OF u'-noteg-u, OF u'-noteg-al.
AOT-thus ¢t =g v"
using v’-unique 1{THEN &E(1)] by blast
qed
AOT-hence Jv ([Gv & [Ri]u'v & Vt ([G]t & [Ri]u't — t =g v))»
by (rule Ordinary.31)
AQOT-hence 3!v ([G]v & [Ri]u'v)
by (rule equi:1[THEN =E(2)])
}

moreover {
AOT-assume 0: <uv’' =g w
AOT-hence u'-eq-u: <u' = w
using =F—simple:2 —E by blast
AOT-have 3!v ([Glv & [R1]u'v)>
proof (safe introl: equi:1[THEN =E(2)] Ordinary.3 I[where S=v]
&I Ordinary. GEN —1 gv)
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AQOT-show ([Ri]|u'v
apply (rule rule=E[rotated, OF R:-def[symmetric]])
apply (safe introl: S+ C(1) cqt:2 &I prod-denotesl)
by (safe introl: VI(2) &I 0 ord=Fequiv: 1[THEN —E, OF Ordinary.y])
next
fix v’
AQT-assume ([ G]v' & [Ri]u'v"
AOT-hence 0: «[Ri]uv’
using rule=E|[rotated, OF u'-eq-u] &FE(2) by fast
AOT-have I: [« ?R»]uv’
by (rule rule=E[rotated, OF R1-def]) (fact 0)
AOT-have 2: «(u #g u & v' #p v & [Rluwv') V
(u=g a& v =g b)V
(v =p u& v =g v)
using f— C(1)[OF 1] by simp
AOT-have (—u #g w
using =F(4) modus—tollens:1 ord=Fequiv:1 Ordinary.ip
reductio—aa:2 thm—neg=F by blast
AOT-hence <—((u #g v & v/ #g v & [Rluv’) V (v =g a & v/ =g b))
using not-u-eq-a
by (metis VE(2) Conjunction Simplification(1)
modus—tollens:1 reductio—aa:1)
AOT-hence ((u =g u & v' =g v)
using 2 by (metis VE(2))
AOT-thus v/ =g »
using &F by blast
qed
}
moreover {
AOT-assume 0: <v' =g a
AOT-hence u’-eq-a: «u' = a»
using =F—simple:2 —FE by blast
AOT-have 3!v ([Glv & [Ri]u'v)»
proof (safe introl: equi: [[THEN =F(2)] 31(2)[where 8=b] &I
Ordinary. GEN — 1 b-prop| THEN & E(1)]
b-prop[ THEN &E(2), THEN &E(1), THEN &E(1)])
AQOT-show ([Ri]|u’b
apply (rule rule=E[rotated, OF R:-def[symmetric]])
apply (safe introl: S« C(1) cqt:2 &I prod-denotesl)
apply (rule VI(1); rule VI(2); rule &I)
apply (fact 0)
using b-prop &E(1) ord=FEequiv:1 —E by blast
next
fix v’
AOT-assume gv’-RIiu'v": <[G]v' & [Ri]u'v"
AOQT-hence 0: ([Ri]av’
using u’-eq-a by (meson rule=E &FE(2))
AQT-have I: [« ?R»]av’
by (rule rule=E[rotated, OF R1-def]) (fact 0)
AOT-have ((a #g u & v' #g v & [R]av’) V
(a=ga&v' =g b)V
(a =g u& v =g )
using f— C(1)[OF 1] by simp
moreover {
AOT-assume 0: <a #5 v & v’ #g v & [R]lav’
AOT-have 3!v ([G]v & [R]u'v)
using A[THEN OrdinaryN E, THEN —E, OF fu'].
AOT-hence 3!v ([G]v & [R]av)>
using u’-eq-a rule=E by fast
AOT-hence (3v ([G]v & [R]av & YVt ([G]t & [R]at — t =g v))»
using equi: [[THEN =E(1)] by fast
then AOT-obtain s where
s-prop: <|Gs & [R]as & V't ([G]t & [Rlat — t =g s)»
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using Ordinary.3 E[rotated] by meson
AOT-have v’ =g s
using s-prop|THEN &E(2), THEN Ordinary.V E|
gu'-R1u'v'[THEN &E(1)] 0[THEN &E(2)]
by (metis &I vdash—properties:10)
moreover AOT-have (v =g s
using s-prop|THEN & E(2), THEN Ordinary.V E] gv Rav
by (metis &I —FE)
ultimately AOT-have (v = v
by (metis &I ord=Fequiv:2 ord=FEequiv:3 —E)
moreover AOT-have (—~(v' =g v)
using 0[THEN &E(1), THEN &E(2)]
by (metis =E(1) thm—neg=FE)
ultimately AOT-have v’ =g b
by (metis raa—cor:8)

moreover {
AOT-assume <a =g u & v/ =g »
AOQT-hence «v' =g b
by (metis & E(1) not-a-eq-u reductio—aa:1)

ultimately AOT-show v’ =g b
by (metis &E(2) VE(3) reductio—aa:1)
qed

ultimately AOT-show 3!v ([G]v & [R1]u'v)>
by (metis raa—cor:1)
next
fix v’
AQT-assume gv”: ¢[G]v"
{
AOT-assume not-v'-eq-v: <=(v' =g v)»
and not-v’-eq-b: «—(v' =g b)»
AOT-hence v'-noteq-v: v’ #p v
and v'-noteg-b: <v' #g b
by (metis =E(2) thm—neg=FE)+
AOT-have 3lu ([Flu & [RJuv’)
using B[THEN OrdinaryNY E, THEN —E, OF gv’].
AOT-hence Ju ([Flu & [Rluv' & Vit ([F]t & [R]tv' — t =g u))»
using equi: {[THEN =E(1)] by simp
then AOT-obtain u’ where
u'-prop: «[Flu’ & [Rlu'v' & V't ([F]t & [R]tv' = t =g u')
using Ordinary.3 E[rotated] by meson
AOT-hence fu”: «([Flu’» and Ru'v": ¢[R]u'v"
using & F by blast+
AOT-have not-u’-eq-u: <—u' =g w
proof (rule raa—cor:2)
AOT-assume v’ =g w
AOT-hence (v’ = w
by (metis =E—simple:2 —E)
AOT-hence Ruv” ([RJuv’
using rule=F Ru'v’ by fast
AQOT-have v’ =g b
using b-unique[OF Ordinary.ip, OF gv’, OF Ruv’].
AOT-thus «v' =g b & —v' =g b
using not-v’-eq-b &I by blast
qed
AOT-hence u'-noteg-u: <u’ #p w
using =F(2) thm—neg=FE by blast
AOT-have <Vt ([F]t & [R]tv' — t =g u')
using u’-prop &E by blast
AOT-hence ([F|t & [R]tv' = t =g u" for {
using Ordinary.Y E by meson
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AOT-hence u'-unique: <t =g u”> if ([F]t» and «[R]tv") for ¢
by (metis &I that —E)

AOT-have ([Flu' & [Ri]Juv' & Vit ([F]t & [Ri]tv' — t =g u')
proof (safe intro!: &I gv’ Rizy Ru'v’ u'-noteg-u Ordinary. GEN —1I
thm—neg=E[THEN =FE(2)] not-v'-eq-v fu’)
fix t
AOT-assume 1: ([F|t & [Ri]tv"
AOT-have ([R]tv"
using Rzy2|OF 1[THEN &FE(2)], OF v'-noteg-v, OF v’-noteq-b].
AOT-thus (¢t =g u’
using u’-unique 1[THEN &E(1)] by blast
qed
AOT-hence Ju ([Flu & [Ri]uv’ & Vit ([F]t & [Ri]tv’ — t =g u))
by (rule Ordinary.31)
AOT-hence (3!u ([Flu & [Ri]uv’)
by (rule equi:1[THEN =E(2)])
}

moreover {
AOT-assume 0: <v' =g v
AOT-hence u'-eq-u: <v' = v
using =F—simple:2 —FE by blast
AOT-have 3'u ([Flu & [Ri]uv’)
proof (safe intro!: equi:1[THEN =E(2)] Ordinary.3I[where S=u]
&I Ordinary.GEN —1 fu)
AOT-show ([Ri]uv’
by (rule rule=E[rotated, OF Ri-def[symmetric]])
(safe introl: B+ C(1) cqt:2 &I prod-denotesI Ordinary.yp
VI(2) 0 ord=Eequiv:1[THEN —E])
next
fix u’
AOT-assume <[F|u’ & [Ri]uv’
AOT-hence 0: ([Ri]u'v
using rule=FE|[rotated, OF u'-eq-u] &FE(2) by fast
AOT-have I: ([« ?R»]u'v)
by (rule rule=E|[rotated, OF Ri-def]) (fact 0)
AOT-have 2: «(v' #g v & v #5 v & [R]u'v) V
(u'=p a&v=pgb)V
(u' =g u & v =g V)
using S—C(1)[OF 1, simplified] by simp
AOT-have (—v #g v
using =F(4) modus—tollens:1 ord=Fequiv:1 Ordinary.ip
reductio—aa:2 thm—neg=F by blast
AOT-hence —~((v' #r u & v #g v & [RlJu'v) V (v' =g a & v =g b))
by (metis &FE(1) &E(2) VE(3) not-v-eq-b raa— cor:3)
AOT-hence ((uv' =g u & v =g v)
using 2 by (metis VE(2))
AQOT-thus (v’ =g w
using & F by blast
qed
}
moreover {
AOT-assume 0: <v' =g b
AOT-hence v'-eg-b: <v' = b
using =F—simple:2 —FE by blast
AOT-have 3!u ([Flu & [Ri]uv’)
proof (safe intro!: equi:1[THEN =E(2)] 31(2)[where f=a] &I
Ordinary. GEN —1I b-prop| THEN &FE(1)] Oa fa
b-prop[ THEN &E(2), THEN &E(1), THEN &E(1)])
AQOT-show ([Ri]av"
apply (rule rule=E[rotated, OF R:-def[symmetric]])
apply (safe introl: S+ C(1) cqt:2 &I prod-denotesl)
apply (rule VI(1); rule VI(2); rule &I)
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using Oa ord=Fequiv:1 —E apply blast
using 0 by blast
next
fix u’
AOT-assume fu'-Riu"v": ([Flu' & [Ri]u'v"
AOT-hence 0: ([Rq]u'b
using v'-eq-b by (meson rule=F &E(2))
AOT-have I: [« ?R»]u’b
by (rule rule=E[rotated, OF Ri-def]) (fact 0)
AOT-have (v’ #g u & b #5 v & [R]u'd) V
(u/:E a& b=gb)V
(u' =g u& b=pg o)
using f— C(1)[OF 1, simplified] by simp
moreover {
AQT-assume 0: (v’ #g u & b #5 v & [R]u'b
AOQT-have 3lu ([Flu & [Ruv’)
using B[THEN Ordinary.N E, THEN —E, OF gv].
AOT-hence 3lu ([Flu & [R]ub)>
using v’-eq-b rule=F by fast
AOT-hence Ju ([Flu & [RJub & Vi ([F]t & [R]tb — t =g u))»
using equi: [[THEN =E(1)] by fast
then AOT-obtain s where
s-prop: <[F]s & [R]sb & V't ([F]t & [R]tb — t =g s)»
using Ordinary.3 E[rotated] by meson
AOT-have v’ =g
using s-prop[THEN &E(2), THEN Ordinary.V E|
fu'-R1u'v'[THEN &E(1)] 0[THEN &E(2)]
by (metis &I —F)
moreover AOT-have (v =g s
using s-prop[THEN &E(2), THEN Ordinary.NY E] fu Rub
by (metis &I —F)
ultimately AOT-have v’ =g w
by (metis &I ord=Fequiv:2 ord=FEequiv:3 —E)
moreover AOT-have —(u' =g u)»
using 0[THEN &E(1), THEN &E(1)] by (metis =E(1) thm—neg=E)
ultimately AOT-have (v’ =g o>
by (metis raa—cor:3)

moreover {
AOT-assume v’ =g v & b =g v
AOT-hence (v' =5 @
by (metis &E(2) not-b-eq-v reductio—aa: 1)

ultimately AOT-show v’ =g a»
by (metis &FE(1) VE(8) reductio—aa:1)
qged

ultimately AOT-show 3lu ([Flu & [Ri]uwv’)»
by (metis raa—cor:1)
qed
ultimately AOT-have <(3R R |: [F] * 1—-1<—E& [G]™
using I by blast
}
ultimately AOT-have <(3R R |: [F]™" 1—1+—£ [G] ™™
using R-prop by (metis reductio—aa:2)
AOT-thus «[F]™" =g [G]™"
by (rule equi:3[THEN =q4¢1])
qged

AOT-theorem P'—eq: «([F]™" =g [G]7" & [Flu & [Glv = F =g G»
proof(safe intro!: —1I; frule &E(1); drule &E(2);
frule &E(1); drule &E(2))
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AOT-have «[\z [lI]z & z #& k| for II k by cqt:2[lambda]
note II-minus-xI = rule—id—df:2:b[2][
where 7=«(\(I1, k). «[II]”"»)», simplified, OF F—u, simplified, OF this]
and II-minus-<E = rule—id—df:2:a]2][
where 7=«(A(IL, k). «[II]="»)>, simplified, OF F—u, simplified, OF this]
AOT-have II-minus-k-den: <[II]~"}» for II &
by (rule II-minus-xI) cqt:2[lambda)+

AQT-have [I-minus-xE1: «[I]x"
and -minus-kE2: v’ #g > if <[] *]x") for 11 k &’
proof —
AOT-have Xz [U]z & z #g K|K"
using I[I-minus-k E that by fast
AOT-hence (s’ & &' #5 K
by (rule B—C(1))
AOT-thus (([II]x" and «x' #g K
using &F by blast+
qed
AOT-have II-minus-<I" <[[II]”"]x" if <[II]c" and ' #g ks for Il k K’
proof —
AOT-have k’-den: v’}
by (metis russell—aziom|exe, 1].1)-denotes-asm that(1))
AOT-have Xz [U]z & z #g K|k"
by (safe introl: B+ C(1) cqt:2 k'-den &I that)
AOT-thus ([[II]”*]"
using II-minus-x1 by fast
qed

AOT-assume Gu: [G]v»
AOT-assume Fu: [F|w
AOT-assume ([F]™" =g [G]™"
AOT-hence (3R R |: [F]™" 1_1+—Er [G]™
using equi:3[THEN =45 E] by blast
then AOT-obtain R where R-prop: <R |: [F]™" 1_1+—5 [G]™"
using 3 E[rotated] by blast
AOT-hence Factl: Vr([[F]”*]r — 3!s ([G]""]s & [R]rs))»
and Fact1”: «Vs([[G]™"]s — 3!r ([[F]"“]r & [R]rs))
using equi:2[THEN =47E] &E by blast+
AOT-have (R |: [F]7" 1-1—ontoE [G] ™™
using equi—rem—thm[unvarify F G, OF Il-minus-k-den, OF II-minus-k-den,
THEN =E(1), OF R-prop].
AOT-hence (R |: [F]|™* 1_.1—E [G]7" & R |: [F]™" —ontoE [G]™™
using equi—rem:4[THEN =4;E] by blast
AQOT-hence Fuact2:
NV sV E(([[F]7 %] r & [[F]™"]s & [[G]™°]t) = ([R]rt & [R]st = r =g s))
using equi—rem:2[THEN =4¢E] &E by blast

let 7R = «[Azy ([[F]” "]z & [[G]"°]y & [Rlzy) V (z =g v & y =g v)]»
AOT-have R-den: <« ?R»|> by cqt:2[lambda]

AOT-show (F ~p G)
proof(safe intro: equi:3[THEN =471] 31(1)[where 7=?R] R-den
equi:2|THEN =q51] &I cqt:2 Ordinary. GEN —1)
fix r
AOQOT-assume Fr: <[F]r
{
AOT-assume not-r-eq-u: <=(r =g u)»
AOT-hence r-noteg-u: <r #g w
using =F(2) thm—neg=F by blast
AOT-have ([[F]|"“]r
by (rule TI-minus-xI; safe introl: B+ C (1) cqt:2 &I Fr r-noteg-u)
AOT-hence 3!s ([[G]™"]s & [R]rs)»
using Factl[THEN YV E(2)] —FE Ordinary.1y by blast
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AOT-hence 3s ([[G]""]s & [R]rs & Vi ([[G] °]t & [R]rt = t =g s))»
using equi: [[THEN =E(1)] by simp
then AOT-obtain s where s-prop: <[[G]™"]s & [R]rs & V't ([[G]""|t & [R]rt — ¢t =g s)»
using Ordinary.3 E[rotated] by meson
AOT-hence G-minus-v-s: <[[G]~"]s» and Rrs: <[R]rs)
using &F by blast+
AOT-have s-unique: <t =g s if <[[G]™"]t> and «|[R]rt> for ¢
using s-prop| THEN &E(2), THEN Ordinary.NY E, THEN —E, OF &I, OF that].
AOT-have Gs: ([G]s
using [I-minus-k E1{OF G-minus-v-s].
AOT-have s-noteq-v: (s #g v»
using II-minus-k E2[OF G-minus-v-s|.
AOT-have 3s ([G]s & [«?R»]rs & (Vi ([G]t & [« ?R»]rt — t =g s)))»
proof(safe intro!: Ordinary.3 I[where f=s] &I Gs Ordinary. GEN —1I)
AOT-show <[« ?R»]rs»
by (auto intro!: B+ C(1) cqt:2 &I VI(1) U-minus-kI’ Fr Gs
s-noteq-v Rrs r-noteq-u
simp: &I ex:1:a prod-denotesl rule—ui:8)
next
fix t
AOT-assume 0: ([G]t & [« ?R»]rb>
AOT-hence «([[F]7“]r & [[G] ]t & [R]rt) V (r =g u & t =g v)»
using S— C(1)[OF O[THEN &E(2)], simplified] by blast
AOT-hence I: <[[F]7"|r & [[G]""]t & [R]rt>
using not-r-eq-u by (metis &F(1) VE(8) reductio—aa:1)
AOT-show <t =g s using s-unique 1 &E by blast
qed
}
moreover {
AOT-assume r-eq-u: <r =g u»
AOT-have 3s ([G]s & [«?R»]rs & (Vi ([G]t & [« ?R»]rt — t =g s)))»
proof(safe intro!: Ordinary.3 I[where f=v] &I Gv Ordinary. GEN —1I)
AOT-show <[« ?R»]rv
by (auto introl: B+ C(1) cqt:2 &I VI(2) ll-minus-xI' Fr r-eq-u
ord=Eequiv:1[THEN —E] Ordinary.y
simp: &I ex:1:a prod-denotesl rule—ui:8)
next
fix t
AOT-assume 0: ([G]t & [« ?R»]rt>
AOT-hence «(([[F] “]r & [[G] ]t & [R]rt) V (r =g u & t =g v)»
using f— C(1)[OF 0[THEN &E(2)], simplified] by blast
AOT-hence (r =g u & t =g v
using r-eq-u II-minus-c E2
by (metis &E(1) VE(2) =E(1) reductio—aa:1 thm—neg=FE)
AOT-thus <t =g v» using &E by blast
qed

ultimately AOT-show (3!s ([G]s & [« ?R»]rs)»
using reductio—aa:2 equi: [ THEN =E(2)] by fast
next
fix s
AOT-assume Gs: (G]s

{
AOT-assume not-s-eq-v: <—(s =g v)»
AOT-hence s-noteq-v: <s #g v»
using =F(2) thm—neg=FE by blast
AOT-have ([[G]"]s»
by (rule II-minus-x1; auto introl: B+ C(1) cqt:2 &I Gs s-noteq-v)
AOT-hence 3!r ([[F]”"]r & [R]rs)>
using Fact!’|THEN OrdinaryN E] —E by blast
AOT-hence 3r ([[F]7"]r & [R]rs & Vit ([[F]” "]t & [R]ts = t =g 7))
using equi: I[THEN =E(1)] by simp
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then AOT-obtain r where
r-prop: |[F]~"]r & [R]rs & Vit ([[F]" "]t & [R]ts — t =g )
using Ordinary.3 E[rotated] by meson
AOT-hence F-minus-u-r: <[[F]”"%]r and Rrs: <[R]rs)
using &F by blast+
AOT-have r-unique: <t =g r» if <[[F]”*]¢t» and <[R]ts» for ¢
using r-prop[THEN & E(2), THEN Ordinary.N¥ E,
THEN —E, OF &I, OF that)].
AOT-have Fr: ([F]r»
using II-minus-k E1{OF F-minus-u-r].
AOT-have r-noteq-u: <r #g w
using II-minus-k E2[OF F-minus-u-r].
AOT-have 37 ([F]r & [«?R»|rs & (Vt ([F]t & [«?R»]ts = t =g T)))»
proof(safe intro!: Ordinary.3 I[where f=r] &I Fr Ordinary.GEN —1)
AOT-show <[« ?R»]rs»
by (auto intro!: B+ C(1) cqt:2 &I VI(1) U-minus-kI’ Fr
Gs s-noteg-v Rrs r-noteq-u
simp: &I ex:1:a prod-denotesl rule—ui:8)
next
fix t
AOT-assume 0: ([F]t & [« ?R»]ts
AOT-hence «([[F]" "]t & [[G] "]s & [R]ts) V (t =g u & s =g v)»
using S— C(1)[OF O[THEN &E(2)], simplified] by blast
AOT-hence I: ([[F]7"]t & [[G]""]s & [R]ts»
using not-s-eq-v by (metis &FE(2) VE(3) reductio—aa:1)
AOT-show <t =g r using r-unique 1 &E by blast
qed
}
moreover {
AOT-assume s-eq-v: <s =g v
AOT-have 37 ([F]r & [«?R»|rs & (Vt ([F]t & [«?R»]ts = t =g T)))»
proof(safe intro!: Ordinary.3 I[where f=u] &I Fu Ordinary. GEN —1I)
AOT-show <[« ?R»]us»
by (auto intro!: B+ C(1) cqt:2 &I prod-denotesI VI(2)
II-minus-xI" Gs s-eq-v Ordinary.1p
ord=FEequiv:1[THEN —E))
next
fix t
AOT-assume 0: ([F]t & [« ?R»]ts
AOT-hence I: «([[F]7 "]t & [[G]7"]s & [R]ts) V (t =g u & s =g v)»
using f— C(1)[OF 0[THEN &E(2)], simplified] by blast
moreover AOT-have —([[F]™“|t & [[G]™"]s & [R]ts)>
proof (rule raa—cor:2)
AOT-assume <([[F]7 "]t & [[G]™"]s & [R]ts)>
AOT-hence ([[G]™"]s» using &FE by blast
AOT-thus s =g v & —(s =g v)
by (metis II-minus-k E2 =E(4) reductio—aa:1 s-eq-v thm—neg=F)
qed
ultimately AOT-have «t =g u & s =g v
by (metis VE(2))
AOT-thus <t =g uw» using &F by blast
qed
}
ultimately AOT-show 3!r ([F]r & [« ?R»|rs)»
using =F(2) equi:1 reductio—aa:2 by fast
qed
qed

AOT-theorem approz—cont:1: <KAFAG O(F =g G & O—F =g G)»
proof —

let 7P = ««[\z E'z & —AE!z]»

AOT-have «Qqo & O—qo> by (metis qo-prop)
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AOT-hence I: <03 z(Elz & -AE!z) & O—Jz(Elz & ~AE!z))
by (rule qo-def[THEN =45 E(2), rotated])
(simp add: log—prop—prop:2)
AOT-have ¥: <03z [«?P»|z & O—Tz [« 7P»]a»
apply (AOT-subst <[« ?P»|x) «Blx & —AFE!z) for: z)
apply (rule beta— C—meta| THEN — E}; cqt:2[lambda))
by (fact 1)
show ?thesis
proof (rule 31(1))+
AOT-have «Q[L]” =g [«?P»] & O-[L]” =g [«?P»]
proof (rule &I; rule RMO[THEN —E]; (rule —1)?)
AOT-modally-strict {
AOT-assume A: <=3z [« ?P»]n>
AOT-show «[L]” =g [«?P»)
proof (safe introl: empty—approz: 1[unvarify F H, THEN —E)
rel—neg—T:3 &I)
AOT-show <[« ?P»]]» by cqt:2[lambda)
next
AOT-show =3 u [L™|w
proof (rule raa—cor:2)
AOT-assume Ju [L™|w
then AOT-obtain v where (L™ |w
using Ordinary.3 E[rotated] by blast
moreover AOT-have (—[L™|u
using thm—noncont—e—e:2[THEN contingent—properties:2| THEN =4y E|,
THEN &E(2)]
by (metis gml:2[aziom-inst] rule—ui:3 —E)
ultimately AOT-show (p & —p» for p
by (metis raa—cor:3)
qed
next
AOT-show -3 v [« ?P»]|v
proof (rule raa—-cor:2)
AOQT-assume v [« ?P»]v
then AOT-obtain u where [« ?P»|uw
using Ordinary.3 E[rotated] by blast
AOQOT-hence <[« ?P»]uw
using &F by blast
AOT-hence 3z [« ?P»]x
by (rule 31)
AOT-thus 3z [«?Py»]z & =3Iz [« ?P»]n>
using A &I by blast
qed
qed
}
next
AOT-show Q-3 z [« ?P»]x)
using ¥ &FE by blast
next
AOT-modally-strict {
AOT-assume A: <3z [« ?P»]x
AOT-have B: «=[«?P»] =g [L]™»
proof (safe introl: empty—approz: 2[unvarify F H, THEN —E]
rel—meg—T:3 &I)
AOT-show ([« ?P»]]»
by cqt:2[lambda)
next
AOT-obtain z where Px: ([« ?P»]x>
using A 3 E by blast
AOT-hence <Elz & ~AFE!z)
by (rule B—C(1))
AOT-hence I: «<Q0E!z)
by (metis TO &E(1) vdash—properties: 10)
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AOT-have Az QE!z]z
by (auto introl: B+ C(1) cqt:2 1)
AOT-hence O!z»
by (rule AOT-ordinary[THEN =451(2), rotated]) cqt:2[lambdal
AOT-hence (Olz & [« ?P»]n>
using Pz &I by blast
AOT-thus Ju [« ?2P»]u
by (rule 31I)
next
AOT-show «—3u [L™|w
proof (rule raa—cor:2)
AOT-assume Ju [L™|w
then AOT-obtain u where (L™ |u
using Ordinary.3 E[rotated] by blast
moreover AOT-have (—[L™|w
using thm—noncont—e—e:2[THEN contingent—properties:2| THEN =4y E|]
by (metis gml:2[aziom-inst] rule—ui:3 —E &E(2))
ultimately AOT-show «p & —p» for p
by (metis raa—cor:3)
qed
qed
AOT-show «—[L]” =g [«?P»)
proof (rule raa—cor:2)
AOT-assume ([L]” =g [«?P»]»
AOT-hence ([« ?P»] ~p [L]"»
apply (rule eq—part:2[unvarify F G, THEN —E, rotated 2])
apply cqt:2[lambda)
by (simp add: rel—neg—T:3)
AOT-thus «[«?P»] =g [L]” & —[«?P»] ~g [L]7»
using B &I by blast
qged
}
next
AOT-show O3z [« ?P»]n>
using ¥ &F by blast
qed
AOT-thus «Q([L]” =g [«?P»] & O—[L]” =g [«?P»])
using S5Basic:11 =FE(2) by blast
next
AOT-show «[Az [Ellz & -~ A[E!]|z]}>
by cqt:2
next
AOT-show «[L]™ ]»
by (simp add: rel—neg—T:3)
qed
qged

AOT-theorem approx—cont:2:
«FFIG O([Az A[F)z] =g G & O-[Az A[F)z] =g G)»
proof —
let 2P = ««[\z Elz & —AE!z]»
AOT-have «Qqo & O—qo> by (metis qo-prop)
AOT-hence I: <03 z(Elz & —AE!z) & O—Jz(Elz & -~ AEFE!z))
by (rule qo-def[THEN =45 E(2), rotated])
(simp add: log—prop—prop:2)
AOT-have 9: <03z [«?P»]z & O—Iz [« Z2P»|z>
apply (AOT-subst <[« ?Py»]z> «Elz & —AEFE!x) for: z)
apply (rule beta—C—meta| THEN —E]; cqt:2)
by (fact 1)
show ?thesis
proof (rule 31(1))+
AOT-have «QO[Az A[L7]z] =g [« ?P»] & O—[Az A[L7]z] =g [«?P»]

316



proof (rule &I; rule RMO[THEN —E]; (rule —1)?)
AOT-modally-strict {
AOT-assume A: <=3z [« ?P»])
AOT-show «[Az A[L7]z] =g [« 2P»]>
proof (safe introl: empty—approz: 1funvarify F H, THEN —E)|
rel—neg—T:3 &I)
AOT-show <[« ?P»]|» by cqt:2
next
AOT-show «—3u [Az A[L7]z]w
proof (rule raa—cor:2)
AOQT-assume Ju [Az A[L7]z]w
then AOT-obtain u where ([\z A[L7]z]w
using Ordinary.3 E[rotated] by blast
AOT-hence <A[L™|w
using f— C(1) &E by blast
moreover AOT-have O-[L™ Jw
using thm—noncont—e—e:2[THEN contingent—properties:2| THEN =4y E|]
by (metis RN gml:2[aziom-inst] rule—ui:3 —E &E(2))
ultimately AOT-show <p & —p» for p
by (metis Act—Sub:3 KBasic2:1 =E(1) raa—cor:8 —E)
qed
next
AOT-show —3v [« ?P»]|v
proof (rule raa—-cor:2)
AOQT-assume v [« ?P»]v
then AOT-obtain u where ([« ?P»|uw)
using Ordinary.3 E[rotated] by blast
AOQOT-hence <[« ?P»]uw
using &F by blast
AOT-hence 3z [« ?P»]x
by (rule 31)
AOT-thus 3z [«?Py»]z & =Tz [« ?P»]n>
using A &I by blast

qed
next
AOT-show «([\z A[L™|z]}» by cqt:2
qed
}
next
AOT-show «O—3Jz [« ?P»]z> using ¥ &E by blast
next

AOT-modally-strict {
AOQT-assume A: <3z [« ?P»]|x>
AOT-have B: «—[«?P»] =g [A\z A[L™]z]
proof (safe introl: empty—approz:2[unvarify F H, THEN —E]
rel—neg—T:3 &I)
AOT-show <[« ?P»]]» by cqt:2
next
AOT-obtain z where Px: ([« ?P»]x>
using A 3 E by blast
AOT-hence (E!z & -AFE!z)
by (rule B—C(1))
AOT-hence <QFEz»
by (metis TO &E(1) —E)
AOT-hence ([Az OE!z]z
by (auto introl: B+ C(1) cqt:2)
AOT-hence «Olz»
by (rule AOT-ordinary[THEN =q51(2), rotated]) cqt:2
AOT-hence Oz & [« 7P»]>
using Pz &I by blast
AOT-thus Ju [« 2P»]u
by (rule 31)
next
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AOT-show «—3u [Az A[L7]z]w
proof (rule raa—cor:2)
AOT-assume Ju [Az A[L™]z]w
then AOT-obtain u where ([A\z A[L™]z]w
using Ordinary.3 E[rotated] by blast
AOT-hence «A[L™|w
using f— C(1) &E by blast
moreover AOT-have <O-[L™ u
using thm—noncont—e—e:2[THEN contingent—properties:2| THEN =4y E|]
by (metis RN gml:2[aziom-inst] rule—ui:3 —FE &E(2))
ultimately AOT-show <p & —p» for p
by (metis Act—Sub:3 KBasic2:1 =E(1) raa—cor:8 —E)
qed
next
AOT-show «([A\z A[L™]z]}» by cqt:2
qed
AOT-show —[Az A[L7]2] =g [«?P»)
proof (rule raa—cor:2)
AOT-assume ([A\z A[L7]z] =g [«?P»]»
AOT-hence ([« ?P»] ~g [Az A[L™]z)
by (rule eq—part:2[unvarify F G, THEN —E, rotated 2])
cqt: 2+
AOT-thus ([« ?P»] =g [Az A[L7]z] & -[«?P»] =g [A\z A[L7]z]
using B &I by blast
qged
}
next
AOT-show 03z [« ?P»]z>
using ¥ &F by blast
qed
AOT-thus «O([Az A[L7]z] =g [«?P»] & O—[Az A[L7]z] =g [«?P»])»
using S5Basic:11 =FE(2) by blast
next
AOT-show «[Az [El|lz & —A[E!|z]{» by cqt:2
next
AOT-show <[L]”}»
by (simp add: rel—neg—T:3)
qged
qed

notepad
begin

We already have defined being equivalent on the ordinary objects in the Extended Relation Comprehen-
sion theory.

AOT-have <F =g G =45 F| & G| & Vu ([Flu = [Glu)) for F G
using eqF by blast
end

AOT-theorem apE—eqE:1: <F =g G — F =~ G»
proof(rule —1)
AOT-assume 0: <F =g G»
AOT-have (3R R |Z Fqi 1«—r G
proof (safe introl: A1(1)[where T=«(=g)»] equi:2[THEN =451] &I
=F[denotes] cqt:2[const-var][aziom-inst] Ordinary. GEN
—1 equi:1[THEN =E(2)])
fix u
AOT-assume Fu: ([F|u)
AOT-hence Gu: (G|w
using =47 FE[OF eqE, OF 0, THEN &FE(2),
THEN Ordinary.Y Elwhere a=u|, THEN =E(1)]
Ordinary.yy Fu by blast
AOT-show 3v ([Glv & u =g v & V' ([Glv' & uw =g v = v =g v)
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by (safe intro!: Ordinary.3 I[where S=u] &I GEN —I Ordinary.y Gu
ord=FEequiv:1[THEN —E, OF Ordinary.y)
ord=FEequiv:2|THEN —E] dest!: &E(2))
next
fix v
AOT-assume Gu: ([G]v
AOT-hence Fu: <[F]v
using =, E[OF eqE, OF 0, THEN &E(2),
THEN Ordinary.¥Y Elwhere a=v|, THEN =E(2)]
Ordinary.yp Guv by blast
AOT-show Ju ([Flu& uv=p v & Vo' ([Flv'& v' =g v = v =g u))
by (safe introl: Ordinary.3 I[where S=v] &I GEN —I Ordinary.ip Fv
ord=Fequiv:1[THEN —E, OF Ordinary.y)]
ord=FEequiv:2|THEN —E] dest!: &E(2))
qed
AOT-thus (F ~p G»
by (rule equi:3[THEN =q4¢1))
qed

AOT-theorem apE—eqE:2: «(F =g G & G =g H) » F ~g H)
proof(rule —1)
AOT-assume (F ~p G & G = H»
AOT-hence (F ~g G» and <G =g H»
using apE—eqE:1[THEN —FE] &E by blast+
AOT-thus «F ~p H»
by (metis Adjunction eq—part:8 vdash—properties:10)
qed

AOT-act-theorem eq—part—act:1: <[\z A[F]z] =g F»
proof (safe introl: eqE[THEN =q4;1] &I cqt:2 Ordinary. GEN —1I)
fix u
AOT-have Az A[F]z]u = A[F]w
by (rule beta—C—meta|[THEN —E)) cqt:2[lambda]
also AOT-have «... = [Flw
using act—conj—act:4 logic—actualact-aziom-inst, THEN —E] by blast
finally AOT-show Az A[F]z]u = [F|w.
qed

AOT-act-theorem eq—part—act:2: Az A[F]z] ~g F»
by (safe introl: apE—eqE:1[unvarify F, THEN —E] eq—part—act:1) cqt:2

AOT-theorem actuallyF:1: <A(F =g [Az A[F]z])
proof —
AOT-have I: <A([F|z = A[F]z)) for z
by (meson Act—Basic:5 act—conj—act:4 =E(2) Commutativity of =)
AOT-have <A([F]z = [\z A[F]z]z) for =
apply (AOT-subst Az A[F]z]z> «A[F]z»)
apply (rule beta— C—meta| THEN —E))
apply cqt:2[lambda]
by (fact 1)
AOT-hence Olz — A([Flz = [A\z A[F]z]z) for z
by (metis —1I)
AOT-hence Vu A([Flu = [Az A[F]z]u)>
using VI by fast
AOT-hence I: <AV u ([Flu = [Az A[F]z]u)>
by (metis Ordinary.res—var—bound—reas[2] —E)
AOT-modally-strict {
AOT-have Az A[F|z]|» by cqt:2
} note 2 = this
AOT-have <A(F =g [z A[F]z])»
apply (AOT-subst <F =g [A\z A[F|z]» ~Vu ([Flu = [z A[F]z]u)»)
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using egE|THEN =Df, THEN =5(1), OF &I,
OF cqt:2[const-var][aziom-inst], OF 2]
by (auto simp: 1)
moreover AOT-have (A(F =g [\z A[F]z] — F =g [Az A[F]z])»
using apE—eqE: 1[unvarify G, THEN RA[2], OF 2] by metis
ultimately AOT-show <(AF ~g [A\z A[F]z]
by (metis act—cond —E)
qed

AOT-theorem actuallyF:2: <Rigid([A\z A[F]z])
proof(safe introl: GEN —I df—rigid—rel:1[THEN =q451] &I)
AOT-show «[Az A[F]z]|» by cqt:2
next
AOT-show (OVz ([Az A[F]z]z — O[\z A[F]z]z)»
proof(rule RN; rule GEN; rule —1)
AOT-modally-strict {
fix z
AQT-assume ([\z A[F]z]z
AOT-hence <A[F]z
by (rule B—C(1))
AOT-hence I: <OA[F]z» by (metis Act—Basic:6 =E(1))
AOT-show O[\z A[F]z]z>
apply (AOT-subst <Az A[F]z]z) <A[F]z))
apply (rule beta—C—meta| THEN —E])
apply cgt:2[lambdal)
by (fact 1)
}

ged
qed

AOT-theorem approz—nec:1: <Rigid(F) — F ~g [Az A[F]z]»
proof(rule —1)
AOT-assume (Rigid([F])»
AOT-hence A: <OV z ([Flz — O[F]z)»
using df—rigid—rel: 1| THEN =4;E, THEN &FE(2)] by blast
AOT-hence 0: Vz O([F]z — O[F|z)»
using CBF[THEN —E] by blast
AOT-hence I: Vz ([Flz — O[F]z)
using A gml:2[aziom-inst, THEN —E|] by blast
AOT-have act-F-den: <Az A[F]z]}»
by cqt:2
AOT-show (F ~g [A\z A[F]z]
proof (safe introl: apE—eqE: 1[unvarify G, THEN —E] eqE[THEN =q41] &I
cqt:2 act-F-den Ordinary. GEN —1 =1)
fix u
AOT-assume <[F]u
AOT-hence O[F|uw
using I[THEN V E(2), THEN —E] by blast
AOT-hence act-F-u: «(A[F|u)
by (metis nec—imp—act —E)
AOT-show «[Az A[F|z]u
by (auto introl: B+ C(1) cqt:2 act-F-u)
next
fix u
AOT-assume ([\z A[F]z]w
AOT-hence «A[F]uw
by (rule B—C(1))
AOT-thus ([F]u
using 0[THEN V E(2)]
by (metis =E(1) sc—eq—fur:2 —E)
qed
qed
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AOT-theorem appror—nec:2:
(F~p G=VH ([\2 A[H]z] =g F = [\z A[H]z] ~g G)
proof(rule =I; rule —1I)
AOT-assume 0: <F =g G»
AOT-assume 0: <F ~g G»
AOT-hence VH (H ~g F = H =g G)»
using eq—part:4[THEN =E(1), OF 0] by blast
AOT-have ([ \z A[H|z] =g F = [z A[H]z] =g G) for H
by (rule ¥V E(1)[OF eq—part:4J|[THEN =FE(1), OF 0]]) cqt:2
AOT-thus <VH ([A\z A[H]z| =g F = [A\z A[H|2] =g G)
by (rule GEN)
next
AOT-assume 0: <VH ([A\z AlH]z| =g F = [A\z A[H]z] =g G)
AOT-obtain H where <Rigidifies(H,F)»
using rigid—der:3 3 E by metis
AOT-hence H: <Rigid(H) & Yz ([H]z = [Flz)
using df—rigid—rel:2[THEN =4 E] by blast
AOT-have H-rigid: <OV z ([H]z — O[H]z)>
using H[THEN &E(1), THEN df—rigid—rel:{{THEN =q;E), THEN &E(2)].
AOT-hence Vz O([H]z — O[H]z)»
using CBF vdash—properties: 10 by blast
AOT-hence O([H]z — O[H]z)» for z using V E(2) by blast
AOT-hence rigid: «[H]z = A[H]z» for z
by (metis =E(6) oth—class—taut:3:a sc—eq—fur:2 —E)
AOT-have (H =g F»
proof (safe introl: eqE[THEN =q¢1]| &I cqt:2 Ordinary. GEN —1)
AOT-show ([H|u = [F]w for u using H[THEN &E(2)| V E(2) by fast
qed
AOT-hence (H =g F»
by (rule apE—eqE:2][THEN —E, OF &I, rotated))
(simp add: eq—part:1)
AOT-hence F-approz-H: <F ~g H»
by (metis eqg—part:2 —F)
moreover AOT-have H-eg-act-H: <H =g [\z A[H]z]
proof (safe introl: eqE[THEN =q¢1| &I cqt:2 Ordinary. GEN —1)
AOT-show «[H]u = [Az A[H|z]u) for u
apply (AOT-subst <Az A[H|z|lw «A[H]u»)
apply (rule beta— C—meta| THEN —E])
apply cqt:2[lambdal
using rigid by blast
qed
AOT-have a: <F =g [A\z A[H]z]>
apply (rule apE—eqE:2[unvarify H, THEN —F))
apply cqt:2[lambda]
using F-approz-H H-eq-act-H &I by blast
AOT-hence Az A[H]z]| =g F»
apply (rule eq—part:2[unvarify G, THEN —E, rotated))
by cqt:2[lambda]
AOT-hence b: Xz A[H|z] =g G»
by (rule O|THEN V E(1), THEN =E(1), rotated]) cqt:2
AQOT-show (F =g G»
by (rule eq—part:3[unvarify G, THEN —E, rotated, OF &I, OF a, OF b))
cqt:2
qged

AOT-theorem appror—nec:3:
(Rigid(F) & Rigid(G)) — O(F ~p G — OF ~g G)
proof (rule —1I)
AOT-assume <Rigid(F) & Rigid(G)»
AOT-hence OV z([F]z — O[F]z)» and OV z([G]z — O[G]z)>
using df—rigid—rel: 1] THEN =4;E, THEN &FE(2)] &E by blast+
AOT-hence OOV z([F]z — O[F]z) & OV z([G]z — O[G)z))>
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using KBasic:8 4 &I =FE(2) vdash—properties:10 by meson
moreover AOT-have O(0OV z([F|z — O[F]z) & OV z([G]z — O[G]z)) —
proof(rule RM; rule —I; rule —1I)
AOT-modally-strict {
AOT-assume OV z([Flz — O[F]z) & OV z([G]z — O[G]z)>
AOT-hence OV z([F]z — O[F]z)» and OV z([G]z — O[G]z)»
using &F by blast+
AOT-hence V20([F]z — O[F]z) and «VzO([G]z — O[G]z)>
using CBF|THEN —E] by blast+
AOT-hence F-nec: <O([Flz — O[F]z)»
and G-nec: <O([G]z — O[G]z)> for z
using V E(2) by blast+
AOT-assume (F ~g G»
AOT-hence <3R R |: F 1_1—p G
by (metis =q¢ E equi:3)
then AOT-obtain R where <R |: F 1_1+—g G
using 3 E[rotated] by blast
AOT-hence CI: <Vu ([Flu — 3lv ([Gv & [R]uw))»
and C2: Vv ([Glv — Tlu ([Flu & [R]uv))»
using equi:2[THEN =45 E] &E by blast+
AOT-obtain R’ where (Rigidifies(R’, R)»
using rigid—der:8 3 E[rotated] by blast
AOT-hence I: <Rigid(R’) & Vz1..Vzn ([R21...70n = [R]Z1...20)>
using df—rigid—rel: 2] THEN =4y E] by blast
AOT-hence OV 21..V z,, ([R]z1...200 — O[R'|71...2)>
using df —rigid—rel: [THEN =q5FE] &E by blast
AOQT-hence Vzi..Vz, (O[R]z1...70. — O[R|z1...75)>
using =FE(1) rigid—rel—thms:1 by blast
AQT-hence D: Vz1Vzo (O[R|z172 — D[R |2132)
using tuple-forall[ THEN =4y E] by blast
AOT-have E: V21V z2 ([R|1122 = [R]T172)>
using tuple-forall[ THEN =44 E, OF 1[THEN &E(2)]] by blast
AQT-have Vu O([Flu — 3!v ([G]v & [Ruv))»
and Vv O([Glv — lu ([Flu & [RJuw))»
proof (safe introl: Ordinary. GEN —1)
fix u
AOT-show O([Flu — I ([G]v & [Ruv))»
proof (rule raa—cor:1)
AQT-assume —O([Flu — 3lv ([G]v & [R|uv))>
AOT-hence 1: <0—([F]lu — Il ([G]v & [R'uv))>
using KBasic:11 =FE(1) by blast
AOT-have «(O([F]u & —3!v ([G]v & [R'Juv))»
apply (AOT-subst <[Flu & —Ilv ([G]v & [R'|uv)>
<—([Flu = 3o ([Glv & [Rw))»)
apply (meson =E(6) oth—class—taut:1:b oth—class—taut:3:a)
by (fact 1)
AOQOT-hence A: «<Q[Flu & ¢O—3!v ([G]v & [Ruv)»
using KBasic2:3 —E by blast
AOT-hence O[F|u»
using F-nec &FE(1) =E(1) sc—eq—bozx—bozx:1 —E by blast
AOT-hence ([Flu
by (metis gml:2[aziom-inst] —E)
AOT-hence 3v ([Glv & [R]uv)»
using CI[THEN OrdinaryN E, THEN —E] by blast
AOT-hence 3v ([Glv & [Rluv & Vo' ([G]v' & [Rlww’ — v' =g v))»
using equi:I[THEN =E(1)] by auto
then AOT-obtain a where
a-prop: <Ola & ([Gla & [R]ua & Vv’ ([Glv’ & [Rluv’ — v’ =g a))»
using 3 E[rotated] by blast
AOT-have 3v O([G]v & [Ruv & Vv’ ([G]v' & [Ruv’ — v’ =g v))»
proof(safe intro!: 31(2)[where f=a] &I a-prop|THEN &E(1)]
KBasic:3|THEN =FE(2)])
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AOT-show J[G]a
using a-prop[THEN &E(2), THEN &E(1), THEN &E(1)]
by (metis G-nec gml:2[aziom-inst] —E)
next
AOT-show O[Rua
using D|THEN ¥ E(2), THEN Y E(2), THEN —E]
E[THEN ¥ E(2), THEN ¥ E(2), THEN =E(2),
OF a-prop[THEN &E(2), THEN &E(1), THEN &E(2)]]
by (metis TO —F)
next
AOT-have Vv’ O([G]v' & [Ruv’ — v’ =g a)
proof (rule Ordinary. GEN; rule raa—cor:1)
fix v’
AOT-assume «—0O([G]v & [Ruv’ — v' =g a)»
AOT-hence 0= ([G]v' & [Ruv’ — v’ =g a)
by (metis KBasic:11 =E(1))
AOT-hence O([G]v' & [R|lw’ & —v' =g a)»
by (AOT-subst <[Glv' & [R|w’ & —v' =g @
—([GIv' & [R|w" — v/ =g a))
(meson =E(6) oth—-class—taut: 1:b oth— class—taut:3:a)
AOT-hence I: <0[G]v" and 2: <Q[RJuv’s and 3: «0—v' =g o
using KBasic2:3[THEN —E, THEN &E(1)]
KBasic2:3|THEN —E, THEN &E(2)] by blast+
AOT-have Gv": <(|G]v") using G-nec 1
by (meson BO KBasic:13 —F)
AOT-have O[R'Juv"
using 2 D[THEN Y E(2), THEN ¥ E(2), THEN —E| by blast
AOT-hence R'uwv": «[Rluv’
by (metis BO TO —E)
AOT-hence ([RJuv’
using E[THEN Y E(2), THEN ¥ E(2), THEN =E(1)] by blast
AOT-hence <v' =g o
using a-prop[THEN &E(2), THEN &E(2), THEN Ordinary.N E,
THEN —E, OF &I, OF Gv'| by blast
AOT-hence {O(v' =g a)»
by (metis id—nec3:1 =E(4) raa—cor:3)
moreover AOT-have «-0(v' =g a)
using 3 KBasic:11 =E(2) by blast
ultimately AOT-show (v’ =g a) & -O(v' =g a)»
using &I by blast
qged
AOT-thus OV v'([Gv' & [R|lw’ — v’ = a)
using Ordinary.res—var—bound—reas|BF] —E by fast
qed
AOT-hence <03v ([Glv & [Rwv & Vo' ([G]v' & [Rluwv’ — v/ =g v))»
using Ordinary.res—var—bound—reas[Buridan] —E by fast
AOT-hence <03y ([G]v & [R'|uv)>
by (AOT-subst-thm equi:1)
moreover AOT-have (=03 !v ([G]v & [R'|uv)>
using A[THEN &E(2)] KBasic:11[THEN =E(2)] by blast
ultimately AOT-show O3!v ([G]v & [R|w) & =03 v ([Glv & [Ruv)>
by (rule &I)
qed
next
fix v
AOT-show O([G]v — Flu ([Flu & [Ruv))»
proof (rule raa—cor:1)
AOT-assume —0O([G]v — Flu ([Flu & [R]uv))>
AOT-hence I: <0=([Glv — Flu ([Flu & [R'|w))>
using KBasic:11 =E(1) by blast
AOT-hence O([G]v & —=F!u ([Flu & [R|uww))»
by (AOT-subst <[Glv & —Flu ([Flu & [R'Juv)>
—([Glv = I ([Flu & [Ruv)))
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(meson =E(6) oth—-class—taut:1:b oth—class—taut:3:a)
AOT-hence A: <QO[G]v & O—3!u ([Flu & [RJuv)>
using KBasic2:3 —FE by blast
AOT-hence O[G]v
using G-nec &E(1) =E(1) sc—eq—boz—boz:1 —E by blast
AOT-hence ([ G|v) by (metis gml:2[aziom-inst] —E)
AOT-hence 3lu ([Flu & [R]uv)>
using C2[THEN OrdinaryN E, THEN —E] by blast
AOT-hence Ju ([Flu & [Rluv & Vu' ([F]u’ & [Rlu'v — v’ =g w))
using equi: [[THEN =E(1)] by auto
then AOT-obtain a where
a-prop: <Ola & ([Fla & [Rlav & Vu' ([Flu’ & [Rlu'v — v’ =g a))
using 3 E[rotated] by blast
AOT-have (Ju O([Flu & [Ruv & Yu' ([Flu' & [Ru'v — u' =g u))
proof(safe intro!: 31(2)[where f=a] &I a-prop|THEN &E(1)]
KBasic:3|THEN =E(2)])
AOT-show <O[F|a
using a-prop[THEN &E(2), THEN &E(1), THEN &E(1))
by (metis F-nec gml:2[aziom-inst] —F)
next
AQOT-show (O[R']|av
using D[THEN ¥ E(2), THEN ¥ E(2), THEN —E)
E[THEN Y E(2), THEN ¥ E(2), THEN =E(2),
OF a-prop| THEN &E(2), THEN &E(1), THEN &E(2)]]
by (metis TO —F)
next
AOT-have Vu' O([F]u’ & [Rlu'v = u' =g a)»
proof (rule Ordinary. GEN; rule raa—cor:1)
fix u’
AOT-assume —O([Flu’ & [Ru'v = v’ =g a)
AOT-hence (O—([Flu' & [R|lu'v — u' =g a)
by (metis KBasic:11 =E(1))
AOT-hence O([Flu' & [Ru'v & —u' =g a)»
by (AOT-subst «[Flu’ & [Ru'v & —u’' =g @
—([Flu' & [RNu'v = v’ = a))
(meson =E(6) oth—-class—taut:1:b oth—class—taut:3:a)
AOT-hence I: «Q[F|u’ and 2: «0[R/|u’v> and 3: «0—u' =g @
using KBasic2:3([THEN —E, THEN &E(1)]
KBasic2:3[THEN —E, THEN &E(2)] by blast+
AOT-have Fu': ([Flu’y using F-nec 1
by (meson BO KBasic:18 —FE)
AOT-have O[R/|u'v
using 2 D[THEN V E(2), THEN YV E(2), THEN —E] by blast
AOT-hence R'u'v: <([R'|u'v
by (metis B0 TO —F)
AOT-hence ([R]u'v
using E[THEN Y E(2), THEN ¥ E(2), THEN =E(1)] by blast
AOT-hence (v’ = @
using a-prop[THEN & E(2), THEN &E(2), THEN Ordinary.V E,
THEN —E, OF &I, OF Pu'] by blast
AOT-hence O(u’ =g a)
by (metis id—nec3:1 =E(4) raa—cor:3)
moreover AOT-have «(-0(u’ =g a)»
using 3 KBasic:11 =E(2) by blast
ultimately AOT-show (v’ =g a) & -0O(u’ =g a)
using &I by blast
qed
AOT-thus «\OVu/'([Flu’ & [Ru'v — v’ =g a)
using Ordinary.res—var—bound—reas|BF] —E by fast
qed
AOT-hence 1: <03 u ([Flu & [Ruv & Vu' ([Flu’ & [Ru'v = u' =g u))
using Ordinary.res—var—bound—reas[Buridan] —E by fast
AOQOT-hence O3u ([Flu & [Ruv)>
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by (AOT-subst-thm equi:1)
moreover AOT-have (-3 !u ([Flu & [R|uv)»
using A[THEN &E(2)] KBasic:11[THEN =E(2)] by blast
ultimately AOT-show 03!y ([Flu & [R|ww) & =03 !u ([Flu & [R|uv)>
by (rule &I)
qed
qed
AOT-hence <V u ([Flu — 3!v ([Gv & [RJw))>
and (Vo ([Glv = 3lu ([Flu & [R|uv))
using Ordinary.res—var—bound—reas|BF||[THEN —E] by auto
moreover AOT-have J[R']}» and O[F]|» and O[G]|»
by (simp-all add: ex:2:a)
ultimately AOT-have O([R])} & [F]| & [G{ & YVu ([Flu — Ilv ([G]v & [Rw)) &
Vo ([Glv — Il ([Flu & [Ruv)))>
using KBasic:3 &I =E(2) by meson
AQOT-hence \OR' |: F 1_1+—g &
by (AOT-subst-def equi:2)
AOT-hence <3RUOR |: F 1-1+—r &
by (rule 31(2))
AOT-hence <O3R R |: F 1-1+—5 G
by (metis Buridan —E)
AOT-thus <OF ~g G»
by (AOT-subst-def equi:3)
}

ged
ultimately AOT-show (O(F ~g G — OF =g G)»
using —F by blast
qged

AOT-define numbers :: <1 = 7 = > («Numbers'(-,-")»)
«Numbers(z,G) =45 Alz & Gl & VF(2[F] = [A\z A[F]2] =g G)»

AOT-theorem numbers|den]:
AL} — (Numbers(k, IT) = Alk & V F(k[F] = [A\z A[F]z] ~g II))»
apply (safe introl: numbers| THEN =q51] &I =1 —1 cqt:2
dest!: numbers| THEN =4y E])
using &F by blast+

AOT-theorem num—tran:1:
«G =g H — (Numbers(z, G) = Numbers(z, H))>
proof (safe introl: —1 =I)
AOT-assume 0: <G ~g H>»
AOT-assume <Numbers(z, G)»
AOT-hence Az: <Alzy and 9: <V F (z[F] = [\z A[F]z] =~ G)»
using numbers|[ THEN =q4;FE] &E by blast+
AOT-show Numbers(z, H)»
proof(safe introl: numbers]/THEN =4I| &I Az cqt:2 GEN)
fix F
AOT-have (z[F] = [A\z A[F]z] =g G
using Y[THEN V E(2)].
also AOT-have «... = [A\z A[F]z] =g H»
using 0 approz—nec:2[THEN =E(1), THEN YV E(2)] by metis
finally AOT-show <(z[F] = [A\z A[F]z] =g H>.
qged
next
AOT-assume <G ~g H»
AOT-hence 0: <H ~g G)
by (metis eq—part:2 —F)
AOT-assume «(Numbers(z, H)»
AOT-hence Az: <Alzy and 9: «V F (z[F] = Az A[F)z] =g H)
using numbers[THEN =4¢E] &E by blast+
AOT-show (Numbers(z, G)»
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proof(safe intro!: numbers|[THEN =471 &I Az cqt:2 GEN)
fix F
AOT-have (z[F] = [A\z A[F]z] ~g H»
using Y[THEN V E(2)].
also AOT-have «... = [Az A[F]z] =g G
using 0 approz—nec:2[THEN =E(1), THEN VY E(2)] by metis
finally AOT-show «(z[F| = [Az A[F]z] =g G.
qed
qed

AQOT-theorem num—tran:2:
«(Numbers(z, G) & Numbers(z,H)) - G =g H»
proof (rule —I; frule &E(1); drule &E(2))
AOT-assume (Numbers(z,G)>
AOT-hence VF (z[F] = [\z A[F]z] =g G)»
using numbers|THEN =4;E] &E by blast
AOT-hence I: «z[F] = [Az A[F]z] =g G) for F
using V E(2) by blast
AOQT-assume «Numbers(z,H)>
AOT-hence <V F (z[F] = [\z A[F|z] =g H)»
using numbers[THEN =4¢E] &E by blast
AOT-hence (z[F] = [A\z A[F|z] ~g H» for F
using V E(2) by blast
AOT-hence ([ \z A[F|z] g G = [\z A[F|z] ~g H> for F
by (metis 1 =E(6))
AOT-thus (G ~g H»
using approz—nec:2[THEN =FE(2), OF GEN] by blast
qged

AOT-theorem num—tran:3:
«G =g H — (Numbers(z, G) = Numbers(z, H))>
using apE—eqE:1 Hypothetical Syllogism num—tran:1 by blast

AOT-theorem pre— Hume:
«(Numbers(z,G) & Numbers(y,H)) — (z = y = G =g H)»
proof(safe introl: —I =I; frule &E(1); drule &E(2))
AQT-assume Numbers(z, G)»
moreover AOT-assume <z = y»
ultimately AOT-have (Numbers(y, G)» by (rule rule=FE)
moreover AOT-assume «Numbers(y, H)»
ultimately AOT-show <G ~g H) using num—tran:2 —FE &I by blast
next
AOT-assume (Numbers(z, G)»
AOT-hence Az: <Alzy and zF: YV F (z[F] = [Az A[Fz] ~g G)»
using numbers[THEN =q4E] &E by blast+
AOT-assume (Numbers(y, H)»
AOT-hence Ay: <Aly» and yF: VF (y[F] = [\z A[F]z] =g H)»
using numbers[THEN =4 E] &E by blast+
AOT-assume G-approz-H: <G ~g H>»
AOT-show x =
proof(rule ab—obey: 1[THEN —E, THEN —E, OF &I, OF Az, OF Ay|; rule GEN)
fix F
AOT-have (z[F] = [\z A[F]z] =g G»
using zF[THEN V E(2)].
also AOT-have «... = [A\z A[F]z] =g H»
using approz—nec:2|[THEN =FE(1), OF G-approz-H, THEN Y E(2)].
also AOT-have ... = y[F]
using yF[THEN YV E(2), symmetric].
finally AOT-show «(z[F] = y[F].
qed
qed

AOT-theorem two—num—not:
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«JuIv(u # v) — F23 G3 H(Numbers(z,G) & Numbers(z, H) & -G =g H)»
proof (rule —1)
AOT-have egE-den: <Az z =g y]}» for y by cqt:2
AOT-assume Judv(u # v)»
then AOT-obtain ¢ where Oc: <Olcy and v (¢ # v)
using &FE 3 Efrotated) by blast
then AOT-obtain d where Od: <O!d)> and c-noteq-d: <c # d»
using &F 3 E[rotated] by blast
AOT-hence c-notegE-d: <c #g d»
using =F—simple:2|THEN —E] =FE—simple:2 =F(2) modus—tollens:1
=—infit =45 E thm—neg=FE by fast
AOT-hence not-c-eqFE-d: <—c =g d»
using =FE(1) thm—neg=FE by blast
AOT-have 3z (Alz & VF (z[F] = [\z A[F]z] =g [Az z =E c]))»
by (simp add: A—objects[axiom-inst])
then AOT-obtain a where a-prop: (Ala & V F (a[F] = [Az A[F]z] =g [Az z =g c])»
using 3 E[rotated] by blast
AOT-have Iz (Alz & VF (z[F] = [Az A[F]z] =g [A\x z =g d]))»
by (simp add: A—objects vdash—properties:1[2])
then AOT-obtain b where b-prop: <Alb & V F (b[F] = [z A[F]z] =g [A\z z =g d]|)
using 3 E[rotated] by blast
AOT-have num-a-eg-c: <Numbers(a, [\z z =g c])»
by (safe introl: numbers| THEN =q4¢1] &I a-prop| THEN & E(1)]
a-prop| THEN &E(2)]) cqt:2
moreover AOT-have num-b-eq-d: «Numbers(b, [\z z =g d])
by (safe introl: numbers| THEN =q451] &I b-prop[THEN &E(1)]
b-prop[ THEN &E(2)]) cqt:2
moreover AOT-have Az z =g ¢] =g Az z =g d]
proof (rule equi:3[THEN =451])
let R = «[Azy (z =g ¢ & y =g d)|»
AOT-have Rcd: <[« ?R»]cd»
by (auto introl: B+ C(1) cqt:2 &I prod-denotesl
ord=FEequiv:1[THEN —E] Od Oc)
AOT-show <3R R |: [Az 2 =g (] 1-14—r Az 2z =g d]
proof (safe introl: 31(1)[where 7=« ?R>] equi:2[THEN =q51] &I
eqE-den Ordinary. GEN —1I)
AOT-show ««?R»|> by cqt:2
next
fix u
AOT-assume ([A\z z =g c]w
AQOT-hence (v =g ©
by (metis f—C(1))
AOT-hence u-is-c: <u = ¢
by (metis =E—simple:2 —E)
AOT-show Ilv ([Az z =g d]v & [« ?R»]uv)>
proof (safe introl: equi:1[THEN =F(2)] 31(2)[where f=d] &I
Od Ordinary.GEN —1)
AOT-show ([A\z z =g d|d
by (auto intro!: B+ C(1) cqt:2 ord=Fequiv:1[THEN —E, OF Od))
next
AOT-show <[« ?R»]ud>
using u-is-c[symmetric] Red rule=FE by fast
next
fix v
AOT-assume ([\z z =g d|v & [« ?R»]uv»
AOT-thus (v =g &
by (metis f—C (1) &E(1))
qed
next
fix v
AOT-assume ([A\z z =g d|v
AOT-hence (v =g d
by (metis f—C(1))
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AQOT-hence v-is-d: <v = d»
by (metis =E—simple:2 —F)
AOT-show 3lu ([A\z z =g cJu & [« ?R»|uv)>
proof (safe introl: equi: [[THEN =F(2)] 31(2)[where f=c| &I
Oc Ordinary.GEN —1)
AOT-show ([A\z z =g c|o
by (auto introl: B+ C(1) cqt:2 ord=Fequiv:1[THEN —E, OF Oc])
next
AOT-show <[« ?R»]cuv»
using v-is-d[symmetric] Red rule=F by fast
next
fix u
AOT-assume ([\z z =g cJu & [« ?R»]uv>
AOT-thus (u =g ©
by (metis f—C(1) &E(1))
qed
next
AOT-show <« ?R»]»
by cqt:2
qed
qed
ultimately AOT-have <a = b
using pre— Hume[unvarify G H, OF eqE-den, OF eqE-den, THEN —FE,
OF &I, THEN =E(2)] by blast
AOT-hence num-a-eq-d: «Numbers(a, [\ z =g d])»
using num-b-eq-d rule=FE id-sym by fast
AOT-have not-equiv: <Az z =g ¢| =g [A\x z =g d)»
proof (rule raa—cor:2)
AOT-assume Az z =g ¢| =g [A\z z =g d]
AOT-hence ([A\z z =g c|c = [Az z = d|o
using eqFE[THEN =.E, THEN &F(2), THEN ¥V E(2), THEN —E] Oc by blast
moreover AOT-have Az z =g c]o
by (auto introl: B+ C(1) cqt:2 ord=Eequiv:1[THEN —E, OF Oc])
ultimately AOT-have ([A\z 2z =g d]o
using =F(1) by blast
AQOT-hence (¢ =g d
by (rule 8—C(1))
AOT-thus <c =p d & ~c =g &
using not-c-eqE-d &I by blast
ged
AOT-show 3z 3G 3 H (Numbers(z,G) & Numbers(z,H) & -G =g H)»
apply (rule 31(2)[where f=al)
apply (rule 31(1)[where 7=« [Az z =g c|»])
apply (rule 3I(1)[where T=«[\z z =g d]»])
by (safe introl: eqE-den &I num-a-eq-c num-a-eq-d not-equiv)
qged

AOT-theorem num:1: <3z Numbers(z,G)»
by (AOT-subst < Numbers(z,G)> [Allz & V F (z[F] = [Az A[F]z] =g G)) for: z)
(auto simp: numbers|den|[THEN —E, OF cqt:2[const-var][aziom-inst]|
A—objects[aziom-inst])

AOT-theorem num:2: <3z Numbers(z,G)>
by (AOT-subst «<Numbers(z,G)» ([Allz & ¥V F (z[F] = [A\z A[F]z] =g G)» for: z)
(auto simp: numbers[den][THEN —E, OF cqt:2[const-var][aziom-inst]|
A—objects!)

AOT-theorem num—-cont:1:
<323 G(Numbers(z, G) & —-ONumbers(z, G))»
proof —
AOT-have <3 F3 G O([\z A[F]z] =g G & O—-[\z A[F]z] =~ G)»
using approz— cont:2.
then AOT-obtain F where <3G O([\z A[F|z] g G & O0—[\z A[F|z] =g G)
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using 3 E[rotated] by blast
then AOT-obtain G where «O([Az A[F]z] ®rp G & O-[\z A[F]z] =g G)»
using 3 E[rotated] by blast
AOT-hence 9: <O[\z A[F]z] g G> and (: <O—[\z A[F]z] =g G>
using KBasic2:3[THEN —FE) &E 4O[THEN —E|] by blast+
AOT-obtain a where <Numbers(a, G)»
using num:1 3 E[rotated] by blast
moreover AOT-have (—0ONumbers(a, G)»
proof (rule raa—cor:2)
AOT-assume ONumbers(a, G)»
AOT-hence O([Ala & G| & VF (a[F] = [Mz A[F)z] =g G))»
by (AOT-subst-def (reverse) numbers)
AOT-hence <JAlay and OV F (a[F] = [A\z A[F]z] =g G)»
using KBasic:3[THEN =E(1)] &E by blast+
AOT-hence vV F O(a[F] = [Az A[F|z] =g G)
using CBF[THEN —E] by blast
AOT-hence O(a[F] = [A\z A[F]z] =g G)»
using V E(2) by blast
AOT-hence A: <O(a[F] — [Az A[F]z] =g G)»
and B: O([A\z A[F]z] =g G — a[F])
using KBasic:4|[THEN =FE(1)] &E by blast+
AOT-have <O(=[\z A[F]z] =g G — —a[F])
apply (AOT-subst <—[Az A[F]z] =g G — —al[F] «a[F] — [A\z A[F]z] =g G)
using =1 useful—tautologies: 4 useful—tautologies:5 apply presburger
by (fact A)
AOT-hence «0—a[F]
by (metis KBasic:13 ( —E)
AOT-hence —a[FT»
by (metis KBasic:11 en—eq:2[1] =E(2) =E(4))
AOT-hence —QalF)»
by (metis en—eq:3[1] =E(4))
moreover AOT-have <Qa[F]»
by (meson B ¥ KBasic:13 —E)
ultimately AOT-show «Qa[F] & —Qa[F)»
using &I by blast
qed

ultimately AOT-have (Numbers(a, G) & —ONumbers(a, G)»
using &I by blast
AOT-hence 3 G (Numbers(a, G) & —ONumbers(a, G))»
by (rule 31)
AOT-thus (323 G (Numbers(z, G) & —ONumbers(z, G))»
by (rule 31)
qed

AOT-theorem num—cont:2:
(Rigid(G) — OV z(Numbers(z,G) — ONumbers(z,G))»
proof(rule —1I)
AOT-assume <Rigid(G)»
AOT-hence OV 2([|G]z — O[G]z)»
using df—rigid—rel: 1[THEN =4yE, THEN &E(2)] by blast
AOT-hence 00V z([G]z — O[G]z)» by (metis S5Basic:6 =E(1))
moreover AOT-have 00V 2([G]z — O[G]z) — OV z(Numbers(z,G) — ONumbers(z,G))»
proof(rule RM; safe introl: —I1 GEN)
AOT-modally-strict {
AOT-have act-den: Az A[F]z]|» for F by cqt:2[lambda]
fix z
AOT-assume G-nec: OV z([G]z — O[G]z)»
AOT-hence G-rigid: <Rigid(G)»
using df—rigid—rel: [THEN =471, OF &I] cqt:2
by blast
AOT-assume «Numbers(z, G)»
AOT-hence (Allz & G| & VF (z[F] = [A\z A[F]z] =g G)»
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using numbers|THEN =45 F] by blast

AOT-hence Az: <[Al)zy and VF (z[F] = [A\z A[F]z] =g G)»
using &F by blast+

AOT-hence «z[F] = [\z A[F|z] =g G) for F
using V E(2) by blast

moreover AOT-have (O([A\z A[F]z] =g G — O[Az A[F]z] =g G)) for F
using approz—nec:3[unvarify F, OF act-den, THEN —E, OF &I,

OF actuallyF:2, OF G-rigid)].

moreover AOT-have O(z[F] — Oz[F])» for F
by (simp add: RN pre—en—eq:1[1])

ultimately AOT-have O(z[F] = [\z A[F]z] =g G) for F
using sc—eq—boz—box:5 —E gml:2[aziom-inst] &I by meson

AOT-hence vV F O(z[F] = [Az A[F|z] =g G)
by (rule V1)

AOT-hence I: <OV F (z[F] = [A\z A[F|z] =g G)
using BF[THEN —E] by fast

AOT-have OG>
by (simp add: ex:2:a)

moreover AOT-have J[A!]z»
using Az oa—facts:2 —E by blast

ultimately AOT-have O(Alz & G|)»
by (metis KBasic:3 &I =E(2))

AOT-hence (O(A!z & G| & VF (z[F]) = [\z A[F]z] %5 G))»
using ! KBasic:3 &I =F(2) by fast

AOT-thus <ONumbers(z, G)»
by (AOT-subst-def numbers)

}

ged
ultimately AOT-show <OV z(Numbers(z,G) — ONumbers(z,G))>
using —F by blast
qed

AOT-theorem num—cont:5:
OV z(Numbers(z, [z A[G]z]) — ONumbers(z, [A\z A[G]z]))>
by (rule num—cont:2[unvarify G, THEN —E];
(cqt:2[lambda] | Tule actuallyF:2))

AOT-theorem num—uniq: «tx Numbers(z, G)}»
using =F(2) A—FEuists:2 RA[2] num:2 by blast

AOT-define num :: <7 = K> («F-» [100] 100)
num—def:1: <#G =aq5 v Numbers(z, G)»

AOT-theorem num—def:2: <#Gl»
using num—def:1[THEN =471(1)] num—uniq by simp

AOT-theorem num—-can:1:
FH#G = wx(Alz & VF (2[F] = [A\z A[F]z] =g G))
proof —
AOT-have OV z(Numbers(z,G) = [Allz & VF (z[F] = [z A[F]2] =g G))
by (safe introl: RN GEN numbers[den|[THEN —E| cqt:2)
AOT-hence «wz Numbers(z, G) = wz([Al]lz & VF (z[F] = [z A[F]z] =g G))»
using num—uniq equiv—desc—eq:3[THEN —E, OF &I] by auto
thus %thesis
by (rule =q51(1)[OF num—def:1, OF num—uniq|)
qed

AOT-theorem num—can:2: <#G = x(Alz &VF (z[F] = F ~g G))
proof (rule id-trans|OF num—can:1]; rule equiv—desc—eq:2| THEN — EJ;
safe introl: &I A—descriptions GEN Act— Basic:5|{THEN =E(2)]
logic— actual—nec: 8[aziom-inst, THEN =F(2)])
AOT-have act-den: g [Az A[F]z]{» for F
by cqt:2
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AOQT-have eq—part:3[terms|: ¢—q F ~p G & F ~g H — G ~g H> for FG H
by (metis &I eq—part:2 eq—part:3 -1 &E —E)
fix z
{
fix F
AOT-have <A(F =g [\z A[F]z])
by (simp add: actuallyF:1)
moreover AOT-have «(A((F =g [Az A[F]z]) — ([A\z A[F]2] g G = F =g G))»
by (auto introl: RA[2] —1 =1
simp: eq—part:3[unvarify G, OF act-den, THEN —E, OF &I
eq—part:8[terms|[unvarify G, OF act-den, THEN —E, OF &I])
ultimately AOT-have (A([\z A[F]z] g G = F =g G)
using logic—actual—nec:2[aziom-inst, THEN =E(1), THEN —E] by blast

AOT-hence <(AXz A[F|z] g G = AF =g &>
by (metis Act—Basic:5 =E(1))
AOT-hence 0: «(Az[F] = A[\z A[F]z] =g G) = (Az[F] = AF =g G))
by (auto introl: =I —1 elim: =F)
AOT-have <A(z[F] = [\z A[F]z] =g G) = (Az[F] = A[\z A[F|z] =g G)
by (simp add: Act— Basic:5)
also AOT-have «... = (Az[F| = AF =g G)) using 0.
also AOT-have «... = A((z[F] = F =g G))»
by (meson Act—Basic:5 =E(6) oth—-class—taut:3:a)
finally AOT-have 0: <A(z[F] = [Az A[F|z] =g G) = A((z[F] = F =g G)).
} note 0 = this
AOT-have AV F (z[F] = [M\z A[F]z] =g G) =V F A(z[F] = [\z A[F]z] ~g G)»
using logic—actual—nec:3 vdash—properties:1[2] by blast
also AOT-have <... = VF A((z[F] = F ~g G))
apply (safe introl: =1 —1 GEN)
using 0 =E(1) =E(2) rule—ui:3 by blast+
also AOT-have <... = AV F (z[F] = F =g G))
using =F(6) logic—actual—nec:3[aziom-inst] oth—class—taut:3:a by fast
finally AOT-have 0: <AV F (z[F] = [A\z A[F|z] =g G) = AVF (z[F] = F =g G)).
AOT-have <A([Al]lz & V F (z[F] = [A\z A[F]z] =g G)) =
(AAlz & AV F (z[F] = Mz A[F])z] =g G))»
by (simp add: Act—Basic:2)

— Q

also AOT-have «... = A[Allz & A(VF (z[F] = F =g G))
using 0 oth—class—taut:4:f —E by blast
also AOT-have «... = A(Alz & VF (z[F] = F =g G))

using Act— Basic:2 =E(6) oth—class—taut:3:a by blast
finally AOT-show (A([Al]lz & VF (z[F] = [A\z A[F]z] =g G)) =
A([Allz & VF (z|F] = F =g G)).
qged

AOT-define NaturalCardinal :: <t = ¢ («NaturalCardinal'(-)»)
card: «NaturalCardinal(z) =45 3 G(z = #G)»

AOT-theorem natcard—nec: <NaturalCardinal(z) — ONaturalCardinal(z)»
proof(rule —1I)
AOT-assume <NaturalCardinal(z)>
AOT-hence 3 G(z = #G) using card[THEN =4 FE] by blast
then AOT-obtain G where <z = #G» using 3 E[rotated] by blast
AOT-hence Oz = #G» by (metis id—nec:2 —E)
AOT-hence <3G Oz = #G> by (rule 31)
AOT-hence 03 G z = #G> by (metis Buridan —F)
AOT-thus ONaturalCardinal(z)>
by (AOT-subst-def card)
qged

AOT-act-theorem hume:1: < Numbers(#G, G)»
apply (rule =aq5I(1)[OF num—def:1])
apply (simp add: num—uniq)
using num—uniq vdash—properties: 10 y—in:3 by blast

331



AOT-act-theorem hume:2: <#F = #G = F ~g G»
by (safe introl: pre— Hume|unvarify z y, OF num—def:2,
OF num—def:2, THEN —FE] &I hume:1)

AOT-act-theorem hume:3: <#F = #G =3JR (R |: F 1-1—ontoE G)»
using equi—rem—thm
apply (AOT-subst (reverse) <R |: F 1_1—ontoE Gy
(R |: F1_1<—p G for: R :: (KKXK>))
using equi:3 hume:2 =E(5) =Df by blast

AOT-act-theorem hume:4: <F =g G — #F = #G»
by (metis apE—eqE:1 deduction—theorem hume:2 =E(2) —E)

AOT-theorem hume—strict:1:
<3z (Numbers(z, F) & Numbers(z, G)) = F =g G»
proof(safe introl: =1 —1I)
AOT-assume <3z (Numbers(z, F) & Numbers(z, G))»
then AOT-obtain a where <Numbers(a, F) & Numbers(a, G)»
using 3 E[rotated] by blast
AOT-thus <F ~g G
using num—tran:2 —FE by blast
next
AOT-assume 0: <F ~g G»
moreover AOT-obtain b where num-b-F: «Numbers(b, F)»
by (metis instantiation num:1)
moreover AOT-have num-b-G: <Numbers(b, G)»
using calculation num—tran: 1[THEN —E, THEN =E(1)] by blast
ultimately AOT-have <Numbers(b, F)) & Numbers(b, G)»
by (safe introl: &I)
AOT-thus 3z (Numbers(z, F) & Numbers(z, G))»
by (rule 31)
qed

AOT-theorem hume—strict:2:
«Jz3y (Numbers(z, F) &
V z(Numbers(z,F) — z = z) &
Numbers(y, G) &
Vz (Numbers(z, G) - z = y) &
r=y) =
F~pg G
proof(safe introl: =1 —1I)
AOT-assume 323y (Numbers(z, F) & V z(Numbers(z,F) — z = z) &
Numbers(y, G) & ¥z (Numbers(z, G) — z = y) & z = y)»
then AOT-obtain = where
«Jy (Numbers(z, F) & V z(Numbers(z,F) — z = z) & Numbers(y, G) &
Vz (Numbers(z, G) — z=y) & z = y)»
using 3 E[rotated] by blast
then AOT-obtain y where
«Numbers(z, F) & V z(Numbers(z,F) — z = z) & Numbers(y, G) &
Yz (Numbers(z, G) — z=y) & z =y
using 3 E[rotated] by blast
AOT-hence (Numbers(z, F)> and <Numbers(y,G)> and <z = y»
using & F by blast+
AOT-hence <Numbers(y, F) & Numbers(y, G)»
using &I rule=FE by fast
AOT-hence 3y (Numbers(y, F) & Numbers(y, G))»
by (rule 31)
AOT-thus (F =g G
using hume—strict: [[THEN =FE(1)] by blast
next
AOT-assume (F ~g G»
AOT-hence <3z (Numbers(z, F') & Numbers(z, G))»
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using hume—strict: [ THEN =E(2)] by blast
then AOT-obtain z where <Numbers(z, F) & Numbers(z, G)»
using 3 E[rotated] by blast
moreover AOT-have V z (Numbers(z, F) — z = z)»
and «V z (Numbers(z, G) — z = z)»
using calculation
by (auto introl: GEN —I pre— Hume[THEN —E, OF &I, THEN =FE(2),
rotated 2, OF eq—part:1] dest: &E)
ultimately AOT-have <Numbers(z, F) & ¥V z(Numbers(z,F) — z = z) &
Numbers(z, G) & ¥z (Numbers(z, G) » z =1z) & z =
by (auto introl: &I id—eq:1 dest: & F)
AOT-thus 323y (Numbers(z, F) & ¥V z(Numbers(z,F) — z = z) & Numbers(y, G) &
Vz (Numbers(z, G) = z = y) & z = y)»
by (auto introl: 31)
qed

AOT-theorem unotEu: <=3 y[Az Olz & = #g z|y
proof(rule raa—cor:2)
AOT-assume Jy[Az Olz & z #g =]y
then AOT-obtain y where [z Oz & z #g z]y
using 3 E[rotated] by blast
AOT-hence 0: <Oly & y # ¥
by (rule B—C(1))
AOT-hence —(y =g y)»
using &F(2) =E(1) thm—neg=F by blast
moreover AOT-have <y =g o
by (metis 0 THEN &E(1)] ord=Fequiv:1 —E)
ultimately AOT-show <p & —p» for p
by (metis raa—cor:3)
qed

AOT-define zero :: ks> (<0))
zero:1: <0 =q5 #[Az Olz & = #g z]

AOT-theorem zero:2: <0)»
by (rule =q51(2)[OF zero:1]; rule num—def:2[unvarify G); cqt:2)

AOT-theorem zero—card: <NaturalCardinal(0)»
apply (rule =q5I(2)[OF zero:1])
apply (rule num—def:2[unvarify GJ; cqt:2)
apply (rule card[THEN =41])
apply (rule 31(1)[where T=««[Az [Olz & = #E z]»])
apply (rule rule=I:1; rule num—def:2[unvarify G|; cqt:2)
by cqt:2

AOT-theorem eq—num:1I:
«ANumbers(z, G) = Numbers(z,[\z A[G]z])>
proof —
AOT-have act-den: <0 [Az A[F]z]{» for F by cqt:2
AOT-have (3 z(Numbers(z, G) & Numbers(z,[\z A[G]z])) = G =g [A\z A[G]z])
using hume—strict: 1[unvarify G, OF act-den, THEN RN].
AOT-hence «A(3z(Numbers(z, G) & Numbers(z,[Az A[G]z])) = G ~g [\z A[G]z])
using nec—imp—act{THEN —E] by fast
AOT-hence «A(3z(Numbers(z, G) & Numbers(z,[Az A[G]z])))>
using actuallyF:1 Act—Basic:5 =FE(1) =F(2) by fast
AOT-hence 3z A((Numbers(z, G) & Numbers(z,[Az A[G]z])))>
by (metis Act—Basic:10 intro—elim:3:a)
then AOT-obtain ¢ where (A(Numbers(a, G) & Numbers(a,[Az A[G)z2]))>
using 3 E[rotated] by blast
AOT-hence act-a-num-G: <(ANumbers(a, G)»
and act-a-num-actG: <ANumbers(a,[\z A[G]z])>
using Act—Basic:2 &E =E(1) by blast+
AOT-hence num-a-act-g: <Numbers(a, [Az A[G]z])
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using num— cont: 2[unvarify G, OF act-den, THEN —E, OF actuallyF:2,
THEN CBF|THEN —E|], THEN ¥ E(2)]
by (metis =E(1) sc—eq—fur:2 vdash—properties:6)
AOT-have 0: <+g Numbers(z, G) & Numbers(y, G) — z = y for y
using pre— Hume|[THEN —E, THEN =E(2), rotated, OF eq—part: 1]
— 1 by blast
show ?%thesis
proof(safe introl: =1 —1)
AOT-assume <ANumbers(z, G)>
AOT-hence <Az = a
using 0[THEN RA[2], THEN act—cond[THEN —E), THEN —E,
OF Act—Basic:2|THEN =FE(2)], OF &I
act-a-num-G by blast
AOT-hence <z = a) by (metis id—act:1 =F(2))
AOT-hence (a = z) using id-sym by auto
AOT-thus «Numbers(z, [z A[G]z])
using rule=F num-a-act-g by fast
next
AOT-assume ¢ Numbers(z, [A\z A[G]z])>
AOT-hence (a = 2>
using pre— Hume[unvarify G H, THEN —E, OF act-den, OF act-den, OF &I,
OF num-a-act-g, THEN =FE(2)]
eq—part: 1[unvarify F, OF act-den] by blast
AOT-thus «(ANumbers(z, G)»
using act-a-num-G rule=FE by fast
qed
qed

AOT-theorem eq—num:2: <Numbers(z,[A\z A[G]z]) = z = #G>
proof —
AOT-have 0: <-q z = vz Numbers(z, G) = Vy (Numbers(y, [A\z A[G]z]) = y = z) for z
by (AOT-subst (reverse) «Numbers(z, [A\z A[G]z])» «(ANumbers(z, G)» for: z)
(auto simp: eqg—num:1 descriptions[aziom-inst])
AOT-have «#G = vz Numbers(z, G) = Vy (Numbers(y, [\z A[G]z]) = y = #G)»
using Olunvarify z, OF num—def:2)].
moreover AOT-have <#G = tz Numbers(z, G)»
using num—def:1 num—uniq rule—id—df:1 by blast
ultimately AOT-have Vy (Numbers(y, [A\z A[G]z]) =y = #G)»
using =F by blast
thus ?thesis using V E(2) by blast
qed

AQOT-theorem eq—num:3: «Numbers(#G, [\y A[G]y])
proof —
AOT-have (#G = #G»
by (simp add: rule=I:1 num—def:2)
thus %thesis
using eq—num:2[unvarify z, OF num—def:2, THEN =E(2)] by blast
qed

AOT-theorem eq—num:4:
AH#G & VF (#G[F) = [Mz A[F)z] =g [\z A[G]z])»
by (auto introl: &I eqg—num:3[THEN numbers| THEN =4y E],
THEN &E(1), THEN &E(1)]
eq—num:3[THEN numbers|THEN =45 FE|, THEN &E(2)])

AOT-theorem eq—num:5: <#G[G]»
by (auto introl: eg—num:4[THEN &E(2), THEN ¥V E(2), THEN =E(2)]
eq—part: 1[unvarify F] simp: cqt:2)

AOT-theorem eq—num:6: <Numbers(z, G) — NaturalCardinal(z)»

proof(rule —1)
AOT-have act-den: +g [Az A[F]z]{» for F
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by cqt:2
AOT-obtain F where <Rigidifies(F, G)»
by (metis instantiation rigid—der:3)
AOT-hence 9: <Rigid(F)» and Vz([F|z = [G]z)»
using df—rigid—rel:2|[THEN =47 E, THEN &E(2)]
df —rigid—rel: 2 THEN =4;E, THEN &E(1)]
by blast+
AQOT-hence (F =g G»
by (auto introl: eqE[THEN =q¢1] &I cqt:2 GEN —1I elim: ¥V E(2))
moreover AOT-assume <Numbers(z, G)»
ultimately AOT-have <Numbers(z, F)»
using num—tran:3[THEN —E, THEN =FE(2)] by blast
moreover AOT-have <F ~g [\z A[F]z]
using 9 approx—nec:1 —FE by blast
ultimately AOT-have <Numbers(z, [A\z A[F]z])
using num—tran: I[unvarify H, OF act-den, THEN —E, THEN =E(1)] by blast
AOT-hence «xr = #F»
using eqg—num:2[THEN =E(1)] by blast
AOT-hence <3F z = #F)
by (rule 31)
AOT-thus «NaturalCardinal(z)>
using card[THEN =451] by blast
qed

AOT-theorem eq—df—num: <3G (z = #G) = 3 G (Numbers(z,G))»
proof(safe introl: =1 —1I)
AOT-assume 3G (z = #G)»
then AOT-obtain P where <z = #P»
using 3 E[rotated] by blast
AOT-hence «Numbers(z,[Az A[P]z])
using eq—num:2[THEN =E(2)] by blast
moreover AOT-have <[\z A[P]z]]» by cqt:2
ultimately AOT-show <3 G(Numbers(z,G))> by (rule 31)
next
AOT-assume 3 G (Numbers(z,G))>
then AOT-obtain @ where <Numbers(z,Q)»
using 3 E[rotated] by blast
AOT-hence «NaturalCardinal(z)>
using eqg—num:6[{THEN —E| by blast
AOT-thus (3G (z = #G)
using card[THEN =45 E] by blast
qed

AOT-theorem card—en: <NaturalCardinal(z) — ¥V F(z[F] = z = #F)»
proof(rule —I; rule GEN)
AOT-have act-den: <0 [Az A[F]z]{» for F by cqt:2
fix F
AOT-assume <NaturalCardinal(z)»
AOT-hence <IF z = #F)»
using card[THEN =45 FE] by blast
then AOT-obtain P where z-def: <x = #P»
using 3 E[rotated] by blast
AOT-hence num-z-act-P: «Numbers(z,[A\z A[P]z])»
using eqg—num:2[THEN =E(2)] by blast
AOT-have #P[F] = [\z A[F]z] =g [z A[P]z]>
using eq—num:4[THEN &E(2), THEN YV E(2)] by blast
AOT-hence z[F] = [Az A[F|z] =g [Az A[P]z]>
using z-def[symmetric] rule=E by fast
also AOT-have «... = Numbers(z, [\z A[F)z])»
using num—tran: [[unvarify G H, OF act-den, OF act-den]
using num—tran:2[unvarify G H, OF act-den, OF act-den|
by (metis &I deduction—theorem =1 =FE(2) num-z-act-P)
also AOT-have (... =z = #F»
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using eq—num:2 by blast
finally AOT-show (z[F] = z = #.
qed

AOT-theorem 0F:1: <=3 u [Flu = Numbers(0, F)»
proof —
AOT-have unotFEu-act-ord: (-3 v[Az Olz & Az #g z]v
proof(rule raa— cor:2)
AOT-assume Jv[Az Olz & Az #g z|v
then AOT-obtain y where «[Az Olz & Az #g z]y
using 3 E[rotated] &E by blast
AOT-hence 0: <Oy & Ay #r v
by (rule 8—C(1))
AOT-have <A~(y =g y)»
apply (AOT-subst <—(y =g y)» <y Zg V)
apply (meson =E(2) Commutativity of = thm—neg=F)
by (fact O] THEN &E(2)])
AOT-hence —(y =g y)»
by (metis ~—=I Act—Sub:1 id—act2:1 =E(4))
moreover AOT-have <y =g
by (metis 0THEN &E(1)] ord=FEequiv:1 —E)
ultimately AOT-show <p & —p» for p
by (metis raa— cor:3)
qed
AOT-have (Numbers(0, [\y A[Az Olz & = #g z]y])»
apply (rule =q5I(2)[OF zero:1))
apply (rule num—def:2[unvarify G]; cqt:2)
apply (rule eqg—num:3[unvarify GJ)
by cqt:2[lambda]
AOT-hence numbers0: «<Numbers(0, Az [Oz & Az #g z])
proof (rule num—tran:8[unvarify ¢ G H, THEN —FE, THEN =E(1), rotated 4])
AOT-show Ay A[A\z Olz & z #g z]y] = [z [0z & Az #Eg z)
proof (safe introl: eqE[THEN =q45I] &I Ordinary. GEN —1 cqt:2)
fix u
AOT-have Ay A[Xz Olz & z #g z]ylu = A[Az Olz & © #E z]w
by (rule beta— C—meta| THEN —E); cqt:2[lambda))
also AOT-have ¢... = A(Olu & u #g u)
apply (AOT-subst <[Az Olz & z #g z]uw <Olu & u #g w)
apply (rule beta— C—meta| THEN —E]; cqt:2[lambdal)
by (simp add: oth—class—taut:3:a)
also AOT-have «... = (AOlu & Au #g u)
by (simp add: Act—Basic:2)
also AOT-have «... = (Olu & Au #g u)»
by (metis Ordinary.y &I &E(2) —I1 =1 =E(1) oa—facts:7)
also AOT-have «... = [Az [Ol]z & Az #g z|w
by (rule beta— C—meta[THEN —E, symmetric]; cqt:2[lambda))
finally AOT-show Ay A[Xz Olz & z #E z]ylu = [Az [Ol]lz & Az #g z]w.
qed
qed(fact zero:2 | cqt:2)+
show ?thesis
proof(safe introl: =1 —1)
AOT-assume —3Ju [F]w
moreover AOT-have <=3 v [Az [0z & Az #g z]v
using unotFu-act-ord.
ultimately AOT-have 0: <F =g [Az [Ol]z & Az #E z]
by (rule empty—approx: 1[unvarify H, THEN —E, rotated, OF &I]) cqt:2
AOT-thus <Numbers(0, F)»
by (rule num—tran: {funvarify x H, THEN —E,
THEN =E(2), rotated, rotated])
(fact zero:2 numbers0 | cqt:2[lambda))+
next
AOT-assume Numbers(0, F)»
AOT-hence I: <F =~ [\z [0z & Az #g z)

336



by (rule num—tran:2[unvarify ¢ H, THEN —E, rotated 2, OF &I])
(fact numbers0 zero:2 | cqt:2[lambda))+
AOT-show —3Ju [Flu
proof(rule raa—cor:2)
AOT-have 0: <Xz [Ol]z & Az #g z]» by cqt:2[lambda]
AOT-assume Ju [Flu
AOT-hence (~(F =~ [A\z [0z & Az #g z])»
by (rule empty—approz:2[unvarify H, OF 0, THEN —E, OF &I])
(rule unotEu-act-ord)
AOT-thus F =g [Az [Olz & Az #g 2] & ~(F =g [Az [Olz & Az #E z])
using 1 &I by blast
qed
qed
qed

AOT-theorem 0F:2: «<—3u A[Flu = #F = 0
proof(rule =I; rule —1I)
AOT-assume 0: <=3 u A[F]w
AOT-have «—3u [\z A[F]z]uw
proof(rule raa—cor:2)
AOT-assume Ju [Az A[F]z]u
then AOT-obtain u where Az A[F]z]w
using Ordinary.3 E[rotated] by blast
AOT-hence «A[F]u
by (metis betaC:1:a)
AOT-hence 3u A[F]w
by (rule Ordinary.31)
AOT-thus «(3u A[F]u & =3I u A[Fluw
using 0 &I by blast
qed
AOT-hence «Numbers(0,[\z A[F]z])»
by (safe introl: OF:1[unvarify F, THEN =E(1)]) cqt:2
AOT-hence 0 = #F»
by (rule eq—num:2[unvarify z, OF zero:2, THEN =E(1)])
AOT-thus (#F = 0» using id-sym by blast
next
AOT-assume (#F = 0»
AOT-hence <0 = #F>» using id-sym by blast
AOT-hence «Numbers(0,[\z A[F]z])»
by (rule eq—num:2[unvarify z, OF zero:2, THEN =E(2)])
AOT-hence 0: <—-3u [Az A[F]z]w
by (safe introl: OF:1[unvarify F, THEN =E(2)]) cqt:2
AOT-show (-3 u A[F|w
proof(rule raa—cor:2)
AOT-assume 3 u A[F|w
then AOT-obtain v where (A[F]u»
using Ordinary.3 E[rotated] by meson
AOT-hence [ z A[F]z]u
by (auto introl: <+ C cqt:2)
AOT-hence Fu [A\z A[F]z]w
using Ordinary.3 I by blast
AOT-thus 3u [Az A[F]z]u & ~Fu [Az A[F]z]w
using &I 0 by blast
qed
qged

AOT-theorem 0F:3: <0-3u [Flu — #F = 0»
proof(rule —1)
AOT-assume (O-Ju [F|uw
AOT-hence 0: <03 u [F]w
using KBasic2:1 =F(1) by blast
AOT-have «—3u [\z A[F]z]w
proof(rule raa—cor:2)
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AOT-assume Ju [Az A[F|z]u
then AOT-obtain u where ([\z A[F]z]w
using Ordinary.3 E[rotated] by blast
AOT-hence «A[F]u»
by (metis betaC':1:a)
AOT-hence <Q[F|u
by (metis Act—Sub:3 —E)
AOT-hence Ju Q[Flw
by (rule Ordinary.31)
AOT-hence 03 u [F]u
using Ordinary.res—var—bound—reas| CBFO][THEN —E] by blast
AOT-thus «0Ju [Flu & =0T u [Flu
using 0 &I by blast
qed
AOT-hence (Numbers(0,[\z A[F]z])»
by (safe introl: OF:1[unvarify F', THEN =FE(1)]) cqt:2
AOT-hence 0 = #F»
by (rule eq—num:2[unvarify x, OF zero:2, THEN =E(1)])
AOT-thus <#F = 0> using id-sym by blast
qed

AOT-theorem 0F:4: «w |= —3u [Flu = #[Flw = O
proof (rule rule—id—df:2:b[OF w—index, where 717,=(-,-), simplified])
AOT-show ([A\z1..2n w = [F]z1...2.]»
by (simp add: w—rel:3)
next
AOT-show (w = —Ju [Flu = #[Xz w = [Flz] = O»
proof (rule =I; rule —1)
AOT-assume (w = -Ju [Fluw
AOT-hence 0: <—w = Ju [Flw
using coherent: 1[unvarify p, OF log—prop—prop:2, THEN =E(1)] by blast
AOT-have (-3 u AXz w = [Flz]w
proof(rule raa—cor:2)
AOT-assume Ju A[\z w = [Flz]w
then AOT-obtain u where (A z w = [F|z]w
using Ordinary.3 E[rotated] by meson
AOT-hence (Aw = [Flw
by (AOT-subst (reverse) «w |= [Flw «[Az w = [F]z]u;
safe introl: beta— C—meta| THEN —E] w—rel:1][THEN —E))
cqt:2
AOT-hence I: «<w | [F]u
using rigid—truth—at:4[unvarify p, OF log—prop—prop:2, THEN =E(1)]
by blast
AOT-have O([Flu — Ju [Flu)
using Ordinary.31 —I RN by simp
AOT-hence w = ([Flu — Ju [Flu)
using fund:2[unvarify p, OF log—prop—prop:2, THEN =E(1)]
PossibleWorld.V E by fast
AOT-hence w = Ju [Flw
using 1 conj—dist—w:2[unvarify p q, OF log—prop—prop:2,
OF log—prop—prop:2, THEN =E(1),
THEN —E] by blast
AOT-thus «w = Ju [Flu & ~w = Ju [Flw
using 0 &I by blast
qged
AOT-thus #[ z w E [Flz] = 0»
by (safe introl: OF:2[unvarify F, THEN =E(1)] w—rel:1[THEN —E])
cqt:2
next
AOT-assume (#[\z w = [F|z] = O
AOT-hence 0: <-3u AXz w | [Flz]w
by (safe intro!: OF:2[unvarify F, THEN =E(2)] w—rel:1[THEN —E))
cqt:2
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AOT-have «—w = Ju [Flw
proof (rule raa—cor:2)
AOT-assume (w | Ju [Flw
AOT-hence 3z w | (Olz & [Flz)»
using conj—dist—w:6[THEN =E(1)] by fast
then AOT-obtain z where «w |= (Olz & [Flz)»
using 3 E[rotated] by blast
AOT-hence (w |= Oz and Fz-in-w: <w = [F|z»
using conj—dist—w: 1[unvarify p q) =E(1) log—prop—prop:2
& E by blast+
AOT-hence «$O!z»
using fund: I[unvarify p, OF log—prop—prop:2, THEN =FE(2)]
PossibleWorld.3 1 by simp
AQOT-hence ord-z: <Oz
using oa—facts:3[THEN —E] by blast
AOT-have (Aw = [Fla
using rigid—truth—at:4[unvarify p, OF log—prop—prop:2, THEN =E(2)]
Fz-in-w by blast
AOT-hence (A[\z w = [F]z]z»
by (AOT-subst <[ Az w = [Flz]zy «w | [Flay;
safe introl: beta— C—meta| THEN —E] w—rel:1[THEN —E)) cqt:2
AOT-hence Oz & A[Mz w = [Flz]o
using ord-z &I by blast
AOT-hence 3z (O'z & A[Az w |= [Flz]z)»
using 3/ by fast
AOT-thus (Ju (A Az w | [Flz]u) & -Fu A[dz w = [Flz]w
using 0 &I by blast
qged
AOT-thus «w = -Ju[F|w
using coherent: I[unvarify p, OF log—prop—prop:2, THEN =E(2)] by blast
ged

qed

AOT-act-theorem zero—=:1:

«NaturalCardinal(z) — V F (z[F] = Numbers(z, F))»

proof(safe introl: —I GEN)

fix F
AOT-assume <NaturalCardinal(z)>
AOT-hence VF (z[F| =z = #F)
by (metis card—en —F)
AOT-hence I: «z[F| =z = #F»
using V E(2) by blast
AOT-have 2: <z[F] = z = ty(Numbers(y, F))»
by (rule num—def:1[THEN =45E(1)])
(auto simp: 1 num—uniq)
AOT-have <z = vy(Numbers(y, F)) — Numbers(z, F)»
using y—in:1 by blast
moreover AOT-have (Numbers(z, F') — z = cy(Numbers(y, F))»
proof(rule —1)
AOT-assume I: (Numbers(z, F)»
moreover AOT-obtain z where z-prop: Vy (Numbers(y, F) — y = z)»
using num:2[THEN uniqueness: [[THEN =47 F|]] 3 E[rotated] &E by blast
ultimately AOT-have «z = 2>
using V E(2) —FE by blast
AOT-hence Vy (Numbers(y, F) — y = z)»
using z-prop rule=F id-sym by fast
AOT-thus <z = vy(Numbers(y,F))»
by (rule hintikka| THEN =E(2), OF &I, rotated))
(fact 1)
qed
ultimately AOT-have «x = ty(Numbers(y, F)) = Numbers(z, F))
by (metis =I)
AOT-thus «z[F] = Numbers(z, F)»
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using 2 by (metis =E(5))
qed

AOT-act-theorem zero=:2: <0[F| = -3 u[F|w
proof —
AOT-have <0[F] = Numbers(0, F)»
using zero=:1[unvarify z, OF zero:2, THEN —E,
OF zero—card, THEN V E(2)].
also AOT-have «... = -Ju[F]w
using OF: I[symmetric|.
finally show ?thesis.
qed

AOT-act-theorem zero=:3: <=3 u[Flu = #F = O

proof —
AOT-have <=3 u[F|u = 0[F]> using zero=:2[symmetric].
also AOT-have (... = 0 = #F»

using card—enlunvarify x, OF zero:2, THEN —E,
OF zero—card, THEN Y E(2)].
also AOT-have (... = #F = 0O»
by (simp add: deduction—theorem id-sym =I)
finally show ?thesis.
qed

AOQT-define Hereditary :: <1 = 7 = ¢ (<Hereditary'(-,-')))
hered: 1:
<Hereditary(F, R) =ay Rl & F| & VaVy([Rlzy — ([Flz — [Fly))

AQOT-theorem hered:2:
(Azy YV F((Y 2([R]zz — [Fz) & Hereditary(F,R)) — [Fly)]}
by cqt:2[lambdal)

AOT-define StrongAncestral :: <t = ID (<-*»)
ances—df:
(R* =45 [Azy VF((V2([R]zz — [Fz) & Hereditary(F,R)) — [Fly)]

AOT-theorem ances:
(R*|zy = V F((V 2([R]zz — [Fz) & Hereditary(F,R)) — [Fly)»
apply (rule =q5I(1)[OF ances—df])
apply cgt:2[lambda)
apply (rule beta— C—meta| THEN —E, OF hered:2, unvarify vivn,
where 7=«(-,-)», simplified])
by (simp add: &I ex:1:a prod-denotesl rule—ui:3)

AOT-theorem anc—her:1:
{[R]zy — [R*]|zy>
proof (safe introl: —1I ancesf THEN =E(2)] GEN)
fix F
AOT-assume <V z ([R|lzz — [F]z) & Hereditary(F, R)»
AOT-hence ([R|zy — [F|y
using V E(2) &E by blast
moreover AOT-assume <[R]zy>
ultimately AOT-show «([F|y»
using —F by blast
qged

AOT-theorem anc—her:2:
([R*)zy & V 2([R]zz — [F]z) & Hereditary(F,R)) — [Fly
proof(rule —1I; (frule &E(1); drule &E(2))+)
AOT-assume <([R*|zy
AOT-hence «(V z([R]zz — [F]z) & Hereditary(F,R)) — [Fly
using ances[THEN =E(1)] V E(2) by blast
moreover AOT-assume <V z([R]zz — [F]z)
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moreover AOT-assume <Hereditary(F,R)»
ultimately AOT-show «([F]y>
using —F &I by blast
qed

AOT-theorem anc—her:3:
([Flz & [R*|zy & Hereditary(F, R)) — [F]y
proof(rule —1I; (frule &E(1); drule &E(2))+)
AOT-assume I: ([F|x»
AOT-assume 2: <Hereditary(F, R)»
AOT-hence 3: Vz Vy ([Rlzy — ([Flz — [Fly))»
using hered: [[THEN =45E] &E by blast
AOT-have Vz ([R]zz — [F]2)
proof (rule GEN; rule —1I)
fix z
AOT-assume <[R]zz
moreover AOT-have «[R|zz — ([Flz — [F]z)»
using 8 V E(2) by blast
ultimately AOT-show <([F]z
using I —FE by blast
qed
moreover AOT-assume ([R"]zy>
ultimately AOT-show «[Fly>
by (auto intro!: 2 anc—her:2[THEN —E)] &I)
qged

AOT-theorem anc—her:4: <([Rlzy & [R*|yz) — [R"|z2>
proof(rule —I; frule &E(1); drule &E(2))
AOT-assume 0: <[R*]yz and I: ([R]zy
AOT-show ¢([R"]zz
proof(safe intro!: ancesf THEN =E(2)] GEN &I —1I;
frule &E(1); drule &E(2))
fix F
AOT-assume <V z ([R|zz — [F]2)
AOT-hence I: ([Fly
using 1V E(2) —E by blast
AOT-assume 2: Hereditary(F,R)>
AOT-show ¢[F]z
by (rule anc—her:3[THEN —E]; auto introl: &I 1 2 0)
ged
qed

AOT-theorem anc—her:5: [R*|zy — 3z [R]zy>
proof (rule —1)
AOT-have 0: <[Ay Iz [R]zy]l> by cqgt:2
AOT-assume I: (R"]zy
AOT-have «[Ay3z [R]zy]y>
proof(rule anc—her:2[unvarify F, OF 0, THEN —E];
safe introl: &I GEN —1I hered:1[THEN =q4¢1] cqt:2 0)
AOT-show «[R*|zy> using I.
next
fix z
AOT-assume <[R]zz
AOT-hence Iz [R]zz> by (rule 1)
AOT-thus | y3z [R]zy]z»
by (auto intro!: B+ C(1) cqt:2)
next
fix zy
AOT-assume <[R]zy>
AOT-hence 3z [R]zy> by (rule 31)
AOT-thus Ay Iz [R]zyly
by (auto intro!: B+ C(1) cqt:2)
qed
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AOT-thus 3z [R]zy
by (rule B—C(1))
qed

AOT-theorem anc—her:6: «([R*]zy & [R*]yz) — [R"]z
proof (rule —I; frule &E(1); drule &E(2))
AOT-assume <([R*|zy
AOT-hence ¥: Vz ([Rlzz — [F]z) & Hereditary(F,R) — [F|y> for F
using V E(2) ances]THEN =E(1)] by blast
AOT-assume <([R*|y2
AOT-hence &: <Vz ([Rlyz — [F]z) & Hereditary(F,R) — [F]z> for F
using V E(2) ances] THEN =FE(1)] by blast
AOT-show ([R"]zz
proof (rule ances] THEN =E(2)]; safe intro!: GEN —1)
fix F
AOT-assume (: <Vz ([Rlzz — [F]|z) & Hereditary(F,R)»
AOT-show ([F]z
proof (rule {{THEN —E, OF &I])
AOT-show <Hereditary(F,R)»
using ([THEN &E(2)].
next
AOT-show (Vz ([Rlyz — [F]z)
proof(rule GEN; rule —1)
fix z
AOT-assume ¢[R]yz
moreover AOT-have ([F]y>
using Y[THEN —E, OF (].
ultimately AOT-show «[F]|z
using ([THEN &E(2), THEN hered:1[THEN =4 E],
THEN &E(2), THEN V E(2), THEN ¥ E(2),
THEN —E, THEN —E]
by blast
qed
qged
qed
qed

AOQT-define OneToOne :: <1 = ¢ (<1—1'(-"))
df—1—1:1: <1—1(R) =ay Rl & VaVyV z([R]zz & [Rlyz — = = y)»

AOT-define RigidOneToOne :: <1 = ¢ (<Rigidi—1'(-'))
df—1—1:2: (Rigidi_1(R) =45 1—1(R) & Rigid(R)»

AOT-theorem df—1—1:3: <Rigidi—1(R) — O1—1(R)»
proof(rule —1)
AQT-assume <Rigidi_1(R)>
AOT-hence «(I—1(R)» and RigidR: <Rigid(R)>
using df—1—1:2[THEN =45E] &E by blast+
AOT-hence I: <[R]zz & [Rlyz > z =y for z y 2
using df—1—1:1[THEN =4;FE] &E(2) ¥V E(2) by blast
AOT-have I: «[R]zz & [Rlyz > Oz = ¢ for z y 2
by (AOT-subst (reverse) <Oz = y» <z = y»)
(auto simp: 1 id—nec:2 =I gml:2[aziom-inst])
AOT-have OV z1..Vz, ([R]z1...2, — O[R]Z1...20)>
using df—rigid—rel: [ THEN =4¢E, OF RigidR] &FE by blast
AOT-hence Vz1..Vz, O(R]z1...2n, — O[R]Z1...20)>
using CBF|[THEN —E] by fast
AOT-hence vV xNa:g D([R]JJ1$2 — D[R}$1332)>
using tuple-forall[ THEN =45 F] by blast
AOT-hence O([R]zy — O[R]zy)> for z y
using V E(2) by blast
AOT-hence O(([R]zz — O[R]zz) & ([R]yz — O[R]yz))» for z y z
by (metis KBasic:3 &I =FE(3) raa—cor:8)

342



moreover AOT-have O(([R]zz — O[R]zz) & ([R]yz — O[R]yz)) —
O(([R]zz & [R]yz) — O(|R]zz & [R]yz))> for z y z
by (rule RM) (metis —1 KBasic:3 &I &E(1) &E(2) =E(2) —E)
ultimately AOT-have 2: <O(([R]zz & [R]yz) — O([R]zz & [R]yz))» for z y 2
using —FE by blast
AOT-hence 3: <O([R]zz & [Rlyz - z = y)» for z y 2z
using sc—eq—boz—box:6[THEN —E, THEN —E, OF 2, OF 1] by blast
AOT-hence 4: <OV 2V yV z([R]zz & [Rlyz — z = y)»
by (safe introl: GEN BF|[THEN —E] 3)
AOT-thus <OJ1—1(R)»
by (AOT-subst-thm df—1—1:1]THEN =Df, THEN =S(1),
OF cqt:2[const-var][aziom-inst]])
qed

AOT-theorem df—1—1:4: <V R(Rigidi—1(R) — ORigidi-1(R))»
proof(rule GEN;rule —1)
AOT-modally-strict {
fix R
AOT-assume 0: <Rigidi—1(R)»
AOT-hence I: <R|»
by (meson =qfFE &E(1) df—1—1:1 df—1—1:2)
AOT-hence 2: <0OR|»
using exist—nec —FE by blast
AOT-have 4: <O1—-1(R)»
using df—1—1:3[unvarify R, OF 1, THEN —E, OF 0].
AOT-have <Rigid(R)»
using 0 =47 E[OF df—1—1:2] &E by blast
AOT-hence OV z1..Vz, ([Rlz1...2n — O[R]z1...25 )
using df—rigid—rel: [ THEN =4;E] &E by blast
AOT-hence {0V z:1..Vz, ([R]z1..2n — O[R]Z1...20)>
by (metis S5Basic:6 =E(1))
AOT-hence ORigid(R)»
apply (AOT-subst-def df —rigid—rel:1)
using 2 KBasic:3 =5(2) =E(2) by blast
AOT-thus ORigidi —1(R)>
apply (AOT-subst-def df —1—1:2)
using 4/ KBasic:3 =5(2) =E(2) by blast
}

qed

AOT-define InDomainOf :: <1 = 7 = ¢ (<InDomainOf'(-,-")»)
df—1—1:5: <InDomainOf(z, R) =ay Iy [R]zy

AOT-register-rigid-restricted-type
RigidOneToOneRelation: <Rigidi—1(I1)»
proof
AOT-modally-strict {
AOT-show Ja Rigidi—1(a)
proof (rule 31(1)[where T=««(=g)»])
AOT-show «Rigidi—1((=g))>
proof (safe introl: df—1—1:2][THEN =q51| &I df —1—1:1[THEN =g451|
GEN —1 df—rigid—rel: [ THEN =4¢1] =E|denotes])
fixxyz
AOT-assume <z =g 2z & y =g 2
AOT-thus z =y
by (metis rule=E &E(1) Conjunction Simplification(2)
=E—simple:2 id-sym —E)

next
AOT-have VavVy O(z =g y — Uz =g y)»
proof(rule GEN; rule GEN)

AOT-show J(z =g y — Oz =g y)» for z y
by (meson RN deduction—theorem id—nec3:1 =F(1))

qed
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AOT-hence Vz:..Vz, O([(=r)]z1...2n = O[(=Eg)]z1...25)>
by (rule tuple-foral[ THEN =q4¢1))
AOT-thus OV z1..Vz, ([(=8)]z1...2n — O[(=E)]z1...20)>
using BF[THEN —E] by fast
qed
qed(fact =E[denotes])

next
AOT-modally-strict {
AOT-show <(Rigidi—1(II) — IL}» for II
proof(rule —1I)
AOT-assume (Rigidi —1(II)»
AOT-hence <1—1(II)»
using df—1—1:2[THEN =,4;E] &E by blast
AOT-thus «II}»
using df—1—1:1[THEN =4y F] &E by blast
qed
}
next
AOT-modally-strict {
AOT-show <V F(Rigid,—1(F) — ORigidi—1(F))»
by (safe introl: GEN df—1—1:4[THEN ¥V E(2)])

qed
AOT-register-variable-names
RigidOneToOneRelation: R S

AOQOT-define IdentityRestrictedToDomain :: <t = I (+'(=-"))
id—d—R: <«(=r) =af [Azy Tz ([R]az & [R]yz)]

syntax -AOT-id-d-R-infix :: <7 = 7= 7 = ¢ («(- =2/ -)» [50, 51, 51] 50)
translations

-AOT-id-d-R-infix k 11l k' ==

CONST AOT-exe (CONST IdentityRestricted ToDomain TI) (k,x")

AOT-theorem id—R—thm:1: <z =g y = 3z ([R]zz & [R]yz)»
proof —
AOT-have 0: <[Azy 3z ([R]zz & [R]yz)]}> by cqt:2
show ?%thesis
apply (rule =q5I(1)[OF id—d—R])
apply (fact 0)
apply (rule beta—C—meta| THEN —E, OF 0, unvarify vivy,
where 7=«(-,-)», simplified])
by (simp add: &I ex:1:a prod-denotesl rule—ui:3)
qed

AOT-theorem id—R—thm:2:
<z =r y — (InDomainOf (z, R) & InDomainOf(y, R))»
proof(rule —1I)
AOT-assume <z = y»
AOT-hence 3z ([R]zz & [R]yz)»
using id—R—thm:1[THEN =E(1)] by simp
then AOT-obtain z where z-prop: ([R]zz & [R]yz»
using 3 E[rotated] by blast
AOT-show <InDomainOf(z, R) & InDomainOf(y, R)>
proof (safe introl: &I df —1—1:5[THEN =4;1))
AOT-show Iy [R]zy
using z-prop[THEN &E(1)] 31 by fast
next
AOT-show <3z [R]yz
using z-prop[THEN & E(2)] 31 by fast
qed
qed
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AOT-theorem id—R—thm:3: <z =r y — © = y»
proof(rule —1)
AQOT-assume <z =g 3>
AOT-hence 3z ([R]zz & [R]yz)»
using id—R—thm:1[THEN =E(1)] by simp
then AOT-obtain z where z-prop: «([R]zz & [R]yz
using 3 E[rotated] by blast
AOT-thus (z =
using df—1—1:3[THEN —E, OF RigidOneToOneRelation.yp,
THEN qml:2]aziom-inst, THEN —E],
THEN =q;E[OF df—1—1:1], THEN &E(2),
THEN Y E(2), THEN ¥ E(2),
THEN YV E(2), THEN — E]
by blast
qged

AOT-theorem id—R—thm:4:
«(InDomainOf (z, R) V InDomainOf(y, R)) = (z =r y = z = y)»
proof (rule —1)
AOT-assume InDomainOf(z, R) V InDomainOf(y, R)»
moreover {
AOT-assume <InDomainOf(z, R)»
AOT-hence 3z [R]xz
by (metis =q¢ E df —1—1:5)
then AOT-obtain z where z-prop: ([R]zz
using 3 E[rotated] by blast
AOT-have <z =g y =z =
proof(safe introl: =1 —I id—R—thm:3[THEN —E])
AQOT-assume <z = y»
AOT-hence ([R]yz
using z-prop rule=F by fast
AOT-hence ([R]zz & [R]yz
using z-prop &1 by blast
AOT-hence 3z ([R]zz & [R]yz)»
by (rule 31)
AOT-thus <z =g
using id—R—thm:1 =E(2) by blast
qed
}
moreover {
AOT-assume <InDomainOf(y, R)»
AOT-hence 3z [R]y»
by (metis =q¢ E df —1—1:5)
then AOT-obtain z where z-prop: ([R]yz
using 3 E[rotated] by blast
AOT-have <z =g y =z = o
proof(safe intro!: =1 —I id—R—thm:3[THEN —E])
AOT-assume <z = y»
AOT-hence (R|zz>
using z-prop rule=F id-sym by fast
AOT-hence (R]zz & [R]yz
using z-prop &I by blast
AOT-hence 3z ([R]zz & [R]yz)»
by (rule 31)
AOT-thus <z =r
using id—R—thm:1 =E(2) by blast
qed
}
ultimately AOT-show <z =g y =z = y»
by (metis VE(2) raa—cor:1)
qed
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AOT-theorem id—R—thm:5: <InDomainOf(z, R) — x =r ©
proof (rule —1)
AOT-assume <InDomainOf(z, R)>
AOT-hence 3z [R]zz
by (metis =4 F df—1—1:5)
then AOT-obtain z where z-prop: ([R]zz»
using 3 E[rotated] by blast
AOT-hence ([R]zz & [R]zz
using &I by blast
AOT-hence 3z ([R]zz & [R]zz)»
using 37 by fast
AOT-thus (z =z o
using id—R—thm:1 =E(2) by blast
qed

AOT-theorem id—R—thm:6: <z =r y — y =R T’
proof(rule —1I)
AOT-assume 0: <x =
AOT-hence I: <InDomainOf(z,R) & InDomainOf(y,R)>
using id—R—thm:2[THEN — E] by blast
AOT-hence (x =g y =2 =1y
using id—R—thm:{[THEN —E, OF VI(1)] &F by blast
AOT-hence <z =
using 0 by (metis =F(1))
AOT-hence <y =
using id-sym by blast
moreover AOT-have (y =g 2 =y = o>
using id—R—thm:4[THEN —E, OF VI(2)] 1 &E by blast
ultimately AOT-show <y =r o
by (metis =F(2))
qed

AOT-theorem id—R—thm:7: «x =r y& y =r 2 > T =R 2>
proof (rule —I; frule &E(1); drule &E(2))
AOT-assume 0: <z =r
AOT-hence I: <InDomainOf (z,R) & InDomainOf(y,R)>
using id—R—thm:2[THEN —FE] by blast
AOT-hence <z =g y =z =
using id—R—thm:4[THEN —E, OF VI(1)] &E by blast
AOT-hence z-eq-y: <z = y»
using 0 by (metis =F(1))
AQOT-assume 2: <y =r 2>
AOT-hence 3: <InDomainOf(y,R) & InDomainOf(z,R)>
using id—R—thm:2[THEN — E] by blast
AOT-hence <y =g 2=y = 2
using id—R—thm:4[THEN —E, OF VI(1)] &FE by blast
AOT-hence <y = 2»
using 2 by (metis =E(1))
AOT-hence z-eq-z: <x = 2»
using z-eq-y id-trans by blast
AOT-have <InDomainOf(z,R) & InDomainOf(z,R)>
using 1 3 &I &FE by meson
AOT-hence (x =g 2 =2 = 2»
using id—R—thm:4[THEN —E, OF VI(1)] &E by blast
AOT-thus (x =g 2
using z-eq-z =FE(2) by blast
qed

AOT-define WeakAncestral :: I = II> («-7»)
w—ances—df: R]Y =45 Aoy [R]*zy V z =r y]

AOT-theorem w—ances—df[deni]: < Azy []*zy V z =n y]L
by cqt:2
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AOT-theorem w—ances—df[den2]: «[I]* ]
using w—ances—df[denl] =q451(1)[OF w—ances—df] by blast

AOT-theorem w—ances: R] zy = ([R]*zy V © =r y)
proof —
AOT-have 0: <[Azy [R*|zy V z =r y]P
by cqt:2
AOT-have I: <«(AOT-term-of-var z,AOT-term-of-var y)»}»
by (simp add: &I ex:1:a prod-denotes] rule—ui:3)
have 2: <«[Ap1...in [R* 1o tin V [(ZR)]1---ptn]zy» =
«[Azy [R¥]zy V [(=r)]zylzy»
by (simp add: cond-case-prod-eta)
show ?thesis
apply (rule =q5I(1)[OF w—ances—df])
apply (fact w—ances—df[denl])
using beta— C—meta|[THEN —E, OF 0, unvarify vivy,
where 7=«(-,-)>, simplified, OF 1] 2 by simp
qed

AOT-theorem w—ances—her:1: [Rlzy — [R]|Tzy
proof(rule —1)
AOT-assume <([R]zy»
AOT-hence ([R]"zy
using anc—her:1[THEN —E] by blast
AOT-thus ([R] Tz
using w—ances| THEN =FE(2)] VI by blast
qed

AQOT-theorem w—ances—her:2:
([Flz & [R]"zy & Hereditary(F, R) — [Fly
proof(rule —I; (frule &E(1); drule &E(2))+)
AOT-assume 0: ([F|z»
AOT-assume I: «Hereditary(F, R)»
AOT-assume «[R]"zy
AOT-hence (R|*'zy V z =r y
using w—ances| THEN =E(1)] by simp
moreover {
AOT-assume <[R]"zy»
AOT-hence ([F|y»
using anc—her:3[THEN —E, OF &I, OF &I] 0 1 by blast
}
moreover {
AOT-assume <z =
AOT-hence «z = y»
using id—R—thm:3{THEN —E] by blast
AOT-hence ([Fly»
using 0 rule=E by blast

ultimately AOT-show «([F]y>
by (metis VE(8) raa—cor:1)
qed

AOT-theorem w—ances—her:3: «([R]Tzy & [R]yz) — [R]*z2
proof(rule —I; frule &E(1); drule &E(2))
AOT-assume ([R] "z
moreover AOT-assume Ryz: ([R]yz
ultimately AOT-have ([R]*zy V z =r ¥
using w—ances[THEN =E(1)] by metis
moreover {
AOT-assume R-star-zy: «|[R]"zy
AOT-have «[R|"z2
proof (safe introl: ances] THEN =E(2)] —I GEN)
fix F
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AOT-assume 0: Vz ([R]zz — [F]z) & Hereditary(F,R)>
AOT-hence ([Fy
using R-star-zy ances] THEN =FE(1), OF R-star-zy,
THEN YV E(2), THEN —FE] by blast
AOT-thus ([F]»
using hered: 1[THEN =4;E, OF 0[THEN &E(2)], THEN &E(2)]
YV E(2) —E Ryz by blast
qed
}
moreover {
AOT-assume <z =r
AOT-hence (z =
using id—R—thm:3[THEN —E] by blast
AOT-hence ([R]zz
using Ryz rule=FE id-sym by fast
AOT-hence «[R]"zz
by (metis anc—her:1{THEN —E))
}
ultimately AOT-show «[R]*zz>
by (metis VE(3) raa—cor:1)
qed

AOT-theorem w—ances—her:4: <([R]*zy & [R]yz) — [R]Tz»»
proof(rule —1I; frule &E(1); drule &E(2))
AOT-assume <([R]*zy>
AOT-hence (R]*zy V z =r
using VI by blast
AOT-hence ([R]"zy
using w—ances| THEN =FE(2)] by blast
moreover AOT-assume <[R]yz>
ultimately AOT-have ([R]" 22
using w—ances—her:3[THEN —E, OF &I] by simp
AOT-hence (R|*'zz V z =g 2>
using VI by blast
AOT-thus ([R]tz2
using w—ances] THEN =E(2)] by blast
qed

AOT-theorem w—ances—her:5: «([Rlzy & [R]Tyz) — [R]*z2
proof(rule —1I; frule &E(1); drule &E(2))
AOT-assume 0: ([R]zy>
AOT-assume «[R]"y2
AOT-hence (R|'yz V y =g 2
by (metis =E(1) w—ances)
moreover {
AOT-assume <[R]*yz
AOT-hence «[R]"zz
using 0 by (metis anc—her:4 Adjunction —F)
}
moreover {
AOT-assume <y = 2>
AOT-hence <y = »»
by (metis id—R—thm:3 —FE)
AOT-hence ([R|zz)
using 0 rule=E by fast
AOT-hence «[R]"zz
by (metis anc—her:1 —FE)
}
ultimately AOT-show ([R]*zz> by (metis VE(2) reductio—aa:1)
qed

AOT-theorem w—ances—her:6: «([R]Tzy & [R]Tyz) — [R]tz2
proof(rule —I; frule &E(1); drule &E(2))
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AOT-assume 0: R]"zy»

AOT-hence I: ([R]*zy V 2 =g y
by (metis =E(1) w—ances)

AOT-assume 2: (R] yz»

AOT-assume <z =r
AOT-hence <z = y»
by (metis id—R—thm:3 —F)
AOT-hence ([R]|tz2
using 2 rule=F id-sym by fast
}
moreover {
AOT-assume —(z =r y)»
AOT-hence 3: «[R]"zy>
using 1 by (metis VE(3))
AOT-have ([R]*yz V y =r 2
using 2 by (metis =E(1) w—ances)
moreover {
AOT-assume <[R]"yz
AOT-hence ([R]*zz
using 38 by (metis anc—her:6 Adjunction —E)
AOT-hence «([R]"z2
by (metis VI(1) =E(2) w—ances)

moreover {
AOT-assume <y =g 2»
AOT-hence (y = 2»
by (metis id—R—thm:3 —E)
AOT-hence (R]"z2
using 0 rule=FE id-sym by fast
}

ultimately AOT-have «[R]|"z2
by (metis VE(8) reductio—aa:1)

ultimately AOT-show «[R]|"z2
by (metis reductio—aa:1)
qed

AOT-theorem w—ances—her:7: «([R]*zy — 3 2([R]Tzz & [R]zy)»
proof(rule —1I)
AOT-assume 0: ([R]"zy>
AOT-have I: Vz ([Rlzz — [l]z) & Hereditary(II,R) — [II]y> if <I1}» for II
using ances| THEN =FE(1), THEN ¥ E(1), OF 0] that by blast
AOT-have Ay 32([R] T2z & [R]zy)]y
proof (rule I{[THEN —E|; cqt:2[lambda) ?;
safe introl: &I GEN —1I hered:1[THEN =q4¢1] cqt:2)
fix z
AOT-assume 0: ([R|xz>
AOT-hence 3z [R]zz> by (rule 31)
AOT-hence <InDomainOf(z, R)> by (metis =q5I df —1—1:5)
AOT-hence (z =g x> by (metis id—R—thm:5 —E)
AOT-hence «R]"zr> by (metis VI(2) =E(2) w—ances)
AOT-hence «[R|tzz & [R]z2> using 0 &I by blast
AOT-hence 3y ([R]Tzy & [R]yz)> by (rule 31)
AOT-thus My 3z ([R]Tzz & [R]zy)]»
by (auto intro!: B+ C(1) cqt:2)
next
fix z'y
AOT-assume Rz'y: (R]z'y
AOT-assume «[\y 3z ([R] T2z & [R]zy)]z"
AOT-hence 3z ([R]tzz & [R]zz")
using S— C(1) by blast
then AOT-obtain ¢ where c-prop: [R]"zc & [R]cz”
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using 3 E[rotated] by blast
AOT-hence ([R]*zz"
by (meson Rz'y anc—her:1 anc—her:6 Adjunction —E w—ances—her:3)
AOT-hence ([R]*zz’ V z =r z'» by (rule VI)
AOT-hence ([R|Tzz"» by (metis =E(2) w—ances)
AOT-hence «[R|tzz’ & [R]z'y> using Rz'y by (metis &I)
AOT-hence 3z ([R]Yzz & [R]zy)) by (rule 31)
AOT-thus My 32z ([R]T 2z & [R]zy)]w
by (auto intro!: B+ C(1) cqt:2)
qed
AOT-thus 3 2([R]tzz & [R]zy)
using S—C(1) by fast
qed

AOT-theorem 1—1—R:1: «(([R]zy & [R]*zy) — [R]T2m»
proof(rule —I; frule &E(1); drule &FE(2))
AOQOT-assume ([R]"zy»
AOT-hence 3z ([R]T 2z & [R]zy)
using w—ances—her:7[THEN —E] by simp
then AOT-obtain a where a-prop: ([R]" za & [R]ay
using 3 E[rotated] by blast
moreover AOT-assume <([R]zy>
ultimately AOT-have <z = a»
using df—1—1:2[THEN =45E, OF RigidOneToOneRelation.wp, THEN &E(1),
THEN =,4;E[OF df—1—1:1], THEN &E(2), THEN ¥ E(2),
THEN Y E(2), THEN Y E(2), THEN —E, OF &I]
& E by blast
AOT-thus (R]*" 2>
using a-prop[THEN & E(1)] rule=E id-sym by fast
qed

AOT-theorem 1—1—R:2: (Rlzy — (-[R]"zz — —[R]*yy)»
proof(rule —I; rule useful—tautologies:5| THEN — E]; rule —1)
AOT-assume 0: ([R]zy>
moreover AOT-assume <[R]"yy>
ultimately AOT-have ([R]*yz)
using I—1—R:1[THEN —E, OF &I] by blast
AOT-thus «(R|"zzx>
using 0 by (metis &I —FE w—ances—her:5)
qed

AOT-theorem 1—1—R:3: «=[R]*zz — ([R]Tzy — —=[R]*yy)
proof(safe introl: —1I)
AOT-have 0: <[Az =[R]"zz]}» by cqt:2
AOT-assume I: <(—~[R]| zz>
AOT-assume 2: R]"zy»
AOT-have Az =[R]"zz]y
proof(rule w—ances—her:2[unvarify F, OF 0, THEN —E]J;
safe introl: &I hered:1{THEN =451] cqt:2 GEN —1)
AOT-show <([Az ~[R]"zz]2»
by (auto introl: B<—C(1) cqt:2 simp: 1)
next
AOT-show «([R]"zy> by (fact 2)
next
fix zy
AOT-assume <([A\z =[R*]zz]z»
AOT-hence —[R]*zz> by (rule f—C(1))
moreover AOT-assume <([R]zy»
ultimately AOT-have <—[R]"yy>
using 1—1—R:2[THEN —E, THEN —FE] by blast
AOT-thus Az ~[R*]zz]y
by (auto intro!: B+ C(1) cqt:2)
qed
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AOT-thus ~[R]*yy
using 8— C(1) by blast
qed

AOT-theorem 1—1—R:4: <[R]*zy — InDomainOf(z,R)>
proof(rule —1I; rule df —1—1:5[THEN =4;1))
AOT-assume I: (R]| zy
AOT-have Az [R*|zz — Ty [R]zy]y
proof (safe introl: anc—her:2[unvarify F, THEN —E];
safe introl: cqt:2 &I GEN —1 hered:1[THEN =451])
AOT-show «[R]*zy> by (fact 1)
next
fix z
AOT-assume «[R]zz
AOT-thus Xz [R*|zz — Jy [R]zy|=
by (safe introl: f«+C(1) cqt:2)
(meson —1 existential:2[const-var])
next
fix 2’ y
AOT-assume Rz'y: ([R]z'y
AOT-assume ([\z [R*|zz — Ty [R]zy]z"
AOT-hence 0: <[R*|zz’ — Jy [R]zy> by (rule 3—C(1))
AOT-have I: ([R*]zy — Ty [R]zy
proof(rule —1I)
AOT-assume <[R]*zy
AOT-hence (R]"zz"» by (metis Rz'y &I 1—1—R:1 —F)
AOQT-hence (([R]*zz’ V x =r z'» by (metis =E(1) w—ances)
moreover {
AOT-assume <([R]|"zz"
AOT-hence 3y [R]zy) using 0 by (metis —FE)
}
moreover {
AOT-assume <z =g x>
AOT-hence «x = z'» by (metis id—R—thm:3 —E)
AOT-hence ([R]zy using Rz'y rule=FE id-sym by fast
AOT-hence 3y [Rlzy> by (rule 31)

ultimately AOT-show 3y [R]zy
by (metis VE(8) reductio—aa:1)
qged
AOT-show «[Az [R*|zz — Ty [R]zy]y
by (auto introl: B+ C(1) cqt:2 1)
ged
AOT-hence (R*|zy — Fy [Rlzy> by (rule —C(1))
AOT-thus <3y [R]zy> using I —F by blast
qged

AOT-theorem 1—1—R:5: ([R] zy — InDomainOf (z,R)>
proof (rule —1)
AOT-assume ([R]zy
AOT-hence (R|*zy V z =r ¥
by (metis =E(1) w—ances)
moreover {
AOT-assume ([R]*zy»
AOT-hence <InDomainOf(z,R)>
using 1—1—R:4 —FE by blast
}
moreover {
AQOT-assume <z =r
AOT-hence <InDomainOf (z,R)>
by (metis Conjunction Simplification(1) id—R—thm:2 —FE)
}
ultimately AOT-show <InDomainOf(z,R)»
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by (metis VE(3) reductio—aa:1)
qed

AOT-theorem pre—ind:
([F)z & V¥ y((R) 2 & [R]* ) — (Rlay — (Fls > [Fly)) -
vV ([R]t 2z — [Flz)»
proof(safe introl: —I GEN)
AOT-have den: Ay [Fly & [R]" zy]» by cqt:2
fix
AOT-assume 9: ([F|z & V2V y(([R]" 2z & [R]tzy) = ([Rlzy — ([Flz — [Fly)))
AOT-assume 0: ([R]"zz

AOT-have (| \y [Fly & [R]" zy]»
proof (rule w—ances—her:2[unvarify F, OF den, THEN —E]; safe intro!: &I)
AOT-show ([\y [Fly & [R]T zy]»
proof (safe introl: S+ C(1) cqt:2 &I)
AOT-show <[F]z» using ¥ &F by blast
next
AOT-show ([R]* 2z
by (rule w—ances|[THEN =E(2), OF VI(2)])
(meson 0 id—R—thm:5 1—1—R:5 —E)
qged
next
AOT-show ([R]" 2z by (fact 0)
next
AOT-show «Hereditary([\y [Fly & [R]T 2y],R)>
proof (safe introl: hered: 1[THEN =451 &I cqt:2 GEN —1I)
fix 2’y
AOT-assume I: ([R]zy
AOT-assume «[\y [Fly & [R]Tzy]z"
AOT-hence 2: (Flz' & [R]"zz"» by (rule f—C(1))
AOT-have «[R]"zy» using 1 2[THEN &E(2)]
by (metis Adjunction modus—tollens:1 reductio—aa:1 w—ances—her:3)
AOT-hence 3: ([R]" 2y by (metis VI(1) =E(2) w—ances)
AOT-show <\y [Fly & [R]T 2]y
proof (safe introl: < C(1) cqt:2 &I 3)
AOT-show «([F|y
proof (rule Y[THEN &E(2), THEN YV E(2), THEN V E(2),
THEN —E, THEN —E, THEN —E)])
AOT-show ([R]'zz’ & [R]t 2y
using 2 3 &F &I by blast
next
AOQT-show «([R]z'y) by (fact 1)
next
AOT-show ¢[F|z» using 2 &F by blast
qged
qed
qed
ged
AOT-thus ([F]z) using f—C(1) &E(1) by fast
qed

The following is not part of PLM, but a theorem of AOT. It states that the predecessor relation coexists
with numbering a property. We will use this fact to derive the predecessor axiom, which asserts that the
predecessor relation denotes, from the fact that our models validate that numbering a property denotes.

AOT-theorem pred-coez:

Azy IF3u ([Flu & Numbers(y,F) & Numbers(z,[F]~*))|{ = VF ([Az Numbers(z,F)]|)>
proof(safe introl: =1 —1 GEN)

fix F

let 2P = «[Azy 3F3u ([Flu & Numbers(y,F) & Numbers(z,[F]~"))]»

AOT-assume <[« ?P»]|»

AOT-hence [« ?P»]]»

using exist—nec —FE by blast
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moreover AOT-have
O« 2P»]L — OV avVy(¥V F([Flz = [Fly) — (Numbers(z,F) = Numbers(y,F))))
proof(rule RM; safe intro!: —I1 GEN)
AOT-modally-strict {
fixzy
AOT-assume pred-den: <[« ?P»]}»
AOT-hence pred-equiv:
[« ?P»lzy = 3F3u ([Flu & Numbers(y,F) & Numbers(z,[F]~"))> for z y
by (safe introl: beta— C—metalunvarify viv,, where 7=«(-,-)», THEN —E,
rotated, OF pred-den, simplified]
tuple-denotes| THEN =qrI] &I cqt:2)

We show as a subproof that any natural cardinal that is not zero has a predecessor.

AQOT-have CardinalPredecessor:
Ty [« ?P»]yz> if card-z: «NaturalCardinal(z)) and z-nonzero: <z # 0> for x
proof —
AOT-have (3G z = #G»
using card[THEN =45 E, OF card-z].
AOT-hence <3 G Numbers(z,G)>
using eq—df—num[THEN =E(1)] by blast
then AOT-obtain G’ where numzG": «Numbers(z,G')
using 3 E[rotated] by blast
AOQT-obtain G where «Rigidifies(G,G')»
using rigid—der:3 3 E[rotated] by blast

AOQOT-hence H: (Rigid(G) & Vz ([Glz = [G'|z)

using df —rigid—rel: 2| THEN =44 E] by blast
AOT-have H-rigid: <OV z ([Glz — O[G]z)>

using H[THEN &E(1), THEN df—rigid—rel: 1| THEN =4;E], THEN &E(2)].
AOT-hence Vz O([G]z — O[G]z)»

using CBF —FE by blast
AOQOT-hence R: <0([G]z — O[G]z)> for z using YV E(2) by blast
AOT-hence rigid: |G|z = A[G]z) for z

by (metis =E(6) oth—-class—taut:3:a sc—eq—fur:2 —E)
AOT-have (G =g G
proof (safe introl: eqE[THEN =471] &I cqt:2 GEN —1)

AOT-show ([G]z = [G'|z> for z using H[THEN &E(2)] V E(2) by fast
qged
AOT-hence (G ~5 G

by (rule apE—eqE:2|[THEN —E, OF &I, rotated])

(stmp add: eq—part:1)

AOT-hence numzG: <Numbers(z,G)>

using num—tran:1[THEN —E, THEN =E(2)] numzG’ by blast

AOT-assume (—3y(y # z & [« ?2P»]yz)»
AOT-hence Vy —(y # = & [«?P»]yz)>
using cqt—further:4 —F by blast
AOT-hence (—~(y # z & [«?P»]yz)» for y
using V E(2) by blast
AOT-hence 0: <y # z V —[«?P»]yx> for y
using ——F intro—elim:3:c oth—class—taut:5:a by blast
{
fix y
AOQT-assume <[« ?P»]yz>
AOT-hence (—y # z»
using 0 —-—I con—dis—i—e:4:c by blast
AOT-hence <y = o>
using =—infix =41 raa—cor:4 by blast
} note Pxy-imp-eq = this
AOT-have ([« ?P»]zx
proof(rule raa—cor:1)
AOT-assume notPzrx: ([« ?P»]zz)
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AOT-hence «—3 FIu([Flu & Numbers(z,F) & Numbers(z,[F]~"))
using pred-equiv intro—elim:3:c by blast
AOT-hence <V F =3 u([Flu & Numbers(z,F) & Numbers(z,[F]™"))»
using cqt—further:4|[THEN —E] by blast
AOT-hence (—3u([Flu & Numbers(z,F) & Numbers(z,[F]~"))s for F
using V E(2) by blast
AOT-hence Vy —(0Oly & ([Fly & Numbers(z,F) & Numbers(z,[F]~")))» for F
using cqt—further:4[THEN —E] by blast
AOT-hence 0: «(=(Olu & ([F]u & Numbers(z,F) & Numbers(z,[F]™")))» for F u
using V E(2) by blast
AOT-have (O-3u [G]w
proof(rule raa—cor: 1)
AOT-assume —=O-Ju [G|w
AOT-hence O3 u [Glw
using =45/ conventions:5 by blast
AOT-hence Ju O[G]w
by (metis Ordinary.res—var—bound—reas| BFO][THEN — E])
then AOT-obtain u where posGu: <O[G|w
using Ordinary.3 E[rotated] by meson
AOT-hence Gu: (G|w
by (meson B0 KO —E R)
AOT-have <= ([Glu & Numbers(z,G) & Numbers(z,[G]~*))
using 0 Ordinary.y
by (metis con—dis—i—e:1 raa—cor:1)
AOT-hence notnumz: <—Numbers(z,[G]™")>
using Gu numzG con—dis—i—e:1 raa—cor:5 by metis
AOT-obtain y where numy: «Numbers(y,[G]™“)»
using num: [unvarify G, OF F—u[den]] 3 E[rotated] by blast
AOT-hence [Glu & Numbers(z,G) & Numbers(y,[G]~*)»
using Gu numzG &I by blast
AOT-hence 3 u ([Glu & Numbers(z,G) & Numbers(y,[G]™"))
by (rule Ordinary.31)
AOT-hence <3 G u ([Glu & Numbers(z,G) & Numbers(y,[G]~ ™))
by (rule 31I)
AOT-hence ([« ?P»]yx
using pred-equiv] THEN =E(2)] by blast
AOT-hence <y = x> using Pxy-imp-eq by blast
AOT-hence «Numbers(z,[G]™*)»
using numy rule=F by fast
AOT-thus <p & —p» for p using notnumz reductio—aa:1 by blast
qged
AOT-hence (—3u [G]w
using gml:2[aziom-inst, THEN —E] by blast
AOT-hence num0G: (Numbers(0, G)»
using O0F:1[THEN =FE(1)] by blast
AOT-hence «z = 0
using pre— Hume[unvarify z, THEN —E, OF zero:2, OF &I,
THEN =E(2), OF num0G, OF numzG, OF eq—part:1]
id-sym by blast
moreover AOT-have -z = 0»
using z-nonzero
using =—infir =4y F by blast
ultimately AOT-show <p & —p> for p using reductio—aa:1 by blast
qed

AOT-hence ([«?Py»lzz V Iy (y # z & [«?P»]yz)>
using con—dis—i—e:3:a con—dis—i—e:3:b raa—cor:1 by blast
moreover {
AOT-assume ([« ?P»|zx>
AOT-hence 3y [« ?P»|yx>
by (rule 31I)
}

moreover {

354



AOT-assume 3y (y # z & [« ?P»|yz)»

then AOT-obtain y where <y # z & [« ?P»]|yn>
using 3 E[rotated] by blast

AOT-hence <[« ?P»|yzx>
using &F by blast

AOT-hence Iy [« ?P»]yz>
by (rule 31)

}

ultimately AOT-show 3y [« ?P»]yz)
using VE(I) —I by blast
qed

Given above lemma, we can show that if one of two indistinguishable objects numbers a property, the
other one numbers this property as well.

AOQOT-assume indist: ¥V F([Flz = [Fly)»
AOT-assume numzF: <Numbers(z,F)»
AOT-hence 0: «(NaturalCardinal(z)>

by (metis eq—num:6 vdash— properties: 10)

We show by case distinction that x equals y. As first case we consider x to be non-zero.

{

AQOT-assume —(z = 0)»
AOT-hence x # 0»
by (metis =—infix =q51)
AOT-hence 3y [« ?P»|yz>
using CardinalPredecessor 0 by blast
then AOT-obtain z where Pzz: <[« ?P»]zx)
using 3 E[rotated] by blast
AOT-hence ([\y [« ?P»]zy]z>
by (safe introl: < C' cqt:2)
AOQOT-hence Ay [« ?P»]zyly
by (safe intro!: indist{ THEN Y E(1), THEN =E(1)] cqt:2)
AOT-hence Pyz: [« ?P»|zy»
using S— C(1) by blast
AOT-hence (3 F3u ([Flu & Numbers(y,F) & Numbers(z,[F]~"))»
using Pyz pred-equiv]THEN =E(1)] by blast
then AOT-obtain F; where (3u ([F1]u & Numbers(y,F1) & Numbers(z,[F1]~"))
using 3 E[rotated] by blast
then AOT-obtain u where u-prop: «[F1]u & Numbers(y,F1) & Numbers(z,[F1]™“)
using Ordinary.3 E[rotated] by meson
AOT-have <3 F3u ([Flu & Numbers(z,F) & Numbers(z,[F]~"))»
using Pzz pred-equiv| THEN =E(1)] by blast
then AOT-obtain Fy where (3u ([F2]u & Numbers(z,F2) & Numbers(z,[F2]~"))
using 3 E[rotated] by blast
then AOT-obtain v where v-prop: ([F2]v & Numbers(z,F2) & Numbers(z,[F2]~")
using Ordinary.3 E[rotated] by meson
AOT-have ([F2]™" =g [F1]™%
using hume—strict: 1[unvarify F G, THEN =FE(1), OF F—u|den],
OF F—u[den], OF 31(2)[where f=z], OF &I]|
v-prop u-prop &E by blast
AOT-hence (Fy =g F1»
using P'—eq[THEN —E, OF &I, OF &I
u-prop v-prop & E by meson
AOT-hence «z = y»
using pre—Hume[THEN —E, THEN =E(2), OF &I
v-prop u-prop &E by blast

}

The second case handles x being equal to zero.

moreover {
fix u
AQT-assume z-is-zero: <z = O»
moreover AOT-have «(Numbers(0,[Az z =g u]™")
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proof (safe introl: OF:1[unvarify F, THEN =F(1)] cqt:2 raa—cor:2
F—u[den][unvarify F|)
AOT-assume v [[Az z =g u]”“]»
then AOT-obtain v where ([[\z z =g u]” “]»
using Ordinary.3 E[rotated] by meson
AOT-hence ([A\z z =g u]v & v #g w
by (auto intro: F—u[THEN =4;FE(1), where 717,=(-,-), simplified]
introl: cqt:2 F—ulequiv][unvarify F, THEN =E(1)]
F—ulden][unvarify F))
AOT-thus «p & —p> for p
using S—C thm—neg=E[THEN =E(1)] &E &I
raa—cor:3 by fast
qed
ultimately AOT-have 0: <Numbers(z,[Az z =g u]~*)
using rule=F id-sym by fast
AOT-have <3y Numbers(y,[\z z =g u])»
by (safe intro!: num:1[unvarify G| cqt:2)
then AOT-obtain z where (Numbers(z,[Az z =g u])»
using 3 E by metis
moreover AOT-have ([\z z=g u]w
by (safe introl: < C' cqt:2 ord=FEequiv: 1[THEN —E] Ordinary.1)
ultimately AOT-have
I: ([Az z=Eg u]u & Numbers(z,[A\z z=g u]) & Numbers(z,[Az 2= u]” ")
using 0 &I by auto
AOT-hence 3v([Az z=g u]v & Numbers(z,[A\z z =g u]) & Numbers(z,[A\z z=p u]~ "))
by (rule Ordinary.31)
AOT-hence 3 FAu([F]u & Numbers(z,[F]) & Numbers(z,[F]~"))»
by (rule 31I; cqt:2)
AOT-hence Pzl: («?P»|zz
using beta— C—cor:2[THEN —E, OF pred-den,
THEN tuple-forall THEN =qsE], THEN ¥ E(2),
THEN YV E(2), THEN =E(2)] by simp
AOT-hence ([\y [« ?P»]yz]x»
by (safe intro!: B+ C cqt:2)
AOT-hence Ay [« ?P»]yz]y»
by (safe introl: indist{ THEN ¥ E(1), THEN =E(1)] cqt:2)
AOT-hence Pyl: [« ?P»|yz
using f—C by blast
AOT-hence 3 FAu([F]u & Numbers(z,[F]) & Numbers(y,[F]~"))»
using f—C by fast
then AOT-obtain G where 3 u([G]u & Numbers(z,[G]) & Numbers(y,[G]™"))»
using 3 E[rotated] by blast
then AOT-obtain v where 2: [G]v & Numbers(z,[G]) & Numbers(y,[G]~")»
using Ordinary.3 E[rotated] by meson
with 7 2 AOT-have ([\z z =g u| =g G»
by (auto intro!: hume—strict: l{unvarify F', THEN =E(1), rotated,
OF 31(2)[where f=z|, OF &I] cqt:2
dest: &E)
AOT-hence 3: (Azz =g u]" “ =g [G]™"
using 1 2
by (safe-step intro!: eqP'lunvarify F, THEN —E))
(auto dest: &E intro!: cqt:2 &I)
with 7 2 AOT-have <z = y»
by (auto introl: pre— Humelunvarify G H, THEN —E,
THEN =E(2), rotated 3, OF 3]
F—u[den][unvarify F| cqt:2 &I
dest: &F)
}
ultimately AOT-have <z = y»
using VE(1) —I reductio—aa:1 by blast

Now since x numbers F, so does y.

AOT-hence <Numbers(y,F)»
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using numxF rule=F by fast
} note 0 = this

The only thing left is to generalize this result to a biconditional.

AOT-modally-strict {
fix zy
AOT-assume <[« ?P»]]»
moreover AOT-assume <V F([F]z = [Fly)
moreover AOT-have <V F([Fly = [F]z)»
by (metis cqt—basic:11 intro—elim:3:a calculation(2))
ultimately AOT-show «Numbers(z,F) = Numbers(y,F)>
using 0 =1 —1 by auto
}
qed
ultimately AOT-show <[Az Numbers(z,F)]}»
using kirchner—thm:1[THEN =E(2)] —F by fast

next

The converse can be shown by coexistence.

AOT-assume <V F [Az Numbers(z,F)]|»
AOT-hence Az Numbers(z,F)]|» for F
using V E(2) by blast
AOT-hence Oz Numbers(z,F)]}» for F
using ezist—nec[THEN —E] by blast
AOT-hence <V F O[Az Numbers(z,F)]|»
by (rule GEN)
AOT-hence OV F [Az Numbers(z,F)|{»
using BF[THEN —E] by fast
moreover AOT-have
OV F [Az Numbers(z,F)]} —
OVz Vy (3F Ju ([Flu & [Az Numbers(z,F)]ly & [Az Numbers(z,[F]™")]z) =
IF Ju ([F]u & Numbers(y,F) & Numbers(z,[F]™")))»
proof(rule RM; safe introl: —1 GEN)
AOT-modally-strict {
fix z y
AOT-assume 0: <V F [Az Numbers(z,F)]|»
AOT-show 3 F Ju ([Flu & [Az Numbers(z,F)|y & [Az Numbers(z,[F]~")]z)
IF Ju ([Flu & Numbers(y,F) & Numbers(z,[F]™"))»
proof(safe introl: =1 —1)
AOT-assume 3 F Ju ([Flu & [Az Numbers(z,F)]y & [Az Numbers(z,[F]™")]z)»
then AOT-obtain F where
Fu ([Flu & [Nz Numbers(z,F)|y & [Az Numbers(z,[F]~")]|z)>
using 3 E[rotated] by blast
then AOT-obtain u where ([F|u & [A\z Numbers(z,F)]|y & [Az Numbers(z,[F]~ ")z
using Ordinary.3 E[rotated] by meson
AOT-hence (F|u & Numbers(y,F) & Numbers(z,[F]™")»
by (auto introl: &I dest: &E —C)
AOT-thus (3 F Ju ([Flu & Numbers(y,F) & Numbers(z,[F]~%))»
using 31 Ordinary.3 I by fast
next
AOT-assume 3 F Ju ([Flu & Numbers(y,F) & Numbers(z,[F]~"))
then AOT-obtain F' where 3 u ([F|u & Numbers(y,F) & Numbers(z,[F]™"))»
using 3 E[rotated] by blast
then AOT-obtain u where ([F]u & Numbers(y,F) & Numbers(z,[F]~")»
using Ordinary.3 E[rotated] by meson
AOT-hence ([F|u & [Az Numbers(z,F)|y & [Az Numbers(z,[F]™")]x>
by (auto introl: &I <+ C O[THEN V¥ E(1)] F—u[den]
dest: &E intro: cqt:2)
AOT-hence Fu([F]u & [Az Numbers(z,F)|y & [Az Numbers(z,[F]™")]z)»
by (rule Ordinary.31)
AOT-thus 3 FIu([Flu & [Az Numbers(z,F)]y & [Az Numbers(z,[F|™*)]z)>
by (rule 31)
qed
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}

qed

ultimately AOT-have
«OVz Vy (3F Fu ([Flu & [Nz Numbers(z,F)|y & [z Numbers(z,[F]~")]z) =

3F Ju ([Flu & Numbers(y,F) & Numbers(z,[F]™")))

using —F by blast

AOT-thus «Azy 3F Ju ([Flu & Numbers(y,F) & Numbers(z,[F]~"))]»
by (rule safe—ext[2][aziom-inst, THEN —E, OF &I, rotated]) cqt:2

qed

The following is not part of PLM, but a consequence of extended relation comprehension and can be
used to derive the predecessor axiom.

AOT-theorem numbers-prop-den: <[Az Numbers(z,G)]]»
proof (rule safe—ext[aziom-inst, THEN —E, OF &IJ)
AOT-show <Az Alz & Az VF (z[F] = [\z A[F)z] =g G)]z]]»
by cqt:2
next
AOT-have 0: < [Az VF (z[F] = [\z A[F]z] =g Q)b
proof(safe intro!: Comprehension-3{THEN —E] —I RN GEN)
AOT-modally-strict {
fix FH
AOT-assume (UH =g F»
AOT-hence <V u ([Hlu = [Flu)»
by (AOT-subst (reverse) <V u ([Hlu = [Flu)) <H =g F»)
(safe intro!: eqE[THEN =Df, THEN =S(1), OF &I] cqt:2)
AOT-hence Vu O([H|u = [Flu)»
by (metis Ordinary.res—var—bound—reas|CBF] —F)
AOT-hence O([H|u = [F|u)» for u
using Ordinary.¥Y E by fast
AOT-hence (A([HJu = [F]u) for u
by (metis nec—imp—act —E)
AOT-hence (A([Flu = [H|u)> for u
by (metis Act—Basic:5 Commutativity of = intro—elim:3:b)
AOT-hence Xz A[F]z] =g [A\z A[H]z]
by (safe introl: eqE[THEN =q451] &I cqt:2 Ordinary. GEN,
AOT-subst Az A[F]zlw <(A[F]u for: u F)
(auto intro!: beta— C—meta| THEN —E] cqt:2
Act—Basic:5{THEN =E(1)])
AOT-hence [z A[F]|z] =g [Az A[H]z]>
by (safe introl: apE—eqE: 1[unvarify F G, THEN —E] cqt:2)
AOT-thus Xz A[F]z] =g G = [z A[H|z] =g G>
using =1 eq—part: 2[terms] eq—part:3[terms] —E —I
by metis
}
ged
AOT-show (Vz (Alz & [Az V F (z[F] = [\z A[F]z] =g G)]z = Numbers(z,G))>
proof (safe introl: RN GEN)
AOT-modally-strict {
fix z
AOT-show <Alz & [A\z VF (z[F] = [\z A[F]z] =g G)]z = Numbers(z,G)>
by (AOT-subst-def numbers; AOT-subst-thm beta— C—meta| THEN —E, OF 0])
(auto intro!: beta— C—meta|[ THEN —E, OF 0] =1 —I &I cqt:2
dest: &E)

The two theorems above allow us to derive the predecessor axiom of PLM as theorem.

AOT-theorem pred: [ Azy IFIu ([Flu & Numbers(y,F) & Numbers(z,[F]~"))]{»
using pred-coex numbers-prop-den[V I G] =F by blast

AOT-define Predecessor :: Iy (\P»)
pred—thm:1:
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P =45 [Azy IFTu ([F]u & Numbers(y,F) & Numbers(z,[F]~*))]

AOT-theorem pred—thm:2: <PJ»
using pred pred—thm:1 rule—id—df:2:b[zero] by blast

AOT-theorem pred—thm:3:
(Plzy = 3 FIu ([Flu & Numbers(y,F) & Numbers(z,[F]~"))»
by (auto introl: beta— C—metalunvarify viv,, where 7=¢(-,-)», THEN —E,
rotated, OF pred, simplified]
tuple-denotes|[ THEN =q51] &I cqt:2 pred
intro: =q51(2)[OF pred—thm:1])

AOT-theorem pred—1—1:1: <[Plzy — O[P]zy>
proof(rule —1I)
AOT-assume ([P]zy>
AOT-hence 3 F3u ([Flu & Numbers(y,F) & Numbers(z,[F]~"))
using =F(1) pred—thm:3 by fast
then AOT-obtain F where 3u ([Flu & Numbers(y,F) & Numbers(z,[F]™"))»
using 3 E[rotated] by blast
then AOT-obtain u where props: <[Flu & Numbers(y,F) & Numbers(z,[F]~")»
using Ordinary.3 E[rotated] by meson
AOT-obtain G where Ridigifies-G-F: «Rigidifies(G, F)»
by (metis instantiation rigid—der:3)
AOT-hence &: <OV z([G]z — O[G|z)> and ¢: Vz([Glz = [Flz)»
using df—rigid—rel: 2{THEN =q45FE, THEN &E(1),
THEN =47 E[OF df—rigid—rel:1], THEN &E(2)]
df —rigid—rel:2[THEN =q4¢E, THEN &E(2)] by blast+

AOT-have rigid-num-nec: < Numbers(z,F) & Rigidifies(G,F) — ONumbers(z,G)>
for x G F
proof(rule —1I; frule &E(1); drule &F(2))
fix G Fz
AOT-assume Numbers-zF:  Numbers(z,F')»
AOT-assume <Rigidifies(G,F)»
AOT-hence &: <Rigid(G)> and (: «Vz([Glz = [Flz)»
using df —rigid—rel:2[THEN =47 FE]| &E by blast+
AOT-thus <ONumbers(z,G)»
proof (safe introl:
num—cont:2|THEN —E, OF ¢, THEN qml:2[axiom-inst, THEN —E]|,
THEN ¥ E(2), THEN —E]
num—tran:3[THEN —E, THEN =E(1), rotated, OF Numbers-zF]
eqE[THEN =g4,1]
&I cqt:2[const-var][aziom-inst] Ordinary. GEN —1I)
AOT-show ([F|u = [G]w for u
using ([THEN V E(2)] by (metis =E(6) oth—class—taut:3:a)
qed
qed
AOT-have ONumbers(y,G)»
using rigid-num-nec|[THEN —E, OF &I, OF props|THEN &FE(1), THEN &E(2)],
OF Ridigifies-G-F).
moreover {
AOT-have <Rigidifies(([G]™", [F]~*)»
proof (safe introl: df —rigid—rel: {THEN =q¢1]| df —rigid—rel: 2] THEN =4I|
&I F—u[den] GEN =1 —1I)
AOT-have <OV z([G]z — O[G]z) — OV z([[G]” “]z — O[[G]”“]z)>
proof (rule RM; safe introl: —I GEN)
AOT-modally-strict {
fix
AOT-assume 0: Vz([G]z — O[G]z)>
AOT-assume I: (|[G]""]»>
AOT-have )z [G]z & = #E u]D
apply (rule F—u[THEN =4;E(1), where T17,=(-,-), simplified])
apply cqt:2[lambda)
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by (fact 1)
AOT-hence ([Gz & z #£ w
by (rule —C(1))
AOT-hence 2: <0[G]z> and 3: <Oz #g w
using &E O[THEN V E(2), THEN —E)] id—nec:1 =E(1) by blast+
AOT-show O[[G]”*]2»
apply (AOT-subst «[[G]™ "]z «[Glz & © #E w)
apply (rule F—u[THEN =471(1), where 717,=(-,-), simplified])
apply cqt:2[lambda]
apply (rule beta— C—meta| THEN —E])
apply cqt:2[lambda]
using 2 8 KBasic:3 =5(2) =F(2) by blast
}
qed
AOT-thus OV z([[G]” "]z — O[[G]”*]z)> using { —E by blast
next
fix z
AOT-assume «([[G]” ]
AOT-hence (X\z [Glz & z #E u]n>
by (auto intro: F—u[THEN =4;E(1), where 717,=(-,-), simplified]
introl: cqt:2)
AOT-hence G|z & z #5 w
by (rule B—C(1))
AOT-hence ([Flz & z #5 w
using ¢ &I &E(1) &E(2) =E(1) rule—ui:3 by blast
AOT-hence Az [Flz & = #E u]D
by (auto introl: B« C(1) cqt:2)
AOT-thus «([[F]”“]z
by (auto intro: F—u[THEN =451(1), where 717,=(-,-), simplified]
introl: cqt:2)
next
fix z
AOT-assume ([[F] “]n
AOT-hence Az [Flz & © #g u]D
by (auto intro: F—u[THEN =4;E(1), where 717,=(-,-), simplified]
introl: cqt:2)
AOT-hence ([Flz & z #5 w
by (rule —C(1))
AOT-hence (Glz & z #5 w
using ¢ &I &E(1) &E(2) =E(2) rule—ui:3 by blast
AOT-hence Xz [Glz & = #E u])
by (auto introl: B+ C(1) cqt:2)
AOT-thus «([[G] "]z
by (auto intro: F—u[THEN =451(1), where 717,=(-,-), simplified]
introl: cqt:2)
qed
AOT-hence (ONumbers(z,|G]™")»
using rigid-num-nec[unvarify F G, OF F—u|den|, OF F—u|den|, THEN —E,
OF &I, OF props|THEN &E(2)]] by blast
}

moreover AOT-have (J[G|w
using props| THEN &E(1), THEN &E(1), THEN ([THEN Y E(2), THEN =E(2)]]
E[THEN qml:2[aziom-inst, THEN —E]|, THEN V E(2), THEN —E]
by blast
ultimately AOT-have <J([G]u & Numbers(y,G) & Numbers(z,[G]™"))>
by (metis KBasic:3 &I =E(2))
AOT-hence Ju (O([Glu & Numbers(y,G) & Numbers(z,[G]™*)))»
by (rule Ordinary.31)
AOT-hence (03 u ([Glu & Numbers(y,G) & Numbers(z,[G]~*))»
using Ordinary.res—var—bound—reas|Buridan] —F by fast
AOT-hence (3 F O3u ([Flu & Numbers(y,F) & Numbers(z,[F]~"))»
by (rule 31)
AOT-hence 0: <03 F3u ([F]u & Numbers(y,F) & Numbers(z,[F]~"))»
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using Buridan vdash—properties:10 by fast
AOT-show (O[P]zy>
by (AOT-subst «[Plzyy «(3 F3u ([Flu & Numbers(y,F) & Numbers(z,[F]™™))»;
stmp add: pred—thm:3 0)
qed

AOT-theorem pred—1—1:2: «Rigid(P)>
by (safe introl: df —rigid—rel:1{THEN =q51] pred—thm:2 &I
RN tuple-forall THEN =q4¢1];
safe introl: GEN pred—1—1:1)

AOT-theorem pred—1—1:3: <1—1(P)»
proof (safe introl: df—1—1:1[THEN =4;I] pred—thm:2 &I GEN —1I;
frule &E(1); drule &E(2))
fixzyz
AOT-assume <[P]zz)
AOT-hence 3 F3u ([Flu & Numbers(z,F) & Numbers(z,[F]~%))»
using pred—thm:3|THEN =E(1)] by blast
then AOT-obtain F where <3 u ([F]u & Numbers(z,F) & Numbers(z,[F]~*))
using 3 E[rotated] by blast
then AOT-obtain u where u-prop: <[Flu & Numbers(z,F) & Numbers(z,[F]™")»
using Ordinary.3 E[rotated] by meson
AOT-assume <[P]yz
AOT-hence 3 F3u ([Flu & Numbers(z,F) & Numbers(y,[F]™"))
using pred—thm:3|THEN =E(1)] by blast
then AOT-obtain G where <3 u ([Glu & Numbers(z,G) & Numbers(y,[G]™"))»
using 3 E[rotated] by blast
then AOT-obtain v where v-prop: <[Glv & Numbers(z,G) & Numbers(y,[G]™")
using Ordinary.3 E[rotated] by meson
AOT-show <x = y»
proof (rule pre— Hume[unvarify G H, OF F—u[den], OF F—u[den],
THEN —E, OF &I, THEN =E(2)])
AOT-show «Numbers(z, [F]~*)»
using u-prop &FE by blast
next
AOT-show <Numbers(y, [G]™")»
using v-prop &F by blast
next
AOT-have (F ~p G)
using u-prop[THEN &E(1), THEN &FE(2)]
using v-prop| THEN &E(1), THEN &FE(2)]
using num—tran:2[THEN —E, OF &I] by blast
AOT-thus «[F]™" ~g [G]™"»
using u-prop[THEN &E(1), THEN &E(1)]
using v-prop| THEN &E(1), THEN &E(1)]
using eqP'|[THEN —E, OF &I, OF &I
by blast
qed
qed

AOT-theorem pred—1—1:4: <Rigidi—1(P)»
by (meson =q51 &I df—1—1:2 pred—1—1:2 pred—1—1:3)

AOT-theorem assume—anc:1:
(P]* = [Azy V F((VY 2([Plzz — [F|z) & Hereditary(F,P)) — [F]|y)]
apply (rule =q5I1(1)[OF ances—df])
apply cqt:2[lambda)
apply (rule =I(1))
by cqt:2[lambda)

AOT-theorem assume—anc:2: <P*]»
using t=t—proper:1 assume—anc:1 vdash—properties:10 by blast
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AOT-theorem assume—anc:3:
([P*Jay =V F((V 2([Plaz — [F]2) & Yary/(Bla’y’ — ([Fla’ > [Fly)) — [Fly)
proof —
AOT-have prod-den: g «(AOT-term-of-var x1,AOT-term-of-var z2)»l>
for z1 z2 :: <k AOT-var»
by (simp add: &I ex:1:a prod-denotesl rule—ui:3)
AOT-have den: <[Azy V F((V z([P|lzz — [F]z) & Hereditary(F,P)) — [F]y)]}»
by cqt:2[lambda]
AOT-have I: (P*lzy = V F((V2([Plzz — [F|z) & Hereditary(F,P)) — [Fly)»
apply (rule rule=FE|[rotated, OF assume—anc:1[symmetric]])
by (rule beta— C—meta[unvarify vivy,, OF prod-den, THEN —E,
simplified, OF den, simplified))
show ?thesis
apply (AOT-subst (reverse) VzNy’ ([Plz'y’ — ([F]z’ — [Fly'))»
<Hereditary(F,P)» for: F :: «<<k>»)
using hered: 1[THEN =Df, THEN =5(1), OF &I, OF pred—thm:2,
OF cqt:2[const-var][aziom-inst]] apply blast
by (fact 1)
qed

AOT-theorem no—pred—0:1: <=3z [Plz 0>
proof(rule raa—cor:2)
AOT-assume 3z [Pz 0»
then AOT-obtain a where ([Pla 0)
using 3 E[rotated] by blast
AOT-hence (3 F3u ([Flu & Numbers(0, F') & Numbers(a, [F]™"))»
using pred—thm:8[unvarify y, OF zero:2, THEN =FE(1)] by blast
then AOT-obtain F where <3 u ([F]u & Numbers(0, F) & Numbers(a, [F]~*))
using 3 E[rotated] by blast
then AOT-obtain u where ([F|u & Numbers(0, F) & Numbers(a, [F]~*)
using Ordinary.3 E[rotated] by meson
AOT-hence (F]uw and num0-F: «Numbers(0, F)»
using & F &I by blast+
AOT-hence 3u [Flw
using Ordinary.3 I by fast
moreover AOT-have (-3 u [F|u)
using num0-F =E(2) OF:1 by blast
ultimately AOT-show «p & —p» for p
by (metis raa—cor:3)
qed

AOT-theorem no—pred—0:2: <=3z [P*]z 0>
proof(rule raa—cor:2)
AOT-assume 3z [P*|z O
then AOT-obtain a where «[P*]a 0
using 3 E[rotated] by blast
AOT-hence 3z [P]z 0
using anc—her:5[unvarify R y, OF zero:2,
OF pred—thm:2, THEN —E] by auto
AOT-thus 3z [P]z 0 & -3z [P]z 0»
by (metis no—pred—0:1 raa—cor:3)
qged

AOT-theorem no—pred—0:3: <=[P*]0 0»
by (metis existential:1 no—pred—0:2 reductio—aa:1 zero:2)

AOT-theorem assumel:1: «(=p) = [Azy Iz ([Plzz & [P]yz)]»
apply (rule =q5I(1)[OF id—d—R))
apply cqt:2[lambda)
apply (rule =I(1))
by cqt:2[lambdal)

AOT-theorem assumel:2: <z =p y = Iz ([P|zz & [P]yz)
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proof (rule rule=E|rotated, OF assumel:1[symmetric]])
AOT-have prod-den: g «(AOT-term-of-var x1,AOT-term-of-var z2)»|»
for z1 22 :: <k AOT-vary
by (simp add: &I ex:1:a prod-denotesl rule—wi:3)
AOT-have I: (Azy 3z ([Plzz & [Plyz)]d
by cqt:2
AOT-show «[Azy 3z ([Plzz & [P]yz)]zy = Tz ([Plzz & [P]yz)»
using beta— C—meta|THEN —E, OF 1, unvarify vivy,
OF prod-den, simplified] by blast
qed

AOT-theorem assumel:3: «[P]* = [Azy [P]*zy V = =p y]
apply (rule =asI(1)[OF w—ances—df])
apply (simp add: w—ances—df[denl])
apply (rule rule=E[rotated, OF assumel:1[symmetric]])
apply (rule =aq5I(1)[OF id—d—R])
apply cgt:2[lambda)
apply (rule =I(1))
by cqt:2[lambdal)

AOT-theorem assumel:4: «[P]*]»
using w—ances—df[den2].

AOT-theorem assumel:5: P]Tzy = [P]*zy V = =p
proof —
AOT-have 0: <[Azy [P]"zy V z =p y||> by cqt:2
AOT-have prod-den: g «(AOT-term-of-var z1, AOT-term-of-var x2)»»
for z1 z2 1 <k AOT-var>
by (simp add: &I ex:1:a prod-denotes] rule—ui:3)
show ?thesis
apply (rule rule=FE[rotated, OF assumel:3[symmetric]])
using beta— C—meta| THEN —E, OF 0, unvarify viv,, OF prod-den, simplified)
by (simp add: cond-case-prod-eta)
qged

AOT-define NaturalNumber :: <m> (sIN))
nnumber:1: (N =45 [Az [P]T 0]

AOT-theorem nnumber:2: (NJ»
by (rule =q51(2)[OF nnumber:1]; cqt:2[lambda))

AOT-theorem nnumber:3: «[N]z = [P]T 0n»
apply (rule =a7I1(2)[OF nnumber:1])
apply cqt:2[lambda)
apply (rule beta— C—meta| THEN —E])
by cqt:2[lambdal)

AOT-theorem 0—n: <[N]0»
proof (safe introl: nnumber:3[unvarify x, OF zero:2, THEN =FE(2)]
assumel:5[unvarify z y, OF zero:2, OF zero:2, THEN =E(2)]
VI(2) assumel:2[unvarify x y, OF zero:2, OF zero:2, THEN =E(2)])
fix u
AOT-have den: <Az Olz & z =g ul]l» by cqt:2[lambda]
AOT-obtain a where a-prop: <Numbers(a, [Az Olz & = =g u])
using num:I[unvarify G, OF den] 3 E[rotated] by blast
AOT-have «[P]0a>
proof (safe introl: pred—thm:8[unvarify x, OF zero:2, THEN =E(2)]
J1(1)[where T=««[Az Olz & = =g u]»]
Ordinary.3 I[where f=u] &I den
OF: 1[unvarify F, OF F—u[den], unvarify F,
OF den, THEN =E(1)])
AOT-show «[Az [Olz & z =g u]w
by (auto introl: B+ C(1) cqt:2 &I ord=FEequiv: |[THEN — F)]
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Ordinary.yp)
next
AOT-show «Numbers(a,[Az [Oz & = = u])»
using a-prop.
next
AOT-show =30 [[Az [OYz & z =g u]”"]v
proof(rule raa—cor:2)
AOT-assume 3o [[Az [Olz & = =g u]” “]v
then AOT-obtain v where ([Az [OVz & z =g u]™"]v»
using Ordinary.3 E[rotated] & E by blast
AOT-hence Az [Az [Ol|z & z =g u]z & z #5 u]v
apply (rule F—u|THEN =45E(1), where T17,=(-,-), simplified, rotated])
by cqt:2[lambda]
AOT-hence Az [Olz & z =g ulv & v #p w
by (rule —C(1))
AOT-hence (v =g w» and v g w
using f—C(1) &E by blast+
AOT-hence v =g u & =(v =g u)
by (metis =F(4) reductio—aa:1 thm—neg=F)
AOT-thus (p & —p» for p
by (metis raa—cor:1)
qged
qed
AOT-thus 3z ([P]0z & [P]0z)»
by (safe introl: &I 31(2)[where f=a])
qed

AOT-theorem mod—col—num:1: <Nz — O[N]z»
proof(rule —1)
AOT-have necON: Az O[N]z]0>
by (auto introl: B+ C(1) cqt:2 simp: zero:2 RN 0—n)
AOT-have I: Az O[N]z]0 &
va¥y ([P1)0r & [[P]"10y — (Play — (D ONJale — [ D[NJal))) —
vz ([[P]T]0z — [Az O[N]z]z)
by (auto introl: cqt:2
intro: pre—ind[unconstrain R, unvarify 8, OF pred—thm:2,
THEN —E, OF pred—1—1:4, unvarify z, OF zero:2,
unvarify F))
AOT-have Vz ([[P]"]0z — [Az O[N]z]z)
proof (rule I[THEN —E|; safe introl: &I GEN —I necON;
frule &E(1); drule &E(2))
fix x y
AOT-assume «[P]zy>
AOT-hence 0: <O[P]zy
by (metis pred—1—1:1 —F)
AOT-assume <[\z O[N]z]z»
AOT-hence O[N]z»
by (rule B—C(1))
AOT-hence (J([Plzy & [N]z)»
by (metis 0 KBasic:8 Adjunction =E(2) —E)
moreover AOT-have O([P]zy & [N]z) — O[N]y
proof (rule RM; rule —1; frule &E(1); drule &E(2))
AOT-modally-strict {
AOT-assume 0: ([P]zy
AOT-assume <[N]z»
AOT-hence I: «[[P]T]0n
by (metis =E(1) nnumber:3)
AQOT-show ([N]y»
apply (rule nnumber:3[THEN =E(2)])
apply (rule assumel:5[unvarify z, OF zero:2, THEN =F(2)])
apply (rule VI(1))
apply (rule w—ances—her:3[unconstrain R, unvarify 3, OF pred—thm:2,
THEN —E, OF pred—1—1:4, unvarify x,
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OF zero:2, THEN —E))
apply (rule &I)
apply (fact 1)
by (fact 0)
}
qed
ultimately AOT-have [Ny
by (metis —E)
AOT-thus <[Az O[N]z]y>
by (auto introl: B+ C(1) cqt:2)
qed
AOT-hence 0: «[[P]"]0z — [Az O[N]z]z)
using V E(2) by blast
AOT-assume ([N]z»
AOT-hence «[[P]"]0z>
by (metis =E(1) nnumber:3)
AOT-hence Az O[N]z]z»
using 0[THEN —E] by blast
AOT-thus O[NJz»
by (rule B—C(1))
qed

AOT-theorem mod—col—num:2: (Rigid(N)»
by (safe introl: df —rigid—rel:1[THEN =q4¢1] &I RN GEN
mod— col—num:1 nnumber:2)

AOT-register-rigid-restricted-type
Number: «[N]x»
proof
AOT-modally-strict {
AOT-show 3z [N]z»
by (rule 3I(1)[where T=<«0»]; simp add: 0—n zero:2)

next
AOT-modally-strict {
AOT-show ([N]x — k> for k
by (simp add: —1 cqt:5:a[1][aziom-inst, THEN —E, THEN &E(2)])

next
AOT-modally-strict {
AOT-show <V z([N]z — O[N]z)»
by (simp add: GEN mod—col—num:1)

qed
AOT-register-variable-names
Number: mn k ij

AOT-theorem 0—pred: <=3 n [Pln O»
proof (rule raa—cor:2)
AOT-assume 3 n [Pln 0»
then AOT-obtain n where «[P|n 0»
using Number.3 E[rotated] by meson
AOT-hence 3z [P]z 0
using &F 31 by fast
AOT-thus 3z [P]z 0 & -3z [Plz O»
using no—pred—0:1 &1 by auto
qed

AOT-theorem no—same—succ:
NV mV k([P]nk & [Plmk — n = m)»
proof(safe intro!: Number. GEN —1)
fix nmk
AOT-assume <[P]nk & [P]mk>
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AOT-thus (n = m»
by (safe introl: cqt:2][const-var][aziom-inst] df —1—1:3]
unvarify R, OF pred—thm:2,
THEN —E, OF pred—1—1:4, THEN qml:2[aziom-inst, THEN —FE],
THEN =, E[OF df—1—1:1], THEN &E(2), THEN ¥ E(1), THEN ¥ E(1),
THEN V E(1)[where 7=<AOT-term-of-var (Number.Rep k))], THEN —E])
qed

AOT-theorem induction:
NV F([F]0 & ¥V n¥ m([Plnm — ([F]n — [F]m)) — ¥V n[F]n)
proof (safe introl: GEN|where 'a=(<r>)] Number.GEN &I —1I,;
frule &E(1); drule &E(2))
fix Fn
AOT-assume F0: «[F]0»
AOT-assume 0: <V nVm([Plnm — ([F]n — [F]m))
{
fixzy
AOT-assume ([[P]"]0z & [[P]*]0y
AOT-hence «[N]z> and <[N]y»
using &FE =E(2) nnumber:3 by blast+
moreover AOT-assume «[P]zy
moreover AOT-assume <[F|z)
ultimately AOT-have «[F]y»
using 0[THEN V E(2), THEN —E, THEN V E(2), THEN —E,
THEN —E, THEN —E] by blast
} note 1 = this
AOT-have 0: ([[P]"]0n>
by (metis =E(1) nnumber:3 Number.1))
AOT-show «[F]n»
apply (rule pre—ind[unconstrain R, unvarify 8, THEN —E, OF pred—thm:2,
OF pred—1—1:4, unvarify z, OF zero:2, THEN —E,
THEN ¥ E(2), THEN —E];
safe intro!: 0 &I GEN —I F0)
using I by blast
qed

AOT-theorem suc—num:1: «[Plnz — [N]z»
proof(rule —1)
AOT-have ([[P]]0 n»
by (meson Number.yp =E(1) nnumber:3)
moreover AOT-assume <[P]nz)
ultimately AOT-have «([[P]*]0 z»
using w—ances—her:3[unconstrain R, unvarify B, OF pred—thm:2, THEN —FE,
OF pred—1—1:4, unvarify , OF zero:2,
THEN —E, OF &I]
by blast
AOT-hence ([[P]"]0
using assumel:5[unvarify z, OF zero:2, THEN =FE(2), OF VI(1)]
by blast
AOT-thus «[N]z»
by (metis =E(2) nnumber:3)
qged

AOT-theorem suc—num:2: <[[P]*]nz — [N]z»
proof(rule —1)
AOT-have ([[P]T]0 n»
using Number.y) =FE(1) nnumber:3 by blast
AOT-assume <[[P]"]n o
AOT-hence VF (Vz ([Plnz — [Fl2) & VazVy' ([Plz'y’ — ([Flz' — [Fly") — [Flz)
using assume—anc:3[THEN =E(1)] by blast
AOT-hence 9: <V2 ([Plnz — [N]2) & VzVy' ([Plz'y’ — ([N]z’ — [N]y")) — [N]z
using V E(1) nnumber:2 by blast
AOT-show «[N]z»
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proof (safe introl: 9|THEN —E] GEN —I &I)
AOT-show «[N]z if «[P]nz for z
using Number.y suc—num:1 that —FE by blast
next
AOT-show «|[N]y if ([Plzy> and ([N]z» for z y
using suc—num:1[unconstrain n, THEN —E] that —E by blast
qed
qed

AOT-theorem suc—num:3: [P]*nz — [N]z
proof (rule —1)
AOT-assume «[P]"nzx»
AOT-hence ([P]*nz V n =p
by (metis assumel:5 =E(1))
moreover {
AOT-assume ¢[P]*nz»
AOT-hence ([N]z»
by (metis suc—num:2 —E)
}
moreover {
AOT-assume (n =p )
AQOT-hence (n = 2»
using id— R—thm:3[unconstrain R, unvarify 8, OF pred—thm:2,
THEN —E, OF pred—1—1:4, THEN —E|] by blast
AOT-hence ([N]z»
by (metis rule=E Number.1))
}
ultimately AOT-show <[N]z»
by (metis VE(3) reductio—aa:1)
qed

AOT-theorem pred—num: <[Plzn — [N]z»
proof (rule —1I)
AOT-assume 0: ([P]zn>
AOT-have ([[P]T]0 n»
using Number.yp) =FE(1) nnumber:3 by blast
AOT-hence ([[P]*]0n V 0 =p n
using assumel:5[unvarify z, OF zero:2] by (metis =E(1))
moreover {
AQOT-assume 0 =p n
AOT-hence 3z ([P]0z & [P]nz)»
using assumel:2[unvarify x, OF zero:2, THEN =E(1)] by blast
then AOT-obtain a where ([P]0a & [P]na) using 3 E[rotated] by blast
AQOT-hence (0 = n
using pred—1—1:8[THEN df—1—1:1[THEN =4y F]|, THEN &E(2),
THEN YV E(1), OF zero:2, THEN YV E(2),
THEN V E(2), THEN —E] by blast
AOT-hence ¢[P]z 0
using 0 rule=F id-sym by fast
AOT-hence 3z [P|z 0
by (rule 31)
AOT-hence 3z [P]z 0 & -3z [P]lz O
by (metis no—pred—0:1 raa—cor:3)
}
ultimately AOT-have «[[P]*]0n>
by (metis VE(3) raa—cor:1)
AOT-hence 3z ([[P]T]0z & [P]zn)
using w—ances—her:7[unconstrain R, unvarify 8, OF pred—thm:2,
THEN —E, OF pred—1—1:4, unvarify x,
OF zero:2, THEN —E] by blast
then AOT-obtain b where b-prop: «[[P]7]0b & [P]bn>
using 3 E[rotated] by blast
AOT-hence ([N]b»
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by (metis &E(1) =E(2) nnumber:3)
moreover AOT-have x = b
using pred—1—1:3[THEN df—1—1:1{THEN =4sF|, THEN &FE(2),
THEN V E(2), THEN V E(2), THEN V¥ E(2), THEN —E,
OF &I, OF 0, OF b-prop| THEN &E(2)]].
ultimately AOT-show ([N]z»
using rule=FE id-sym by fast
qed

AOT-theorem nat—card: <[NJz — NaturalCardinal(z)>
proof(rule —1I)
AOT-assume <[N]z»
AOT-hence ([[P]*]0z
by (metis =FE(1) nnumber:3)
AOT-hence ([[P]*]0z V 0 =p =z
using assumel:5[unvarify ©, OF zero:2, THEN =E(1)] by blast
moreover {
AOT-assume <[[P]*]0z»
then AOT-obtain a where <([P]axz>
using anc—her:5[unvarify R x, OF zero:2, OF pred—thm:2, THEN —FE)]
3 E[rotated] by blast
AOT-hence 3 Fu ([Flu & Numbers(z,F) & Numbers(a,[F]~"))»
using pred—thm:3[THEN =E(1)] by blast
then AOT-obtain F where <3 u ([Flu & Numbers(z,F) & Numbers(a,[F]™"))»
using 3 E[rotated] by blast
then AOT-obtain u where ([F|u & Numbers(z,F) & Numbers(a,[F]~")»
using Ordinary.3 E[rotated] by meson
AOT-hence (NaturalCardinal(z)»
using eq—num:6[THEN —E] &E by blast
}
moreover {
AOT-assume <0 =p 2>
AOT-hence <0 = 2»
using id—R—thm:3[unconstrain R, unvarify 8, OF pred—thm:2,
THEN —E, OF pred—1—1:4, unvarify z,
OF zero:2, THEN —E] by blast
AOT-hence «NaturalCardinal(z)»
by (metis rule=E zero—card)

ultimately AOT-show <NaturalCardinal(z)»
by (metis VE(2) raa—cor:1)
qed

AOT-theorem pred—func:1: <[Plzy & [Plzz — y = 2
proof (rule —1I; frule &E(1); drule &E(2)
AOT-assume <[P]zy
AOT-hence (3 F3u ([Flu & Numbers(y,F) & Numbers(z,[F]~*))»
using pred—thm:3[THEN =E(1)] by blast
then AOT-obtain F where 3u ([F]u & Numbers(y,F) & Numbers(z,[F]™"))»
using 3 E[rotated] by blast
then AOT-obtain ¢ where
Oa: (Ola»
and a-prop: [Fla & Numbers(y,F) & Numbers(z,[F]~%)»
using 3 E[rotated] & E by blast
AOT-assume <[P]zz)
AOT-hence (3 F3u ([Flu & Numbers(z,F) & Numbers(z,[F]™%))»
using pred—thm:3[THEN =E(1)] by blast
then AOT-obtain G where «Fu ([Glu & Numbers(z,G) & Numbers(z,[G]™"))>
using 3 E[rotated] by blast
then AOT-obtain b where Ob: (O'b
and b-prop: <[G]b & Numbers(z,G) & Numbers(z,[G]~°)»
using 3 E[rotated] &E by blast
AOT-have ([F]" % =g [G]™®
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using num—tran:2[unvarify G H, OF F—u[den], OF F—u[den],
THEN —E, OF &I, OF a-prop[THEN &E(2)],
OF b-prop| THEN &E(2)]].
AOT-hence <F ~p G»
using P’—eq[unconstrain u, THEN —E, OF Oa, unconstrain v, THEN —E,
OF Ob, THEN —E, OF &I, OF &I
a-prop| THEN &F(1), THEN &E(1)]
b-prop| THEN &E(1), THEN &E(1)] by blast
AOT-thus (y = 2»
using pre—Hume|THEN —E, THEN =E(2), OF &I,
OF a-prop| THEN &E(1), THEN &E(2)],
OF b-prop[THEN &E(1), THEN &E(2)]]
by blast
qed

AOT-theorem pred—func:2: <[Plnm & [Plnk — m = k»
using pred—func: 1.

AOT-theorem being-number-of-den: <Az z = #G]»
proof (rule safe—ext[aziom-inst, THEN — E]; safe intro!: &I GEN RN)
AQT-show Az Numbers(z,[X\z A[G]2])|}
by (rule numbers-prop-den[unvarify G]) cqt:2[lambdal
next
AOT-modally-strict {
AOT-show «Numbers(z,[Az A[G)z]) = ¢ = #G for z
using eqg—num:2.
}

qged
axiomatization w-nat :: «w = nat> where w-nat: (surj w-nat»

Unfortunately, since the axiom requires the type w to have an infinite domain, nitpick can only find a
potential model and no genuine model. However, since we could trivially choose w as a copy of nat, we
can still be assured that above axiom is consistent.

lemma «True> nitpick[satisfy, user-azioms, card nat=1, expect = potential] ..

AOT-axiom modal—aziom:
Fz([Njz & 2 = #G) — 0Jy([Ely & Vu (A[Glu — u #E y))
proof(rule AOT-model-axioml) AOT-modally-strict {

The actual extension on the ordinary objects of a property is the set of ordinary urelements that exem-
plifies the property in the designated actual world.

define act-wext :: (<k> = w set) where
cact-wext = A1 . {z s w . [wo E [H«wk z»]}»

Encoding a property with infinite actual extension on the ordinary objects denotes a property by extended
relation comprehension.

AOT-have enc-finite-act-wezt-den:
o [Az AF(—«eo w. finite (act-wext F)» & z[F])]|»
proof(safe intro!: Comprehension-1{THEN —E] RN GEN —1I)
AOT-modally-strict {
fix F G
AQOT-assume UG =g )
AOT-hence (AG = F»
using nec—imp—act|[THEN — E] by blast
AOT-hence (A(G| & F| & Yu([Glu = [Flu))»
by (AOT-subst-def (reverse) eqE)
hence (wo | [G]«wk z»] = [wo = [F]«wk z»] for z
by (auto dest!: VE(1) —E
simp: AOT-model-denotes-k-def AOT-sem-denotes AOT-sem-conj
AOT-model-wk-ordinary AOT-sem-act AOT-sem-equiv)
AOT-thus «—«g, w. finite (act-wext (AOT-term-of-var F))» =
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—«eo w. finite (act-wext (AOT-term-of-var G))»»
by (simp add: AOT-sem-not AOT-sem-equiv act-wezt-def
AOT-model-proposition-choice-simp)
}

qed

By coexistence, encoding only properties with finite actual extension on the ordinary objects denotes.

AOT-have [z V F(z[F] — «&o w. finite (act-wext F)»)]»
proof(rule safe—ext[aziom-inst, THEN — E]; safe introl: &I RN GEN)
AOT-show «[Az —[Az 3 F(—«eo w. finite (act-wext F)» & z[F])]z])»
by cqt:2
next
AOT-modally-strict {
fix z
AOT-show «—[Az I F (—«eo w. finite (act-wezt F)» & z[F])]z =
YV F(z[F] — «&o w. finite (act-wext F)»)»
by (AOT-subst <[Ax IF (—«eo w. finite (act-wext F)» & z[F])]|z»
(JF (—«eo w. finite (act-wext F)» & x[F])»;
(rule beta— C—meta| THEN —E])?)
(auto simp: enc-finite-act-wext-den AOT-sem-equiv AOT-sem-not
AOT-sem-forall AOT-sem-imp AOT-sem-conj AOT-sem-exists)
}

qed

We show by induction that any property encoded by a natural number has a finite actual extension on
the ordinary objects.

AOT-hence Az V F(z[F] — «&o w. finite (act-wext F)»)In» for n
proof(rule induction|THEN Y E(1), THEN —E, THEN Number.V EJ;
safe intro!: &I Number. GEN B+ C zero:2 —1 cqt:2
dest!: f—C)
AOT-show <V F(0[F] — «&o w. finite (act-wext F)»)»
proof(safe introl: GEN —1I)
fix F
AOT-assume (0[F]
AOT-actually {
AOT-hence —3u [Flw
using zero=:2 intro—elim:3:a AOT-sem-enc-nec by blast
AOT-hence Vz —(Olz & [F]z)»
using cqt—further:4 vdash—properties:10 by blast
hence (—([wo | [F]«wk z»])> for z
by (auto dest!: V E(1)[where T=<wk ]
simp: AOT-sem-not AOT-sem-conj AOT-model-wk-ordinary
russell—aziom|exe, 1].1p-denotes-asm)
}
AOT-thus ««e, w. finite (act-wext (AOT-term-of-var F))»>
by (auto simp: AOT-model-proposition-choice-simp act-wext-def)
qged
next
fix nm
AOT-assume <[P]nm)
AOT-hence 3 F3u ([Flu & Numbers(m,F) & Numbers(n,[F]~*))
using pred—thm:3[THEN =E(1)] by blast
then AOT-obtain G where (3u ([G]u & Numbers(m,G) & Numbers(n,[G]™"))
using 3 E[rotated] by blast
then AOT-obtain u where 0: ([G]u & Numbers(m,G) & Numbers(n,[G]™")>
using Ordinary.3 E[rotated] by meson

AOT-assume n-prop: <V F(n[F| — «&o w. finite (act-wext F)»)»
AOT-show <V F(m[F] — «&o w. finite (act-wext F)»)»
proof(safe introl: GEN —1)

fix F

AOT-assume (m[F)

AOT-hence I: <Az A[Fz] =g G»
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using O[THEN &E(1), THEN &E(2), THEN numbers| THEN =45 F],
THEN &E(2), THEN ¥ E(2), THEN =E(1)] by auto
AOT-show <«e, w. finite (act-wext (AOT-term-of-var F))»»
proof(rule raa—cor:1)
AQOT-assume (—«g, w. finite (act-wext (AOT-term-of-var F))»»
hence inf: «infinite (act-wext (AOT-term-of-var F))»
by (auto simp: AOT-sem-not AOT-model-proposition-choice-simp)
then AOT-obtain v where act-F-v: <A[F]v»
unfolding AOT-sem-act act-wext-def
by (metis AOT-term-of-var-cases AOT-model-wk-ordinary
AOT-model-denotes-k-def Ordinary.Rep-cases k.disc(7)
mem-Collect-eq not-finite-existsD)
AOQT-hence Az A[F]z]v
by (safe introl: < C cqt:2)
AOT-hence Xz A[F|z]”" =g [G]™"
by (safe intro!: eqP’[unvarify F, THEN —E] &I cqt:2 1
0|[THEN &E(1), THEN &E(1)])
moreover AOT-have Az A[F|z]”" =g [A\x A[\y [Fly & y #& v]z]
proof(safe intro!: apE—eqE:1[unvarify F G, THEN —E|] cqt:2
F—u[den][unvarify F| eqB[THEN =451] &I
Ordinary.GEN)
fix u
AOT-have [\z [\z A[F]z]z & = #E v]u = [A\z A[F]z]u & v #g v
by (safe intro!: beta—C—meta|[THEN —E| cqt:2)
also AOT-have [ z A[F|z]u & u #g v = A[F|u & u #g v
by (AOT-subst (\z A[F]z]w «A[F]u)
(safe intro!: beta— C—meta| THEN —E) cqt:2
oth—class—taut:3:a)
also AOT-have <(A[Flu & u #r v = A([Flu & u #g v)
using id—act2:2 AOT-sem-conj AOT-sem-equiv AOT-sem-act by auto
also AOT-have <(A([Flu & u #g v) = A[Ay [Fly & y #& v]w
by (AOT-subst <[ A\y [Fly & y #E vlw ([Flu & u #g »)
(safe intro!: beta— C'—meta| THEN —E) cqt:2
oth—class—taut:3:a)
also AOT-have <(A[\y [Fly & y #5 v|u = [Az A[\y [Fly & y #E5 v]z]w
by (safe introl: beta— C—meta| THEN —E, symmetric| cqt:2)
finally AOT-show «([[\z A[F]z]""]u = [Az A[\y [Fly & y #Eg v]z]w
by (auto introl: cqt:2
intro: rule—id—df:2:b|OF F—u, where 1717,=«(-,-)», simplified])
qged
ultimately AOT-have Az A\y [Fly & y #£ v]z] =g [G]™™
using eq—part:2[terms| eq—part:3[terms] —E by blast
AOQOT-hence «n[Ay [Fly & y #g v
by (safe intro!: O|THEN & E(2), THEN numbers| THEN =4 E],
THEN &E(2), THEN ¥ E(1), THEN =E(2)] cqt:2)
hence finite: <finite (act-wezt «[Ay [Fly & y #g v]»)»
by (safe introl: n-prop| THEN ¥V E(1), THEN —FE,
stmplified AOT-model-proposition-choice-simp)
cqt:2)
obtain y where y-def: «wx y = AOT-term-of-var (Ordinary.Rep v)»
by (metis AOT-model-ordinary-wk Ordinary.restricted-var-condition)
AOT-actually {
fix z
AOT-assume ([Ay [Fly & y #g v]«wk =)
AOT-hence ([Fl«wk z»>
by (auto dest!: B—C &E(1))
}

moreover AOT-actually {
AOT-have ([F|«wkK y»
unfolding y-def using act-F-v AOT-sem-act by blast
}

moreover AOT-actually {
fix z
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assume noteq: <z # y»
AOT-assume <[F]«wk T»
moreover AOT-have wk-z-den: <«wk T»]>
using AOT-sem-exe calculation by blast
moreover {
AOT-have (—(kwk T» =g v))
proof(rule raa—cor:2)
AOT-assume («wk z» =g v
AOT-hence ««wk z» = v
using =FE—simple: 2[unvarify z, THEN —E, OF wk-z-den]
by blast
hence «wk T = wk
unfolding y-def AOT-sem-eq
by meson
hence <z = y»
by blast
AOT-thus «p & —p) for p using noteq by blast
qed
AOT-hence («wk T» #g v»
by (safe intro!: thm—neg=E[unvarify z, THEN =E(2)] wk-z-den)

ultimately AOT-have <[\y [Fly & y #g v]¢wk T»
by (auto introl: B+ C cqt:2 &I)

ultimately have <(insert y (act-wezt «[\y [Fly & y #g v]»)) =
(act-wext (AOT-term-of-var F))»
unfolding act-wext-def
by auto
hence «finite (act-wezt (AOT-term-of-var F))»
using finite finite.insert] by metis
AOT-thus p & —p> for p
using inf by blast
qed
qged
qed
AOT-hence nat-enc-finite: <V F(n[F] — «&o w. finite (act-wext F)»)» for n
using S— C(1) by blast

The main proof can now generate a witness, since we required the domain of ordinary objects to be
infinite.

AOT-show 3z ([N]z & z = #G) — 0Jy (Ely & Vu (A[Glu = u #E y))»
proof(safe introl: —1)
AOT-assume 3z ([N]z & z = #G)»
then AOT-obtain n where (n = #G»
using Number.3 E[rotated] by meson
AOT-hence (Numbers(n,[Az A[G]z])
using eq—num:3 rule=FE id-sym by fast
AOT-hence «n[G)
by (auto intro!: numbers|THEN =q4¢E, THEN &E(2),
THEN YV E(2), THEN =E(2)]
eq—part: 1[unvarify F| cqt:2)
AOT-hence <«e, w. finite (act-wext (AOT-term-of-var G))»»
using nat-enc-finite]l THEN ¥V E(2), THEN —E] by blast
hence finite: <finite (act-wezt (AOT-term-of-var G))»
by (auto simp: AOT-model-proposition-choice-simp)
AOT-have «3u ~A[G]u
proof(rule raa—cor: 1)
AOT-assume —3u ~A[G]w
AOT-hence Vz —(0O'z & - A[G]z)>
by (metis cqt—further:4 —F)
AOT-hence (A[G]2) if (Ol2y for z
using V E(2) AOT-sem-conj AOT-sem-not that by blast
hence (wy = [Gl«wk z»]> for z
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by (metis AOT-term-of-var-cases AOT-model-wk-ordinary
AOT-model-denotes-r-def AOT-sem-act k.disc(7))
hence «(act-wezt (AOT-term-of-var G)) = UNIV»
unfolding act-wezt-def by auto
moreover have <infinite (UNIV::w set))
by (metis w-nat finite-imagel infinite-UNIV-char-0)
ultimately have <infinite (act-wezt (AOT-term-of-var G))»
by simp
AOT-thus (p & —p» for p using finite by blast
qed
then AOT-obtain z where z-prop: <Oz & - A[G]z>
using 3 E[rotated] by blast
AOQOT-hence (QE!z»
by (metis betaC:1:a con—dis—i—e:2:a AOT-sem-ordinary)
moreover AOT-have OV u (A[Glu — u #g z)»
proof(safe introl: RN GEN —1I)
AOT-modally-strict {
fix y
AOT-assume <Oly»
AOT-assume 0: «A[G]y>
AOT-show <y #g =»
proof (safe introl: thm—neg=E[THEN =E(2)] raa—cor:2)
AOT-assume <y =g o
AOT-hence (y = x»
by (metis =E—simple:2 vdash—properties:10)
hence <y = o
by (simp add: AOT-sem-eq AOT-term-of-var-inject)
AOT-hence «—A[G]y
using z-prop &E AOT-sem-not AOT-sem-act by metis
AOT-thus (A[Gly & —A[G]y
using 0 &I by blast
qed
}
qged
ultimately AOT-have «0(Vu (A[Glu — u #Eg z) & Elz)»
using KBasic:16|]THEN —E, OF &I] by blast
AOT-hence Q(Elz & Yu (A[Glu — u #E z))
by (AOT-subst <Elz & Vu (A[Glu — u #g z)» ~Vu (A[Glu = u #& z) & Eln)
(auto simp: oth—class—taut:2:a)
AOT-hence 3y O(Ely & Vu (A[Glu = u #E y))»
using 37 by fast
AOT-thus 03y (Ely & Vu (A[Glu = u #E y))
using CBFO[THEN —E] by fast
qed
} qed

AOT-theorem modal—lemma:
OV u(A[Glu = u #g v) = Vu(A[Glu = u #g v)
proof(safe intro!: —I Ordinary. GEN)
AOT-modally-strict {
fix u
AOT-assume act-Gu: «A[G]u
AOT-have Vu (A[Glu = u £ v) = u #g ¥
proof(rule —1I)
AOT-assume Vu (A[Glu = u #g v)
AOT-hence (A[Glu = u #E »
using Ordinary.Y E by fast
AOT-thus (u #g »
using act-Gu —FE by blast
qed
} note 0 = this
AOT-have 9: <OV u (A[Glu = u #g v) = u #g v) if (OA[G]w for u
proof —
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AOT-have (JA[Glu —» OV u (A[Glu = u #g v) = u #g V)
apply (rule RM) using 0 &FE —1 by blast
thus ?thesis using that —FE by blast
qged
fix u
AOT-assume I: <OV u(A[Glu — v #g v)
AOT-assume <A[G]u
AOT-hence OA[G]w
by (metis Act—Basic:6 =E(1))
AOT-hence OV u (A[Glu — u #g v) = u #E V)
using Ordinary.yy 9 by blast
AOT-hence «Qu #g v»
using ! KO|THEN —E, THEN —E| by blast
AOT-thus (u #g »
by (metis id—nec4:2 =E(1))
qged

AOT-theorem th—succ: <V n3!m [Plnm»
proof(safe introl: Number. GEN —I uniqueness:1[THEN =qy1])
fix n
AOT-have <NaturalCardinal(n)>
by (metis nat—card Number.ip —E)
AOT-hence (3 G(n = #G)»
by (metis =q¢E card)
then AOT-obtain G where n-num-G: (n = #G»
using 3 E[rotated] by blast
AOT-hence 3n (n = #G)»
by (rule Number.31)
AOT-hence 03y ([Ely & YVu(A[Glu = u #g y))»
using modal— aziom[aziom-inst, THEN — E] by blast
AOT-hence 3y O([E]ly & Vu(A[Glu = u #g y))»
using BFO[THEN —E] by auto
then AOT-obtain y where <O([E'y & Yu(A[Glu = v £ y))»
using 3 E[rotated] by blast
AOT-hence OE!y> and 2: <OV u(A[Glu = u #g y)»
using KBasic2:3 &E —E by blast+
AOT-hence Oy: <Oy
by (auto introl: B« C(1) cqt:2 intro. AOT-ordinary[THEN =451(2)])
AOT-have 0: <Vu(A[Glu = u #E y)
using 2 modal—lemmalunconstrain v, THEN —E, OF Oy, THEN —E] by simp
AOT-have I: Xz A[G]z V z = y]b
by cqt:2
AOT-obtain b where b-prop: «Numbers(b, [A\z A[G]z V z =g y])»
using num:[unvarify G, OF 1] 3 E[rotated] by blast
AOT-have Pnb: ([P]nb»
proof(safe intro!: pred—thm:3[THEN =E(2)]
3I(1)[where =« [z A[Glz V z =g y]»]
1 3I1(2)[where p=y| &I Oy b-prop)
AOT-show <Az A[G]z V z =g yly
by (auto intro!: B+ C(1) cqt:2 VI(2)
ord=Fequiv:1[THEN —E, OF Oy))
next
AOT-have equinum: [Az A[Glz V z =g y]” ¥ =g [\z A[G]z])
proof(rule apE—eqE: 1[unvarify F G, THEN —E];
(cqt:2[lambda] | rule F—u[den][unvarify F); cqt:2[lambdal) ?)
AOT-show <Az A[Gz V z =g y]7Y =g [A\z A[G]z]
proof (safe introl: eqE[THEN =q47I| &I F—u[den|[unvarify F|
Ordinary.GEN —1I; cqt:2?)
fix u
AOT-have «[[Az A[G]z V [(=E)]zy] Y]u = ([A\z A[G]z V z = y|u) & u £ p
apply (rule F—u[THEN =4;1(1)[where 717,=<(-,-))], simplified]; cqt:2?)
by (rule beta— C—cor:2[THEN —E, THEN V E(2)]; cqt:2)
also AOT-have ... = (A[GluV u =g y) & u #g ¥
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apply (AO0T-subst <Az A[Glz V [(=g)]zy]w (A[Glu V v =g )
apply (rule beta— C—cor:2]THEN —E, THEN Y E(2)]; cqt:2)
using oth—class—taut:3:a by blast
also AOT-have (... = A[G]w
proof(safe introl: =1 —1I)
AOT-assume ((A[Glu V u =g y) & u #5 ¥
AOT-thus «A[G|w
by (metis &E(1) &E(2) VE(3) =E(1) thm—neg=FE)
next
AOT-assume (A[G]u
AOT-hence (u #g v and <(A[G]u V u =g
using 0[THEN V E(2), THEN —E, OF Ordinary.+), THEN —FE]
VI by blast+
AOT-thus «(A[Glu V u =g y) & u #5 ¥
using &I by simp
qed
also AOT-have ... = [Az A[G]z]w
by (rule beta—C—cor:2[THEN —E, THEN VY E(2), symmetric]; cqt:2)
finally AOT-show «([[Az A[G]z V [(=g)]zy] Y]u = [z A[G]z]w.
qed
qed
AOT-have 2: (\z A[G]z]}» by cqt:2[lambda]
AOT-show <Numbers(n,[Az A[Glz V z =g y]” )
using num—tran: 1[unvarify G H, OF 2, OF F—u[den][unvarify F, OF 1],
THEN —E, OF equinum, THEN =E(2),
OF eq—num:2[THEN =E(2), OF n-num-G]].
qed
AOT-show «Ja ([N]a & [Plna & VB ([N]8 & [P]n8 — B = a))
proof(safe intro!: 31(2)[where f=b] &I Pnb —I GEN)
AOT-show «[N|b> using suc—num:1[THEN —E, OF Pnb).
next
fix y
AOT-assume 0: [N]y & [P]ny>
AOT-show <y = b»
apply (rule pred—func:1[THEN — E])
using 0[THEN &E(2)] Pnb &I by blast
ged
qed

AOT-define Successor :: <1 = ks> («-" [100] 100)
def—suc: «<n’ =45 tm([P]nm)>

Note: not explicitly in PLM

AOT-theorem def—suc[deni]: «wm([P]nm)]>
using A—Euxists:2 RA[2] =E(2) th—succ|[THEN Number.NY E] by blast

Note: not explicitly in PLM

AOT-theorem def—suc[den2]: shows «n’]»
by (rule def—suc[THEN =q471(1)])
(auto simp: def—suc|[denl])

AOT-theorem suc-eg-desc: <n’ = vm([P]nm)»
by (rule def—suc[THEN =q451(1)])
(auto simp: def—suc|denl] rule=1I:1)

AOT-theorem suc—fact: <n = m — n’ = m"
proof (rule —1)
AOT-assume 0: <n = m»
AOT-show «n’ = m”
apply (rule rule=E[rotated, OF 0])
by (rule =I(1)[OF def—suc[den2]])
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qed

AOT-theorem ind—gnd: <m = 0 V In(m = n')
proof —
AOT-have «[[P]*]0m>
using Number.yp =FE(1) nnumber:3 by blast
AOT-hence ([[P]*]0m V 0 =p m
using assumel:5[unvarify ©, OF zero:2, THEN =E(1)] by blast
moreover {
AOT-assume <[[P]*]0m»
AOT-hence 3z ([[P]"]0z & [P]zm)>
using w—ances—her:7[unconstrain R, unvarify B z, OF zero:2,
OF pred—thm:2, THEN —FE, OF pred—1—1:4,
THEN —E)
by blast
then AOT-obtain z where ¥: ([[P]"]02 and &: <[P]zm»
using &E 3 E[rotated) by blast
AOT-have Nz: ([N]z»
using ¥ =E(2) nnumber:3 by blast
moreover AOT-have (m = 2’
proof (rule def—suc[THEN =q471(1)];
safe intro!: def—suc[denl][unconstrain n, THEN —E, OF Nz]
nec—hintikka—scheme[ THEN =E(2)] &I
GEN —1I Act—Basic:2[THEN =E(2)])
AOT-show «A[N]m> using Number.ip
by (meson mod— col—num:1 nec—imp—act —E)
next
AOT-show (A[P]zm> using ¢
by (meson nec—imp—act pred—1—1:1 —E)
next
fix y
AOT-assume <A([N]y & [P]zy)>
AOT-hence «(A[N]y> and <A[P]zy
using Act—Basic:2 &E =FE(1) by blast+
AOT-hence 0: [P]zy
by (metis RN =FE(1) pred—1—1:1 sc—eq—fur:2 —E)
AOT-thus y = m»
using pred—func: [[THEN —E, OF &I] £ by metis
qed
ultimately AOT-have «[N]z & m = 2%
by (rule &I)
AOT-hence (I3n m = n’
by (rule 31I)
hence ?%thesis
by (rule VI)

moreover {
AOT-assume <0 =p m»
AOT-hence <0 = m»
using id— R—thm:3[unconstrain R, unvarify 8 ©, OF zero:2, OF pred—thm:2,
THEN —E, OF pred—1—1:4, THEN —E|
by auto
hence ?thesis using id-sym VI by blast
}
ultimately show ?%thesis
by (metis VE(2) raa—-cor:1)
qed

AOT-theorem suc—thm: «[P]n n’
proof —
AOT-obtain z where m-is-n: <z = n”
using free—thms: 1[THEN =E(1), OF def—suc[den2]]
using 3 F by metis
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AOT-have (A([N]n’ & [P]n n')»
apply (rule rule=E[rotated, OF suc-eq-desc[symmetric]])
apply (rule actual—desc:4| THEN — E])
by (simp add: def—suc[denl])
AOT-hence «A[N]n" and «A[P]n n"
using Act— Basic:2 =E(1) &E by blast+
AOT-hence «A[P|nz)
using m-is-n[symmetric] rule=E by fast+
AOT-hence «[P]nz)
by (metis RN =FE(1) pred—1—1:1 sc—eq—fur:2 —E)
thus ?thesis
using m-is-n rule=FE by fast
qed

AOT-define Numerall :: <ks)> (<)
numerals: I: <1 =q5 0"

AOT-theorem prec—facts:1: <[P]0 1>
by (auto intro: numerals:1[THEN rule—id—df:2:b[zero],
OF def—suc|deng][unconstrain n, unvarify 3,
OF zero:2, THEN —E, OF 0—n]|
suc—thm[unconstrain n, unvarify B, OF zero:2,
THEN —E, OF 0—n))

AOQT-define Finite :: <1 = ¢ («Finite'(-")»)

inf—card:1: <Finite(z) =q5 NaturalCardinal(z) & [N]z»
AOT-define Infinite :: <7 = ¢» (<Infinite’(-"))

inf—card:2: <Infinite(z) =ay NaturalCardinal(z) & —Finite(x)»

AOT-theorem inf—card—exist:1: <NaturalCardinal(#O!)»
by (safe introl: card[ THEN =q4¢1] 31(1)[where 7=« O!»] =1
num—def:2[unvarify G| oa—exist:1)

AOT-theorem inf—card—exist:2: <Infinite(#0!)»
proof (safe introl: inf—card:2]THEN =q41] &I inf—card—exist: 1)
AOT-show (—Finite(#O!)»
proof(rule raa— cor:2)
AOT-assume < Finite(#0!)>
AOT-hence 0: <[N]#O0!
using inf—card: 1[THEN =4;F] &E(2) by blast
AOT-have <Numbers(# 0!, [\z AO!z])
using eq—num:S[unvarify G, OF oa—ezist: 1].
AOT-hence #0! = #0)
using eq—num:2[unvarify x G, THEN =E(1), OF oa—ezist: 1,
OF num—def:2[unvarify G|, OF oa—exist: 1]
by blast
AOT-hence (N|#O0! & #0! = #0hH
using 0 &I by blast
AOT-hence 3z ([N]z & z = #0!)
using num—def:2[unvarify G, OF oa—ezist:1] 31(1) by fast
AOT-hence 03y ([Elly & Yu (A[Ou — u #E y))
using modal—aziom[aziom-inst, unvarify G, THEN —E, OF oa—exist:1] by blast
AOT-hence 3y O([Elly & Vu (A[ONu — u #5 y))»
using BFO[THEN —E] by blast
then AOT-obtain b where (O([E!]b & Vu (A[Ou — u #£g b))
using 3 E[rotated] by blast
AOT-hence «Q[E!]b» and 2: <OV u (A[Ou — u #Eg b)
using KBasic2:3([THEN —E] &E by blast+
AOT-hence ([A\z O[E!z]b
by (auto introl: B+ C(1) cqt:2)
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moreover AOT-have <O! = [Az Q[E!|z]>
by (rule rule—id—df:1[zero][OF oa:1]) cqt:2
ultimately AOT-have b-ord: <O!b»
using rule=F id-sym by fast
AOT-hence <AO!b)
by (meson =E(1) oa—facts:7)
moreover AOT-have 2: <Vu (A[Ou — u #Eg b)»
using modal—lemmalunvarify G, unconstrain v, OF oa—ezist: 1,
THEN —E, OF b-ord, THEN —E, OF 2].
ultimately AOT-have b #g b»
using Ordinary.Y E[OF 2, unconstrain o, THEN —E,
OF b-ord, THEN —E] by blast
AOT-hence (—(b =g b)»
by (metis =E(1) thm—neg=F)
moreover AOT-have (b =g b»
using ord=FEequiv: [THEN —FE, OF b-ord).
ultimately AOT-show «<p & —p» for p
by (metis raa—cor:3)
ged
qed

theory AOT-misc
imports AOT-NaturalNumbers
begin

14 Miscellaneous Theorems

AOT-theorem PossiblyNumbersEmptyPropertylmpliesZero:
«ONumbers(z,[Az Olz & z #g 2]) = z = O
proof(rule —1I)
AOT-have «Rigid([\z Oz & z #E z])»
proof (safe introl: df —rigid—rel: [ THEN =q471] &I cqt:2;
rule RN; safe introl: GEN —1I)
AOT-modally-strict {
fix z
AOT-assume Az Oz & z #5 2]
AOT-hence Oz & z #g x> by (rule §—C)
moreover AOT-have <z =g 2> using calculation| THEN & E(1)]
by (metis ord=Fequiv:1 vdash—properties:10)
ultimately AOT-have <z =g z & —z =g ©
by (metis con—dis—i—e:1 con—dis—i—e:2:b intro—elim:3:a thm—neg=FE)
AOT-thus O[\z Oz & z #E z]z> using raa—cor:1 by blast
}
qed
AOT-hence OV z (Numbers(z,[Az Olz & z #g z]) — ONumbers(z,[Az Oz & z #Eg 2]))»
by (safe introl: num— cont:2[unvarify G, THEN —E] cqt:2)
AOT-hence vz O(Numbers(z,[Az Olz & z #g z]) — ONumbers(z,[Az Oz & z #g 2]))»
using BFs:2[THEN —E] by blast
AOT-hence O(Numbers(z,[Az Oz & z #g z]) — ONumbers(z,[A\z Olz & z #E z]))»
using V E(2) by auto
moreover AOT-assume Q) Numbers(z,[A\z Olz & z #g 2])»
ultimately AOT-have <(ANumbers(z,[Az Olz & z #g 2])
using sc—eq—box—box:1[THEN =E(1), THEN —E, THEN nec—imp—act{THEN —E]|
by blast
AOT-hence «Numbers(z,[Az A[Az Olz & z #g z]z])»
by (safe introl: eg—num:[unvarify G, THEN =E(1)] cqt:2)
AOT-hence z = #[\z Olz & z #E 2]
by (safe introl: eq—num:2[unvarify G, THEN =E(1)] cqt:2)
AOT-thus <z = 0»
using c¢qt:2(1) rule—id—df:2:b[zero] rule=E zero:1 by blast
qed
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AOT-define Numbers' :: <1 = 7 = ¢ («Numbers''(-,-)»)
«Numbers'(z, G) =qy Alz & Gl & VF (z[F] = F =g G)»
AOT-theorem Numbers'equiv: < Numbers'(z,G) = Alz & VF (z[F] = F ~g G)»
by (AOT-subst-def Numbers”)
(auto introl: =1 —1I &I cqt:2 dest: &F)

AOT-theorem Numbers’DistinctZeroes:
«Jz3y (ONumbers'(z,[Az Olz & z #g 2]) & ONumbers'(y,[A\z Olz & z #g 2]) &  # y)»
proof —
AOT-obtain w1 where (3w w; # w»
using two—worlds—exist:4 PossibleWorld.3 E[rotated] by fast
then AOT-obtain we where distinct-worlds: <w1 # wa»
using Possible World.3 E[rotated] by blast
AOT-obtain z where z-prop:
(Alz &V F (z[F] = w1 | F =g [A2 Oz & z #g 2])
using A—objects[aziom-inst] 3 E[rotated] by fast
moreover AOT-obtain y where y-prop:
Aly & VE (y[F) = w2 E F =g [Az Oz & z #g 2])
using A—objects|axiom-inst] 3 E[rotated] by fast
moreover {
fix z w
AOT-assume z-prop: <Alz & VF (z[F] = wE F =g [A2 0z & z #g 2])»
AOT-have \VF w |= (2[F] = F =g [A\z Oz & z #E 2])»
proof(safe intro!: GEN conj— dist—w:4[unvarify p q, OF log—prop—prop:2,
OF log—prop—prop:2, THEN =E(2)] =I —1I)
fix F
AOT-assume <w | z[F)»
AOT-hence «Qz[F)
using fund: I[unvarify p, OF log—prop—prop:2, THEN =FE(2),
OF PossibleWorld.3 I] by blast
AOT-hence «z[F)
by (metis en—eq:3[1] intro—elim:3:a)
AQOT-thus «w | (F =g [A\z Oz & z #E 2])»
using z-prop|THEN &E(2), THEN ¥ E(2), THEN =E(1)] by blast
next
fix F
AOT-assume (w | (F =g [A\z Olz & z #g 2])
AOT-hence <z[F]
using z-prop| THEN &E(2), THEN ¥ E(2), THEN =E(2)] by blast
AOT-hence Oz[F]»
using pre—en—eq:1[1|[THEN —E|] by blast
AOT-thus w = z[F]»
using fund:2[unvarify p, OF log—prop—prop:2, THEN =E(1)]
PossibleWorld.V E by fast
qed
AOT-hence «w EVF (z[F] = F ~g [Az Oz & z #E 2])»
using conj—dist—w:5[THEN =FE(2)] by fast
moreover {
AOT-have <O\z Oz & z #g 2]
by (safe introl: RN cqt:2)
AOT-hence (w = [Az Olz & z #g 2|1
using fund:2[unvarify p, OF log—prop—prop:2, THEN =E(1),
THEN Possible World.¥ E| by blast
}
moreover {
AQOT-have JA!z»
using z-prop[THEN & E(1)] by (metis oa—facts:2 —FE)
AOT-hence (w = Alz)
using fund:2[unvarify p, OF log—prop—prop:2,
THEN =E(1), THEN PossibleWorld.V E] by blast

}
ultimately AOT-have «w = (Alz & [Az Olz & z #5 2]} &
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VF (z[F] = F =g [Az Oz & z #£ 2]))
using conj—dist—w: 1[unvarify p q, OF log—prop—prop:2,
OF log—prop—prop:2, THEN =E(2), OF &I] by auto
AOT-hence (Gww | (Alz & Az Oz & 2z #5 2| &
VF (z[F] = F =g [Az Oz & z #E 2]))
using Possible World.3 I by auto
AOT-hence «O(Alz & Az Oz & 2z #g 2|l{ & VF (z[F] = F =g [A\2 Oz & z #5 2]))»
using fund: 1[unvarify p, OF log—prop—prop:2, THEN =E(2)] by blast
AOT-hence <O Numbers'(z,[Az Olz & z #g 2])»
by (AOT-subst-def Numbers')

ultimately AOT-have () Numbers'(z,[A\z Olz & z #g 2])
and <O Numbers'(y,[Az Oz & z #g 2])
by auto
moreover AOT-have «z # y»
proof (rule ab—obey:2[THEN —E])
AOT-have (O0-3u [Az O'z & z #g zjw
proof (safe introl: RN raa—cor:2)
AOT-modally-strict {
AOT-assume 3u [Az Oz & z #g Z]w
then AOT-obtain u where Az Olz & z #g z|w
using Ordinary.3 E[rotated] by blast
AOT-hence (Olu & u #g w
by (rule 8—C)
AOT-hence —(u =g u)»
by (metis con—dis—taut:2 intro—elim:3:d modus—tollens: 1
raa—cor:8 thm—neg=FE)
AOT-hence (v =g v & ~u =g w
by (metis modus—tollens:1 ord=FEequiv:1 raa—cor:3 Ordinary.1)
AOT-thus <p & —p» for p
by (metis raa—cor:1)
}

qed
AOT-hence nec-not-ex: <Vw w |E —-Ju [Az Oz & z #g z]w
using fund:2[unvarify p, OF log—prop—prop:2, THEN =E(1)] by blast
AOT-have (O([A\y p]z = p)» for z p
by (safe introl: RN beta— C—meta|[ THEN —E| cqt:2)
AOT-hence Vw w |= ([A\y p]z = p)» for z p
using fund:2[unvarify p, OF log—prop—prop:2, THEN =E(1)] by blast
AOT-hence world-prop-beta: <Y w (w = [Ay p]Jz = w |E p)» for z p
using conj—dist—w:4[unvarify p, OF log—prop—prop:2, THEN =E(1)]
PossibleWorld.Y E Possible World.¥Y I by meson

AOT-have <3p (w1 = p & —wz | p)
proof(rule raa—cor: 1)
AOT-assume 0: <—3p (w1 E p & ~w2 = p)»
AOT-have I: <wi1 E p — w2 E p» for p
proof(safe introl: GEN —1I)
AQOT-assume (w1 = p
AOT-thus w2 E p
using 0 con—dis—i—e:1 31(2) raa—cor:4 by fast
qed
moreover AOT-have (w2 = p — w1 = p» for p
proof(safe introl: GEN —1I)
AQOT-assume (w2 = p
AOT-hence —w2 E —p
using coherent:2 intro—elim:3:a by blast
AOT-hence (—w; = —p»
using I[VI p, THEN ¥V E(1), OF log—prop—prop:2]
by (metis modus—tollens:1)
AOT-thus (v E p
using coherent:1 intro—elim:3:b reductio—aa:1 by blast
qed
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ultimately AOT-have (w1 = p = w2 = p» for p
by (metis intro—elim:2)
AOT-hence (w1 = w»
using sit—identity[unconstrain s, THEN —E,
OF PossibleWorldyp| THEN world: 1{THEN =45 E], THEN &E(1)],
unconstrain s', THEN —E,
OF PossibleWorld.)| THEN world:1{THEN =4;F], THEN &E(1)],
THEN =E(2)] GEN by fast
AOT-thus (v, = ws & w1 = wa)
using =—infir =q¢F con—dis—i—e:1 distinct-worlds by blast
qed
then AOT-obtain p where 0: <w1 E p & ~w2 E p
using 3 E[rotated] by blast
AOT-have <y[Ay p]
proof (safe intro!: y-prop| THEN &FE(2), THEN ¥V E(1), THEN =E(2)] cqt:2)
AOT-show «wz = [A\y p] =g [A\z Oz & z #E 2z
proof (safe introl: cqt:2 empty—approz:1{unvarify F H, THEN RN,
THEN fund:2[unvarify p, OF log—prop—prop:2, THEN =FE(1)],
THEN Possible World N E,
THEN conj— dist—w: 2[unvarify p q, OF log—prop—prop:2,
OF log—prop—prop:2, THEN =FE(1)],
THEN —E]
conj—dist—w: 1[unvarify p q, OF log—prop—prop:2,
OF log—prop—prop:2, THEN =E(2)] &I)
AOT-have <—wz E Ju [Ay plw
proof (rule raa—cor:2)
AOT-assume (w2 = Ju [Ay p|w
AOT-hence 3z w2 = (Olz & [Ay p|z)»
by (metis conj—dist—w:6 intro—elim:3:a)
then AOT-obtain z where (w2 = (Olz & [Ay plz)»
using 3 E[rotated] by blast
AOT-hence (w; = [y p]
using conj—dist—w: 1[unvarify p q, OF log—prop—prop:2,
OF log—prop—prop:2, THEN =E(1), THEN &FE(2)] by blast
AOT-hence (w; = p
using world-prop-beta| THEN PossibleWorld.Y E, THEN =FE(1)] by blast
AOT-thus (w; E p & ~w2 = p
using 0[THEN &E(2)] &I by blast
qed
AOT-thus (w2 = —-Ju [Ay plw
by (safe introl: coherent: 1[unvarify p, OF log—prop—prop:2,
THEN =E(2)])
next
AOT-show w2 = —3v [A\z Olz & z #g z]v
using nec-not-ex[ THEN PossibleWorld.V E] by blast
qed
qed
moreover AOT-have —z[\y p]»
proof(rule raa—cor:2)
AOT-assume <z[\y p|»
AOT-hence wi = [A\y p] =g [Az Olz & z #E 2]
using z-prop| THEN &E(2), THEN ¥ E(1), THEN =E(1)]
prop—prop2:2 by blast
AOT-hence ~w1 = —[Ay p| =g [A\z Oz & z #E 7]
using coherent:2[unvarify p, OF log—prop—prop:2, THEN =E(1)] by blast
moreover AOT-have w1 = —([Ay p] =g [A\z Oz & z #E 2])
proof (safe introl: cqt:2 empty—approx:2[unvarify F H, THEN RN,
THEN fund:2[unvarify p, OF log—prop—prop:2, THEN =E(1)],
THEN PossibleWorld.V E,
THEN conj—dist—w:2[unvarify p q, OF log—prop—prop:2,
OF log—prop—prop:2, THEN =E(1)], THEN —E]
conj—dist—w: 1[unvarify p q, OF log—prop—prop:2,
OF log—prop—prop:2, THEN =FE(2)] &I)
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fix u
AOT-have <w; = Olw
using Ordinary.w[THEN RN,
THEN fund:2[unvarify p, OF log—prop—prop:2, THEN =E(1)],
THEN PossibleWorld.¥Y E] by simp
moreover AOT-have (w1 = [Ay p|]w
by (safe intro!: world-prop-beta| THEN PossibleWorld.N E, THEN =E(2)]
0[THEN &E(1)])
ultimately AOT-have (w1 = (Olu & [Ay plu)»
using conj—dist—w: 1[unvarify p q, OF log—prop—prop:2,
OF log—prop—prop:2, THEN =F(2),
OF &I] by blast
AOT-hence 3z w1 = (Olz & [\y p|z)»
by (rule 31)
AOT-thus w1 = Ju [A\y plu
by (metis conj—dist—w:6 intro—elim:3:b)
next
AOT-show «w; = —3v [Az Olz & z #g z]v
using PossibleWorld.¥Y E nec-not-ex by fastforce
qed
ultimately AOT-show <p & —p» for p
using raa—cor:3 by blast
qed
ultimately AOT-have <y[Ay p] & —z[A\y p)»
using &I by blast
AOT-hence 3 F (y[F] & —z[F])»
by (metis ezistential:1 prop—prop2:2)
AOT-thus 3 F (z[F] & —y[F]) V IF (y[F] & —z[F])
by (rule VI)
qed
ultimately AOT-have ) Numbers'(z,[Az Olz & z £k 2]) &
O Numbers'(y,[Az Olz & 2 #E 2]) & © #
using &I by blast
AOT-thus Jz3y (ONumbers'(z,[Az Oz & z #E 2]) &
ONumbers'(y,[Az Oz & 2 #E 2]) & © # y)»
using 31(2)[where f=z| 31(2)[where f=y| by auto
qed

AOT-theorem restricted-identity:
«z =r y = (InDomainOf(z,R) & InDomainOf(y,R) & = = y)»
by (auto introl: =1 —1I &I
dest: id—R—thm:2[THEN —E] &E
id— R—thm:3[THEN —E)
id—R—thm:4[THEN —E, OF VI(1), THEN =E(2)])

AOT-theorem induction”: <V F ([F]0 & ¥ n([F]n — [F]n’) — Vn [F]n)
proof(rule GEN; rule —1)
fix F'n
AOT-assume A: ([F]0 & V n([F]n — [F]n')
AOT-have <V nVm([Plnm — ([F]n — [F]m))
proof(safe introl: Number. GEN —1I)
fix nm
AOT-assume ([P]nm)
moreover AOQT-have ([P]n n’
using suc—thm.
ultimately AOT-have m-eq-suc-n: <m = n’
using pred—func: 1[unvarify z, OF def—suc[den2], THEN —E, OF &I|
by blast
AOT-assume <[F]n»
AOQOT-hence ([F]n"
using A[THEN &FE(2), THEN Number N E, THEN —E] by blast
AOT-thus ([F]m»
using m-eg-suc-n[symmetric] rule=E by fast
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qed
AOQOT-thus ¥ n[F]n
using induction|[THEN Y E(2), THEN —E, OF &I, OF A[THEN &E(1)]]
by simp
qed

AOT-define ExtensionOf :: <7 = Il = ¢ (<ExtensionOf'(-,-")»)
exten—property: 1: <ExtensionOf (z,[|G]) =ay Alz & G| & V F(z[F] =V 2([F]z = [G]2))»

AOQT-define OrdinaryExtensionOf :: <t = Il = ¢ (<OrdinaryExtensionOf'(-,-')))
«OrdinaryExtensionOf (z,[G]) =ay Alz & Gl & VF(z[F] =V 2(0'z — ([F]z = [G]2)))

AOT-theorem BeingOrdinaryExtensionOfDenotes:
{[Az OrdinaryExtensionOf (z,[G])]|»
proof(rule safe—ezt[aziom-inst, THEN —E, OF &IJ)
AOT-show <Az Alz & G| & [Az VF(z[F] =V 2(0'z = ([F]z = [G]2)))]=z]d>
by cqt:2
next
AOT-show (Vz (Alz & Gl & [Nz VF (z[F] =Vz (0z = ([F]z = [G]2)))]z =
OrdinaryExtensionOf (z,[G]))»
proof(safe introl: RN GEN)
AOT-modally-strict {
fix z
AOT-modally-strict {
AOT-have Az VF (z[F] =Vz (0z — ([Flz = [G]2)))]4
proof (safe intro!: Comprehension-8§|THEN —E] RN GEN
—1 =I Ordinary.GEN)
AOT-modally-strict {
fix FHu
AOT-assume (UH = F»
AOT-hence Vu([H]u = [Flu)>
using eqE[THEN =4;E, THEN &E(2)] qgml:2]aziom-inst, THEN — E)|
by blast
AOT-hence 0: ([H]u = [F|u) using Ordinary.VY E by fast
{
AOT-assume <V u([Flu = [Glu)>
AOT-hence I: ([Flu = [G]w using Ordinary.V E by fast
AOT-show «[G|w if <[H|w using 0 1 =E(1) that by blast
AOT-show ([H|u if <[G]u> using 0 1 =E(2) that by blast
}
{
AOT-assume <V u([H|u = [G]u)»
AOT-hence I: ([H|u = [G]uw using Ordinary.V E by fast
AOT-show ([G|w if ([F]u)> using 0 1 =E(1,2) that by blast
AOT-show «[Fluy if <([G]w using 0 1 =E(1,2) that by blast
}
}
qed
}
AOT-thus «(Alz & Gl & [Mx VF (z[F] =Vz (0'z — ([Flz = [G]2)))]z) =
OrdinaryExtensionOf (z,[G])»
apply (AOT-subst-def OrdinaryEztensionOf)
apply (AOT-subst <Az VF (z[F] =Vz (0lz — ([Flz = [G]z)))]z>
NF (z[F] =V2z (0lz = ([F]z = [G]2))))
by (auto intro!l: beta— C—meta| THEN —E] simp: oth—class—taut:3:a)
}
qed
qged

Fragments of PLM’s theory of Concepts.

AOT-define FimpG :: Il = II = ¢ (infix]l <= 50)
F—imp—G: (|G] = [F] =4y Fl & G| & OVz ([Glz — [Flz)
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AOT-define concept :: <II> (<C)
concepts: «C! =45 A

AOT-register-rigid-restricted-type
Concept: «Clk>
proof
AOT-modally-strict {
AOT-have 3z Al
using o—objects—exist:2 gml:2[aziom-inst] —E by blast
AOT-thus 3z Clo»
using rule—id—df:1[zero][OF concepts, OF oa—ezist:2] rule=E id-sym
by fast
}
next
AOT-modally-strict {
AOT-show (Clk — kl» for &
using cqt:5:alaziom-inst, THEN —E, THEN &E(2)] —1
by blast
}
next
AOT-modally-strict {
AOT-have «Vz(Alz — OAlz)>
by (simp add: oa—facts:2 GEN)
AOT-thus Vz(Clz — OClz)»
using rule—id—df:1[zero][OF concepts, OF oa—exist:2] rule=E id-sym
by fast
}

qged

AOT-register-variable-names
Concept: c d e

AOT-theorem concept—comp:1: «<3z(Clz & ¥V F(z[F] = o{F}))»
using concepts| THEN rule—id—df:1[zero], OF oa—ezxist:2, symmetric]
A—objects|aziom-inst]
rule=FE by fast

AOT-theorem concept—comp:2: <3 z(Clz & V F(z[F] = p{F}))
using concepts[THEN rule—id—df:1[zero], OF oa—exist:2, symmetric]
A—objects!
rule=FE by fast

AOT-theorem concept—comp:3: «wz(Clz & V F(z[F] = o{F}))b
using concept—comp:2 A—FEzists:2]THEN =FE(2)] RA[2] by blast

AOT-theorem concept—comp:4:
wz(Clz & VF(z[F) = p{F})) = tx(Alx & V F(z[F] = o{F}))»
using =I(1)[OF concept—comp: 3|
rule=FE[rotated]
concepts| THEN rule—id—df:1[zero], OF oa—exist:2)
by fast

AOT-define conceptinclusion :: <7 = 7 = ¢ (infix] <<» 100)
con:1: <¢c X d =q¢ VF(c[F] — d[F])

AOT-define conceptOf :: <1 = 7 = ¢ («ConceptOf'(-,-")»)
concept—of — G: «ConceptOf (¢,G) =ay Gl & YV F (c[F] = [G] = [F])»

AOT-theorem ConceptOfOrdinaryProperty: «([H] = O!) — [Az ConceptOf (z,H)||>
proof(rule —1)

AOT-assume ([H] = O

AOT-hence OV z([H]z — Olz)»
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using F—imp— G[THEN =4;E] &F by blast
AOT-hence OOV z([H]z — Olz)»
using S5Basic:6[ THEN =E(1)] by blast
moreover AOT-have OOV z([H]z — Olz) —
OV FY G(O(G =g F) — ([H] = [F] = [H] = [G]))
proof(rule RM; safe intro!: -1 GEN =I)
AOT-modally-strict {
fix F G
AOT-assume 0: <OV z([H]z — Olz)»
AOT-assume (G =g F»
AOT-hence I: <OV u([Glu = [Flu)
by (AOT-subst-thm eqE[THEN =Df, THEN =S5(1), OF &I,
OF cqt:2[const-var]|aziom-inst],
OF cqt:2[const-var]|aziom-inst], symmetric])

AOQOT-assume ([H| = [F]»
AOT-hence OV z([H]z — [Flz)»
using F—imp— G[THEN =4;E] &E by blast
moreover AOT-modally-strict {
AOT-assume Vz([H]z — Olz)»
moreover AOT-assume <V u([G]u = [Flu)»
moreover AOT-assume <V z([H]z — [F]z)»
ultimately AOT-have (H|z — [G]z) for z
by (auto introl: —1I dest!: V E(2) dest: —E =E)
AOT-hence Vz([H]z — [G]z)>
by (rule GEN)
}
ultimately AOT-have OV z([H]z — [G]z)»
using RN|[prem][where
I={«Vz([H]z = Olz)», «Vu([Glu = [Flu)», «Vz([H]z — [F]z)»}]
using 0 1 by fast
AOT-thus (H] = [G])
by (AOT-subst-def F—imp—G)
(safe intro!: cqt:2 &I)
}
{
AQT-assume ([H| = [G]>
AOT-hence OV z([H]z — [G]z)>
using F—imp—G[THEN =4E)] &F by blast
moreover AOT-modally-strict {
AOT-assume Vz([H]z — Olz)»
moreover AOT-assume YV u([Glu = [Fu))
moreover AOT-assume <V z([H]z — [G]z)>
ultimately AOT-have ([ H]z — [F]z) for z
by (auto introl: —1I dest!: V E(2) dest: —E =E)
AOT-hence Vz([H]z — [Flz)
by (rule GEN)

ultimately AOT-have OV z([H]z — [F]z)»
using RN[prem][where
I'={«Vz([H]z — Olz)», «<Vu([Glu = [F]u)», «Vz([H]z — [G]z)»}]
using 0 1 by fast
AOT-thus «(H] = [F]
by (AOT-subst-def F—imp—G)
(safe introl: cqt:2 &I)
}

}

qged

ultimately AOT-have <OV FV G(O(G =g F) — ([H] = [F] = [H] = [G))»
using —F by blast

AOT-hence 0: <[Az YV F(z[F] = ([H] = [F])]}
using Comprehension-8[THEN — E| by blast

AOT-show «[Az ConceptOf(z,H)]»
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proof (rule safe—ext[aziom-inst, THEN —FE, OF &I])
AOT-show «[Az Clz & [\z V F(z[F] = ([H] = [F]))]z]{» by cqt:2
next
AOT-show «Vz (Clz & [Az VF (z[F] = [H] = [F])]z = ConceptOf (z,H))»
proof (rule RN[prem|[where I'=«{«[Az V F(z[F] = ([H] = [F]))|{»}>, simplified])
AOT-modally-strict {
AQT-assume 0: Mz VF (z[F] = [H] = [F])]b
AOT-show Vz (Clz & [Az VF (z[F] = [H] = [F])]z = ConceptOf(z,H))»
proof(safe introl: GEN =1 —I &I)
fix z
AOT-assume (Clz & Az VF (z[F] = [H] = [F])]»
AOT-thus «ConceptOf (z,H)»
by (AOT-subst-def concept—of—QG)
(auto introl: &I cqt:2 dest: &E f—C)
next
fix
AOT-assume <ConceptOf (z,H)>
AOT-hence «Clz & (H| & VY F(z[F] = [H] = [F]))»
by (AOT-subst-def (reverse) concept—of—G)
AOT-thus «Clzy and «[\z V F(z[F] = [H] = [F])]2»
by (auto introl: B+ C 0 cqt:2 dest: &F)
qged
}
next
AOT-show <Oz V F(z[F] = ([H] = [F])b
using ezist—nec[THEN —E] 0 by blast
qed
ged
qed

AOT-theorem con—exists:1: <3 ¢ ConceptOf(c,G)>
proof —
AOT-obtain ¢ where <V F (c[F] = [G] = [F])»
using concept—comp:1 Concept.3 E[rotated] by meson
AOT-hence «ConceptOf(c,G)>
by (auto introl: concept—of —G[THEN =q51] &I cqt:2 Concept.)
thus ?thesis by (rule Concept.31I)
qed

AOT-theorem con—ezists:2: <3!c¢c ConceptOf(c,G)»
proof —
AOT-have 3!lc VF (c[F] = [G] = [F])
using concept—comp:2 by simp
moreover {
AOT-modally-strict {
fix z
AOT-assume YV F (z[F] = [G] = [F])»
moreover AOT-have ([G] = [G]
by (safe introl: F—imp— G[THEN =q4¢1] &I cqt:2 RN GEN —1)
ultimately AOT-have <z[G]>
using V E(2) =E by blast
AQOT-hence (Alz»
using encoders—are—abstract{ THEN —E, OF 31(2)] by simp
AOT-hence «Clz)
using concepts| THEN rule—id—df:1[zero], OF oa— exist:2, symmetric]
rule=E[rotated]
by fast

}
}

ultimately show ?thesis
by (AOT-subst «ConceptOf(c,G)> <V F (c[F] = [G] = [F]) for: ¢;
AOT-subst-def concept—of — Q)
(auto introl: =1 —I &I cqt:2 Concept.yp dest: &E)
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qed

AOT-theorem con—exists:3: <tc ConceptOf(c,G)»
by (safe introl: A—FEuzists:2|THEN =F(2)] con—exists:2[THEN RA[2]])

AOT-define theConceptOfG :: «T = ks> (¢c-»)
concept—G: «caq =q5 tc ConceptOf(c, G)»

AOT-theorem concept—G|den]: «cgl»
by (auto intro!: rule—id—df:1]OF concept—G]
t=t—proper:1[THEN —FE]
con—exists:3)

AOT-theorem concept— G[concept]: «Clea>
proof —
AOT-have (A(Clcg & ConceptOf(ca, G))»
by (auto intro!: actual—desc:2[unvarify x, THEN —E]
rule—id—df:1[OF concept— G]
concept— G[den]
con— exists:3)
AOT-hence «AC!ce>
by (metis Act—Basic:2 con—dis—i—e:2:a intro—elim:3:a)
AOT-hence (AAlcg>
using rule—id—df:1[zero][OF concepts, OF oa— exist: 2]
rule=FE by fast
AOT-hence (Alcg»
using oa—facts:8[unvarify x, THEN =E(2)] concept— G|den] by blast
thus %thesis
using rule—id—df:1[zero][OF concepts, OF oa— exist:2, symmetric]
rule=FE by fast
qed

AOT-theorem conG—strict: <cqg = tc ¥V F(c[F] = [G] = [F])
proof (rule id—eq:3[unvarify o 8 v, THEN —E])
AOT-have <Vz (Clz & ConceptOf(z,G) = Clz & VF (z[F] = [G] = [F]))»
by (auto introl: concept—of —G[THEN =q5I] RN GEN =1 —1 &I cqt:2
dest: &F;
auto dest: V E(2) =E(1,2) dest!: &E(2) concept—of —G[THEN =45 E))
AOT-thus «cg = tc ConceptOf(c, G) & e ConceptOf(c, G) = ve YV F(c[F] = [G] = [F])
by (auto introl: &I rule—id—df:1{OF concept—G) con—exists:3
equiv—desc—eq:3[THEN — E))
qed(auto simp: concept— G[den] con—exists:3 concept—comp:3)

AOT-theorem conG—lemma:1: <V F(cg[F] = [G] = [F])
proof(safe introl: GEN =I —1I)
fix F
AOT-have <AY F(cg|[F] = [G] = [F])»
using actual—desc:4[THEN —E, OF concept—comp:3,
THEN Act—Basic:2| THEN =E(1)),
THEN &E(2)]
conG— strict[symmetric] rule=E by fast
AOT-hence (A(cg[F] = [G] = [F])»
using logic—actual—nec: 3[aziom-inst, THEN =E(1)] V E(2)
by blast
AOT-hence 0: «Acc[F] = A[G] = [F]
using Act—Basic:5[THEN =E(1)] by blast
{
AOT-assume <cg[F]»
AOT-hence «Acg[F)
by (safe introl: en—eq:10[1][unvarify z1, THEN =FE(2)]
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concept— G[den])
AOT-hence (A[G] = [F]
using 0[THEN =E(1)] by blast
AOT-hence (A(F| & G| & OV z([Glz — [Flz))»
by (AOT-subst-def (reverse) F—imp—Q)
AOT-hence (AOV z([G]z — [Fz)»
using Act—Basic:2[THEN =E(1)] &F by blast
AOT-hence OV z([Glz — [F]z)»
using gml—act:2[aziom-inst, THEN =E(2)] by simp
AOT-thus ([G] = [F)
by (AOT-subst-def F—imp— G; auto introl: &I cqt:2)
}
{

AOT-assume (|G] = [F]»
AOT-hence OV z([G]z — [Flz)»
by (safe dest!: F—imp—G[THEN =q45F] &FE(2))
AOT-hence AV z([G]z — [Fz)»
using gml—act:2[aziom-inst, THEN =FE(1)] by simp
AOT-hence (A(F| & G| & OV z([G)z — [Flz))»
by (auto introl: Act—Basic:2[THEN =E(2)] &I cqt:2
intro: RA[2])
AOT-hence (A([G] = [F])»
by (AOT-subst-def F—imp—G)
AOT-hence «Acg|[F]»
using 0[THEN =E(2)] by blast
AOT-thus «cg[F)
by (safe introl: en—eq:10[1][unvarify z1, THEN =E(1)]
concept— G[den])
}

qed

AOT-theorem conH-enc-ord:
([H]= 0) = OVF VG (OG =g F — (culF] = culG]))
proof(rule —1I)
AOT-assume 0: ([H] = O
AOT-have 0: <O([H] = O)»
apply (AOT-subst-def F—imp—QG)
using 0[THEN =4¢E[OF F—imp— G
by (auto introl: KBasic:3|THEN =FE(2)] &I exist—nec[THEN —E)|
dest: &E 4{THEN —E))
moreover AOT-have (O([H] = O!) - OVF VG (UG =g F — (cul[F] = cul[G)))»
proof(rule RM; safe introl: —1 GEN)
AOT-modally-strict {
fix FF G
AOT-assume ([H] = O
AOT-hence 0: <OVz ([H]lz — Olz)»
by (safe dest!: F—imp—G[THEN =47E] &E(2))
AOT-assume I: <0JG =g F»
AOT-assume <cy[F]
AOT-hence ([H| = [F)
using conG—lemma:1[THEN V E(2), THEN =E(1)] by simp
AOT-hence 2: <OV z ([H]z — [Flz)»
by (safe dest!: F—imp—G[THEN =47E] &E(2))
AOT-modally-strict {
AOQT-assume 0: <Vz ([H]lz — Olz)»
AOT-assume I: Vz ([H]z — [Flz)
AOT-assume 2: <G =g I
AOT-have Vz ([H]z — [G]z)>
proof(safe intro!: GEN —1)
fix z
AOT-assume ([H|z»
AOT-hence «O'z) and <[F]z>
using 0 1V E(2) —E by blast+
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AOT-thus ([ G]n
using 2| THEN eqE|THEN =4, E), THEN &E(2)]
VE(2) -E =E(2) calculation by blast
qed
}
AOT-hence OV z ([H]z — [G]z)»
using RN[prem][where '=«{«Vz ([H]z — Olz)»,
«Vz (Hlz — [Flz)»,
«G =g F»}», simplified] 0 1 2 by fast
AOQT-hence ([H] = [G]
by (safe introl: F—imp— G[THEN =q4;1] &I cqt:2)
AOT-hence «cg|[G)
using conG—lemma:1[THEN YV E(2), THEN =E(2)] by simp
} note 0 = this
AOT-modally-strict {
fix F G
AOT-assume ([H] = O
moreover AOT-assume (JG =g F)»
moreover AOT-have <OF =g G»
by (AOT-subst <F =g G> <G =g F»)
(auto intro!: calculation(2)
eqE[THEN =g;1]
=1 —I &I cqt:2 Ordinary. GEN
dest!: eqE[THEN =4, F] &E(2)
dest: =E(1,2) Ordinary.V E)
ultimately AOT-show «(cy[F]| = cg[G])»
using 0 =I —1 by auto
}

qed
ultimately AOT-show (LIVF VG (OG =g F — (cul[F] = culG)
using —F by blast
qed

AOT-theorem concept-inclusion-denotes-1:
([H] = O) = Mz cy =zl
proof(rule —1)
AOQT-assume 0: <[H] = O
AOT-show ([\z cy = z]}»
proof(rule safe—ext[aziom-inst, THEN —E, OF &I))
AOT-show Az Clz & V F(cu[F] — z[F)]b
by (safe intro!: conjunction-denotes] THEN —E, OF &I
Comprehension-2'|THEN — E]
conH-enc-ord[THEN —E, OF 0]) cqt:2
next
AOT-show <Vz (Clz & VF (cu[F] — z[F]) = cu = z)»
by (safe introl: RN GEN; AOT-subst-def con:1)
(auto introl: =1 —I &I concept— G[concept] dest: &FE)
qed
qed

AOT-theorem concept-inclusion-denotes-2:
([H] = O) = Mz z =< culd
proof(rule —1)
AOT-assume 0: ([H| = O
AOT-show <[z z <X ¢yl
proof(rule safe—ext[aziom-inst, THEN —E, OF &I))
AOT-show Az Clz & V F(z[F] — cul[F])]}»
by (safe intro!: conjunction-denotes] THEN —E, OF &I|
Comprehension-1'THEN —E)
conH-enc-ord[THEN —E, OF 0]) cqt:2
next
AOT-show (Vz (Clz & VF (z[F] = cglF]) =z = ca)
by (safe introl: RN GEN; AOT-subst-def con:1)
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auto wntrol: =1 — concept— G| concept| dest:

; =l -1 &I G d &E
qed

qed

AOT-define ThickForm :: <t = 7 = ¢ (<FormOf'(-,-')))
tform—of: «FormOf(z,G) =q5 Alz & G| & V F(z[F] = [G] = [F])»

AOT-theorem FormOfOrdinaryProperty: <«([H] = O!) — [Az FormOf(z,H)]»
proof(rule —1)
AQT-assume 0: ([H] = [O])
AOT-show <[z FormOf(z,H)|l»
proof (rule safe—extlaziom-inst, THEN —E, OF &I])
AOT-show «[Az ConceptOf (z,H)||»
using 0 ConceptOfOrdinaryProperty THEN —E] by blast
AOT-show OV z (ConceptOf (z,H) = FormOf(z,H))»
proof(safe introl: RN GEN)
AOT-modally-strict {
fix z
AOT-modally-strict {
AOT-have <Alz = Alx»
by (simp add: oth—class—taut:3:a)
AOT-hence Clz = Alzn»
using rule—id—df: 1[zero][OF concepts, OF oa— exist: 2]
rule=FE id-sym by fast
}
AOT-thus «ConceptOf (z,H) = FormOf(z,H)»
by (AOT-subst-def tform—of;
AOT-subst-def concept—of—G;,
AOT-subst «Clzy <Alx»)
(auto introl: =1 —I &I dest: &F)
}
qed
qed
qed

AOT-theorem equal-E-rigid-one-to-one: <Rigidi—1((=g))>
proof (safe introl: df—1—1:2[THEN =q4¢1| &I df—1—1:1[THEN =4¢1]
GEN —1I df—rigid—rel: 1{THEN =471] =E[denotes])
fix xy 2
AOT-assume <z =g z & y =g 2
AOT-thus <z = o
by (metis rule=E &E(1) Conjunction Simplification(2)
=E—simple:2 id-sym —F)
next
AOT-have VavVy O(z =g y — Oz =g y)»
proof(rule GEN; rule GEN)
AOT-show O(z =g y — Oz =g y) for z y
by (meson RN deduction—theorem id—nec3:1 =E(1))
ged
AOT-hence Vz:..Vz, O((=g)]z1...2n — O[(=E)]z1...20)
by (rule tuple-forall[ THEN =q4¢1])
AOT-thus OV z1..Vz, ([(=8)]z1...2n — O[(=E)]z1...20)>
using BF[THEN —E] by fast
qed

AOT-theorem equal-E-domain: <InDomainOf (z,(=g)) = Olx»
proof(safe introl: =1 —1I)
AOT-assume InDomainOf (z,(=g))>
AOT-hence (Jy z =g
by (metis =q¢E df—1—1:5)
then AOT-obtain y where «z =g y»
using 3 E[rotated] by blast
AOT-thus <Olz»
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using =F—simple:1[THEN =E(1)] &F by blast
next
AQT-assume (Olz)
AOT-hence (x =g o
by (metis ord=FEequiv:1[THEN —E))
AOT-hence <y z =g
using 31(2) by fast
AOT-thus «InDomainOf(z,(=r))>
by (metis =qfI df —1—1:5)
qed

AOT-theorem shared-urelement-projection-identity:
assumes Vy [Az (y[Az [R]zz])]d
shows (V F([Fla = [F]|b) — [Az [R]za] = [Az [R]zb)
proof(rule —1)
AOT-assume 0: <V F([Fla = [F]b)»
{
fix z
AOT-have «[Az (z[\z [R]zz])]
using assms[THEN V E(2)].
AOT-hence 1: <Vz Vy (VF ([Flz = [Fly) — O(2[\z [R]zz] = z[Az [R]zy]))»
using kirchner—thm—cor:1[THEN —E]|
by blast
AOT-have O(z[Az [R]za] = z[Az [R]zb])
using {[THEN Y E(2), THEN ¥ E(2), THEN —E, OF 0] by blast
}

AOT-hence Vz O(z[Az [R]za] = z[Az [R]zb])»
by (rule GEN)

AOT-hence OV z(z[Az [R]za] = z[A\z [R]zb])
by (rule BF[THEN —E])

AOT-thus [z [R]za] = [Az [R]zb)
by (AOT-subst-def identity:2)

(auto introl: &I cqt:2)
qged

AOT-theorem shared-urelement-exemplification-identity:
assumes Vy [\z (y[Az [G]2]) ]
shows vV F([F]|a = [F]b) — ([G]a) = ([G]b)»
proof(rule —1)
AOT-assume 0: <V F([Fla = [F]b)»
{
fix z
AOT-have <[A\z (z[\z [G]z])]»
using assms[THEN V E(2)].
AOT-hence I: «Vz Vy (VF ([Flz = [Fly) — O(z[\z [G]z] = 2[\z [G]y]))»
using kirchner—thm—cor:1[THEN —E]|
by blast
AOT-have (O(z[Az [G]a] = z[A\z [G]b])»
using I[THEN Y E(2), THEN ¥V E(2), THEN —E, OF 0] by blast
}

AOT-hence Yz O(z[Az [G]a] = z[Az [G]b])»
by (rule GEN)
AOT-hence OV z(z[Az [G]a] = z[Az [G]b])»
by (rule BF[THEN —E])
AOT-hence Az [G]a] = [Az [G]b]»
by (AOT-subst-def identity:2)
(auto intro!: &I cqt:2)
AOT-thus «(([G]a) = ([G]b)»
by (safe introl: identity: 4 THEN =451] &I log—prop—prop:2)
qed
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The assumptions of the theorems above are derivable, if the additional introduction rules for the upcoming
extension of AOT-instance-of-cqt-2 ¢ = [A\v1...vn @{v1..vs}]} € Ag are explicitly allowed (while they are
currently not part of the abstraction layer).

notepad
begin
AOT-modally-strict {
AOT-have <V RVy [Az (y[Az [R]zz])]}>
by (safe intro!: GEN cqt:2 AOT-instance-of-cqt-2-intro-next)
AOT-have <V GVy [Az (y[\z [G]z])]d»
by (safe introl: GEN cqt:2 AOT-instance-of-cqt-2-intro-next)

end

end
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